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CHAPTER V: INTEGRAL EXTENSIONS, NoRMAL RINGS

§l: INTEGRAL EXTENSIONS

(S Debwbion: l Ac® be an exlension of gl

(0) B s called o ficke A-algebra it B i finlkly ganeraled on aw A-MDALJg.

(8) O clomesk beB s called iwdegrol ever A L e ving extusion As ALK is fude
(Hhak s, oo A-subalgebro. ATEL of B is dwide over A).

() T exhemsion. ASB i calied ow fukgeal “xlnsion. lond B is colled inkegral over AY 1L
Loy dement beB s iukegral ever A, |

(5D Thesiem.: L ASB be a ving axbusion okd beB. T h\\om‘u% are fquivalewk :
(Q b is idegral over A,
(E) There is o posihive integer ne™ and <lemewks %oy, % € A Auch. Yok

'+ oy k" . + a,b+a, =0. .
() There is o fintle A-algdbra By with, ASB,C® and bed,. |
(d) Thoe s o Joitbd ATT-wodule M ibiele is fulledy quuembed on A-module .

Proof: be ahowr: (@) = () =+ (4) = (&) = (a)
(@) (<): Stk B, =ALp].
le) = (&) S "Bi=™M. Siwe ATEIS By, B is ow ATEl-modue. Momowr, Al |,=lg€B
Snnoan CB')= 0. (MNel: I AR is a viwg Wxlemsion.  we olvoys amwme Yok 1, =1y
[d) = (b): Suppose Hok M= Amar— +«Am, . Mis an ATLT - wodue. |, Hhus dor oll lgign
Hure are slemewls a;e A asuwche ok bwg = Z;:\ aig my. Boma dor all lgigw:

T (ag - ) m =0.
b 0 = (ag - b8y) e be Hoo wn- makvix it anhiee in ACK] and &b 0¥ ke iV
ﬂAl'oiu}- Wokvin. Thew %0 = c\eLLU‘)-IK“_ whave, Topw s 'Hu. nxh iAe».\-il-a wabn'y .

Nole +hak-:



(2 = s (2] (1))

"\n ‘/ oa/ MH. "" [ o]

This ahous Jd—(o':)ﬁ S, o (M:‘J=(O> and heww c‘ad—-(o-'):-_O . Evaluotiow 92. c\d-(O") 7\’&\35

W iwkgral touadiow @ k"4 o b va, =T wile areA .
(B} =(a) - ALE] is o ‘hcmwv?'kcc. ;‘w\o.gn. & M polynounial vug AGl Thus AlLl=
{3y} 2u§eAm‘§. beh 4060 =t Z;:L ant e AT] wibe 4(L) =0, Siua ) (x)eAlx]
& mowc. Jor wwy g} € AlXT Hhae awe poiywowrals qi) ) e Alx] with ri) =0 o
ét@ SENTS 6% L-i‘?.(x‘)\) =% Aude Huak g (x) = q.(x:)g.(x\}-\r (x) . Hewa a(h) = (k)

LE, —, ™ o ?wum}m% mz&_w;, o Y A-meaule AUKL.

and

(£.3) erllory: (o) L AS® be o Huhe oxkusion o g T Thee B s idegral sver A
Un‘} led AceBsC ke v.'vuz, clensions ond - ceC be ;k.\(.iro.l over AL ¢ is l\g\t..?rn‘\ ove-B.

7}_3_{: (Q} Tor Lowry. be® MeR is om ATVl - wodwe whicle i -‘-\w.k_ oh e A —wodule .

Sk ATEISTE ad ly=lg  oln,p (M) =0, Opply (52).
Ua\ Hnvial

(S.4) Example: Z< 2007 is an \'h,kzru\ endension..

(£5) lammo.: Leb ASBSC b ving dowsions Auche thok B is Hudhe ovee A and C ks
j;wu.\-t_ ove— B, Tauwe C s E;uu,\-g_ over A

ol Lk b b @B Wik B=Abr Ak, amd o ceC will
C=Bo v -'v-"Bc5 . “Thew C= Z"‘:»j A;LC{'

(56) lmma: Lk A €R b o bilorsion o] viugs ond consider AnlbeB) b iwhegrod mer AT,

—

A s o ubennediake HK&,,A&AC_—_—E) which. is \\J«.ﬁmﬁ ruer AL



Progl: Lk b,ce Al W have b show thak brc amd bc aw in A. Gnside Ha
A-mbalghm Alhcl = (AT)CEIS B, ¢ i inkgml over A, s < s inkegral over ACL]
aud (ATl is o Judk AlEl-alghw. Siku ACEl is o fiudk A-dlgbra , He
A-dglora. Alb,cl s finie and ATl € A.

(57) Debinitiow: (a) ld- ASB be on axlession of. vings. The inlormediale wng A=

{be®l b integral suer Al is called B inkegrol closwe o} A i B, Y A=A, Hen A
is called indegrolly closed W B

(B) Lk A be o dowain , kK=Q(A) th fdd & auokienh. The iukegral doswe of A i
Q(A) is called Mo inkqml dosue o A,

() ek A be o domain. A is called normal i A is idegrally closed i th bedd of
guoheula Q(A}.

