CHAPTER IV : DIMENSION THEORY

§i: GRADED 'RINGS AND MODULES

Recadl: Qe ebelian MM%@\-FG wahe ;Au,h#; s a houe.m‘:*\& Ack G '}vc&nﬂ\m— WwnHe W Uroaative
axd Cowmubahive. operation '+ omd o zew demed 0e G sude thak ,g+0=°*3=34"- all
geG. Mol somwples: [ Z,+) amd (N+) (whee 0ENL),

(‘t.l)%hi.km_: e A ke a Y\‘M% and G an abeliaa An.w\\'.romp with Ae.w\v\-%
(@) A is called & (G-) M ving § A hos o diveck Aum decomposition. an am. addidive
. Group A =i€:)GA:' whare Arc A ave Audogroups of (A,+), suck Yhak dor all 1€ G:
AL Al & A;_ﬂ' .
(b) Lek A-—-% Al be o groded ning m«A M aw A-wmodule. Mis o §roded A—wodule
i (M..-\-) hos o divecd Auw Ae.mw.pos‘;kov. M =§G M; such ol ALHJ'QMC-.-J'
%ﬁr’ adl C):"G G.

() Example: Lek K be o fidd. The pymowunl vikg A =KCx,—, %1 is on
N‘%«OAQA Y\'V\—%).A=® A“_ N‘Qw.\-c. A,,--{Z.. L"

. o, . X, b
W2o W= )

s e Ad- ol ho\u.oo{_mw; polynowaials o degree n.

--)‘E\' \l O"L\‘.} &KB .

(#3) Definition.: Leb- A be o graded nng ond M a graded A-wodule. i element
ae A (MG-H‘ws?\J is colled houoachcoub § aeA; (meM;)mP.> Jor rome i€G.
A Mis Cane 1 is called the d;t%«& e¥_ a Lm.‘rcaf,) .

(44) Remork: Evory slemend- ae A=@A (me@ Miam, vesp.) Cam e tomke
(uniqud\g,up-\roon‘xcr\ s o Aww oﬁ_ hcmo%qmub cdemeu A= Z.m;_, qce/-\{

i
i

I TR L vcsp} . The ag (m,vap.) @e called Hhe kou.o%mc.ows componenks
& a (mrap).

&



(45) Defeuckion: leb A =@ e A be a qoded ving and M= @iea Mi o Graded A-wodue
O smlomodule NEM is called howogeusous i N = @ieq (NnM) . On ideal T o A
houozl.mm Y i

s o ‘\om%uu.o\m sbmodule of the groded A-module A, Hhak is, i
I= ®ueG (,IAAL) )

(%) Proposition: Leb- A=@®;( Al be o groded ving , M=@ieq M; o groded A-module omd
NeM a Aubmodule. The -!v\lowiu% we  2quival ead-:

(&) N s a kohw%v.u.oun Aubwodule cf. M.

(c? N is dueroded by homogemown demens
() For ol wm= Z:(:i mee ™ with meM, : meN e maN fr ol eG.
i L&

'Prcwf_ {o.) =»(l7) oumd (C-> ='>(R-) 4rvial

“>>==b(c_; Squox ot N s %Lhn.\-n\d L, km%m:.oub dewmewhs )‘“3.&1"3 whave naeM,\a)t‘-e..

de&(&i) di. We have %o show- Haik N—@;ea (NaM), ek neN | Hen e o Wy
L Aowe a.l‘eA."Erauj: qj=z.,'¢ik with oy € Ay . Hence ““Zl.ik e My
e demewks  ajny ave homwogueous . Glleck derws of ' same degwa -

€N are e hom%uwo% Cowmpouanls of WN.

——

the

(7)) Remark: L A=@ieq AL ke a groded viug M@, oM o groded A-module
ad NeM o jwuwc}muu_., Aubwmodude . M/ = &) @ M%Nnﬂx) is a %«m\eA A —wnodule .

_Tv'om, nold Own @ G=N=N°,

(48) Depiuibiow: Lk A e o viug. (L Lilbrokiow of A s a chain. ol ideals :
F:A-T, 2T 2 ... =T, 2... wWhide rakisbies T T, S Trp dor oll mmeN

(48) Remark omd Defiuthon: L= F: A=To2T,2. 2T, 2 be o ftivakon of He ving A



Guside-r Hao (ahel\ah.\' additive. oup e (A\} = @h?_o I"/];,H_‘ . Dehue o Vuu,\\-\'fl{cd{m_

ou ?r?_.LA) on fhownn: L we To/x,., omd FGI‘“‘/I.wt—g wite vepradokhives aeX,

omd be T, . Pehine kb=ob+ Tppy © Tuem/Typ, . This mukiplicakiow s well defined

oand oxlends —Luw:r\y o o WMl plicokion. ow %K‘:;;L’\ IGx (A) is o commutadive. Groded
vm%. C&M;LA) s lled Y groded Hug ostecioled dov the httakion F.

I TeA s o ideal e *il:\-ro.h'ow F: A=T o T'2T%2 ... 2 T%= -.. is called

Ho T-adic Hlbokiow of A, qp(A) = @, T/rwi is calied Ho associabed vin
Tx 20 &

(410) Remark: Lk A= @0 A, be a groded ving . AceA b a subring of A and

A+ = @nz_‘ Al\_ IS oM ideal °£_ A wunth Afih+'; As.

(!hn) Example : le- A be o ving amd Izka\)__,o...} A a 4{&&.'37 Gumeraled aeal. T
?"::(A} s o homawsrphic iwage o Hhe polynouwiial rwg Wx) G, —, %l I pashiader
%{A\} s o Noeherion h'u,% i A is Neetheran .

