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§3: THE KRULL~ AiZuki THECREM

sk we had Aome Wow M GLOUJ' Qvhwan. Hl\? omd wodules.

(S.HS’)'E_mroxikoL'- ld A be o Nectheran Yiuz wHe Spec(A) = W—Spec(A). E"“&' finilely
gueraled A-wodule has fintle Lughh | ik parbiclar, A has fuile fnghe.

Procf: leb M be a finildy gueradd A-medude. By (216) then is o wormal Acrier of M:

(=M eM G —— S M =M wile MM & A% e B € Spea(A) for oll Isisn.
Sina. B e W—SFL(A) A wodules Ml'/N"._l arc blluf\c

(5.40) Proposition: lek A be a ving. The A?o“ohﬁu% ave  quivales;
(@) A is’ Nahuvan and wery priwe ideal of A i waxiwal.
(5) Eveny S};\.;uy qeueraled A -wodule hos fiwle fugih.

() A has Kulle finghe (or o A-wodule).

Procf: (a) = (1) : By (S4s) oud  (B)=(c): rivial.
3 (c)#(a) Su.ﬂgo.;c, Har A has *\\uk. ,Qm%ML an aw A-wodule . Twue A s Noclieviaue
WMA Q,{,;‘h.‘an.. "B*, (|-82) Locry Fﬁmc_ 1deal US_A is moxiwmal.

(S47) Theoreme: ek A be o Neclhurian vug aud M a bwlldy gquerold A-wodule . Tue
*o“owiuﬂ are. 2quiveles:

(@) L (M)<e

(8) M is aw ldvkwaw A-wodule

() I Pe Assy (M) M Pis a waximal ideal o} A

(d) A/:um.(H) is an Oebiwiasn Ving.-

Froob: (a)er (k) By (-31).



las

() = (c): Comsider o composition. Awien of M: 0=M $M ¢ — G My G My =M, Hhak is,
He fackor wedules Mi/mi, are siwple A-woduden. Thus Mi/Me, = Ay where meC A is
a waximal rdeal . By (z16) Qu, (M) im,, —,m, .-

() = (d): By (2.16) e winiwal prime ideals of Gasy(M) aud o Suppy (W) ave Yo rawmc.

Thon Qg (M) = {myy— m, ] = Suppy (M) =V (amw(M)) w-Spec (A). Thus dine Yamw(H) = ©
ond Namn(M) is aw Ovkiwiaw ving -

(d) =(a): Ewry fuildy geuraded module over aw Qrkiuias rng is Rrbinios .

(5.‘!7)'?(_\4401&: led- A be o dowmain . The Qo“ownu% ave, .l.qu.(vo!ew\—‘.
() A is NoBuriaw and dimeA=l.
(b) Tor Gy ideal TS A wille T4 (0) Be ving Alx is QrWiniom.

Proef: (b) =p(a): We need do show thalk foeqy ideal T A ia fidlely guueraled . Lk TSA be
we ideal wile T4(6) amd lek aeT,040. By answmphion Ala) is Orliniam . Thus Ma) is
NecHurian. aund I/(a.) is /‘m.dw.l\l %q_w_mu s l‘w.F\\'o., Mok T is -{»\'uﬂd\, ?.\\un.\ec\.

(S.QQ)Tkmm'. (Kvull—ﬁkimki) l- A be aa NocHusian. dowmain ax_ diwension one. amd leb-
AA) L be a fude $eld alension. Every Tnlowediale. viug AsBeL is glher a fidd

or a Nedluviaw wi dimensiow. ouws .
“4

We need Ho &“Ow{uﬁ, lemmas

(5.50) lemma: Ll A be a v{wa s in (s.lr‘)), V a vedor spaie sver QUA) of. diwmension. s <0,
MEV aw A-alwodule , aud 2 ¢A=(0). Thun £, (Mam) ¢ s. L (May).

Prod of (s4]): L 1EB a houzvo ideal amd be J-0). Sine b is oj?hroqc_ WQ(A) Hoe ase
elewesds NGA) 4 %0, mude Hal-. q‘,kr-a-a_,._l br=te + 0 = O, |

We Moy Wrsume Qg 0. Thwn a,e Bb 9_‘1. Aﬂ"7 (S.S’o) o L=V amd M=B * oklaiwn:
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Ly (3/3) < 4, (5/3) < IA('@'/%13> < [L:] IL.,(A/%A) <
The atodemesk  follows wibie (s.49).