('S.R)"E_mfosikov\.: E"“} -‘.o.g\ov{ql domain s wermal.

—P_wyg_:.ld— A b o ¥o.r.\-erio.\ Aow«oin) \I'eQ(A\‘. iu\g%ml over A and y*O. Thew Yeve ave
‘N.\d'wc\\l Yvi\WL Aemeur B,C eA i \I=5/c_. Lab- Qo,___,ah_‘eA wnHe
\1‘\ 'l'&h_l\l,“-‘ + — Qg = 0. _ﬁ\u L" = (-c.> th-l U‘-l + .+ Qg C “-.l> . :m FG—A s

o prme dement WiHC F‘{c , thee plb cov..-\rq.c\u'c.\—iu.% %LAL%,C.:\;=‘.. Heme € is @ uwt-
i A ad YEA‘

(59) Exomples: Lo.) The fastodal dowaine Z, 200, Z0x,,— %1 and KRUx,,— %, 1
o worwal . (K o Hdd and Ry —, Xy “uuﬁoL\u.\'} .

(b} 201 s de {\A.\c.%rnl c\es\f_»g, é‘_ . w QU

<
+
F
N

woke e lihegrl cdoswe o) Z i @QICT. Sine ieZ we haw

ok 201 € Z2 0 Z0] ik oworwal , Han Zlii= Z .
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(5:18) Froposition. ld ACBREC be exlensions ol wgh - C i ikkz.—d. over A il and ouly if
Cis -IUKTTA - R Q»A_Eisihle.%rui ove- A\,

f&o_oﬁ.:“-—#' 4rivial

«' Lk ceC. Sinw c s iegrol over B Hwe is o ne ™ ny0, and dewmenhs h;€d
Mude ok M byl b= 0. Each ,0¢ien-l, is iuk%m.l over A omd
e A-olgdova. Alky,— b, J is e, Sine ¢ is egral over Albg, —,bpo 1 e
Al, — by T-dglm. A, —, b, i fe. By (55) Ha A-algebm,

Al — ,bpoyycl is Sude. ¢ is hgral over A by (5.2).

(s.4) Grollary: Lk ASTE be o ving Uxlension. and A Ha iwlegral dosuve of A W R -
A iy inkgeally dosed W B

(S.lz}'&oresiﬁou.: b A<B be om exlension o?_ nugh, SCA o wulhiplicative s, I€® an
idea) amd T =;S|nA i coudrockion. e A Suppose. thak B is 'uu\re.?n.\ over AL Tuw:

(a\' At ¢ ‘E/‘& s an ik\g%rol exkension .

(k) SAC SR 8 oo iuhrn.\ extension .

Fod (@) A it Gonsidend @ mukving o By L T=be}eTh witle be®.

b orakisher aw iu.\‘.cdmk tquekion ¢ b+ e B ' —— + ¢ = O wlae aje A aud wyo.
Taw E*+ T e v m =0 ow Th wille Ei=a+Te A,

(V) L bse B wew be® and seSc A, bois iuk%m.l over- A, Hhus

o " v ag=C ke w30 ad Aewme aje AL Theo L%)q+ ?%ﬂ(%)“"+——+‘-;-‘;=o
ad SYgnc €STA L bL g ;M.\g%rnk v STTA L

(S;l%}'_ﬁo?uiﬁm: b AcB® be an ension of,. ‘v{u%, fec A o w\vdHP\icaan Aubick-,
W A s iwkegrally closed B, Han STA s iwkzmllY closed W SB.
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Trol: L beB,seS Wil Mo iwdegral over STA. Thew Mave i aw >0 and «ge SSA
such. Hhak = ) (%) 4 o (W) .+ =o.
Ivi b .g,- Gfs; with €A ond 5;€S and sk k= (Trm, so)s™ .="::° ¢, ond
t - (Tcw,uj si ) 5" “ for O&j<n-l. Mukiplying o) by + yidds:
S0 = (HUBY v ey b B 4 o g)/1 € ST
Thws e is an ddemewk vel s Huak:
(ﬂ) v(t"b + ot BTN
Madbply (w0) by +"7 whee r=vbeS. T
(rb)* + @, (P

n 8.

e = O

e A S A ks ikgraly dosed i B, rbeA and Huw % = P06 S

(5.|“> (ovo\\o.v-zz lb A be o normal dowain. oud € S.A\(o> o Mu.\\{?\icn}\'\n. Auworak-.