Pro : There is oo Aurgichve howomerphism. of Waqt 4 (V)T — xad — @y, TV
“depad by @lag =iday  and QL) = o+ T?e Tixe,

(‘hu)'?rofoahou leb- A= @pyoAn be o groded Hn%.TkL Qo\\om‘w% cae zﬂu.ivo.\uu\-:
(0) A is NeeWeran . |

() A i Nuewia amd A is o finlldy quuroled A —olgebra. .

M: “:)*4(&} Wiber's Basis Thuoreme
o) =(b): St A Z A/A, | Ag is Nocleran. Ay =@, A, is o Bintlely generaded

ideal & A. OQuuwmwe Ay =(a,;—,0,) whoe aje Ay hamoguntous.
QQSW\,‘. A Aoto-“___ Qr]

@cg : We womk- b skou— L7 induction. ow n Hok A, c A,Cq,
ld- be A,

_ard.

- T b= FQ—LQL Jor sowme §oe AL Lk g be Huw homogenous



8

, - .
Component ol dt_%au_ n-a; of £ i nxd ond G1=0C i} N<a. Thae B:—-Z:‘g;a.‘_' ans

A=y

by imduchon 'héyo%i\s 9. & Aglay,—,arl . TTame be "T\o(\:“b-———;“r’l )

('i.l3)'!_<.’.‘hikon.-. labe A be o.h'»\%.IQA o l'é:d) Mom. A-wmodule ond F. Matgz™M iz ..
Q.duuhén'u% chain of Aubwodules of ™M.

(@) F is wlled o fithvakion ] M.

() F is colied o T-fghation of. M i TM, € M,,, for ol neN.

(F s clied o srobic T-Htharow oL M L F s an T-hghvarow omd i Fhave is o

e R pe thok ITM, = M %ov— odl waw.

(54) Remork ond Depwition: L M be aw A-modue wd F: M=Mgz Mz ... e
T-hurakion. o M. Tie groded module omoaiohd +o F + g (M) = @, W,
hakwally o Groded 9 (.N}r-@n,:o TV ~ moduwle . The T-Hbhakow «. M2 THM2T M 2 ...

c\e@-‘.uaé b}. e powen OQ_I is colled B T-adic filiroHow. o M. 84"1(1“0 =®,\er3/’1““%

iy callea i assouaked %méea wmodule . @ (MY s qroded iy (R} —woduwle

(N:15) Dpiniion: Lk A be o ving and TeA o ided. The qraded ving R= @, T™ & called
e Rey alghn aveciald 4o .

(‘f.lb)’&uuk: Ll A be @ \r\'h%,. TeA oan ideal, Maw A-wodule, and 7. MM,z M,2M 2...
ai. T~ Kilvaliow of M. Thu J = @‘zc M, 5 o %««AQA wodule over Ha Regs d?-km- R= s.i’I".

(%17) Froposition: lek A be a ving, Nocherian, Te A an ideal, M a Fiilely qeucraled A-wodule,
ad F: MaMy2M, oM, 2 - .. o I—X‘-;Lhakw. of M. T &,\\om'uz, are Qquivalewk:

(& F & a alde T-Hhokow

() L@, My is o Huldy guuvadd R=@,, T"-woddle.

Pool - (o) b (b)r Lk meN o TM, =My, Jor all mam,. N s quucraled over R by



M@M@ ... @M, . T slewewd follow; Al Loeny, M{ is o {Lu&d, goaraled A —wodule .
(b) = {a)> Suppose. thak- = Romr oo R wlioe mieMy. . B nomaxin, . n,q:
L — v .
Mo = (Jt)h_= {7:: acmi | age Ry, 3 = { 24 arm a;ei“"":i I M, .
4 " L=,

Thus M.LSI.M“_‘QMN and ITM,_ =M, for all udn,= Mo.x\uu __/k,.}.

(H4-18) Theovem. - (O.rHL——Rus\I leb- A ke a. Nodhevan. vg, TS A an idead, M a 4—»‘@\&7 generaled
A-moduk, and NeM o submodue. The T-fithokiac {T"MANT,  of N 15 T-shobe, ot 15,
Hxe is am l.‘v\t%l.r o €N such thab T®M AN =TT " (e Mn N:; dor oll nzw .

Frof: Obviously, {T"MaN] | is an T-ftakon. and N @y (TMAN) s "

&ovuo%aw Adomodutle . Hue Q‘?f“’*wdt— M= @y THM. S {TMY 0 is
c

o Ateble T- ?\“ﬂ"‘u}s'ov_ O'g_ M, JLis e {kwu.\o\{ Generoked R-module ‘cy L"t.l'E\:; T vemadus

+o showr thak R is NocHeraw . e W is o -Q»\‘u.ik.\g qekonbd R-wodule aud by (’*-W\)

LT*"MaNT is o sloble T-hthokiow o N.

(‘M‘Q lewwa . L A be oo Noedhanwai n‘nz omd T A o.onPe,v—i\iéed.Th.'Rus—o)%d;m.
K‘@lu I"’ ‘ls NK.MOJL.

Prach . Suppose. Hak- I-'-(.a;)_lns}. R can. ke ideuhifed wible e ‘Fw'.\d\/ %ﬁ.w.mld
iaubolcrlwu_ = AE&,)\,__.‘&S%} of  He \pcix!vuow.id n'u.% ACx1.

(k.20 (oml’m\-z,,- (Reulls  uhesechion -W.um)u:} Lel- A be o NeeHurnon \n'u_s ; TeA an l'&ed)

ond M o fulldy queraled A-wodule . Lek N= QO'I“M.TM N=T"N dor all neWN.

Troof : By (18) Hue is o reN i thak I (@ MaN) =T """ M AN for ol neN.
By wwtnchon. & N @ NeT™™M AN and Hhus:

NETIT™MnAN=IT"(I"MnN)cIT"N & N.



