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CHAPTER W : FINTELY GENERATED ALGEBRAS OVER A FELD

§l: ALGEBRA|CALLY TINDEPENDENT ELEMENTS -‘WANSQENDE.NC_E DEGREE

el kel be a 41':.(& amlension. . Recall thak- an tlewmawr- sel is colled oi%q.'bm.\‘c. over <
if Hae (s a hewmro Po\};'\c\uiai f0)e kXl with Q—(«‘}=O. « is olgbvaic o K
{ ound cuiy ot koawuwrrk{su of. n'w%); ¢: K1 — L defiunad E,:, Gl = ldy

aud P(xY=x is ot ligickive . o is colled dvamsundewtal o ol%e.hm-\‘ml\\! \'m\qfe-u&ud-
ove- 1K .If. ¢ is hkéu:."wn |

3 Dpiition: @ subsed Ju Foor &L ois called olgebraically independent over W i He
hoﬁouvrkism. of mugpp g: Klkler —— L fow Ha polynomial ving in vanablen {t}ier
over K ko L, defined by ¢l =idy and ¢lE[)=al forall €T, iz injichve . Gn eemenk
sl whid & algoraically independent ove- K is caled  dronscndenkal rr K.

LB.z.)Rmm’-k: The Ad- {“i\icl <l & d‘&bmm.“\‘ in*t?m&ud- oo K ff. amd mJ\’ 'Lc e
ak ol twonowials’  { TUwM L meN e 0i=0 for alwesk ol (T s Liarly

in&tfey.Aud- over K.

(3:3) Dehinihion: The field exlemsion. Kel. is called pwely ‘rowsendendod i thew is ox
‘d%._gmgd\\l inéaPcn.Ar.u)r AubAdk {“isfﬁ el auh thad L=Q(K ;1 L&x) = K¢ ) ex
ok is, if L is He Awallest fidd (L) ouaiuing K ond haiYjer. |
(34) Remark: I L i pudy Homscendentol owr K| dhoe L ois isomerphic to He
$dd ol quobewds of W polynomiol hu% K[t;li_e:.

(2.5) Theowm: Lek- A=laiYier ‘_Ba{lllhe.} L be auknds. T &;limm% e uiu.wo.‘r.u}
(a) AuB is d?.\amic.al\’ A'u\zfnn.dex&-, o~ K aud AnB=g.
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(b)) A is alghraically ndepended- oer i aud B is olgpbroically independent over
RIA) = K& e

B Lok R be o ving, T=tbiliar ond U= Lujliey At of variabes mer R with

Tnu=¢g. Thw RUTLUL = (RCT]) LUl |

(E}:.-;Lg}}; —ﬁ\! orsuwbrion.  Fhe 'ho\wom?kisw_ o_—?_nu%as 3 K(A> E“:\'j,{eg — L.

wite dlipy =okpy ad FGu) =f; broalfe] is ingckive. I paskicar, e

Yodnchon. o & .

p=& - KTAICu Doy — L

e [yl 1€

s igickve . Siwa A s d%m@x}, iwdependerh— over W1 KOAY =K Ty = K0 ey -
This yields o igciive. \’\owow.mf\aism dowe o pelynonial Whg iwdo L«

T KOkgupd (KO 0wl — L
Wit Tig =idg -c(t;_)u o amd t\u&):@:" «?m- all veT,je}-

(o.) =»(b): 'B) o Awilar o.rgu.wl.i-.

(3-6) (omun.v% e Bel be o d?.km'cn,“y S'M.AgFeMAuJ- Abjohd— amd ae L-B. T :
0 is tromswedewkal cver K(®Y il and oudy . Bula is alggbraically independent- owr <.

(3.7)7_2&_&_&1{1&: - Bl be o hohew.?l-& Aubad- . The {-o\\odih% are %uwg,\eh_-b
() B is algbraically independenk- over K. .
(¥) E\ru\a demenr be® is trausandodel  over K(B-w3)-

Tod: () () : By (2.6)-

(6) ={a): Suppose Hhak B is olggoralcally dependent- over k<. Thoo Hoe is o Bl
Audord- B, € B sucke tek Be s dlgrovaically dependent ows Ko ld- MEBg ke a
maximal algrovaically Iuaw_w’r Mubored of By omd Ad- be Bg-M™, By osbumphion
bl Trsscendadol cver K{B-ibY). Thee b ois drouscudental over e twodles dield
KM, € K(B-1E) - By (34) Mouib] i alggbrarcally independad ow- K, @ Gnbrod ichion .
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(3.9) Defiwition: A Aubrck Beo L is wlled o *mmd;uu_ Lnus u{. L over &K if:
(n.) B s dt}tbmm,\w luéefokaw}r over K.
k) Lo -Oly\am'c owr K(B).

(38) Tuosen: L B SEL be aubrls such “hak:

(@) L is olgebraic over K(S)

(b) B i algbaically iidependent over K.

CThan He s @ Aubrd- BES wile B B whid is o dranswendence bonis o L owr K.

s Gwsider e Ad-: W= {CES|[BEC and C algbuically indepondent over K.
S BeeM, M@ and W i parkially erdecd by iuclusion .

Gaim: L i inducivdy ordocd .

B d: L K=4Clier ST be a chali iw WC. e have +o how ok e Ad-
C=tJC is olgbralcally iudepandenk over K. Suppose wob. Thow s is o fincle sukack-
C,ec whide is ai?bmim.l\\; Ag?uaw\- oo K. Siue K s o chow thee is o jT
with GeC; amd CU is algebralcally dependenk cuer K, oo coudrodichion .

By Zoww's lemwa Hee 5 @ womimal Aubre BE L. U o demand xe S-B
is fronsendentol ove- KL‘E} . Iosl (_3.5} Boix} iz towsendedol sve- K o wwtradichiow
to Hu Weoxiwalihy oL Biw M. Thu S is o.ﬂg‘gbmxc. ove- K(B) twplyiug Heak—

K(s) is olgebratc ovor K(BY) and L is algbraic sver K(B).