STA 5 a worwal dowain -

LS'xs) (cvp“a_né - A b an m\uam.\ domain . A is homal . amd cw\’ il Au s norwal
‘io"' al me M—-SFLLA\

Pro: " by (suW) |
- ‘57 (‘-5'1) : A= Q""?;:(A)' Jf- xe QLA) & iu.\;g-ol over~ A, Mew % i iulc.fnl
over Ay dor all mEM-Spec (A} - Thun xe A, for aoll me M-SpeclA) and xe A,

lS.lL) lomma: - A be a thoiu.,&(l\)::K ik dld of quokicids and K e L aw xlension of_
Ldds. U wel is dgabraic. ever K o Bsve is e elemend- te ANe) w thad L is
llt\t?d v A

Frod: Y el is’o.\?l.‘mic svr K, thee 5 o nYo and demeuly Bre ¥ such Aol
W+ B ke e Bo=0 . bk Bi=% with ajeA and teAN(0) . T
(‘b‘-)“ + (%-l‘) (*"‘)h-l“‘ — + at" =0 and t« is lu.kcrol ser A
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(S.I?) Lemma: Lk A be a domain , K=QA) W Ldd o quotients amd K& L an algbraic
1ddd odemsion - Lk B ductke Whegral dosure of Al L. Thew:
(@) A®RY=L, Hhok is, ¥ Ldd o quokiewdks of B is L.

(£ Tie K-wmchor apae. Lo Ao o basis Cous{s\—i'wz_ & demesta ) B.

"E.go?_ (a) Lek wel,. By w\m.fﬁou. o s d%‘.bm.ic_ over K augd L’7 (s‘.\L) dhave is an

tewewt teANe) wikh m,‘w.?ol rver A Thwa T € B and «eQ(‘B) swwe ASh.

(&) Lk {xi{;ex be o basic eﬁ.

wihe tx; e B, {ii*i‘ﬁiez is

L oower K. Tor tach 1€ T Mo is ol dement 'ELEA\(D\)
s o basic of L ouer K|

Recall: bk Kel ke o hule hidd udension . Fo- ey xel Ha wmop L2 L— L
e ‘Ea(,‘g\;'-'-“(i éc%{m o K-iwear e?e_m.‘ror- of__ Tue K—rechor Abaw L. e
characlenshic ?o‘.\:wuf_c& 0,{_ Q,\ it denolked b\ ’?‘-/K ‘L«‘,x\)e KEx] amd H wminiwod
?o'h!we\u.fuﬁ 0.{. fu s aewowa b\. w i“;’\\

e Nole dhak m(o,x) is B kil polyuamial
e Hao (d?.‘ormg\', domwend wels tver Ha Aukhdd K.

(S08) Theomass Lk A ke o womal dowain, K=QU) i hdd of quotnd and KEL
o Rulre kdd exdension . The %o“ewi\\.% ove. touivelesk:

(o) ® is h.k%rd over A.

(8) mix,x) € ALK

(& Pl (%) & AlxL

~
Y

la) oms (<i=la) .

T_rgo_{’_ Siva, M{&‘X\‘g is wmowe owa —FH"K&);} hok Lu:»dm& COEH«‘Q:»}« (—l}r: (!o..'%’
ia.::wﬂh\}: Leb ‘;’;=MK-&)‘1‘~\}EK[N—.‘§ amd ko€ Alx] wmowic wikc &"\ea\i} = 0. by &4{;‘{4*,“,
e’.‘_ P mwimal ?“a"'s\‘gv.cv.«{ai VY S ipo"p‘momlui %GK'E\_Z Wit fi= g‘é led- TE':“C
Gevche  Thi oi%eﬁbrwic. Cosu b_'r,_ Y owha e Than 2=—I_\1: (x-F;} ond g.a—“—l-:.‘ (ﬁ—d_")
whare, Pi;ijé-’i’t and « =o,, L A e He \'xk&ml closure of A in K=L. Sng
Ay =0 for ol Ig]gn. amd hix)e ATxT monic e oblain. ok ’«J-ez\' for all ig)¢n.
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T ocftcienks o b o demenbary aqumeinic honckons i Ha &) (14§< W) This uaplics Hhak
o ooefficlenks of £ we i AnK. Sie A is vowmal , AnK=A.

(@)=b (<): be know- Yhok ik (&,x}\ml&,x}r bor 2ome. re N Ld- h e AK) be wmonic
wite hid)=0. Than Ty (@)L AK)T and e Aowe argument- an akove applies .

(5:19) Bxawple: Lk A be o futorial domain, k=Q(A) ih Jeld 4 quieds and deA o
suae b element o} A i) d=}>,.__§>,- Wwhase. Pl ave prime  <demeuds of A widle
Py i 1], Suppose Mok Z 5 o prime demew ol A aud L B dencle Hu e gl
Closwe o A . L= Kid)z K. Obviously ,)Il,ﬁi s a bavis o L owr K and L=

{arbVd | abek]. Quushon: WRew is a+bld B

By (5.18): o+bld € R e m(«%ﬁ,x)eA['xl

Nele Hhak i b+0, Huoe m (aabVd; x) = (x= Lot bVd)) (x = (a~bVd ) = x¥ - Zax + a*—12d € Kx]-
Thwar mfatbld e Al o=t 2acA ad -4 e A,

Caim: A+AVd <B ¢ (A+Aﬁ) v {arbVd| a,bd A and 2a,2beAf.

