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CHAPTER 1% : COMPLETION ; NoRMALIZATION TUESREMS

§| : COMPLETION

eh A be o vug, M an A-modue ) T a dieckd index seb, ond T M. leT] a
fomily of subwodules o) M Wit M; 2M; for Le) For ey xeM Ak IxaMi|ieX]
be o aulewn of weighkorhoods of x  aud defiue a.“bro\o& on M as bllow:
 UEM open 4= ¥ xeU 3 MieF wille x+M e U,
This %fo\o& is called o linear -Lo]’o\u_;% on M.

() Rewark: (0) MxM -4 M is  conbinuous .

.(L) For oll ae i md-i-i?\\'wa\-\'ou, L\} a: M4 M is onhinuous.
() T M=A : MxM 2o M g conhimucus .

(‘l.?.)'Rewo.rk: (e.) Euuz M is opcn. amd desed .
(6) S= [} M

(c.) M is Sq;oamhA (“O«MsAorH_) . and on\y 4 Q:M.,‘ =0.

E; (o) For aoll xe M bx+M;,&M;' and M; s open. Morecuer, 'Pu- q)lyeH

U)dm.'_ (y+ M) is open. an a union of Spen.
seda. Thus M; is closed. ' ‘

(b)) Y %xc¢T Hhen (rM)n3ol £ @ dor all ¢ and dor all ieT Hwe i an mye M
wite x=m. Hena xe Q:r_ Me. Gomuenely | if xe Mer Mo, Hen dor all ie T Hure
is an w;eM; wie x=m. . Thus (x+-l'1;)h7,-o‘5 =|=,¢ 40!" all te L. :
Lc)'-)': WU separoled | o] is o closed subel-, By (b): 4o3= n;‘r_M{,-
:='=‘ Le)- x,\’eH widh x$y. Sine X~y 0 Hae (s aw ieT wid x-y ¢ M,
Sine M; s o suomodule ep M, (x+-H;_)n(7-w—_H¢)=¢.
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(33) Remark: leb N ke a Aubwolule & M.

(o.)'Tl:g. Viweor 40‘7&0%;3 on M/ dedined by { MieNyy \ic,.I'S is t\u.o\-im-\- Jm‘,o\aw
¢} B dopology on M defined by iM; lieT].

(8) N = Mlep (N+M).

Troe: la) Lk W2 M — My be Hu nodurd wmop omd leb U ™M/ be a Aubrek.

Uis open in Hu lincar 40?0\0%4& > ¥ xe;Tr-'('U) A ieT with WY+ (M Ny U
= YW (U) FdeT Wit xaM; ()
> U is open iw He c‘uo\-w.n¥ -\c‘:o\ota«a,

(5) By (): N/ = W = te‘.'l: (H\,‘\'N/N\) whae Hhe lost Aqll.o&on_. %n\low:%ml‘i 2)(b).

'37 (3 Z)(L)-Nu. wod ule H/ﬂH is Seram\-ul I} is calied -\'\u. &Fwﬂd wodwle
associaled Wil M.

Tor all L€l with L'Qj (and M2 Mi) led ': H/H —_— WM._, devicle Hae
nouval wo.fa.—rhvx. {"VH.’,,‘“’E{] s am. Twuerie s\&\-m. and A= ;QL._\‘_A_ Mg (s
alled Hho c'_;_uu‘:\e_\ion, M witl vepectk to F

By 4he universal P‘oru-\-j o} wverie limidy Here is o unique. A—\ine;.f mop : M—aH s
ok e dingam. M 2 "
N
g  Commuks. Obviously, pix)= (x+M;1ieT) and
"h-q:nM 3»Par\-cular,q MM is mgichve il and ouly { Mis scpavaled.
U M=A, R MsA 5 a ing ond 4 is q_\noMomoy\p\msm of vings.

Tor a.\\ e X My Waps \3‘, H —_— M/M e the vestmchiown q"_ N 'me.c"\okb
£1 b Ty — W Lk M ke By Then Fo= 1M lieT] s o Jowily
Submodules eg_ M wille M*DM {or ;\] Thua ’3: A:%w.s a \mcm—— ‘*ﬁrolo% on.“'\



On the obher houd , F oinduas e discrele -\'vre\b%z, on. M/Mm;. Gnsider Yo produck \-o‘;o\oc&,
on T;e: MM omd e *b';o\o%«a, induced 37 i+ o Ma subwodue ™M= 2\'\M Mm;.
0 basic syslem. o} hua\\borkooe\s o} O is given by} hukP (D)}-in Hﬁ& Sinw

Ilsd\u.\d Hhis M&OLM comcides wide Ao -\o?o\o%ck.}mw\ b\,?""
(44) Tebiwibions Aw A-module M is colled complele wrt. F if ¢: MW,

(4.5) Proposition : |

(@) §:M—M s conRnuous

(8) kergm DIM: N

(c) W is dense in M
S

W) M s omplele.

Prod : (a) let xeM. We hove to showr thok dor wery MY e F* Hiee is on MeTF s
ok @x+Mi) € @O) +M*. Buk- ¢ (M) & ker Bp= M2

() L+ 7&13. We. have o shows- thak- for Loery M*eF* thewe s an xeM i
¢x) €y +M™. Sine T is sugickive. Hheve is o xe M it TG0 = Bily) - Thew
Pilet)-y)=0 and L) —ye M;™

(J) Sine T axe Auryickive | it folloun thok- Pi oxe Aumickive ond induce t.so\um?\mams

M/M* = M/l“l Hok axe Cnm?u}\b\:. wile e ?voxc_\'\oh. Wm.‘:s -Thun-“uxe_ is a
noduvol |soku>rr\msm, /ﬁ = f'\\

leb M and M' be A-modules wsith linear toplogies given by F=iM;lieT], F'=1M] | jeT']
ond b 2:M— M be an A-—h'neo.r'mqf; which. is wonhnuous | ok is, for all yeT!
Haw s on t3)eX uﬁ*k__?_(H;_q»CMj'.

(Q.&)’E@F»i%u: There ish o unique conbinuous ‘_A—h'neax— Mosp 1:ﬁ—qQ' so thak-
%diw:



M-——{'——+M‘
¢} dq
A T ~

Commukes.

'P-m;. uu\(\umc.ss H\oun sinee. M i3 dense in = and M' is scfcm}d For oxislence debine

.ﬁ ﬂm MM, ——-»Qm '/M' L, se.ném% (we+ M, heI) to (_f,(,“‘).l.m l{eT!) . Thisis a
Well debined  A-linear map lx.ca.use_ -.f.(ML( ))C M and l:e.cn.uq_ dor- ki T Hheweis

o leT widle L> u(k) ond £ o), hena xl(k)""Mt(k) =g + Muk) ond "LLJ)*Ml(J)a
Xe +M.(J) Thua 4()(‘_&))4-"4 = {.(x%))q-M Sinee {_ (Mu)) €M7, Hu Wop ¥. is
Cou'\muoug )

N
(9.7) Remark: (a) The Uniqueness in. . (9.4) implies Hhat

P #-a, aié\ 49 -|mcgr maf-s
PM—eM and g: M M oud ot Tdy, = idpy.

(b) L+ M<M' and assume thak F and T depue He same ""F"“’%*E\' on M (ie. for
all JeI’ Hoe is o ()eT  wilh Mt(j)s’- M! and «?or— all e T dtheve is o 3(;)&3:’
it H'(‘)i M). Then {__-a MEM s a hom:omorr‘usm “Thws \:\, (o.) :r. H—-—-r ;l\

is an A -linear ‘\omeomovPLssm In Pm*\mdm- " ‘\o?o\o%»a, on ™ only depends
on the %Pdot&, oy_ M. :

(9.8) Theorew: Lk NEM be o submodule . Then. the subapace %Fo\oa;a, on. ™ coincides
wite He l\v\zor -bfaolo%aa, %we.u, l», IM; nN\ueI}

(@) 0 —N (SN '“‘/N vs -vxa.d- ‘Ev-\-hgrwon_ L(N) ss-deo.su\e»{;Lf(N) e M.
(5) Y T=N, #an 0 — N —-—°M/N —*0 is exadh. Tn particular, M/NA_M/N.

