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CHAPTER T BASIC TACTS ABoutT “RINGY AND MoDULES

———_—__—_——

§I-. RINGS

(L) Definition: Lk A be o ving. be ddie Ha Tollowing Aubrls of A

() A" =leeAlT beA: ab=1] He bk @ wik o A

(k) NZD(A) = {aeAl ¥ beA-10): ab$0] +a A of no zevo divisors (NzD) o] A
() Zo(A) = A-NZD(A)={aecA |3 beA=(0) : ab=0] Hu Aol zew divison (2T) of A

(d) Nit(A) = faeA| T neN: a"=0] He wilmdical of A (4 Ak of
nfl?o\cu} domenks Of. A)

(L2) Remark: (a) I A s not e hu.un‘u.a , (A%) it aw abelian group.
() NZD(A) s o mulhiphicakive Mbafoh.? of A.
() 3¢ meNlD(A) amd bceA wHe oab=ac W b=c.
(d) Ne(A) s aw ideal of A.
() [0) = N2 (A) < ZD(A) =. ANA"
{{e A" ¢ Nzo(A} = A-ZDA) & A—Nfl(A).

P (&) Lk abe NL(A) with a®=0=b" for some
biwowiol Jormuwla. v cowpuke : (a+by"™ = 0.

mwe N Opply He

(12) Bxawples: (o) A=Z : Z%= {21} ; N2D(z)= 2-(9); Z0(2)=(c); Nil(2)=(0).
by A= Zlez:  (%ez)" = | [+1,T-11] = Nz (Zlen);
o (%lzy={Lel, 021,021, 0417 ;  Nie{Z4z)={lel].

(@ A= %/uz @ (#nz)"={01,ts],i7], (ul} = NZD (2/122) ;

2o {%/nz) = { Col, L2l , 031, v, Cel, el 097, 00017 ; N2 (Hiez) = { Col, Cel }

(d) L+ A be o fuiie h'ui’ ond e A Thae o is o witk InA & a is

o NID of A Tuua A" = N20{A) . T slademenk i false dor  indincle rings.



I

() Jehwhion: Lab- A be a h'u% amd T A o idead. The vodical of T is
c\q.,'uA.ky: mA(I:)::'laeAiEneN: o."eI-}.

(\.S’}’Rc,mqu_: (m;, M‘_I} is ok ideal of A

1-

polee L A Ar be the conowcel mop - o N(i)=&-‘(“i\(5i\}>~

Frol da)lek a,be vd (@) Wik &' LM eT for some w,meW. By +the bivowsial
dormnle - (uL)M,eI. ‘

(1) Dehiwchion: Lo A ke a nug and T, I S A ideals. T aud F ore colled

,(l.?)’Rp_»\m-k: ek A be a \';K% ona I;})K&A ideals .

(o) T and G oxe comopimal &= 2 aeT owmd be | wite ab=l,
!

U T oma G ore comonimal  Hhoe I&‘ ==In—c}.
ic.} U T ad G oo omankimal  omd L oma K camoximal T T oamd IR ave
GomaIwad .

Frogd: (B) TnY = A(Tn}) = (T+F)(Tn}) =T (@) +J(ETnP) TF T+
(c> T omd 3y comaxiwmol =% 3 ael onxd be} wiHe o+b=1.
T omd K comanimal ~p 2 oleT aud cekK Wit dvc=1.

N of N , s
= |= {q+‘c)m‘+c} = aal +ab +ac + bo
. -

~—y- ho

& L. egk

Tawn T axa K we comaximel .

ll A be o n'u.% and IU "‘";-In. idedls 0{— A TThe map:
.
Lf . A ————— :}Z. A’&L
& —— Lm+I,) o+ Ly, o

, a.+I,,:}“ ée.}«n..u; a hommr‘pki.sh of n'ru%)s.

*-
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(1.8) Tueorem-: (Chinese. “Rewrainder Theovew ) Q».Luuf:\-\'ow; oy abow. .

n

(o) pis I‘) —, L, er Vnu}uo.l‘i\‘g Gowoximal  Fhan {’L}' ;o= 11 I
-
. =i

Az 8

L N X ._Y-. } “‘ v" :!v
(b) G is swz,edwg_ = T, __ T, ac wuiually  comnximad.

TFrool o (o) By fnduckon. cw n. The case w=z  follown fowc (17).

h—i |
h—{ = u: Supprme. K ni“ T, = 0ax. By U-‘::} W oome T, ave comaniwas-
=} (=1 ‘
Y. 3
: fi.’\‘} . T = 6.0 = L c.ﬂI'
Oppiying (7)) eqein: [Ty = KT = KT, = 0T
4 ' N rs [R— . f . .
(B\) ‘—-—‘—\e",- We Ouiy  Ancw- g __f. Gne  d., Qe o0 WG . Siwie Yo

Aurletive Fast s o we A e ylahe (1,6, ¢, Thae | = (\—a.)-i—o_

nHe \so.(uodI'J amd a.-—;-b(moAIa_)._ﬂaws l~aeT, ond aeT,.
T, and T, we cowonimal. Simiar arguments skhow- thak T, T, av

W.\émo)\’ comoxs mal .

