CHAPTER X1 : TWE Kosaul COMPLEX

§l: REviEw oF EXTERIOR ALGERRA

kb A Lk a ving and kM am A-wodule . Gusider A an o %fQAeA Rhg L\y e
Wvial goding (ve . A=“62°An_ whoe A=A, and Ay=0 for all n>0). let
MO demole e ¥ densor power o M, e M@L": M& — &M with i factors
M iL1>0 and MP_ A T @M=0 MO 4 goded A-wodule -
The  biliweor map MBL MBIy MBGry duad l:y (x.o—-ax;,y,a_@\,ar—s
X1®& —®OXx . ®Y,® —>y; xlends \l'ﬂcar‘\\, f o wmulbiphcahow ow @M. WiHe this
Je{q’uﬂ-iou_ @M becowmes o qoded  omociakive A-alghra. Llide is not
commutakive 1w cignu—a.l @M is aled the demsor olgebra o M. The densor—
o;l%cbrq.. is  characlenad by o

(u.\‘) Uwivertal ?—'3?‘?"'—} et B be aw A-ol?h\-u. (wot Me.cosso.r—i\\/ Cow«w.u}w\-.'v:.)
omd ¢: M — B an A-liwar Wop . T Hue 4@ whique A—al%d;m..
homm\?‘/\{s% A oM — B Q*)Achdw.%, Y, e, ’\}—lM®|=M =¢.

The exdenor alashra. A M is dhe veardue clom dgbra. AM = OM/T wlae T i
Ha ideal gureroled by 1xex1xeMf. Sne X is generoled by \\ow.o%n.neou.s cemenls
AM is o ‘amu\eg\ A-—d%‘-\mﬂ.. e produck 1. AM s deneled XAY. dn gweral
AM s not couuu.-\-m\-ivc.-, i+ s a\kv-nol—iu%-. if %,y e A\M Aomoal..ucou)a,%e.u,

XAY = (-I)ﬂes")(&a\’\) YAX ond xAx=T Jdor x howogemeows and deg x cdd .
((ng.: Consider (x-\»y)'\(x-t—\/))

(11.2) Universal property et B be an A-algebro. (nok hecassari by commutakive ) and
¢: M—B an A-limar hm.rwi-\-k. q:(x)"geo ‘Qor- ol xe M. TThew. Huwe s a Ll que
A-nh&d;m_ "\OND\MO?‘?L&SM_ A AM — 7 Qdedw.% i, Le. ,‘+\/\|H=M = Y.
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(1.3 Remark: (o) The idh goded component- o AM s dendled ky A'M amd is colled Wee
i edenor power of M. Obviowaly, A°M =A A'M=M, and for Lx2 A'M=
Moc/()(‘@—-@X(‘ XJ=Xk eor‘ AMwme s#—k) .

(L) bd- %, —, xy&aM. I T is o Pamw\-u\r{on. of 3, — n] Hun ey A — N Xy =

- sgn(t) YA —ax,. ¥ Te \\,_..,n'ﬁ Mb X = Xy A Axg: il 'Ia{v,,___,\s;}
kit V<<l AT, —,n] wite Tl =g Ak %(:,q)ﬂ-\)‘ wlere.

Lis He wumber o} (§f)e Tx} wile 4>3; R Tal4¢ sk squ(x,]) =0.
TThen X A Xq = Sga (I,}) qu} .
(c) Lek {x,ﬁaee ke o hyplewe o). qeveradors of M. T A™M s %‘Me.ro.z\cd 57

xlerior Pmdw—k xy wh TG and IT|=n. In porticular, if 1Gl=wm<e, Hun
A'M =0 for all (>m.