Proed: (a) There ave mabural exack Aquines O —» NN —» My —» Muu,—r 0
AHA7 QI'M ond wse He foct ok Lwm is B mack (7. £3). This shows Hak He
Mquance of (@) is oct To show Jhad T(N)= q(N) wohiu, thal ne(N) is dense in W,
hence 9(N) is dense »(N) On tue olher hand 0 s dosed in M/N , henee
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TUR)=F(0) ix dased i W,
(L) The inverte Azcluus %N/MianieN-ﬁ %M/H lie‘*ﬂ and § MM, \L&N] sd-.s?—&

Ha mumfa‘-mws og. ('186) In Pa.\-\-‘c.u.\nr $or g1 N/M nN — N nN s Sw-&t.\wc.
Towa 0— N — T} — M/N_’O is txack

Conchy  sequenes
I H\omua, ki M be an A-wmodude ond FeiM; I\eN} o Ad- o} subwodules of M
il MieM whenever > (. For %y €M debine e distane o} x andy by
dlxy)=iuf 27" | xoye ™, 1.

Tiawn &r all xy,zeM dhe {-ollourm%, conditions ar Aakistied -

(a) dbuy)eR, dbxy)20, dx,X) =0

(5) Alxy)=diy,x)

(o) dlny) & d(x2) +d(z,y)

d defiues a premetnc on. M. I additionally |, angzo, Hue

(d) d{xy)=0 4=b x=y

and d dq—.ms a wdne on M. lkn."bro\oﬁ defindd b\,A Ls"\hzluea.\—"‘opo‘o% o M
defnd by F

An cement (x)e M M 5 o Guchy sequnee o) M (woet. F) i for all neN
Here is on Ne ™ wille Xi=%{ €My dor all ¢, {2N. Defiua

Tr(M) = ()e T M | (x‘,) s o Gudy sequinie . E F Y
M) is an A-subwoduwe of T Wt (% Mis o ving, Bp(H) is a subrig o TTH)

Q. dewend (y)e remn ™M & alld o zevp sequune. of M i for all ne™ thew is
o NeN s Hhak yoeM, for all (3 N. Lk ’

23: M) = }(706 “HHI (\,‘> is a 20w Sequente. w,rt. ?7’.
Zp (M) is o subwoduwe of. (M) . Tefine Hue *-ggv_uP\cA{om o M urt F
e M e F) - Cx(H)/Z;(H).



(44) Poperbies of the - complehion

(@) led 42 M— M* be defiued by 40 =(Jemy + 2y (™). Thew 4 is an A-linear
mop with ker(4) = (1, M,.

(b) lek- M ond M' be A-modules Wbl linear opologics FmiM;lie N ad F=iM | ieN]
aud ek 4: M M be o conbinuows A-lincar map , thed-is, for- all jeN Hhere is

an () eN e 4 ( Huq))& M { mduus W A-lincar wap . M*—p Min

’PLO_D‘ : H’OHE. UOr‘L

(3110) Theorem: There is om l'somoyf\m'.sm_ 4:M¥= (M,?—’)"'-———-rﬂ:lh,%—')" Ao thol Hhe
c\t'mrnm, y M»
s
\ # commulbes, whoe A is Je{.u& an above. and
¢: M ——»ﬁagﬁ MM, is the wotural wap cH-:m.A L\, tq(x):(x-y—M;).

“Troof: Pefine. o wiop 1 t@;(ﬂ)-——bc\ oa follown: Y x =(xp)€ Ep(M) choose dor all neN
wn inlegee Nln)e ™ a0 Hhak x;—x;e M, for all {2 N(n). Depine T0)= Uty +Mn)
and nolm. Heak {.(x) is mchu.e\m-\- of Hu choiw & N(w), in parkalar, fuery 2ero
Sequane. i MofreA wlo Of = (My)- {.- 15 A-livear and {m_\-crs Hrough e A-linear
Map LM °8
In order to show Hhak L is aw Vsoworphisu we defime an. A-inear mop

9: M — MY o y=(yn+M, )eM leb yue M dencle o teprosuntubive, of y,+M,,.
Then Ly,,)eTf;QN M is a Canchy squunee . Uy dencles oncther Yeprsewtakive

o y+My M, Hen (yw) - (y)) is a zevo sequenca.  Thus by depining. gly)=

(yw) + Zp(M) B A-linear Wap g is well defiud. Morowr, g is imere +o 4.
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§2: T-ADIC CoMPLETIONS

L) A be @ ving , TcA on ideal, and M aw A- moc\ule. The linear krolou, defined by
{T*MIte NT is called Hhe T-odic opology. en M. e T-adic _Lb?ldwn_ Me(mT)r
of M is dhe ompletion. of M with vespeck o Hu T-adic Topology : H—l\_v.u M/::‘M
The wodule M is called I—_&y r.o\q;\dg. if ™M M. The T-adic chu.P\:al-ou_

is o ving ond M i o A-modue wa (A +TE) (xe+ TEM) = (apwg+TiM). I

LM —M s an A-linear map, Hu £ is cowhnuous in Hu T-odic Yopologyy, Aince
'L(I"M)C M. T, -.f. sk and s depined by :?.(xL+I‘M) ({-lx._)+I"M') T
Po.rkuda.r {. is A-livear.

(9.1) Remark: L A be o Nod‘ne.hcm_ ning, TS A anideal | M a -Fuu.‘dsl qureraled
A-wodule , ond NS M a Aubmodule. . By Hu Arhin-Rees theovem. Huve is am n,eN
Ao thak- Jor oll M;MO : T"M AN = T " %o [T oM N) The T-adic "-nfolo%/a, on N

 coincddes withe Hthe linear %Pdo%aa, on N de‘—nu.d b\l ’ltLHnN \L&N—i . Taun
(3.8) \Imlds He «?o“ounu% veauld-:

(% |1)?nroﬁkon- let A be o Neethevion. Ving, T A aw ideal, amd 0—M'—sM—3MI—0

17198 Wnd" Se:lul.hu.. °£' fm\.td\, %U\e"uu\td A wodules. T mduu.d Sequmu. Of. Ho Tradic
cgmrlehous 0 — M — I —s M" —+ 0 {3y exact.

L A o.h‘n% TeA on I'Jea.l ond M. aw A-wodude . The wap A: ﬁxH-—oﬁ
defined ky A((ad-]l‘),m)s((\,w. +I‘Mj i3 A-biliwor. Thuy A induus amw A-linear

tu“f’c ADAM——-DM d'.{nmd l)\, 'B'(La,+I‘)0m)_(o1m+I‘M) No\t%n}-t :
is also A Wweour

(“u|3)_im b A be o Nk.“\&hm\. hwa, ond M a Q—wu\d\' %n\era.\ed A-wodule .
_T'lu_ A—hmr Map T: A@AM —_— M is om |s.omor‘.>\m$m
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Proef: A slomdard induckion OLW*J- shows Hhak dor all neN- ~10): Ar= A&AA""‘A"
ek M be o fuildy gueraled A-module . Tron Hhave ose. mueN with, AM s AP M0
%ock Siue e dusor produck s nau- ack -Hu.su‘uu.nu. A&AA“——»AQAA“ﬂAqH—w
is exack. By (9.12) e Sequence. Ay AW —0 s lam:.\- This yields a
tommutakive Jm-%m-m, with ack rown:
A®AA"' — Ao, A" —, AeM —3 0
Ly, l ¢ l=
';\\'“ — A" — M — 0o

Pm ond ¢, ar lsoMoTklsus Thus & is an isoworphis n B\, M 5—-\e.uwa.

L‘?-I“)—ﬁm Lebt A be a Noctherion hua, ond TcA o.u_m\m.\ Twe T-adic com.?\d-non
(ATYN = is dak over A

“Proo - By homeworke & suhias Yo show: L JEA s an ideal |, e te induced Wap
'ZOAA ——+3A is m&u)we_ “This {o\\om by (9. \7_) G-hcl (q.l:';) sinw '} —_ A
is '"‘i"d‘w'

(Q-IS)’P%\_M leb A be o Necthenaw hn%, T, Ke A ideals M\d £d- "N denole
He T-adic tom?\ehoh Then :

SR DUES
(¥) (g\q'\g(akt)’\~ K.