B d: L avbld €® wibe b40 Hun 2a,0™-LdeA . T (2bfd € A . Suppose b=
withe ureA belo):{vd\, priwag - A PeA IS @ Priue demesd wille ?l'v- Hon F"l‘iu"&

oud -f"l‘{cl Ancr 9ad (wu) <l Sime d i Aquare dree P4 and p='2. By a simfar
orgumenk > s notb divided by 4 ond 2bc A Simfarly, iff aeA Hoe beA

and if beA Hu aeA.

Suppese. now Hal A=7Z ad del i a.#qu.mc fro iwlegur.

laae L: d=l (mod )

Suppese. a,be &N (2). Thw a*-F2d = O (mod 4) ond (Vo) —(be)de Z.

T V=20l +Y0dl = a+ b(Y2t+VaVd)| o, be Z .

a2 da l(uod‘t)

Y qbe 2..\(2.3) Haw a"—-\:"A.*‘.O(mod H-) ohg (“/z.y'—(%.)zclé.l._mub
B=200d]={a+bld | o,be 2. 3.

e 3 d = 3(mod ) -
YL abeZNM2), Hun o™L"d0(mod4) oud B=Z[Vdl {arbld| abe 2.
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(S.20) Lewma: L AcR ke aw exbension o{_ hhg& wide B mkam.\ ever A. Suﬁms& that-
B s o dowmalw. A i o..{‘\e.ld o owdm.\l\‘ if ®is a fidd.

’Prmv":"a)'i= leb be®. Siww Lk is Mu&'ml over A beQ(‘B> 08 al%o.lbmc. over A
E““ZS wherwiedtake. Y'th.% Ac Ce QAL = A(L-,\ it a fedd. Henao ACL] is o feld .

" Lk aeA Wit ag0. Suuw B & u.{l\clé ale® and Hure ar ore A

bo thak (Vg (0N L h o =0 The
0.—‘ = - La,._, -+ Qn_iq_ﬁ- —_— a.ﬁo,_““v e A

wd A i o feld,

(5:20) Dhivhiow: b ASB b an Ooxlension o{_ Hn%s,'FG Srea(A) amd QGSF:L(’&) prme ideals .
W say Hak Q & _Q:\Lwt cwr P i{ QnA=F ‘

(5.2) Theoem: L A<B be an iulurnl exlnsion o h'u%\.—r\\u\.-.
(o) 'Lyins ovr" : Tor Loy prime ideal P A ere is o prime idewal QEB whide lieo
over P, ok is, QnA =P.

() ¥ Q<cQ aw priwe ideals & B which lic over Ha rome priwe ideal Pof A
Hae Q=Q, .

() l& Qe® be a prwe ideal Lyug ove- PSA. Q is o waxima) ideal of B if
and ey i P is o maxiwol ideal of A

Pod (<) Gusider Be Inbegrod endension. VP B and apply (520 -

(k) Consider Hur idegral exlension. Y € B/, and veplaw A by Vb and B by Ve, .
T e woy arucme ok ASB s an iegrol oxbuasion of domains omd QB is

L prime ideal Wit QnA=(0). Suppose Hhak beQ and b+ 0. Thae e is a
miwimal ne N Ao Hak Haw it aw whegral touakion B a k" + a, =0 with
a,cA. S g€ QnA = (0) we obtain b( b g, b

+__.+a.‘>=0. Bis a.écmm'u‘ Hhun
b oy "%y 4+ q, =0 , & @whmdichon. 40w minmal.
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(A.) S=A-P 5 o M\JHF\\'&HVL Aukored- cg_ A and B and He ﬁn% exlension. AP=S“A cS'B
is iv«lqrql. Tiis yie.\ds o owwudokive A\'mrnu:

B = L
ke g J indesgral
W ':A 3 -
A ! —— Ast A

lb We SR be o maximal idedl. -B\’ (c.) n=wnSTA s a maximol ideal of A, Hhas
W=PAp. The ool Q=ipc (W) is o prime ideal o} B whidh lies over PLA |

(5:23) Gorollary - ek Ac® be an iu.\c%«a.l Oxlemsion e{.n‘w%a. X QsOG— Q- is a
chodi of dishuck prime ideals of B, e BTG — T, whoe T = AnQq, is «
chaiw °£— dishwc- primee. ideals 0{. A. Jn ?or\-{c,ular, dive A > diw B

(s:m) (cmllcu-\&,-. (cao:wi-uf) Ll AcR be on {uL.rol exlension. e wigh amd P eRe — <F-
@ cholie of prime idecls of A Lek QB be o prime ideal Mak is Lywg over .
Q¢ txlends do o chatw eg. F\riwtg. Wdeals ,€Q<c —= Q- iw® wniHe QnA=F; for- O&isr,

| ’E_rge{i’&? induchon. on r. Tor rao Hae is wothiug 4o show-.
Vol=br: Suppese we hawe conshucled o chaiw of. prime ideals Qo e@ < —< Q. B
with QinA=P; fr 04l¢r{. T A/P\-_' &x/Qr_‘ is am iukaml extension. . By (S.zz}
Hho s o prime deol QB wike Ton (A ) =Fr-Trb L Lk BCE be
Ha peiuage 4 Q. Tun Q. EQ, and Q.rA=F..

