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CHAPTER U . "PRIMARY -DECOMPOSITON
> T S —— =

8: Ass, (M) Anp SUPF, (w)

Recall Hu  fJollowing definhions fom Chaphr T: leb M be o A-wodule . The
awchifolor & M i3 Hu Al MA(H)gie.eA\ aw =0 VneM}-"—Er o lement
M we dediue e amilufalor of w by : ang(m) = {aeAlamw=0}= 0:4 Am.
oy, (M) and Winy (W) e ides of A.

(24) Remark: Lk M be o A-module. Thew NZD(M) = A = \J iy (w) -
A ™ eH-b)

(2.1)'&:;»-{\1'01\.: The maximal eementy of H adb = {om, (m) | me M-—(O)} ove

prime.  ideals of A. (Nole +hak Moy wol"  Cowdain. a. maximel deuc.x.k-) '

M: Ll P= o.mx.h(m) be o wmaximal demend ef_ " ad a,be A . abeP
ond bEF. Tuw bw 40 and T= awn, (bm) €7 Siw PeT by oo
w.o.xx'm.alik* o P: TaP ad acP

(23) Depinition s Leb- M be aw A-wodule . O prme ideal Pe Spec (A) Jor iwhick
Hue mish o meM b ’P-cmn.ALnQ it called o aMociakd prime ideal of ™.
e M- ol He amocloled prime ideals £ M is denoled by

Oss, (M) = {Pe Spec(A) | P aw avsocialed prime ideal of. M.

(24) Remark : (..) b M ke aw A-module amd moe M —(0), Thew Awm = A/a.vm.,, (u)
an A -modules . This qu‘uu;%er- e Oun, (M) i wg auj;, W e is an
A<linor Wt.a.f : A/P — M.

(b) o Lory  prime ideal Pe Spec. (A - Q‘V‘A {A/p\):)tp—&.



(2-5) Lemma: LeA- A be a Noehherion ﬁu% axd ™M aw. A-wodule . thes
M= io) ¢ Oy (M) = 2.

'P_ug‘,z_;',q:-.-.“-. Suppose. Mok M+(o\}. “Thew. = {cmn.A(u)\uéH\(o)'g is a

koue.uP’hz Ak !:t_ ;Auﬂs 01, A Sihe A s Nothevanm T hasy a wax iwal
demen  wlid, is Prime k\l (2.2).

(2.4.) lewma: Lk A be o Noetherian \n'u_% and M ac A-module . Then

oMy = U
Feass, (M)

Proof: ¥ 2" L7 defind Wow

“c4: lek ae ZO(M). Thew ac any () for tome meM-(6). am, (w)e T
and aiwa A iz Nechunaw Hux is o maxiwal element amn, (Ve T

it oy () © amng (x) Thee P=aun (x) € Qssy(M)

(27) Lewma - ek A be o Nu.\-km'u._h'n% and ™M a nowwo, Fuﬂd) gemarated
A-module - Tl s o wormal Aenen of M:

O‘MOE'-H.E--~- QN[‘_|EM.=M
sude Hak Jor ol 0¢ign-l M/ X AR for some priwe ided P S AL

Prof: By (2.5) Hae is o prwe ideal Pe Aasa (M) 4 B - Thiy Comenponds o e
demend me M-0) wile s, (W) =P, Sk M=zAR =P ad ak PR .
i "/n,*(b) wplaw. M by M/, od repeat He a.vauuud— Ts produas ac
A-miomodule M, B MM, wite M, 2 AR Lk M, be Hha condraction ef
T’&: o M. Thew "1.S-_"1‘k and _Ml= Ma/m, = A/P,. we obhin OM. mné.’u%
chain o} submoduler (=Mge M e M c .. i fador moduten Min/M

XSOVM:'?LLL(.. “'0 A/P‘; -?w— nowme. fP‘:& SPC:_(A} . Stua A it Nu"'b.h'ﬂk. qlu- nA\q:s . Mh"’ M.



(2.2) Rewark: The horwal Awnen of. (2~.'77 is ot uniquely dedermaiued by M. e

wample. i M=2 Ha Mres: ()22 and () C)=(3)sZ sahshy
Hoe cowditions e;f_ (2.'1) .

