Solutions to Homework 7.

(1) Let A be a local Noetherian ring, I C A an ideal, and M a finitely generated
A/I-module. Show:

projdim4 /(M) + projdim 4 (A/I) = projdim 4 (M)
provided that each of them is finite.
Proof. By the Auslander-Buchsbaum Theorem:

projdim4 (M) + depth(M) = depth(A)
projdim4(A/I) + depth(A/I) = depth(A)
projdim4/1y(M) + depth(M) = depth(A/I)
Thus

projdim 4 (M) + depth(M) = projdim4(A/T) + depth(A/I)
= projdim4 (M) + depth(M) = projdima(A/T) + projdima, (M) + depth(M)
=  projdima (M) = projdima(A/I) + projdima, ) (M).

(2) Let A be a regular local ring of dimension n, and M # 0 a finitely generated
A-module. Show that the following are equivalent:

(a) M is free.

(b) M is a CM-module of dimension n.

Proof. (a) = (b) trivial
(b) = (a) Let M be a CM A-module with dim(M) = dim(A) = n. Then depth(M) =
n. Since A is a RLR, projdim4 (M) < oo and by Auslander-Buchsbaum:

projdim4 (M) = 0.
Thus M is free.

(3) Let A be a Noetherian domain of dimension 1, and let M be a nonzero finitely
generated A-module of dimension 1. Show that M is a CM-module if and only if
M is torsionfree.

Proof. <: Suppose that M is torsionfree and let m C A be a maximal ideal of A.
Then My, is a torsionfree Ay-module. Thus every a € Ay, — (0) is a NZD of M,
and depth(My) > 1. Since dim(Ay) = 1, the module M, is CM.

=: Suppose that M is a CM-module of dimension 1. Let a € A and m € M — (0)
with am = 0. Then a € P for some P € Asss(M). If P # (0), then Mp # 0 is
a CM-module over Ap. Since dim(M) = 1 and A a domain, ann, (M) = (0) and
since M is finitely generated, anns(Mp) = ann(M)p = (0). Thus dim(Mp) = 1
with PAp € Ass4,(Mp), a contradiction to Mp a CM-module.

(4) Let (A, m, k) be a regular local ring of dimension n, and let a,b € m — (0) be
elements with a|b and b f a. Let S = A/(a) and T'= A/(b). Show:
(a) S and T are CM-rings.
(b) S is a CM-module over T with dim(S) = dim(T).
(c) S is not a free T-module.
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Proof. By assumption b = ar for some r € A. Let ¢ : A/(b) =T — A/(a) = S
denote the natural map.

(a) Ais a RLR and a,b are regular elements of A. Thus S and 7" are CM-rings.
(b) Obviously, dim(S) = dim(7T") = 1. Let b,z1,...,7,_1 be a maximal regular

sequence of A. Then z1,...,2,-1,b is also a regular sequence of A and for all Q €
Asss(A/(zy,...,Tp=1)), b ¢ Q. Thus for all Q € Assa(A/(x1,...,Tn 1)), a & Q
and a,Z1,...,%Tn—1 is & regular sequence of A. In particular, 1 + (b),...,Zn_1 +

(b) € T is a regular sequence of the T-module S. S is a CM-module over T.
(c) Since b f a, anny(S) = (a)/(b) # (0) and S is not a free T-module.

(5) Let A be a Noetherian ring, M a finitely generated A-module and I C A an
ideal of A. Show that depth;(M) > 2 if and only if the natural homomorphism
M — Homx(I, M) is an isomorphism.

Proof. T : M — Homu(I, M) is defined by: T'(m)(a) = am for all m € M,a € I.
=: Let z,y € I be a regular sequence in M. If m,n € M with I'(m) = I'(n), then
xm = zn and m = n, since z is regular. Thus I is injective.

In order to show that I' is surjective, let ¢ : I — M be an A-linear map and
set o(z) = m. Then ¢(zy) = ym = zp(y) € M. Thus there is an element n € M
so that m = zn. We claim that ¢ = I'(n). Let ¢ € I, then p(tz) = tan = zp(t).
Since z is regular, ¢(t) = tn and thus ¢ = I'(n).
<: If depth;(M) = 0 then there is a prime ideal P € Ass(M) with I C P. Let
m € M with ann(m) = P. Then I'(m) = 0 and T fails to be injective. Thus
depth;(M) > 1. The exact sequence: 0 — I — A — A/I — 0 induces a long
exact sequence:

0 — Hom4(A/I, M) — Hom4 (A, M) = Hom4(I, M) — Exty(A/I, M) — 0.