’?roa;_ () By (1.43) 7218 owd sine A i Yab over A, Jen A = 3A.
(6) By (a): (3})" & 3kB = (3A)KA) = IR

I Ha *o“okﬂ'n% we w]tu-kh,:j and 33 ond consider ﬁ on ideal AQ,Q

(4.1¢) Gml\o.:&: Under Fhe Mhm':koub o} (45): g’; = 2?/5 nﬁ/g?.
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Proofl - CouPlghua, e uxw& Sequenie : 0 —p T} —> A —y N-&-——*o 7udJ; on xock Sequasca
0~ '& —_A— "/z, —=0.

Tor all ne N Hhere is a nalural (*/r)-h'nu.\—- mep T -——’-?:'/f“"’ whick exlends 4o @
ho\«omor‘;\«isu of %faAcA

3 g (A)= @,,e,., /ot — o (A) =By "/;e-ﬂ.

(3.-V1) Proposition: L+ A be o Neetherian ring, TEA on ideal , and leb '~ dapole Ha
T-adic completious. Tha qroded howomorphisu.
% rzlA) — T (2)

is oM howr?kism .

Proef: Lat men and consider Ho oxack sequene. O —» T _;_.\.:r_"'_* I'"/:r.:\'—’o;
Gw\rldiv\% yiclds om 2xack Sequenw O Th e T, T — 0 and T, 2 T80,
Sine Ik (I"'/.I:")"O {nr ol Ren-m, 4he A-wodule TVrn s T-odically complele .
Thua I"'/Iﬂ & Ire = I"‘/"

L‘i.ls) (m-ollama b A be o Noctheron hng,_.ECA o \Je_d and AI-“M-I"OA[C. comr\e_'\'tou
Than Jor- dlne N . A/ = A/A " = A/I"A

Poof: By e prood o (2.17) with weo.

(949) Gorollany: Leb A be o Noclherian ving, TEA aw ideal ond A Hu T-odic

omplchow of. A. The canonical homow,op?\u'su o vings A — (x,l)’\u (K,:?:)"’
is on isomorphism .

Troo): By (A18) + (R, T« i B - fw Baonp = (R & fim Agn = A,



(3. 20) Com“om.a let A be o Nuetherion hh% TeA an \Aen\ amd "N M T-adic Comr\d\'on..
Then T € Jrod (). |

M We have do show ek dor oll 2= (n; +—I‘)eI He dewent 1-2 < (1-2;4+T7) lsn.\mr"
in A. Nok tha-ZeT |uf;\\es -“m.x- zeL for all i and consider § Y= (bezge. +z! +I..)

Then- (l—l)y = (U= )14z + - )+I")_ (1= Z‘,+I.">—-U+I‘) and -2 s a- wnit.

(1.2) Gorollary: leb A be o Nocthievian ing, mS A a maximal ideal o} A, and A= (A, m)™
He w-adic cowpleion. of A Tiun

(o) A 15 o (quosu) local hna with. wosiwal idea] mA =M.
() The why, —adic Cbn.f:ld\on. ok A, is 5o morphic -\oA' e, Ax z‘\u':(Am,MAu)A-

'Pmaf (e.)’B\’ (‘i 18) A/m:‘% = "Vm. Hawn \MA is o. waXimal \Aeda‘,A 'E\’ (q z.o) A s
(quoni) lowad .

(B) Tor all ne™N: Amr = Aw/ura

(9.22) Roposition: let A be o NocMurian rug and Ts ‘amd(»\) an ideal in He
Noacchson. vodical f A Then: ’

(@) The T-adic complehiow A=(A,’I)A (Y %n.i-\-\\.Qu.l\\, Yok over A .

(k) The mabwral morphise  ¢: A — (ATY s ingéckive .

'Pma!_ () By (3. !‘l) A is *Jnl— over A, Sine. Ar = A/:EA ond T e }ad (A) dor al
Woximol lJcals ms A MA* A Thus A s «‘oﬂ‘h?’w‘\y %ldr- cuer A .
(®) Sive T Yod (A): kerly) = () T"=(0).

(9 zs)ExnuP‘r. Lk A ke a ving ; M=Ba Alx,—,%,1 Hhe poly nowal hug, v variables
ower A omd I=(x.,_,x.,3 —‘u.u_'B (BI)A Ai[x,,.__,x,]!.
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’M'De}mg, ¢: Ak, —,x, 1 —""%zgl_ui Bal l>7 (p(-z;

(e mm %) W xS )=
{ Zm)"“j ag) VA B U +Ii) whave W l= G+l @ is an isommr\qism o HnaA.

(1.2‘})?:94”\(: A simclar o,r%uwcul— an i He f""“t- of. Hilbert's banis theorem Ahows:
L A is a Neetheriau h'h-& Hiew Hee Pouxy series an.% AI;,,-..,x‘]l it Noetherian .

(9.25) Theoress: Lek A ke o Nechuvioun ving, TEA a ideal, and & Ho T-adic complebion. .
(&) ¥ T=(a;, — an) Heen FNES A[N,—-—,x.—.“/u,—a.,.-. P Ru—ay) -
) R is NocHuray .
Frod : (a) Obviously, Ax ALy, — % (e, — *e-an). Lk K= (%1, —,%n) , than
K"’b‘i"“n—-;xn"“ﬂ)=I+(X|°°‘1;——, *—ay) and He K-adic +°F°\°'ﬁ' € B uals
He L-adic dopology . Thus by (9.16) aud (3.23): (A XY= (B, k) =

(A[Kl, -,?(,,], K)A/(xl_q_” _I)‘”_a‘)@r‘“_’*v‘])‘(y\ = AE%.,_, "n-“-/(’h-&\, — x\‘~a“) .
(4) By (@) and (9.2%).

(9-2) Gullary: Lek (A,m,K) be o local Nuefkerion ving ond Tgm an ideal.

Then

'Plof_: P K:(A,I)"."‘{r ol neN : /A/I"A\ = Hn, A\ is a local Neetherian ving
Wit womimal idedl W =wA . Thur Jor all se N /B 5 At and A aug A
have Hue rasue Hilbed: - Sawnel polynousial , hence dim A = diue K.

19.27) Gorollary: Lek (A,m,k) be a local NoHevian wng, Tem o ideal aud A=(AT))

A vc%n.\ar iﬁ%&%i@z\\\k\u&da\—:

_ ’M: Sine A — A s 2&.—&@!7 Hak-, by (!.63)(a.> i A \e%n]q.\— »r is A,
Tae wnverse dollows witle (8.63) (b) Awe, {’\met\\ = /A\/ri} Z A=k,



Lq‘ﬂx) G:ro\lrma- Ld’ (A,H,k) be_ P- ‘OCQ,\ Nncuu.hnh. h'v\%,I&M- on \Aed and x =LA,'1 A.
Then dcfw\_/& =dep¥k‘°\. I Pa:kc.u]wr) A eM if and on\\’ i A is CM.

M: Fowe worlk

(9.29) Theorem: leb A be o rng, TEA aw ideal, ond Man A-module. Assume Hhak A is
T-odically complele and M ic T-adically asporaled. Lek x,,—, %, €M 20 thak x+TM, ...,
X+ T M gemevake. Ha Afr-wmodule. MM . Thew Xy) ——y%m %mc.m)—:_ M. lw ?ox\-\'oda.r_‘
Mis Ruilely genevaled

’PLG‘.x U-VEM-TG: ol j20 \u:. constructh Q(j&t"') Isism, so thak with s¢s=éoqw
ome han y- Z5. Sij xeI™M. T s = ‘?:’n: s €A and

y-— Zc:. six;e NIMM. Sive M s T-sepavaed | ﬂI."M=O, and 7_—_2.;' Sc%( .