(3:40) fomllary: For sveny dield oxlension Ke. L Hue is & ‘ronsundence. bosis B of L
over K. LL is olc}ab\-o;(c_ over K i omd mJ:. \f_"ﬁ=¢\

(3.0) Fropsy'hion: Leb Kei'el be aw iwlenmedioke fidd ond Lk Bal be algebroically
fudz?wdwl- sver K. AL K s a.h}.brwic. cver I dhe Ad-TBis ol@g__kraccajls{ \'hAcPu\.Au&- sver K

'_P_l_o_a_t_; SQPPoSt. dhek B s o.\?.\am.\'mllj JLF.MAuJ— ovar K Thae Huee 5 om demenk xeB®
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mude thak x is dgbraic  oves K'(’B—{;ﬂ).m Ke\d K'(‘B-{x})= K{®-13)(xY) &
alpbroac owe K(B-{x]) - Thus x s odgrbraie. ouer K(B-1x3), o conbrodickan..

\3.\;)"Emm: luppose. thak B aud € are ‘\'\'nusu.ho\;mu. boses of L over K. AL B s
Audle  Haow d i F\u’.k. awd 1Bl =Ic].

Progf: Leb 1Blan. W Alfius +o show: if C is o tauscmdenw banis of. L oveK
Poo 1CIcu=1B]. T prol s by MducKow ow n.

heo: Lis algbraic sve- K ond omy nouemply subid- Mc L is algbrac ve— K.
n-lan: Kel i ok olgboic ond oy tonsandene boais C of L ever K

is mok twphy. L xeC, Huw x s transawdewtal owr K. Qpply (34) *
B={x] ad S=Bouilx]. Hene Hhew is a Subrd BB  audh that Buix]

is dlgbraically indgadad s K ad Lo algbraic sve K(BOL) - A xé
B le m-l Al Buix] algoraically dependend. I xe B, tuke B'=B-1x}.

L CeCogx}. Tha ah © ad B! ax algbracally indepandad- ove Ki< Kix) amd
Loos o.\%dam'r. e K'(’B') or K'(CH) | thakis, B and ¢ ax “houscendene  bares

of. L oo KL By induckion hypotusis + 1! < IB'[%n-l and lCign.

(3.\3) Eﬂ:‘uﬂ{m: lel- B be o “romsaudexca basis Of, L over W . The number 0£ deomenks
i B s colled He houscudenw degren of L over K, Nokokion: |l =drdeg, (L) .

() Towmy: leb- K€L &F be fdd odensions - Tho bdeg, (F) = ddeg, (F) + hdeg, (1),

M: leb B be o dromsundence  boais of Loover k. ound ¢ o ‘ausendemca. baais

L Foowe bl Obviowsly, BnC=@. e datue Hhob Bud is o hroausaudenc. banis
P s K. By onsumphon. s olgbroade  over uc_} and Lo g alqebvasc

o K. Thun F is algdorare. over K(BUC). Sme € s algoraically independead-
v L C s algbaically indepeded- over K(B) . By (3.5) BuC & algbmizally iudepadont- overi
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{2: WIBERTIs NULLSTELLENSATZ . TIMENSION

i A 3 . H ! i . :
(3.5) Proposition: bek Kal be o hedd enlension ad o, —,x, @ b adgabraic over K. Lo
%, — %k be Varables tuee K. v all igign Hae & o polynowsal L e KOx,—,x (]
whick. is momg 1w X¢ Ao thak: Kiw,, _.;a,_}a‘;(,fun._,.mﬁ_f‘. = Ki’xi)-ﬂ,m\ig(%u_,,_';;-.: .

T’&q{_: By induchbn. on k. Y ow=l o Hwse {3 o wmonc Paiyv.omin} ;Léktxj Ao thak

K&}ak&'!’; fo‘lj'q-\). § s de wmininod ?o%yumid_ o w over K.

n-l=pn: By inauchow E'\aibc'%k‘- E= K(‘*i;-—;“n—l\ﬁ =z RO, —, "'l"*-l‘c’;('@';“ri'u-—a\: wwhare.
L] ¢ .

4: € Kl %01 mowic in x{ dor ol Igiqn-t. Siww w,_ is ol gubroic. over E
Eiy)= ELx ] = E&nljt%} whie ¢ cEGGL 5 Hh winiuo pelynoudal of o, owr E.
lonsider Hw Aurichve iﬁ.owm?‘b.isw_ . iuga:
0 KOxi, %) ——— KO,y 301 = EDx, 1
defiwed ey Gl = iy PLrl =%y Jor Igign- , Gka t?m.‘}z Ry - Thow Hax s @
polynowcal 4, € KOx; — %0, which is monic in w, wibe i) =g The
K(-&‘,_.,‘c,.} = KCay, ] ¥ KCx.,__.,xn]f({.,,_.,g:} .
13.1) Depinibion omd Rewark: Lk A amd B be vings. B is called aw A-algbra if
B s aw A-wodule. JL B is ow A-algbra. e mop g: A——>B defined by
gla) = a.dy ¥aeA is o homomsplisu, ef Hugh . Gonvendly , wery  homoworphnou
oL rugh 4 A B dejiuns aie A-wndule Atuchue ow B omd Wun makes B
do L A-d?.\a\-q_. WL eg:A—B iy o komum-?\aism of ugh B is called o
%\'uik\\, Quernbed A-olgbra. if Hee ox demewds by, by €B A thad- de
komw?usu A Alxj, — %1 — B ddhndd Ey Ha=g amd A (k)=b. Vaial,_u

is M“d“"‘ Nele Had- o «fuuld\[ Wmld A—o.hy.\ovc. is ‘t‘v... W‘}_ﬂ‘ G
%«MMY gaeroked A —module.