. ) , . . . . \
="' & i nounh o show: ¥ jsien 2 ajeA with ¢la{y=(0,—,0,1,0,—,0)
-

(o de % oplaw). e ouy show: 3 aeA with Qo= (1,0, 0.
Siwg, I‘+1:i =A ¥ 1&\-‘;\4_& ) = &\‘:eII and k\;‘el—i (’z.sjsﬁ.*:} w ¥
Pk -—-——{"

—

n
Ihew - ] RN — ‘ .
_ Q = jlzti_qﬁaﬁ = |+ al w&uc_ & J:i\‘s" 2&35&. and o.ieI,-

T‘\M \P’LQ. = (‘)0) —-—-/0) .

(19) Remarh: b A be a principel ideal dowoi - Tho A is factorial
fud oy idead Te A s %u»uu‘ké by twe demewd : L= (a) o some.
n

2 .
e A, —Th‘“" Q. o= u . T F-"l
d‘—" 3

whie b an wuduolly  wor—asocialed prme. dewewh oL A ¥ >0, ang
| 1 )



and ue A" a wt Siwe A is o PrD ) e ideals (ﬁ"i} are. MM‘R}:
tomomiwmal . Thwg -

= (o= (3 L A 7, o\
/ (?li'“'“?’nnif’:\fii?n---”\’an}"
4 ’

Ll (M, <) b o pabilly ordeed Ad ad KEW o Abad. K i calld
@ duin of NP XS (owpldey) edeed | ok is, if dor ol Kk, k, €K

thar k<R, or kg k . O cewed me WL s colld an upger  bound
o X i} ksm for ol keX.

Zor's lewwma: Lo M ke a honduf\—:, fu#\'a.\‘y ordered A iw wlich !oua,
haw KL harn on Wpper bound . Thewe DL hon oo waxemal elewment .

Depiuiion: @ parkially ordecd Ad i whidh ey hovic haa an uppes
bound s called  wduchvely ordesed .

(1:16) Theorem : (Existonce of prime ideals) L= A be o ving, S=A o
uulHP\icakw_ M- ad TcA an idea wnHe SnI:;Zf.Thu._-.

(6) T ad- WC={J<Al G o ideal with Ty SA-ST is padally
ovdesed \::, mdubion. and har  Wwomimal  demends

.(L‘} ,Ew_na, maximal  demenk of U s o ,fﬁue_ ideal o A

Prog. (a) Sime Te N | WFg. e have + show Hhak & is
induckvely odexd . Lo Ke N be o chain . Gousider e Ak
k= U7
2e X
and woe +thor K is e ideal of A, Ll a,beK.'rmM ave
&, e X s acY, and ke, . Sue R ois o chaln S g, o

A}

'y g‘zi . ‘rh% a+rb & K,



TeK oad KnS=¢  Hus KeM ad K is Q. upper boung o TN
4
By “Zorw's lemma. I har O MOXIWGE eiomewt T

Bl G MGKIMAGE  Ziemeuw— Sua ek Goe A

Suppose. ok ae T g be T Than FgTee os FuTele s b
T W&}.:Mn} A ’?ﬂc. € VL and Falere T T iz e
{/?4%-\;3 nS =4 ©
. ; .
S, =prRa € Sf
;
Swaee S b w Yﬁua-kpu
i
S‘S‘l - k‘p,-‘rb&i}:};‘,_ + ch" = % :’z.+ ac‘?s_ 'r‘frii%t;’;l i P e & 8,
e S5 & 3 ;& CEWATRD L LA T, i ‘:'.u: LOULC 0 S S 8 T VO S R R R Y L

5

Evué ideah U@ A iz Cowrasked ih oo moximos iaead o AL

oo Q?Fiy ‘\i.iO;‘; te T ORa e mikineiiconive.  Aer S::"’i'.?;.
i L ]

\k;q_\) _@wiioné: A’ = A — \J W

MG A MoaRine iaec

Ll _E:_m ari: b A ke ir.mz .

s s . . e L : - -
s - v S i G EiwmE Lo R MRt PRI Je.
3 ” Neg . ] > (5 YV bV o i ks et da Ty . RN T - PN LN L
' .
. . 4
N : f N —
LY T tal
H !‘. He o0 E i‘“ e
S dh s, T f

: = NI e b deal then £27HQ) s o Prime. lgead of A
(C} {G:" G \E} %&szism o - Ccna?ou.de)\ e ;bg{’ bwein, +the. Fn‘hne_, :éexa,;s of A

Which  (Owfiive 1. Owa e ?Y\Vo\:. 1oe@ly Pf. ’6';"""’4__



ig

ll‘-i-} mg%, - A Le_o;n'w% ond Lo A an ideal .
(@) WA =rd(e) = M P

P A Fh'mc,

Al .
(k) od(T) = M P
' PehA prime amd TP

Veooh : (a_)“g' ae hi\(A> =% =0 for- somene ™ = ael for tvesy ?h\w:.\éml P A.

