§H: FINITENESS COoNDITIONS

(153) Poposition: Lok (M, <) be o pakially ordend Adk Toe Jollowning ave squivalent:
() E‘«.ra, ascending chain Mg M ¢ ... @ dhweds of NC s sholonary | Hhak s
Hore i3 aw MeN ach R M =My f- al keN.

(b) Eveny wonciuphy subad- ol TC ke o moximel demen

A \(: S '“\ i '\l . f } - . ' .
PRool: () = (b): Suppese thar (b) is false. aud Lb- T E VC be a homemwpry,  Aub el

. 1 . H . 1 t : t . : 0 H .
Which, asma't  have o mMAximal  Gemewd ek T“;ie‘c. WIS o WModiwas  wm. L)

J

Far Hare 8 o slewend HLG’C' Wt H.‘§~V‘az_, Sue M €T i3 nor wmaxiwal

1 ' 1 V] Lo 8 S v N ] Fal e . i P . L .
-\}W_ﬁ_ 1SS OUa a..3 €& L W T, T F ot - \.m«.nv\nm%. W, CoTOoluw, QM k“-%;kv,‘f_ SRG AL

S M. %
Mg o eMos oo
FEEN Ay Py 1.4 toN < ‘—‘_ . — Lo oL N e S i L
‘Ep: = G [ DE t‘\ & PR RN Ce. e W LT vl [ R SUT S S ST AT [ ~d e .
. B 2 HER .
7 by N .
L, e ] £
Isddnhith Vot T .- ‘

{Lsy) Proposition : Lel- ‘\m)é\} be o Fo.v\—{gl"n, oraesa Ad-. The J‘?oiow{»\% Q@ iguivaieus:
i T § H i ‘

Ay H 10 Lol \ i [ ' s | . il .
i‘l} E\’U’Z °¢$“-“A‘W‘é chaine M;2M, > .... o demenr of. WL s Jm}&\ona\*\z’j ™ok iy,

'm {s o, W& N AJ-C:K- "%"‘Aﬂfv— M" == 1k%tﬁ i'or Gﬁ'. &.e ﬁ .

(& Evmé v\one.\%’vz hubrch- & L dun o wainiwal dement

Proel . awmiRar 4o e ?maﬁ_ of, {3.53}.

(1.5'5’) Do lab M be  an A-modue . The Aek M=}LNSH IN a Auiomoéuie_}

v k] H o] n . - ' ! - . 1 -
e}r huomoawies & M iz parhaiiv tmtrea oY mciusSion..
1 H K

4

(5 ™ M:\.si—.u e %un&iu..z cnoin. conditione o+ M ois a0 Needhenaw. A -woauje

.

il {.'h‘tji-.‘; reMsfeor  The Comdihons of (1.53).

(v M k.a‘s{sf—:u The  Qesunding Chasw. wudihor. o M s aw Grhwan  A-moduie
-} Urhiian

oA &) Aokshier e condiviows &T‘_ (.5"?

L4
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(r.?; A s CQ.“!.A a. No&ke_no,v, (Qﬁ'\m\i hu,% ;f, Hee A-module A is Noctheran (M‘L\.O&_\;}

U‘S‘}EEQL‘:‘Z\.“‘ (o..) Ew_,-z PLD iy Neebhenaw . In ?Qr\-(c.ulor) Z. and KDAJ e
poiy wowial \r\'\.\% in cue vanable ocuvwr a %\38 K) are. ™Noctheviam .
(,B\/ le- nelN wHe wde. %z is  Qebiwiom .

"Pﬂ_og_: (Q) u‘ A hﬁ. O—’PI:D and ((M)_C_qu_}E ... o C‘\mu_ O.e_ ;AQ.AtS Of_ A

The wniow _L = _U,iﬁf’é & o 1deal o A aud Hhws b\—{nci?ol . I=la\; . e
[T T . H
w&le, 4o dowe nelN wa (o)) = (apgy . o ol ke W
\l. I, T8 Sz & o idesl | Y T =d 4

;7 I N te o, &

; ~nZ. W @ 15 a dwisor et v..