(‘t.ll) Comlh.na: ledl- A be o Nog&riay, \’\‘V\% ) IQ}:&(A) aw ideal tw *ue Jacobson.
of A, and M o Fulely quareled A-wodue. Ths @ TlTrH =(o).

hac

'P_rufr-. lewmma. of. Nokay ama.

L*t.u.} Covo“m-%: Lad- A be. oo Noetberiam. V‘Iv\% ama IQ}Q&(A\‘) am- ideal . Thu
iz =0,

n>o

rod:

o



Qi

§2= RILBERT FUNCTIWONS

(z3) Lewma : Lek- A\u@»m5 An b o Nocthena %«oAu\ wug and M=@,, o Mu = %\dk\,’
quuraked qraded A-wedule. Tor all ne™ M, s o fuldy guuraled Ag—wodule .

Fod: Leane: M=R

The proof. is by mduckiow ew . By (412) A i o fudedy quareled Ac-algbra - Lok
Q,—ar € A be \qow.o%g».wu; demnds witle degai=di>0 ac thak A=A, o],
Forowo s Ay =aApg s —+ oAy whee Ap=0 il i<o. By inducHon

hmpo%is AJ' o < s a {:u:u\, %»\A_ro.k& As ~wodule , Hun A s a 4—:@&1\, Quniraked
Ao — module. .

oot M ooy fudedy gquuernled groded A -wodule

M s guaraled by finilely many howogeuaows demeds: Mo Awm i+ —+Amg whoe
dc%LW;\_):e‘_?_O. Thaw M, = A,‘_e‘ My e Ay, g Whie Al=0 i i<s.

Hn_ it o %w\,\u\: Oeﬂ.\«uole‘d, Ac—w.odw\e_ Mule, f’-’\i i< %«u\d\l %am_m;\d

(4.24) Remark and Tehiwihow: leb A = ®pyo A be o Noeurion groded ring wtle A,
an Griiwlos wug. leb M=@®,, Mo be o fulldy quuraled groded A-wodule . By
(h23) ooy My s aw Ag—wodule of fude foghh, e by (My) < .

Tie Uilbed sy P(M,E) o M s defiad by:

TE =2 g, (M) e ZTeL (£ avarible).

(‘i.252'1‘, Lemma: ek A be an Oahiniow Yiw% amd

W 0—m ey B Poty b, —s 0

an. ekach Mﬁu..mu. of {-uu.\q.\y qe..huo.\ed A -wmodwles. Than Z:-n ("l) ‘e (M )=

1.=.;

Froof: By induckion. ew. n. (l."l‘l) provides Hhe Jormuda if n=3. T u>D apht (0) iwho (shorl)



Cama .
oxack Auimu.\a O— M, —L’ M _’:{:—"Hs - .. — Mb-k — m‘“‘.‘l--'a)".= kgr(‘fu-l)——. e
and 0 — ‘!cr-(tph_‘} — My, — M, —s O.
By induchow hupothusiss o - _
Y induchow  hypothusis ‘.Z, D4, (10) + (=) g, (kerly, )) =0

ad by (179) 0 Llkelyy,)) = Ly (Myo,) + (1) £4(1,)
Tae Atalewent- *ouow;. )

(H‘“)M‘- k) A= ®‘\Zc A, be oo Nedturiaw th& Qasume ok A, is Orliwan
omd +hol A.—.A‘[a;,_,,m-l wlave e o) ove \ﬁcw\oy.nww; with At%“i‘-‘AL 70. Lk
Mo My ke o Bulldy quuraled qroded A-wodide . Tue Wilberk aerien P(M, %) is
@ rukonal huchow of Hu forw: PMe) = = Lik) caw

W (1-180)

1)

whave .{LH:)& ZC0e]l s o ?o\xlhowuia.\ wnte iuk%u— Coau-\uctdﬁ

Prook . By induckion. e

r=0: Than A=A, and M is a Kuiledy quwuraded wodule over e Qrbinian ving Ao T&M

Mis o Neeluriai Ag-wodube omd Ha chiaii of. Aubmodubes - M, eMAM S @M N ...

is atokonary. Twis lwplien My =0 or oll u2u, aud PM,e)e ZC1.

‘r>o-. Rr all ne™ 4 Wap M, — M4 debind \oy ‘Pu,r(“)=°~r‘“- ¥y

Ao-limar. Twis yidds or all me N aw axad- hauance ol Ag—modules:
(h): 00— Wy —am, T Lusd, — ©

whie Ky = ker(y, ) ond Livd, = Gherg, ) = Mmdr/arM, . Defiue:

Ke@pyo Ko ond L= @nyo Lhrdy - Thew:

() K is a kouo%mm Mubwodule of M.

() L= (@, MVam is o qodd A-mode.

() Marn = AT, —3.1=@ A & o graded riug hide is gueerabed ove A=Al
by -1 howo queeows  dewmewh .

W) Suw ark =0 and ar L =0, He A-moduler k ond L o be amsidend ax



fadldy queratd (W, &) - wodules.
The induchon kw‘“ “‘I’P\""* o Komd L and e ax Pc\y\t\ok\'.nh 3(‘&), LH‘.)GZC‘EX »o thal-:

- ) . Mt)

By (#25) we cbhai Jrow (*..) uxq = L{Mw)+ 2 (Mpad,) — Llluea,)=0
Mubplying by €797 T QUG — EL00) + £ (Mg )BT BTL L YA =0
ond hk»j Az Y.das B4 Pl 8) - T P(ME) P, — £ P(LE) =k IE) | e

kit) = l(H ){: This proves Hu Alulewewt.

(4 1'1)?0&0&‘& The f-uc\'\ou, (1= t) Y om b fMA os O power Senes 57 U-—t} Z:,-t"eZlH:]
By tuking b 3™ desvokive e eblain s (1-t) = Z_‘. Y £ e zoe.