(4) Remark: - ¢:M— N be o A-liwar Wop .
(@) There 4 o unique A-olgbra howoworphisme Ag: AM — AN 5o Hak Hoe
diogaw. M —— N
nak- | { va-

A 22, AN owmwmules. Ag & &owc&u\w of Ae.%q-u_ 0 wille
Ag (xyn — A xq = QLx)A — A q:»(y.“)_ (Tis follown \'mmu:\io.\dy $rone Huo
univerial property, of Ha adenior product) .
(b)) Br all (50 He Mqumne A°M @ her g — A“M 3 A'N 30 s exack.
In porheddar, ker Ag s geroled by kery (withowk proel) .

(U.5) Remark: Lk ¢: A — B L o hcmov?\d.xm, o} H\nie omd M anw A-wedde . Thew
Here 1 o wohural isomorphisw. o goded B-dggbras: (AM)®,B = A(Mg, B).

lb M amd N ke A-wodules - Debine.

(€) o geding o (AM)@, (AN) by [(AM)G*(ANﬂu=@L+j=“_ (/\‘M)@A (AIN).
(b) a wuhplication. ow (AM) e, (AN) by (xey)(x'sy)= (-‘)d‘m)@q“)(x/\x‘)a(7/\7‘)
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dor ol ‘\omo?.hcowa demenls  x,x'e AM 5 oy'e AN . Then (/\M)Q(/\N) S am a)\r.ma:\-{ug

%mAw\ A-oJQALm. wiHe deam_\ componcwd- (MQA)@(AQN):—": MeN. The nahuwal
Maf MoeN — U\M)@(/\N} ixkemds +o an A-n\vtu\;m.. homovnorpkism:

¢: AMON) —+ (AM)® (AN). Guwendy, Ha wakeral maps M < A(M@N) and
N & AMaN) mhnd +o ko\wm\?l\isuas o} A-alghvar A AM A(MenN)

ond 4, ! AN — A(M@N)-—B\’ the univenal onre.r‘v-& ""2— deusor Ptoduc.\—; 4+, ond
A, mduw o A-a]cf.\wo. \f\omow.orr\u'su A (AM) @ (AN) — /\(MGN). S

Creoed, = idygy= Cyen], by Dincar oxlension 4 and ¢ ave invere bo Ladh ofer. Thus:
(1.6) Proposibion : U\M) ® (AN) = /\(MQN) ok dkma}\'ug groded A-algbras .
[l\.'l)’&orosikom (o.) Bl 1x‘,.__,x“-ﬁ is a %a.v;m}.‘u% Ad- o) M, Hhen 1w | III:[.IJ is
o ?.mm.\-iu% Aok of /\"M.

LB) X ey, ._,cn’s is o bams of a *-a, W\oAu.\z-'F) Hen fe, | ‘I\=L’H is o bans

d AE U padiadar, ATF 4 he o vk (7).

Prood: (b) Nohe max AAc, = A @ Ac,, tohere Ae, 2 A By (IL6) AF=

A(Ae® .- GAQ.‘-,)@/\A&.‘_ Thun \a\, wduckon onnw, AF han aw A-banis
ler,egnen | T¢ Y ‘&
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{2' BASIC TROPERTIES OF THE Koszul CoMPLEX

let A be a ring , Law A-wodue , ond 4:L—2A Qn A-linear wap. Te,
wap 1'“‘3: " —s AL Ae.[l.‘m.a by T (x\,__,x.‘) ué (.—l)';"'l(x;) KA=RIA o AXy
IS am alk\-nm\-\'w% n- Qinear wap. Thus I“") factory -\-\\m% am. A-linear wap
dM s AL — AML it

AE‘) (%A — Axy) = é.. (—I)‘.H L) A — AN —— A Xy,
Jor all %, —, xpel . The colleckon of all wops A_E"’ defines a C&m.:\a.l
A-\'\owuor?lv'sm. d - AL —» AL

(8) Remark: (o) df han +ha %a\louﬁu.% properkiea:
(l'.) J_‘_'A_F = O
(i) For- all  howoguueouy x,ye& AL : %(xky) = dpGO Ay +(—-\)°\‘3" xAdply) .
(b) Sinw dsed, =0 we cblalu a Complex:
) St dy * de N -y d¢ 2 % 3
=) .. —— AL AN NS LEaA—0

ond (i(.) ik«.l:\\'u dhak d_‘_ is an omhdervalow (04_ A«%»u.—l) .