2‘;’/&7,, has  culy
I

NO‘K.'. Z i<

Fustedy moby idesls =% L/nz s Giwiare (and Nectrerian_
s nok  Orkviaw . T émm&lw& Hasw. of. ideals :

(z)z(4)=218)= -- -
£ nok A.Mokavzr.

(1.57) lewwma.: lebe M be au A—\Moéu}.e, EcFeM and NeM submoduler 919__ .

I EnN=FaN wad ETN/N = FiN/y ; thew E=F

Proaf . Lk LeF. Sia EtN/N = FRN/Y 0 de ove demenh e E and n,m, € N

Auch. ok -!i.'&h.,':té—h.& = -g_~¢=n=—n{thN=EnN = :Y-EE_.

(1.59) Proposition. : leb O —r ! SoMmE om0 ke aw Urack Aquune of

A-wmoduler . M iz Noehunan (Qr\—iv\\'m\} il. auna o‘\d), . Mand MYare. Nochierian
'(Qﬂ—iw{m\"’; .

Mz‘—b': Sl«?fbse_ Hhok M is  Noetherian. (Gﬂ—\mm«_\, le NS M be a Aubmodule .
Tae wodules N and M/l are NocMeriom. \Qy‘qma&_\‘ e stobement dolicun

v, MP g isowmorhic. v @ Auewodufe N o M and M' s somephic to M/

‘" Comside— an Oba.\\&in.% chainn. M;e M, s ... o Aubomodules ‘{-M-



akfy M el o subsode o M and M with ke daddor wodule M.
U ™M amd MY ave Nedherow. B dhains

MinM' ¢ M nMiae ... e M

Mirhl o Mot MAn e ... e MY = M/

we. Ah:\rianarz,. T is o e N wite M nMiaM, . n M and
MM = Mk MG e ol ke ™. By (M) 0 My =My, dor all ke,
e B Orkintan e o Aimilor Grgrouent  works for o Amdiu% Gain. of

Ak wod ulen of. M.

(159) Grllary - Lk M, M, .-, M, be A-modules. T follewing. ave tquivolewt:
(n.) Tor all 1sign MU s Nedheriaw (Qr{-{u;m,\_}.

[
(B B M & Nodheriaw (Qukiian) .

b=}

Proof : By induckow on k. Qtﬂ:‘? (LSE:} o Hw txack Aeguence -
o R—i
o-—amh-—--_.@nc—-—-—o@nc-—--«o.
A L=t

Nole: Lar A be Nodhenan (Qer'om_> Tor dl ke A* s Nocthedam (Qvl{m'o.x..? .

(I.LO)’P!'OEO_&;'HOL: e A be a N%&L\'{qh_ (q_.,‘_ IQA\'M'Q;‘_> h’h.%.'Eve_ré, %uCUY
Qunerated A-wodule & Nodherioa (Qv‘{m'aa.}-

TProd: @ fnikdy gouurokd A-wodue M s a howmowmsrshic moge of A* for
mwme Aultable he N.

() Grollay: L A be o Neckherion (frbinian) ring. ond TEA aw ideal.
Al s o Necbkeron (Arhiwion h'u.%.
/

’g_o_o’;: Ao s a ‘P"“-‘ 9en.. A-wmodule . 5"2 ideal o At s an A-submodue of. 1%



§5‘.- NOETUERIAN TRINGS AND MODULES

(tr) Poposition: G A-wodude ™M iz Nocthevan. L amd enly it n..ma, Aubmodule of M
is %\u',\e.\}. gneraled .

M-_“#" Suﬁ,q;e. Aok M s MNodherian. and 4hah- NEM is o submodule -
Consider 'C'=-‘§"U,C_N [ W o Aubmodule ame U is -?—.'u.{kiy %euem\edqi'-?*ﬁ
Al (0)eT. M s Noehusion. , thwr T hor o waxiwmal 'efs:.we_vu‘r Ne. I N,
L xe N=N,. T AxeN, €T wd Ne G Axs N, o ontradickon .

