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CHAPTER VI © CoHEN —MACAULAY RINGS AND MODULES

_ K§s: KEQULAR SEQUENCES

..(8.5}.’%.\@550%: b R be a Y.‘m%.. amd M an R-wmoedule.
(o) Am elewent 0 eR s colled M_—_Vv,g%-_-.lg_\: £ om0 dor oll me M—(0).

by A wquene of deweih 0y, 0y e R G5 colled a M- seguene. - e fo\\ow{h% Cowditions
e hokished :

() a4 is M- vgdar and for ol 2sien e dewedk a; i (M/Z0 agm)-regular
() M+ .5 aiM. | |

{82y Remark: A penuwiakion o o M-sequance LS ok be x M-seguants. {Howawork) .

483 Tueorew > Lok R be o ving. ., M an WR-wodule. omd. o, a,eR on M-sequani . For

ol Nye R-(0), where 16len, Hhe Mguenw. oY, et s e M- sequence .

Prool: I sulbices b show: oy, a, s o M-sequance and Ve M~ (d) Hew o,y —, e

s ou M-.se.n{\um_r.. Condikion (_u‘) o, dedinifon {2.\) it obviows . The prood &f’; coundiriow. U) is
by induchon. on V. We Hnb show:

Claim: Lk by, by € R be ow M-sequenie omd wy—m€M witle bw+ .. +byw, =0,
Thew for ol léien ¢ m e Z;‘ b, M.

o d by induchow on w. Siae by s ‘(M/Z_,E: BiM)-H@Am-— and byw, =0 i

M/Z..:;: EJ'M e ove  demenls ﬁie M o Hok wm, = Z:.Z_:_i i’jgl Thus
L3 ¥ = . w—i B, B
qu‘:d ki Wy = Z:..qj:! b\,ui + by Z:..;j:‘ ba Ej = Z‘jil LéLmi+L,Lﬂ,i)=O,
By induchion hypothesis for all 1<iguads wi+by Lo e ZLIT b M s proves the daiu
T orde- b prove. e theorene W Anour E\f inducton. on V& M=(0) +hok-
Q) Gy, —— G i e M#.S:%MMLL,';;P v=l Huee i ho-ﬁdu.% o show. I vl wde Yeak

™

a s M»-\(?Jw“ amd Auppose ok dor Aowme 24isv and Aowe WeM:
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2. W :;.a.:‘) WAL C ol SARE L\!‘Enuc_. Wr.j' e M.

By uduckion. hypothesis. o™ G, @, ds @k M-sequonce. . and Hheew are ni& M e Hhal

W ot .
LW=a ek o wy . thus
N . : © C e Cf et )
CQE e ey — AW s e e el wy - e (e T e e e )
— \jhi . N . - . .
= a; o &, - o ) o (e Sp kYA o e (Wi L) = O

\ [V ]
By e daiw o oam, —am, ea’ M + Flimp oy M amd  Hierefore Q€ 2 .;-;1.. a ™,
Vi .
- . R 3 - w [ | ,
Sthaw 8y, o, @y IS H—w_%ulor,..u.,_é Z:J-_ﬂ a; M ~ucply Lug Hiak- we oM + 'Z:-jxaq“& M.

i Hhe f’oﬁm‘s{m% we wank dv show: I R & a lol Noether o \n'.h% , Ma ?—ihik - *Moeiulc,,

comd o, — a,e R oan M - sequance Ahew for oll eeS, Otiys s Corgy 5 Q. M-sequenc

{2 Remarke and Debinbion: leb R b o ring, X, X, vaviables over R, and M an. R-wodele
We comsider elements o M@ Rix, —, %1 an 'polyvomials' i He % Wit coefhicienks in M

and werile 2l g W @KW = T Mgy ¥ X = Flxy, %) lohere

M € ML We Al MUk, —,x, 1 = M@ RUx, —, % 1. Obviounly, MIx,, —, %yl is e Rix,—, %, 1~
hodule. amd dor all by, b, € R e is o Relinear wop MOk, o wigd = M

wite @ (FOx,—,x,7) = Flb, —,b,).

(£5) Tebimibion: leb R ke a ag ond o, — e, € R S T=fa,—,a,) and ik M b e
R-wodude  wite TM &M . The sequonw 6, —,a, is Called M - quasimgruder if for all
ve N -(0) He foliowing coudition (#) is salisfied :

() U Flh— ) € MOx, a1 is oo homogeneons  polynowcial ol degra v itk

F(G.;)__r.a_w e—d[:owM, thew.  all Co:.?{ac.aaaiﬁ-s eﬁ?_ Foaw e SLM
{&.6) Ramark: (ondition (% s hqﬁwémf- of e order o Hwe SeqUomie. Gy, Gy, -

(8.7) lewma - TFor oli ve M -(6; wuditon (x) i tquivalant fo -

n) G Fl, — e My, - %t i a homoguueoun  polynawial of degre v wite
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T(a“)m,q_ﬁ)mO Hew. e ma@}{ciauk b¥~ F(x‘,w,x“\} e am. LM,

~ Foob: Oloviously , () implies (x¢). Gomversely, bk Fxy, —,x0) & MIxy, -, %1 ke a howogeueous
polyuomnal sf degree v With Flay, — an) € T'M, Thae Hew & a kowogencous polynouial
Gl — %) & MO —ixad o degre vl Wit Fla, —a0) = Glay,—a,) . lmbe Gla,—,x) =
ﬂf‘:‘ X, Gi{xe, —,%u ) Whoe Gelxr, —x )& MOk, %1 a hom%wmm polyuomial of é«-.%mo.
dor 1€i¢n . Thew FE ) = F (R 3y 2 L, ety R homo geneoun
polynowial o degree v owite (a0 )= 0 By (wx) He welficienly of T e i TH,
hene He aefieinbs o T oaw e TM,

(2.3) lewwmo,: teb R be o nug, M aw K-wmodue and @, — 2 &R an M-—qums,im%\.lar
dor oll ve N- oy TVM o =~ TVM.

"Vroa] E? inducton. on v: For He mdudion slep ossume. Hhah TP Mo = TV '™ and lb-
WEM be so kol am €TOM. Thew weT¥ ™M and we moy wile m="Flay, —,a,) chae
"F’(m,u,x“)m!"&fx.,__,xwl 5 @ %omm&mwm polywotaial of &c%ﬁ.e_, W, Slue owm= o_F(a.h_fca.h)&
TVM, howo geneous po\\fuommi aF{x, —,%a ) hos Coalrenls iw TM by (). Wnle
Flt—m) = Dopaen Wy X0 i My &M T omy € TM and by assumphion
miy € TM L TBur Hew w="Fa, a3 € TOM .

(84) Theoteme: L R e o n‘a%‘ M o R-wodule omd o, 0, &R e M—sequance. . Then

Ly, e @y i M- c%uabiw%;.dax.

EE’E_‘*%- 5‘0\? mduckpi. onw: For n=i [ Fixye MK be a ﬁmwo%gm% ?a\yuomiwx} ol
C;E%w_g_ . Vhuo .:szx\}:z e x Y g-or Avvae. e M | 3‘-\{9?03& Hhod- Fla)= me¥e oM, Sikw o is
M—\m%dw)mmwb %@r bowe wne M.