U\.‘\) 'Ee*{ui'koh.' (*> is e Koszul C%)f\e._x_ o b, devoled k.H‘-)- P Mis an
A-Moaule., Hha K, (#,M) is 4 cow.‘:-\e.x \(,(-F—)@AM, called e Koszd Co\uf\e.x
¢ { wile g@‘&da&s i M. I difjeedal s denoled L7 A—F,H'

(1.10) Proposition: et A be a wng, Loaw A-module, and §. L—A aw A-\iuear mat.
(a) The Kosad comlex k.({.) cavies T shuchuve o am amociabive groded

o.lkmoi\‘w% al?.k\-o., namely +hal- of AL.

(£) I difjoenkial dp is o anbdervakion o Jea«-u. ~I.

(©) For twey A-module M Mo complex k,(g,r\) 5 a K, () -wedule in o-vatural vay.

(4) One ks dp(y) = 46y + ()T X dy 1 (3) o all homogeneons demenks
xd K(#) and oll demeds ye K.(3,M).



’PM_: (0.) GMA (\)) %a\\otb' %—ow., ‘“u. Agg-\'h{‘\-{o“,

(€) dear, i} B2 ac A-dgbra and M anw A-wedde , Hen BB M is o
() B-wodule i Ha wakwral Wy .

(A) H dMowak, Yo show ke daing Jor y=waz wi we k. (f),zeM . Thu

dg v (x.wez) = dp (Ay)oz) = A_g_(xm,)gz_ and He ook fows Auw dy is an
anhdenvahon. .

Seb ZW)=kerdy, ZOM) =therdpy, ond BUP)=imdy , Bl H) = im dy

(Il.ll)‘_u_-.‘-.‘uikoh; T \'\omo\o%«a« u,({,)z_ Z.l.f-)/‘&.(.',) is the Koszul hO'MO\O% g’. p.

Tor lou% A -~ wodule M He hD\MO\o%K Z..({-,M)/’B,(_‘,'H) is Acuo\e.c\ \:\, H.(Q)MW aud
wlled He Kosal howology of & with coelhicienls i M.

Tor o subrk SSKU) aud a subred U K (4,H) b SU derole Hee
A-sibmodule o} K.(3,M) gueraled by Isu lse S, ueUy. T

Z,4). Z.hM) & ZWM) , Z0D) BUgM) € BUEM) and B Z M) ©
B4, M) Nohew dhak K.(4) = Ko (},A). The kink inclusion shows thak Z,(4)

is o %ro.AeA A -subal %;L\-q_ o) K, (-Q-) . The Acowd and Hird inclusioun shouw-
ok Bf) % a hoosided idead in Z,(}).

Ul.lz)?vofcsi-kohs - A be a- huq, Law A-wodule , amd $:L— A an A-bwear

(a) The Woszu) ‘\OIMO‘O%\, H, (ﬁ.) carres +he Auchue O_L an  aMociakve %vnAcJ auf.ma\-\'ua,
A- d?.\ovo..

(B) For ry A-modde M e howology H.(4,M) is an H,(8)-modue in o
hodural Wy

Prof () W) is an A-algbra sine Z.(f) is an A-adlgla and B.(4) & an ideal



ideal o Zu(f). Z.(0) & an associokive gmded alleruaking A -algdbva. ond B.(§) is
homo?wm_oub .
(1) Sime Z.(4).Z,(4,M) = Z, (M), Z.U4M) is o Z.(4)-wodue. Sinw Z.)B.(4,MH)E

B. (4,M) B.4M) & oa 2.(-'-)—Au.bmodtde. o Z.(},M)and rine B.Y) Z,4M)e
B (M), H(4, M) s anihilaled 57 B.(4)

(u.\’s)f'orolla.na-. b T=im} e Woszul \omo\o%a, H.({-,M) is ae T -wodue . T
parkicular , Ho (4) = A/ and W (§,M) = M/ M.