-": L MeMm, & ... be an w»u.h&iu% chain of Aubwodules of M.7By
Obanphion. He sbwodue N = HyMi i fidlely goneraled. Thus N=M, for
some WEN aud M, =M. dor ol keWN.

(1.63) Milbert's Dasis Thesreme : Ld- A be o Netheros h'u%._mo_ polywomial
\'{u%, Alx]l & Noethenan .

Proof, Suppse thak ATxT is  wot MNockheriow amd Vb T AGT be om ideal
Which is wob finlely geweraled. Lek 4, € T-(0) be an adewed of winimal degees .
S T f,), Hoe 5 on cemed § eT-W) f winimal degrer . Coubinue

T oose dewmeds §,eT o ok 2, e-I—(.@u_.lg,;> ol winimal degrea .

Let- k;=dea £: ad Al ap b Ha LoAiu% codficiend of Do . By Coustruckion.
Rk, skys oo L Lo ;'jnc.Lq.)__,q,_‘)QA.ﬂem diel.e - &

o GMA.V«.A;\\% chalw of_ ideals of A. She A e Nedheranw, Hue is ae reWN
ro thak Qo= e ool Ae N How ‘Z';:“&% kr some bie A

Gonsid - ke -k
{der -k
%:%Yﬂ-—g:} E‘:{‘-’x v L

Ooviowly, €T, degq <deg 8, ond 94 (h,— 8 ), o wnbradickon .



3

(1-4%) Grollasy: lek A be o Nechherow “'"'3 od T Alx,—,x) an idead . the
rohlvsow-\'-d ﬁu.% ovr A Thg viu.% B = Atﬁu —_I)‘L-J/I Y Nodk¢n‘u_ , o) s ) W—a’
fidldy  gquuualed alqom over oo Noeleron wg s Noctheriou .

(Les) Exgﬁ?_\u of  now- Neelheriow nngh ©

(@) bk K ke o bdd. e poipnowiol vug A= KUAxJiam ] in infinilely wony
vanobles i wob NocHena . ()€ () € -- - & (o —ymn) S - - 5 an
sranding | hoh.-s.“kﬁ\'o\r\ouz, choiw of ideals .

() The Wng o) swhre hunchons A=if:C— c 1} analykhic ow CF is wot-
Neburaw . Depwe for oll e N:

L= JdecAl 1@)=0 ¥ zeN with z5n].
TeT,e...eT & ... it o lncrcasing, won-shudowory chain of ideals W A.
(Weiostrap factorizakion  Hhearend)

() The wng o conbinuous dunchions ow [0,17: A= }§:To, 1 —+R | £ conkinuous §
is ok NeMieran . For ol ne N L .
To=tleAl d=0 ~ xeTokll.

T e, e .83, ¢

WE - -0 8 aw o.su.né\'wz, , hon~s¥uj-\‘qnar2 droin 0£ ideals of_A.

(Lel) Defiuihon: Lek A be o nng , M o A-wodule | N,N'eM aAubmoduler amd Tg A
we ideal. TDehne: .

(NN = (NoN o= daeA ] aN'e N

(N:T) = (N:T), : = {xeM| Txa N

{O:M> = (0:M) 4 = awn (M) it called 4 aunihilabor £ M. Mis called o
jaitbt  A-modue i} am(n)=0.

(Le7) Ramark: (N:NDL i on ideal of A and (N:T)y is o submodule of M.

(168) Theorew ((owen) > L A ke a ving . I all prime (deals af. A ax P-'u'#dy
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‘ymamld dhen. A is  Noelhenom .

M: Grsider dhe  Ack:
N =iTeAl T o won-dindldy quueroded ideal §-
I A s wnok Noe.\-ke.v\'cu-._l W+ and NC s forl—idky ordered \::7 wmclusion. In order

*b’bu(h, thok  Zorwls  Lewma wfriiu.,ld—- KS W be a chaii. The idead

?s ':x:kg‘:-(I

s omok bty gueraled. (U = (hy—,d)) Hew T=T dor some TeX.)

Hone 0 don o woaximel  cewew: 5.