(307) Theowm: Lok ASBSC be ving exlensions aud AAMum thak A is oo NocHienai Hag,
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- C s o fuikdy quumled A —olgbw owd o $ulldy qomraled B-wodule . Thow B i
{nkikly gurnhed ob an A-algibva.

Prooh Bk woke Hhok we moy wplae A by amy vikg ASASE whih is hwdldy gevoled
O an A-olgsova . We wosd Yo onsruck o vug Ay witle Ac A< B Aude thok

() Ac s o fuildy oquueraled A-algbro

(b) C is o fulldy guaraled Ay—wodule .

Then Ag is o NeeWeran ving owd C is o Nelanaw. A, —uodule . B cax be
ongidered G Ay Submodule. of C. T B is & futkly quuwraled Ag-wodule

and o fulidy guemled  A-olgabro.

I orader— tu CQ%M Ao wnie. C= AE&,J_I&,\:} =—BF|+_.. *’Bﬁ,‘_ &cr A ML,

wL
K hie G Tl X = Z,\% By e AyeB | lsisn.

3=i

Al = Ai:kxﬁ& [gigen. omd €y's im.-l £,

Thus e may omume o € ADR, Byl and Haefow C= AR, —,Bal =BB*--+BB,,.
The are demens Mijk € B po Hok for all IS yEm:
m
Bifs = & pajie Pou
Pk -
Ao = AE}"ﬂki ‘Sils'sw, od g *LSM] < B.

T C= AR, —Bud = Agfir -+ Aby s o dnildy gewsaled A, —module..

(348) Thaew: Lek K be o hedd and R finlely atmeroled K-algebra . LR is
o feld Hew R s olghrmic ove— K.

"Proof » Suppese. thad- R is o Fedd whidh is ot d%&m’c over K. T 4redd extension KeR

is %-u;_k,\? dQuroked amd Hhae is 6 Housewdenc  basis ‘LY”——,#;E&R f R over K.

Wit T= K(‘QU—-;Y{:\} t KEeETEeR omd T is Pu.\ve.\\‘: Fromsandesdal cve— I and R

i Bdle dlggbmic over T. “This meoms: K is o Noctheran iug ;R o Fillely guusoled
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K-olgebra aud o fidldy gowold Towedwle. . By (3.) T is o fwlkly gveraled W-algbra.
How Hioe o dements 4 3:0¢ Ky, — 903, g 40, sudh hak
T= Ky, —ye) = Q(Kly,—,73) = RTdvg, —, b/l “
S KOy, — p]l 8 wob o bedd e is a g with gi ¢ K. Se- h=TT g0 +1. Thew
¢ and b i3 web o weid ic KOy, —yel . Bk Yhe T ad Hacloe:
o= T ST (k)™ L%)L.L (icle bum)

L‘:b—‘l':‘b)e N

Whoe o €KL S Ho Aum is fdle thou s aw ve N & Mk

)

/ . .
O R T L RO TR L R VIPY L N §

L‘:Ip—l,‘.:‘) o )
KRGy, —yed s lsomorphic o e -‘:o\s,wwa.'a\ g WG, — e, ik parbader, Koy, 3.
s o Jackorial dowain. By (k) A dhides (g, —g,)" which iwplin hak Hhere
is o prime demewk poin KOy ,—y ] whidh divdes b aud (gi,—q.) | & cowhradickion .

(3-“!)M { Hilbert-'s Nku;\d‘usn.h':) led K be o %JA and wm & KOy, —, %1 o
wmaxiwial ideal tw Hheo ?o\\‘m.ouu‘ai H'u.a,.'ﬁ.t.k_

(“-\l KC"‘)——P‘*]/M. is an Olqde\-o.xc. axlension Q-ne.\é 0‘.‘.‘( .

(B} W i %uw.roh& Ly n dementa .

() A K i d%&\a\aﬂc&.‘-’s\: cosea  Hux ore dewedr aje with M.-——Lx.-n,,._.,xn_—a.\,)-

M: Lo.) KOx,— o d/me iy o {-{dc& ond a %—;‘uﬁé\‘, quuroded K-algdoro. By (3u8)
KO, — 2w 3/pe s ak%o.hro.ic_ over K.

lh> By (&) omd (3u5).

() Y K iy olgbroicodly desud He WAA:K% Koy KOt —xw 3/ iy durgicdive .

T Hae ave aqpel whe x'=ag (med oy fu?’i\gx"u% o= (e, ®y—ay ) -

(3.25) Theoru: ( Hhilkert's Nulbshllensake T} Lak K b o idd R o fiukly gouraled K-algabra,

and T R on ideal. Thue NALI)== mM mw .
Tem. M wmaxn, id
} . .
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Proal: W way omume T=(0) and have ko show  WLUR) = Fmd (R). Th faxt alalement i
squivalenk- do: It 2 ¢ WR(R) Hwe Hue 5 o waxiwmal ideal mMeR with fdwm. 1:.4,¢m'2(R>
oo P40 forall neN and Ao Jocalizakion. Rp= SR e S={LE - 0. T & wot

Ho wdlding. leb RER; ke o wowiwel ideal omd wmm Gy (n) whae Ggp i R—a Ry

is He comouical mop. We daiw Hhak W s o woaxiwal ideal . R. I order v se
Puis bk wole B Rp =g (RYLAT and Re is o dudlely guuraled K-algaba.
By (348) Fp/n s an algbmic exlension Feld of K. Gousider the iwgckive
kauowm‘;\sism v K R R = L. Siwe Ke bl s an d«an.\;mir_ $dd
cdeusion oiy iuberuadioke vvg K &Tel is a Hdd. Tha R is o fidd and

moois maxvwal i K,

- {3.20) Defiwthon: leb R be o vwg . O bulle chaiw of. w+l distind: prime ideols of R:
TeRg -~ §RLsT. & wld o prwme ideal chain of Lo n. W R

(3:22) Debiwition: Lok R be o ving amd M40 a Hullely guueraded R-module.

