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CHAPTER Vit - HoMoloGIcAL.  ALGERRA T

. §h: CoMPLEXES

(1) Tebinition: A Complex. of R-undules (C.2) %k o hequante. of, R-wodules and R-livear Maps :
i S S ) .. UMY of U .
a0 thak- 3py =0 Jor ol le Z. D s calicd He diffenwkioll o e complew. The R-wodules
Zo(Cy=kerd, we Hu gydes ok .\ BI(C) =iwY,, e bowndares o C., and
__H;,[C.) = kedd. fludin = ZACY /e e A homio%, wadies ag; C..

Q9 -~ a9
C; s + O

kot £

-+ Gy

{‘7.1)ka= (o.) (;.c‘;’é.) IS exach il ond culy L Hi{Chy=0 for oll e Z.

(b) In order fo oveid egakve iudius one oflew wnles (1 0%) Jor Ha <ouaplex :
: L . “ .
<L - CL“E‘—-_ C.. ---E-———--; Cbxc-q};, -—3—-—~—-} CH—‘=- C TS AN

~iA] wifa §

ond HL(C.‘\)r- H; (c‘;) for e .hpw.o\o%»a,. H'(.C'\) is called Ha M%‘&r "?—(C!(‘}‘B '

{1.3) Dehwition: (&) A worphisw, o). owplexes u,: C, — ) § a Aguana. of K-luear
Wﬁufss uir G —= ¢ s thak wDp, =-..‘7),£H Wi for all i« Z, dhok iz, dor all e Z

He aia,w-. Cin __...?_‘“i......,, C,
tin | " | w
oy —2— ! Conmuukes .
(k) A Sequanie. ol wovpkissm ef. Cam?iexes QO —s ! 2, C, et o s
xock f O . Ce Pes " + 0 5 Yack for ol & Z.

{c)m direch sum C.®C/! . Hwo Cou.:.la\was (’C..,Q).\} and, (C_"'bf) & e wmpim widle
(Cacl) = @c! md diffoeha =207

('?.‘{')’Rmark-. leb w,: C, —s be « MDVPLH'SM D_?_ anFie;xe___r. . Tm_ »%or odl e £
uc(z;(c.)) < 2, and w (Br(CY) S B(C) . Hewew u iwduas o heguini o
R-lineor waps  H, () H (@) — W (¢ guen by Hi{w) (2+B)) = w2 + B whee
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€ _Z,;_.(C.\_) , b= (.C_') and B =T, ey .

L 15) Theoreme + { Snake \-:-\hMQ.\)LOJ- o M £ Moot oM —p O
4_/ L ” 4 l - i:_u _
Om-u—»N'__)\vN___t-N”.._.._,O

be o commutakive c'ila.%ro.m. witle exack vous, Thew Hee is a ‘oh% epock Aequmu. ol twduud M Ops +
ker_{’.’ » ke.ri-u—......; hr‘i.“—m-m-—» Cokac §' b coker L —t cokev £
- Moeover, 1L ¢ is ingckive Hhew so s G, UL 4 is surpchive a0 is T

Trol: & is debimed oo follown: L z'ekec P, Sinw 4 is supchive , thew is o zeM
it A(2) = 2" Then TP() = §14(2) =0 and ()€ kerT = i), Hune dhere is a yle N
e AYD =) Sk AR =g'eml. A is wel defined. The sk is diagroi
chasing,.

(&) Proposibion: Yok 0 — ¢!~ C. Tt €20 bhe an oxach Aequence. . of. . complexes .

{2y For every . L oHeere is an . Relineox wiop , called e Cohh::c.jriu%, howmomeorphisie,
AR i (o We (€Y
Acf'{md L’j 15; { = +EL"_§ s u;:: % 1);;:-' _(z“) + ’E;,:l .

(b) Thee is an. opack sequenc of R-wodwes, called e g.&% amack Aquens. o homolngﬁ,:
s B () 2R, e Y B ey B () Binded, ey (C)—— .