(23)'&“%: b M be an A-module omd NeM a asubweodue. Thu:
Qumy (N) & sy (M) = Gany (N) U Gy (M)

Prop: (1) O3, (N) = Bssy (M)

P o (1) ’PersA(N> = Hae 05w dgichve A-lwar wmap: A — N,

(1) follows Ame N M.

(2) GMA(H:; € lss, (N) U O, (MYN) :

B el (d): Lk Pe Omg (M) amg me M=) wite P=omn, (w). ¥ meM Y Fe Uss, (N)
Suppose M ¢ N and  @nsider mM=m+N e My ~(0) . Tlkw. P = Quiny (W) -

U P=omm, (Fn‘\ Huw Pe Qu_\h(""/rq\ oud We Ove dow .

y ’P$MmAtm\ Huw Here {5 a a e ann (mj._? imHe e =0. This lwfhas
am e N- e Qaiue ok ann, (W) = wany, (am). The idusion s is obvioua .
ek be aun.A(o.w\,) - T  baw =0 and ok & amn, (m)=P. Sue Pis prime
ad ag¢P : beP. Thwn P=om alon) Wit ameN and Pe s, (N).

(2.\0) CON“E%: L M be om A -wmodule. S“’FPOSC‘ Hak M har o nomal benmen
=M, = Hi € ... e M=M i %a.dvr- Moduer M‘.H/V‘-C. = »}/P‘: Wit e S?&’(A:\
orall osign-l Thew s, (M) 2 4R, B, —F T,

TFrogf - 'E:y induckon. ot imz\—k e ob e hormal Aeven. U vl e
0=My & M=M aud M= ANr . Thn O, M) =1F

Wel v "B\; mdachiow h\ch%m‘s: Q;sA(ﬂ“__.) c {Fz — ’P_z} . QFPRY (2.‘_!’)
o NaMy ond MeM. Tae Qs (M) & Qasy (M) v Gas (M, W)

-
[
{

Y

< {?Ot"“,'/;i*-ﬁ.l (&4 'Lrh_‘ i = 1&5‘*- ;'Ph-l}'
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(1.“) C°'°“°"‘3’ Lk A be o Neethanon h'u.a_ omd M o dtn'uitdy %mcm.\:c\ A -~wodule .
Thaw iassA(M)l<‘°-

Proof ; (27) and (zu0).

(212) Theowem: lek A ke o Neclierian hag, SSA a wuhplicabive Aubrd-, and M aw
A-wmodule . Tkm_: QSSS"A (S"M} = | $7P | Pe Dss (M) omd 'Pn8~¢} .

Tref: 2" Lok Pe QMA(P;O) with PnS=g. Thew P= aun, (w) for some me M.
Gusider Q= ann gy (-':1)9. STAL Obw’ou‘bi\l , P e Q. Lk T2a0. Then

Hae is o €S As ok tam = 0. Thg iw.Fh‘e,s taePand t¢P. Sine Pis
piwe aeP aud Huy FTe SR

et Lek Qelng,, (5"”)'—“‘""' Q = amngy (%) fr rome LesM.
MORO\ru', Q=57 dor hrowe /PeSP:L(A‘}. Shuw A s Nathenan. -t idea P

is *\'\u:\dsl %O.\M.m\-cd SufFosg. P (P‘)“‘IPF\}' “Thaw E‘il'.g..:o :?or ol IS ige
ohd Wt i3 a tel b tpim =0 4or oll Igisr Siww B30, tmo
and  Pq oo (Bu) + AL O Ha oMur hand il atm =0 for nome aeA e
&:'Em 3

T %5 =0 ond %é,@=aur‘_s.;AL%}.T\%ﬁ¥om aeP ond P= QMVLA(%M)EO'SA (H}'

(22) Debinihon: Lk M be aw A-wodule. The Muapport of M is +he A~ of Prime

idealy : SufPA(M‘} ={PeA| Pa prime ideal amd My 4—.0} S. Spec (A} .

Noke: “For Quay h'n% A S“PFA (A\‘ - Sfef-(/\‘}-

(2.4) Froposition.: b M be o {’\'w&.h; gurerabed A -module . TThew
Suppp (M) = AP AL P o prime. ideal ond aum, (M) S P | = V(onn, (M) .

