24

CHAPTER 1X: THE KoS2uL CoMpLek

§1: REVIEW OF THE EXTERWR ALGETRA

kR b o commudabive ving and M an Remodule . Grsider R ar o quded vng by e
___‘i_-,-_;ygai %)QAHP‘% ® —,—.____:_6 T{h’ whee. 'R,..-.»Ko &né...fi?.w=0_.$aw ol w30, lek MQ" deuabe ..
o W beyeor poluer cf_?“i)'i.c_. Mmi-ﬂM@*@M wibe {gmgﬁ“ °£Mi£

(50 ound

MO <R Thew @M =@ 7 MO ¢ o groded R- module . The bilinear o
M@;K M@j — M®\'.+‘_{

wducd by (*4®-—~®>~’~L.Yg®--®\faﬂ\) T NS —exQy,® — Y] tlends

fincaHT v @ wulbplicakion. ow M. Wil dhis debiviion DM beowes @ Wd sis0Ciahive
K-olgbia. whide is nek  Comimkakive i grevel. QM is cofled e kewsor olgebva. of M
The  duwsar dgabe. i charackon zed by e

(3.7 Universal meperh s dek S be o K-yl bra. {wek wecessanly commulakive onmd
dwversal properky ¥ Y

g: ™M — S an R -linear Map. Thew. dhve (s a wéqm ’R—-o;\%&m. hcmowc?hiswh
&{—.’M —_— 5 ﬁ«ﬁcﬂd\u% Rf) fe. A}immi=ﬁ = .

The odedor alagbra. AM s be wesidue clom nag AM = QM/T where T is Hhe ideal
gerdhd by ixexixeMl. Sue X i guerakd by howoqueous dewenks , AM iy @

froded R-dodora. The produck i AM is desoled by xAY. Ingmel, AM is nok
Comuurabive,, it s allemating: i Ky € AM howogesous , then xay = (1))

and ¥Ax=0 for x E\omo%nncom ond deg x odd (Prool: omsider (xey) ~{xey) Y .

(4.2) Universal F:gpgﬂ%‘: b S e aw K-algtbra. { nok h&&s&&r'\i}e commukobive) and g M S

o K-livear wap  with @0()"=0 b ol e M. Thao Hoe 5 o umique R-dgdbr

homam«:;qgh;gw_ A /\M — Mknéiu.% LP, L, "*‘%/\‘Mzm mtg.

(%) Remarks () The. 18 qraded component of AM i denoked by AN and ke called
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fe i odedor power of M. Chviously, A"M =R, AM=M, and for c22 ATH =

M /(%@ —ox | xexy dor home j#k).

(o) Lh vy — xwe ™M 3 T s o permdalion. o 1L, Hhen Xy A A g =

Apele) A — e T T 2 ih— ) sl xg o= rg A A kg L T= v, —, vy wike
Lo ey K T s o] Wil TG =g ad age (T,3)= (0 whew Lis dhe

Atwcker- s{; U,j\} -&--Ix} i+ _‘-'}__,&n_;_ i Iq} *¢‘m_ Agie (I;?}_.’__&_ O Thew

Xp A %g = agu (T,3) *Toy

(c) Leb %x%}%&G ke @ Aplie of guerslon of M. Thae A*M s goneraled by

exlenor Pm&uci—s Xz wHe TSGE and iTl=n. T Pm—@{uﬂaﬁ L §GEKM¢®J;\.&M
/\L‘M = O g'or all tywm.

(Q.H)KMM: Lr.L— i M e N ke an K-lineor M&?

(GL) There s o uvi;tiu.:.. ?*Gj%&km ?MorF}qis.m /\q: I\M—"ﬂ/\N Ao +hat the él'n.%aqm._:
o

Mot .y N

hak l } hob-

Am De

* AN commuks. Ag is "‘mwiemsub of &e%m_ O b /\@{xth.‘.hxh}ﬁ
@oaya - AQln) . (This follow Twmedialdy o e wniversal praperby o Hha acbunor produck .
(E)For all 50 e sequame AT H O kerg — AM == AN 0 s ek . Tu parkaular,
ke A is gueroled by ker @ (widhoud proci ) .