Caim: L 1g o« brime idea) .

'_P}'-_i_d_: L T is vok prme thee ore demenls a,be A with. obeT amnd LY b T -
Therefore T+(e) § M ond  THb)§ V. Thun dhere ave Uy, —, Uy €T Auch Mok
Tk} = (u,)__lu,,,h}-. Siuw LI:(_L))::IIxeA leeI—,}P_I-\-(o.),m also have

+hak (I:(b})%h\’_ ond  Huwedor CI:(L)?-—-(\:;,__.;«:-M_;) for sowme. ve A

Bk Hew s L= (wy— un, by, by, ). Obviowsly (u.)_)u,,_)BV',,_,iov;,,_} <X

Te vm%\é e obur fnclusion. - zeT | Thew ze 3’.+(b‘} and there are demenhs

oie amd veA Aud. hok

= | - ; P N
= oy€Li. omag Y& Tl Thus

£
i

S‘ s SOV %or rome. G E A .
‘ K= .
u

(l.é‘z\i Q.vo‘\’\och-. Ll A, ang A, be  Noetheromn \r{h%&.Tm ,?\-oé\«;,‘-,-,A;xA\L s
a Noeelunan h'n%-

’_P_vmf_: Evc% prme ideal 04_ All)(A,_,,is of__ e 'krm_ A, or AxQ whae
Pe Spec U\;} awd Qe Spec_LA,:}_

(i-k)'?ggsih'on.: L A bk o ving ond M o Nedhernae A-wodide. Thew
A/ ann (M) is o Noc\&g.v{ak., h'u.%.
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M‘ \ve.h.ma Rfio.u. A b A= A/Mn_(M\} and e M ar o A-wmooule .
'3

Thur  we Core OMiume ok M ok o dailbl A-wodue . L M = 2 Awm

“ =y
HN—

and  consider H Wmf,: ¢ A

o | o 3 (_d.h.) —_— Q_M:‘

g 3 A -lkear aud imechive Alne @ (M} =C . Thur A s isauot—?:’n(u o o

Aowodule ef_ e Notdienam A -moduic M%. A & Neebewar .

(7)) Theoem (Forwonek |, 1975 - A be o g and B e fulldy quueraded | failfl
A-module . Suppose dhok e Aok

M= T2 T o el of A
Aakishien Hee Oscnding  chain @naition. b parkially ovaered by {uclusion . Thes
A s o Nodlenan Hu,%.

M: By (L30) i+ Mllus b show- Har Heve & o bl NocMeriaw. A-woduic .

Sufposc. thak B is net oo Neethwnar. A —mod wle . Sine B is o kv
1 ’

. . g FEETEPIG S B ot . . : 5 [ . ' LI
‘}uu.ro.seg A —modude (ol luplies ek A i hor o Nodwenar h%% . lonsidur-
, . :

+he ?ouow-ik% Sub hak- °+I— .
W= {T® | TeA o ideal and Bz hor NocHreriaw .
Sue C)eTC, W HE awb by amumplon W har o woximal deasd T,
Wae el i an ldeal. TFapioe
Thus  we 'Mo.»g ortume. :

N . Ba oot Lo . S R §osp B2 Lo P5
(x> D is o Aulidy generoreq ; won- Neevheriar, | bl A-wmoowie ana wor
4

:e o o2 ‘s L o & . ) s sy L R : v N
Leg-% 17 S M~ Win 2 * g(‘;l’ ; Tha faliorT o moouws é'é.’;; & Newrmenare .
v 3t [ . £ o S I
Lonslaes~ Fua -go;aomu% A & huswoowen o B

g

Ci= ANEE LN o husmeawe  akd BN iy fauihbe res AT

~i-"=. = Mo+ -i-r"\‘;;v ;TR
s T . 2 .
R !\!::T e S D o e, L. N
P ¢ e b 2T
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N — . s f gy A 1y IS N ™5 . i 3t H i 1 . H .
Swe B s o f!:m-&fu M —woawe. | ‘x’:‘;é It ama 5 darkiouly ordered By IWCIUSION. -
4 i é