M: ‘' Lk Pe S?ﬂc.. (A> e O.hH.A(H) q-_? Thew He s o dewmeunk



te ann A =P Menw tw =0 Jor all me M aud Hr¥0-

2 M s o finiledy generaled A-module © M= Awm+ —+Awm,.

s imP\\cs 2 amn, (M) = r\‘ ““A(M..> A.T anv (M(_).

Lek Pe Spec (A} with OJAK.A(M> ST Thor for some Mign: omn, (m) <P
We daim. dhak Moo G Mp. Suppese B =0 i My HPan P i o

te A-P wh tm; =0 iu.?iyiu% e o, (m), o wwhadickon - This shows
ok Mp+0 and Pe Supp (M)

(1.\5) Dbihion: leb A be o Y‘-'v.% omd T oA o ideal. The A~
V) = {PeSpec (W) | ToPy is colled o voriehy of T

(2.16) Propesibion.: k- A be a Nebuvan g omd M o A—wodule . Suppose. Hhak
M kor o werwal A 0=M, &M & ... © My=M o thak 4oc al|
0&ign=t:  M/mp = AR ke rome P € Spec (A) - Than

sy, (M) < 4R, Bl = Suppa (M)
and all e A have P Aowme wmikiwal clemewlt .

2‘9&{— %7 (7..10): D, U’\) < \ 1—-"?““‘71 I orde— 4o shouw- ’P € SU.FPA (M)
onsider Al T Mou/m:. Sine ( e, ) - % C and (Mowy '-\)Pv' o lch/PL/(HC\jFL.

we obtaiu (MCH\)R-# 0. Sk (Mm/p S Mg, Hu abademend Mp, + 0O dolloun
T emodun o showr ok e duwe A oo e bame Wiwimal Llewemts .
Ohvicu'\\j; 1 Av%’/{.w o Ahows- Hhak- ery, miniwmal dewmewd of Swbpa (M) is
Gwhasued i QSSA(H). L Pe SuﬁaA(M) be minimal. Heww g Ap-\mo&uic.
MP IS nowzurg . E\’“}‘g trwme dead Qe Syu(h‘,} is o;“_ He {om Q«qu
for some prime {deal 9 ¥ Nole +hak Hhe Llocwlization (Mp:‘;q i iSow.or‘b\f.ic.
* the focalizakiow Mg: s by Hu wiwdmality of P: mp)&:'o Jor

adi QeSpc;(AP‘} W Q%:PAP amo -Hu:cfcm: S“‘PFA;(MP\;""{PAPE‘

S M han o horwal Anes with prime dockors | e Ap— woduwle. My har o



Norwmal  Aevies  Lm o Ph’w&c Eadors. Leh- O.G..N‘G_ . -S.N‘-=M? Le. Auchk.

G Aoy Wnbe N, = 'b‘f’i‘fC:;,a -%wr' Acwme, &KESF‘L ‘LAP\} T Thew O'SSAP {N,} =
o"’"ﬁef {A‘Fi’:@.‘:} - {Qa}, - QM_AF (Mp\} . Taia Anour  thok QMAF (HQ + @
+ | ; 1 ~ “,

(207) CD'O“QJ%'- el A be o Nocharion \r.'ng omd T A o ‘desd. Thew
o ouiy jp'm‘-k.'\? Mony  mlwwmol  prime iseals T, — P cov;hihiua, . Iw

parkicdor A har  suly i’iu&\dy Wmomy  wlniwa) Ppriwe ideals -
7 i ‘ é 3



LY

§z : PRIMARY  DE.COMPOSITION

(248) lemma: Lok A be o Noechedan h'k%)'IQA ow ldeol omd M a %u.k.\v emeraled
A —wodule . T J:‘o“ow'iv\% are  equivaiewk:

() Thee is an. wme M=(0) wite Tw=cC.

(b} Tor al aeT twe is o meM-(0) with awm=0C.

() The i3 o priwe ideal "Pe G, (MY witlh TP

'P- . b‘s FAY s N 1 —e — \ s I 1 ¢ ""F - N
;gc!r (b) = {c): (b‘} iplien Ahak- LeZoM) By (zky: L& ?fc»..,\m)‘ By (‘f“; Hao
Ad Oasa (MY 0s Bwlle . Thur T o F dor  some TPe Qiss, (M) .

_—

(c):%(o.}: Lo Pe QMA(M\} with € Sihe P= QMVLAL\M.\j ¥or— Aowme MeM-—tO\'} T Tw=C.