=i =pu: SuPFose_ Hiah- Gy o By 15 D M—cguasivﬁ%u.\mv MQuamie. il.e)—-q:(x”_m,nhn)&
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Mix,— %1 b o howogumeousn polynowdal o degra v wille Flay, — an)=0. b womb o show-
by induchow e v ik N cociceds o Flx, — %) e i TM. Tor veo Fi,— p)=weM
and i =Fla,— a0y = 0. T He sip vl weke Yok lowwmo (8.7) shown thak () (xm)
for o hixed ve N-{o}. Thus Bj g uckiow. L\sapoi-hssis, oHOG, e Mg, — 3wl s @
i'tohd.o%gmwm ?Qi\fuouu\.\;ugj of cﬁa%m__ vl wre Hiay, e € TN deue e coefficionls of
Boae i IML Wk Flue, 10 = GGt — %) + xu Bxy —, x0) Wl Gl xy) €MT0, %L
5 a itomoc&mmm Pci.ywomd of. &uam_ oamd B Gk, wn e MRy e xed s %mowm_ﬂu sb.
duzm_ voio Siwe Flay,— a)=0, Hia,—6m) € (o, —2uy M ey . Sine oy —ane M i
Mowgudar, (@ @y )Mran = (aymm o) M and thus by Lewma (28) Hlay, —a)e e, ) M.
Sine iz xy ) is ho&m?wm of degee v, by induckion. hypotusis Yo Gl o
Bk, — o0 ore ie TM. Using. iy, —,an) € (o, — au "M Hum is o %nbmo-%z_w polynowial
L‘-é&q-;_._‘l,)(“_;)-e MURG e R 4 6L ﬁeﬁ«w_ v wnHe L\(ab_,ah_‘}m Hlay,— oy . Cousicer e
hom%mmm polymowmal e MTxy, —, %3 of &m&m_ Vil — xua )= Gy Xumy )+

ey 1 lxy, ) xuey). Thew %(.q,)_.,un..,\} = r—"(a,,—ﬂ%‘)=0. By tuduckon ifigfm—wesis ow v b
Meuanie @, my A 5 M-quosivegudoes Thus Yo coefficieds of g ax b TM and bo ar

e efpiciek W G amd E

Keeali : K s o Noekherian hfm&, IQ.}Q@QR\) o ideal i dhe ocolsow, voaveat of K,
and M o gk R-wedule ;| Huw. (g T'™ =0,

ig.wﬁ‘{mm&: b R b o Neetharnon \'itu%} M a ?«m%«, K-woduwle ond oy, —, 0y B e
L=la, m{ah> 9"—?50&-{'\:—"1\}. Tk %oﬁowiu.% are. ﬁquivaim}«: |
{"-'\} Gy Ry IS M‘“WW

{ftﬂ} PIN - Wi s M- CQMS.{W.%JW.

hegiini @y e, &y 1S MM~ Cﬁk&ss‘.\'ﬁ?‘l&\"‘_ THen e shadewend- follows B\j i duckew ow W,

() Suppose ol syw=0 Jor some we M. Ta polynowiol F= mx, & MUk, %, 1 s
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hbww«ga.neom o} é:c&m.. 4wt Fay) =Fla,, «;-%} =a;m =0, By (—Hﬁ-} we Tt thakis, W=
—n

CEioy W for dowe wie M. The polyuowdal Gy, xa)= I WK% s %om%a.uemm ef.
y &u;(u, 2wt Glog— 6 )=0. Aiip_;u_. .E\’ {*x—) W EIM and dhus wme IFM Cuuio'muiu%
ke duds yidds dhak we T TM=0).
L) Seb M= Miam ond e flg, o we) € Pk, xnd be o L\nmocg.nww; polyuomial o

-~ degre D with blas, ey =0, bk Fluy ) & MOx,— 0l b o howoguons  polyuondial o
degre v wiHe Fea My, —xad = L. Thee Flo,—on) € M, poxy Flagy— an)= o for
cpows weM L Lld &M wifle ey ke waximol Wit weT'M. e e is o %amo%meom
golysowted GG, yxu) € Mk, o éc%:mq, L owHe Gla, —ay)=w ond iy oy @) =

g Glay— an)€ TOM (she F is o degpran. VY. The polynonaial Hixi, —,xn) = x, Glx, —,%u)
s howogrueows of degra i+l V.

et Hl<v: Sine Hia, —en) = 4, Glag—an)&IM, by Ge) Hee cocflicienks of H.oaud G
cee e TML T dmplics ek W= Glay, )€ T M, a coubradichion .

Lo 2 v wvs FE=Fixe, o, x) By mn & MOk, oy xpd s @ .Er\ww%anmm polyuomial
o dugree v Wit Tay . 0n) =00 By (wx) Hoo tedioionks o) FF oo i TTM . Sine

4he wouonual terwg o %, — ,%u) do wok mvolve. x,, ik Yollowrr Yok dha coebfricicnts of
Foore wIM and Ha welhiceds of § oo i TN = {0y a0y ™.

{K.lk}’%“iﬁgu: [c..%-— R, Lc, OL_.‘HV‘%1 Mo /R*‘Wﬁélu.\t_ and T K o \(.ltﬁnl A Sﬁﬂi\»‘-ﬂh&. eg___
Liewewhy Gy, — by €L 5 colied o mowiwmel M—m.wag_ e Lo
(o.,) &;— % 5. an M-sequene

{E;) ?b'r" oll  be Il Hu M‘%WW_ CL;,———;%,L: s wobk am H—"S&Qb.a.hw.»

(g.tz){"omﬁmz{: ek (R,m) be a loal Nockherian g and M o fintle R-wodule . I

By g S WL 1§ G Pi-maﬂw.ma,. Ao s Hae sequanie. Gy ) Copyy for ali ceS,.

{EA@}/&V%M-‘ i.efg—-’R iOQ- S Nt&%&hnum._ h&i aue ™M wh’R*Mo&.ulc:~-ﬂ1§r- &m.n.é fﬁ-m.ﬁ Ter

Maximod  M-segucuse in T eeish (possibly el fnghic 0.
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b R ke o Nechera vug and M oa finile Romoduie - We wouk do showr Hhak all
oot wiod M*Sﬂﬁmm e L have e sawme ﬁm%%—k.
(8.4) Theowm: L R e o Neckhwdow. ving, TER s ideal, and M o fuile R-module
b, THEM . For e inlegar we N-(6) e followiug wnrdifiows awe  tquivalent:
(@) Brkg (N;M)=0 for olf i<n amd el fiuile R-wodwes N wie Suppy (W) & Ver).
(by BExk'y (% M)=0 Jor all i<u.

() Trere s o fiwile Romodule N Wibe Supp, (W)= V(T) end SxkL(4,M)=0 for all (<n.
(4} T conbaius an Mosequonie o lingh w.

“hoof . () =p (k) == () : Awvial

(=nid) - Suppose fitk Hiak tosy doment of T s o zeodivisor of M. This twphics $hak e is
o Pe %SR{M} wHe TEP. Taun dhewe i an '\R&.‘Qc}i\lc. mop ¢ R —a M whide exbends o o
Wohrero wap G RIF) = (RE), — M, . I parbicuder, Homg, (kiP), M)+ 0. Nis o fuite
R-wodule with. V() = Suppg (N) and Ng,#o. By MNokaawmo Neg k(F)Z Np/en £0 and

’HOMR? (N @RE{P\},ECP‘D%Q.H"—%r . NOWLeYD ’?P- Kuec wap T MQRE(F’:} — k(P) covnatder Hhae
wugosition Ny~ Npgg R(P) —" s k(P) ;f;z_ . M

P - Sine *¥ 0, 3 :?muom Haak-

R N |
HDMKF_ (MP:'HPjE %MR(N,M}P d O aud -Wm?ort; %NR(N, M\}zta().——ﬁtis shows Hiak i
%M&(M,M“}_—:O B Hoew b oox M-—mixdm— slement- %.e”li. hoe Ps‘ocwz% L\f induchon. on & .
di w=l ) we o dour., For wrl L LeT be an M—-vcgylar eleweni- omd Al M= M/;Q;M. The
tack Awiw_m_ 0 — M I, ——t M, —> © Yieicis o '{teu% oot heguance. :
O — Houcg (N, M) ——s Hoiug (N, M) — Howg (N1, —— Exbp (N, M)~ .

B &%—.?(NJM} — Ex%:‘ﬁ“‘ (M,H‘-‘) — BE‘%(N)M\) — ..

Thus Exky (M) =0 for all (<n-l. By induckiow hypobusis T coubaing aw M~ vegular-
rquance of lughe n-t.