(5.7.5’> (ovo“o.rz: Lk Ac® be aw i\«-\t.cc-ol exhens iow ug_h‘ua};.—rm:
{a) diwc A = dim B
(8) I} QeSpe (B) ond P=QnAe Spec(A), Hon P2 LHQ.

) 1 QeSpec(B) ond P=QnA € Spec(A), e dine Ap = din. B

Tred s (0) By (5.23) dwAzdi® and diw A < diw B by (s24).
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(b) By (s.23)

() Oply (2)  Hu ivlgral wlession Apc a.

(S2¢) lorollary: lek- ASE be an lidegral alension of. ringt and PLA o prime ideal of Eulke
Beight-, Thaw Haare @5 o priwe ideal QSR withe Q=P amd PrQnA.

Tﬂo_f‘: khhe S=A-F Hw oxlension S"A-:.APG-_S"IE s iu\f.%ml."By (S'.zS’> r.-.H-P=AiuAF=AiuS"I
lek QESTE be a Priva ideal kot WFR=r. Qis maximol in SR and therdore
Gnhg=Ph. L QeSpeclB) il QS8=T. Thn LQ=I-Q=r and P=QnA.

Recall from algabra: & fuile extension of fiedds K<sL is called mormal if one of He
following squivalewt condibiomn is sakisfied:

(8) U qu) e KxT is an imducible pdynomial and «e L with gl<)=0 Hun qx) aplits
Goupledely ke linear factors over L, gln) = t’.-“:,: (x-o.) where eelc, el and w=x,.
(B)For all el woy coujugale of w is in L. (The conjugales f o ave M vool of He
Wiwineal pely wo wual o wa-\(.)

() Lt =L ke W ddghraic doswe of K and L. For tory @ € OQudhy () we have
Hhok o) € Q.J-K(L) , thakis (LY L.

Uso noe. Hhak | b, (L)) & Ci:k].

(5.27) Tropesition. * b A be o homwal domain, K=Q(A) ik beld o quotiewls; aud Ke L a
ke wormal fidd exhemsion.. Lo B be M iwlegrol dosuve L Al and &

Fe Spec (A Q“Qzesf,a_(z) be prime ideals Wb QnA=Q nA="T Thew Yo is an
bomorphism. Te Qb (L) with ¢ (Q,) =&, Hob is, Q,0oud Q, e conjugale ove- K.

In parkicular, Here are cw‘u‘. Q—Ctu.'.‘dy many priwe ideals Qc® l?““ﬂ cver PC A

Proad: P G= Qo (L) = doq, — v §. 2k is tany Yo verly Hhal sach o3 debines o
audomorhis of B (by rearichow) aud Hhak €7(Q)€ Gec (B) for oll Qe Spec (B). Lok
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PeSpc(A) and Q),Q, € Spec(®) ke an abow. . Suppese Q, *V-_‘(QD for all \gygT
By (S'?_z\(L\~ Q, 4w "‘(a\ for ol I¢jer T Q, ¢ U, o—T‘(o,\) Pich an clemet
xe Q- Ul 7(8) and comsider yi= [T 0001% whoe qal i drar(K)=0
ond q= 41 dmr-(K)-r-'f. v ol g on folows: T exhession Ke bl splibs iwo
K & K!'=Fx (L;G) c L

Mo KeK! is pudy inparable and K'TeK for =4 aud rowe ve N. Skviowsly,

a=- J(M&Kl omd e fere \;eK Swa. xe® s mJouam,\ over A yeK is ml«.%«o.l
suer A and Alwe A is wormal : 7eA Suppose. thak @ = (d, , Hhaon ) = x and

Y is o mulkiple of x. Hene yeQunA=P=QnA . T wplies l. 0‘(»)-_\169
ad Hucfore e Q; dor rome lgj4r o cowradickiow . Hewe Q =03-“(Q.> for

Aowme. lij&\’.

(£:28)Remark s L A be o nomal domain, QUAY=K ik fidd of quoliewds amd Kel
o Puile deld exlension . Thew e is oo fedd exlension. LEE Aude thad KE E i
Fulle ond worwal. ek B be Hhe udegral closie o AL oud B W indegral
dosure 8 A i E. ke hawe iv&%m.. xlensions A B, S Be oud Hor ivgnér
PeSpec(A) Hure ax. enly Fudely masy QeSpcc;(‘BE\ byne over F. Thws Here ar
ouly  Hudlely Wasey QESF&_ (B Lzu% cves P
L As « non-vormal domain., A Fhe iwhegral closue of A in QUAY, we can ank
i Hwe are ouly Fuilely mamy prime ideals Q €A whide lic over a gvew. priwe
ideal Pe Spec(A). The Mon- Nou%nk. Heorewr. Ahown ok Wig is drue Ak

a Noclenan. dowain .