Define = K7(4) = Howy (K, (1), A) , K4, M) = Howp (K1), M) and H(4)= H(k'(4)),

'H'(%,M) = H'(K'(#,M». H'(.I’.), H(¢, M) ave called Hio Koszl co\mmo\om ﬂ_,‘.
(Gt cxficienhs i M),

(Il.l‘})'?_vorqs{kou.: kb A be o h‘u%, Lo A-MOALJe.) and 2:L— A an A-linear map.
St I= l'm-‘..

(@) For ol aeT wmuthplicahon by o on K.(}), K, (¢,M), K°(4), K4, M) is
hudl-kowoi-oric :

(6) T amwhifales H.(4), W (4 M), B'@Q), H QM)

(€ ¥ T=R, He complexes K, 1), K, (M), K°4), K'(§,M) are null - homotopic. -
I Fa.ﬂ—\'c.do.r', Heeirr (co)luowo\o% vamishes.

Pof: (a) Lk xel with fe)=a aud Lk O denoke wulkphcation. by a. ew K.({) and
o B wulb gicakiow by x ew WK.(§). Thew & = dp ok, + Axedg - Thus muhiplication.
by o is wdl-houohpic owd 40 ae @M aid Hou, (%, M), e wubkiplieatious
by a o K.(4,M) and k(4 WM).

(L) is @ Qeveral facth.

(c) Choose @ =l and apply (a) and (b).



307

e Ly and L, be A-wodues and 4:L,—a A, 1L~ A A-linear maps. 4, and 4,
induce o Hincar Qom 4‘.: L,@L‘_ — A \:\’ 4-(:(.0)(,_).—: #“D"'L("t)'

(W1s) Proposition: Theve is an isomorphiswt o} cowplexes K.(.[.,)QA K,(f.&) S K ().

Prod: S (AL) @4 (AL) = AL by (W6) , Klf) @, Kolh)= K. (4) an graded
A-dlggbrar. The wh goded compound- o Ko(h)e K. (h) is @ (ALY e (A"L,)
and e difjoekiol dy@dy is depwid by

) 4, @dy, (xoy) = diYey + (D= @4 ()
for xe AL, and ye AL, dp is an awhdervabon e AL which. @inades unte
dp@dy on Hu deger ome component L=Li@L,. (%) Twplies Hthak dy ®dg s
dso an awhdevivakiow on AL & (ALY (AL, ). Sine aw aubidevivaliow sw AL

is um'c‘u.nl\, delevrwined B\’ ik valuw ow L, J;_ -—-c\g‘gd{_’_ (onw'AeA AL and
(/\L,)Q (I\Lz) are |Aew\-\F|cJ)

(N.1)) Proposition: Leb A be o Fng, L an A-wodule |, and 4: L— A a A-linar wap .
Suﬂmse, et ¢: A—B s a \M:Mo\worP\M'sm o:g, Hugh .

(&) Taere is o watwval i.somrf\u'.sm. K. e, B = K.(-‘-@’B}-

(5 W ¢is Do, Hen H, 4,M)6,B = H, ({&B,Me,R) for all A-modules M.

?_’10.".: (0.) By (n.€) (’\L) N A (L&A"B) and J“.Q‘B omd 44@3 ase anhdervatious
ow A(LewB) whidh coincide in A&aﬂq_ one. Thua UGB = dign by e rame
O.vvimul- as w -\-‘u.i;couﬁ_af_ (Il.ls).