[‘1.5\)@‘4403-%(: lek oK~ 3 be a Mm‘;im{sm_ 0{; ﬁm% amd M ow RBewodude . T
o wakwral isomar?ia{m_ o Mﬁé S—ai%ﬁiam . {I\qug;agg A{M@RS}.

ev. Hheve s

Ld- M el N Le_ 'R—Moéu\&s. ”-D:.“.?\'ht,:

(0) & grdivg on [AM)o (AN) by [inM)e (AN) ] EG’)L.H,:% (Ao, (AN,
&\} N M%th%‘.% P (/\H}@R {f\t@} L\? (xm?ixf@yi) = (~1) ey deg x) (x,\xx‘)@(y,\?f}
gor all L\omo%mwm dementy ¥, xwle A, ¥y e AN Tha (f\H\)mU\N\} s e, diﬁmaﬁ%m%
%m.&&& 'E.noi%&m_ by éa%g-a_ | Compomeui- (M@R}@ {'R@N\)E M@ N . The nabural ok
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Me&N —s (AM) @ (/\N\) exkends to - R-algebra mm—ﬁuiau g : ln\(MG}N> — (AM)s (AN).
Coavm.JT , e nohual wops M s A(MON) and N s /\{M@N\) oxlend Yo worphisws of.
’R—o.lcy.\a\—o}; Ayt AM — /\iMQNj aiag A4, AN — /\f“’i@”). HB\j e umiversal Fm\nu\-’\n&,
of dewsor produch 4, and 4, wduw an Realghra wophisu, 4: (AM)®AN) — A(Men).

e Detd =i = Leerd, by liwcar odession 4 and @ @ verie o cack obher. Thes.

(%6 /g_c sinow: (AM)e, (AN "Ef\(MQN an  shlowohiu ed K—algibras .
posi Hiow R § goo %

(q,‘})"E@PoQ%QW () & {xnm,x“rg woa %ﬁbﬁ&.\'&i—(u% A o M thew g | "I.‘e&i’z} s o
%a.uemi-iu% sk of AC .

by U {ei,_...fmﬁ & o banis of a e R-wodue F, Yhen bey HIE:LS s a bosis of
AE. T barhculasr, AFE i fee of  vouk AP

Proof - (L) Noliw dhak ARe, =R @ Rey whene Re, =R By (8.6) AF=

A(Re@® @Reh_hﬁa /\Rc“. Thua i:sy wmduckiow. ow w , AF hwos aw R- bansis
ber erne, il T S w1y
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$2: BASIC PRoPERTIES OF THE KoSZuL CoMPLEX

LR be o \n‘u%' L an R-wodife., and L LR aw Relinear wap. The wap 1-‘“3 DL s AL
a‘%‘“‘-& L‘f ?i‘““ {xy —, xSy = EL; (‘“r>m {-‘»X'J R A /;‘;. A Xy s an dlemoi"m% m - lnear
Mep: Toon 10 dodors houghe e Relincar wap 4. AL — AL i

d:ﬂ (X‘.f\ -~---A--X“)----f’»"m-----z.-;.;;l' } (:...l‘}‘:*'i %(X':') TR ;(\L_ A)Lh SRR T PRI

-for al %, —, xpel. The collechow og_ oll Waps d;{_“‘" A&ic,s. -8 %m.ded ’R-\i\0w¢>m¢2r§>h§sm
&_f‘: AL —— /\L.

(3. 5) Remark: (a) dp han M ffohomn% g:mpm-i—éﬁ&z

(i) dpedg =0

() Forall howoquucaun x, y e AL dp eay) = dy ) ay + )85 wa dy (),
(b) Sine dpod, =0 e obbmin o complex :

I E N . S PN SO

and (ii\) imtz)“cs thak &-?é- [T T GMHA&\'\VQL{@&_ (oi Au%,u_m-i).