(a) Lk PeR be a prime ideal. The heigl P is deined L7=

u?=/;hP&H. 13 a priwe ideal chain. of. fug w. iuside P: T, 4P G --.. R ECP §-

(6) l- TQR be an ided. Thw huiqh of T is debinad by:

BT =i L P | PeR o prime ideal wite Tep .

() The (Kndl) dimension. of R is defind by: die R = Aup } 1k P | Fa prime ideal 4:125
(d) Te LKvul\) dimeswsion 62 M is defined by: diwg(M): = Am.LR/amkmjg :

() Leb PeR be o priwe ideal. di(P)= A\“&-LR‘/P) is Colled 4he dimexsion of F.

(3.23) Remartk: Lk R be a nug and PSR a prime ideal. Thaw AP = di (RP§= kPR, .
(5-1‘*\} Nok.» LJ' K ke o J(.‘AA M.d K o %nu.k.\\f Qu\.r.m.\ed K-olgebra. and o. domain.

T field o} quokewit L=Q(R) is a Pilely ganevaled hidd odension o) K. ke defia
“tniez,K('R\} D= %:rde%K (\-\).
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(3.15)71:0\0»\: Lk K ke o didd and R a a\-\'n\'.\dy guerolted K-alghra oauwd o dowtarin. -
Than ;. diwc(R) = hdeg  (R).

Pod: S d=din (R) and +=lbdeg, (K). e wouk +show: dgt and £<4d.

(q) d gk,

b 0)=RePg .- $RER be ochain of priwe ideads of woxivol Lnghe d i R.

Mo dalws brdegy (R) 3 e, 05 - x degy (%)

This weawn , we hose toshowr: i QGP s prme ideals o) R Heen HGSK(R/G.)?*bAeakLE/?)
e way amuve thok Q=(0) aud uerd +o showr for ol priwe ideols PER witk P4 (o) -
trdeg, (R) 3 bedeg LR/P\ '

For- o priwe tdeal PR it P(o) A r:-%-ré::aK (’R/pt;. Choose- @), —,a, € K
m Hok (T, —, a8, 1< R/P 5 o honsundence  banis o Q(R/P) over K. This iwplies

Hol o, _,ar €R are c\l%z\am‘w.\ty independest tver K and ok Klay,— 01 nP=(0).
Nole thal Kley—,a,]1 is (asowwvrkﬁf_ +.o) +ha fo\7uowu:nl Nug over K in v vavobles .
lev S = Klay,—,ard = (o). Thw L= 5“(kta.,__,q,1) = Q(Klay,—ad) & S™R.

S R s o fuikly gowadd K-algbra, STR is o fulldy gourald L-olgbr. aud
o dowain. Siwe ‘én?’=¢, SIPC S 'R s a proper | now wro ?h'm,e ideal of STR.
Y Q(R) is olgbraic mwer L touy. {wermed iode iug Le Ac QIR) is o deld and
SR s o pield, wowhrodichon . Thus  brdeg, (STR) >0 ond

rdegy (S7R) = brodeg, (L) + drdeg; (SR = r+ bdeg (87R) >
{b) d2 &

By fduckion ow t. U £=0 , e R=Q(R) is o fed. L €50 and ki aeR
be trousundental sse- K. Sk LxKla) and $=KLal-(6)SR. R is a fuikdy
quuraled WKCol-algbva ond SR s o %u‘w'.\c.\y ?um)u.é SKla] = L-aglbva -

Mowouer, drdeg (STR)=t-1 ad by induckion hypousis: dim S'R =t lek
O0=F, P g .---- $RAF IR be a chaie of priwe ideals of funghe t-1 iw SIR.
(omider W oudrockow ® R:

02Q,¢Q,=FnR $Q,=FaR G .... G Q=B nRgR
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Sina Q.Hns=$5 we obloiw thak QKT = (o), Ty \'w..f\iu.; Yok Te R,
s tmwsendodal  cuer K. By (3-l8> —R/Q,,_._i s wot o ddd. Ths Hae s o
Pn‘m ideal P c %/Q‘_‘ wWn-He ’P=(=. LD) . This shows thol- diw Rt .

(:s.u) C°'°“‘_‘:'_"a: led K ke o %‘JA ond Ktx,,._pg,‘l e ?e\\,uo\u\bl r'iv.%_ in. W vaxiokles
over K . Thaw  diwe Klx,— %41l =n.



§3-. ALGEBRAIC VARIETES

(2.27) Dfihion: Lk K be o fdd. T sk A = A" K = 1, —, ap)l aie K is called Hu

oW w-spaie. Gu dowenk ‘Pzta.,_,q..)e A s caled o poiwt and o] aw Yw wordinaley o .

(3.2.!)'2 Lwibion : (n.) Lk TeKUn,— ] bk a aubad of o P\,mhu:o.\ h'w%, Tha Ad-
ZM) = {Pe Al 4(P)=0 for oll €T c AY is He zew s of T i A -

(b) A Aubsk VE AL s olled oan oYfine v_&_n_e._\'-& (or ol?.Lm.ic_ ua.mﬂ) i} e is
8 suba Te KOy, %1 with V= Z(T).