(4:28) Thaorem: Lok A=@pyo An be o Nocthoran qroded ving withe A, Orbinian. Suppose.
thah- A= Aota‘)__‘grl wbe \novu.o%z\u.ow; of Je.?u_ oue , thak is, A s guurabed
&hru. bue - Lel ’M"‘@h},o H“_ be a %’@M\‘; O&Lu\-a&q\ %«u‘w& A= MOALJ:..—W\M. Aave iz o
polynowial ¢, € QTE] aud oae deqer wee N aude thak .@.AOQM,L}-LPH(L) for all niv,.

('4-1‘1) -D:Eu}{ou_: O.Mu.vw?\im\s on in (‘l’.']ﬁ). The J!uuc.’h'ow_ .2.'1-. N—aN ch‘«uui 57 *’1 (h,):l&(ﬂn)
5 alled A Hilberd %\ud‘iot\_ og.. M. T ?e\ywomm.\ LPN 0‘_ L‘l’.?.%)_ is called +he Hilberd-
polynomial of. ™M .

)) Lt
Proof o (H22): By (4.%): P(Mt)= {'fft).. = f‘_g\a whare gl¥)e ZLt] with ¢() 4 0.
Upply Hhe  formula: U-—t}“ = ;?::é L‘Ef;’i} the ZItL omd Auppose tuwol-

gle) =~ bt* + Lo e by e 206D whao bie 2. Thue

- - den-s-i\
() Ba (M) = by L4537 v o (M) - e b ()

hoe (G20 =0 i m<d=l. Tor wpsel-d Ha Walk hand Ade o () is @ polynondal
cey(n., owe She o) %0, @ () is a.fo.\gmvu.al o deqeer d-| Wb ho.Am% coedlicrent-
E/(d-{) omd ‘\PMU\\} = Q&LH“\} for ol ny sH-d.



ql

(h.30) Remark: The degeer d-l o @, (£) is stichy lew o v, te vuwmber ol qeuevalow of
A over Ao-

(4:21) Examples : () L= Ao be on Oekiwion. Wuge omd A= A, Do, —,%rd Mo pelymomnial wig
o el varobles owe Ay, Gousider Hhe nokwol groding. A=@,,, Ay whoe
A ={ = “u’.)X:‘——- Xt | H\—_-u; and e e Act. The wuwmber . wonowvals of A:‘ru_n.
o ral verekle iz ("E7) | Tiwefor:
Ly (A= L () ("F7) and g, () = £, W) (FET) = (Pelheliet) (re) ety L ().
(B) Lk K be o fedd omd L%, —, %) = Zu(jjug @@y %om--- %5 € Rxe, —, % 1 a
howogeneous  polynomial of degree 5. Pk Ro=Whko, — %]l = @ppo Ry whae
Ru= 1 T, by X= o Db e R s Mo ad ol howogamenus pelywowiols of-
degra n . Lk A=Ay = B, AL whae A =Ry if n<s and Ap=T/w, L
fonrs. Henee dor nys:

£ (A = GR) = £ (Rug 1) = LR, - €(R, ) = (") = ("=37).
Lk ()= Vrtt "+ ot ™ e - v 0o Witk e @ than

p (F) = Vet (£7- (tes)7) + cpy (£77— (£-8)"")+ — +c

= Yy L7 4 dews o} lower degpee

e parkicdar, deg (¢, (E)) = F=l = dlwc (A)-).

(431 Kemark : X e @bl is o Fo\7nomao.l wne -;-Ln\)>0 for al\ buh *-'u.f.\f.\\, wony neWN,
He hn.u\iwi, cocfhiciend- LA l's.%«.a\-c.\— Hhae 0. Ju porbicudar, He Wikerd- polynowual
Gylt) € ATE] hon o posikve hading.  cselhcient-.

(4.32) Dinihion: Lk A be o Netheviaw Aumilocal Vg . O ideal T A i3 colled ou ideol ‘i
definbion A f Hure s an me N such thok Jrod (AY* €T € Jrad (A) (or Lquivaleniy,
E ved (T) = Jed (A))

(‘1.33) lemma: bk A be o Necdthevios semifocal v(u% ad TCA on ideal . e ‘o\\owiu.%



Condibions ase quivalewt: |

() T & an ideal of dekiwthion of A.

(B) T< Jwd(A) ad Az s Qrbwion

() Ts Jrd (A) and A/T hos fuike Loaghe.
(4) Supp, (/L) = w Spec (A).

'Ev_guf_: Hohuoor‘-.

(434) Remarie: I A is o local Nectherian Wug it waxiwal ideal Mo condihous (a.)-(é)
® (4.33) ave wa:\lde_\d— o L s 'M—,P\n‘mr%.

(4.35) lemma: L A Le a remifocal Neetarian viug , TEA ain ideal of deliuiion , and
Ma ‘Y-\‘u'k.\)' Quiaraled A -suodule . Suppose. Ahak- M=M,I?.H.2.H._2 --. s aw T-Hoiraiow.
of M. Tuwe ‘Q*(M/Mn) < o ?or adl ne .

Prof: For oll ne™N : T MM, ad MM, is o %iu'.k\, ganerodd  Yxn - modwle. Siwe T
o idead of defiuckion, so is T, and Ve s o Qrkinian viug. Thws Lensgmy LML) =
‘QA (Mjﬂh\‘< bo .