(‘i.‘?)?_e.}imﬂiow {*\) ts .-Hu»_. Koszul C_‘?_‘MF_‘;‘:'-;L of 4 denold K L{-} A M 5 M'R—me{uje_,
Hhew k. (S-, M\) is “‘!'ami.. Comp!c.x K.(%.\)(&EM] called ‘ﬁu. koszu.} Qg___h&?_fg_)i QE_ z h_;_‘t_i{‘i’u}.
Gedlacicnhy W M. Qg Ai‘g-f.cmn%u)\ is  denoled by 6\_‘_',&_

{q.io‘)ﬁo?%@ﬁw ld- R be a !"ih%.‘ Loan "R—-Mo&ﬂa, and @:L‘-%‘R an. R-lineor Wm,?
() e Kosaud wonplex K.0) camcs Hoe Amichue o an atiociakive graded o lervaking.
Q&(kolgvc_‘ ha,m’l\f ol of AL,

“r.n} g d(%ﬁk&} ci{_ is an amkidenivokion. of &t‘&ﬁ}_, ~1.

(<) o Loery, R-wodude ™M e cnm?ic;x K.(L, H) 5 @ K.{{)-module iw o vahual Wasy..

{f.}l) Cue hon ‘L?,M {x.y\) = s‘%(x“}y + {"5)&%*’ K‘aﬁ-n‘f (\i\) e all hb'&uo%ghr_nu}) * Qf.
Kild) and all demends y& K (M)
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“Poof: () and () followr drowe dha defimikion.

(& dmr, foSis aw 'Rmojtkdam and ™ aw "R*‘Mo&u_\:,] +Hiew, S@g M

s e (lepr)
S-wodule. v He wekwenl woy -

(d) LS %ou%k o show e daime for y=Waz wth we k.(»?;}, ze M . Thew.
| 3%,M..L.¥=.W®Z‘)_"_#_ 4 (Oay) ®2) = G Oay)®z ond Hhe west follow  mine

anbiderivakion. o

Sk Zof) = ke dy p Z MY = ke dy y, and B4 = wdy, Bl M) = im by .

(q,ll) E%\'uikgk: The homolo% H(%\) = ZLE.}/'Q(?‘) s dhae Koszal homoiom uf_ 4{1 Tor Mh&,

K- module. M dha ‘hom\o% Z.[;,M‘)f’&,(f;‘m“j is dewnlbed B\}, H,({-)M\) amd codled Ao
kosﬁ.ul {w\uoio%»x @_ 2_ M_g_i__i«, @g{i@.’d«:uﬁ me M.

Tor @ subid S2 K, (@.) and o Aubreb- U&k.{.@.,M} ek S dewcle e Rosubwmodue ef
K M) goraled by Js.ul seS ue UY . Then ZAE). Z. 4,M) < Z_Lg)M) | Z5) B, {{E,M\)Q
B (M) and NS Z.L@,M} < B (M), Nehce dhak Kfys KL, RY. The b

mcdusion.  shown Hiak- Z.iﬁ'—-> s a %m,éuﬁ K- &u,\aalcgkm., off k.{\i.\}.TM Sccand and tird
inclunioun  showr ok “&(2;) s o dwosided ideal o Z.(-i-*:).