(d)=+{a}: Lok &, — §, T be. G M—su?umu_, and Sk N be o fuile Re-wodude it

Su?gﬁiﬂ.jﬁ\'(ﬁ}. e wosd~ Yo E:i’m'w-' iay iMéquﬁ’%O\L Oh W Aok Ex-i:‘;ﬁ (M,Mk)mﬂ 4?0:‘" @.H_ Lk,
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. fousider Hhe oxach rguame O M b y M Mg O By lfh rachiess Hie Heguanis

0 o (N, M) B Houg (N, M) is ek and o, is wetkiplicakiow by 4, S €T S
vod (ong (M) and N fuile | dTN=0 jor 2owme ve®. Thun 47 Honeg (N, M)=0 and, sine.
Lo s ingickive | Houeg (N,4) =0, By iu&wh'eu_ hupotusis Ex{:;m MYy =0 for alf (<u -
Tais  lwplies thak for all < He M—qmw_, 0 — B (N, M} Thy Skl (N, M) is track, whee
* s wulkphcahow by §. Gupule Ext (N, M) by Wikg an ingchve vaolukiow of Mo
O Mm@ @ o — B — . Siwe §TN=0 Jor some re ™, ¥ Lliows Hhal-

H’OMK{NJQ&)..O and -uw.rc_?am -%l‘ EX’EL (N, f"‘f) G. Simw. % i mam:}\\;e, E}&L {n P‘i} o %or Lé,

. (ﬁ-lsﬁ G:m“ama,x et B be o Nedhewaw Hh%JIE.R.M\,.i&uﬂJ ond ™ o %iuiic.?@“amé.uk‘. widh
ITMEM. W o, —, 0 €T is o moximal M-Sccim,m.g_, i T, Hhae Exi:t.(%_,ﬂ) +0.

Troof - Finsk noke Hhak by (8.14) Howg (B, M) +0 il n=o.Tor 0< sn Ak Mj=Mia,_ a)M. e
wark t©  shour Esf induckion ow k-t thak Ex?c‘f‘“‘.- (%/;C,H;){=O. Suppose. ok Ext’:{.é"( .@’x,i'im>=:§=@
and consider B track hguane ©— M M My O T yields ..a,iuu% ack sequenia:
pom BT (R M) e B (R, M) ——~ Bk (R M) o Bk Rz, M) =
Nele thel by (&) Exé—““i“‘cﬁ%,m)ﬂo and Hak # is He wowmep. Ths

Exta - (R, Mi) = Exkpa™ (B, M) and He aladomcnk foliows .

(3.06) Theowrw + Leb R T, and M be ab i (8:18). e &agk&, of o maximol M-sspune in T
s mdependeont- ol the choiee. of Hu equance . de parkicudar, e dughe ko e o waximal
Mosequamee i T ds given by:
Exey (R, My = § 0 i ien
g.:t:o i L=w
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§z: VEPTH

{87 Defimbion: Lk R be o Noclheran nhg, TeR an ideal, and Mo fiuik R-wodule wbe TM 4.
(o) depthg M = T-deple of M = grade (Z,M) = grade ol T on M= masimal denghe. of an
M-Sugu.n,um_ e I, W TM=M we Adke depthr M = « .

(b) gmde T = grode(r,R)

{C—) %’_&é{:}_ Moo= %{rn.:le. &Mu.(_ﬂ)
(&) 2 (R,w) & local, Huew dopbly M = deplle,, ™.

(2.3) Poposition: Lk R be o Nuhhorian ving, TSR an ideal and M o fuik R-module .
(o) depthr M = win {0} B (B, M) 40
(6) gode M = mine ¢ EufaiR(Mj'R}*c%_

Tl (@) U TH M, e amerbion follows by (2.16). % THM =M, Hhew Exty (R, M)=0 i ond
ouly i Ext (R ,M)p ;&t‘;!_ (Re/ze, M) = dor alt PeSpeeR. U TSP, tawe TpMp =M, and
by Nakayoma My=0, i T€P, Huw T, =R Thun Exty(Ric,M)=0 for ali ¢.

(b) By (80%) Grade M = dephh g oy R = i 411 ExkS (M,R) =0},

{S.H) Gmalioxzrz leb R be o locad Noctherase h'na wite wesidue foid k and M o Hulte K - module.
Then  dephhe M = min {¢ | Extl (kM) %07

(8.20) Theoresn: Leb (R u, k) be o Jocal NecHhenas mug , Mand N nouzers fnile R wodules -
Trew Exky (N, M) =0 Jor oll (< depe M = dine N |

%@: Ey induchow ok r=dive N. I voo |, Hhew SL\P?R(N\}'&%ME) sine N30, The amedion.
follows by (B4}, 3L vrre cowsider a fithrubione oL N N=No2 N, 2 ... 2 Ny =0 widhe

Ni/Ng,, = Rrer  dor smwe Fe Spe R,

Cadm: S 5= dephe M and  suppose +hok () Exic;{wj'/uwm}:@ for ol (< s-v and all
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=0, m-l. Tooe  Exky (N, M) =0 for all (<s-v. |
U B G ke showr by dewaning induchon. o | ek () fuplis Exkl (Ny, M) =0 dor all i<sor
By waumphion () dor jont s BxER (N M) = Bxkg (Ney/my, M) =0 Jor all cesr Tor e
tnduchion rbep 3:;»3—& Coxside~ e Ixock Mmauente O —» Wi Nj_j — N/ =0, tolcde
yidds o \m\% ok Wmm - -%E& (Nf-i/ng, My E&%R(N S MY — Skl (N MY = .
By () Bkl (Nja/mg, M)=0 oxd by induckow . hypethasis Exky (N, M) =0 _ _
Suppose hour Hak He shaloment holds  for oll fiuwile R-wmoduder of divmension. € vt omd
e N ke o fintle Rowedude of dimensior v Siwe dive (Mj-i/ng) € dive Ne e by e daine
i emain de show dhal Exte (RPM) =0 for all i<s-v ond ol FeSpec R iwith diw Ripmv
Tor such oo P oAl xem—F amd cousider~. the txack rguane. O— Blp 2o Rfp s Blonxr — 0,

Sine dine (F/PexR) v, by {nduckion hypothesis Bk (R, M) =0 for oll (<s-rd T
L4sor. consider the dowg exach Aegiasi : _ _
o _O.—.E}d—,ﬁa (RfpaxR, M) —. Ext (Rip, M) e kS (Bo,M) — Ext S Rk, M) =0 —. .
Tlhs wulbighicabion. by % i ow iomowhiswe ond B (BP, M) « B (R, M). S |

E'NE;{ (&P, M\). 15 o %’im'h.. R wodule . 1:.\; Na.ko._\fma_ Ew&.ii,(g/?, M\}mﬁ-

(8.20) Comilgg_%,: leb R be o local Nosthev am. hxn%! M a %—imﬂk 'Rd\moéuie, anmd Ve Ass (4} .
Thee  dine (R/PY > deptle M.

M: Su!:PoS&. thok Pe AJSK(M\} wibe  dine (R/JF‘) < 6&?‘“{_ M —G\f {&.Zﬂ\} %MR(R/P,V!\) =0, o Cowrvadichion .

.{8.2@}&0?@3&(0&: Lo R ke o Nocthenos h‘n%} TR an t&mif ond O—M MM O
aw Gock !eeqmw, of. fuile Reowodules. e
(‘L) &QF-HQ,I > win }i &F{""‘I M &F‘L‘I u
(b) depher M! > mix fdeptr M, duphey r«m_:g
(< &@#&IM"Q_‘; Ma'mi&tFMIM;%M‘—-!%‘

Tod: (845) and o bong sack hequana dor B (%, )



(8.23) Theorum : { Auslander - Buchsbasu jf-omuia_\} leb- R be a local Nesteriaw Hu% and M40 o
fuite Rowodule il projdine M<m. Taew

projdive M+ deph M = dephie R.
"Fogl - by duckow on ?\'cxi.&fw.. M L ?mi&im,MmO,%m M is pwjhve | heta frer. ond MT RY
Thus deghe M = deptle R by (2.12), U projdice. M=, Hae dhec is o Gt hequan e
0= REELRY oH —0 wite s21 and ol wdvies o g aw e w, e maxinel ideal o K.
The wap § = By (k,y): w& (i, R) (k R

Extg (&, Q\ & RS E:&:L (k R @ R™

s simply Wegiiry @9, whidk is 20 siwe all cunes of ¢ o W w and w ExtS (k,R) =0
By Mo long oxact squence for Extp (k, =) and (8.18) we obtain ok dephe M= depite R-1.

¥ projdine M 22, there is ok track beguenie Do N o R M 0 witle projdim N=
projdive M1 "By inducton hypotlusis dephe N = dephe R ~ prodine N < deplle R . Thun loy
(2.22) dephe M = dephe N1, and we axe dove .

