Homework 1: Sample solutions.

(1) Let m denote the maximal ideal of A. Then:

e?=e=ele—1)=0

e€emorl—eem
=1—-e€c A" or ec A*
=e=0o0orl1l—e=0

(2) (b) = (a) trivial

(a) = (b) Let m C A be a maximal ideal with I C A. Then [A,, = [?A,,. Since
1 is finitely generated by Nakayama [ A, = 0. Again, since [ is finitely generated
there is an element ¢t € A — m so that ¢t/ = 0. This shows that the annihilator of I,
J = ann(]) is not the zero ideal.

Claim: I+ J=A

Proof of Claim. Suppose not. Then there is a maximal ideal n C A with I+ J C n.
As before we see that 1A, = 0 and there is an element s € A —n with s/ = 0. Thus
s € J, a contradiction.

Take elements e € [ and t € J so that e +¢ = 1. Then
I=Ie+It=1Ie

and
Ae C I C Ae.

Thus I = Ae and e = €2 + et = €2.

(3) (a) Let a € Jrad(A). Then for all b € A the element 1 — ab is a unit in A. Thus
©(1 —ab) =1 —¢(a)p(b) is a unit in B for all b € A. Since ¢ is surjective p(a) is
in the Jacobson radical of B.

In general, we do not have that ¢(Jrad(A)) = Jrad(B). For example, the canon-
ical map ¢ : Z — Z/(4) is a surjective homomorphism. Then Jrad(Z) = (0) but
Jrad(Z/(4)) = (2)/(4) £ (0).

(b) We may assume that B = A/I for some ideal I C A and that ¢ : A — A/I is
the canonical map. Let mq,...,m, be the maximal ideals of A and suppose that:

ICmyforl<i<randIg€m;forr+1<i<n.

Then

Jrad(A/T) = () (m;/I) = (Nj_ym;)/1.
i=1
Since I + (m,4+1 N...Nm,) = A there are elements a € I and b € m,;1 N...Nm,
sothat 1 =a+b. Let t € myN...Nm,. Then t = at + bt and p(t) = p(bt) with
bt € Jrad(A). This shows ¢(Jrad(A)) = Jrad(B).
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(4) (a) = (b): Suppose that

A—S = U P.

P prime and PNS=0

Assume that ab € S and a ¢ S. Then there is a prime ideal P with P NS =) and
a € P. But then ab € P, a contradiction.
(b) = (a): Obviously,

U PCA-S

P prime and PNS=0

Suppose there is an element

ac(A-S)—( U P).

P prime and PNS=0

By assumption (b) ad ¢ S for all d € A. This shows that SN (a) = (. By Theorem
(1.10) there is a prime ideal Q@ C A with a € Q and SN Q = 0, a contradiction.
(Note that the conditions of (b) imply that S is a multiplicative subset of A.)

(5) Consider the A-module M = M/IM and let m C A be a maximal ideal of A.
If I £ mthen I, = Ay and My = 0. If I C m then by assumption My, = 0 and
M., = 0. By the local-global principle M = 0.

(6) Suppose that My, is torsion free for all maximal ideals m C A. Let n € M and
a € A—(0) with an = 0. If n # 0 the annihilator ann(n) is a proper ideal of A and
there is a maximal ideal m of A with ann(n) C m. This implies that n/1 # 0 in
M,,. Since A is an integral domain the canonical map A — A, is injective. Let
t € ann(n) — (0), then t/1 # 0 in Ay and (¢/1)(n/1) = 0 in My, a contradiction.

The converse also holds true: Suppose that M is torsion free. Let m C A
be a maximal ideal of A. Suppose that r,t € A —m, r € A and n € M with
(s/t)(n/r) = 0 in My. Then there is an element u € A — m so that (us)n = 0 in
M. Since M is torsion free either n =0 or us = 0. Thus n/r =0 or s/t = 0.

(7) (a) <: Let f =Y ya;x" € Alz] with ag € A* and a; nilpotent forall 1 <i < n.
Then there is an N € N so that

(Z a;z )N = 0.
i=1
With g = (1/ag) >, a;z* we have that
1+9)(1—-g+g*—...£¢"H=0
and f is invertible.