(‘i.lzj?;mmﬁgg: th R be o g, L aw R-wodule., and LL—R a

®~-linear W‘Q-F-
(a) Tha Kosuud howologsy H.(¢

) carres P ahuchoe ol aw amociadive groded. ablercaling. R-alggbra .
(b) For drery Rewmodule M Hha howiocﬁ, H, (LM) s H.(@)—Maéda e o wadural Wy

?2991—-' (c..) H({L} IS o /i‘—‘{—dc&.&m Alnw Z.(%}

5 au ?-—ui%dam, and ’5{%} 15 Ok aéw af_, Z 4
Z(%f} 5 o QLSSOQ.Q.%‘*\'VQ. ngm:\wil Ciﬂe_rmo}iu%

hq".}
/R"Qi%mi\ra_ o %.{{’;} - %amu%me~

. ) - . N ; . .. LN
(b} Siuw 24y Z M) & 2, MY ZUA M) 5w Zup)-medule . Sinw Z R M = B, M,
BALMY e ZU) - sdomodule o Z4M) and Auw B, W) Z g m) ey, H M)

5 awnibiladed by B4,
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SREY Comlia.ng s Wi Toiwf e Kosew iﬂomoio%ﬁk HLM) s o R —wodule . T pasticular,
HE) = Rz and W8, M) = M/zm

Tepive K (F) = Yow g (K., R, WM = Howg (IGEE), MY, and W)= RO, WM =
T M) W), W) o calied Mo osud cobomologsy o 4 (uile Seppicionts i M) .

(9. %) Toposibion: LR be o vng, L aw Romodule, and §: Ls R an Relivear wap. Sek Taiuf
(0} For all aeT wmuthplicakion by o. on. KAL), kb My, )y KM s wdl -howokopic..
(b) T annibidades MLy, HLLMY, WGy, B (M),

() B TR, fe camplexes K4 KM, K} UMY ase wall ~howobopic . T parkiedar,
Homic (Ca} Enomoko%gg venishs .

Tho (o) Lk xel wih Dijma and leb S doke mubiiplicaion by @ on K.02) aud Ay ki
mulbiphication. by % aw k. (). e & = dgody + Ao de . TR wultplicaHow hb}a a is wudi-
howolopic. ond a0 axe W @M and Howmg {37, M), Hee wadbiphicakion by < on. Ko MY, K M)
(bY is o Guueral  fach.

(<) chosse. awl amd “"P?’%‘f (e} ond (bj.

ek L, and L, b R-wodules and §.L, —R, b b, — R Kliear wops. £, and £ fuduce

i o fLOL R by Llnms) s L)
L9.15) Froposiion: Thew is aic isomorizfmsw_ of comglexes K, iﬁ,\}@;ﬁ K@Qf—?{ kﬂi@}--

f%{)"_;i_a Sinw, {/\L,)@R{f\li)a’ L 557 (‘i.%} K.iﬁ},}ﬁg’&({j_l) = E‘(.q‘.\} os grogied K- aj%%m_s, e

Wik, %m,{&ué Componut of K, ) @ K.(f-;} 1S @AZQ U\LLC‘;@(/\““’; LL\) and e differenkial
‘14;'@&@2_ s defined by %) éj;imé;;_(\x@y\}m de @y +(-—§}ix®c§%(7\} for xe AL, awd
Ye A" & s e anideivabien ow AL

wfgmc_iiva_ Wincides  wnith &5_* @ ci@a o, e éﬂﬁrﬁ&.
O Winponaih- L= Lel,, () twplies  Hiak dr @ c%%‘-_g‘ & alse e axbidenvakiow ok
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Av= (AL e (AL, Sike an awhdervakiow oo AL i wigualy dedermiad by th value

b L, éd{;: ;&‘?1@3%-?@. (provided AL aud {J\L,'}@{ALk\} Qe i&ui{%‘a‘;ﬂ.

(?.lé}ﬁf@?ﬂ@_&gﬁ; Let- ® Lﬁ L h’n%, L an K- Weéuﬁai, LY j{ Lo~ o, K -lineay ‘w-m?.
Suppose. thak @R — S § o how MoTE s . m?-_.riw%h- N

(@) There s @& vkl sowmophise K. (fj e S & K (jes).

