SUPPLEMENT TO CHAPTER VI

PRINCIPAL IDEAL DOMAINS

This chapter investigates finitely generated modules over prinvipal ideal domains.
Recall that an integral domain R is called an principal ideal domain or PID, if every
ideal I C R is generated by one element, that is, there is an h € R so that

I =(h)={ah|a € R}.

From MTH310 we know that the ring of integers Z and the polynomial ring F[x] in
one variable over a field F' are principal ideal domains. In this class we are mostly
interested in modules over F[z], where F' is a field. Therefore we may assume in
the following that R is either the ring of integers Z or the polynomial ring F[z| in
one variable over a field.

Note. In MTH310 you have seen other examples for principal ideal domains. For
example, the rings
Z[i| ={a+bila,b € Z}, the ring of Gaussian numbers
or
ZIV2] = {a+bV2|a,bc Z}
are other examples of principal ideal domains. However, the rings
Z|vV-5] ={a+bV—-5|a,b e Z}
and
Zlz] or Fle,y]
are examples of rings which fail to be principal ideal domains.

Properties of principal ideal domains:
(a) Every PID R (if R is not a field) contains prime elements. A nonzero element
p € Ris called a prime element if p is not a unit in R and has the following property:

whenever a,b€ R with p|ab then p|a or p|b.

The prime elements of Z are the prime numbers and the prime elements of F[z] are
called irreducible polynomials. In the following we will refer to the prime elements

of R.
(b) Every nonzero, non unit a € R can be written as a product:

4 =pP1P2...-Pn
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where p; € R are prime elements. This decomposition of a into a product of prime
elements is unique up to order and associates.
(c) Let a,b € R — {0} be two nonzero elements of R. Then a greatest common
divisor d of a and b exists, that is, d is a common divisor of a and b and if c is
another common divisor of @ and b then ¢|d. Moreover, there are elements u,v € R
so that

d = ua + vb.

(d) Let a,b € R—{0} be two nonzero elements of R. Then a least common multiple
m of a and b exists, that is, m is a common multiple of ¢ and b and if ¢ is another
common multiple of a and b then m | £. If d is a greatest common divisor of a and
b and m a least common multiple then

ab = u(md)

where v € R* is a unit.

CYCLIC MODULES

As before assume that R denotes the ring of integers Z or the polynomial ring
F[z] where F is a field.

Definition. An R-module M is called cyclic if M is generated by one element, that
is, there is an m € M so that M = {am|a € R}.

Cyclic modules are the considered the simplest possible R-modules. They are
always isomorphic to the R-module R/I where [ is an ideal of R:

Proposition A. Let M be a cyclic R-module. Then there is an ideal I C R so
that the R-modules M and R/I are isomorphic. Moreover, I = ann(M).

Proof. Assume that M = {am|a € R} where m € M is the generator of M. Let
I = ann(M) and define a map:

w:R/I — M
by ¢(a+ I) = am. Since bm = 0 for all b € I, the map ¢ is well defined. It is easy
to see that ¢ is an R-linear map.

Moreover, if R/I and M are isomorphic as R-modules, R/I and M must have the
same annihilator. Since the annihilator of R/T is I, we must have that ann(M) = I.

Proposition B. Let M be a cyclic R-module and N an R-module. Then
(a) If v: M — N s a surjective R-linear map, then N is cyclic.
(b) Ewvery submodule of M is cyclic.
Proof. (b) Suppose that M is generated by m € M, that is,
M = {am|a € R}.
For a submodule T C M consider the following subset of R:
I'={aecR|am e T}.

It is easy to check that I is an ideal of R. Since R is Z or F[z] every ideal of R
is principal, that is, there is an element b € I so that I = {ab|a € R}, we have
T = {a(bm)|a € R} and T is cyclic, generated by bm.

It can happen that direct sums of cyclic modules are cyclic again. For example,
ZQ X Zg = ZG.

In general, we have:
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Theorem C. Let I = (a) and J = (b) be ideals of R. Then
R/I x R/J
1s a cyclic module if and only if a and b are relatively prime. In this case,
R/I xR/J=R/K

where K = (ab).

Proof. Suppose that R/I x R/J is a cyclic R-module and let (n + (a), m + (b)) be
a generator of R/I x R/J. Then there is an element s € R so that

s(n+ (a),m+ (b)) = (sn+ (a),sm+ (b)) = (1 + (a),0+ (b)).