Iu ovder 4o comshuck oy, A j=0. Than Huve ove ipe A Ac thok

Y- Z,;:. Giox; € LM . Assume aiy }ov 0&vE - have bean conshrucled 4o thak-
Y= T syo % €TML Siwe M= 57 AxgrIM, Hax ave aif € TS so thak
Y= Zim sy % T agxg e T

(2.30) Theorem. (Chevalley's Theorews) Leb (A, w) be a complele. Neelherian ring and led-
F=3TlieNT be o flobon b A wille Moy To= 0. T for tueny iwleger §
Hore ouishy an ily) o Hak Ii(j) S wd. (ie. e w-adic +°F°‘°3'3 is the uniqua.
weakest 'hp\o% ot is Mparaled .) :

Procf: Homework
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§3-. COHEN'S STRUCTURE THEOREMS

(2.30) Theorem..: (Hemsel 's Lemmo,) Let (A,m,k) be a Vowl wng thak is M-ad\‘axlly Complele.
nd lek FeAlxl be o mowc polynomial . U Tim A&]=ak e RGA whive g and 4

axe wowc folynom'ds iw ROx1 wile ﬂd (%, h)= I, Hhoe dhere ave wowe ‘,o\ymm'ds
G ad ¥ in Alx] with F-Gh. :

'R_oo“_: et "= denole imoges i kTx 1. e wonk 4o conshruck \:\1 wduction ow | wonic
plywownals Gf and Wy in Alx1 o thak F= G;H; wod wi¥ATK | G, =q, Ho=h  and
for 350 Gi=G;, wmd Wi Alx1l omd H =W, wod wIACK].

Nokice. -\'kcd— ol Gy have Yh Acwme dc%.u, &%% Twws G = «Q\vn Gy is o well- Aqnu.e\
fdynomo.\ n Afxl hk:\.nsc. dor W= Qim W, Then F=GH omd G, H are mowc withe

ng amd Hah. o

M oder Yo conshuck Gjamd Hi Jor j=o fd— G, cwudl-h, be. amy Wouic polynowials
with Go=g ond Hy=h. o (>0 onuwe thak- G and H;, have been conshuclkd.
Thw F-G G M) = Z.a.tu whee 0;€wd aud Uce ADxT widle de%u <Aca,'F Siuee,
q3(gih) =t Hewe ave p;qekx] with W L= Ppig +qtfu.. Modifyiug p; wodulo &
(division ol gorithue) twe oy orsume. thak- deg 1’4-4‘5%\‘- Than deg(qih) < deg F=
Je%%-;-c\e%k oud deg q; Cdegh. Lo B Qe AGL with T =p; and B;= qc and
ndh cka'P duzp‘_ ond dgaQ\, Ac%q‘_ T U =P G, — Q@ H, € m AT . Sebhing
Gj=Gjm + Zoai@e and W= B+ ToaiP we have F-Gjuy = Fagly -G (Z4R)
~(E aiQi)Ho mod WIMALXT and hewer F-GiHje iHATI. Moreouer, Gj =Gy, mod miAGK

oud G is Wowic sine degQy = deg q; <J:%%=dua, Gjn- lkewise for Hy.

(8. 31)’?.0‘»:4\0\‘ et g A—B be. o ho!uouovf\m.su o} rwgh oud \d»-‘}c‘ﬁ be cu vdeal.
Assume Hhok B is }-—tha.lly CouPHe. aud Hhok ay,—, a, are elewmeulr o} PE

(@) Thre is o unique komomvPh\sw_ ol ings A AT, —q, T— B wilh A, =y
and Alxy=a; dor 1¢ign.
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(b) 1 %o imducd map Ty: A——-”B/z, s surgichvt and ‘a=(°~u———:%) ‘hen 4 15
suqidi«aey

Pk (@) Leb T 5 by x ™ € AT, B Tefi 40F) = T hy) ... 2,
Sine. B is }-odically omplele, 4(F) s @ well-defined dement of B and 4 i a
homomrrkisu 4 viu?; Wi, 4l =¢ ond A(xiy=al for all lgigu.
In order o prove wiqueness  Wokice thab Alac, o s waguely ddermined and

Hhak Ay, 0l s e I=(x.,__,x0—-adfc aomP\e.\-icM, o Alx, —,%,1. Sine 4

Is onbinuous (4(T) e T)r A axbends wriquely 4o a hououwr‘:\m’sm_ o} the completions (2.4).
(b) lo T= ALy, —,x, 1 y L= (x4, —, xn) T, and consider B an @ Towmodule. wa N Vs
T-odically cowplele , B is T -adically sepovaled | and 1+ IBe iy =T/ queeks
‘87’3. over AT, By (2-29) 1€B qoumles B an a Towodule yHhed-is, 4 is surgchive .

(3.33) Depimibion: Leb A ke o g, E: 2 —p A the hommovPLisu od vings defined ‘\py E(l) =la-
X net™N with kf-\'(i’.):(h)) o A s called a hvn% o} chavaclerishic n. Notakion: c\wu—(A\=nA.

(3.24) Rewark: (o) 4 A is o dowiain , char(A) =0 or har (A)=p >0, theve p is @ prwe
numbey:

(b) Lleb (A,\u,k) be a local Wng. A char (k)=0 , thew char (A)=0. TIn this care A
conlaing o sublield which. is isoworphic +o @. A
(© U—(A,m,k) be o lowl ving . Y c.hn;’(k)-.—.P)o,-l-\uu_ har(A)=0 or chor (A) = p"
dor rome npl. L _
(d) ®or a local n'u% (A,m,k) Jdu, kl\ou\'ha dour cares cam occur:

(9) chor(A) = char(k)=0 (em @< A) _

(i) chor(A) = dhor(k) = p, prime (o= s A) |

(i) ;har(A)=o and char(k) =p, prime.

(V) char (A)= P b prwe and IKn¢so | and char(k)-_—.]: { camnol cccur of A is
redund )
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Troof : (b) The composition. of matural wops @=Tre. 2EA ATk i iwpckive . Thus
P Z-O)cA-M=A" ¢ uluds +o o Wap §: @ — A

(c) A char (A) =Y'=F"‘+: i >0 anmd ptt. Thew () ¢wm omd E.U:.) is awnid Tu A
Taws £=l.

(9. 35)'94.,41” A lowl rng (A, u,k) is colled o equol chovaclenshic if chm-(A)-dm-(k)
of. u.uu‘up.\ c\la\-ac‘u\xl-;c i c\v\&r(A\)-k c.\\ur(k)

‘(q.%)’keuqkz (e) A local h'ua, (A, \M,k) s of u‘unl chavoclerishic . and ou\\, i A
Conbaius o dield.

(C) L A be o h'u% which conduins a Ydd k. c A. Then L\\, Zorw's Lewmor A coulaius
o maximal Aublidd &, with k,ck,.

(1. ‘5‘1) Deinikion : ldr- (A, m, %) be a local hn% wite p:.c.\uo.r(k)zo Q Cov.ﬁncwvu\- h_a, o Asa

M.Lhu% AcA ADM (Ao, o) is a owplele Nectheriou -ana\\'w\% with. w =phg
and AO/M ==k (w. A=A+M)

Nohe o} a Cecﬂnue.wl- m\% Y a {A;H i and eu\7 it char(A)= dno.v-(k) in. which cane.
W is colled o Gelbicient feld.

(Q.‘sx)’ﬁ\wm (Co\wu) ek A ke a coup\c\c. local (Noc\-l\cx{an.)\r\'na “Then A has a eefpcrent

\'m% g c\\nr(A) P > P oprime and 1<¢ngew, te A S V/(P") withe (V, (P»“- com.‘;\ck
discrele valuakiow g .

heod7 Prowe o Apecial care:

H-'b‘i)-r\;ﬂz Lel (A,u,k) be a_.Co\u-P\de_ \b@l (Nod-keﬁnn) h'vuk. RN chn.r(k)-_.-o) +hen.
A hon o Cbe“"de\d- +¢H



Procl: Sine A conlasur a field, by (9.36) A wnlains a waximal Aubliedd. b T: A—s k be
He nodural map. e caim Hhak T(k)=k. Suppose vek and ek xe k-T(K) - ’

Gael: o is drowsandestal over (k). lek ach with Wa)=uo. Tor wery viowavo

poly wowsial Feklx],T(F)$0, and T(F)(«) =T (F(e)) +0. Thus a is ‘romsundedal

over K .amd for all Fe KCx1-(0) ) Fa) is a unit in AL Thevebore. k(n.)& A Con\'tnﬂtc\'ma,
+hak K is moxiwmal

Ga_ie.l\ R is oj?htm'c. ovcr‘l\’(\().