(3-73) Examples: (a) Linear vavehes : |ob- T=-H..,__..,2_u'§ & Khxy, 23 whoe W 4 ase
Pinear Po\ymﬂa.k. Tha iu\gsk%d\‘oh. ot_ ZLT) s port- of_ linear a\%d.m.-
(k) H;gg—f_w_:{.o._us_: Led- ¥.e KDk, —, %03 =K be a Po\yuou(&L. T Ad- 'Z(-(-)' is called o

hypeswdae e AL I n=D, ZU) s lld @ swdaw. I} K i wok olgdbraically

closed “'A\Mxr) Murddices Moy d%amk. to a As‘ua\c, poiut , & Curve. o e LWLP‘} M-,
Tor l-xouu.Fle i K= | Han Z-Lx. + %, l-x;) 1(0,00)5 amd Z(x%y +l‘) ‘é
Byperurdaces o;; order 2 (mu«s quodnis) axe described by @ tquokiow

1~ L)ZE:_‘ Qo X0 %y + Ebbxw-c_o where cﬂk,k“c.eK
(e) Plaw algebvaic  Curven o ktpmu:@m..s i A:{‘ For Q’xam.?\c.:

4+ x:-mx&)"- W (% +>c,_\ =0.
(3) W T={xyX, Xaty ] s Z(T)S.A}R is e bn,x,_)-—rﬁm ‘i’b?—“\u widle He x-axis.
le) mgémc Groups : For L«;% AEGL.\_LK) onsider the foi\d‘ (A, A&L,&:l)\} € A‘:’H-
The Ak of oll e poiks cou be idemhfied  wrbe A hypenurdoce.:
= 4 L&d—(x;q%g . Y - \) /fA’\ =1

Mairix M&Hfhm:‘\%m r\mvCAo_; o. Group ‘ep:\—ohou_ ow H:
Hx

L (A, da-(a)), (B, dek- (& N (AB,d-Lag)?)).

Variehen which. are on\r\'éeé Wity 0 gowp Operahow we called d?-\vmic. Qroups.



(3.30)’Rmur\(: lek T fo\d._,;hl be a. AubAd- o.nA I=h.\) ‘e ideal %c.vxe.\-a\eA \ay T.

Thew Z{T‘}:‘ZLI:;‘ E\n.rz, QH"“- vu.\—\‘c}\a, is Y zoo Ad- o£_ M ideal iw WKhxi, —, % 3.

St KOxy— 3l is Necturian Z(Ty s the mre ade ob Siclely waumy polynowials.

[230) Propmsition: (o) Y Y, =20m),Y, = 2077) S M\ o ollue vaneles a0 is YUY, .
() 3 {¥i=2)fier & oMb o affiar voriches M idetackion. QY0 s aw
(Q & and AL ae 0«“\% varichen -

Trod: (@) Ve T=TiT, =4 8g 1 LT ad 3T T e daine ok Y0¥, = 2607 ).

<Y obviows . ‘=2%: PéY oY, Huwe Hwe we {eT] and g€ty wilL f(P)40 ad
440 Than (f)(P) ={&)glF) 40 awd P4 ZimT).

& Y =12 (™)

) () =@ ond Zlo)= A

(3.32) Defiuidion. : —D-iﬂu_ He Zomgkt - “_D.fglm o A'L on {o}\ow:n A sbadd- Ye A“K is
dowed if amd wdy Y= Z0T) R an ol varichy . By (3:31) W dfives o
'brclom o AT‘ il opea heka W=AL-Y e Y is an ofliue vam\-k

(3.33)_@_&&.‘ leb K=€. The doved by . € =Ap ae e vavieken Z(x) whue
TeClx] aw idea. Sing €xl § o Prp . T=(f) fov e Le €L . Then
-f.:.(x—a.) . Lx-q..) aund ZL(—)s[o..,_,a,S- I M Zawsh - hopdogay, R
doed W o AL ac B¢, ad Hu fulle rdords & C.

[a.u) Defiwihion: Lk Y A% be o Auboek . T )..A_
T) = {ge Xy, ,ud | ) =0 ¥ PeY] < Kix,—, %3
s @led Ha ideal 4 Y.



(2.35) Popmsition: Lk K be o &eld.

() TeT, & WOx, 21 = Z(%) = 2(1)

(1) X Ty, —,x,1 is an deal Haw Z(E) = Z, (V) = Zlvodix)) -

(€) Y, € A = FLN0T) = FOL) n R

(@) YeY e Ay = J0)230%)

(&) I Y AL Huw FU) = vad [FY)), thakis, FOY) is @ reduwd ideal.

) I Ye Ry e ZP0D)) =Y whie T dencla e doswve o X i dhe
Zasski-tepclag, . dw parador; i Y=Z() is o afjiue vaedy thae Z(F0)) =YY,

Frod : (a),4e), 1), awd () owe cbvious .
(B) By (@) : Z(rd(T)) & Z(X). Lok Pe 2(=) and fevod(T) . Thw §7eT for Aowe.
re N od I7(P) = $1A)"=0. Henw L(F)=0 and PeZ(wdl(x)).
(f) Obvisaly, Y & ZU30) - Siwa Zgex) is dosed in A ;Y 2 ZU30Y))
e We AN be o deed audead i Y W Thee WEZE@) =Y. By (<)

Hw) =3 (2@)) 300 Ths T FY) and by (@) W=2(T) 2 Z(3Y)) . Ao Y= ZOW))

(3.%)12&%&\4:.: We. have or&u-—b;veniwi Wogs :

Lefpin vosidien e AY Y = * Lreduad (deds i ROx,— %17 -
‘B‘I L3-35>): 201‘ iA‘L‘R.VQJ’Z} .
CQuaskon: (g gL Gedeial ©

A bwe o 1y Compovu‘ic_wm. behwuww.  H Ade o‘_ vedued ideals of Ko, —,% ] and A
Adk- of olfaue. vanekes ol l\nk‘?.‘ In fewral Huu ahiwer s wo, b il K s a\?.\prm:cal\7
dowd  Hun 0&) holds.

(337) Thewems - (Hilberts Nullslellensak) leb K be an alggbvaically closed fidd and
TeROu, —, %l aw ideal. Toan TFLZ(T)) = vad (T).

s
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oo Obviounly ) vod (T) £ FLZED)) - Tn oder Yo dhow W Mher induaion. - =7 ()
ad Rkl —md. By (235 Z(3) = Z(=) and Hwefore:
) (o —,an) € ZLY) o= (o, an)e Z(X) -
Qpply Toglor's fovuauda +o ondude < if 2eR Huw fla, —,a)=0 amd euly i
fe(hmay, — xa—an) - Thacfore (w) iwplies:
'ge.ix.-—m,_,,x,‘—q.:} 4= I_C;Lx"—a,u__,*“-o.,3 aud
| 4 (4 =0y, —.,an%)l'}S.LX‘—Q.)—-,)&“—Q.“)} - {(m—-q“__,us,,-a..)\Ii(x.rq.,__,xn-‘k)} .
By Thowun (3.19) Loy Wnominanl dead of R is of M dovue (x-ay, — xu—0u) Alva
K is olgebralcally deed  ound
{meR] w o waximal ideal and Jem | ={neR| m a waxinol ided and Tewm].
By T () O wmdt)g= [1 % = i)

(3.38) Proposibion: Every dlgubvaic. Variely is as inleuckon of. fiuiddy many hypevsarians .