(L) d C, is amy @uplex o A-wodules and B is a dak A -algbra | Hen
H (CeB) =H,(c)oB.

leb L oawd U be A—Mc&u‘\e.& wite Rt'uo.t- 4"\»1: 4.‘..--* A and 4-': U A—BY (“-‘0
foery A-linar wmap y: U — L induws a um'qu.o. %wwkum of A-dca,.kms



Aq: AL— AL'. $=d'oq, hen Ag is a Lomcum—,;\«isw\, of Kosazul complexes

he. for ol n He dicux-mu_ N L -éi—-f AL

Ae | L Ao
AU -A—"—a» AL commales.
We lu,s" ALO\»:A:

(ll.l'l)’lio':osikou: e He volakow ar above |, i L= Yoo Hue Agpis «
homwrpkis\u_ 9{. Cow?\exe.s
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§3: THE Koszul CoMPLEx OF A SEQUENCE

Lk L be o fuldy gemevahd he A-wodue wille baris e, —en - O Linear forw
2. L—A s um‘qm.\\l delevmined by e valun Ued) = % dor lsicu. Gowvertdy,
Prow @ heguine x=%, —, €A Hoe s a luear Yorue L — A will 2(:;_)=x.;
borall ISien. e a K (x)=K.(}), Ho ) = H (), Kolx, M) = K.(g,M) e it
L:L— A Ai&r-%‘vwl by $ed)= x,.

Sine. L=@'Ac; and =@ thwe 4 Aci— A il di(e)=x, L\, (n.Is)
Kix)= K)o Ko = Kx)e —e Ko () whare %= w1y uey . Moreouer;
Ki(x) & sseulally  iwvariowt- wader o perwudalion of x.

Sh Talx) ad W T be o du oo o} Ao, Sma H,(x)= A4, by (1.12)
R @ \v.err\aisw. of cwplexes ¢ K.(x) — F it Holy) =idar - @ is
Wnique up do howo‘-op\,.

(\l.la)(P_rorosikou let A ke a ﬁu%, X=Xy, — Y 0 Aequonce i A and I=L§3-
Tor all ¢ Hure ae natwal  A-liwar waps:  He(x,M) -—-)—Tér-f(ﬁ’r,M\) ond
Exti(‘\/::,M) — H‘Q&_,P\)-

’&9_4_: The Wlori:\\-\'SWL, o} CowP\e_xes ¢, : K, (x)—F, yields hwr‘:\«i.sws ol cow.rlm:s
PooM: K, (x,M) — FoM ond How, (g, M): Howy (FL, M) — K (x,M).

(1.19) Rewarks: Leb % =%, — %, € A, Te(x),ad M an A-module . Then Ho(x M)
MM oand W, (x, M) o,T.

Pop: For Hu recond daime ok Hhak- K, (x,M): 0 My My
e dy(m) = (i =% m, ..., (-')"“Xhm)-_mws Hl(i,M)‘:ku— dy = {meM|
Xim=o for all Igign .
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Led M be an A-wodule. Thew M*= Hougy (M, A) demcles o dual o2 M. Lo L Le
@ &m_ A-wodule wHe baais &, —,& - o L,A—_Ae, is o banis e:‘_ N L.
Thus Huve s an A-isowoh‘;\nisu_ Wy N 2= A il wn (g,A —Aep) = |.
(VG is on oriewrohow o{; L\) Tor all O&isn Hu bifivear Qoms-.
AL x AL 2 AML 20 A induw A-linecar Wap W, : NL — (A LY‘"
ddiwd by (WD) (y) = 0y (xAY) dor all xe AL, y e A"FLL Foe Tl ]
Wile 1T)=4 wile I’={I,_,u.‘$—1 wnd W F e}, —, n] wikk I =rn-C. Then

exr Aey = Squ (T,3) ®ryy = x o f 14T

Aom. (T,T) T

This duplies ok foral Ogicn g

! - AiL— — (A" L)* S am \'.sow.orr\r\iaw,.
So-w= 1) Puy and = Dugs AL — (ALY

(ll.zo)’?_-o‘;os(\-im: (Sd%—du.a.\i\-a) bl x=x, —, % €A and M ac A-wmedule -

(a,) ot K@) — (K'@))-n) s an i.soua-?\\&su O:f_CowT\u:.s-
(5) K.(x M) = (K (x,M))(-w)

Q) Wiln,M) & W (e, M)

M: (@) be ed Yo show Mok u, & a Mon‘p\nism of cou..F\en.s."\’k;; Yllows once

We hove Ahoww Hhak w0 0dp = ()N AT cwy whee d, = dy. T Ladher follows
dow o iaenm‘a sge (9, T=491) . g (T-399, T/-497) = () squ. (9, T7) s@lc:,-_:')
whoe veTe }l,n] and ITi=4.