Sine char(k) =0, He dewmed a is Sepavable over T(K). Thws dhve iz o wowic
polynowsal Fe Kix1 Ao thak- ‘n’(ﬁ) 3 the winimal polynowdal o  cverT(K) . Noke
ok F i ineducible i KO Thun TF) = (xw) - in RO with ged (v, W)= 1.
By Heusel's Lemma (2.31) Hwe ave mowic polywoudals G, H & A1 with F=GH and
T(Q) = X-« Oud‘ﬂ'(l-l) h.Then G=x-a. wille W)=« in parhcular; Fa) = ©. The

worphisw 9 KG1—r A with 9ly =idy and D6 =a factors %roua\s.-\vh. MJ kt3‘]/(5‘)
whidy i isomorpiic. fo o Aublield of A -\&n}-A\m}\T conraind K.

(9.40) Thearem: (Ghen's Shuchive Theorem) Leb (A, w, k) be o complele. local Noelheriam. ring.
(@) Y char(A) = dmv(k) Hoe AT klx, _ x, 1/x for Aome n and 2owe ided T.

(F) A char (A) +dmr(k) y B AS VI, 0, 1/t for tome. n. and sowe ideal T
Whae (V, () s o complele. discrele. voluoiown ving

Roek: By (1.38) N is o homorphisme k —a A or V—bA vely. 40 Wiak e
y ( e »especkively,

COMPosd\ou, e T:A — AL s Auvgcive. . ILM-(D.,_,G,) by (9.22) hee is
a Mupchve howoworphism k4, —, xy 1 —A or vntx.,__,,;h—+A rapecively .

(41) 'Pnrosvhou. led (A, m, k) be o Comrle.k local Noetheviow Hm&, wite chcu-(A\ =<.Lm- k)
XA m&u\qr witle Juu.(A)-d Hhaow A kﬁ.'x,,_-,x.\]

'Z'O_o,(l let @y, —,ay be o eqular Aglow o pm—o.we.\e.\-s of A. By . proof. o} (%.40)



e 5 a Auv&id-iv:. ‘\omow.crfl\;sm ¢: k([xb_.,xd]——bA wide @(x)= ay. Siuw.
dim (k[ﬁ,_,x,ﬂl) - d\'w.(l-\) =d (ond sina klfx\)_.,xa].\ is a Aomm’u..) y @ is mpckve .

(2.4) Rewark: Assuwphons an in (9.47) with c—\mr(A\:}cLar(k)-sF. T plagm®
Hon A VEx, %y T, where (V,(ﬁ) is @ complele discrede. valuakion ving .
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§l|.- ASCENT AND DESCENT

(9.42) Proposition: Leb ¢p: A—+B be o ho\uouerr\usm. o Nochheriaw Vwgs, QSB a p\vw:. ideal
wnd Pz ¢'(Q)=QnAe Spec. (A) . Thew
(q,) M-Q < P + dim WPBQ

(b) Y ¢is Has-, tqualiby holds in (o).

Pk e may vplae A by Ay, By By, and assume Hhab ¢: (An)—> (Bn) e @ local
kououorr\u'su\. o) Noctkevan Hugs . |
(&) We hawe 4o show Hak diw B € dim A + dive Bun. Lok %), % b o SoP o A

ond Ny, —, 4B 20 hak yamB, _,y+rwB is a SoP of Bwe . Tun Hhee e k,fem™
4o thak ut M’B-i—Z.y,_"b ad wRe T A T wRtc B+ 3Ty B nm:\
diw B & r+s. '

(L) L dim Bye=s and b "=Q,z2Q,3 .- 3_Q5(2. m‘B) be G.A"'n'c."eé Aecuqsiuaf
chaln of prime ideols betwan n and WB . Then QunA=¢(Q)=wm Jor all DLIEs.

b dw Awr and Ik m=T 3Pz ...3P be a stncHy éeambiua chain of primes i Ar.
Sine g:A —B is fla), \77 ('7-‘19) qoing doww holds and e s a Acnaml\'u.a_ chaiu. .
o} priwe ideals Q3 Q3 ... 3 @, B witl Quin A =T Ths dimB > res.

(343) Corollary. I} ¢: (Aw) — ('5.") is a Qo;-\-k?vll\, ol houomor?\msu. aﬂ. Nockhen'ar
Viugs Haw diw B =dim A + dine Bwe .

Tor R remainder o} this Acckon Lh- (A m) be a. loca] Nocthenow Flg and (A 3w ) ks
m—odic cowplehion . The watura) wmop Y1 A — A Is -fm-%\\f\dl, Rlar kn-|-L Wem A
“\|s \’se.Hs (se Qlso (Q 25)\

(9.%‘9 C’oml\o.rz : dim A = dim /A
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c:m:“u\a (‘\.7.'!) shours thok— A is Mﬂ...\or il and oh.\\i v N is k.?..\a.r. “The goo.\ is Yo
inmk%o.h. i obar properhies of Hha locad Necthenon ving A poss Yot covv\?\éion.ﬁ

amd wee vea -

(145 Theorem: leb ¢: A—B Le o homomorphisw. of. Nocthesiaw vings ; M o Kudely
%ue.rdu\ A-woddle , and N o B-wodue tohich s Halb over A

(2) Y PeSpec(A) with NN 40, Hhen ¢ (Ossy ("Ven)) = Qss, (Wen)=3PY.
(®) Y Qelssy (M@LN), Hen P=QnAe Oss, (M). I parbicular, Qe Assy(N)
Yo P=QnAc Qug (A).

(€) Qusy(MBLN) = Uecans, vy P (Vo)

'_P!_o‘_; (o) Sina AP is an ih-‘t?'hl dowosn. and Nen = NGA'S’P s :Ilm\— Over VP, Cuery.

hon. zewo 'demauif 0:?_ WP s RTA-\W.vOVL N/PN. —Tl:u.s O-RA(WPN) =RP7' . 3‘_ Q€QS&5(‘%N‘
Hw Hoe is an dewend ve Ven  with “”“"1.(7)=

Qssy (Vo) =1PY. |

®) b Qe lssy (Me, N). S M ks a 4:@\47 %«.u.uo.\ql A-wodule, (0)eM Has a
Ahorlest primary AecouFesi-‘-ioL‘ (H=Lin....nL,. The quohewdt wodules M= ML
Qe prwary , Hhok is, QAA,‘(PYL)alP‘ aud 0w (M)=3F, _ P 7. Moreover, Hhoe

is o ingickve A-liveox map M -——»@L"M - Thus Mg, N ——b@ , i@ N s
m&:&wc, and Oy (HG*N> c U“‘ Onay (M N). This uv.?\\es ‘hak QGQS&(HLQN)
for 2ouwe 16icr Sine On A (M) = RT c Qmy (M), sy demeid-of A-F: is regulor
ow My and Heus, B’ SHakuess, \u&a..\ar on. Mi®, N. This iwplies thak QrA=P:.

Couw.m.ls,, Aina QM;A(M.,) %~ omd M +uldy %:.ue.\-o.)md FrEm =0 4or some teN.
Hewe BF(Mi@AN)=0 and e QnA.,

Q. Thew CmuA(y)-a AnA &

(&) Y Pe Dss, (M), Hew e is om xack Aequena. O —» S/p —» M. Sine N is
Pk over A, e Mqume O — NN —+ Mg N is txack amd %(N/m)e

Crverndly, ek Q€ Qssy (M@, NY. Os iw He prook of (L), &b (0)=L,n.... nL, be a



shorlest- primary ckcow.rosi"'\bn. oud seb Mi=™MA.: Jor £ g Qn show i\\.(ln), Qe OAAB(H.IQAN)
for some 1¢i¢r amd QnAaP wheve 0 (M) = 1R . Gousider o chain, o}, Aubwmodules
M=k, 2K,2 ... 2 Ko=10) with Ki/k, = Au; for some. Wy € Spec (A) . Thu , by dlabuss
o N, M@ NzKk 1BANZ2 -+ 2 K@ N=(0) it a chaiw o). subwodulen of Mg, N with
s :
K8/ i@ = (Hho)) BN = Miyn . Mocowr, Oag (MieN) € L) rty (NAGN) oind
Qe M,(N/w_‘u) dor sowe Igi¢s. 'T\'xwa,hy (a), RnA=W;=P; ond QeﬂssB(N/a-N).-

Recall +o|u, Chaf\u—;__i:

(9.46) Roposition: lek (A,m,%k) be o lowl Nodherion vug amd M o S}n.;\e_\, geweroled
A-wodule. M is flak over A ;,L ond ouly i} Tort(k,M)=0.