...{2.2.“1"}"R’gmm-%—\: I K s o Nebheviose h'n% and M o huwilk R—wodule Huw L\f (%.18)
%mda M o4 pmjc‘.\'m. .

{8.2.5721%-‘;@{%{‘:»&1.- ek K be o Novbrenan viw%,}‘i"eﬁ o iéecd wnd M o finite Re-wodule .
(e M i3 colled  perfecl il W& M = projdine M (= M40 ond projdime M <o}

(6) I s called pedoc- 1 R/m s perfect on a Rowodule -

{826} lewma: Lot R be a Neethenon Ving , TR an ieal | and M o finlke R-wodule M40,

I.g. T consists cf_ zeve  divisers u-g_ M oden TP fov- Aowme. P AssR(M\)_

Proel: Since Ube puasery P is He s o zevo divison of ™M, T Yecasson T The

dssnrbion.  deliown Al Assy {M\} is «?"ml’!e..
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{827 Proprsition: Lk R be @ Nockhenom ng., T,FeR ldels | and Mo Bk Re-module .
Aoy depHor M = win 4 deple M 1 Pevim
o) deplag . M = i } depheg M, dephey M

. (é) W oe=0), -0 is e ’M.w,se%umu. e T e ﬂ‘F“‘I/@_) M/Lgﬂ.‘)l“.i = &:FW«I Hf(g:}M = dc\o\&IM -,

- T‘Pm,;z_(my&y Nokoyama's lewma. TM =M L aud ouly il M, =0 dor all Pevix). Thus we ok
Gssume MM <! i dear go\i (14). Jn order to prove ' 2" deb @y, 0, be a.n...M-m%»«la.r
§ Aui.un.mw;, of.. woximal .Emgw. e L. By (2.2 TP dor some e Ass (M[go_h,,.,.aﬂym)_ Thes.
PR e AngP (Me/ieyMp) and oy, —, . doruc o moximal Mpmwﬁ».lmr Aquane cowdnined
e PRp . Theefore depthe. Mp = b = .Aafgi—a__t M .

(b) and (<) dollow  frone (o) sime V(T)= V{(nd (X)) and NAZng) = VIT)u V(Y.
{d) doliows frouwc (BuIE).

(,S.H)%ui’&nn.-t lb- R be o local Noethewon g and ™M o fule Kowodule,
(a_) Mis clled Gohen HMm:mJax&, (CH) g M=0 or if Aa?fe{,, M = dive M.

(b) Mis called woximal Cohes~ Macauloy (MM i depHoM = dine R (s M40 is €M with

(R s called o Cohen- Mocouday ring & R is CM on wodule over ildf,

(8.29) Theowm: Lk R be a loal Necthevan ang and M a Rutle R - wodule..

(2) 3 Mis o CM-modde , o for alt Pe Assp (M) dime R/p = dine M = dopte M. Ju
paiadar M hon o ambedded prime. ideals .

(5') b oy, —,a, & e be ow M - sequanie omd M'=Mia, 0, 3M. Thew M is CM L omd ouly i
Mb s oM.

€ F Mis CH amd TeSpee R, Hhw +he Rp-wodule M, is CM. TGw porbicudar, L
Me %0 | He  depbp M = deptleg, (Mg



2

Hoof: (o) dim M = sup § diw (B 17 Ass (M)] 2 i ! diw (Rrp) | Pe Aussg (M) 2 (gay dephe M.

(6) Siwe ol waximal M-sequances  have Yo same Iinge  deptl MU= deplfe M~ By (%.49)
e know i aewe and ad P for ali winimal prmes Fe Suppg (M) Hue diucMhy € dimM=L
Toie dwplies thak die M/ dimM-w and hen die M€ dephe M By (2.2 dineM! > depht 1
(€) ke Pelpee R wible Mp 40, Thew o;n_gm}s:-‘-.iv and  dive Mp > dephe My > dephle o M e
show by induchion on depHip M ok dim My = depHe M. L deptl M= 0, Hen P is
Coutaiwed in, Hu se- of zew divison el M and Hae & o QeAssgiM) with FeQ (8.26) .
Sue Mg %0, Pe Suppe (M) ond Hhae s o prime Qe Assy (M) with Q'cP. Mis CM

and by (&) M har vo tmbedded priwe. ideals . Thu Q'=P=g ¢ Assg (M) and P is
wiwimal W Suppp (M), Hewa  diwe M =0. _

LT C{QF'R@,P M$o, leb 1 be o M—R%«Aur dement and puk H’a-"’l/am,’;&y (&) M

5 o CM-wodule with dephlep Mi= deptlep M- 1. Nok. ol My $0. By induckion by pothasic
diwe. H"Pm acF‘Li’L?M‘m def#a_', M~! and M{%&E) diae ML = diw Me—1, sine a is'\'e%ul.w
o My T diwe My = deptle, M.

Reeall: A Noekhawon ﬁm%'ﬁ s colied Ca}t\aomé/ i bor all prime ideals FROR with Feq
all sakuvehed chaius . prame. ideals FEPB g . £ G Q haw e some QM«%W\-

(8.30)%%1’%0%: Leb- (R, w) be o focal Nockherian. Aug wite dim R=u. Elemenh o, a0, < w
ave. celied a é‘g‘;@.“_& g_f_ vaue,ie.r& (SQ‘P) ip :E={_Q|J._d,a_u> is am ideal o] Ac{h‘a{i{ou‘ o K,

‘Ri.aai" iS, !{L m&(Ij:m . Elewewhs Lu).._..F%‘-éM.ﬂ we called i)_a_.vj—i_ & &&&g&\_ EQ— Pummefmr:&
g K § dhee ae donent by boewm a0 dhak b, —, ba & o SOF

Note. 4hak v o local  Neekgriaie h'va,%, &ﬂ‘i&”s‘ o pavamelers cﬁwmg:: e ISt

fg.?ﬂ)ﬁm: Lek- {Rim.") e o loal Noceran C.M--v{n%.
oy For demenh o, —, ar e w e {i—oﬁbhﬁm% o quivalent
G} @py ey B S @ m—e.%/u.iar ARQ UKL .
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GG Ak (o, ey =0 for ol igigr
) Bk (e, e =¥
(V) sp—jar is poark of o Agluwe o pavowmelens & R.
By Ror ai ideal TR e following helds:
() B T= dephp R
(i5y AT + diw R/m .= diw R
Loy Ko is mjehar\é,.

Froal: (o) () = li): Since @, —jar s wgular, ol is wgalar on R/ay, ey and qi;(év dar all
Pehssy (Blay,—ayy). Ia porkcudor, @iy is nob cu;n-\ﬁa.imﬁ i cmy winimal prime idead o} (a,,—,q;)
Cand (a0, ) > Rk (o, e+l This wplies Hhat Whla, —a)> O By Kell’s gueralized
principal ideal Hheorome Lb-(ay, — 0} &l hoe Mlag—a)={ for al igigr
i) = (i00) : Amivial
(i) = Gv): U dim R=r, we ae done. Suppose thak dm R+v Sine (a,—ar) is guneraled by
v elewmenls, by Knli's gemerolized prncipel ideal Heowwe Mo maxiwal ideal we is nob a
Winewal pame tdeal over (ay,.—a.). Wik an Eke.i'mcmi* o €W whide & hob cowhalked in amy
minimal pume ideal over (ay; — ar). Thew Wy, — aps) =v. Gudivue Gke s,
(M =l): W suffins o showr Fhak omy S0P L R is & vegular rquen . The proof. is by
inducon on n=diw R. lab oy, — o, be an SoF of R. Siwe R is CM by (8.29) Gvery.
prime. {deal Ve Ass(R) is o winimal prime ideal . R ond diw Rp=diww R for ol
Te Ass(R). Sie o+P, __ ¢, +P s o SoP of. R/F Jor oll FeAss(R), ¢ P for oll 'P@A:&S.(R\}
and oy b5 wgddar o K. S R'=R/aR. By (£29) R'is o loal Nededon, Qri~ving Wit
diwe Rl=v-i. Mowower, o +oR, _ au+a® i o SoP of R By mduckion. Erxgpo-i&s.sa\; ,
ateR, _ ayraR s o wguar Asquente of R
(b} &) Suppose WT=r Thoe dhoe aw dewenbs o —,a €T with Al —rary =7 By la)
e MQuente Oy, ey 8y IS vegular amd deptey R > W T=r ld PR ke o prie idead Wbl
TP ond WP=r By (229) R, s« M- ving. and &a?%&?’aadepuﬂi?;—. diw. By = v Suie
doptl R € depll R He shabemend ollows.
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i) ek S=4Pe Spec RITEP minimal | be e aeb of ol priwe ideals whidh e winiwal over T,
By depuibion: LT=il {WP IPas] and diwe Bz = sup | dinTe 1 Pesy.