(2:19) Lumma: Leb A ke o Neetheriaw ving , T A o ideal ad M o dinildy goneraled
A-wodule . Tie -‘o\\o\m'u% ar. equivalend-:

(a) For rome inkgu- ndo: T"M =0

6y T =M1P

(S Supps (M) & V(T).

Prod: (a)e=3 (b): By (z.0) : QMA(M> B a %.'su'.k. Ak, Moreover, L:, (2.0 Hhe Wniiimal
Prime ideals of Ousp (M) omd Suppy (M) ax idewhical. Thus:

Pednm, (M) Pelaa, (M) Pe Supp, (1) PeSupp, (W)
A Pwin' YR Liade PPAT

By (24} Supp, (M) = V{amw, (K)) . This huplies thek rad (anny (M)) =K. Siw T is
bty quorled: (LYo T € Kz vod (oo, (M) 63 The. aiiy (MY dor some ne ™4 (o) .
(c}@(a} : Siuw S\.\,PFA(H) =\’{mh.hlh\\l : Lc‘)‘::) VLOMH_A(H\}> <. \’(T} &3

fod (X)) < ud émvuA(M\\ = T e Quan, (M) for rome weMN | Alwe T s fﬂt&‘dy }L\\c.m'hé .



56

(2.20) Lewma: Lek- A be o Nocthewan Hug, a€ A, omd M o fuikly qenevaled A-wodule .
The following are cquiveiend:
(o9 The A-limar mop: £ M —r M Wil i-.;_m‘} =one MwmeM | is nilpolad-

(& ae [P
Pedas, (M)

Brof: (@) =2 (b): Sinaw M s huitely gemuraled ond £, nilpotak Hure is om hef™ unih
0w =0 dor ol meM: Thur: e oy, (M) & vad { o, (M) ‘19&3,..&) .
(=) ae (1F = vod (amn, (M)} iwplics o™ € oMy (M) dor 2ome ne W™,

Feam, (i)
(z.20) Troposidion: Lok A be o NeeMieram. Yng oud Moo R—iu’.\\dj Qaneroled A —wodule. .
T Xo\lou’in% ore  2quivaiewk:
(& For all aeA Y A-linear W ; to: M —M s dlar injechive o wilpoleny-
8 Lol =t.

_ . ne - -UP

TPk (o) es Haeh i ac Feamryy o7 SeNZRUY) =y A-DP L

= ASOP U (A-UP ) e UP cMP 2= |Gmu)l= L
Pe Oy, (M) PeSag (M) PeGmpan)  Feamalh) |

(22 Remork: UL () er () i (2.20) are sohshied +han Qm, (M) = 1P] wheve
F={eeA] t is Wil polet- } CTwis follown  browe (2.6) zD(n)-;P:Jai,..LHB -r

(2.23) Dafinibion: Lk A be o Nodanou h'w%} M o %m’.\cﬁ? %b«unkA A—wmodule , and
NeM o sdomoduwle . N is called gv{mo.ru, in M C{l lQMA{H/N)E = 1. Move Pudsd\!;
§ Omy, (MAN) = PL M N s led P-primary i M.

{a.t&)7mggﬁkor.: Led- A ke, oo Noctherioae Hh%.
lc.) G Pn'mz ideal P A is /P—Friw;ank.

Lc e P A be a ff:riww; ideal amd Qe A n.’P—-?\ﬁ'uané, ideal . Thue Huwe is an



heN wd. Pc Q. ond QP

() Qw fdeal QEA s prmary il amd owly i for all abeA it abeQ and
wé @ Hue s ae nelN Wil teq. |
@) F QASA s priwany oo &l Poprmory whie Fa rd (@)

Prob: (o) By (24): Omy (A) = LPY.

()) Lk Qe A be o P-primary kol Than Oa, (V@)= 1P} and by (216) P is e only
Minimol prwe.  ideal cowralning Q. Thus vod (Q)=P. She P s &cu;\d? gneroted theve
s aw neN Wb Pre Q.

(Q)'" Suppose thak QEA it pimary. Lk 0,bcA with abe @ and @ gQ. The
Wop: b VR — e iy citker nilpokenk or iwpckve . Sine (@) =S =0 and
CT+0 i A by is nilpoled osd e @ for some neN.