(€) (Nakwroliby of 8. b 0 ——a g/t c o o + 0
4 £ o
e TJ: - v ’D. » "D.'e ——p O

be o Commulokive diagraw of worphivms el Complores Wit oxack vown. Then ke diagram:
c o B e B ety R M (el — Heo{C) ——
| Hoaey L i) NG I A VR U TS
..... s HI (D) e e (D) s WD) 2y HH@‘) e (B s -

Owmules and  han  orack vows .



174

M:’&y fhe. Swoke. lewma (1.5) e commutative &io.c‘&cnm:

t v
O Cf-l—c R vy ———t Qe ——s O

Ve 1% L

£41

O s c! s Cp + Cf ——— O
whe  exack mun  mduws ok oxack At:‘ue.nu.
Cip! S Ciy T Gl ©

Wheve. B, B, B dewole.  bousdaries. Ulcwise , by 4 Suake Llowwa , Hoe s . induad

Grock Mouswe.  of cs.,c.\c;s : 0 Z‘_w um pa “——"‘L‘* 2

Cwmdiwe. @ comvmudokive dim&mm. wibh.  onack  wousy

o - Yhe dtﬁa.mh‘lﬂqi_g 2 - '}“

L ¥y

oYY . T R
S Tl S ¥ E—)

1% = 1=

A
u-l.—v-l z Uiy 7!
— _—-._..._, 0 i — T}
o 2'l-"-l -1 "-"'!

Nele thal ker D = Ho(€) and tokerQ = Hi(C) ( Lkewnse for D)

. euad 75;,' )'—mu.. f.a.)
cond {b) o an. Twimediok onsequanu. of He Suake lewwa (<) is eony 4o sen.

(77) Debinibiow: A worphisi, o] Cwplexes U, : C, =+ C/ is colled nul—homotopic i thee
exisks oo Jia.ciumu. 32. K- trweor ha?s s;0 G —)

et

...... Coe y ———a G .__.._....._...,...c

L3N
l“e
Do N
‘-f-l

o 4hol- u;_-;am L+ S.., 90 . Nolokon : u, ~o.

Two tmorPh{sm, c{’; comF'le.xes.
wet, t G, ——s ! ae homa%imc. Uy

l;- W, O, lhe anu. of Wops 5: i
talled o L\omaiop\j.

Lq.3>?LgPQS]-How_: Letr U, C_—“———-# C,‘ Bc_ Mor?zm‘Siﬁ& 0%. Cniuplcx&s 1@ W,y 4‘%&1_&. u‘(u-v "*H» (u‘\}.

(B’_ng_: We hdve +o showr ek H.(u,\);—;.O dou~o, b ze Zp (_(,‘J. Thew
:

I
U-;[z.\«v'&i = di S,j_[z.‘)-!—s N (zu\)-&-’E» = L%,S;(z‘)-l-"&i :”&L,
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- ;(’?.?) :E;Fu{-!-ion.: WA Compic.x. C.  hos. Cow%-ra_c}{u%, _homo}opy . ig,. ik ia\m%%a_m%. I
-l -howotopic.

o C.—.C. s .

M 3(_ \C.MO) Heeve. ‘a\f (_.'.7.-8") HL.UC.}:: HL{,D‘T) ?or'. all e Z . HL“‘:‘):-HL-{C-) -—-—.-i,"-i-,,'_[,C.) .
s Ahe iémhha, wop Lol g ﬁ;;{o) is . Ha wro. wap.

: {'T.H).@Fjg:m Gonsider . C.: 0 — "7.41.—1——» Z o O
d Lo ]
cl: O ey B D

amd voha. thal- H (W)=0 , buk w40.