Caiw: Tor ol PeSee R, dine Bp + LT = diw K.

Brebd: Sk diw Ren and WEP=diw R =v By (229 R, is o CM-ving, and dephe K=
dephiep R = &m,Rp_v- b o) a0, eP bk o wmaximel weguder bequana e P Thew

- Rlay,—a) 5 o CMoving o dimension n-r By o) W P=r = bi-(a, _ op) od Pis

e wininal prme over (oy, —ar). Thus Te Ass (Rla,— ) wnd by (£29)(a) din. B =
=dive (Rllay, —2n) = n-v.

Tk order be finish e prof o (i)l PeS willh WhPe ST Thew dimeBia > diw ®e
and. dd T +dive Rir 2 8P diwe e =dine R. ek Qel be suwde thak dine Be = dive Ba.
Thew, LT ib@ ad LT+ din B € WQ+dine Ra = dive R . Taus WhT + dine Rz = dine K.
(<) Gusider priwe. ideals PeQ of R, Siwe Ry s o CMoving, by (8) diRg = A-PRg +
i (Rix)g . Nole Hhok dike R = I Q, L-PRy = 1P, and dine (Rle)g = A-(8/p). This
Mhoun thak - (p) = LbQ - Lh-P. Gusider ax inkrwediole priwe ideal PC W Q. Thew
M (G} = BhQ-td W and AWy = fh-W - WP Thes e (QF) = L@ LhP = Ak {%)+
He(We) and R s whenary,

(_&.3‘1} Teliwibion: leb R ke a NeHena h'ug.. .
(&) Qu ideadd TR is called wnwmined i dor oll PeAs(Ri): 4P=LiT.
(b) The wimixedness Hreowm. holds for Hu ving K i tvery. ideal T={a,—ar) s R wile

AT = v iy wimixed.

(233} Kemark: (o) b R be o Noclieran ﬁn% ond T={a, 6.} ER on ideol we Li-Tor
T is unmixed i oud ouly if T Aar vo ewbedded priwes.
(k) "%}; (£.29) +he zevo ideol (&)} i e lowl Cthm%T( S WA .

(&3%%@%0&: beb R e o Nodhenaw E{.n%. and M o hwbe R-wmedule .
YR is o QRM-MM% v L Ky s CM dor ol we mSpec R
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)M s o CQ_M—MWO.% wodule i M, is CM (over Ry} dor all we mSpec K .

{235 Theoramn: A Noetheran, \'{u%,'ﬁ. 5 CM if ownd Nﬂ}m e wnwinedness theowwe Aolds 4Pau- K.

e

Poof: =’ ek R be a CM-ving and L= (o, o) SR an idea) with LiT=v. For al P Asi(Rr)
dhe h'u%, Ky s CM and e a,. s an. Ry ~sequena. by {8.%‘5\3.'&\, (ﬂ.z‘f) +Hize (deal T, =
{ay, — 0 )Ry hon wo aubedded prime ideals. Thus P is winimol over T and 2P s T

LI
.

Suppose. thak- the ummixeduess Hegrewe holds for R and e Pe Spec R . o codun 4ol
(RP @ CM-»?’\M%. S%Pm JPev and Ll &y, —, an &P hﬁ-@k.i@t.\—(ah__,a(‘):é for I¢igw
By He unwixedvess Heoen ot Qe Ass (R, ap ) kave ﬂm%ﬁ& ¢ Tais lplics ok ag,

is m%).dox- o R/(a.;,__‘qi“} amd G, ae 5 o \e:%@iar sequane. W Ry Thus diwe R = 01P= r=
deptle Ry, amd Ry is CM.

(8.30) Theovew : i R ke o CH -ving. The  polywowial ving Rix, — %03 e Ruilely weany
vaviobles over ® 3 o C—M"“t’i\m%..

ool e ouly wed do show thak M polyuomial ving RIx] i owe varable & CM. L PERTK]
be o pame deal and w = PR ik contrackion 4o R. Tue ring RUxl, s o docalieakion. of
RuDd and we woy assawe thak R s o local CM-ving it woximal ideal we and dhak
PeRUx] is o pawe ideal Wit PrnR=wm. We dafw thak ROy is CM. Suppase diwR=n
and L o, — e, e be o eqular sguance. e R, Siww RGG, is Hak over R, o, —, a4

5 a rgder Amuaa. i ’Rﬁx}?, T Pox{{c.ular-, AQF-HL'R&KP pn. A P w RO, dhe

diwe RGDp = and ROy 8 CM. U P RIxT ade K= Rhw ond noke ok RO¥ ity TR
T P= FMRDA is o prncipal ideal guueraked by o wonic incducible polynowial § . Lok LeRTx]

be monic. polynowdol itk L+mRIxI=L. Sie L is momc  Lis regular o ROA/ra, a0 =

{Q/ﬁq,m,aﬂu§fx3. Hence &eﬁ-&.?&]P;HH = dine Rix], . ’R&}P 5 a. CM—V‘N%'.

{E.%‘?‘}&wiimnggva% oicgz.'hm.. &%ﬁ %iaik_ '\'3?“- over o CM-—V(n% is cn.}.e_nu,nk.
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§‘5; REGULAR  "RINGS

.(8.38')_1}_&2{»{%{0&: Lok (R,w,k) be o local Noctheror Q. Ko _55.3‘:\_95 il diw K =/£-_{ua>=_— e, (""/mﬂ\).

(.&3‘1} Examples: lob- R be o low! Noetheviai vi\{«&..
{a) ¥ diwR =0, thew R is m&ular" { and oui\? £ R 5o fid.
(b)Y Y s =1} , e Rois iec&;.ja_r il awnd ouly i R is o DVR.

.(2.‘@9}’@&0&% {T.‘ale_): Lei- (R;m, k) be a local MNoctheviam v{h% and DEWM. o dement suck
ol (p) s @ prme ideal o helgh oue. Thew R is o dowain.

Pod - We fint showr thak for toery dement e eR-10) theve is aw. elewent <eR ~(p) and aw

ihkc%u— re™ Ao Yok mz?“’.a..'. S R ois local Hue}é\wicm‘ i’“\.‘,&ﬁ...{y‘*}=£a‘} amd Huse s @
ve N wHe aelpr) and ad (p™) Then G=pal for some deR-(p). MNexk kb 2, beR-(0)
o ble - (p) and viseN with a=g'a! and be P b The eb = Pralb . Siwa )

& A briwe
el | @'H g lp) amd Hie is @ Wikimal prime ideal QER with oW Q. Sime bblp)al,
(FI¢Q and QE*-—-FP‘LS o.’L’%Q. Taws ok 0,

_{E,Ql\)G)wﬂQ.na: E_QL-— K be o focal N&m&%hm ﬁm% wﬁt\\'c‘_k s wnob g dowioiu. E\m—‘& ?\'ihc.i,?oi
Pre ideal of. K & wiwwal.

(g‘wﬁ)ﬁzwme A R?qu- oual vivu% (‘Rﬂ,m.&\} is o dowain.

Tm_a{: by induckew on diw R U dwK=0, thew R is o bedd. Avume dinR=w and le
-
b

b b o wikimal priwe jdeals of R. We daine thak i R is wob o dowain
e wewt o T U Suppose R s hok & dowmain and le- X, %o,

Ry €& Wm0

Fok xrw® Gt L Xyt m™ i3 @ basis ol i k-vedor Apate. W T ®x) Hha
maximal idead My s Gevevaled by 2 +(x), et} By (48} (@) diwe B/pg 2wl
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A xé?{‘ »?or- all Misr, Hew dim R/(x)é.ﬁ—f ond  hewe div oy = w-l. In dis cone R/(‘x) s

o n%A..!o.r local v{n% and o dowain by induchow. hypothasis . TThig imgo\:'es 4ol e R s
o F\-‘mdpaj Ph'ue_ ideal of_ /&.&iﬁﬁd—‘.ou- _E\! Lz.'-i-o) R oa dcmu‘v.., o Conbrmdichor . Thun
Re¥, Jor mowe i¢ligr ond the dajue follown .

s, L R 5 wob o dowain. thew weweHoo vl W wmaie), by chmjrmo. LY L

ond ws T for mome 1404r Buk dhew din R=0, o coubradickion .