M: el A be o Nodheway aewilowl ﬁu%) T c A om ideal a:t.deku.\"h'on., and M a %-\'u\'k\y
t}gm.m.lg& A -wodule. . Shfpose_'%l-'_[=(qb_lq,.> and cowsider W associoled WCA viu%
od woduie. : gre LA) = @cl’yzuu and  gr (M) ng\‘gc T*M/ Ty

?‘I(A), it a Noetenaw ‘amdu& h’w% whicle s oy (A/:;)—oi%o.‘bm. %bu.ro.\cd w At%cu_ Swa
Lsi 9+ 3%, —F-, ar+ Tt e I/I"._':AF‘“AAHMO\‘L, %rILN) is o. Fuik\y %u\cmld %«:Ad
%VI(A\) ~wodule . —B\! (4.28\} Here. s o ‘P\\[VKO\ALL.@Q. LPE‘: e QT Ao Yok gor‘ all ueng:

X " .
Puln) = £, U:m/IMM\! = P_(%} (¥ M/IMM\

j .



9%

‘Us\'u% He wact Mquence.: 0 — Ty — VYo —= Vaamq—a o

Wduckion o yidds Heb )My = 2 2, (TMpiny) =

=0

Tormula () implicy, thak e is a piywomial XY € QTGE] Aucle Hhak for hm&.. n:
Ko ) = Lo (W) .

W B remainder @ tis rchow we show- thab W degee of T amd X decs ok

depud o e choice o} Ha idea) of defiuiton T. The ek Acchion. velakes Yo degeec of

B (e AR ) o e dimansion o M (dine M= dine (M awn(n))) -

(436) lewmo s bk LitSN N be o funchion . T Qo\low\'w%, are. equivalewk:
@) Twue is o polynowial Pre)e QCE1 o A‘%""' £ v+l wide W)= P) for all b
Py wany weN.

(L) Tuwe is o Pol\l\ou.\,o.g. Q(;E)&QQ:] o} A&ﬂvu.s r wile %Lni—i}—ﬁl(n\}:.ﬂl(u) -‘o\—' all
bu- ?Zuiufl many we N.

Prod: Gonsider Ha ‘o“ow\'ka 'binowtial! polymomiols in. @L4]:

(S)=! ad for keN=-0): (§) =15 tG&4). .. -kel).

OLviowa. (i\) 5 o fe\7uu¢d o Auru, K ond e Ad- i(i)zh‘ep‘e Yorms o bonis of
P @ - vchor Mpacy QGel.

() 2 l) » Lk Q) = P(+l) - Pl).

() = (&) Tk chaerve by induckion o n ook =, () = U5,

Wrile QLE) = Zk co %k (k) with 0, €@ wd Lk neeN with w2+ ruch thak for
all ). n,: *.L\H-l\) %(u‘) Q(n) Than:

-'F(M-l) = Q(h) +¥(n) = QLn) + Q)+ Pt} = .. =
= Tl ateg) + dw) = S0 oy (TN OC)) ¢ )=
= Z::o Qk ('Z"":\‘no (é)§ + 1‘”') = Z: o Qk ( ﬁf k*r) + 4-(|l° =
= Z.:w @y ( Z_;:: (k:"’) ""k‘ ( Iu-a-)) +4_(h°> %; (4 ) e

a‘k k+i



wheve ce@ is o onshant. TThe pely wownal "?('l:)=z.‘:.0 &y (,:,,)4-(‘. c@l+]l han degree Sr+l
ad Bekisher  Bu) =46 for all m>n,.

(4.37) Propesibion. ond Dehwhion: ek A be o Aewiloal Needhariaw kg, TeA an ideal of
defincbion, omd M o Hullely quaroded A-wodule  Thew is o polynouial % € @] sudh
Hhak for all b buddy many we®N: X (n) = L (Warnm) -

X s called e Hilbol - Samuel polynoniol @ M with veapeck o T The degree. of. X,

IS denohed by d=d(n).

Proof: The  trach Arquunce. : 0 — IM"/I""‘H — Yowry —— Mgwiy— 0
‘f"d&s Hak - £A ("\/Inn.n) - QA ( M/Inun\) = LA (I”"'H/::"*'-H) = ‘-P: (m_‘)
-&)r bu"{dud-h, &"’(’ n. The Alodemesd- *o\\ou: 5\1 (4.36) .

(4.38) Propesition: lek A be o Aemilowl NocHriom g, T, €A ideals of AQJMJ-\‘OM.., ond
Moo dullly guerald A-wmodule. Thue
L _ - ¢
deg Uy = d(M)= deg KT
Ta A“\“" o}, He Hilberk - Samuel ?oiyuomuaﬂ_ s mAer,om;\— of Hu choice ef. e ideal

G\Afnw how .

Trob: Lk m= Jrad Lh’) omd o,be™N Aude Yo WrcT em and w"«:—_gsw.’ﬁu‘s iaplien
-Ibg‘i} ond 2.'&1 amd  Huuy 'QQ"d"&NZILL‘H)M E'-QH-HM ond Z&LMDM S_-IK-NM.

bovws g, (M) > 8, (Moror) and L, [Vgeteedn) 2 L (Mreine).

Thefore for bq.’;dwuy ,Q(u-%p_h_; ‘
Xy (barb=) 2 XH ) ad R (ansast) 2 Ky ).
iy impliea:

beg X.:: (basb-l) = d'—g Xi(t) > de& X: () = d:a, X: (d:+a.—-l) = Jea ?(::1 (+).