P Y YEAL s an olghvaic vorihy thew Y= Z(T) dor some. ided TG KTw,—, 3 1.
Mow Tolhy— g} 6 iy quereled, ¥ = ZUn,— 4} = 20 0 —n ) -

(3-3“)M= e K be o %\A\A Evuk Awiu% chaiw of vaweWles Y, 2 2....
i A‘K is b‘nhoh.u.na

M: S KOy, x0] is Noelhewar Ha MAina, chocn of. igeds '}(Y.)Q‘}(YI_ < ---
is Alakowary , Ce., Hae b oaw NeM aud ek FOG) = FlM ) do- o ke
Thoe Z03O0Y) = Yy = 203 0G0)) = Ve,

(3.40) Dabinibion: Q. dvpological apar X is olled imedusible f hamewer X=A,0A,
with dosed rukonds AreX thue XahA or X=A, 0 sbrh X'€SX is incducibe
L X' s iweducible i dhe inducd /-bi;o\c%«a,.



(34) Lommar Lk X be o dopological apass . The Followring aw. 2quivalent-
(@) X is iveduclole

() U U, U e X ax houcuphy opem. Aubasks thue UnU, £ &

(<) Omy monuphy opew. Aword- o X is dense w X .

’Zf_o_ﬂ_g_ : ‘HOMN‘D"%L

(3."i'9.> Lemmans Lek- X be o "bfo&n?coa\ Apau. anag X'e X o Auerdd. Toe Qo\\ou-(w% Qe q‘uivaﬁe.\«.{-
(o.) X' s iweducible

(B:) 3 UL, e X ave opei.  Aubhdht ity X‘nqd{_si-gﬂ Yo XKnUnU, 4.
(&) The closure XV °£~ %Y ois imduclble .

Troe: (e (€)1 dollown drowc: L USK is an opew Audrck Paen URT o Bt Unn' g

(3.42) Defpution: Qo {weducible Owpound- o) o tepological Apase is @ waximol iweducible subiek-,
(344) Propesiow.: () Timeducible componewhs are dosed -
(B) E\m% reducible subrd- s

towkoiued in. am (vreductlle Oo\u.?o\u.u.)\‘
Lc} 10 ‘b?o\o?.‘cal. Apace s Hea

Whiow 02. W iweducible Cowponems .

Proo? . (a) follown frowe (342). Sine Btry poink is ineducibie W sufhican Yo shour (b).
b X'eX be on imeducible Aubrde. Gounider Mo ok

=i Yexl Xey and Y & reducible § .
e s Pwr’r;ei\? orderdd by inclwion . Stne X'e T, g . b K=ivairen be
chatre b Tt . L o= Ui oY, Obviounly, X'e Y. We daine thak Y is
weducible. Lo UL U, € X be open suba withe UiaY +@ . Tha Hue are A e A
et UWnVy+f and U nY 3¢, Suppose. V) €Y, Huw UnY, & F and

"u,nh,_n‘f)‘_*’é Alnw \(/u_ ineductble . Thun UnU, nY #ﬁ axd Y is ineducible .
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"B} Zonds lewwo. T bon o maximal demerd- anmd X s Cowkarnad ti am weducible
Cow.fomk- ee_ % .

(3‘*5} omple: R" and € wible t om\wuua 40‘»\0% ave. Aousderl apates . Their ineducible
wafn\km)s ave. ?ouds

(‘b.‘*lo) Qﬂ:’u&\-iou.: a W\ow Mpase X u caled ‘\Ld\mn'oh. '.;_ Lru} AMKAIK% chain A 2A, 2 ...
o dowd Aubrels A;e X is abakiouary | or tquivoleHly, Hhe sek o clased Au)auk o} X
rahshon ¥ doc.c.

(3.47) Remark: (o) For ey fudd K e olhin Apae Al s Nodlaras i Y Zaxisk¢ - topology.
Ju Po.r\-»‘c.ulm-/ R"* omd €% are Nochunawe v e Zariski-%?o\o%_ T;\u‘ ave. wel-

Nocthenon. 1w Hu obc\iuuvk '\-ofo\o%.

(la) lek X ke o Noethonar %Fo’{o%cmi spae . The a.c.c. hodg dor Ha ad of oper. hubsels
9£_X , or Lﬁm‘.ua.\e.d-ly, Log}c,km,u__ e opew. b%mﬁ Uelec . is A‘n:\-\'ohm-%-
(3u‘l?)’?-ogsikou- 0 Nochrrian topological Apaie  hos ouly fuilely wamy imeducible
Com‘;:ouul—.\-' No ineducible Coufou.\d- i Cowdasned e He unicw of . Hu olbiers .