Thus for some v € R, sn = 1 4+ ua. This shows that n and a are relatively prime.
Similarly, there is an element ¢ € R so that

t(n+ (a),m+ (b)) = (tn+ (a),tm + (b)) = (0 + (a), 1+ (b))

and m and b are relatively prime. Moreover, sm + (b) = 0 + (b) implies that b|sm
and thus b | s since m and b are relatively prime. Substitute s = ¢b into the equation
sn =14 ua. Then 1 = ua + (—cn)b. a and b are relatively prime.
Conversely, suppose that a and b are relatively prime. Then there are elements
u,v € R so that
ua + vb = 1.

Define
¢ R/(ab) — R/(a) x R/(b)

by ¢(x + (ab)) = (x + (a),z + (b)). It is easy to show that ¢ is a well defined
R-linear map. We need to show that ¢ is injective and surjective. If p(z + (ab)) =
(0+(a),04 (b)) then a|z and b |z and thus ab |z since a and b are relatively prime.
Therefore x + (ab) = 0+ (ab) and ¢ is injective.

In order to show that ¢ is surjective, let (m + (a),n + (b)) € R/(a) x R/(b).
Then p(una + vmb + (ab)) = (vmb + (a),una + (b)). Since m = vmbmod a and
n = unamodb we have that ¢(una + vmb + (ab)) = (m + (a),n + (b)) and ¢ is
surjective.

THE PRIMARY DECOMPOSITION THEOREM

In the following let M be a finitely generated module over R, where R is a PID.
We also assume that M has a nonzero annihilator, that is, ann(M) = I # (0).

Theorem D.
M= R/(p7") x R/(p5*) x ... x R/(p;")

where p; € R are prime elements. Moreover, this decomposition of M is unique in
the following sense. If

M= R/(q]') x R/(g}*) x ... x R/(q]")

then r = s and, after renumbering (if necessary), p;* and q;' are associates.
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Note that the prime elements p; in Theorem are not necessarily distinct, that is,
possibly p; = p; or p; associated to p; if © # j.

Definition. The ideals (p7'),..., (pt) are called the elementary divisors of M.

Remark. Theorem D states that the R-module M can be written as
M=N®&N:D...&N,

where N; are cyclic submodules of M with N; = R/(p;") for all 1 <i <r.

Corollary E. Let M, N be finitely generated R-modules with ann(M) # (0) and
ann(N) # (0). M and N are isomorphic if and only if M and N have the same
elementary divisors.

Corollary F. Suppose that M decomposes as in Theorem D:

M= R/(pT") x R/(p5*) x ... x R/(p;")-

Then ann(M) = (d) where d is the least commmon multiple of pT*, ..., pSr.

THE INVARIANT FACTOR DECOMPOSITION

Again, assume that R is a PID and every R-module M is finitely generated with
nontrivial annihilator, that is, ann(M) # (0).

Theorem G.
M= R/(d1) x R/(d2) x ... x R/(dn,)

where
A | dm—1] - .. | d2|d;.

The scalars d; are called the invariant factors of M. The invariant factors of M
are uniquely determined by the module M (up to multiplication by a unit).

Definition. The ideals (dy), (d2), ..., (dy,) are called the invariant factor ideals of
M.

Remark. Theorem G states that the R-module M can be written as
where N; are cyclic submodules of M with N; = R/(d;) for all 1 < ¢ < m. Moreover,

(di) € (da) € ... € (dm)

Corollary H. Let M, N be finitely generated R-modules with ann(M) # (0) and
ann(N) # (0). M and N are isomorphic if and only if M and N have the same
mwvariant factor ideals.
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Corollary I. Suppose that M decomposes as in Theorem G:
M= R/(dy) x R/(d2) X ... x R/(d)

where
A | di—1] - - | d2|d;.

Then ann(M) = (dy).

In the following chapter we will investigate how to make use of Theorems D and
G in order to answer our main questions on similar operators and matrices:

(1) Let 0,7 € L(V). How do we decide if o and 7 are similar? We have already seen
that o and 7 are similar if and only if V, and V; are isomorphic as F[z]-modules.
By Theorem D this is equivalent to V,, and V, having the same elementary divisors
(up to order and associates). We can also use Theorem G which states that V,, and
V., are isomorphic if and only if they have the same invariant factor ideals.

(2) Given two n X n-matrices A and B. How do we decide if A and B are similar?
(3) Let V be a finite dimensional vector space and 7 € L(V). An obvious question

which arises from (1) is how to find the elementary divisors and invariant factors
of V.7



