CHAPTER O: “PRELIMINARIES

g,l : "RINGS

(o) Miniion: U ving A 5 a (wowouphy) Ad hgethar wib wo bivary eperations,
"+ and Vet sude dhak
(&) A is aw abeion Youp Wil aeapeck o 4V,
,(L> A s a Mmigroue  With sapect do !
(9 The dishrbukive.  laws hold - For al obceA:
,n.(L+c> = ab+ ac and (L+c.>a_ =ba. tca.

Nole: 0 demigrowp &5 a wonewphy ad- with aw  oasociohive opesakion. .
~Tumughouk-  the ourte  we only Ahdy commutakive vings A il ow iéw“"‘z dewmed- |, |
be. (A7) & e commubuive ruwigroup by ow ldadiby demend =l Tw He
'%Howiux w \viua A i o ommudulive v{\«% e iéev.i—iw}é demeskt, Nole ‘had we
dlow He @ Woc 120, ie A may ke He hudl vng. |

(0.1) Depinbion: Lek A and B be vingh le. A and B we commubive nugs \oitc
i&“};\-‘a dewmenks 1y omd lB)Wﬁ7. a wop  ¢: A — B it dallel a
kououm‘akisu o vx_k%&_ if

(@) ¥ owyeh i qlxey) = ¢k +¢ly)

B ¥ xyeh : qlry) = P ¢l)
(& ¢l =g

(0.3) Debin biow - - A be o ‘riw%.
(@) @ asubrd- BES A & colled a A%ﬁ&% . A L "B is dowd unde~
addibion. and k\.u.O.\-\'fh'ca)%oh_ omd ik Iy €7B.

() @ rubrd Te A is alled ac jdea| o A if:

+



(’QI s wn addihive A\L‘b%rokp of A
(;C\ N xe I mu:'a 5\1’7&:&\: x\ilej:_

Nole - Jdeals an.  much wove iu.\ucs\-\'u% Haase NALY\M%L lf. T<A is aw ideal
W can AO—%\K&. ‘“uz. %u&zmﬁ- \mué A,/:I_‘.Tm_ b'{l'ﬂx.c}u.& Oi. A/I.-klc\u o

Fe  Mruchure °$‘ A awd s m Womy  Cones }éfw.?\u—'.

(o.4) Remark: Lk ¢ A~ B be a howroworphishe o, ngs , TB an ideal .
Thaw:
() 47(E) €A i an ideol called Hu codvackion of T

(b) L JSA is an ideal ik Wage (F) is wot aw ideal of B unless
¢ suglbve . The Mmallest deal of B codaiwing p(3) is oled Ho

W heg iow ef_ }

(<) t{(A\;, € s a A\«Lviw% oﬁ B.

(05) Remark: - ¢: A~ B ad 4:B—eC be homowmorphisms  of ringd .
The composibion. Aog: A —s C  is o howomorphism  of viugs .

(D.L)‘Rc_m\rk: Lt A b o \'Snz,) T oA o idead. In ?n.r‘-\c.\.lnr) (A,“‘j ls an.
abelian goup ad T A & a howma bhh%rbm? e£_ A T ‘\w:-\\'u&— Foup
Alr s an  abelian group Whder e operation. : ta\+1‘~,1=&+~,1 \Lx,yeA.

Ar s a wwwendative \1\._2, m-R\_ iéu&ﬁ—z, “AIJ:""CD‘ umder “tho MU-““‘F“CQ}X';‘M.:
x1 f)-\ -——'Tx:,-fx %cr- all x,;}e A . Tlae canowizal \m.?-.
t A A —s A/I

-

x — 1

e

A
T o bu-"ydwc. ‘\emohq.ov?‘dsw__ o v'nu?\.

(m}’ﬂm: LA A b « ‘n'k% ond T <A ac idea). T Mops ©



$: 131 3A an ideed with T3l — IR IKEAT an ideal ]

T — @ =%
and

Y:iRKIKEAM o ided] — {31 T2A an ideal Wil T}

K — £70<) = 1(K)
are inverw do sach ohur and  edder prscroing , thak is, g‘sglqm,)gy}‘)
ad KK = 'I(KDE'XLK,_). Conclusion : Thue s o ou—to-one
Gwapondeny.  bedwaic Ha Hels o A whide woduin T omd A deals of Az

(6.8) Dhwitow: Ll ¢: A—F b a kommrﬁush_ of. Rnoh . The kemmel of
ker(n‘)) ) i A%M \.,’:
kcr(\g = cf'" (D): ixeAl Lp(x)=0‘5 )

(0.9) Remark: (a) ker(y) is ow ideal o} A.
(5) () = (0) 3= @ i ingickive.