T of (552): e way avsume thak M gonernles Hu QUAY-wder pace V.
Pare: M is a f“uﬂd7 quavaled A-wmodule, Aoy M= Aue — s Am .
Then st and alher anmberiug iy, Wy is o basis M QA)-vedtor sposa V. Thew
W, — m, 15 also o lasis aL B {’«._ A-submodule U= Aw s+ — + Au =M. = all
SLigt Hhx o deveds AyEQUA) Ao thal g = T, My mi. Hena Me is an
dewewt be A—(o) Wi, bM S U. T A-wodule M/ har o nonbvivial asucluifotor:
beam, (Ma). Siwa diwe A=l and ann, (H/u>+(o> He ring A/M,,(H/u> is Qrdimam .
M is e fudely qeuoratd Aanc (M) ~ wodils asd Havefore : L (W) < e

kel ae A-(9). Br all u2l thee is aw oxacl- Aequance :

O —» U/Q_n-u — M/ah'u —_— H/“.__. Po)

Nl +hak Ya'u £ (MVarA) ad Husefore QA(u/a“u>= s. QA(»;/QuA)<~.—m.-; iwpliea:
() By (Marn) & & (Maru) = 4 (M) + QA(U/“"u> <.
Sive a s a wou zeo divisor o M and U :

~ -t A~ A w1
Mam oMz & = @ Warm  aud Wou & *Waryx &= u/“,“u'

O —» ﬁhqﬂ/&nﬂ -—3 H/&"H —_ H/aM—IH —0 and 0— !

u/au-u-_y u/a_nu — %“"u -0
we obtaiw l:7 induction. on n:

B (WarM) = k 4, (War)  and Ly (Yaru) = w4 (War)
() yields {or all ve N .
h QA(”/A.H) £ IA(H/u>+ ns IA'(A/MQ
Ly (War) € (W) L, (W) +S»QA(A/¢1A\/‘. lor all uer.

Sin QA(H/u) w0 4, (”/m\) < sBA (A/AA) )
lda.uo.: MM arkﬂ-mrz,

and -Hu.ngoy'c.:

Lek- Mo e be e Ad-af; all %u,ld\, gimcroled  A-submodules n.le—“wA- Qo
all ceT: ‘?A (Ht/o.H.c\) < ‘S‘QA (A/mA>.



Thus for all TeT:
g ("t oM ar) = &, (Mopnam) < 4, (M/otz) & s 4 (an).

Choose 7,€T sude dhak £, (”To*-‘L“/aH) is moximol. U Mg +raM4 M pick
z.eM—(Mto+a.M> and consider Mg = M +Az . T

Me,+aM =M +Az +a M 2 Mg +a M
and (M +raM) oy 3 ClgtaM)jony . |
This iwplion  Huak- Ly ( ”1:.+‘LH/0.H> > A ( Mr,+-oM/ M), & contradichon -
Thus MeMeraM  and L (Man) = b (MeraM/an) ¢ s L, (AaA).

Nobe: The Krull - izl Pheoren «Qm‘\; Qm— Noclew o domasun A o diwmeusion > 2.
Exa.u,..rlc.: Lk K be a field aud Kixyle v e K(x,\l) whoe Vi a0 ek 2o
valwokion Vfu.%-



t4: FINITENESS OF THE INTEGRAL CLOSURE

(5.:5) Dehinibion: Lek Kol be o hinde oxdension. o belds of degre. LLKT =n <%0, For ou dlement ael
f-d:..(fu‘,: L ==L denole e K=llnear Wm;': LP*('*:\‘ =&t -Eov- all tel. \m.&ex\h.n. )
x\l 1= aek (x- Lf-t\} A characknehc ri;_qiynom.io:\ R

(Q NHK .(-'\\.l}: = c\nd—(\ed\:, +he Vo qf.k

(&\’, . ﬂ_,’,-K (&3'

e} 'T‘.'HK'(“? - W(kf‘(\ g m,,v‘oﬁ_n{

|

¥

15:52) Toch dron_bield Hhcory
- Kel b o Bk exiension o elds wnite CLiK]=n<eo .
Ao Thave is o umigve  iulermesiohe feld KS K S L Auch +hak
U KEk, &..a Aporvalde. Peld exbemsion .