A R543) Theowewy: Leb (R, k) be a lowal MNeetheriau rim% and %, wme e winiwal S\gka_ of

Qucrakor, of w. Tue %7“0&3{\1% are squivelent:

(@) R s regular

(B) Leb Rz, 201 be Y polynowiol nuge e T variables ouer k. The howoworphisw of Hngs
kG, iz 1 — %ru(?{): @:ﬁ “Zmiet defied by @2y = }+wFe Mme is bigedive .

T (B) =(e): bok Sy~ L kB2, 1] L homogencous of degre ] be e R-veckor spacc
oL homoguuoun polynomials of dogra v W @ is bigchve | S, = "Vimn ay ke veder Spowes .
TThus ﬂg(‘“"/’m“*"\)ﬂ (7YY and Lo (Rlwn) = Zt:—jc ER(W‘?’M&“) = (Femoty L {Rvax
o polywourial o degre v in ko and dheefore dim Ry o dimy, (M/we)

() =) Nele thak @ is olways

s

Mrém%w_ ond T=Rerip is o howogencows ideal Al < is

e homo%wmm w.orpk:'sm. Tow, T =@,y Lo whee T, Sa. SU.FFoae_ I%(o} and Lk

ued; wHe ugo. Thew for all wy b, WS, €L and QR(“‘"/MW‘):P.LS»/J:O&

(M—n—i __(\u-n_i-‘_i (r+n—i . .
v ’

L .- and {rth‘{ i} Qe ?oiy\qom(q&s e v ﬁ d\% i
e 'Hﬁ.e_ Akl Mm% Cﬂcj&.‘c{c.l&'- Thes tmphc.a Haad »EK(W‘K/@'M““} s o Fui*rhobm;aj We v
cxg_ cie%w_t £ -2, Thuy diwe R & e, & cCowhodichon.

(8.44) Proposition: Lo (R,u, k) be o rgular docal ving. Bvery winimal syski o gunoralon
Gé. WS e irc.%uim- M_%u.mw_.

Tt by induckio on n=diwR . W neo e RO e didd. 30 wpl ) bk = n—, %,
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3;?\(.9., ’R 5 o JGEMQAK,,) X5 5 G k%\.lar dﬁ.w:,u;i— ﬁ_ _'R—ﬁ;(&%. AiWL. ’%/(x‘}n%-§ CU/LC% ‘%/()C]) IIS, O
R-%dax el n'.w% o dimension -, "67 i duckiow. @m:ﬁ:okfm.sis x;+,(x‘},.._,:.xﬂ+(x‘) s o waular
- hequance. o, R .

(S.L}S) Comﬁur}-. Ew::né, H‘-{&;.dqr tocal h'n% IS &w'ineu..——Macmfio.%-

(B4L) Tropesition : Lek- (RwkY b o focad Nocthewan, \n'vz% Wnd %y, Ky € W G regpdbar

Acguena . R unbe W= (%, %, ) - Thew
(a,)? s o it%ujur local ‘rih%.

(b} X,,— % 5 o wmiwimal Avgless, o) %Lhe.rai'ori of w.
/?ﬁ_ Sinw M) edine T m.&imk(m/m‘-\}kéi*‘wﬁ ?,-&égﬂr&.?»m-%'

.{S,H.'z}'p_:g{a;gou: b (R m, k) ke o ol Nedherarn L and Ry, i, eH O moular Agquance of R

X~ % is called @ segular syl o paramelen (RSP 1L W= {x, ., x).

(848 Remork: A local Necthevias g K har o KSOP i and ouly L R i wegudar:

.(&W} C@lc”g_né‘. Leb {Q’m?}z\) be @ mc&uiar local ﬁu% and Kiym) Yoy € Wih . Tge -iu\iowiu% G éc‘uivalc:n)r'-
(_a.,‘) Xijme) %o Qye Pcm{.. of am KsoP

{E{.} RibwE, o XpbwmE e WMiaE e “maaa—éy iuéaywé&m@— owtr k.

u.?) /%y, — %) e e m%dm* local !‘ih_%, widle  diwne Rf{xum,xp‘) = dim K ~v;

Troo] - (a) o (6)+ rivial |

Sed E:{xi,_,xg‘; and S=Re . S koo ol Nocbhen ax ﬁu% Wit weximal ideal Wy = Wi

i:om(ficir 4@&_ Muafr- h&s}ue.hm wﬁ, k—vr:.cior- Apm;,;
Lebe S=&€%k(if’fﬂnw‘-\}.

G e Limp e s M gy T M;,ml O,

S R s r:%“jmr b= diwg Me = dine R and &{Mh{““&/mn\)-n n-5 .

U’zd(c«) {b) imphicy drak s=r  and Heselon.  tdim 5= émk_{w‘wm J= ner Siwe K is Wnr'
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KRis o C-M“V{m%, omd by (8.3 » dim Rz = diwR - LbT . Sing AT sr | diw S 2 h-r awnd
S s ‘l&%&lﬁ.‘f‘.

ey = (b} dim 3= adim S=n-+ llm?\t‘u Juok- &\'mk(xf:;':nmz-}*\'f The SeqUMe. X+ Kt wE

is i(hcn.x—iy i\s&?&&eﬁ&- over k.

(2,50} Theowew: Lok (Rymy k) be a woudar ol wng ond LTER on ideal.

e nng R
regudor L and oWy LD is querald by park o an RsoP, |

o=t by (2.49)

o ® Suppose. thok R ig N.%A..l&r' R Xy — %g & wo o thak %+ T, — %+ L s an. RSOF ol
R e Pm—kcuiar, W= (x, —, %) + T Lek Yo,
c}fL MU e T raws Fow Hea  oxack Aegiseisce i k- veckor Apous: ©— ML T g s 2

— My, Lo we oblogw thak-

— 1Yy €L Ao thal Y+ ) ver ™ 3 o basis

XEJ“""%IYH““"JY&"‘ 15 om ?SOP Q?- ®. M’}“(Ya;w;?r} & I,
%y (3-‘*‘*) P%i'a' i5 o “%&JN“ local Vibt% kbl din R/g_?-s:dim_ Ko S\'uu.gf;& s o éumu.im_, Im’&.

Fowmologeal descriphion of squler local fugs

(?,S;) bewima: [ob {Rl,m,h} be o docal  Necktewan V‘ih% and M a %’m’@:_, R module . ER (F‘T,@.)
5 a IO, »?vu, tsolubon af. M eew
(o) dimy Tor (MK} = vank F  for all ¢

(6) projdime M = sup 01 Tor§ (M,k) # 01 € projdin &,

%@_:ﬁﬁ'ﬁ'}l‘ nole.  Hhak- iiF;,”J.\) 3 6 wmiwal 4ree vesolubion of Loy «'m_% Fois a %m;%e.
%&?“M*oéﬁﬂi ii\} ?}LF'; = b F;',‘.g .?or- adi L},'@‘ G §ff) ;:;’;MF; ~ MI.JMM‘
(2) Becarse o candidion i), Hhe boundary waps ef i Gowplex (Fok,26k) ax ol

zao . Thus Torty (M} = {(Fak)= L@k . TRy dimeusion o, “4he

'—vechor Apate.
o : i ; Fot
Fek s He rmuk of

e
(5) fdliows froue (o).

P
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(8.52)) Theovem: L (R k) be o local Nechoriam ving, M a Fuitle R-wodule mnd xe w an
M-"N%/Aa\" dement | Thew ﬁam\i&'m M4l = pw\iéim M

.7@:7& Yiack Aquama. 0 —» M s M —a My — g iu&u.ru‘s o long exack Aequence -
——a"i’i:r;fg (kM) = Tor, (i, M) — Tor (&, e — “Té.{‘(hjm) 2 Tor (kM) — ...
el N Tor (M) i anaihifakd by w, His wulbiplicakion by » is e zomap ond
e dquena 0 Tl (kM) —Tor (K, Mam) — Tar$ (k,M) — O is exack far all

e NI pojdine M= v <oo, Hhen Tor S (k, i) 40 omd Torl (R, WxM) =0 for el Cyesl
I projdive M=so . Gr (kM) 20 for dl ce™ amd ol (h,Wen) RO for all ieN.