(0-‘0‘)_“‘%\&&.: L~ ¢: A— B be a ko\u_DMmP‘nishL of Fm.aé and IQ&:.\—L?>%
deal o8 A. T Hx & o Waiqua, ‘t\n\\w\merrkism_ of \{k%b A A/ — B

such Hthod- e 31'64?34&»_: A 3
RN
Af.i '

Commules y e MeE=0 Whar, &: A—= A is He canonicel map .

\

(D.H‘} Govellary - (T‘frﬁ- __rsw:-uor?\uism.. _ﬁ\uﬂ,; Lad- @ A—TB be a hcmov.m??wsm_

f vwgt. Y induces an  isomorphism. of rgh :
Ve () = ¢ (A) = B.
(Nete Hhak (A} & o Adring o B



_(vo.l!.> Defition.: ek A be o h'u% ; Tid, T eA, de, ideals of A.
() T+r={o+th| acT and he}'ﬁ the swm of Ha ideols T and .
AZ‘%I)‘ = { é}\m)\ \ G..AEI)\ ano nl‘s) buw- g\'\u'.\el7 mauny Q.)@:O}
be duw of He idedds T
Ty =1 32 b lnew, o;eX, biel] ‘e produck of 4o ideals T ond F.

() L S A be a sbrk. The ideal (S) gumeraled by S i He smallest
A Hhok coukains S N ) n
- a

(0.12) Kemark : Lok A b a Hu% oma I:_};K C A ideols -
9 % T oy ke, BT & goundd by Qanfren s o

- = ) = b by : .
(Q)‘)Xé/\ %‘ f:?: L}‘Q)\i b)\EA and of\‘a) bud %m—‘d? waky l:x:.O.%,

(B T obtradiows: u+)".r‘." on ideals art Commuluiive omad  arociative. . Moreowr,
* )

Ha  distibukve lawr  hdd IKE‘*K :::‘..:_2 + I

(0.1%) Debinition: - A, —, A, b Hugs . The dired- poduck of A,
is defiad an: A ~_—.TA4-’ o= i(“‘)—”l%\) EQ{&AE.
A= )

— A,

A s o commulalive Hhui, L\} Comfou.\«\;-uisn_ cdditen. and md)%rlica}iou_ wnhe
iée_ufri'\'g, semznd- = il .._a.‘.li\"\

e

{G.%s‘}, Remark: Nelodon an iw (&H), For ol i&s'svb Hue or canowicel Maps :



% i A
(‘M,—-;%) _ o (0) —-,6,%,¢, "'"'lo\}
* d
¥
1 M Wmop ¢/ s Auau:}we_ ‘r\ouohow\m'sm b.?; hut); e L\theo‘c'iw.%

ol ek wide He popedy s Glark) = Gla) + G(b) and G (ab)=ij(e) G(4)
for ol abeA;  Howeves, U

IS hot o hOWOM?kCSM Oi. riwi/; At
i&ew\—\',\—h demenk— e A&' s hot- mm‘a?m whe e Aeu:in*é cdewmend o_f__ A
(L w22 awd ok ke % oF e h'u% A e wok dhe wall nué‘s

e aba® daw a=0C o b=oD,

(O.N) Definihion.: b A bk a h'vu% and S A o abbrd. € s clled a
wulbiphicakive Aubiel- o A |eS ad V¥ abeS= abeS.

(0.1%) Depiwition ang Tropsition : L3 A be o nng ond TCA an ideal.
T Qol\owiu% condifious owe squinolent-:

(@& AP is aw iudegeol  domain. .

Uo‘} P+ A ad ¥ a,beA: abeP = a€eP o be™®

() P+A ad ¥ idals T Jch: TISP = TSP or jeF

(d) A-P s o mulipicobive Aubae- of A.

Qo ideal Pe A wlich sokshier o o Hu o conditions s called

4
o phwe idead o A,

Troods (o) 5 () AP an idegral domain => AP £{o] = P+ A,

- a,be A W oabeP == ab+P = (a+P}{b+P>=O+’P fie AP = aeP o bePF
(H=(c): Swpose. TSP amd J¢P =+ FaeT-F and beF-FP=b
“bd¢ P = TrsP. '



Seb I=(m> wnd 2=(L} Ten obe P TFEP.