©We wad- Ao show- ek Vs \M‘lu:}wdy Orouv_A led e U be. oo chaiu. oma
Ad- N = UK

oy N s o Aubwoduie $ B. W NET Hoe & o ac A—»—a‘(:::
e XE‘(LB;) ..l,a.‘bn_f‘:{( < N bv (*x-\ Buk l(o.'bh.._.iq.“chng c -Qor bowme.
- ‘ - -~
KeK aud K4T, o wanodickon - By Zor's lemmo. I han o maximol
elemesr)- Noep. 'Reﬁuu_ B by BAL . Theo:
i

(@) B is a foifpl A-modue aund nek—NoeMieran. (T B is Nocheriam, by

(1L76) A would be Nocwriow . Buk A ks Obbumed 4o ke wob Neethenan.)

(B) () implies s Tor toery ideal To A wibe T#(0) He A-wodule Bl i
Not.%n‘m,

(c.) 'B’ He Ma.)o'mdﬂ} ® Ny for ey nowzero Aubmodwle N €B e fador
modwle.  E/N s wok  foithbld  sue- A
We woud- 4o show Hhek- Conditions (o.})(ig\}‘m,.& (c.\,x b'w.fiy Thok bﬁk

Aubwodud of B is Fudely quueraled . By (4z) Hhi vidds Hu contradickiow

Hhak B s o Neeferaw. A—module .

l- NeB  be o howtro asubmodule . Ty (o) BN s wok doithfud oves A
omd  Hue s o dewmeuk aeA-(0) Wik aBSN.and Bar WNelenan
by (e} Taws N/a®  is o fulledy gueraled A-wodue . Siw B s a
Puliely qumeraded A -wodule Hee wmodule @R is finitely  gquravaled . T

N i @;@uj W aud B is Neleram | o cowkrodiction .

U-'“-:)Theom: (ED-T'»\_-NO.M‘. V%Q:E le B be o Noclleram. g, ana ASTE

o /\.\da\'{v\% ruch. Wok B & o %MCU\! %Auml-u:‘n A—module . Thew. A &
oo Noecthonm \f\‘\\%.

Proop: Obviownly | B is o doiMhl  A-wodule Ogely  (L74).
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§(,.- ARTINIAN “RINGS AND MODULES

k¥ M be an A-module. @ fmile chaiw o Abwodulen O=M M5 -.. £M, =M

is lled o hovmal  Aeren of M. he are ideresled . wormal Aenea of. M Ac +thd
He {acter modules Mi/Mi_, Sove hpeciol  prepertion:

(1L73) Debiwtion: Lk M be an A—wodule .

() Twe vormal Awen . M: (=M, g M, g M, =M ad ()=NENG ... SN =M
arc colled ﬂm’—vdu;\- l'¥:

G TWeve. 13 a porwuwdahion. Te S, Auck Yaok H“'/Hf__‘%' “C)/N"‘(C)—l for all 1gign.
The. moduler Mi/H;-é ax, called *ﬂ-r.‘*or.*. o} the Acvies .

U»:jg Tae Aeries {0)=F, $TG -~ § h=M & wld o rhucwen: & the Aenen

=M §MG .- FMi=M if for oll (slen Hwe it an Ogyes with Mi=F

{L'H}T\‘wm (Sdotier’ : Lk ™M be aw A-module . Guy two honmal Acries o M

Aove mkuf»devd- ni«‘uwm%-
Fof . MTH 319

(1.1s) M= A A-wmodule M is wlled Aiwbie LM dves het conkain a
proper Aubwmodule.,

(170) Dehwhon: Lek M be an. A-wodude. G normal Aever & M . ©)=Mee¥, & -...

-+

FM =M 5 wlld o wmposition. sener L dor oll 1% lgne e fodor wodule

HL‘_/’MC_t is o b;'w;?\e, A—moéuje, .