= Let g = > 1" bz’ € Alz] with fg = 1. Then apby = 1 and ag € A*. The case
where n = 0 or m = 0 is trivial. Assume n,m > 1.



Claim: For all 0 < r < m it holds that a”"1b,,_, = 0.

Proof. By induction on r. If 7 = 0 then a,b,, = 0. Suppose that a**b,, =0 for
all 0 <k <r <m. Then

Consider the coefficient of ™=
QZ(anbmfr +an_1bpm_ry1+...+ anfrbm)-

Since a” b, = 0 for all £ > m — r it follows that a”*1b,,_, = 0.

Thus
CLZH_I bo =0.

Since by is invertible we obtain that a™*! = 0. Since a,, is nilpotent the element

anx™ is contained in every maximal ideal of A[x|. Thus h = f — a,a™ is invertible
and we can apply the same argument in order to obtain that a,,_; is nilpotent, etc.
(b) The backward direction is trivial. In order to prove the forward direction let
=30 aixt,g =Y~ bzt € Alz] with fg = 0. We may assume that f # 0
and that g is a polynomial of minimal degree with fg = 0. Since a,b,, = 0 the
polynomial a,g is either zero or has a smaller degree than g. Since f(angm,) =0 it
follows that a,g = 0.
Claim: a;g =0 for all 0 <1i < n.

Proof. We show by induction on r that a,_,.¢g = 0 for all 0 < r < n. We already
know that a,,g = 0. Suppose the statement is shown for all 0 < k < 7. If a,_.g # 0
then deg(g) = deg(an—rg) since f(an—rg) = 0 and g of minimal degree. This
implies that a,,_,.b,,, the leading coefficient of a,,_,.g, is nonzero. The coefficient of
"M of fg(=0) is:

Z aibj = Ap_yby + Z aibj =0.

i+j=m4n—r i+j=m4n—ryi>n—r

By induction hypothesis the right hand sum is 0. Thus a,_.b,, = 0.
The claim implies that b,, f = 0.

(8) Obviously, nil(A[z]) C Jrad(A[z]). Let f =Y. ;a;z* € Jrad(A[z]). Then for
all g € Alz]:
1— fge Alz]".

Thus, for g = x the polynomial 1 —zf =1— """ ja;z*"" € Az]*. By Problem T:
a; € nil(A) for all 0 < i < n and f € nil(A[z]).

(9) We consider M as an (A/ann)(M )-module and assume that ann(M) = (0).
Claim (a) : A is a semilocal ring.
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Proof (a). Consider the following subset of A:
'y ={JM|J is a finite product of maximal ideals of A}.

By assumption I'y has a minimal element JM where J = my...m,. If w €
m-Spec(A) is a maximal ideal different from the m; then by the minimality of JM:
JM =wJM. Then, since JA, = An we have that M,, = wM,,. By Nakayama’s
Lemma M,, = 0. Using again that M is finitely generated we see that there is an
element t € A — w with tM = 0, a contradiction to ann(M) = 0.

Claim (b) : For every ideal I C A the A-module I'M is finitely generated.
Proof (b). Let I C A be an ideal. Consider the set

Iy ={JM|J C I and JM is a finitely generated A-module}.

By assumption I's has a maximal element JoM. If x € IM then there are finite
many elements ay,...,a, € I and my,...,m, € M with z = Y _I"  a;m; € (Jo +
(a1,...,a,))M and by the maximality of JoM we have that x € JyM. Thus
JoM = IM and IM is a finitely generated A-module.

(c) Suppose that m-Spec(A) = {my,...,m,}. By the a.c.c. there is an inte-
ger k € N so that (my,...,m,)*M = (my,...,m,)¥" M. By (b) the A-module
(my,...,my,)*M is finitely generated and thus by Nakayama (my,...,m,)*M = 0.

(d) Set Ik, .. k) = mPmi2 . mf» and consider the chain of submodules:

77777

oM D Igo,...ooM 2 ... 2 I, .yM.

77777

EARAS]

Each factor module
_ .k k..t k k.. t+1
N(k77k7t’0770) —ml ...mlml_;'_lM/ml ...mzml+1M

is a finitely generated vector space over K; 1 = A/m; 1 and every N . r.+0,..,0)
is an A-module of finite length. Thus M is an A-module of finite length.