(_L}::b(o:}: Lek P biP € AP wite (arP)(b+P)=0+P < obeP
acP o b€ P i aiP<O+P o~ b+P= 0+P.

(Ba> (d):  Hvvial.

(D.H} Exaw.éu-. (q.,} - A be o Jackral domaiw. and peA o prwe
dewment . Thue (F}S/—\ s o driwe ideol .

N { O, s ' I 3 N ¢ .
(By b K s o Hed ome Ay, Z. Veriablesr  sver . The ideals  (x,v .
Vi . LA B

. S : A ;T -
brime. {deols e, A= Wy, |

i N : AN e
Ly;20 ek Ry e L

(0:26) Defiushion.: Ll A b o Ny and WS A aw ideal wid we AL

W IS O moXimal \'c{eo: 6{_ A l'.p fov- i..x_rz deal T A wvith meT

(6.2 Tropesibion: L= A be o h'u.a md WS A ac idel. T &uOm’x«%
o -’-Q‘\A‘N&m-:
(o) Awm. s a {a‘em.

(B mcA s o waximel ideal.

Py (@) () The owly ideals of He bedd A ave (0) and A,

"By (o.T:-} the ouly idedds of A Coui-oiu{u% W oov m ond A.

(e Lk atme Awm e avm = 0+h . Ther adm and
Mrle = A = I ke amd beA with krakb | S (atm) (bim = (W,



§z-. MODULE S

(6.22) Definckion: L A be a Vg . Qe A-modwe ™M s aw abelian (dds‘ﬁvg) Foup
(H)+) 'h%p.&'.v- wit. a map - ¢: Ax™ M

la, w.> — Lf(g,m.):-cx.m.
Auck.  Hiak:
la) ¥aeA ¥V meM: &(u,+m,_>aaml+a.m&
(b} ¥ oaeA ¥meM: (a,+az}m.=o.,m,+azm
) ¥aeA ¥ueM: (ea)m = a, (%.W-:}

(&) ¥ meM  Im=w.

(0.23) Remark: Lo M be an abelion goup  ond
Bd(M) = {T: M—MlT 5 o homowmerphism. oY %rou?sS
b 4he  Ad- o all m&o\w:v?\«iam of M. End (\M\; it o houCowmmudaki ve_ W
under operakiows (T o) (m) af(u:}+q—(m_;.'} and (tof}('@—_--c(c-(m}:} ¥ weM.
M s an A-wodule i ond ami? i Hee is a komwmﬁu’.swg, of rings-
. A —s Ead (M)

AN

Lot S =idy )
(o.z't) Depuction : Lt M and N b A-wmodules.
(‘b) @ Mo..F ¢: M—s N it aw A-wodue kommvpinfsw{. o~ ac A- Liwar

_u_a¥ i;fr‘.:
() W M,m’eM foglw ) = @lw) +t§>€u—’:}

i

(i{.\} ¥ oaeA MwmeM: glam) =a ¢(m)
(L:; HOVVA(H;"I)“‘i (?'M———DN;Q A-“wﬁ‘g
demoMs A O.‘f. all  A-licar waps ‘fwm_, M 4 N.

{c.zs:;”&mwk-. ek M)N)cu.éi_ be A-wmodules.



() &hom (MN) ad e bong (NL) - Aé.o?e&m,,(n)q
(6) L ¢, < Homy (M,N) and defiuc  forali meM and ol acA:
Y ()= N w) ’
(?‘4-(‘0"’ > (P‘(M) ‘P‘-( 7 =2l LP;"‘{?J.J Q(P; GHOMA(H)N>.
(g) ()= @ (w)
s defiwy  on- addition. and Scalar mu)'ﬁ—i??x'm}icm_ ow. tow, (M, Nt}_ Undes e,
Shevosouws ‘EV;OV&A M, MY L e GA-wedule

(e ch.,A(M , M:; it a n'u% (nowmmdd{vc;} Whder \Mui-i—i?{icdwbu_ ' Cownposition.

8. mops.

(0.24) Depiwikion.: Lk M ke ae A —wodule .

ey O Aubad NSM & e A-subowodule of M if

Y N s o sdgrup o (M)+).

(&Y YaeA ad WV reN: aneN.

(b:;‘LJ- NeM be ac A-submodule . The dackor group MWN s
A-wodule  wnder He epeakion o(M+NT = am+ N dor YachA  meM
N i calied e dacker or quebed wobue o M by N.