"j&_vc,: Not- A -wodwie admih o ompositich Awner . The Z —wodwle Z. has
iouz ¢



no mupos'v‘ﬁou. beries while &z, fr nke har a Cow.?osi-sfov«_ Asvied .
(1-77) Depinikion: Qu. A-wodule M is calied of intie
LouPoslHou_ Arnen Q?_M: (0;_ wSEMSE - %M,..aM. \

aenoled QA(M\; =v e ?u}- EA(M\} = ¢ i} He

tf_ Hare s oo
is alled ta fingho of M

s no Cnu?osi:i-icn.. Aeaet 0?_ ™.

(\.'18}'? siioh: lek M be an A-module of il &Ka“\..
() Ony worwal sevien o M har o vebwewenr whide i Cowpesi Hon.  Aeries.

(&) Ouny Twe owpesition Aener o8, M one Lquivelewd.

4 -

Prod: (o) Lk (=M GM G ... € M, =M bk o homal Auwes f M and

LD‘:NO_(FN,%.-. S Ne=M a Com?osi-‘-\'ou_. Aevien of ™. By (L% bo¥e Aurles

have quivalewk thvomeds - Thee i ho proper- refinament o o com?osii\‘ov. Aariey, |
amd o Awres WAL s -Equ.{va.ieu}-* 4o

(&) lmwediolely frowe (L74).

o. Composihion. Alner 18 O Wwpositow. Serer .
)

[179) Proposibion: Lek- M be an A-module and UM a submodule .
(& LiM) <o o= £, (U<o and L A M/ w)< o

() W G)<m Hen L (My= L (U)+ £, (WA

(<) Suppose thok £, (M) <. Thoe U M= Lo (WY <L, (M) ana
Uto e £ (M < 4. |

. ,
Progd : (N e=": Consider (owposition Senes
e 1 i L]

\ - 1 5 ; . Ve T e ~
(b‘ = ul"i C-T dz E. .- %. ’U.,_ 0’5._ o dug (5‘ = \0 S:_ \i Q__r, . ‘f_.}_ \t = UL bi_
led- g M — M/u be e canonical Mok . Tor okl U&e T puk Ve ¢

T [ ke oli 0&0<s and Mifu =V . Thus :

V. . P V" P —-'.
L‘/Vi-n = v‘*.-u/ Yig+su = ( l....u'/‘l.-)/(\nl{-n 'Hy_u-) = Y"/%‘

T Yy

b3



(0) =, SUE - U "u“v°'$\/l§'r R

is « CO\u.Fqsi-Hou, herien of ™.
=’ Cowsider the worwal fevier of M: (0)=Wm, § Mi=U M. By (1L.78) s
Senee. hon o adhinemend whide & omposihion  Aevies

O)=Me=U G U § -+ & Ur=M=U=V, &V, G ... & V5= M.

T —
) (%u) |
(*) it o Cohfcs(km\, Asrien 0&’. U. “rouc Lh*:) we oblagw. W (ovu‘»é\'kuu. Aeves e:(, My :
(©)=Vo= Y £ V=Yg ... & V=V = M.

(b) and () doliow  4ranc (a).

(l.h‘)’f(chavk: L‘-“a*“ it on addibive funchion ; ive., b C My M—r MY O
be o gxack rquue o A-modules. Thue £y (M)= £, M)+ £ (1Y) .

“Proe} : Jdewkify, M owite o Adbwoduwde U o M awd MY wile MWy,

Recall: U A-modle ™M sakshiey M a.c.c. A(Muw&iw% chain couA\'.Rcu.) i Rory a.w.néiua,

chain o mbwoduer Mo < McocM, ... s Ak:kouqv&. M aakisfien Wi a.c.c b

M is Noclenan e ey v\owc_w?\z ad o8 aubwodules of M cowdaiug o woximal element,
Similarly, an A-wodde M rkishine H dcc. (desanding chain oudibon) &ty

du%im{ chain. of mbmodules MyzM, 2M, 2 ... i s\-bé—ionq_\-\&. M Aq.h‘sfi@s the

dc.c.a=y M s Ovhwios. e Roery w:.\wpz rh of  Aubmodulen of M wwkaimy

o winmwal cdewment.