TPoof: Lk X be o Noedhevasn k?o\o?}:nl apate . Gousider Ha sl

T’(:{\/gx\\“;d““& and VY is wok o Lmiow og.%udd\, }
Maky ineducible Awbads o;e_ X

Suppose thok- T+ B, Siwa K I Nockhurios ; foen  Moreiuply Ad— o clsed subdels of X
hor o wiwiol demew . lob Ye DL be o wicimol dewerd of M. Y is ot
ducible . Ths Hue are dosed Ausch Y0 &Y wite Y= Y,0Y, amd Y4 Y. By He
mw;h& of Y fwey Y is He uwiow of 41‘“;&&7 oy ineducible  Awbhds . Thows Y

is the waiow o fulkdy Moy imeducible subls, o wredichion. Hene T @ aud

X=¥v.oo.uX, wHHe Xie X iwdudble. e moy amiuwe Hhak Ha X are Ineducible
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componescks o X, leb Y ke ou imeducble componesk of %. Thue Y= & (XenY) and

4=1

henwe Y= XinY  Jor dowel . This shouwn Y= X{ and X, %, —, Xy aw He only ineducible
(owrouud-\ o{. A QO Awdlar G.W\J— Mows thok neo Low_Pouuu\— cam be cowdaimed T Heo
Wniow of Hhe ollur omponenks.

(3.“) Corvuamé: GUn e uoric.‘-a,, YC_-A""‘ han eu.\7 +Cu.'.k.'\\l wiaky “rreducible. cowupowanks
Y;,—-——,YS and Yt-\(‘u._uE.

(3.59) Propusition: Leb K be o hidd and Yo A am afpine variehy. Y is iweducible if
ond oudy i PO e Ty, — ;%0 s o Ph‘w-_ vdealf .

’M:—b": Supposc. thak- Y is ineducible. omd Lt {.,ac KOy, —, xud with @}e VISOIE
led- H=Z(f) and L=zZlg) , thanw Hul=Z(4g) =2 Y=Z(3(Y)). Thun Y=Yn(Hul) =

(YnHYu(Ynl). Sika Y i i'weAuciHc_J YeHr or Yo b, This ingpliea: FH)s 20y o
hu.r ;
TW = 30Y) . Henaw $e7HLY) or qeY)).

L Suppese ok FLY) is oo prime. jdead. Lok Y Y, S Y be ol variches wie

T VoY, Thee JOO0 =700 0 0) = 2O m B ). Siw J0 s prime, ILY) RO o

) IO Moot FO0) = JUT) o= JOG) = FY) and Y= Z(30NN) = Z(30¥Y) =
or Y, = Z(JRY)= Z2{glr)) = V.

(3.50) Depinibion.: Lk ¥ € A be on offine vanehy . The Wug AlY)s kOxi, —d/ 3y
s colled Ha codinale ving o Y or He olbine K-olgw o Y.

(3:58) Remorke s Lek Yo A be on olfine varichy itk Goordinade Wing ALY )= Kiu—xul/3(y)
Tor ot Felklu,—ml dbne 9e: Y = K by g (P) = F(P). Gnsider He Ak

DU = LY K1 ] Fe ki, — %] wite g= tp,;hﬁ. D) iy a hugq wnder e

Obvibus eperobiows omd e map ik Ox,—, %, 1 —Dtx) wite BF)=¢e is a

supichve howowmphisn o rings with el JUf) - T DY) = ALYY.
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(3.52) Debinition: lek X be o dopologicol Apace and Yo X o closed imeducible Awbick.
(«) The (Krull) diwension o X is defined by:
dine (X) = sup {we™ | 3 o chain o wowcmphy, closed imeducible Aubmbs ik X : Ko §X,§ — S %n }-
() ¥ Y+¢, He codimension oY in X is dekined by:
dimy (Y) = sup {ne ™ | 3 o.chain o} deosed iveducible Aubordh X{EX 1 Y=Xo§ %G ---§ X §.
() I} AcX is am uuhm%,nmw clowd Aword- +he codimension o Ain X is dekined by
odimy (A) = sup { edimx Y | Y on fncducible componend of ATy
W dim ()=~ ond codim, (@)= 0.

[3.5%) Propositien: Lk X ke o topological Apae omd YeX o closed ineducible subaok.

(@) I PaTien s He M- o ineducible omponenbs o X s dinld)= Suppen din (4]
(§) A AleX e closed subbebt it X=Au_uA, Haw: diwelx) = suphdinh1gisn].
(Q din (\,{) + Gdiney (Y) & dime (X) (i Y48) . :

() Y X s iveducible withe dim(X)<o e aim(Y) < dim () e Y+ X,

Prog: (b) I YS X & tmducible  Hue Y= (AnY)o — G (ALnY) iwplies dhak
Y= Ad'n‘( bhr Aowe Ka'su. amd YG.A&‘. pr\\l lc\).

(c) Sharl- B o chosn of closed imeducibe Aubaeks %.d»'u.a, WY omd Cowhinua Wi
o choiw h)m.v\-m% w Y.

(3.55) Progosition : Lek- K be o ologbraically closed hidd and Y€ A% an alfine varichy
Thoe:  dine (€)= diwe ALY).

Prood: Lcane: Y i iweducible .

Than Y= Z(P) for o prime ldead Pe Klny,—,xud - dime(Y) is the Aupremuane of He

lenghe n ol chalns 1 (%) FEHL SV, E —— $ Yo=Y whee e Y are dosed ineducibic
subreks oL A (rap. YY) Thaie Yo = Z2(R) o prwe. ideads P e KTx, %], By Hilkerts
Nuwilsidlewsala }LY;}:'ZLZ(P;)\;-_-_PC and \*‘ ceresponds Yo @ choln of primc ideals ol



baghon: =B T s — ¢ . This shoun +had dim(Y) s dim ALY) .
onsertely , & P=Qy G Quy § — § Q be o chain of prime ideads f Koy, —, %l
ls)tarku% ok P. By Hilberks Nulislellusok 2(&;_‘}* Z(Q\g"} for 147 . Twis yidds @ chal
2(Q)§2Q)g — & 2(&.@,:% ol (neducible closed hulondds of Lenghe we. Thus alsc:
diw AlY) & dimlY) - _
Lene: Yo A o orbibrory ol varichy .
Thoe Y=Yu —uYy whoe Y€ Al are fneducible offiu varihes . TFor some. prime.
ldeads B¢ Klxi,—,%ad t W0 = ZLP;) and ';\u).-.gn;u_.u‘fr%‘é Q(Yc} = {jﬁ'-
This shouwn +thak Ha Ad- IR, —, %] wuaius all prime ideals Whicd are wiwimal
MZLY) akd diwe ALY) = sup d diwe Py Ligigry

= sup { dim ALY L isigr

= swp  dine LX) Ligvgr by cone |

= dim (Y} by (3.5%)

12%) Gorllary: Lk K be on olgbraically closed hedd aud Y & AL o iveducible
dlgpbroic variehy . Thun  dim (Y) = die ALY) = drdeg, (ALYY).