2" Suppose. ae P dor all prime ideals P AL Gnsider e Ad-
S={la,—a" —JsA. S i a mlhplimbve a- ol A. I} a0 for all
netN Han Salo)=@. (110) opplicd 4o () and S yidds Hh oxisine . o

pime ideal & oL A it QnS=¢ o wwirodidion . Thus a¥ =0 for sowe ne™,
(b\) b &: A — A/ ke e amonical map . Sinw. Hwre s @ - cowe/«:faoudeuu.

bebhwean e bhwe ideals of oA whidh cowaiv T awd e —F\'HME_ ideals of. A&

oMd siwe Td (T = & "[m. (‘*/i:); , (b)) Joliows frow | {a.‘;-

(HS) Cove‘ﬁn.\-z-. Ll A b a n'u.%. The  Ad- of zero divisory ZD(A\} is the Wnion

o rewme  Auitoble prime. ideals o A.

?__'0_',?_2 S:NZD(A} s o Muii—{?‘l.\'m}ﬁvc. Ak wth Sn (0\}.; ¢ ’53 LL-\D\} Hax

is o prwe idedd Fo A wike Fni=g. b W=IPeA | P o drine

ldeak with PnS=¢ 1.

Claiw: Zo(a) = P
Pet

@ﬁ daim: Seb T = \i_m’?
@ ThasS=¢ = T = A-5=2DA) =>Tc ZD(A)
‘ol ae ZD(A\ = (o.)S-.Z.D(A) g (o.}n5=/¢- By (1.i0) Hux s

@ prme. ldeal RS A Wit {0:}253. and AnS=¢d = Qe and aeT.
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(L) Defimibion: L A be o wvug . The A @ prime idedds of A
Sf&c.(i\) = )(’P.QA | Pa ?\-iuc_ \A!-n-\_ﬁ
5 ocalled Mo s o AL

u.w)mm: - A b o \1'»\%,. E:u-a, fn'nc_ ideal ’Pesrtc.(h\) conlaiua oo
Wmikiwal tm‘ue_ ideal .

Tl . L Pe Spec (A). Gusider  Hae Ak
T = {QeSpee(A) | Q<P
'Y'L+5i and AL s Fo.\—Hu_\\7 ordesea L, b aeverse'  tuclusion -
Q<a, «— Q cqQ,.
Clain: T s l'\\dudﬂ'.w.\? erdoed
B. kb Re? b a chaw. Tie ideal ,K:Qy& is o piwe idel

8 A Theeforn Ke T oand o e wpper- bound n?w-:}i-'\'h_ Araleomeard-
“hlows Wb Zoru!s  lewwma.

(118) Froposition.: L A be o vug awd T, T, TS A ideals with
T, — e prime. ideals L w>2. T e ,LL}?;

ve=|

Hun M is an IS jgn Aude ek TR

’P_vo_gﬁ: ’57 mduckon o k. The core n=l is -mwal.

Dbt " n
nel = n: bv\ow;\\l : I c ‘U'P.‘; 4 T = lLJ "(F,’;nI> )
L= =i

.
We waudk h shewr: Thee s an \sl'sh_ Ao thak In'fg'.s iL-j\ T (%),
'\':f.a-

N
AL (W holds  Hauc I=U ('P& r.,I.\t, c U (P‘_ and e atalement
: =]

v=,

Y



*c“om ky \.HA\KCA\OVL_ -
.
I ordes o show (*\} WAL WV leyen In’%% U P oomd  Yuke

L=,

w 3
. / A , n-
o Tnf) —U® L Py o Ta e
“?i k=2

Caim: y¢ T ¥ lsien.
Poo=ls & amd a0 ¢ = 7 ¢ T, I packadar; i n=z
“Fasn. \I;¢F} awmd Y¢TF,, o« cowirodichor. .

AL nye  thear a, ¢ F:  ond —E— o, € T ¥ ZLigwm.
=2.

p k

Thuy \ff’pt‘ ¥ OLSugn.

b
Slwe T, & prme ji a&é‘?; amd  dlsc yé“:'ﬁ) o cowhodichon.
(118 Definibion: Li- A b a Vg, . T iaeal

Jrad (N = Tiwm
MS A o Wmak. ideal

s callea Hao “gaceson vodical U.I;.. A

(129 Tropesition: L~ A b o V{wz and ae A, T
o € jrod (A) ¢ l-abe A* ¥ beh.

'qué_- S ¥, 1{; i-o:b;? A -tor‘ Ao wme \bérf-\ Aran Yeare is o W‘.OQ(HMQ.:. \éwi W
—

b, l-oabem. Siue aem we haw lew o cowhadichon .

PN Su?_‘pogc_ o,%w._ J:or- Aome WMoxiwmos 1aeeh wm S AL Thew \M+f_a>=A

1

and  tax. oaw demewh VEW o be A wit. W4ak=!. e

A »

i~ak=n & AT o ontradiction .

*

(o) Remark: bk @v A =B b o kcmomm?inism. Gg.ﬂ'“%h owmd PEB

o Fﬁm iqead. Twe Cowrrochow LP""'P\}S-_A & a ?n’w:_ {oeal .

0
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§z= NAKAYAMA!S  LEMMA

(1.220) Proposibion.: leb A be a Mg Qud M aw A-module.

(a) Howy (A,M)=m} g: A M| ¢ A-linear] =M

() bk F be o fue A-wodue ond Beibificr & basis of F Feny wap )
€: B M odads uniquely o we A-bivear mop @i F —eM,

Proof : (o) Every ¢ € Howy (A, M) is emiguely debermined by Q).