(P_r.;o‘_ The dorward diveckion. is kuoun. Convendy | il Tor (kM) =0 , Hu %nl-'&_k-; Wuncber
4—” |aO ond M s “-u. (su-_("ls:b)

(349) Rework: Proposition. (3.4¢) is drue Jor o larger clam o A-wodulen M. Tollowing
Malsuwara's woliow , if M is w-odically deal-separaled Hu M is flak overA i} and
oul) i Tor*(k,M)=0. Tor fxomple, L (Aw k) — (Bn, k') is a lowal worphis . of local
Nectheriauw vings and M is o %ui\o.l\, guneraled B-wodule, Hhow Mis w-odically ideal -
se.Fo.m)ed - Thws M is Mok over A i} and ouly i.t.“‘;r‘“(k,M)=O. We will wae dhis
roould withouk proof..

(2.48) Theoem: leb ¢ : (A w,k) — (B0, k') be o local homomT\\(S\M. of local Noclherias
iugs (aud w:M —¥ N a livear Wap o J\-smld\, gtheraled B- Mdm a3t N s Jlak

over A, He {o\lomu% “condiows ave Aquinalewl : :

(&) wis iwpckive omd Nu(M) is Hak over A.

(b)) W: Mp ok — N R is inuchive.
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Proo} : (@) =wib): Sine Tor™ (&, N/u(r\)\)zc',T is iwgchive
u.))tl)(n.)'. \-!-‘- &M wunHo \&(Y.)co‘ -T\:u.n_ T

© wnd X=0, te. x&emM. e will show L’
iduchiow. ou W thak xewm"M for all me ™. Assuwe Mok xe w"™ and \d- oy, ar

be a winiwmal Aplem of Quneralors of w” Lk yyeM Wil x= Z—l agyy - Then

0= Z..L_,a‘u(\,._) Sine N is Hak over A by (1. 103) thave ave c;jeA and zje N 20
Hak- "Z,‘ ) 4 G =0 Jor ol ‘ and u,(\,‘) Z,) cif Z4 *or‘ all ¢ Stuwe o), —,a 15 a.
Wiwwal sydem of geueradon of W, Jor all 03 - Cijem. omd wlyem N. Thuy RIF)=0
and ‘;(“-“‘-H» iu.p\\,iu.& Mok xe ™ M. This shows ok xe r\“eN w' MSQNVL"M=O
and u is iwickive . Trom the wcoct Aequance O—M-=aN— NAUM) =0 we. obtaiv
ok _'\‘ov'*(‘z, N/uLH'))-_-O (swee N s A-{.ld—). By (9.4‘1) N is Hak over A

(149) Grollary: leb A and B be an in (3.:48) and le+ M be a Fuildy generaled B-module.
Sek B=BRk = '5/*\-‘5 ond for xen seb Fumxam®B. Lk X, — %@ .Y Mis o Plak

A-wodule and %, —,% iz an Mg,k -Seq!u.m.c Hhew %y, ., % is an M- sequune. and
Wiy —, »)M s Uak over A,

’M Seb Pﬂe M M M/(xl,__,x‘)ﬂ -‘u— '$L<f‘ and H =ML@Ak l‘l"u Ml. - ""'bH e

denole mu!h?hwhou_ by %,. By amuwphon T is fgickue and M=M, is A-Hak
-&I H.‘R) u, is lh-&;dmv:. aud ‘M, is A-.f.\d—. Contivue

(1.56) Remark : The couverte ef, (‘I.'H) 15 alse tue | Hhal \'s,- %y, —, % s an M-sequena.

aud M= "‘\/(x,,___,x.-)M is .A-&lw\r—, How G, —, % is mn.'ﬁ—.suimu. and M is
CA-dak (withoud-  proef)

H.Sl)—rheovt.\m. Lt ¢: (An“‘-k) 4 (3»\,&') be o docal komomm?\u'sm. of local Nectherion.

vikgs, Ma *\u\dy 9encraked A-wodule , and Na.-%{ui\d) ciwualcd B-wodule. Assume |
ok N is Hab cver A. Thew

dq,\L.b (M, N) = A‘P“"A M derﬂ.l (N/MN)
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ool Lok X, ,xem be o wmowimal M-sequina and y, —,y e a maxiwal WAun-sequuna.
Sebbing x!= @Lx) for lerss, we wonk o show +thak Ry e X Y — o Ve IS o woximal
MOLN-scquinca. Simwe N is A= ok, ) x! is aw M@, N-sequence - Seb M= Mo,y M.
Thew me lssp (M) and MeN/iy_uiymen) = Mg, N. By (7.49) y, is N-vegular and
Ny= NAn s A-dab Gusider 4he oxack sequenie-: O —» N iy N— N, —» D. Sine
Torl (Mg,N))=0 , 4 Sequance. 0 — M@, N Ly My, N — M &, N,—> © is exack
By (149) ¥, i Nirgdor and No= N/ oy i A-Bak, ohe . Conbinuc .

Thus Yy, —, ye i an M, OaN—sequune ad Ny = Wiy, —yyn is Aok Mowouwer,
My@aAN, & M&N/(y —4 Y=y ) HEaN - T vemadus do showr ok depl, (M@ W) =0.
By (345) Dy (Mo, N,) = Ubeommy Mg (Ne/pny) 2 0my (Neuny) -

S yi,— Y IS o mMamimal N/mN-chumu., ne Ossy {Ne/mng) amd Hurdore

h e Omg (Mg o, Ng). This implies Hhak depily (Ms @, N ) =0.

(9.52) (Mg__fa: lel ¢: (A,m,k) —_— (‘B,n.k') be a docal "\omomov?\\ism. e@. ol
Nocthoian. vings amd omume thok B is Yok ower AL Thaw:

(a) dephe B = depe A + deph B/w

(B) B is CM il and ouly it A omd B/wB e CM.

'Emf,: () doliown Jrow (3.57) .
(b) By (943) dim® = dim A + dine Bk . Thus it A ond BB are CM 4o is B.
Siuaw c\tFH\.A SdiwA and AP.FLL BHws < dine B, Hhe converse. Jollows immcdu’akl\,.

(953) Gollary: Leb (A,m) be o local NeeHanan ving and B Ho m-adic complekion.
o A, Thew:

(o) deph A = dephh A

(b) A s OM if and oulxl i A is CM.
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(9.5%) Debiwhion: Gonsider Hhe followsiug conditions (Ri) amd (S5) (for ieN) on a Noctherion
ving A.

(R) Ap is teqular dor ol PeSpec A wite WP

(S5) dephe Ay 2 Wik (MhP, L) for all PeSpac A.

Guditions (RD) and (S;) are velved 4o an Seve conditions .

(9.58) Rewark : (S,) dwnﬂg holds. ,(S‘) Aows Hiak- oll armociahed prwe deals o) A are
winimal ) thak is, A has wo wmbedded amocialed priwe. ideals.

Recall thok o Necthenasw rng A is called wduwd i A han wo vonzevo wilpolewt-
demeas. ‘

(?-S‘)’_P_vorosikog: lek A be @ Nedherion V"m%. A is veduad if aud culy if (Ro) and (51)
hold.