(q.m)‘s‘uo.m, ek A be o Aewdlocal Noctharion \n'u% omd O —~—asM P M PN — 3 O Q.
track Aquna o *\\u.\rd7 guieraled A-woduWes. Thew A[Hﬁ:.—unx(&(ﬂ'),élh“)).
Mooves, i T A is an ideal & definihioe XKoo and 2%, — X7, Raue e Aame . degoer

Preed: We moy. asume thok- M! s @ Aubwodule of M and Aol MM M/M LT A ke
o ideal o dehidhion. St MVxmme = Wnizrm e Avquince
0 — MaeT"M/pay % My —— Wz — ©
is Axack This yields:
L, (Vo) = 2, ( M'*‘3:“"/::":-«) + L (Viiemon) = L (M/minTon) + Lo (Mpnmy).
- F: N = N be o duchon Wit o= L "inTim) dor oM ve ™. Thun for all
weng XY ey = XE, (M) +F(n) and Hawe s o pdynowdal @(E)e QTE) wit cp(u);’«;(u}
Jor all wpmp. This shown Heak  d(M) = deg Xy = wmam (deg K, degq) -
By Orbin -Rees (11€) Huoe is an judegpr ce™ Auch ok dor ol nac:
IT"™M & MnT™M g T oMl
Tis iwplies X, (0) 2 pluad) 2 %5, (0-) for all n2 wmax(ng, o). Hena deg Xy, - deg 9
amd ¢ and X, have He Aaie Leading Gebbicied

(¥.40) Grollary: Lk A be a swilocal Noethurow ving, M a Fullely quuvaled A-wodule,
amd M'eM a Aubmodule . Thou (MY < d(M) amd & (M) & dM).

CRD) Com“ua: L A be o Aemiloal Noetherian wwg, ML«‘«NHY %.M:m-\d A —wodule ; aund
ceA a NZD on M. T d(“/m‘) < d(M).

Prood: Consider Hhe txack Mquina. 0 — M ——¢ M —3 Moy — 0 whee Tw) = am
for allmeM. Tuw M=im(@)SEM ad K, = X5, By (4.31) %5 aud

X=X (1'="Van) hae He rome depee and Hu rame loding coficiad

Thus  deg WL < deg. XK.



§3; DIMENS ION

(442) Definchon: L~ A be o somilocal Nubhenwase vikg oud M o wenuro %'ui\fl’ gumeraled
A‘MDA\AG-- -M{u_'.

SA(H):= ;“4- { reR | 3 a4, —,ay € '}OA(A) » Yhol- ‘QA (M/lq{ﬂq-__. 4.._‘_“3) <p} .

(443) Rewarke: Omumphionn an in (143). I Jrod (A) =a,, _..,o.,.> Hhan QA(H/amA (A)n) <%
ad s (Mg I porivodar | S4 (M) <.

leb A ke o scmilocal NecHurian ving , T A an ideal of defiwbion, and M o Pustely
guroded  A-wodule . The Hilbed- - Samuel poby no wial K () € QLEY o} M unitle vepech
B st for Bogews KT ) = 4, (Waein).

- By 14:38) dy(M) = deg (XT;) does nok depond o oo choti of M (deal of defiuition T,
B‘} ("‘-3“) -‘0\’ om-  axechk Mn\w.w.n. 6‘. *\\u\g\‘ %n.uvo.\eA A —wed Wey,
0O — M M —aaMmb__ L o
da (M) = max | da (M) dy (MY] ond deg (X - Xy, —x{-‘,,) < d, (H).
Our %oa.\ s Yo Cows?q,\-e. X c\iu(ﬂ), AA“‘) omd SAU'\)-

(4.4%) lewwma: L A be o Aemilocdd Neeteron \"iwa, omd M a. wowzere %M\d7 Wm\-.é
A—NOA\-JI.. Tkuu

(@) For all aerad (A) @ 5, (Man) 2 sa (M) -1.
(B) U ae jrod(A) oud adP dor all winimal primes Pe Suppy (M) thot 9y (Wan)g din)-1,

Tod: Lk M = Mam oud wole Hal T 40 by Nokayome. .

la) Sugpose Hiak s=5,(M) and o, acc Fod(A) with Ly (e, _,ayi )< oo,
She ?/(c..,__,as)T‘l- = M/(o.,a.,,_,qs)\v\ it dollown Hhodk— 5, (M) +1 2 s,(M).

(8) Obviously, auny (M) € oy (M), L AR, T ] be Ha s o winimal prime



loc

ideals o}, Supp, (M) =V (o, (M)). By amuwf&-iou. 0§ P. for oM Vgigm U Pz aun, (R) thew
oelP and ’P‘: %? -%ur bowme g (g v, —Tb_us iw?\\'q.
dine (AP) < diw(Ar;) < dim (A awn, (M) = dinc (M) .

Thun  diwy, [MaM) & dingy (M)=-1.

('h‘i’f)"ﬂtm-. el A be o remilowl Nc;e.'\'kuﬁou_-viu% oud M a nouzevo “-\\M.k\7 M
A-modde . Than  diw, (M) = &, (M) = 30 ().

Tod: ) We may wplace A by A= AYaun(M) ond ossume Hhak amw, (M) =0.

T o (1) (@) Obmously, dimy (M) = dimg (M). _

(5) da(M) =dz(M). Y T<Fud (A) is on ideal of definckion of A Hw T=Tram, (M)A
is an idead of definivion of. A and R, (M/armM) = kg "‘/:r_*n) omd XT§ =%F .

Thus  dg (M) =dx (M),

(£) s, (M) =52(M): Lo M-Spec (A) = {w,—,mn § . A e (M) my dor all 1gisn
Hoen 55 (M) = ST (M) Alwa. very TeFrod (R) is imoge @ an demenk ae Jrod(A).
Suppose. aw, (M) € Min —nm, and o, (M) ¢ M voccumy . U o), ace Jrod (A)
Wit 2,.('4/(4.)_,&5)&3<6o Hthae T, T € Yrod (R) wiMhe B L"‘/(z'“_.,"is)n)<o<>.
Tan 5, (M) 2 sz (M), In order Yo showr tqualidy vole Vhok- aum, (MY+-m a_awm, = A
ond Ak qe awn, (M) od £ & Wi —nm, Wit qrt =l Lk T, T eJrd (R)
P (M/(E,—IKS)M) <wond W o, _aemn —nwm, be preiwmoges of. e af.
Thew p.L=0;q+n§,{: od a{M=atM whue aite Frad (A) Jorall lerss. TTw
2% (H/(E'u_..,cts)H) = L (e, — 05 M) = L5 (M(ak, —,ak)M) < . This shows
SaM)€ 51 (M) amd we moy amsume thak @, (M) =o0.