() Pr x= 2’_:1__. arbieF with oyeA and ol bud %..;;d7 wany i =0
de‘a’l&.’-

PO) = 2 ).

tf s tdl Jq;yu\ and A ~liveor U\u’ﬂw.\\m s 4Anviadl.

(1.23) Propesition : (a) Every wmodue 15 Jackor wodue of o freo wedue.

(b) Lk M be o filldy gueraled A-wmodule . Theae M = A% for some
Audoble neN  amd Aowe  Aubweduwe WU S A®

(€) Evy fackor wodule of o fuwldy quonled wodue i fiwildy gunevaled .

(d) L- M ke aw A-wodule and UEM a Aubmoduwe. U U and Wu
are dwldy quevold thee M i ‘fw’\‘.{.\vdy geweraked .

Pool: (d) Lok wy, —,mge™M such kol W, W e M/ is o agdene of
guarckors of Mu . L w, U €U be a aplew of geuerators of U.
Thaw oy, g W uy s e sl of Geuweraton o M.

(12%) Theovem : (NWY“".““ Lz_w\mn.) L A be o Vr:v«z, ond LA an. (deal.
™ {ollow.'ul, we  squivalent:

la) T < Jrod (A)

(k) For Ry {-{u‘k\? gnernled A-modue M i TMaM then. M=0C.



Poof: (@) =H(b): Lk M be o fillely queokd A-modude with TM =M. AL M40 thew
Hue s o wminimeol c'u\u?.y- we N aunch thak M is gemcroled \»I n clumendy  thua
M=Aw + ... +Am, whoe L wiimol . Thew

M= TM = { );.L;m.;ls;e:x:} ond

"
Cm, = f‘;l. bomy  dor dome biell -

nel
= U-by)my =2 bimg
L=

Sinwe \':he';‘rnd (A); 1=, e A™ . Henwe M s %u\c.\'uH \#7 Wiyy ——y Wonoy 5 O contradichion .

(b)=a () * Suppose L4 Jrod (A) . Thew Husx B o waximal idead me A widh
Tdwm ond m+T=A. Lt Me AV $0. Thew TM STrmdi= A =M.

U.IS) Com“ua: Lt M be o A-wodde and NS M o Aubmodule &0 tha) M/
T f\'\u‘.\d\‘ ?.M:.vu&.é A-wodule . Lot T < Frod (.A\)'\ae_ an ideal wile
M=N+IM . Thae M=N.

Prood . T (MUN) = (TMNY/ = M/, By (1a4): M =0,

(1:2) Remark: Lek 3 M—sN be an A-linear wap and KM and LeN

submoduder  witle @lk) e L. By Ho 1S l'&om.a'?\\ism. Hheorun. ot s aw
A-lwar moe T Mk — N de ko He diagrowe M N

Gwmubes . § is called Yo mduud wep oy \9\;

21

(I.L'I) Com“m-\&: Leb p: M-— N be o A-lwar mop sucle adk Ooku(t?} = N/l'“*-bp)

is o «?\w.lds} %zwnh,é A-wodule . I IAS}M(A‘} & o i.&r:gl'mc&, ok Fec
mduad wap F: MAM — NN b surggchve |t @i Aurechive



. N SN,
Tgsﬁ: Sing ¢ s Ah:ku;"\.vt. , N= tu(«.f>+'I.N. "B\I (Lzsy

a3
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§ 3: LocALIzZATION

le- A be o comwmulahve n’u% wnHe \ém‘.&z 3 , S€A a wmulhplicalive Ad- |, ad ™

on. A—wodule { Apecval Lmphodis  ow the cane H=A>. Ow. Ha Al

MxS = A‘{mig} ime M and seSE wwsider Hu relakon:
N - [ ~
(w530 (my, 8. =4 2 keSS 2 F(s;m, — S m)=0.

(l-zx)’ﬁzuuk: AL S, fLquivalence. velobow ow MxS.

'F‘TQJ‘.: Su.ﬂ:osc_ (u“s"“} ~ i\v\.,_; Sn\} PR f‘(slmz-— s,_m.\", =0 ';u- sSoOWAE ‘{'.,GS
amd

(“1;_, 5,_\} ~ LH_.“ $3> e &S‘ Wy — S, h\a_:‘; =0 %or‘ Anwme 'h',_e S.
) N { A
= O= (s} (s,m,~ samy) s (s my —saw Y = (% ,_s,_> (symy — sS4 )

Siﬁ-u— "&"{'_‘ S‘ € S H {.”\1) S;:} ~ LM;) Sa\ .

Uoﬁ) “Vepnition and Rewark: For av. A —wdude M dehiue.
NZD(M) = e Al tm$0 dor ol meM-10)].

Qi demeantr *e NZD(M) is called o woulor demend— o~ o non 2ero divisor on. M.
Quoraingly ~ ZO(M) = A ~NZD(M) is Hw Aak o

P Zevo divisors 6r how '»e?Jax
deML\v\'& T M.