() follow fome (@) and (<) oMown From (b) -

(W.2) Proposibion: Leb x=x,_ %y €A and 0 —+M'—+ M —+ M*— 50 an oxock Aequence

of A-woddes. Tha indund requenie. 0 — i, (x,M) — W<, (s, M) — K, (x, W) —s 0

is an exach Arquence o Cowgexes. This induces a \wae/xad— Sequence. o} ho\ua‘o%:
- MG, M) (M) M) — B (M)
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'P_.g_e:‘_z Exactuess dollown  browe dho Jack  Hhak NA™ e e A-wodules . or the QD“%‘)(Q‘-_,\—
Aquin AMe (.6).

(l(.z.z)'ﬁorosi}\'on.: Ll xeA and C, o Coh.t:‘tx of. A-wodules.
(a.) Tﬁm' s an  oxock Aequani ol marp\m'sws a£ aour\e.xgs:

0 —C — k) — C(-)—>0
(b) The iwdwad \ougexa.c_-\— MGuente. of Ho “\omo\o%‘z s
o W) M (G K ) — M, (Q) T Mo (d)—. .

(c.) Y x is o NZD o C, | H, (C,@k.(,b)é H‘(C_Qﬂy(“)>,

’D.-EL; (a) The owmutakive éio.&xm.w;_ withe. awd vows

d

0O — 0 —— A -2 A —0p

T
o-—»ALA_-uo———»o

\,idJs aw xack Aquine. of mu?'m O — A— K, (x)— A1) — 0. Tenser Wi C.®,
(L) We only have do shew +thok He cowne.c_\-{na, \\omm\-‘;\«{sm is wulhplicabion. by +x.
Lt 9, bk He Ai“.ucn\-ia.\ on C.. dn Auxq_; C oand (-1, He oxack Mguena o{, () Socks

ot
ke 0 — ¢, :‘——L—r C‘;' ® C., =, Ciqy —m O
9«:1 l @ lac'-l
0 — ¢, 2, Ciy®Ciey ek, Ciey —+©
toheve. ¢, s given L:, He wmodnx [ o (-l)i-'x]
0 Ch

The daim follows ‘?u:n. He  conshuckon of the Co\mcc.\-iu% "\DMO!MO\'PL!’&M. ('7-6).
(c) Sina. x is & N2D, O0-—(C F=C, —c, ® &) s exact. Ow Hu obhar hand; ™
Hae commutative é\'o.%mm_ A — k.(x)

] L

A —s Ho ()= A/(sc) mduus o commuhabive éiaﬁm.w_
it track roun:
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@] » C, —s C.Q\(.(x) —_—— C.(-\) — O
o2 !
0 — C —— ¢, — C.o%) . whide gives
(-I)'::" L_D&K
— -u; (C.) — H; (C,.) —_— H‘-_ (C.QK.(X)) -—————#-Ht-_' CC,) —_ H(_|(c,)—+ ...
sl <@ 4 L4 zlent o )

— He) — 5 Hi(Q) —— M (Ged) — H,(c) = W (e)— -
H i eoay o check Hiad W wddle c\iaamm_ commules .  Thua A is am i:ao\uovfl\is\u_
L\, He Foe Lewma.