(5:29) Thooron : (Gring Don) Lk A ba o norwel dowain, K= @(A) ik §eld o quekenhs,
wmd Kal o Qe oxlewsion. ef. felds. Lo B be Y Wegral cdaswre o A Tl aud
fehe ~ <FcA o dialc of prwn ideals i AL Qr € Spec®) s @ priwa iden]
Wwihe QrnA =R Hec Hae s o dhodw of prwe idedds Q@ e —— =Q, B
WHe QinA =P Jor ol O<igr
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Proof : T s o fnlle wxtension E o, L i ok E s normal over K. Lk C b

P ludegeul closue o) A I E . BEC i an legral txleusion. amd Huve s o
prme ideal Q'=Q) e Seec Q) whicdh Wen ower Q. It s uou%k. Yo comstruck o
oiw of priwe ideds Bl eQle Q=@ in C with Q'nA =P for Igier
T kx_Mmé A WAL E=L s normal ocver K .

T proof. is L? induchon. ow r. Y r=0, Hae is hok&iuﬁ o show. Tor e iwduckow
e ol r we hoe teoshowr s if R ST an prime ideols of A ound QC B

is o Priw deak Wit QnA=TF o Yo it a Privce (deal Q B widhe
GeeQ, amd GnA=T . TCF e A

~l \ B [11]

Qs Q =B
Lek Qé.C_'E:.- b o fn'uc. ioeal wa QénA:'FQ.qBY %ai&%—-uf Huve s a_?\-..m
ideal Q:&T‘: wne Q;‘,E.Q: and Q:nA= P‘,—B\! (S.Z‘T\; Heve 15 om m.-}ouorPL\.\'slM,

e ld (L) Wb Q) =Q,. Then O'(Q;\)——z@oé@g ad QnA=QlanA-T,.

(S‘.Bo}’RgM:'BY usiu.% %oloia ‘HAwn.é o—g_ ik,%zfnik (_nl?hm.\'@ oclemsions oua can.

brove (S27T) and (.29) iwithowk Hu onmswmshon LK:L1<so,
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{2: DISCRETE. VALWATION “RINGS ; PEDEKIND TOMAINY

(S3) Dhwbon: Lk K be a fidd. @ dicwle. voluakion K iz a ‘-\-u\c\'\'ou. vi K — 2uiw}
Vide sahshien H 4o\\ow-\|~% condikous:

(&) v(x) 2% & X =0

(L) For all Xy eK : 'v’(x\,)=v(x)+v-(ﬂl Hhad- ', ""\K* : K* ——-«)(ZJ“") s o howo Morf\u'-!&
o+ grovs.

() For all x,7eK: v(x +7> > Wwin (r(x),‘u—(j))

O valuakiow v:K— Zuie] & alld dnvial it v(K)=30,e7.

(5:32) Remark: (a) There is e o general comcaph of valuakions whasw Mo volue' growe Z

s sland by an (ar\ai#mna) ordered  oelian. grouy.

(b)) L Kl be o oxdension. of fidds , v: L2 Zoln] o dicede veluakow of L.
T vbickion. vl i o disode voluakion ef K. Nole Hhoad iy oy by vial white w i het
(c) v—(K“‘\ cd s a A\J;%mk*; of Z., How -u-(\(*)=. wZ Yor 2ome wme Z . v is thwal

il oud ouly it m=0. Y v i wowhiviol , v caw fe veplaced \a\, e Luiu;vo.le.ul—)
valuokion v K —s Zvie] ddiwd E\I vl(x)= ('/u)\r(x) for xeX¥ and v‘(o)-_-.ﬁa.

qn Ko {o\\owiu.% Wwe onmauwme thak o wewdnvial volwakbow - of K sakshes (KM)=2Z.

(5:3%) Exomple: Lek A be o Jadtoral dowain , pe A o prime Bemenk and K=Q®) ik
biedd of. quobieuhs . Every dewead R €K* com be wnMew o « = P (“‘/b) whave a,beh,
Pt o omd f’H") ad ne %, Dehue -\rF(aq-:n. -V is o discwele vo.\mHo:L_ e K.

Y A=Z ,K=@, ond P o pre vuwber , Vi is colied Ha p-odic veluokon. ol @.

(534) Taowem: Lok K be o didd | vi K—r 20307 o discrele veluokiow of K. Thew:
@y A, =4xek \‘\r(_x)>,0.s it o A\Jon‘u% o K.

(b) Tt wnils of, Ay are AT =ixeKlvi)=o}-

(C-} H&u.=ix&Klu-(;g)>OS is e ouly moximal ideal o Ay dhak is, Ay is o Sowl
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domoin Wi waximal idecl wmy..

(d) Ay is o pencipel {deal domain . v is vvial $ amd only il Ap=K.

(&) Taa prime eleweds ol Ay o He demewhs pe A, Wit v ()=l @ privee. eouend:
o} Ay are Mocioked aimd Wy & quooled by & prime  demewt- PGA"'

Pog: () Nole dhak v () = vl)+w(), Hour () =0 and  0=v(1) = v (~1)+ 1) ad v(-1)=o.
M s wnows fony. to W‘\H Hak Ay is o Auwboring o K.