Since I is an isomorphism, the map »* is an isomorphism and ExtY(A/I, M) = 0.
By (8.14) depth (M) > 2.

(6) Let ¢ : (A,m) — (B,n) be a local homomorphism of local Noetherian rings,
and M an B-module which is finitely generated as an A-module.

(a) Suppose that P € Assg(M) and let z € M with anng(z) = P. Prove that
¢ induces an embedding A/(PNA) — B/P = Bz which makes B/P into
a finitely generated A/(P N A)-module. Conclude that PN A # m if P # n.
(b) Show that depth4(M) = depthg(M).

Proof. Since M is finitely generated as an A-module, M is also finitely generated
as a B-module.
(a) If P € Assg(M) and x € M with ann(z) = P, then Bx = B/P. The induced
map

A/(PNA)— B/P =Bz

is injective. Since Bz is an A-submodule of M, Bz = B/P is a finitely generated
A-module. Thus B/P is finite (integral) over A/(P N A) and A/(P N A) is a field
if and only if B/P is a field.

(b) By induction on depth(M). If depths(M) = 0, then m € Assq(M). Then
there is a P € Assg(M) with ¢(m) C P. Then PN A =m and by (a) we have that
P =n. Thus depthg(M) = 0.
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If deptha (M) > 1, let £ € m be an M-regular element. Then z = ¢(z) is also
a regular element of the B-module M. Thus depths(M/zM) = deptha(M) —
1 and depthg(M/xzM) = depthg(M) — 1. Obviously, M/xzM is a B-module
and finitely generated as A-module. By induction hypothesis deptha(M/zM) =
depthg(M/zM) and the statement follows.

(7) Let A be a local Noetherian ring, M a finitely generated A-module and N
an nth syzygy of M in a finite free resolution of M. Show that depth(N) >
min(n, depth(A)).

Proof. Let
Fo: . Fp 2 Fp 14— ... >F 5 F(2M—0

be a finite free resolution of M and let L,, = ker(¢,,—1) be an mth syzygy module
of M where m > 1. The proof is by induction on m. If m = 1, then L, is
a submodule of a free A-module, thus depth(L;) > min(1,depth(4). If n > 1
consider the induced exact sequence:

0—L,—F,1—L,_1—0.
By induction hypothesis
depth(Ly,—1) > min(m — 1,depth(A4))
and by (8.22);
depth(L,,) > min(depth(F,,_1),depth(L,,_1) + 1).

Thus
depth(L,,) > min(m, depth(A)).

(8) Let A be a local Noetherian ring, and
0—-L,—L,1—...—>Li—Lig—0

a complex of finitely generated A-modules. Suppose that the following hold for
1> 0:

(i) depth(L;) >

(i) depth(H;(L.)) =0 or H;(L,) = 0.
Show that L, is acyclic.

(This is Peskine and Szpiro’s 'lemme d’acyclité’.) '

Hint: Set C; = coker(L;37 — L;) and show by descending induction that
depth(C;) > ¢ and H;(L.) = 0 for ¢ > 0.

Proof. Consider

(*S) 0—Ls £y Ly y —Cs_1 —0.

We claim that ¢, is injective. Let K, = H (L,) = ker(p;). Since K, is a sub-
module of Ls and depth(Ls) > s it follows that depth(K;) > 0 or K5 = 0. Thus
K, = 0. In particular, (xs) is an exact sequence and by (8.22): depth(Cs) >
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min(depth(L;),depth(Ls;_1)) > s — 1. The proof is by decreasing induction. For
the induction step assume that depth(C;) > j for all j > i+ 1 and that

0—Ls— Ls — .= Ly

is exact. We need to show that depth(C;) > ¢ and that

Pi wi
(**) 00— L, > L4 —_)"'—>Li+2—+2—)Li+1—+L>Li

is exact. Note that ;1 factors:

Pit1
Lipwn —— L;

Cit1
Then
Hi1(Le) = ker(piy1)/im(pire) C Lip1/im(pit2)-

Since depth(Ciy1) > i+1 > 0, either H;1(Le) = 0 or depth(H;1(Ls)) > 0. Thus
by assumption H;11(Le) = 0 and the sequence (*x) is exact. This yields a short
exact sequence:

(*i) 0—Cit1 — Li — C; — 0.
Thus by (8.22):

depth(C;) > min(depth(C;41) — 1,depth(L;)) > 1.