(I-SI)TmEsiHon.: b A be o h'na amd M o A-module . Tie fkllokn'ug ave. ¢qw:\ldu"-:

(k} M Au.:ks?\o; Ho acc. and +the dicc.

Praod : () = (k) E\ve,na, hovmal Mnos o Aubwodules of M Mw < L),



(L)—_-;,(Q_) T a.c.c. x'u?lio, ok wesy hov.cmFirz Ak o8 Muomoduwler hor o woximal
dement-.  leb M SM be o maximal Aubwmodule U with “#—-M} Fhen - M, S M,
be o maximal Aubmodude VEM, wite VM Thi yieds o éewv.éin% choiw o). Aubmoduler
MzMaM ... 'E}\g the dice. He choiw s S‘m.%’owar%. —E\‘{ construchiow Yhe fockor

Wodulis  arc Mimpic. . e %’{@3‘:_ Catlie Lonzetonds + o CO‘\MFOSH’I'ON. Aenoy e{. M.
'(l.f:i.) p;b‘eg-‘\oh.\ E'“Z' Pv;m ideal OL e Qrhinion Vih% A s maximal.

—E.'?ff-'- L P A be o prime ideal . “The h‘u—a, B=AP is Qrhnian and @ doemain .

< bt wad dv showr ol B i o feld. Lo+ L&'E:-Lb) and cousider &e.uuxés'u%
choin o ideas: (B} 2(b)= ... 2 (L") (") 2 .. . Ske B is Orbulos thew
s om reN  hudh ok (B =", Thw e i an ceB wilic bTe o b,

Swe B s o dowain . lwmak.

(\.!3)1%§|'h'ou-. W A be an Oebuian 'h'\(%.—rk.k. A has od, %’ui\dy wany
maxiwol ideals.

Prot. Suppose Aok A hon \'u{-.‘uﬁg\7 Way  meximal ideals . Take ok mfrulle ountable
pd Imifien o wmoxiwal ideals o} A, Gusider W Ad- of ideals:
™= {mn-- nwl ve N.

Sinn A s O.r-\\'v\.iu./ TC hor oo winimol  doanek WMn-..nm. . Thoe

Mn s Ame =N smenmyy ad Hwdoe: W, zmn aw . Thia Wy =

%M- AOww. ‘$l‘-$\’!

(L3¥) Popesibion: L A ke aw  Orkimian wing, . The. wilvodical wil (A) = nilpolent
ok s, Hum s aw e N Wi (m‘llA})":(O).

Pngd: A ekt He dce T Hae dsoa ket e wi(A)* = wit (A)E

s



lor all k™. Swpose WIAY*+(0) and Ad T =nk(AF. Gusider
M= {TSA] ] an idead omd T+ @
S Ae W+ @, oud M hor o miniwal dement T, € HC. T+ (o)
{u.?‘ﬁq thal Rre 15 an  tlewmewd Xeh, uwnth xI:QzLO}-’B;, Y .uiuiw;oli*% of Yo
Go=(x)- By assumphion T fr ol te™N | Hur I =xT'= xT + (o).
.

s iw.?h'o; Yok xT=(x). la- yeI WwiHe x=xy , Hees x=x7-x7"= -eeo= xyN

¢

AY

B oyend(A) ai Hun x=0, o wniodicHon . Hew T=(0)-

b A be an Qrbwion \-ina . "By U.BL\' ang (1-83) we knowr Hhat Weny prime.
lded oL A s moximal amd . thar A hos oy Fllely sy moxiwal 1deals .
o Wt = i“‘)"‘"im"-i e e Ad- 8 wmaniwal (prime’ {deals e_-%_ A By U.H\):

-i-
P L =
WL = D= T ).
Sww Wy, My e mwually Comoxiwah by the Chinere sewoimder Meovem. (187
4 é é
- r
W oy Y -7
MLIA, = | (we o=l "o
- /'b,:'-‘i L=

-5\2 ii-S‘f\} P is o ke ™M sude dhak:

. , -
Wl = (TH V= T W™ (o).
V=g i Laj -
s shown thok i o Oehwean h‘n% Hie zero ldeal is @ L%{uék\} ?méu&‘ °£
WMoxiweol (deal. Wt wake une o,’;_ g Qoz_%— in erder +v showr Hhok aw Qrhiwaic

?‘Ik% s Nedbunon, .
(I.ts)%mm: b A be a viu.%, e whick ke zevo fdead s Product a£
{%.'u.;k\\i, vnm\.ﬂ woniwmo, ideals. Thue A s Noebherasl i:. and M)’ l'g. A s Mmim.