D) KEL s

G burdy. I‘MLFQ)‘QBQ Hiel d Udlension , thed- i if dnqr(l(\ =C e Ke=L andif r.:ho.v-(K\) =p>0.

o LT SK_S Lwnde ﬁ:.?r Q'cr Mome ve N, Noke Hrak ks"’ ‘weLl w.is )a.?mub\e_mrk-s .

i) =Lt

K] is called the - innporable Gegrs, ol hu dension Kel whole ra DK s
cdled e /_\_-_&‘baxo.‘pie_g‘_e?z: o%_ L oover K. Thain =TT

- (iy} T wc_ﬂtxncu:; Ay mutually - oishind- K—Mo,r,?‘s\ism.c T KT e K is S olgsbraic

N

7

{

b }v
.

_coguxe og.KLakn o
(L)“LL-.IU._.,‘CQ: L——tT(_ e ‘Hu_!’s Muﬂo.“\‘.' dishiuch K-\Mo\?\n\'s\us s-mu LHJ\::T( uﬂ-k_t]: I'JL

e Camonical ubedaing . For u. demenk wel R demens ;) -,se‘\(j),),_.l,s 3¢S, are called o
_._A,gu.&'u_.%&ioa_ eg_.og.,,, Nole dhak o= « 'S and 4ok Fossih'\x; o 41 = oY Qo 1+k.

L Ts
L) A T C3 N -
4 ’FL_',K(.L))(X‘} = i (;_s\‘l)}*‘ e Kix]
i=i
o -+
G \ 3 N e
N o) = T D ¢
i=i
Ly T
FLIK R} =

s
2k S e K dar is,
A= R

i
Trl—lk =0 Loyl em zqu(vaicul—i}. ip Lo l'use.Fc.mLi:.. over K. Monowr, Tt,_,,((ﬂ =JZ‘T. o (1)
P o= boer squivalenky @ Lo heporokle  over K.
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¥ [L:Klen |, Han dea T () = b P, =) = x" 2 ap, ¥™ e xag whave

apy = Try, &) omd g = N (0). Ner ond +oe ae elemenhs ok X.

() () Tue wonw a“-u»c't-\'on_; N+ &7 — k* s o 'homouonlp\u‘sm ef-,_-Rs_muM—{F‘n'w‘*ivc. Yroups -

Ko Ny

o A i - ! . ‘. : ; .
(&) The  Powc %u.hc}\ou_- et - T s e K-liuar ‘tms&orw\o:"lon_-
K — T o

LU

(S.S&}'_Q:%{u{,’n‘om: Same QMuMF\'\'ou an e (S5, b el b an dewrent-

¢

Py ~ } : . : L. ) ,
(05,; Lk Pl (o, %} aemohe T bormai  aerivakivn .

Fne ?OE\JMOM\.d 'FLJK.(&,X\, (] K"\.—x: . The dewewk

i

.
0;_

L= Pl (gxde b ois calied di differcid of & ower L.

&) T Liewmewk : nin-i / N

(o) T dleme Dlay= (-0 7F Ny ) e k

. v s 15 . 3 )
is codied P GisCrhminons: c;_ o ouwer L.

(5.54) lemma.: bide Hia arsumphiond aud wokokious o (552 dor an demed xel, the -Qol\oun'n%
conditiows are 1quivolenk:

—h/\no

D) %

p/

N
..

i
\

—

(b ‘S'L./K (&\) 0

(e} Lis ha.:a.mk:‘m cvr WK Wik L= Kix.

Proob: ()4 () ¢ vivial

{b:‘; = ,{c,\,;l e X"_‘K ()0 dhew o is Aim,:‘ke vooi- oF /?'*-.‘K s, >\ Sine. +he chavaderishe

{ .t 1v .3 . i - . H H .t v P . . 3 . 1 I 1
,,,Fo;\‘moutal awvides G- power e_’r TAL WAL WL AL G bolviuciaa 1 fuis conc ‘T’;_;K {%, X is dme Mini Moy
] i ’

poly nowiial . Morover, Ty x,%) is o Apovobie polynowniad. Thus [kiaj:ikl=w and L= K i
Mfo.r&b‘\e. owsr K.