(2)  dimyg (M) € dp (™)

B (2): By induckon on ddy(M). Lek m=TFrod (8). I dp (M) =0 Heow by (Wiunwin) = cousk:
for ol nrn,. Thus M "M am™™ Jor nin, and by Nakayawa m"M=0. Thus

M S oy (M) ond by (185) A is s Oubinios vig aud din (A)=0.



1ol

Tor o induckiow Akp  Auppose ok da(M) =4+l amd Lk T €A be o priwe ideal Wit
dine (HR) = dim (A) = diwa (M), (Nok Hhak possbly dim us.),eo.) Since. omny (M) = (6) i+
holds  Hhod- Supp, (M) = Spec(A). T is o winiwal priwe ideal of A Wit Re Qss, (M)
ond Fhare i3 o submodule NSM with N A/R,. By (%.39) dy(N) < da (M)

wd it adhas to shor thak da(N) 2 dim, (N) < dimy (M), L RgTRg _ § P be
o chotn & biwmc fdeals o AL Wk hud do show thol g 4y (N). Y n=0 we aw done.
Y w3l pick aeF-F,, Swe NIZAp , Ha dewud o is o NID of N and

N/an 2 A% rla). Sine Pi/pea) ¢ a/Rria) § — & /Brle) s a chain o !Lu%w._ n-l
i A/P+(a) we oblaiw thok  ding, (N/aw) = dimy, (A/Brtay) 2 n-1

By (44) 0 dp (Man) $ da(N) ~1<da(M) e induckion hypohusis oppies do MNan
and daAN) =1 2 d, (NVan) 2 dim, (Van) 2 n-l.

Thauwa AA(N);L amd  dy (M) > dimy (M).

Nete Hok (2) shows Hhok dimy(M)< 0.

(3) datM) ¢ su()

il (3): Suppose s=54(M) omd - oy, —, 8 € Frod (A) witle £ (Mia,—an)< o, Lok
T=lo,—0). We wad 4o show- Huak T is an ideal o} debinition or tquivalewhy ‘hak-
Ax s am. Oehiniom ving . Ld-'PeS‘x_gLA\l Wwike TSP, Siua amny (M) =0 Hhe Localizakow
Mp+0 and by Nokayoauma. (Mam)y = Mp/am, 0. Tuur Pe Supp, (H/:n) e QP
be o wminwiwal prime iw. Supp, (H/::H).Tun Qe DMA(V\IIM> omd Mare. is o Aubwodule.
NeM/Ir wide N2AQ. Sme 4, (Moo | LN) =L, (VQ) =Lag (VR) <.

By L) A/Q rakishios Hedicc. and MG is as Orbiniai ving. By (182) ey
privee. ideal of A/Q is wmoximal . Thur P=Q amd T iz o waxiwal ideal of A,

Tod (T) = frod (A} and Az is ow Qrbniaw ving . By (4.30) deg ¢ $ S| aud Hheefore

da(M) = deg 12]) <1,

2} o Ui-): '57 (l): c\t‘mA(H)<oo .‘Tn_ Pma{_ is Ly induchione o ne Aiu,\(ﬂ)zdfm_(l\).



]

1 n=0 Haw A is Qriwan. and Q*(M)Qb.—mw_\ sa(Mm)=o0.

For Hu liduchion akp Auppose Huak dimg (M) =nal. LR, B be e winimal priwe
ideats . A e dim LA/R)) = dinc (A) = dima (M) dor 184w Sine dimy (M) a1

howe of Hu B is maximal i A amd me Jred (A) & U P Lk aem— UL T,
By (w)(@):  sa (Mam) 2 s (M),

By Hu construchiow o} 4 1 dine (Yan) < din (A) =1 = diug (W) -1

St dim, (MaM) & dim (Yar) € dim (A) =1 =n e nduckion hypethesis opplies do M/am
oud 3y (M)-l € A (Mam) € dimy (M) € dime (Har) & dim(A) -l =n_

This abown s 5, (M) & nel = dimy (M)

(1.4) Grollary : lek- A be o semilocal Nockerian g . The dimension dive (8) o A s e
Reast ruuloes & ?.M\-a\-on a%_ am. ideal o} defimibon g A

(497 Bepinkion: L A be o locol Nocheriae ving bith moximol ideal Wi and M o Fiikly
}lku-dd A-wodlde Wit AI'MAALN)%M.. O Ak o} w dewmenhs \Q‘,__,n‘}&m is called
o e of. pwowelen M L L (Wie, _,amyM) <o

(4.48) Rewark : S\‘Juus o poramekers  alwoys  exish.

(449) Debiwkion : Lek A be o ving ad M o duldy gueerdd A-wodule. The wiwimol
wawbes ol_%mam}o\-s of M is denoled \:7 /‘-A(“)-

s
/‘A(H) = N\‘V\-{SQN \ 3 MA,——,N;S&M mch. tok M Z—JA"‘L—R-

Je Ha {c\lowiu% (A, m,k) dewober o Local g, A il wmoximel Weal mo ad
residus ‘Q-\‘e_\é Aym = k.

(H.sv) Lewma : Lek (A,u)k) be o local n‘u% ((wot v\easso.rily Nodhh‘u.) and M o #mﬁ#el7
zgum,\d A-module . Thaw ).;ALH\= c\im,k("‘/mﬂ\.



Prof  Lemma. o} Nokayasma.

