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APPENDIX: THE LocAL FLATNESS CRITERION

Theoww Al: Lk A be a dng, B o Noctherian A-algdova , Ma fiuikdy generaled
B-modue , and dE Pod (B) am ideal. Tor n20 s M, = MM R M, &
f.\ak— over A for all w20, 4t M 5 Hab ower A

Proof: e have 4o showr thal fov Avery Q\'ui\d7 gemeraled ideal T of A e maluval
map u: L@®M —> M is iwjeckive. TRew T@pa™ =M is a finildy qmevaled
B-wodule and henc Mparaked in W J-adic "'b‘)o\o%k. et xe ker (W), We waund-
4o showr thak xe M "M =0. Tor all n20: M= M’/}“ﬂn' = (T ™M) @5%/3“'=
L O Mo aud He wop un: M) —a M is imickive, aime My s A= ok TFowe Hhe
Comumctobive  diogram, M

! L

Un
ML —— M, e obhuw thak xeM M.

Theoem. A.2: Ll A be o h'w%' B a Nocthenan A-d%;hrq_, and M a %\u.dd\l ‘an.hctukn\

B-wodue - Lk be Jrod(®) ke an Movequdar demend. I M/eM is flak- over A,
Ao is M.

/Prog;f . For all (y0, the Mequence. © —» M/biM__L’_, M/t — M/ — 3 O s exack

Usin% “Theovem (7. \07_) H fllows Ly induchiow on ¢ Hal MAtw is A- ok %or all (>0.
Affh’ Theawenm. AL

”Zef{ud\‘om L A be a h‘“& and TS A am ideal. A A—module M 1s called I—aAn'cnI\7
\‘ij-ﬁtpo.rd«\ d o Luery A‘-'uikly %une.vu!e‘l ideal K A He A-module KeH
is &qunl“l we H T-adic ‘bpo\o“

Exangle: U B is o Nocheriaw A-dgbra and TBE Jrad(®), Hhon a fullely



%Luauu B-wmodule M s -.E~aA\'co.l\\, .'Ae.a\-.scfam.\re,d as an. A-wmodule . (Siww

KOpyM is a {\'w{.\d\l quuaroled B—wodule for Loesy %uuik\xl qemevoled ideal KSA’.

b A be o n’n%,IsA an iJch, and M ac A-wodde . T all n>0 A
Aa= AI and M= M/zanin. Gusider g (A) = gr(A) = B T/ and
e = §r(M) = B,p0 T"M/THM. Tor all 120 W ase. nabural waks

o (FYw) @, Mg ——+ T "M/znvin
ik iwduc a wovrphisne o 4o ar(ﬂq——w\odulc.s-
Y: FA) @ Mg — g(M).

Theowen, A.3: biHe Hhe abowe notakion Auppose. that- A is a Neebheriaw ving  and al-
My I-aAiml\\, \'Aeol-Aepm\cA.“[E,,.., He H\o‘.n‘u% are tquivalent:

(4) M is Pak ows A.

() Tor (N,M) =0 for toery Ag—module N.

(€) My 1 flad over A and Te,M=TM.

(¢) Mg+ Hab over A, and Tor} (A, M) =0.

(d) My is Ylab cwer A, and 3 is an woworphisu. for all n>0.

() Mg is Hab over A, and ¥ s an (soworphisw -

() My 1 flab- ove- A, for all nxo.

Proof: (@) =t (b): Clear

()= (): Lk N ke an A -wodde. T N M= (Na, A @M = Ney M, T
Lery Wack Aqune © — N,— N, —s N,— 0 of Aj—wodulen , Ha squune

0 =TTorl (Ng, M) —s Ni®a, Mo — N, ® My, — Ny Mo—3 O is txack amd M,
is flak over Ay, Tow Hhe wack Aequine 0 T —3 A— Ag—0 e gl e
oxack requene. 0 =Tor (A, M) — ToeM—2M—3M,—— 0 and Tg,M&TM.
(b () Comsider e mack Mqune. 0 — T — A—A,—» 0 oud H imduad
lou%oxad—- Mequunie - O =Tor (A M) —)%f(#\,,H} — Ig,M —M —M, — 0.
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(Y =p (1): Lk N be an. A,-wodwle and 0 R -¥, FF—»N — 0 au macif-bzqum&
Wit T, o b A- wodule. Thaw

oJﬁ—,‘(a,M) —+TorY(N,M) — R@, M, padi O Mo — N, _M,— O

% tack Sine Mo is A- flak, geM, s ingickie amd Tor (N,M) — 0.

(©) =(d): By (b) Tor* (ThH M) =0. Thus e txack Mquane. O—I*—» T—+Tfx2— O

mduws an txack requime  O—» TreM — TeM—t (/D) @M —2 O. Siue TOHMETM

we gk Hhak- oM = T*M. “Procuding l»’ mduckion. on v we obtaie hrouc e

xack- Mﬂmuz. O— T __ ™™, I“/j:\u-l——-b O Hat TYHgM = T"HM .
Thay (T oM = TM/THM .
(d) s (4 lear.

(d) = (€): Fx n>0. Tor csn e haw o wmmulakive diagran. with exack- rows:

(I“'/I"H)@x M — (I‘}.‘:w)&M b (I‘Z\:GH)QM — 0

§ vy o L

TAM/pM T, — TH/ iy TTM, — TM/atv iy — ©
By arsumplion. yi is om isoworphiswe and «,,, is an isoworphiswe. Thua | by
A&mdu‘u%, inJuA—iou.,«; is au,isoworp\\(su for all g ned. TJu Par\—\c.ulo.r,
%0 (T/rwr) @M =TTA, @, M STM, - Taws A, M,, and Tomic A,
rabiby He conditions of (). By () =p (k) Ter*(N, M) =0 for all Aswodules N.
P Nis aw Aj-wodule, Huw 0 — T — N — N/T— © is exack wille
Ac-wodules TN aud NN, Thua _‘_;r_'A“(NJ M..)eo. ’Eouech‘n% \"I mductiow. on ¢
We Aee dhab ff N is aw Ag—mod-de} Hiw TN amd NN ore A —wodules.
Assuiing Hhab- Toe M (K, M) =0 for all Ay, -modules | He oxack dequance
O IN~— N — NiAN—sO yiedds Hak —TSrl""(}{ M,,)=0. Tuaa My s Agfla
(e) =(a): W have + show Hiat the naduvol wap Ap: @M — M is iwgdive
for wery ideal e AL Sine M is T-adically ideal—Aeparaled , ﬂu’I’"(g&H)——-o
and i Adlian to show- Hhalt k.,.-(q) € T"(JeM) for all n>o. Fx w0, By

Arhiu - Rean I“ng. Sl A%‘deu}\y &”"3" kswn. Gusider 4 notuvol
map : Tem -t (WgaYo M £ (Ta3)e M= 3eM/To(qoH).

c —



S My s Hab ower A = Ak Wap
(¥gnze)o, M= (Wgn:l:‘*) ®ar, My — My
is inpchve . TFowe He communlabive diagram
Jom (I/3nz*) oM

t b

M — M,

w g Hak hel(y) € ker (1) € kelgl) =T'(JeM).
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