Jn ?or\'mdw—) “"& Ot an V'Zu& is  Nodbuenan .

Rr He proef of (n.xs) we heed:
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U.X‘) lemma: L KK be o %&:H and Y a Kovechor APo.u_T\u. -?o\\m.n'k% ave nﬁu"vo}iev&:
(q AiukLV> < s

®) g (V)<

(&} V s a Nedueriaw K-wclor Aair. .

(d:} Y is om Qrhwan K- wdor. Apau. .

ool ol (185): Ld miC A ISlsn, be monimal ideals wille (0)= ;.. .. m, . Gusider
e chain ef_ {deoly Azmzmm = ... =
- A . U X .

M = Y, omd Mi= ™ m"“.f‘h;--. m, aw K= A/mi - vector Mpases - By (L& -

L o Nedadaw if ad ey il He M owe Oriwan . Hene
He M\, are  Noellanon A-moduer L;. g owly i
i

W
Pk Yo=wmimowg

M. .. Wy = f0:3 - Tk {kc‘of moawies
. .
the K -modulen

L tey aw Orkinian A-wodues .
ana  Comsider e  txack Azquinces :
0 —» ‘L

—+ A — M, —— 0

0——»}2.————42‘-_—-—-0:«5&—-———;0

6 — 2’!’-;L Zr-'. — M

4]

LY . O
- = >
&ro MY‘-S ©

A Nebavon, =g ‘}” M,  Noeethinan

= 3,%, My, M, Nechuwon

Ly’ " P
& —gra, M, —, Mr, Noctunaw
M‘) ~1 H\r—}; Mr_‘ = _é,,_‘ Nodnasn

M‘) — v’lr_x‘ MY"S = ‘&r_i M’K\‘M

4 4 1 4

! L ai Y
dr'._ﬁ-) d\'-i‘, Ml‘)“.._' M‘-L QH'\MC\M,

¥ A Orhiniav, |
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QA swmilar argumedd  Ahourn : A Qhniaw = A Neetheraw

U-“) cob"ar%: e A b o h'ua,. A is Orhwaw if and ﬂd’ il A is Neehhevan
aud ey priwe ideal of A i meximal.

Drood: "=t (1-82) and  (1.35)
PELR Suppose thak A is Noebhenow. and sy prime ideal o} A i3 wanimal.

T inpliea +hak Bresy  prive. deal o A 5 maximal ond winimal. We Ahow-
e e next chopler (2.17) Mok oo Nectheriaw doa ouly -?\h.dd7 Many WMinimal

Ph'uu.s. Lel- 1?L={iu,,.-..,h.u} ke e Al ol maximal (mim'mn.l) ideals of A.

Than.: . : n
r WL(A) = [Mw = T

A 2x) Aaj
Sine We(AY is a 4{-\1\(};\7 %u\cmkA ideal  dhew t's‘ a keN h\&dt. ~+hat -
By _U.XS‘) A iy Ghwan .

(I.Y!) Coml\gq: EW—\"& Orhinvos h'n.% is \scw.or‘;\wc, L oa u’qyu.k> ?vocluc.‘- of lol
Qrhiwvon vinga . |

o Lk A ke ac Orbiwion Wig, Mlefmy,—, vy ] Hhe dile adk o,
moximal ideals of A. e hnow Hab Hue is o ke N ac Hhak:
‘°3=%M;k.

4=y

S e Vdeads H,“._“m,: are muhuolly wwmaximal L7 Ha Chinese Rewainder

— n
ReoTEN ! = Tr
A C= §“Lk-

T igA A/m-k are ool Qrhwa ik moximol ideal M

L