(02T) Remark: Lk A bk « Wug oma M and N A-modules.
(<) A s wodweodly  ae A-wodule . The A - Aumod wier o A o La-cq.ciéu
e ldeals of A.
{'t;} L Lae™ b aw A-submodule . The canonical Wop -
e: M — M/
Ko o w4+ L
s A-linear,

PR

ic‘} Leh- @ M —> N be an. A-linear mogp. e Reryel aﬁ_ ¢ k.n—(\{,‘:ga
{me M | L?(M>=0‘"§ is o swomodule o"{__ M oand He immié e{‘_ ¢ ™ (c{:} = L?CH\;;
s o Awomodue ol N.

- T i D H | s } ¢
[a} e wodule M;’flm{‘g\ =CDK~U‘{'~f\} is callea  Hhe (okemel of @,



o) b ¢ M —+ N bk o A-linar mep - Thew

¢ & iwddive M,,kc.v—(qp>==0

¢ i sugidie = (@)= N ot wke(p)=0

(£) - NeM be an A-submodwhe. Twoe ta & o 1=l Corresbond e
behweow. Hao Aubomodules Lol M wibe Nel ond He Aubwodues of MAy.

.(O.lt)’onngiHoh.: b @: M —> N b o linear wop of A-woduer and Us M
o ubwodule Wl Ue kﬁ-"(lf)-_ﬁu-x. K 2&0.:547 oue A -linwar ua.P ?: ”/u —a N
sude dwal- M dm?o.w_ M Y . W
'CF
M

ommubey .  Mercova ) ken(jf) = ku—(«,)/-u_ .

(0.1‘1)'qurk: (l“ -lso\mm?\tisw\- 'Thmc-u) A4 U= kcr(tp} Haw G s I'l.aid-iug
ond M/ku-(\() = i‘“—(‘f) .

(0.30) Examples: (a) lb A=K be o fidd . The K-woduwen are l-%«d%)"'\u.
K- wctor Spases -

(8) Ewey ocedias gqoup (M+) is @ Z-wodule by: VvweZ , weM:

n=0 : Om =0 “ YO @ Nmo= M. .. e ; <O nm=(—u>+---+(—m,>
—— e 7.
n-dimes (—#n) ~hmes

(C—7 - A be o h'ua : T o mdex Ak, Gusider e ek
{ - . . T .
AI) = 2 gI -_— Ai ‘X. o Ww.f> W’l'\'h. ‘£-lu>=0 -For‘ Olij bh)" 'gmu‘dd\, MGM‘:/ l&I}
and c\e.{q‘\u, oddition. owd Awxlar ,MulH?i(mﬁm o AT by :
N 3";3‘& Am}) Vva.eAJ ¥ Le L {g_-g-%z‘,h.: o= o.f.{i.:} +- 20—}
(+B) @) = eptd),
Ah‘-' is G A—m.oc;uje. u.k.r:i:r —rm O?ba:{{ou . Mcéuﬁu. B’i,,. -#m'.s /gorw».. Qre.

cied b A-modudes - Usually we wrle demeuh of ATD ar Aquenas



(QQ‘.&I e AT Loher a;=C Jdor dwmost oll iex. U s a %’uik ad- e
1Tl =n  we wnke AFE = A%

,{0.3&) Remark: led M be om__ A~—moéule_ and M& &M) ieI) submodulen of M.

+

‘{,a.} P Ml = ‘)‘ owm | meM ams w =0 fm- almos: all LeXT§
Aell el :

s o submodule of M colled -t Awm o M.

() . .
) M & .o Aubmodule of M.
l‘I ‘
) .M = [N fe. oM s He amallest Aubmodule
*eT NeM o submeodule - oL .
MiEN W ieT o, M whid. cowrains M, 4o oll (eIl

,,(0,32.} T’ioj;es'xi{ov\_t (Hoie.. '1sao\w>v?\n{sm —rhum\} led M be ae A-wmodule omnd
M. M M sbwmodwes.

Vot

‘ M/, =
(u) AU M, e M, Hoon (M 3//( My N M/H,

z, /
4

{b} (Ml* HJ_\%"/I.H‘ = Mz‘o(h‘nn\} .

Fodr (@) Debwe g Mo M, by g (meM)=maeML ¢ i o
well  debiued A —linear mop  with  ker{¢) = M'/Mz, By He |s+ &omafyk{sm.
Taowm (0,22) + VMl () = im(g) = Mim .
() Gnsider He map: A M, —— UMl

M —s waM
vois a swgicive A-liwar map it kex ()= MinM, . The Aolemend-
Lollowr ogain Wit (o.z.?}.