(6) % @ b flak, o HUM®S = H (E6S, MegS) Jor all Kowodues M|

o+ () By (45) (AL)gg S & AloeS) and 405 wd dp ae anbidervahons o
AlLegSy whide wincide i deguu oue . Thua dresS=d o by He bawme Orammeni—
W ik He poal o {3157

(E} U C, s ey mwiezx ol R-wodulen omd § o Hak @~d?£m, g
Hces) = H(ches,

kb L and U7 be R-wodules witi Huear Yorwas LiL— R aud CARRN —+®. By {‘%.“éi)
Locry. R -Hiwzax Mop 4 L— U induis o WG L ‘hamww‘hiam of_?~~a§%th
Mg: Mo — AL W Pradoy, tan Ay s o hOMQW,OTFi@H.SM of Koszu owploxes,
ie. for ol w Hee & lagpramm: )
AL~ AL
Ay | LA
AL e L
Comamubes.  We jusk showed
m,w‘fﬁgma With Heo woldion an above , i ,

' o Mo /\e,? oo %omamevpi\{sm
o Complexes,

&
b=1
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$3: THE Wogzui CoMPLEX oF A SEQUENCE

L L obe o fuildy quiercled b Romedue it bass ey ey A linear Joruc fLib—R
s uniquely delermined by Mo valus Hey=x¢ for 1Siku. Couverely |, given. o bequane,
K= %y e % & R _«li.m. s a -&um forwe 4 L= R owde L= for ol Isien e
ek Klaye Ku;, ) = Bl Ko M) = KL (M), e i b LoR i defusd by Qo

S L=@, Re; omd L= ©f; whee 4 Re; —R wiie Lledy=x by (318) K=
K(x)@k (%) = Kw,}@; —® K (xw bhare K= X, ey Wy Mowcover, k{x\) is -&am%oﬁ?
wvanowk  Wnder o permukakiow. of x .

Seb L=(x) and leb- F be o fa wsoluhow o K. Simae H, (&)= T, by (7. i‘-‘.—)
Hoe s @ worphiswe o Complenes @, K(aj-——wb wnte M it@"} e - 4, is i o,
up o hom%?y

{?.lg)?ibpqsi‘ihm b R ke a Y{h% A= %y, %y @ sequenu. m. R, and T={x) TFor all { “+Hreve,
ave wakural R-iivear waps HL (%, M) — Torl (R , M) and kS, w (R, M) ———*H‘(x VMY

M: The mr?iniam_. o compiﬂ)(cs ¢, : K, {;&_} — F yiclds MOrP'hiams of Cnm%aicxc.s oM K_{x'ﬂ)-——*
T oM ond %MRUF”M} : “OMR (%, M} —b ¥ {E,M\) ) Appiy ("i.‘-t\} )

(4. i‘?)?&Vmark L x EaX,—mre @R T= (%), md M a. R-wodule . Thew He (e MYy & My

and  H, (x MyE O, T

. , d L
oo For Hhe scwond clatw nohie ok K MY 0 M e L il ch () =

{X.m)—xlmﬁw_...‘ i;-f"}“ﬂﬁ.u h\} me:, H’ (K MO =*- }er %Mé{:Mi K o= O %br' adi \&LQ%‘E}.

kb M ke aw R-module. Tam, M& = N@\MR(M,R} demoles Ha dual ob M. e L obe o
e Rowodde wille basis ¢, e, . Thew WA —Ae is o bosis ol AL Thus e s

N . g, Hat ' , 3 . . N I 5
o TK-isowerphisw 13, 1 AL SN R b Wy, i_t’L'A._.,J\e:_h\}:z Eo{wa is o orestabion. sf L)
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Tor all O4igy Ha biliveox gﬁwms f\Lfo\“"iL A AL 2n, mduie aw. K -livear

Wop ] f\LL — U\“":L\}% defiued i‘l:'sy Luoe {x&)*)(“y)z LJ,,L{M\):\) for ol xe lx\(‘L} 7&’:/’\““LL.
For Tehl il wit ITi=0 wribe B L e N Ld- e e wl wilie lgﬁa net
Thes {0 i g4

€ AB,. = 4 (:CJ - i .
R S I, LS % t}\) ej:ul} o {I,I_“)..&{,)_‘_wzj_ B A

bh e m"'éééﬁor?hn'smﬂ;' S&i~
up = (=) () W and

Uy = @u_';'_ I’k‘\ni_,_ i (ALE*..