’ng, =" Suppose thak A is veduud. Thun Jor all 'PeSFc;A wile W-P=0 4he ving.
A s \-eAu.u,d and O-dimensional. Henc AP s a *‘dém (Ro) So\ds. Leb- Pe Spec A
Le. any prime ideal. Sinw A 4 reduud | He zro ideal o A is e iwderiechon. o
Ho winiwal priwe ideals o A ond all prime ideals of Qss(A) are minimal . Thus
dephe Ap > win (WP, 1) and (S,) holds.
= Suppese Mak (R0) and (S)) ol Al amociakd prime ideal of A ase wimimol
Hak-is, Om(A)={P, — BT is W Ad o} Wminiwal prive ideals o AL By (R,)
Ap voo feld Jorall Igigm Lok € = AC(Ru.t uB) . Thn S7A is o Aemclocel
NeeHuarian nug L dimension 0. Thun S-IA is Qrkinian and by (1.28) S"A’“A xeexAp
By (Ro), S'A is wduwd. L acA will =0 for Aome ne N. Suppose. +thet a0,
Thew =0 in STA and Heve is o teS withe ta=0, Ths wphes Hhok amn(a) 4 B
dor all 1¢04 On H obher hand | aun(a) < UP&RM.A’P =Ru... uR, onhedichon
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(1.57) Defmbon: A Noctherian Hng A is called nowma) i Ap is a norwal domain. for all PeSpecla),
thak it , Ap is o dowain and i is inbegrolly dosed b iby Bicld o} quotients .

(9.52) Remarke: Normal Wugs need nol 4o be \'V\\e.z;n\ domaius. For mample, it K is o Bield | ther
A=KxK is o nowmal h'u% buk wok a. dowmaiw -

(%S‘i)—['hc_ug&: A Noctherion ving. A iz normal it and ou\y i A sahisties (Rb avd (S,).

M:'q": Sunpm Hhak A is normal and I+ Pe Spec(A) be o prime ideal o} iu.igld— ove. . Thew
Ap is o vormal NocHuviow focal dowain of dimension one. By (5.38) Ap & o DVR and (Ry)
Wolds.. Morcover, dephc Ap> win (We P, ) bor all prime ideals o). haighd ¢ 1. \ek PeSpec(A) be
@ priwe ideal o} Auigdd->2. Sww Ap i normal, by (Si) toury prime ideal of
QMAP(AP/G-AP) is minwal for oll aeP and depl Ay > 2. Thus (S,) holds.

=" loe moy omuwe Hhok (A,w) is lowal. Sinw A sokishes (Ro) and 18}, Avis reduwed and
(0)=Fn.. n P uhoe B ove he wumiwial primes . A, Tu \»\-Hm.\w-, Ass (A)= iF, — BT and
S=A-(Ru_vF) s te Mo} NZD of A Thew Ac STA=QIAE K x —xKp Whee K=
Q(AE) =KEB) ic He quobieut bidd of AR (QUA) is called Hha dokal ring o} prackions o} A). be
fnb Mhow Hadk- A s Wlegrally closed iw. QIA). Suppste thok /b €Q(A) with aeA, be, is
Whearal oer A. Tor all Pe Spec (A) witle Bh-P=l, Ay is oo RUR amd e BAp. bis A-rgular
ond by (S,) ol amocialed primes o Ak) hasve buighh-one . Thua i bA=Qn—nQ,, is a
thorteat priwary c\wufosi-kou. ol bA with Q; Wc—fm'mar%, Han LAWi=] foroll 1siem .
A F=®a, e JeW for some L or J=A. Suw Ay isa DVR, Se kA, ond
J4We. T = A and aebA Hemw A s iu\cgm-\\y dosed (. Q(A) . Thus e vlempolenks

e =0,— 1, - 0) e QA) are i A siuw e;%e; n0. Sing = Te; and eje;=0 for 41,

AshAex—xher. Sine Aislowl, r=l, and A is an ilegrally dosed dewain.

(q.bO)'rmm= leb @1 (AW) — (B,4) be o ol ‘\omomorf:\u'sm, o lowal NocHreran vings and
Auppose. thak B is Yok over A, Tuow dor oll (e N
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(2) A B rakisher (RC) (or(Sy), Rfapca\—iuel\') M A sobis fien (R(,) (ov (S.'_), b?&‘.’n'.\e.\\’) .

: (L) ']L A and dhe {C&v‘ V\‘u%& —BGA k(P) 49!' all ?es‘:cr.A Aﬁ}\'s*& (R‘_) (or (S,;\)’ \‘fAPu:,\'wd\,‘).
Haw B sakishes (R) (or (82), m:pwkvdy) -

’Plo_g‘_: (o) let Pe Spec AL Sine B is Rlok- cver A, Hheve is o priwe ideal QB ﬂauua over P
Choose. Q winiwal, Hiak i 1 QeSpe® is such. ok QnA=P ond Lk (%pr)=0. 'ﬁq_ L\,
(142) L-P= M-Q . Mowover, Hee induced Wap Qp: Ap—Bg is faclbully Yok By (8.63)
By s reqular o is Ap. This iwplies thok- il B Aokis hen (Ry) 4o dees AL LB Aakinfien
(Si) Hen by (352) deph By = dephe A and A sakishes (55).
(b))l Qe Spc®B with AnA=T. Suppose thak A and dhe fber rugs B, k(F)

Ad-(s?-a, (RY) . pid Q»\-Q.sf.,-l-hu, L3Pl and AP J-; teaular Monouv_r) »U—(Q/PB)QL
and by omumphon Teofpr, is egular. Apply (8.63) to the flak merphisuc |
bpt Ap —Bg to cblaic dhok By is rgular Taw B sakabe (R)).
Suppose. now- thal A amd e Kher g sohindy (S0). By (952) depl By =
deplt. A, + dephte (qu) 2 win (AP, 0) + win (M- Qpg, <) 2 win (P 2%y, )=
= min (WHQ, ) L\I (942). B rskishen (s0).

(141) Covo“n.ra,‘ Let- (Aw) be a local NecHurian ring omd A s m-adic completion . Then:
(2) YA is worwal, A is normal.

() YA is veduwd, Ais reduced.

(%62) Kemark: (o) In quieral , Ha Converte of. (‘-l-l-l) is dalse . Theve arxc Lramples of local Noelhenan
worwal riwgs A whose competon R is wot veduud. Ow e ol hand | Hee mhmq_(‘i.bl)
s due dor o ﬂcu:y. amy of local N-r.-\-e.m}nu_h'u%a.'ﬁ-— exoile, it A is Hee bocalizakion

qf. o ?\'uﬂc\\, %nmm\td dtx;hm, our o *{dd (or ove- Z\) +he cowure of (‘Lb()' Adlds.

(b) Sofar we oul\, discussed Prnru“w; e riugs which desaut frow Hhe t'owf:\d-icu_ 4o He Hug -
Thaw oxe, howeves, feus properhica which asew-, bid-donok desant, Tor tromgle, i A s o focal
M rug which hah o camowical wodule., Ao decs /}5\\7—&“‘ o local CM-rings A whicte das

%o have o canouicol modude bk A oduwils o canowical wodule .
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§s= NORMA LI ZATION THEOREMS

(9.62) Theoem (Nucther norwalization -&mnu) leb k be adidd, A= ka.,-—,x.]/'a a
{-‘-ulcly %:,mxnk_a k- -algbra, and T A aun ideal wz-H\,I+A Thew Hheve are w.‘uym
Tsd and eemcnls Yo—1¥4 €A sude tak:

(2) Y, —iY4 e dad:vm.cdly mdepmde.w\- Ovexr k, Hokis, Hu natwal Mo -Ymm_-“u.
polyuomal ving ido A ¢ RTe, 541 — A debimad by ¢le)=y and ¢, =id, is
injickive.

(k) A is o '?uukly tau\udccl RGy, —, 47 —wodule .

(&) T klyy, —yad = Cyspr, — va)

L kois o infiuile fedd Hun i addition :

(J)_Erdl leied Hu demenks yoe A can be chosew. Ao Hhak \,,_:Z. ajy (x3+3r) for

The prosf. of e Hheorew requives a. Lemma

(9.64) Lemma: Leb k Le a dedd, x,,—, x,_ variakles over k, and Fe klx,, —,xni-k.