-

et beA Ao thok _Eb" AMa — A& is not iu.&éd\“ve_. TThae e is o ae A-Q
Wit {:5(&)=O or. 2quivelesy
Eh is h&fookkl-.

(d) Jollewn drow (k).

: G.LE-Q.’EW WHOV@ "eQ@ dor some ne ™ and

(2.15')%: For a Pv{me, deald /PQ_A) e ?.h..rd) +he ideals P &or ne i oo
nok- "F—fﬁw\k. AL P s maximal | howerer, we have the *u\'\awiu.% vesudd :

(2.20) lewwa: et A be o Nothenman Hu%) mC A a. wmoximal ideal and Qe A
o dead. with wd (@) =w. Q is Wi~ primory .

P Sina vod ()= w. and W wawwal . QMA(A/Q>=:LW:§-

(227) Tacoreaw: Lk A ke o Noclenme ning, M an A-woduwbe and < Gay, (M)
o subhel. Thao e is o Aubwodule NS M wide sy (M) =B ond
Qary (N) = Oomy (M)- @
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Prot: Gomder Hu Ad:
M={LleMl Lo Abwodide omd Qmp(l)s Qg (M) - BT
M i parkolly sdemd by ndwsion. Sine O, (0)= £, (O)eNt and T+ Q.
b Ke M be o chain. Theoe bLo= LL&JRL s o Aubwedwle s ML Pe O, (L)
T P i, (W dor 2ome meel,. St mel. dor Aome ;.e‘}(,’Pe Gy, (L)
W Hurefore Pe by (M4 Thwe LeDT and A i induckively orderd -
By Zonw's lemma Hhue is o waxiwol demed Ne L.
Qoim s Quy, (WN)S G, |
Tl Lk Pe Oy (WN). Thoe e is awe igickive A-lincar wap ¢ A% — Y.
Tae moge o 4 @ruponds T o sdomodue N'eM Wil NGN' ad N/ A5,
Thus  Owy (NN = {PY. By (29): am, (N} € Gmp (N) U {PT. Siwe N is
maxwel it TE ) N T aud twechore s Pe §.
Codw 2: Gana (M) =@ ond Oaag (N) = Gup (M) - .
Bk G2 We knotr: O (UN) ST od Qua, (W) S Omy (M)~ 8.
On e oM hawd by (2.9): Oasa (M) & Oan, (W) U O (V\/N} Twis  Yorces
Qg (N = Qaag (MY-G  amd Omy (MN) = &.

(z.').?) D_:Eu.ih’ou.: Lb A be o Noctheraw v\'u.%) M oaw A—-wmodule oamd N & M a submodule .
O fuile dowchy og primary  Aubmodules 19, —,6, 1 wite
ﬁQ

9:\

s called o Ph‘mw\& &c.cow»fost"\-.u‘ou. of N iw M.

(2.2%) Example: Lk A=M=2, and N=(n) for some ne Z-(0). The fndegar W
hor o prime decowposition = wow= (&) 50 b S en de proave dishinch
pesiive  prime uwicbers . Then

(n) = (PQ“ noT ﬂ(p,\ wr
B oa priwary deompesition o) He ideal (k) in Z.
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(2.30) Theorem: ( Exislence o primary ckmm?osﬂ—\'ons) - A be o Nockhena hing
M a Q-'ni\c\7 generoled A-mo&ult_. and N=M o swbowodue of M. Thee o imckedy
Mcuo‘, Fhww."\a Aabwodule, C“‘“.__iQ‘, o M Auce hal-:

+

(b For all igver Qp is 'P;-Fviwrz/

#

{c} Q»"A (H‘/N\} = YPIJ -——-;’Pr-‘l .

: r N=01lQ; i : NS . .z
_M_ n ho\e.;- “Ahak- ) Qe is a priwany Auow.?o&vhm ot e M P and
;S_ (U\;S = ﬂ QC:;’JN

. . . i N M/
il £ o anm.ha SRLOWHOS ITIOU- 9{. iD‘, e MNL e mcua arnuwe.