(b) ae AV 4= vie)20 omd w(@N20. Sike O=v()= v{ap,v(&—q it dollows Hok
(0} =C. OM.MCMWQ_u-(o.\—ch( =0 amd e A,

() Venty ot WMy SAL s ant ldeal . S A.U.-—- = W, WMy IS e moxiwal

deal of Ay amd_ Ay i locol.

(d} leb Te Ay be o idead wite T (¢). Fick aeT-0) Ac Huok for oll beT .
vib) 2 v(a). Lok beT. T bea (o)oK and k) = vla)rw(ba) . Siw
wa) « vk, v-(b/a,);c and Yo € Ay Thun T=la).

(4) B (d) My 1S Quneraled le any cdemend pe Ay Wit i) =1. Qvuj auch clewewh p
Guavakes He  priwe ideal wmy. Thuy pis o riwme demewk. I qewm, it o Auond
dewend il v-(ﬂ-_-ll e ‘v-(P/q>=.0 ond P/ci=SeA;. Hena p amd q ave
nocialed . '

[?.35')"9‘{-\‘@4-{9\\.: (q.) QA Ml “PID whide is not a {—\‘dd is colled a. discvele valuakow \Q’ﬁ,‘
'DVR {or A\\orl-

(b) leh K be a ddd |, v: K — Zviel a Vsou:\-nvml disade voluakiow e@_K The
hué A, & called He discrele veluakion viug, amocioked o o~

(5:36) Tuge = L A be o DVR, peA o prime clomenk, and ke QUA) ik quokk didd.
(0) Every demad- xe K™ i o{,-“«. fowe x=wp™ with ueA* and neZ. T
iheqer v dos wet depend ow e choice &) P

() Toe wap v K —+ Z0ja] debud by wio)= 0 and wilx) =i for xe K™ with.
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x-_-uP“'.ueA*' neZ’., is o disode valuahion of_K wiHe V(K*>=-Z and A'.':-A.

Trod: Sw A is @ lbwl PO, A has %Lad-\\i Cwe MOWTAYD  priwe ideal P A Moreouer,
P is quavaled by o priwe. dewek peA and every. othur pwme  dement- qeA i
oocaked ‘o b

() .LrJ- x€K* Thaw x= % witle a,beA. Tire ave waik u,veA" and Mouug%a."i\&-
iu.k?u-, nme N wndb a,=up“ omd b:-_u-F".'TRu; X= (uv:‘)-}:"—“. Siuw Loery,
Priwe dewewr ae A is amocialed top, e orponank n-wm s independend of Ha
chorw u;_ P

(b} Obvioux

(5.3'1) Coro\lcmé: e K be a ?-\‘:H.Tkn.u. Hhoe s o 14 caMFonAe.um.-.
1> o dicrie valuakion of K1 = { Ac K o VR wit QA =K.

(s.ss)ng (ChorackenzoXion. of. va,) Lt (Aw) be o focal NeeReram. domadin .
Twe -?euom‘w% ore  4quivalewk

@y A s o TYR.

(&) A is vormal amd dime A =l .

(& Als vormal and twoe i am n.eA\ko} wiHe wme stA(A/(o_ﬁ.
(o\\}- M oIS o houwro priucpol  {deal .

(e A s wobk o %elc‘) A s Q.ar.\-orio.l and all Prime demewa 0£_ A ae aMocialed .

Prog].: (q,) =ib): A s a PID, Hus A is worwal with dm A<l
(b) »(c): ®or all acm—to) : Supp, ('VuA) = 3w Therefore me (g (A/La)> .
QW) Lk ach-lo) i me Mu(Man) ond - Te Yan with am, G)=w. i

be A be a fv'c.imu.?. 4 b. SweT4o0 ,b4a A awd wbecaA. Th mba'c A.
wha™ is aw idea) of A

Cl(\i\u,: m o:'=A.
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B4a: Y mbatd 3 A Hhew wbd'em siwa A s local. Thun  m(ba')* & m ba™!

ond ao o, hak i, ST C M dor all me N Benw o (b)"e m dor all neN
md (b Aale K for all ne N. Ad is o foulle (ozd;c) A-submodule of K.
e gt ek He A-algbra ADLC'] is coained in e duite A -wodie A
Aol is o Jaitful Alba'l- wodde amd by (59 balis inlegral over AL Sine A s
homal bl e A aud hena baaA | a cowhadicken. .

Hene mba!l= A and m=(abA e albleA.

(A)ﬁ(c}: Puk m:.(ﬁ and L o.&A—-(o} be_ any dewmeak. Sinwe A s local Nedthun om
Ly (4-22) Hovwe is an weN wie ae M“-_—.(P“) (?ossih\7:n=o> and ae€ u‘*“-(pﬂ) .