I S NZD(M) & o wulhiplicalive A thew

(i\} {w,, S.\) = ("“za'sz> = S M, -5 % =0C ' '
is Q»xcu:ﬁ\‘g e tawvolen Atlokion. fat o MxS. ﬁmwe»u-} i 'S$“ZD(M‘§
) dods ho defwe an towivalence vdakHow ow Mx§

The  Ad- °‘§. all u}u-ivdeuua_ classes H"S/‘\' s denched b\'g S;‘M and He

tawivoienw.  clams evf_ Ha somewd-  (w,s) & denoked by B~ (or ”"‘fs‘}. M s
calles  He dowlizokcn. e ™M by &

==

(1.:20) Froposition. : (a.} SUA s e emweadabive h’t\% wnth iéu&{i-} under Ha Operadions :



V. Q.‘)Q.le A; V Si)SI& ~ & + 5_} = ‘LQ‘I “ 5‘&’. Ql
3, Sa ond F %% o 2183
33, s, Sa 3,8,

(&) M s an. ST'A - moduwie  undesr  dhe oparatons :
/ §

¥om, o me™ sy, 5eSae A M owm, o SaM, S, @ m
Sio se S5, ond ToA =g

. i 1 ! i . i . {
Proot : e onf\y show  Fhoi- Hu oddiHow. i well definad . Suppese. +thak-
(W8, "‘!U\a)"tx\‘; oug {&W;,Sz_\zuina)-&z} . There e o W, U, €S Ao Hiak:
* ' . rd / ‘.
B N N s ™ ~
BASiA =Twm) =C oma u, (savy -tiw.,_'} =C.
= {ws)n, = (htim, ama (8,800 = {“1%4—\} s
s N A% i =, Fl, 2 - >,
= i”:;t,_u;ul'} (s, w, + 5,0, = [E& 4, U, iy =T LV Uy S} Wy
= 4 7
= (tpun,nsng + (fnu55)n,
= (uy, s, S,_) ('h,_ n, +1 “z)
D (sam, rsmy; 55) ~ (B, + Eny -!:,t,_).
- . © . )
Nele +hok Ho zere demed- of §TM s T, and tHa \Je.\d\-h& elemenk

of_’ S“A‘ s 4

(l.:bx} 'Pcmo,*z(.)'ﬂe. wop I:A‘g: A — STA unil (A‘s(o.).-; % is o L\omowo-‘:h.‘su.
of h\u?.
() STM s aw A-wodue wa Upg. The map Gyt M —+STM
wibhe iy (M) =T i A -linean
() S < NZD(A) e (g is ikpichie
S ¢ NZD(H:) <3 ‘;H.s is iu‘n'd\'w
(@) Gels) £ (STAV
(&) OeS e= STA=0O

U.‘.’m)Tkean.w\.: (Uuivu:o.\ ?\-vtx.rkz of S"A\/ kh A b @ ing Se A a o
wmultiglicakive. Auboad— | and ¢: A —T a howo weorphaisi of ringh wnte 9(5)5'5*.
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Thic Hare 5 @ Waique homo mowphisne n A STIA — B éudz thait
q T g

s
He c\in.re.\u. . A — B
sTIA ks

C-O\M.W\u.\c.s} Le. toas = ¢.

Proof: Dpine  4(F) = ple)ls)™
() 4 is well defined
Suppose. %" = %: => J teS, t50, = 5,9, = ) gis,) play) = o (€) ¢ls.) play)
4lt), pls)), pls) € B =  led) Pls)™ = gla) Ps)y.
(i) + 5 a kowwuorrhfsm, of n'n?&
“!’(%J, ' %f) = 4p(aq, q(s,s,_).'= ¢la) pls)” Pla) s, = ’7‘('3:) ‘Y’("s::
U5 +35) = 9,0, +35,0) 9(5,5,)" = (P(s)gle)) + P(s)9a)) 9ls)pls,)™
| = ¢le,) pls)™ + ) pls,y" = '\"(:;?,‘) +¥ (i’_’)
(7)) = U)LY =iy
i) oips(e) = +(F) = ¢la) ¢ () = 9(a)
()  Uniquesmess
lb- z: S7'A — B be o homomorphisne. ot Z'-l;‘lsecy. Then
T(F)=t(F)clt) = o(F) =( (£)™) =zlf) el = Pl ¢pls)™ = ¥ (F).

(133) Remark: (0) YL S & A" Heen s 'S on isowmorphisw . .

(l-:) Y A is a domain. and S= A-(o) Hhen STA = QA) is called Hha

Hdd of guokienh o A. Using (1.32) o can Ahow +hak QUA) & Ha
amollent Feld Con.%u.iuiu.% A (v ® isomvy\m‘sm\}.

(<) M gueral } STA s lled He loalizoon o8 A ok S ond STM i e
loalizakion o M o S. Y Pe Spec(A) is o prime ideal we wrle Ap = A
bhe S<=A-P. Ay is called W loalizaliow of A oF P, Simidarly, M, = $M
for S=A-P it called e fowalizabiew ol M ok .



Y

(1.3%) Proposition: Lk g: M —+ N be an  A-liear wop and SEA a
wubplicalive.  Aubaek. Tuee s o wique S'A-likear wmap Sy: SM —» SN such
ok e diagrom M s N

s b Ldas

-
ST __§_9_~v SN wwmwmuwles .

Progt . Dhiwe ¢ by SH(B)=V . Tris taay o ose Har Sg i
Wl depwd  amd  STA-limar.