() 'B\l o sbshihubion. of M forue x¢ =y; + %o o l¢ign-l anmd sutoble re™,
Fcaw b wnlew o F=a x 0 % — + Q. Whee W30, ack™ and

Qi€ RGyy, — 1Yoy d 4or ol lgiewm. .

(B) U Kk is an fuhiwile feld | e same vesuld an in () can be achicwd by
AuLd{-\-uku% X =Y+ a k. with Awdable ajek.

Prof: Lt ¥ 3T & (v, —, Vn) X wiHe A, —,vn) €k
() 'Rq,\ncina, %{ \:», X = Y HXet, T Cam be britlen oA Po\ynomin.\ Wy,
F= 2, @y, ey ) (2 +9) . (*-r"-'+7n-n)°“-‘ " :
= 22, aco,—ywe) Lot 0T s o} lower dequee in ¥, 1
et q-l=wmox | 9 | F cowkains o cochicient- @y D0, —Nn s # 0 § ond seb 7

— 1 Ynep) X!

t=q"
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B all (9)=(w,—,v), ()= —spem)e N Wit 0y 40, gy 0, and () 4 (1) we hase

dhok- Yy g+ ... 4-\5“_4:"‘"' + pntpqr —+ oy ‘1“-“ TThus widh

"o Wax § D+ Vig + - - 99" | e, ony #0607 F caw be wilew on a

Po‘\,wou.u:u.\ M Yy — i Yue, % Wt Fa Q %y 4 terms of lower Ae%au_ Xy
Whare o.c k™

(b) lm-.k. FaFRt - +F, whe T T oo homo%waeoub Po\yuo\wt-o-\s o a%u and F,
Subsbitule Xg =Y+ Qg Xn for leien-t, o

o= 2.

- »
e =) L""’“""") e (Yaatana x“) Py
m (24, "‘lqﬂ-”‘) Xn' + derms &_L \owrr d:-%n-u. " %, -
A F F0, P T (y—,%na, )+ 0 and ,Sine. R is ubinile, Hure ave o, a,_, €k

Wit F, (a),—, an-iy V) *0. The Fly, —ivn-i7w) = Fy (g, —jan, D % + ks
of. lower dc%m, i xy, .

-—
=

Proof o Theorem (4,63): We find prove t cose whe T is prvwcipal ideal and
Amklyy—,xnl is e polynowial ving.
Gsel: A= klx,— ] ond T= =(F), ¥ o nouconstout poly nomial. |
By lewma (3.64) Hhere arve \Klt%n)-s ieN (or elemenks ajek, if kis infnile ) Aucl\.-\\ml-
With Ximyi+xa® (or X{ = Yi+a; %y, wapechively) F= axMrg e 3 g,
whoe a.c k* ond g e KTy, —,ynil. Gnsider he homoworphism of. e

o9 kb, —ynl —— ROy, ,w1=A
defid by gl =idy, Qi) =xi=nl (o §ly) = xc—aixm, epeckivdy ) for Leien-l,
ond ¢lyn) = F. Nok Hak A=kG,—,y,. ¥l aud Hak %, is iukegral over
hf\,.,_,yn] Ame @ X"+ o xm e — * Cm—Yn=0, whwe ¢ ekly,—,y,., 1.
Tis bwplien Hhok- dine (kG —1yu T /kerty) ) = dimA=n and Jhus ker(g) =0 .
and yi,—)yn wre olgpbraicolly indepeudent over k. Lok T dencle Huu compnsition
Wop Tep whee T A —y A/F) is Hhe waturol wop. Twan A/AF) is ilegral
owr kly, — yul/ker§ and Hhus dim kCris—ynd /ier g = dim. Me)y=n-
Skt (yn) is & priwe idead o} haiogld-on and  (yn) cher T, by dimension veasons
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ke T (y) and Hun (F)n KBy, —, 1 =lyy).

Goe 2. Assume thek A= kT, —p ] and Hhak Te A is amy ideal itk T4 A,

The prosd is by induckon ewn. We oy orume thol- TH(6) ad doke FeT-(0) By Y
fink cue e ore Y— €A Wil y < F a0 thak Ha ving uxlension. kf\,.-,._,\h] c A
is Pl iu\ur“}.. Y kois whuile, vy, caw be chosen an hinear cowmbinakiows o}

Xy — % (over k) . O,H,\\’_ He  induchion \ngry\-\a.-.s\'s b kl.-yu — 1 Ynyqd ond e ideal
Tnkly,, - Yoo d. Thae Hwe ose demens £, _ 4, ek, —,yn-1) Aucdh thak:

(&) kO, ~ ynd is @ Puikdy quwercded KTk, 4, 1-module.

(8) T kG, - 40 1= (45, —1tusy)  dor some Sxn-l.

) U kois ke, Hon e 16668 b= T bijy; whoe byek.
Tuis iwplics thak A=kly, —, x4l s a %’wi\d\, generaled k[’{.)..i:.,_,,y_ul —module . I
parkiadar £, —ty_,,y,_ axe alggbroically iudependeat overk. Lok YeTnkly, i, ,,v0d,
then § = gHhye whoo qe kBt ] aud hekG, —, ., yp1. Sine ywel, i
follows Hhal- geTnkly,— t,.1 = (£541;,—,tu) and hena le (5, —itna13Yn) -

I ks inbiuike, Yu—1Yna e Huwar combinekious %, —, xn. Thua Jor i< T,

1. are liwar cowkbinakiows o Xy —, %y |

Case 3: A= klx, —,%,1/3 ond T€A any ideal. |

Tk apply core 2 b RO, —,x]1 omd Hhe ideal 3. Hena Hure is o Aubdlgehra

KDy, —yn1 € kDo, — %0 Aude thak KDxy— 1 s a finclly gorerded kiy, -y J-wodule.
ond nkly, —,y41 = (74“,_,7‘). I kois infle, dor lgigd, e yo axe linear
“ombinatiows of x,, ,%,. This (wplies thok A 1 o fiuilely gueraled kiy, —,y4l-module.
let T'=Tn kc,.,..,,dl. By care 2 Hoe 1 a Mubolgebra kG, —talekly, ,yq1

0 that KOy, —, 741 5 a fuildy geuevaled kTt ty1-wodule ond T'nkCq, —tgI=
e, -, ) - X k is quuLk, for 16i¢S, 4 is a linear cowmbination of Yi,—Yd -
Ten A is a Juitdy qoueroked kT, tal-wodhde and Tn kt%.,'_,hlz(-l:&;,—,-k;).
Mowover, & & & infiibe |, Jor lece T, 4 is o limar cowbinakion of %, —,xy.

.‘q.ks)'ﬁemm: Lt (A,m,k) be o Cow.fuf_ local Necthenoan """‘2 el dimension ¢:|f i &
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char(A) = char (k) , Hun Hawe is a subriug B o A such Hhak A is a fuckly gueraled
B-wodule omd B kl[\,.,._,yd:“, e powser Aerien rng i d vanables ouer k.

Tod: Lok b, by ke o Sop o A, dhakis, diwAmd, [ty —ta) € m and

MU (hy—itg) dor Aome re N. By (1.38) A conhainn a- coeficient held k and Hese
s o isoworphism Ap kZE K. The, by (4.32), Hwe is a homoum‘,k(sm_ of vinge

@ kT, —yad — A el @bt and @l Mgty—rpln) = Ao, —k)
is am Qrkinian. Vg ond Hus o fuildy gumeraled ke-veckor spae . By (9.29) A isa
-F-'u{,\d\, gueraked wodule over kICy,—,ya1. By dimcusion. veasows ) 4 is ingckive
ond A 1o ‘?"'“ﬂc\\, generaled wodule over e Adoring B=imy =kly,, _,yal.

(‘i.“)M: Led (A,m,k) be o cow.f\dg bocal Nocthenan Hn.a ¢} dimemsion d wiHe
char (A) % char(k) =p>0. I p-la » o wowzero divisor of A Hen Huse s

o c.omf\de. VR V  wnlle woxiwmal idea) \M.vg(P) »o thak (C) A contuins a
Auring BEVIy,_,y, T and (i) A s a Fnitdy gemeraled B-wodule. .