{9.28) Froposition: isﬁ%"éud"’ﬂg\} b x =%, —,x, SR and M ox K-wodule .
(o) e KG) = (Kix)) (-x) is o isoworphisw. of Complexes .

(b} Ko{x, My & (K {x, M)) (=%}

€y R M) = H" ™ (1, M)

M: () We wed o show thake W, 15 a h.mv?“n(sm. 6»2_ mmpms.#mig blloun onw. we hawe

&LIDL-TU.._. "glmjt— Wy 0&1: = (_--5‘)‘:4 é:-—f.-!-l LRV Wwheve &, = &}_ “The, Mﬁ.r‘ %ﬁoﬁcuﬁ i‘mm_ 4o

|&_“_%1&-% Ao i‘%:{“{v‘tg\l- /5%&_ (’I —‘Ev’% , Ixm{vv‘%“) = {.';‘:iiﬂ%,“_ (v, T%) Agu {I;I':) e

veT el ul and IT|=y.

{k) foliows, %-om_. {a}) and (cf} foliows fmw, (b‘}.

(Q.lé\)(fﬁ?os'\%iou: Let Ko dy, %y @R ond D—p M i M s Y

—s O i amack Aequan . of.
K- modudes .

The tnduad Aequance O - K,(gz_iM'k‘) — RK.(&M‘) —_— K,(éiw‘\) —t O3 e
m,gmi.. }'\.uimw crif. caz«.?\exﬁs, mﬁ;is iuém&s a, ﬁouﬁ, Mm:.iw iw.c%mw_ o?_ Mo wmo

oy’
&
s B M %;{5_,?%‘3-% E-?AL{XEMH‘}M By (e, My — ..

ool . Exackuzss doliown fon He dock Hhob ATR™ o Free R-modules. Thew apply (6.

(9,27 Fopesitions leb xe R amd C. a comslex of - Wodudes .
J pesnon P

z"_ca.\}#fi;m_ s G dxack Aeglasince e:f. mm{a%ism e{i mm?ie:mg:
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O — ¢, — Coakr, ) — G~} — 0o
(L} Tae .mc;u.c&é \OM Cpragh- LA Of, homoic: i5:
%, Am‘ % H};—t
— W (C,) —t H;.(C,@K,{x}\} — M (C> —27 H,;_!(C.\) ...
(&) J x B o N2D o €, Wi (CoK.() = b, (Coa Ry)

0 e R R o
¢ I !
o} v R 4 + R + O 0

\iici&s o axack Auiumm wﬁ. mmﬁmc.s 0 3% m_;k_{x‘)_m.;*lq(mqm_,,o_

Tlensor wille C&®, .

(4
show thok St meiiu% homomm?%'gw_ = md%«'c?i{mi{ow Ly s

Leb D, be He &i%vcw'&iai ow. C, . Ta &ﬁ,ﬁu Loomd L=l M orad- hasueme, w%;{m} ﬁoai«:&lﬁiﬂm:
0 — C& ok C" @ Cémi had-

G a0

nak
0 G (L@ C, —% g

bheie. ¥, i gen LY Hi  wadnix [qi (—i‘.)“‘"x.

o LI } The datue doliowrn e A
Wustuchiow o Ha coma-_k“% Womoworphisw ('u,)..
() Sfmw x is o NZD D — ¢, 2y o oy C.& Bfxy s oxack. Ow Mo obher hand, He
ommud-alrive, AQW R — K.X)

i &

R Hoﬁ)g:?/(x} mduces o commubakive é'm;&xuu_ i
Wwte oo wun 0w , s C.&K.{_x) —

1)u._.._...._,o

(I L
0'_....,&___* C, —— ¢, = C, &Ry Wi, gves
- H (C) W%, Hle) —— K@Ky Hy () S (ﬁ.) —
= | I by % Lent !
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s dasy b dedk thok M widdie ci{m&mm cowmudes . Thup gy s Ok isomorphisw. by Ha
Fee lowma.