(l.35) CO\‘D“O.\'%' lq) :&_ N&H M —a M “S S v \A&*\‘\a ov. M "'H\cu_ S IJ : §7 H—#SN

I.S “‘. \‘AQM};\'} ow. S-lH H S-“AM‘ = \.As-iM .

(L) AL ¢:M —N and Nt N —a T oy A-\iugar hafs,‘\’kun S*(*otp}:: S"«f ° S"‘cp.
localizabion. I8 o ovamamd- fwﬂdor' {»mw._ Ho Co..\t.ipn& of. A-wmoduwler iwro  He
CQ)C,%OHX eg_ S-IA*MO&\JGA.

Q Aequance, ag_ A-—wmoduler oud A -lnear mo.rs:

<. o«
—_— M M S M

is called exoct ;.g im (OLL\; = kr.r(v(l‘.*.l) ‘Qor' all e Z..
6 — M, N M, B, My —— C

fsA talled o ahorl-  xack- hesuence. il

°8 Meguance,

. 1] b Y » At 3 \,‘
{c,f; X s ingerive ’LL; lm{m}.aker(fsjl ot
(_c.\} ?} is S\uy.c}wc.

(136) Theorew : [ lecalizakion. i q,;a-) L A be o h'n%‘ S<€A a Muﬁ.ﬁp\{m:kvc
Mulohed ond

n. xactk Mqunce of, A modulv; owd A Waear maps . Tae induced Aequuence
S-AM' 5 L3 S-IML S_. — S“M »
{s om fxoact Mquana o STA-wmoduen and  STIA- likear mogs .



a1

?_n;ef.: We  kwour: S"iﬁo S - S"(Fwat) =%o=0. Tkog{m:.: im (S"«)Sku-(S'\FS)

T order +v Show = L % e her(&ﬂﬁ> = S“PS (%):_E%'_')_—.—.o w S-lM-s.
== o d

teS: Pm)=0c i M, = PEMN =0 and tw e ker (B)= inlx)
— 3 ek, whe xstw — Sk(E)-HO- I -m
U.’b‘?) Com“c..r%: Lk W be o Adoweduwle °£_ M. SHu s (isomorf:kl'c. 40:) a
submodwle & STM  and ST (W) = STM/ gy

-2

Foof : Apply (L2 4 e ok Aquoae O —r U—— M — My — O,

bk A be o vug, T oA e idewl, omd SSA a wullphiakive Aubnd. Gousidesug
Aoan ae A-wmodule omd T an o Asubwodule e MW&'\&% g: T —v A
twhe glay=a) iz A-liwear. By (L3%) & WMduus am STA-lwear wap:
e v ST — STA "By ‘{"x.BL\:‘; Sve. s x'uéi.c.\-\'ve. omd we Cousiae—
i o) &

J— . - 3 3 - - . 1 ; ¢ i
T =471 ecT ana 3€SY oA o Auwori a§ AL ST s em ddeal s 8TA

(1.32} Fropesition.: Lk A be o ring , T€A an ideal , P A o pume ideal | and
Sc A a mulkplicakive Aubiel
(o.) ST < S'A 4= TnS=¢g

() Y PnS=@ Huw S'P is o prime ideal of STA with g (S7P)=P.
(§ W FSTA is an ideal Hun K=-f.,:’; ('}) is om ideal of A
ot STK=].

(c\) e i3 o 1=} c.om?om\ew.:_ bedeeon.  Ha prime Weals og. S™A
omd  the prime ideals P ol A wile PrnA=¢.

’&?_e&.: (0%""": eSSy = '}"‘% for sowme acX sel§ = 4 teS:
-t(s.!-k.a.>=0 = ts=a € InS.

¥ ooy

"1 e SnT — f=4 esln = sTT=STAL
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(b)) STP is o prime ideal
Suppose. oy, €A and 5,5, €8 Wil %-%_‘fi&s"p =P gye?,ses

e .:,Jsé‘;=§‘ = 3J+e8; 'ﬁ:(SQ.,qz_~—S,s,_f>>-_—.Q =3 (-ts\)q,q,z_afs,s‘};e?

Sma P s ?ﬁme_ Wi th Sn?:@ €T g, e =~ %‘;E—S"‘F or %i-e S,

- . =i - ‘- -t
tas (STP)= P Obviowsly, Pc (g (S7P) . Law Q€ Ui (S7P) . Thew
ILMS(?} =3;‘='§' ’for Ao ?e'FjseS = ~te S 'C{S.O'-c’f«—‘—‘-(«‘ b &

P.

g

%Sq = t?é? va&u_ ’T‘h S:ﬂ¢ aau; f’?n.mc‘ : ?

m

(<) tasy
u) U Qo S7A is o prime ideal then k:,e:; (Q}«F S o prme ideol 8f A
i STP=Q by (). The waps:

20 - {/PS.A [P a prime. ideal wﬂ-k’PnS=¢§ i—’—_’ N=1QesA\GQ S ‘deal Pf
& -

adined E}! § (P\}l STE and ’:LL(Q‘ "A,.s ’\Q are mwverie to toch other, le.
t-¢ - idy  and ot = @A

Nele: I T eA it o el i+ in queral wob due Hak (7 (STT)=T.
Example:  A=7 ond T__:J\ls\- , S=A=(3) . T %“(|§)=3“(3‘} and
2,5 (ST3)) = (3) 3 Uis).