Poof : By (3.25).
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(3.57)‘%\{1&0!\.: Tor o V\.l\% A At.‘-\ue.
(o) He dpechuim of A:  Spec(A):= {Pc Al P a priwe ideal]
() He wmaviwmal spechuw o} A: m-S‘xclPs)-_-. iwcAl m a wmaximol idea

(¢) -TcA b an ideod amd %= Spec(A) W‘Xam—sfex:(hq._\'h M V(x)= | PeX\ TP
s called  He  vorehy o T,

In e ‘?-\loun'w% we wawme.  thak X =Spec (A) o X-H—Srcc(Av.

(3.58) Remark: ek A e o ving .

{0 A I,T,2A are ideals Huw VE) v VL) = VT eT,) = VELg) -

5) L AT be o doacky o ideals e A dan D VE) = VIS T

Ld} \*(A\)=¢ omd \(Lo‘;;us}i.

T fopology ow X defima by: YSX dosd i and owly i X=VE) for on deal TE A i
Gliea  Hu Zariskl fopelogy, Ow X. Nele Hhak- Hu. Zariski topologn on w—Specl®) is
induszd by Fao Zarikl iopologs oi Spec(A).

(3.59) Dehiwibion.: lek TeX be a aubrek. The ideal JiP) =P § Teg ad JE)=A L T=g
(-
is called Hu (wts\u’uﬁ\} dead o2 T i AL

(3.60)7»&{& w: (o.} Tor oy Aukhrel T X V('&LT)):—.:F whae T is Ha c_\qsue. q T in X .
(b) lok- X =Spec (A) amd T A an ideol . Thew FVEN =m0 (). T is a0 VA
wrospondene Ahoce H cosed mads o %= Spec (A) ond Y veduad ideols of AL

Prood s () St T2 V(3T : T ev(ip™)) . Lo V(L) be o dowd Aubhel o} X wite

TEVE) - T T e (MP=73(7) omd  VE@)2 VUT)) . T T 2 v(3LT)).

) FvEN = MNP =« M P = wd(x@).
s Tev(x) T priwe ;TP
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(3.6\)?!0?»3%'0&: e A s a Nedhevan \-i\m% Sw(l\\) omad M-Spe:.(l\) are. Neetheran
*ivfo“e?fcxd Afn.ur.s

'Krg_of_: Tha -\o'fo\oh on M-SF:_LA\} is induad E) N -‘m?o\o& ol S‘x.:.(kj.-rkub W Auias to
Showr Hhak Spec(A) is o Neckhewaw apaw . Lo ViT)z VT, )2 - be o JesuA:u% chosn
of. clowed Aubads og_ X. Thw 'Z(V(IQ)Q ‘Z(V(Iz\l\\}g o, iy anm chn.kA\u% chaiw c£_

{dealy Tw A T\r\-l.rt. s o ne R il ‘ALV(Iuw\; = 2(\'(3:“,}_\,}3 Akv- all ke, _“\mi-ovt
VEWVED) = VEL) = V(T = VI3VIE))) Jor o ke N,

(S.L'L)’nggsikoh.-. lo- YeX be o honc.w?\-\é dosed Auotab-, Y i imeducible i} and m\-\y W
'}l‘f) s o prime. ideal of. A.

Prod: =" Suppese. thak Y is incducible owd Lk ye FOr). Thew Y = V(30Y)) S Vite)
and thr Y= (Yn V)oY n\{(%)} Alna V(J@q‘\} =N u\llz\;. Tis fwaplies Y e V(&) o
YeVig) omd {3l o gelY).

' Suppese thak J(Y) it & prime ideal and lek Y= Y0¥, witk X, and Y, closed aubake
X Thoe JOH PO, FUO S UG, ond GO = JOA0YL) = 200) nF0G) - Sia 3LY) s
Priwe , JUO) ST or FOL) < 90Y). Menw o X=X, o XY,

(3.¢3) Coro“cu-z: Led A be o n‘w&. T Ai\u.(l’\) = dime (S‘:cc. LA)\} .

(3.L‘i) Con\lwré: lad A be o h'v\% widh ?ro?e_rl—xk thok- weny frime ideal of Al
He wboteckon.  of. wmoxiwol ideals . Thae : dim (A) = dim LM-SF«_(A».

Poof : B W W Hee odoo . . wir)l = TP = vod (T
roof. o ety dE) = e )
"?er- Ln.na, ideal T e A,

(3.65)@_&-_ - K ke o X\ZLA omd A:KC&,__/;“E ™ ?O\?now.{q_\ y{n% over K.



By (328) feeny prime ideal of A s N ideaachion. o woxiwmal ideals and
dim (A} = k= dime (m=SpecA)) .
L K is agdroically cewd Hae is o %wumﬁm‘sm of. opclogieol Apaces:
AL M —Spec(A)

(%)—1%\‘} % (X;—a.“ ""‘l"h"'%) .

S\'\wf.ﬂoﬂ\zl -gor o ahiue vavie.i-% YuZ(I) S—.A“k e -\'v?o\n%\:cnl spasas
Y R M_SFL(A/:'\_O?:\}

(o, — @y > (=) X G )

i H i 3 I\ i i J s/ \\1 . ™, - ’ 1 ~
we homeomorphic  and  dine (Y = diwm {w. = Spec { Afrad }) = dim { Spec (Vrod(x) ) = diue A‘;’m;.-s(,}:_;.
: ; ; ;

£