(8.23) Grllavy: ek x=x, %, e R and M an. K-wodule.

(a__,)____ bk x/ = x, — Y e s aw ‘Grack hequemw : e
g———d M} B MY e r_’.H\) o W M\)——ﬂ'

.(hj L 5'mx‘)_~.,x53 B = Ry ey % Od onbume. ok x' s t.ueoHY Mwm%u.\c\r.

Thew Hox M) = B, (x', Me Relxey ) -

“oof » () K, W)= Kx)om = Ko K.)eM= K (¥ M) K, (). Apply (9.22) .
(b) By wduckiow ths we way amume ok sl e Way  peruude % b the sequance x
wa  K(x M)= Kt x M) = K M @ K. (). Thus Holx M) = H, (K M@ K.x)) &
O M) O Fa)) by (1.22)), dww %, & o NZD on KU M)= @M. Buk-

HAK (1, M) @ Roay) = H (1, Meg Biy) -

(9.2 Com“.o.na; e x=x%, % &R and M aw Rowodule .
(‘L) €L x i chki\f M*vuy‘im-', Heew K.(_E_,H\) (3 ocadéc.-
U’) X ox is ’R"Wﬂx‘a “Hhaw K.(?_Q T %ru_ K - wsoludnow 9?_ ’R/Q‘_\‘9

Wroof + Use (4.23)(8).

{fi.as‘}?r_o?osiiﬁow: leb- x = x.,m,xwe’R,Ix{,&),1:-.7‘)__.;5,%&3:, and M o R-wodule. Yy is
Movgudor, then Hp(x M) =0 for Ly noi aud By 2, M) How (B ,H/mﬁ>;-.&%§ (Rix M)

M:ﬂm loart- isemov?%{sm follow i:a\; (), Hhe msd will e showw iby nduckow ow. w. 3L
=0 i lr}v,;(gcﬂlM}mO %or Ly omd %)e {‘i.l‘{j um(gﬂ}ﬂ&r OxﬂI’:‘—z%m_,R (%,M’)_ ek mso
and wnbe M= MAM. The track hegiamie. O~ M RNV g mdus \a\i (9.2 ax exack
hequenie 00— K, {LM\)L K.Q!M\} — K. ™M} —0 and Hun o ﬁeu% Lok Aequante ai %m\om:'
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Wi Gy MY sy (M) — U, (3 T — Wl M) s W, (1),
S ye T amnililober, W EIY by (G0, s km% ekack- Aeqinamce. breaks Wp iwko  shovi
Grack heguames O = g o M) — Wy, (% M) — HM) O W Gnmwe Hhoe >
h—(mqi) . hew -\'i',;ﬂ (E,ﬁ‘)ﬂo 13\, wduckiou L\\A!(:vn%is v omd Hercdore H,;L)_&_,H) ) .
va\uv_____._.tg_"fh_.uﬂ..(ﬁ.,ﬁ> =0, Wy wp {x, My Wy ﬂggm.,.m} oind. B\f mduckon. potesic:
e Ty Howg (%,ﬂ/fwm—.,ymﬁ\) ’E'Homﬁ R M/(i}v{j = e

(9,263 Theoem: bR be o Noebhermaw ving , Moa Raile ’E—mmmt)i:x‘,__,x,,ei?.JIm{g),
and g = grade (T, M) = J"‘FMLI M.

() K(x,M) & exack if and owly § M=TM.