(:31) Popesition: (a) Lk q: A —B be o howomophis £ ringh and S A a
Mulur\icw\—ivc subrdk . Thew Lp(S) <B is o mu.!\-ir\ico.!rivc. Auborer- amd ¥ mduus @
howowophisn. o wugs A STA —5 @) T Akied by (%) = PYoots)

() L A be o ving , TeA an fdeal ) vi A — AL He canonicol map, and
SSA a wulkplicakve A Tew:

A 2 0l) T (Ak) 2 SR
¥ is 7 meq iy

whare S."\A/fi‘ dewolers +he Jowlizakion. ot A-modue A4 by &



S~~~ -t I
Preof : (a0 'E\; {32! ‘e
I P i .
s e L—B Iy e
Lo I s - i S ""l’j‘“"{-’ kf 1S SI; vE
< . ™
A L
, I g
C s . I
o oMM res
N e o g . : i,
(el By (o e 8 o howe METhAS M
L ’ .‘
2, 0 -
I‘*ﬂ s 3 A'/::: . ns o e e
- e
2
70 CommiLees
C . e - el e :
LA PO = Ny =~ braaL e TT L o it S
NN al s B a A RO TN P :
’T:_'g:-"". N = ”'«:. “"‘:‘»"T:\T‘ PO Rt &:4

f\s Ay c."‘t{\m. .

OLV(GME\“ N Y kc.r(*"»\; R 4}—{9;'\; = \““),f\){,;‘} =0 =t AteS such thak

!

: ~ . A s ¥
v{-t'\}»{o.} =vaLi=C in AT =4 ate Ll ana
P L
Iso [y o nwax.
morphiswe o P
By Q2T e s ek \'seue‘r!;"nish«_ Oi_ STl
4

H . H T
i A be o riug, -

ideal of A .

U.‘ib‘}&g&r}&:
{ﬁ_ A- A*

s an.

—WMoc wes ¢

g =

LAY

"f‘=°’f5}-§:€-5-lz. A i an

Sé—‘/\‘.:" g i

- H 1. . I - ' & 1 L 1y 5 e
43 [} {ef b R :
[L I v OO r?msw\ a0 ﬁy.%b; AU, Thak- <we c\c;%naw.

: ¥ H
L ¥ .
[ ERVY NI, e, L

b

A has sxacky ene moximal tdeal il amd only

Proof : Lk weA be o maximal ideal. L w s W only waximal ideal of A

N

‘“Au\. &\e.A*‘A* +

Conversely ;
1

Vi A — A

A=A s wn tdeal of A Y wg A A®

TS & . 1a § . 3 i 5 . . . s A H s
LD Telwihion: @ wng A s Caliea o Buas Gl wag. . M hoa @xacty Owe
R St £ T 2 ;
. .t 2 s . . o Iy 3 . l‘, oy
A MG 10ela, ™y adita e AL —-lblod nn% e A NG Oy DRIy WMoy
i $ I
. 5 0 t 3 3 : ve 2 N L
Wokiwgl et . Some. oooke  Codl @ Vg A 6w in AN ok Uxocrly  owe
L4
. i , 7 z . H e . -
Moxkimon taeas Gnd. 1L A s Nedbwnaw.
4 * N . \ a3 1 % J o~ - b A .
Kecalit Y Pe Sx'x;{A: 3 o brime idea) -thers AF =87 A whave S=A-T
Ltadl ;



V(L‘i').)’Pro ihon: b A Lk o viu.% omd FPe SP&.U\"'; o priwme {deal. The V\'w% AF

s Wl wnith  Woxiwmol iseal "PAP.

Proof: By (L3E)(B) PAL s o priwme ideol & AL and by (L38)W) TAp s

e o\m\y woxiwel ideal of Ag - Qs akivdy , OWe.  Caul  Ahowr A;-&AF-—PAF,

\i

(1.43) Excu_g_?ic.: e A= Z_ ) PEZ- o prime nuwboer- o "Pa{.‘g'f; & Spec{Z. . Then
Zp = Ly

2y & o FPID wike acky o prime ideals » Spec (z%‘:}:{eﬁz{?}“g,

T \riua 7/.(?\} 5 difload- %vow. oY V\'VL% ZF whacle s d+ne& or foliows -

<

iow p S § 1
1 Tel | mueZ. omd Prw Y

v : — Y y 7
LF = (i*“ e @\ W, WE 4 cuea vi=b %or- sowme e W 3
L3

Nele ok '7.’_‘7,:.5"‘2':’.. whare. £ is W Wuf‘ﬁr{?'%{cni"'ivf_ hode 1 4 "-,?3?&?-... Y.

3l

(l.‘ﬂ)’?romsﬁ-iov,: Lk A be o Y‘;V\% omd Pe A o wmontwmal prime ideal . Twen. P < 2DU\}.

M: Ll PEA be a miniwmal ?n‘wc_ idea] . 'Es‘, (1.38) e n'u.% "PAF han emoc}\:,.
 Owe prime ideal PAg. "By ) = owll (Ap\}a'PAP. Lo aeP-(c) =
% end (-AP\% omd e is o ne N wnde (o”-r"}“ = 0. ld w be chesse winiwat .