(4:51) Grollary « l.d-,(A,m)k) be a local Noctherion ving . Thon. dim(A) € dimy (Wm®) .
Proe. By (4.45) oud (4.0

(4.52) Depinchion: Leb (A, m,k) be o locol Noudheriom ving.

(n.) dimey (™/m) = edine (A) is called e Lm\u&&is\% dimension. o} A,
(5) Ais colled o wegular local big (RIRY) if dine (A) = cdive (A) = dimy (/).

(#53) Theorem: Lk A be o Noethenon Y{w% ama Pe A o prime ideal . The *G“OW{V\%
ondidsown axe Qﬁ\uﬁ\!oleu}--.
Lo.) -Pswn

(b) Thwre. ove demesds @y, o, & A sudh Yok P §s o minimel prime. over {ay, _..)o.,‘_\> .

Posk: Ap is o local Nauvos Wug it moximol ideal PA, and dim A, = L7
() #(B) : Sine. W-P= dim Ay sn by les) tueve o SEA-P omd o, — 0, eP
suck. Mok (T, — YA s FAp ~ primary . P is . minimal prime ove (a4, —, ).
() #(a) Lok To(a,—,0n) ond P miniwol over T . Thew TA, & PAp - primary,
and TAp is o ideal o] defiwibiow o} Ap. By (H45) dim A= P n.

(‘t.s&) Com\\o.x%-. (Kru.“'s yﬁudyal ideal "\\(co\c.m) Led- A be o Noelweviaae \r\'w% omd aeA-A¥
o vonunit of A. Every miuimal prime. ideal ever oA Aan height <1,

(4:5%) Grollary + ( Gueerolized principel ideal ‘theowew) Lok A be oo Nockheriow ving and
I=(°~|, *"l“‘h\) % A am Vdeol. E\K.n.k W\.\-\M.\M.ol ‘P\":M{, \'A&.\ b L &\M MW— &‘LJ \'L
?Qx’hmﬂar) R}ISV\_.



(4.5¢) Grollory: Leb A be o Neelheroa g ad RERGEH o duin & prime ideals 4 A Taee
are infickly many prme idewls Qe Spec(A) with T, QSR

Tnd: Ve may assuwe Hhak =0 aud Hha- A s o focal Nectherios. domain. with waximol
ideal m=F Ap - By amuwuphon ﬂtm:éiul\;z.’ay (4.54) Lory elemesk o..;:m.-L°> &
Guwoind i o priwe fdeal QSA Wl M-Q=l. Thus W= Hau,ua,.Q- U Heve
os only fidlely mamy prime ideds @ B Julghh oun dhue W= Q Yo sowe luieli oue
frime, ideal Q; o oudradichon...

(457) Theowewe: L A be o Noetheriaw wig , Al — %, B pelynomial whg T w variables

over A . Than dime A&,)_'xh} =diw A +hn.
Obvbu);\r R bh“n'% to show- thak diwe Akl =dineA +1. T prood. ~equiven aweral Lemwmas .

(H.St) Lewwma: - A be a Ntc.-\'ke.v{qu_ r{u.%) % o vorable over A and B¢ ¢ — §F- o chain of
privas. ideols vf.A. RA&]%'KA&’X% — ¢F. ALl _CF'P,.A&]-»-L)‘} ir o chain ox_?rim:. ideals cf. ACx].

Prosd . AGY/PrAD] & (AR)TR] amd
ACI/ (e G))ATKY = (A5 0 AGT )/ (P + AL/ poaTa) & (TRIGA/w (YRGS o

(4.59) Com\lgﬁz dim ATx] 2 dime A 4+ |

(460) Lmma: Lk P Qe AGKT be prime ldeols with PrnA=QnA. Thad P= (PrAYADX].
Troed.: \Rha)o assume. thal Pn A =QnA=0&SFu_U\)‘-H\a)— is, PnA=0c oud A is o domain-
U Pro, Hare is a chain of prime ideals in ACxl: 0¢Pg&, whee PRnA=QRA=0.

WiHe S=A-(0), STH(AKT) = QAA)Tx] =Kildher K = QA) is the quahieid &edd - A.

0 Phixl ¢ AKDX] ome prime ideals i WTx] omd diwe RKOx1 22, @ cowhodickon.



(4.61) lemma: Lek TsA b on ideal ond 'PeSPa_LA> o prme tdea) wlick is Wiwmal over T
PACKT s o ?\riv.«r_ ideal wiwiwal ower TAG .

Pk By (tbs).
(4.62) lemma: leb- A Lo o Noctherow ving amd Pe Spec(A) - Thew b P = L PAG].

Fool: Lok P, By (4:53) e ore demenhs a2y € Ao ok Pis o Winimad priwe. ideal
over L=(a,, —jan). By (hbl) PAGT iz o wincwal prime ideal over TAT) Taun W-PAGT <1,
la-RgRe —— P =P b a chain of prme i{deals w A Tww TAWx]1 ¢ RAIS

$ PAGT=PAG] s o choin & prime ideals iw Alnlamd L-PAGT 2 n.

Proof of (£57): e have to show- thak dine AT] < diw A +1.

- €, ¢Q,¢ — § G % o choin of priwme ldeds i AGT omd - Fra@nA, Suppose.
Mok o =Ty dor some L omd & be woxima) wite T=T,, . By (4.5) Q) =P A1
ond by (ho2) LTy < Q) This Awows ®eak- BEFBa g BB BLe e i o
chain of priwe idealy in A o} fughe voj-l Thuy dine A el

(“0‘5) Cotol\m-a: Lek- K be o ‘Q‘\C\AT“U\.
(0-3 Ai"b\(‘:x., —IX“] = .
()) ®r all lgrgn: Ah(w,— o) =

Proof: (L) By (053): M-(xy, — %0 & T gy g, x)g — () —, %) is o
chain of Pv{w\c iéenls, Hua A-(x, = %e) = v