(l\.zs)%%; leb x=x, — % €A ond M aw A-wodule.
(@) leb %'— Xy, —, %pq. Thewe is e xack heguance. :
o MG, M) e B G M) — M GOM) T (1, M) -
W) Lk x'= x, %, X% = %y, —, %y and oMuwe Hhak X' s weakly M-tegular. Then
Ho(x,M)E H, (2, Mo Aw)) . |

Pof: (o) K.lx,M) = K.M= K (2)® K.(x,)oM ¥ K, (), M) @ K. (x,) - Apply (I.22).
(b) By induction on s we Moy orume Wk s=1. le may permude X; e Hhe Aequance X
and K. (x,M) = K, (x" x,, M} & K(x", M)® K.x) - Thun  H,Gx,M) = H (K, (M@ K.00)=
H (K (x", M)® ‘ch.)) by (M22)(c), Ainw x, is oo N2zDon K (x", M) TBM . Ruk
H(K M) ® AMagy) = H (xY, Msk“/o‘,» :

(Il.z'&) Q»o“gu: Led =y, —,% &€ A and M an A-wodule.
(o) Y x = \»en.\d7 M-mx.lm—) R Ko(x,M) s acyclic. .
(b) ¥ x & A-rc%g.\ou-) Han K, L1> is o b A-wsclubow of A/(L)'

TFoof : Use (1.23)(b).
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(1.25) Poposition: Lk % =x,, ¥, € A, T=(2), yx=y,—,yn €T, and M an A-wodule. I y

is M—N?Ao.r-,,‘\-h.n_ H (x, M):o Jor L>n-m. and ‘-\“_u(g_,M)%"'bMA(‘ﬁ, N/(J_)M)—'-:
Exta ( AT, M).

Proel - The lask isomorplusue follown by (1014) | B sk will be showw by induckion. ow m.

Y meo Hu Bi(x,M) =0 for irn and by (0W) W, (x M)Z 0} T & How, (Ax, ™).

- w0 ond wile M= Mym . The oack Acquenne 0 —4M L4 M—3T 20 induus
by (.2) an. oxack aquince 0 — K, (x M) 2t Ko M) — K, (3, R)—> 0 and Hws
o Ro-mx.xu} hequurie of. kmo\om:

Hi (M) o by e M) — B, (2, F) — 3, (x,M) L Holx, M)

Sine V&L amnihiLobes “.(1,\*1) by (ILN), His Q:o\n%a.xa.c\— hiquena. breaks wp mbo  shord-
Lrock mquoaes O — Hyy, (1, M) — Ny, (e, M) — W M) — 0 . U isn—m Hun
Honc(m-1), hene W, (x®)=0 by induckion hypotlusis , amd Heerefore B (x,M)=0.
Sine. Hy (6, M) =0, Hupy (VS Hyy, (2,M) and by induckon. hypotlusis
Hucmar (2, F) £ Howma (A2, Mgy, — yuT ) = Howg (42, MegyM) .

(L2¢) Theorem: Let A be o Neethurom wg, Mo fuildy gevevaled A-wmodule,
Eaxy—ymeA, T=(x), ond §=grade (T,M) = dephr M.

(o) Kilxg,M) & Otack- i} amd only L. M=TM.

() U K.lx,M) is nob tyock, Hun  Wax WA HL MY 40 =n-g.

Proof: (0)"=": clear Aue Mam = Ho(x,M). " By (L) Suppy (M. (x,M)) €
VIT) n S%PLH):)S\:?F(M/IV\)=¢, whare (0) dollows by Nokayawa's Lemma .

(L) U K(x,M) is nok Wack, by (&) TM4M and g <. By (25) Hi(x,M)=0
for (>n-gq and u""& (x,M) = Extf (‘*/J:,M) ond &ti(‘*f:,ﬂ)#o by (8.16).

(1.27) Lemma: Leb (A, m) be o local Nockherian ring, M o {-'m'k\)q a..h:.vdu{ A -wodule , and
X=xy—,xn€m. Y Hilx M)=0, then Hi(x),—,x{,M) =0 for all (%, jen.
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Proof: By induckion. on. n. The case =0 is hivial. Tor n>0 wrile x'a X1, — ) Kywy Qnd Comsider

He Rov«%exu.\- Mauana.  of. howology bom (N 23)(a):

s WO, M) — B, M) — H (M) — L — R M) 2y H (e, M) — Hglx M) ..