Thua a-.uf“' whe ueA”. Sika P Cg-he-\'oka o Phwe ’\&ml, bis a prime de.MeKJ"Qe_A-

Eveny demewk of A caw be b (wiigudy) an o poduck o) a wnit of A and a
power ok b Thun Ais fackorial and all svime demewh o A are amocialed

()= (a): Lb TeA be o howtero ideal. b wak to show thak T is privcipol . Lek
peA be a priwme dumenk. Every demerd a.e T-00) . be wnblen ar a=up*
rhore u€A™; neN. Lok a,€ T-(0) with G = Wp". wue A" aud me™N winwal. U
beT~(0) , Huw b= v-f”" bhare e A* and e wille trwm. Tha (vu?‘%:*"”‘eA

and b= (TG € (ag) - Thun T ={a) -

(539 Dinhion: L Nechuwaw domaiw A is colled o Tedeking dowain. il A is norwel
Qv\_g; d“\»\ A = ’ .

(5.40) Remark: b A be a Nocthevanw. dowain ef posibive Mmensiow. - A i3 a Dedekind dowmain,
ifond ady i} for all Pe Spec (A) Wil PH() +a ving Ap & o DVR,

(S¥A>Th¢¢.eu: Lk A be o Dedekind domain .

(a) Ewry nowscro idead TeA con be ko \m\q\ul\/ (4 %o onder) 88 o produck of
*-\uid} Many waxiwal ideals.

(h» For Luuz, wowzere ideal TS A Haw is o nouze 1aeal }CA &MI:{ s Phuard
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Frod: (o) Lk T=Qin— nQy be o ahorksh prwmory decomposition. of T whee Q; S A
Ox W - priwary withe Wi wy o (pg. Sime dim A=l all He wi are wmaxiwmal
deals of AL Lok s A Ay b He comonical morphisw. Thew Q=4 (O Aw;).
Aw; is o DVR amd  Hhiexfore QA = m{"A, . . Beanse Wy is waximal +e ideal
mE s m-prwary ond Hrcfre Qp= W This Ahous Bk T=wbn _ awmtrand
by e Chinase wemeinder Huoww : T=wmEw® __ wbrr Re Un Gua kess vobe +thai-
He w5 an macHy \u;'—fh'um.na componenks of T, "Those arc waique M X
San ou\7 muwiwal oasoaaked pames -

(b) Pk o demewr a€I-(0). Thew e owe wmaximal ideals WA it mig g
Jor 141 a0 thak T=wd__ wrEr ad (o) = > . w e it Lar and s;2ty,
ot =0 for Lov WMC Jaw TR SR L Tpsle).

(Q‘lz)'ﬁgwk: [ withowk- qu{.} E‘IU\& dowai.  which b&n‘s@.‘o; (o.) ov-(L) el (s‘.‘H} is a_
Dedekind dowon.. (wthow He Q)g;.nm?"'iou_ dhal- A s Nocw‘e,\-imq.

(543) Rewark: In gnerol o Tedekind domain. is wed- fackonial. Exauple : By (S.\‘D
e Migral doswe ol Z iw Q) is Z0Hs]. 200l is o Dedekind
domain - 2.=x] is wotr {.u.\on'ol Al 2.3=6=~(\+T:_$)(\"v:5'> .

() Thaow s Leb- A be o Nuetherion. domain. Ty foloriug are equivalewt-:
() A is wormal .

Lh) Tor Iareoy L\u%wq— oL ?\'ime ideal P A 4o Hng AP is o DVR omd for all

heh LA ] try prime ideak o Gy (War) s winimol  Habis, dae ideal i

fm.r_‘hc Oi\_LcAACA ?huc,s

(OFr toy bagb one prime ideal PEA Ho vug Ay is a DVR and Aa?l?rﬁfg'
Ad=P = |

’E_vog‘: () =(b): S A iz normal AF is horwal for ob Pe Spec(A) . Thua AP i

6 VR fr ol PeSpec (A) it - P=l. Lk ae A-T)uA*] aud Pe O, (Aan).
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Then PA € Oanp (Ar/aAc). By (5.38) Ap is o DR - Hewe AbPal and Pis o
wiweuwia)l  oasocioked prime. e;t_ oA,
(L)-’-}(c.>: Ob\n'ou.b\\l J Ac M Af .

P

abey
kb %= Hac QUA) ) abeA,at0, il xeAp dor all PeSpec(A) with LhP=|,
“Than Lea.AF dor oll priwes g qf, Lk«.%U.— owne . '57 (b) : be &A\, for all
Pelun, (Hon) . For all Pelmg (A/A) L s cA-P and cpeA with bea. V.
Cehs;A:r 'Hru. \Acal I‘La): (L)a)\\léA l\,\ge(o.)-ﬁ . Tkm sPeI -Qor d\ ?&QS&A(A}/G,K>
and T4¢ LT : |

PéoMAU‘/&A}

Lk Qe Oay (*9/0y) . Siie oy (D)) fay) =T we obbain. +he TE& .
B )/ ¢ Nia) ond  Huerefor U, L“ﬂ*““)/m)) < Qum, (A/(a.)> . s
Aoy Yhak &MA(“\H‘Q/&» =g ond (E\;*'C‘Q/(a)-—to). Hreuce be(a.) amd x=Ya € A,

W= (a): A is worwal Aime A s om  iwlerechon e?. normal domains .