(5) W} K(x,M) & nob exack, thew wax Ji! Holg MYy 40 mn-g.
ool < (o)’ ear Aine M/ow = Ho(x,M). =" By (1.0%) Supp,, (H (% H)) € Vvir) r Supp(n) &2
Supp (MH) = F | where () Jollown by Nekayowma's lewma, .

() T K (x M) i& wob oxack by (o) TM &M and g<so . By (1.25) Ro(x My =0 Jor
Con-gond M, (1 M) ¥ ExER (R, M) and Ext (R, M)y +0 by (8.0).

(%;2,"{) LUMIMO.,'- 5.&%-— (ij} k& (-1 QOCA.E NQC_JH'&Q‘.WM Hh%j M . %’\\Mk R—\Mo&dt_,ﬁmé X o=
Kl ) Yoy E WA 1{_ Hsiﬁjﬁ\):o, Hhzic. HJ\;("‘I)——-;?‘,{;M)=O '?ur all

Lps, {&n.

Proof . By wduckion oo n. The wr h=0 i diviol. For ne wmbe x'=xy, o, %, and ousider
Hee EME Shacr Aauanie of howology 4roue {9.28)(a): o — M (i MY s B (M) —s
Hio G My — o Hg e M) 225 M M) ol (o MY —s . 3 Hs(x, M) =0 Haen_
Ho (e My = %, B G M) and B (1 My=0 by Nakayama. Alaie Xqew. By induckon hypothesis
Hoboy,— 2, M) =0 Jor O35, j¢n-t. Sive HoG MYy =0 Jor {35, e aboue ﬁmﬁ, exach
Aeguane. yidds ijrf;iga_iﬁ\; =0 der ing.

(%28 ana%(“ s (Rigdding) ek R be a Noctharran, ving, M fule Rewodue | and
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KXy g &R 3L HS(E.,T"D?D S H;(E,,Mymo for Al (»s.

oot Lo T=(x). Sine Suppe (M (2 M) 2 VEY, we may Jocalize. ab Pe VD) o artume
ot (Rw) s focal widhe xewm. Ue (9.27).

(9.29) Gorollary - Lk R be o Nockhorian, g, Moo fuile Rewodule , ¥ =x, — %, e®,
T=lx), ond Gsuwme Hhal THM M. Tic %Ho«m'u% we zquivelewt:
(&) % s chgm.sQ Hﬂ,%;.lqr"

oy Kilx ™My s acydic

(a} Hl iitb’ﬁ =0

(d) Wt (T M) =n.

(‘1.30>Tkmm~. K be a ool Noctherioun. \ﬂ'u% ond MED a %’n;k R - wmodule. 82_ %mit
npickive. dimension. Thew  dine M < iujding M = deptl R

Toef - diw M ikjdine M. Lk d=dinM and fb ToeFig ST be o diain of primes in Supp (4}
We wand 4o show- ‘u«i mduckow. ow ¢ +hat KB MY %0, T‘“‘“’N (G,H)#0 and injdiwMzd.
Bor 120, GRp & winimal in Supp (Me) Thun TRy & ai amtecialed primee. o4 M,
Houg,, (RIB) Mg ) £0 and 4o (B, M)+ 0. Stppose 0 ¢icd and (7, M)4o. I
pie (B M)=0 o Bkl (RURLY) Mp, Y=0 and by (1) Bt ((Bgy,, M )40
bine dinw (9)p, =1, wam% ok TiRg,,  yidds PlE, )=o) a cadradicion .

i Mm&tﬁ&,’i‘?: Leh —Eméeﬁkfﬁ and ok % <x, o xe be m/kivt%d&r Sequasie -
By (124) K1) b5 o de Rewsolibione of N=Rxy o denghle b Thun Bk, ()=
HE (o (6, (x), M) = B8 (o M) > H M) = Wxym 40 by (420) and (949) . Herww
= sup bl B (N M) £ 0] Sine deplte N =0 by (H2) b= iwding M .

3 Wene