(8,53 &mﬂo.n&: Lt (Ryw k) be o local Nocthevaun v, M o kil Rewodue | and Ky ey Ko
Qe M-—Su:guw&. . Thew Pm}dim Mo E"""j“}i*“‘- Hf./{x,,__,.xh‘:)m —

{8.5% {oroliary: LJ_{R w k) be oo or o wmea widh diw Ren, Then oldima ® = w .
roteny 1y % &

T bk xy ik ke o RSOP oL R By (£46) x, e K o vequler sequene. o R and
by (8.53) projdive k = projdive. R/ix,, =1 %n) = brojdive R i =n. By (T44) gldin R =

= hep 4 projdive R/ 1T an. Reidal b ond by (8:51) brojdine M < projdim. & for eeny
Purk R-module M. Thua gldine R=n,

(2.55)‘2@?03(%0“: Lel- (R, w, k) be o locol Nuchheviom Wng, Mo il R-wmedule |, and xem
an. dewend-  whick is /Rﬂc%glw ound Mwm%».lmﬂ- . Then prjf&imw&‘:i Mixm £ ?mjéimk M.

fﬁ: W Fro‘jcjfm,. Moo, e v done. i Pmiéim. M=n<déo e Pmou;i Ew? mauckon. ew w
Yrao, M Q.?VDMV&. R-wodule, . Sinw. B i local , M s bew and M i a See
KR~ wodude. W k>0, consider an ixack Maugne O Nt R s M &y | Thewe
projsise M=n-l and, alne NE R,  i5 alse as N-reoular devent Gaside He following,
S mudahive &éa%mm_ with. otock Toun amd toluimes
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o f+] (o)

4 4 i
o N . R” ™ 0
4] N —s R M —— 0

¥

N/xn S ‘Rfiﬁ,"“—“" M/xw - 0

1 J A

o o o

—5) Hee Shalee. L&Mmo.. o1y inki.r}{\'e_ g 'Hm,\-e.g—cm .Pmio{\'m_w"a N/xN = .pm\ié{mwxa M —1 . _&7

ihduckiow %\\&Fo-\-lu\sis Proidineg, o Nxn & Prcin‘im_ﬁ N oand hemce Fmiéimwa Mk S.pij{mRM.

(850 lomma Lk R be o Nockerow ving and M, M, Kuile R-wodules wibhe progdinm (1, 8M, )= v <co.
Thew, projdise M; &+ or {=l,z,

?EP% Tor L=l,2 considey arack dequances « O — k;—-»'?&,-r.. TR B M = 0wl —Pr.',é
projechive. Re-wodules . Tae diveal A of He o mquunes O —kKak, — B @ . — . .
— ’P,’u@.if_‘c S M@M, —0 i exech Siwwe projdive M, ® M, = v, Ha R-wodule Kekx,

prejeckive. Thun K[ is a. progichive R-wmodule  ound projdine My £

(X.S'T)wmwm: Leb- (R)m,k\.} be o lowad MNeckaen ow_ Hn%.’ﬁ. 3 \u%.lq_r- if_ and md\f i.f; %\éima<w4
Morover, . R i segudor- Hx. gldime R = diwe R .

Trodl + By (8.54) & R i wgudar e gldiwR = diw R, Suppose thak- gldime R <oe omd
Pprocaed L? induchon. on = dity "™t = edine R. U n=0 How wew® and by Nakayoume
m=(0). R is a fidd. Suppose nyo. A Loy demewd- . wm—mE s o Zewdivisor ol W
e WS wE Ubinsey P ond  me Ass (R} . Thon depte R=0. Siuw projdine g R < o0,
E’Y Auslomder ~ Buchs bauue (8,23} prodive k=0 and k iz a e R-wodude, o coubmu -
dishow. 40 n>0. Thus W~ w?  Condarnwh G '?\HWW desmand,

leb- xe wm—w® be aw K-ngulor element - The ving S=R/xR is focal Noethenaw wikhe

woxiwal ideal Wy = MR aud tﬂn—%eﬁélu_% dlmeusion dim, Ms/wi = n-l, Morovee
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din $ = diw R~V by (w48 . 3¢ gdive S<ae, Hae S is rgudar by induckiow hypothesis  and
dinc, Ms/m> = nol = diwS . Tn His ke | din S=u=dimy, "w wd R ois wgdar,

Thws  F remaius o show  thak | gldim S <e0. ‘Fay (8.51) we kwouwr Hhal %HémS“FMj&{msk.
The wack hequamie. O ~—wmg — S >R =0 yilds thai- ?mjé.s'ms k = projdim_ wy 4+l and
- Afbies o Showr ek projding w, <60, Nole thal s = "/xR . By (8.58) projdineg, (Whow)
Projdime , m<do and wx wed o Gempase  projdimg (Mixw) ond  projding (/xR
Cotu: Wy = MAr s o dived Suwmond of  the S-wodule W/w.

’Eg_gié Exlend %X 4 o womiwel Myl o}, Generakors ¥, ¥, | —, X, of. w omd b T =

WXt (%, xe) - Obviowsly | Ry+T =m. b aeR widh ox & RunX Thew axs o +o x+.. .
T opx, wwe lew and ajeR. S XS, Kt m® o, Xyrm® S o basis o Hhe ke veckor
Apowe Mt we hove dhal acm omd RanT = mx. Tows, W= MR = xRl o Tieunt =
Tiux. Gusider 4o S-livesr Wap: @ Lk @ *Blyy — Wi defrued by wla,b)= atb .
Obviowdy , ¢ is burgickive . Moveaver, Glatrm, brxm) =0 Grbexwm =T nRx e o, bexwm. ¢ is

3&3&0@-&%. Thwn mg=M/xR is o divck Aummand of "fuwm By (250) pojding m, < a0
(2.58) G:mii:mé,: et (R)m)k‘) be o regudar local %%u% and Pe Spec R. Thew By b egudar

M: Lel- Pe Spec R aud  k(F) = (VF;/P>;; =Rp /PR, . i have bo shouwr Hhak- aldim ’Rpr—pm‘gémg?iziéﬁ <o,
St projding, B <@, Hem s w oxack mauute of R-wodues G —> B, —> B, — .. —
To— B —0 whew B 5 a progickive R-wodwe for all (. localizing ok P yidds ai
tack sequaunie of Ro—wodules: 0 — Fudfp= . — (B)p — R(F) —+ 0. Siwa (8 . are

wpcrive Ky — modules | He  Gserhow. bliows.
Projec P

(E,S‘i‘)’_l:};@{-{nfé{ow A Nocthewon. \r{h%’{z i3 colled \t%ulmr* d Ry iz a R%Jur \ocal Viu%’ -?-or‘-
aii Fe Spe.g, K.

(&éo}m‘ark: L R be oo Neetheriow ﬁn%.
(e _'R is m%}w . oind oudy L R I8 \-E%A.JQ\'“ or ofl wme SpecR | W wmaxiwal
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(b} £ R 5 o dowmain ér{l dimension. one e R i tt’%ojar i and ouly d- R s o Tedekind domain,,

- (8.6 Theorewes Lo §: (R w, k) — (S;m k') be %oj%m%m.\hf $lok worphiswe of. local Wockherian. fingh .
() I S is H:cgdax; so i W

(b) AR amd Ywms owe regulor, s voudar amd diw S = dike R + diw S/wms.

?Lo__og;.(a) Suppese. ok dim S=n. Lk M be a Fule R-module and 0 ok —F _—4 . ..