(0.33) %‘»\"\ion.a le M be an. A-wodule ond {XL—XI‘E‘L cM.
(o) {xifier & calld o Ayslew = quernlony of M L T{;:(AI‘D——-H-
(b) 1% Yier & called h'ne_arl7 indetendent if whenever a;,b; e A uwite

Z_f Qw = Z“ bixy Hew aj=bl Jor oll eT. (2:‘ indicales %'m'.k AWK ce.
el : ler

lo



i

(&) {nilier & wlled o basis & M {xYier iv o fs'ue.o.r\7 indepomdent
Ayolem. of.  Gueralors of M.
() M iz cdled o Fuldy quercded o dinde (1) A-modue iE M han a
A Aglem o Qunc radors .

(O.’&‘f)/\chu'kf G A-modude M & Hew e== 2 aw iudex Ak T Auch Yok
M AT = M ha a bass.

le)- {Mdfer_ be o {M\.ﬂa‘ of. A-woduler . SJ-

@IML‘ = H-:*-_:--.EIM; l £ is o Mop Wit L) e M; omd Qi)=0 \co.-}
all  bw- *ﬂk&k‘} mony e

Usually we wrile e demods of DM o lsquenas!  (m)iex Whie mieM,
wd mi=0 for olwosk all €T . (M)ier wpwrmh Hoo mop: LT —s UM
wnab, ﬁ(l\} = W el .
sar_M‘i T o A-wodule  under Hu oporotions:
(m;\;,-a-(n;“}-_: (u;-»u;:‘;
a{m;\} = (a.m{,} ¥ aeh.
@ M is coliea  He  divck  Aum,  of IMilier -

{;0.35‘\'} Remar: Y Mi=A for ol eI hai @A = AT,

J .
4€T

(0.3{.,} “Proposi How ! Lg}- N b an A—moé\de. ona. MU — Mn e N A\dpmoc;u}us .

S .
‘-L‘PFOSC-VL
{o.,; ‘ Z. M,.' = N
b oemai
\ . 5 N
(f % 2gdignr Min (M+--. =M ) = (o).
P Foo
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’M: _57 u'hc\w;x'icu_ ow. v . \lﬁa\ : dmwvial

nel=pn : Consider  Hao A -lincar wmog 9 OM —s N &-.g.-.\‘e_g L’?
v
L?(MU__'_M“)-:M,-P.__-&M”, By () ¢ & swpichve . Sk?rosc_ ("“u—-—;“‘u\)*
i
z'ﬂ-u~0 = My =— 2w €M n(Ma+- M ‘\g,—_-.(o\‘s.—\?\u
[F-% h-l 1=}
W, = © ona 2y M =0. Q‘pfw

i:;i

pouey

y—-3
{ st ; : VISR
e ivcdudkiow Y\qpc*i&i,_sé o Ni= e My s
P
i : ty . . R :
Siwie. N'= @V we obuin. W =C  dor oll A=l o wi=l T shoun thod—
[ . J

Y is myechve .

- {Mler b a 'meil\l f A-modules. Tor all e Hue ae

A ~lineayr mops K M — {gw and Bi: S-E)LML-__.“_, M
defimd by K (m) = Lmi:; Whe mi=0 if {+g ond wm[=m and
?“:(H'J> = Wl‘:.

S\u'&ic}ivc. omd is  Called the tvo&' ow- D\;:\o M. X s utdpc.\n\n. e,
consides M{ o Av.l:wo&dg. O{. ;?IHL- wa X[ . Nok -thok Fi°xi=i&Na'

(037) Froposition: Leb- {Miljer be @ Jamily of A-moduer amd N ouw
A -wodule -

(a_) Suppose. thak  dor oy €T Huwe s gieen an A-limar mop
fo0 ML — N. T Hhoe is trachy
e fex =P ¥ieT
f @m..)

(b) Suppose. Jor oll ieT Hew is o A-Lweor mop g : N-——+M
Auch,  thak - dl weN: gi(n) =0 for all bu- bulely wmany ieT.
e P I8 o unique. A-liwar wap g N M@M e
Peg =g for ol leT

oue A —liwwor wox % @H —s N

{ o+ ;Hm -4, consldmu% Mo e Au)amoc\uie.