Thew. e is oo e S=A-P Ao Hhok tot =0 omd "Ea."‘é%-f} = & ZD(_AJ
(\-‘tS}'T}EEuGﬁoL: Q n'u.z, A s wled veduud a’ﬁ, nil (A\-(D\‘

(1) Grollary: Lk A be o wduud ving, , thew ZOWA) = J P

PeA win. prime
Fosb . By L) : "2
‘" Suppese o ZD(A) and ag UF . Thow Huee s o be A-lo) with ok=o.
abe® fer all Pe Spec () = e P for all wminimal prime ideads PC A
= beawl(A) = b=, o cowradichon. |
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L) Rewark: Lk A be a n'uz, omd S A o Mu’.}{?\icm\-ivg Auback |
'(g‘} X A B o PEL |, S°IA i3 o PID.
8 Y A b dodonal |, STA ik adorial,

(C\} 33_ Ak wdwwd ; STiA & mduad.

U.‘iX)'R:ucu-k: lad A ke a h'u.z amd P A o ?\';Nc_ ideol . The vealdwe dom n'n.%
SelpAp is isowmorphic e e didd o auckenh Q (Ap) -

MtT‘w conowical mop Vi A — Ap mopks S=A-P iwkc Ap —(0) . The
abalomend  dollews i {i.3%>.

(l.HQ)T!E'(M: L M b aw A ~wodule . The a!c\bm‘u% ave, lﬂu.iv&";e.w\-:
(Q.} M=(0>

(b) My =(0) for all moximal idels WA,

’E'gi: (b)=1>(a.): S\ﬂw&. ME0. e wnnd do shew  Hha e is ab least oue
moximal ideal WeA wille M, #0. l neM-(6) oud onsider Hhe Aubmodule
N=Ak € M. Sie Ny €M, dor ol wowimol ideals w . A i Adlias to show
ok Ny #0 Jm rome woximel idesl M AL Th map i A — N defimd by
¢a) =an ¥ acA is A-limar ad  Aaegickve L T =ker(y) . Tho N& A4
Suwe N4O , THA ad Hue is .a_ moxial ideal Mo A it Tem . Thew
Nu":(%}*%?‘ A";iu - S I'\!LA-“‘:}".ésIM*AM ama Ny +0.

(x.s'o) Q_'N&:é: b ¢: M= N e o A-linear ““‘f-—ﬂt -io%iomx% are. ﬂugvajm;:
(n.‘} ¥ s inf.ci—ivc (or— b\u-zic.\{\n.) bl'}.'_c_"\'.\lt.) m.‘;:d—u.d’;

(L:} g, s (u&é.c,\-ivt. (or murgichive | hg&m,wcd—wd},\; dor oll waximal ideals ws A,

/P_'g_u':_' (L:) ‘%(h\‘,fk\; (L3¢) aﬁ,h'ea\ o 0¥ IeN o *"&i—oN—-—-rO; mrecfr{vd‘;;.



(6) = (a): Consider -+ txack Aequences :

b w i . g I3
0 — Rer{y) —M 9 N axd M-F,w -+ Coker (4)
4

'57 (x.u‘} ,-eor' all moximal {deals wmC A the Auzmu.s:v

0 — ku—(q}n — M, S | N, and M, -—EP-"—"——;\ Ny, —— caku—{np}m—-——) o

are ixack. Jn porbicuiar &u—(q,‘*}m = ker (L?M‘} amd  coker L), = c.oku-('f"t} .
Y, s inydedive for all waximol ideals mo A e+ ﬁu—(np)m = ker (¢, V= O dor
¢ 7
ali mawimal ideals WM& A &=t ker(yl=c (by (14 4= ¢ & igeckive
O Awd wt ied o Coke el Aumestive. cade.
milor argume appli r(\q> Yicdds  He  Aurgstive

(l.Sl} Qm\‘mmﬂ: Ld- M be. a. A-wmodule . Ue M a subwmodule. and we M. Thew :

x€ W e=a "M,.,(x\feu\u_ dor all wawimal ideols WM A

v £ b L b , L ' y R

froo . Cowsides-  dhe  A-linvear Wok  : A — M4y dedined L:; gp{q,)=o.>k+'\A X

ovi &= Q=0 d¢=p | = i we (@b wmiw N - s ol
Obwoubi\‘;) xel Y=0 m(?:}._o. Sine.  w (‘?,Jw. “M“Pu'} 401- oll wmosdwal

ldeals WS A, e slolewmad  dolow:  drowe (149

[JEN Caro‘:"aaré: leb- A be o domain amd QA 4 Held of. quotenk . For adl
maxawmal iaeols WS A Cowsider Ay o /.w)cviu% of QA . Thew:
A M A,

mCA wax,id.

it

M: U=A ad M=TA aw A-subwodules o QA)

wite A=Uu e ™M |
Tor oll Woximal

CH)"-—(,:} & uk M

{deals mc A MQ_Amz—_uw_.Tkm?em.
‘?or' all  woximal ldeals M < A, Tor all xe ™
E\; {1.5!> : M= 1U.
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