-
TR =M O an txack requenc it fuike e Rowmodules £ Staw S i Blok over R

e sequance. O kepS — K 8eS — ... — B @S — M@gS —> 0 is txack and

S is @ duik he  S-wodule for all 0¢ien-l. Sive S is E%ul&x“'&%,. diwmension
KegS is o b S-modue . Thun K@eS is o Yok Rowmodule. Lol © —u byl

Eﬁ '®K

— N be os
oz Mquane of R-wodules. Thew 0 — N'gy (KepS) —— Nep (K&, S} & wxack. Sine S
s bbby Yok over R, Ha hequente. O — N'ggK — N®RK (s xacdk and K i o llak
R-module . Sine. K ts fwle owd R is lowl, K is o b R-
K o ie(gula,r focad n’n%.

wodule and ?miéimM<¢o.

{.b) b %, % e m be o Rsop of B and Yo—yge e Wit yews, v rmS o RSoP

o Yus . Obviouely, = (x, — XY — Ve ) We dadue Hiak Xiy ) K Yy Yy 1S QK

. K e
S—becg;.\lar Mtance Tor icigk s 0 — %f’{xg,-.-,x.;,) B ‘%”Eth,xgﬁ is \wéx.ciwe_ oind |

. . A . .
S Sis Yok cver R, 0~ S/(.xb__,x;}) i, s/c.xum,xg) i fack Hewc Ky — %y 8§ G

S“W‘”‘ M—ﬁm‘g- “ror §$_ic_:$; S‘f{"u"—f"&: Yo, *r‘fi-}s = (S/ms\:’/ﬂﬁ*m:mf JP'Q"MS‘)(S/“S\)
and iy Ky ¥y, ) Yo 15 0N S-woular Sequihce. iy dia R4 dive Shns = £4s <
diw (h/wa\)}, dive S > &eﬁk S2tes. S s o *t%.dm‘ h'u%.

(862 Theoremn: lek K be o R.zula.r Hn%.
over K5 e egular vug .

The ?0\7 woud 6l v{w% ROt —,%u 4 e varoleleg

"Er_o_gﬂ We have 4o show dhal RTxD is ic%dm", let- Qe Spee RIxT and P=QnR e Spec. R

Slwe R — RIx1 is Ji_mk—} e wdued Wsor-?hism_ ’RP — REx]Q i %a_&k@é? _{’Jnﬁ- Mew.evar}
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(R&l/m&ﬂQz Rl g where R(F)= (RP)p. Since R(P)CxT is eguder, by (2.61)
Rixlg s be.%).dm".

(8.63) lwmwa: b R be o domaiw wile bedd o quokienih K=Q(RY, ne™ o tleger | aud

TSR on jdeal widh TeR'z pw+t, Thew. T is priwcipal .

M: Lel- Lo — . denck.  dke camonical  basis 0£_ R™ and et @.:'R@R"':ZAXQ)R“ & Rer"

be. an isomorphiswm - lamsidering @ or aw R-lincar m

of frouwc R*™ ko R™ L weke Pley=
Zi} o aje Wit ayeR for all 0gigm. Lok M=lay) be Ho wakrix o ¢ (comsidercd )
or o wap o R™ 4o R¥HY) and d=dok M = de- (ag) b delerminank Thew ME =

MM =4 whare T is o odjoink mobnix M oand s Ha (e x(nel) idewbiby malvin.
Lok Mig ke dhe ook oblained drow M by diminating He

The. f\'.m"s- oW of ™M is (&m-cib —_ {-0“‘“3,,_) whare df = del- My, Trou ™M =} we sbtaiu.
Hak T o aip () di=d omd 0

L™

wow- and 6% wlumn .

o i (A =0 e ol iKjn. Swe g is iwickive
¢ wioads fo an isomomphisw. o K and ds0. bl fom Tllo DY e
Gl = ¢ (D, (N died) = TT_ | eihidg gler) =

= Tl B0 i) = I (L, e (i) e = de
ond deT. Siuw ¢ is sugdive. owte TOR™ for all igjen. thoe & o $je R witle
elf) = mke L=

:=o ke wlue e R e 1€j¢n and Co = (=) d . The
{m-t‘)x(un\) woimy C

=(cjy) defiues aw R-livear wap ap; RM—y gl Gl Paleoy= glf,)=
d'pe_ﬁ o ce.\é_(e&")g?{;s):.% +m— is-_j'gn. Thus Mc = [da,..o ?
0
1

ond deb MC = d = deb- ™M debC Thws deb C=| and Yoo is e immm‘fzhisw. o R4 T pasti cudax,

%nmgb is o basis q. Rt s :’mpi{u, dhab T 4]

(&a‘*}\}'_@[e%{nié-{oh: An K-wedwle M |5 called Akl ‘r%-N_‘.h: '.$- Hheve. axe af-[mli'c_ h?——moiw‘e&
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Fand F b MOF =F!

_(K.&‘S)Rc.mmk: ™M be o )kl'ejosy $ee. R wodule . Then.
(q_) M s %{nfidf %ﬁnm\eA
{L\) M is P\myc}iv:.

{<) There is an track Aeguence, 0 = Fop F't M — O (e Fand = Fuile b R-wodules .

{8.66) lemma s Le M be o Awibe ?m&ickue_?mmodtdc:. wnd O asf s e E e M O g
exact requeta witle bulte dec R-wodides Fo. Thew M i A@n.laiy frer .

M: \wfc. PW Ly ih:lw;}n'c\ﬁ__ G i, :“;-h»:l, O"QF:“‘"‘E*“‘M"‘*D is %O.C.L one ﬁEE@M

sine ™M s propchive . I w1 cousider tho track beqbhatas O F - F

e el =
ond Oﬂk"—*ﬁ"—*m——*o. Sivee M i Prbje.c‘i:ave_, E§K®M amd K s Fb&ac}hve,”ﬂy
mduchow i\\apuusis K s Ajiale-,.i\j {}e@_"—mu Tk = Aﬁar %—iuik Q—m_ R—woduwey F* and =!

Therfo. F @ F = Frok oM = F @M. M i shakly frea .

Nole. thok o Nochenaw. dowmoii R i '%mfmn’o\ﬁ i{f_ cuaé cwﬂy, il ﬁ»e,r% i'teiiu— owL  privae,
rdead &g?_ T s priw_ipoj.

(8.6T) Theoreme: Lk R be oo NoeHreriaw dowain., "SR o Ad- ol prive dewaks o R | and
SeR e wudhiplicakive Aok Grneroked B\; {7, be. S=1i{q Fprt L pSed e et F;efﬂ. N
SR s fackorial, R i fackorial.

Hoot: W PeR ke a Meighh ol pre ideal . I ThSEg e e is ox demend pel”
e pe® and FopR. Y Fasog coside Ha sd o deals A= {pR | pe® and PR= SR,
Saw SR s fderial, A+ @ and A conaivs o moximal desend PR Y qel™ witk gqlp
Hhen p= b for some e B Thes teP widl PSR =4 5R = PSR . Therkore +R< A and
PR=ER by fe moaimality of pR. This plics Wk qis o wik R, & conbudickon
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- Thus or ol qell; ‘H'f" e xeP ond seS wibh sx

Py %‘m" Aome yeX . Wrile S=Pp .. Pa
v p_;&l"i, Then. pLly oc all

[4{¢w  and repR . Heng ’P:—_PR.

(é.é%)wmeom: A N‘ﬁ«ln_r local Vih% s %-a-d'onal

“Hoo} - Lat- (Rymk) be o wegulor local g The proofl is by iduckion ow diwR=n. I weo,
Rk o dedd and i n=l, R is o discde valuakon amg . Leb k> and xe m-mE Sing
KRois o prie ideal (BM) | x s @ prime demerk of R. By LEET) we have to showr

Heak Ry s Jockoral. - PoRy ke o prime. ideal of heiglh- ore. and Ad Q=RnP.
Thew P=QR, . Sine R s o roguder local vung | Here is o exock Aequana

O=F— = Km0 with B hule ha Rewoddles for all O<icn. Lowlizokion

o * yicdds dhak 0 F, L E, P 0 s e txack B e

ho R, ~wodiles. b doiw.. Hek Pip o projickive R, —wodule. . E'w:.r% Prime ideal
We Spec. R, ©Oresponds o o priwe ideal W, =WAR widh Wo+w . Movowr Ry =
(R} amd (Ry), ic dactorial by induchion hypetesis. The heiglb- o prime. tdeal
PRa)y s priucipal , Houn progickive . Tis baplics. ok P i & projickive R, —wodule. .
By (2:66) P s shably hee and by (&%) s principal .