A MG M) =0 Hhen Ho(x,M)= xu Hy(x/,M) and H (3! M)=0 by Nakayewa's lemma
Ama xy€wm . By imduckow hypothasis HL(K”-—,X“M):O fr (24, {sn-l . Swa
W(g)M)=0 Jor Lzs, He above \Duﬂwo.c.\— Mquana yiedds B (x,M) =0 for i>s.
(\\.28) an\\%-. (’Ri%di\'n) led A be o Neethenan ving, Ma %’ui\d\’ %u\:.m\td A-wodule ,
ond *_;X\,_,X“GA. 3:. “5(£,M\=0 hen “‘ (!_,M)=O -‘ov- all i;s.

P} Lk T=(x). Sine Supp (W(x, MY) & MT) , we oy focalize ok pe V(T) o astume
Hok- (Ajm) is bocal Wil xom. Use (N.27).

(1.29) Grollory: Lt A be o NocHuran nng, M a dinilely qevevaled A-wodule | x=w,— x,eA
T=-(x), and omsume thakr TML M. T Qo\\ow\'u% ave tquivalewt:

(¢) £ is M- quasi veqular

(L) K.(L,V\) s acydic

(& Hilx,M)=0

(3) godellM)=n

Prood : By (8.10) Cand homcwork) (a)e=t (a'): x is M- reqular Jor all Pe Supp, (M/zH) .
By (i) (B)e=p (M) o K(x,Mp) is acydic for all Pe Supp, ().
()= ('): by (H.24)(a)

() = (a): W may onsume. Hhak (A,m) is local wiHe xewm. By (W.27) Hy(x),—,x,M)=0

Jor jen. Taw for all 1¢ygn Mquance
o

H, (%), —, % M) =0 —-»uo(x.,_,xj_,,M)=M/(,‘h__,xl._lw x5, Ho (i — oy M) = Wiy — %M

5 oxack by (123). Thus x is M._\‘?,jm.

(Bam (: (128)  and (L) (d) (n.2L)B).
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(1.30) Theorewm: Led A be o lowal Nohenan h'n&. ond M40 a *{uik\\, au-.em_\gd A-wodule of
Puile ingickive dimension. Thew diw Mg iwdime M = dephic A

T_'_gi_: dimM<injdie M. leb dadiw M and e+ TsRG-- $Ta be o chain o privies i
Suﬂ,(n\. ke wond do showr \:\, induchon. on.i -I-hax-}..i (P.:)H).ko,‘rm 4 ('PA,H) $0 and
injdine M2d. Tor (=0, TAp is minimal i Supp (Mp) - Thus RAp (s aw arsccialed
prwe of Mg ) hence Hou,%(km), Mp,) *0 M?H}L‘,LP‘,,M)#O. Suppose 0si<d and
H(Pﬁ)H) *O' 1‘- )‘iﬂ (Pm) M):O ) ‘Htu\_ SA:AP&.H (k(Pw)' M?H)g O and LY (|O.I|)
Ext ‘:APM (AP“’H/&'AP&!’ H&.H) =0 siww dim Ap,, /P Ap, = Localiz.l'n% ‘L"Pt'APiq
yids i (F,M) =0, a conhadicion.

injdin M-AeP'u»A : led ‘*:-d'.';\'LA and M- Ko Xy, Xy be am A-\mx.dar Mquance -
By (h2w) K(x) is o fhea A-voolubion of N=A/x) ¢ Inel. t. Thus

Ext} (N, M) = H® (Howy, (K.(2), M) = HY(x, M) = Ho(x,M) = Mxym $0 by (W.20) and
(119). Hene += sup in ) Ext’ (N,M) %0, Sina A:,PI-L N=0, by (10:13) t=rujdiuc M,