\ ) s . v < s y . 1 i — ; 1 . 1
() = (b}: Pl x) is e minimal pelynomial o & over K and Ty (o, %) han ouly siwple rook .
T << 1 . . ' L ' .
Sy S k)30, [Neke 4ok if we,x) is Ha wilwimal polynowial of o | Haw

]

i ‘ » H 7 f 3 : ]
‘Mw,x\, IRIERTS 7‘\ ong . TL;K Ld,x\; \ LT x\}t for Aome te N, J



(S.ss) lewma: Ll Kl be o Q—iwi\g_, u?o.mu:_ fela oxlension ‘\:L‘-K—.\-'-h, and xe L. They:

T ™ gdn
nin- o g@n
——— — ’ N AN 2
D) = (-1 * i (wlomq@* g
lek<kgn
\ “(n) - x(h)’\'

TFree) . A Keb i o fule Mparalle  field extension. of. ae%«u_h_ R Have ave n«ar.“y w wu}md\\;

dishuck K—MO?PVI\SM\. Tt — K. wel ha md“ w. C"“j“ﬁ“l‘-@ .‘M ,.g("),, amg e hone s

w

P ) = T o) i 10 et Ty ) 2T emn) = St
—_— .
for IS {sn: (i ™ .
v‘l-/xw(":‘-‘ = i ‘ (.L‘J.)_.&“l)‘; angd
ltijk#:.
! \ n . nin-i3
‘\L/K UL\} i ((‘J)_“(l}\\ = (-1} = _I— (h((k) (1.)>L
$=i a;;,aﬁ' ’ I¢h<ign

Note +hal- $u deukde Fméud— hoa C*M.H;.- n(n-i) fackors . G)Ned{u% fackon w(Rd_ () aud QWD (k)

%{vcs e iom.\ua. The war & e Vandermond dchenuinond- froue Riwar dna;l:m.

(s.5%) Tehinchion: lek Kel be a ‘f-ﬁhﬂ-t. Aeporakic fidd exbension. it Clikl= n. Rr dewals

Wy —,0n €L dehur A dischwinont sy, — W, by:

ALIk(u\) ——-iwn\‘, = dd— ( (LJL(J‘)‘ , \l

‘i ,ygn
where w,f'; — WM e B coujura)»v; of .

[5.87) Lemma: Wit a»,umrhons an ik (S.S'é):
(“\) AL/K ( W, —, “’i) = 4ok (T" (Ui“J‘) ‘5*’.1'&'1.)

(b) A, (W, —, wa) 0 i m«{onl7 w0, is « basis of the K- weclor bpace L.

Tods Tade Au (o, —, o) = d- () 2 dae (e ) o (e @)T) =

= dk (( hz':h:‘ “’T(h)wj(k»g“-) = dd (-T;-"/K (Mﬁ‘ﬁ')cd‘}.

i3
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() Sime Kel is o Mpasable  axlension | L=K(x) for sowme weli: Thua

- Y e -1 g .
A _ﬁ‘cr Adme, Q{jéK omg UJ'(F’ -2, oy P afor all EYEYS owa IS ks .

J (¥ 1 L=
'Ew.:, SR I~ o ,,.w,“‘\‘ . I
W, « w, _ o
= AN ! - ..
: (aq>»1 ‘: ana : - = (Q‘J\]Ld- :
Wy ah o 18 won-t
L v i W
s i es _ . )
. vS nuplms ("‘ﬁu‘)) - - (q_;-) - (‘('(Qi’-i'\,
T ek W RT B
iur\\liu.ﬁ, dek .(wi(k)\) - cld-,((a.ﬂ} dek {« ‘,n‘:—')

nd 'Huov.?ev; B\! ..(3-$S§ [ ALIK(“’D—‘I‘*’“\, = &d—((a.']ﬁ\lz 'D(n,‘)
,‘B_’,(S.SH‘), D)3 . This shoun Hiak Oy (o — ) 4 ¢ i} ana owly i AJ(,(g,-J'))_+o
- whidh is Qudvalewk o L, W, @ boais o L ower K.

o .(S.S%) Cnv.o,\lcmk; lb Kel be o Fui‘e. .eF.‘dc‘a oxlemsion . L s A&-‘bu\n)a\?_ oo KL ond m,J\., N3
_,Tr,L_,K +0 (le. B e is nok Hhe zerc f*ud-ien.\‘-

’_Piqu ¥ Kel s iMM‘om\uUe_ Fha h\; (5'.5‘2\/ —r\:,_/K =C (¢ > l\' .
Suppose. +hak Kol s rparnble.  amd Wy, — W, IS a baxis o L oover K. By ,(,S.S'J},._

- (559) Remark: I [LiK] =i Hh Trye )=t Ta i char(K)=o the rivially

Ty w FO0. e , A N e

Tor He vewainder o s mchon fd- KoL be o Fuwle Feld extensien o c‘xur-u_ CLikl= n,.
A o Nedenaw vormal domain.  Wwith {A‘ci& of_ quoticids K'—-Q{A} ang B 4he iu.le%rn.{
closuve of A i L.