Hak N=1(0) and Oy (M= {7,
Much Fhok o Qg (MQ() =47
He Aubmodules Qp

O'Luv

) — R ? 37 (2. 7.‘1> dore are  Avbwodwes G ok ™
Gho QMA ’LQ.:" = ‘.;'F;;——- ;‘Fi-')wﬁ'_n‘. __-.‘,'Pr”& . —B\'f c‘k%\‘mh‘e“_
are ’P,;:-—pn'm.av-a - M. Sa- L“Q\ﬂ—--ﬂﬁr

~

Sihaa Leqg

wobemma: Lk A be o Wag and M ;M Acwmodudes . Thon

l’too‘i '57 induchon. ow r. tor *HM. iwducHek A\ef consider e ixack 'u.qu.u-.us

O — M. --—m—a.@-;v. —--—-~——7@M  ——

1;...

"
o
Ay

0 s @My s M. oy M. e
'b_'..i L,q

and (g (53 M;}‘-:—_“ D Hg

e\.s; A=

N v ‘v-‘l 2 : ,

This  Ahown: QJ,&A(&M;} S g (@ M) v Gmy (M)
By \kquc_"novx_ }f-u potwasis 1 \:- o

-' « p LG M < U Qs (MO

Ao A=

(232) Proposibion : Lk A, M and N be ar iw (2.30) owd Auppose. ok N=Qr_..ng

-
s o ?ﬁumr%, J;co\wfosii—icm‘ o2, NG M und. & ’&‘Pv‘:uo’“é’ . Thao QMA('?N> < iF,

P



M-‘ T A—h'nea.v; mogp  @: M/in ———'@ H/Q- deined .5\5 LP(M.—EN\).: (@, m+Q,) s
ingcive - Ths Qo () € (@700 = U Gy, (W) =1, —, B 3.
2.33}%&*: ’_R'\'mo.md cxvacomyos'\jr{om are wot unique . or Wmut'zie.. B Abe a
Neetherian viug ond TS @ prime ideals of A, Poud Pn@ ox primary decowsesitions o P

(2.3‘*} lewma: - A be a NeeHarian h'u_%) M a Q«u‘dy %me.'—a‘»-e.d A-wmodule omd

Q, —, 8, M P-primary submodudes. Q=Qin.-nQ, is o T primany. bubmodule. of ™

"+ i,

Tl

M: Gusidesr Qﬂ“"" +He llu*ickvc. A-linear map - Ma — f’z‘ M/QC .
B W (Ma) S U an,(Me)) = 1Py

(2‘55') g_uhu,d\on. Ll A be o Nectherian nu.g) Ma guu.ki\; %c.u.mk.c\ A-modwle and Ne ™
o Aubwodule . QU ?nw.axé, Ae.com.posv}nou, N = mQ O'X_N in ™M s called oo

Ahorkent ?nm‘;‘, du.cw.?osrhon, if:

(@) @; is P -pn oud B4 whmever U4y,

Q) Qi s Ro-priweny wd Ry we Lty

(6) For oll l$ign: M Q; ¢ Q.

J=i,{=#i

(2.3¢) Remark:  Under the ontumphions o (z.35) vy sdomoduwe W han o
shorent- primary, decowsposition. .

(2.37)’P2Fosi¥-iou.= Q“umPHoM on w (2.35). Lo N= f: Q; be o Ahorlert priwary
decomposition of N iw M Thaew s

io.)' LQ&/N) =
(\

‘

imngec Oma (Wa)) dor ol 1gien.

Qg () = T g,y (Ma.)
=i

oo (1) By (232) @ Oay, (M) = (R, — BT For Isisn rk- Lg =,

aauws 3



Then LinQr=N ond

LL*N bihu_‘ N = r—iQ‘_
Thus oy + /N =

Flingg B R QU < Mg,
Qo (R = AR and
. - |
() Obviowsly , N ‘:}HL
h

¢: G —— @ Qg .
de#f»( /“i"‘?»}'

/
Q
S 0 (YYagnas)

Tis iwplies Hial-

Ahe A S M/ T e \»AA H;N

LQiﬁ&L\:;. Gonatder +he N-&lc}\'w. A -liwear Moy :

Ties shows : QM (Q“/N) <

Sine. Q;Q’-.Qj : 0% Q/a; Ny = Q*Q-‘/Qg C'M/QJ amd QM(Q“/Q nQ;) ]l?i

_nu'; }s‘»\ow;.' OAA (Q"/NX CJ‘TJl# O.M (M/Q.l)
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