,(5-6.0) Note: ,lo.) B fS. G honmol domaun - N
(k) Bnk =A
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(c.)_nm\t. is o banis Wy, — , Wy 4_ He K- pechor Apose L whe Wy, — w5 €B.,
(d) L=KB=aQmw).-

(5'.‘!)—“\«»:“,.' Suffms:. Hew is o K-luear Wmap s: L— & wibe:
(o) s(By< A
(L) S%C

Heao R is a {-\'n'k. A - module .

.
Proof: ek w0} € B be o K-basis of L. Gusider M= ZT. A e®. Sina Wy — Wy

A=y

IS & basig of_ Lover K, M s o &ee A—wodule of rouk ., thak is, MTAY T any
A-submedule U of L pud:

T+

U:= ixe L | s(xU)sA-ﬁ.
U is e A-submodude of L and i W el el are submodulen of. L M 2.

“~

Therefore, tiue MER we hawe B <™.

Siwe B s a n'v\% dor L\n_va be®: RSB ond hwne s(bB)E s(’[‘;).C.A B\’; ‘“\,"
This shows tha BB Q,P:‘: Sine A is Noclunwanw if sunlficn o show- Hok s
a %‘wﬂk\? %Luma\gq A-wodule . Gunder e mag :

g .

- A"

E L

= (s(maw), —, s(mwg\}

Sine s s k-—lfnco.r-)

§ s an A—ficar Wosp -

Claim: ¢ s impdekive.

PLef A gm)=0 i ad ewly i s(miws ) =C dor all I¢ign - Honw if ¢(w)=© Han
s(W.M\}uO. L mzc +haw L=wml = K. mL ; MM ww], — My is oo basis
od L cwr K. Thun w40 and s(mM) =0 iw.fh‘u, Hok S(L)=0 siuw s s K-likear.
Twis  owhradich (b&uuwrkon— (k).

‘57 Hg c.'ia.s'w\_) M ad B wn ke cousideread A-submod ulea of_ A% Sinwe A it Nodheviase
D s a "q’ui‘m\\‘; %mmu A -modude .
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] (5.6'1) Comﬂo.r\a leh. Ke b be a *‘md& M)PamL\c, X-\g}c‘h exhension. omd Ac K o wormal Noctaen'as
domodn. itk feld o Qlun"he»d—s K=Q;’.A\'Tu\w\<.¢amol osuve B o Aliw L s o Qnu.k.\\‘)

- Qenernked A —wooude . T barkcuar, B s o Nectanou \rwv‘:a,w
’Fgof,_ The ,,"'mu_,,,,ﬁ&\mc_\—fom .Trh;,K:.S.;, L—K BN N condifons. (o.)on.dib)tf_ (£.60).

LST.(OS-,),.,Com.Hn:é,:, b A be a Tede king ollowxo.l'n_,} .K:.QLA} i {—;AA °£ c‘unkae.uls ,-omd K C L
- f%{uﬁc A-t.;lx.mlc\t- {—id‘& exvension. - The ..A,iuje.%cd cdieswre. B vﬁ— Al s a %u\du
%u\u-n)(,q A -wcdue oaud o _Dedeking . domain .

(s .G.Q_Co\-c\f\a\—.a,: b Qe [bc.n’._%mj:. .QA\J,H‘.AMLCMSE'DK - The lulc?fc\.\ desuve B oﬁ_ Z L s
a{am\c_\\rw Z.-woauwle _ovd o Dedeind  domain .

(S.‘s‘\/, Kewmark: b A b L,Noe%v{m.,&maiw of__ diwiension oue K—_—.Q(A\‘; R !?\e.lc\a:e.
Quotieds and KL a fulte fiedd Ockusion - By e Kndi-Qizuke deeavene Ho fwhegral
closum—%_pf,,_A i L is o NoeHunaw domonn ofl dimension. one. St B is novmol B s

o .‘DCAc.kl'MA A,DMN.‘,W. —Tkn.&a.vt, Q’%O..MPEAAM "B s V\o\—, o %M\L\y %ﬂ.h&mleo\ A—-Mods-u\e .

- Asbb) Remark ek k be a fidd, A o Hudlely gunevaled k-olqbra. amd o dowain., K= Q)
_ih.__,‘fcdé_.,,.%_.q.u.o\-ieuh, poama Kel o fuibe Sidd axdension . T iu)-uxd,dosu\e...,.a?_ A b

oo finlldy guuarekd A-wodule . Ti porkicdiar, the iwegral o o Ak K is
& fuldy quuarokd A -module. (witkow=_proof Y .