(942 Vefiuchion: (o) A complex  Cot ... === £, =0 —%0 (' 0 a €0 s Clomn
s cadied agydic i Hi(c)=0 (B(C)=0) for ol ($0. |
(L‘) A -?E-MW‘-- vescludiow s§ a. wodule M is an wac-l\'c. com'f;\e.x T owille T -pmgic.-i-,;\m. o

modules  dor oll L Togebac wite o sowophisue H (R)=M™ (or tquevalewty -

..... —F B M s 0 s exack and T progichve for o 0}

(&) Aw lmpchive resolukion, of o module M i an acydic cowpln T wibhe TV fugickive
wmodules  dor Wery < Jm%e}‘har Wit o isoworphiswe  HUTEM (o equavalewtly -

O M~ T° — T  — . Qs tpack and T° ks ingckive for alt Y.
('I‘.l?aj’&:mmrk: EV'&% wodule hos a p\roﬁ«‘:.hw. and o iu&»‘:dciVe_ vesoludion .

(1) ¥oposiiow: {o) b €0 oo~ § ——= C,——0 and CH o & — ¢ —0
ke, complexes whave G are Fm&ic}t{va. woduben. dor ofl ¢ and ¢/ i M%cjt'c.. “Then for
ooy Rebvear wop ¢ H () —— H () +hee s o morphiske of. oncplexes

b,: C, — € wite W, {u}j = . Morover, wu, is wwgue wp o i\omo-in?\[.
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" ({:) el ') O C" —-——“"*C' —t .., Ond C. O e Cf‘u it e, IJ&_ (,cmtgie.xc.& U’L&b&_ .

T AR .O.C'&cjl'c.. and 'Y ax ib\&écl-i\m. wodulen .'?or- all L. _.Tﬁm.%;r- &:ma, TR—{ ueoy wap
BEUIER. o ol YRS T (Cff) HFhew is.a morphisue of. Complexes wW: € — c/* indhe Hw)=4.
o Mowosver, W g niqie  Wp Ao \\pma}xo?j. -

?ﬂvf_ We. .Conshc}r-, Ty 'mdur}ivejs;. Hor (=0 consider:

- Holc) B | . .
\\\ | o 9T i be hifled 4o o Relicar map ug: Cy — C/
4, (_C) sing T s Sur&i.c.ﬁ'{\fe_ and C4 is o Fmgdivc, wedule.
e e nduchion siep  Ohmome Mok ug,— u; hove be constrackd T Yidds o
- Cowumirakive c\\(l,%»o,m G o e L ey
‘ Lu; ) L Ui
¢l Dl ¢/ - o »

whew Jo kolom vour s omack (Jor i=0 Ad- Mg =g Ho(Q) —— B () Thus uilindo s
o lherd) & kerdf = D0y Sie Cu, ks progcive., e wony. L H wap g,

o om . Relinear MED Wiy Cpy — O, i Bm Wiy = W Das -

Uniquascess: e show Had 48 u, is a wmorpiisin of cowplexas (il Hee propevkics mﬁ{a‘)‘)
omd it By (u)=0, Mo w.~0. We oushed dhe howotopy waops §; indudively . For-

L=0, Alwe Holuy =0, we hove iwu S WD) Co

b
G
Sime. G, s pogdive , Uy Cam be Afled do 5.0 Gy ! wide Uo =D Se- ’%r—%,a_
induchon skp  amuwme  dhak so,___,s,;, Have %au., Cousiruc bed
e

L iR T n
C‘H—ﬂ..

‘ i—“‘:'// lu., / i i
i /;‘{+z. A L-H

L ———dy
CWR.

< o)

]

—t ! . . . . A . . . . -
et Dy (wiy “‘5‘_‘\“‘”) ~ i Mgy = (i s ) Ay = DLH Ui = (=509 )amq = Y “» —wdiy=0.

“Thus W (\.ll.‘,.[ -SQLH\) = 'g’ter'gm.l lmgb‘.” w‘ﬁ'\e_\re_ Hee lagh !?.quﬂ.\ *‘g, '%oilows Ahw >O
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and C! is Gtxagj-ic CSime Cop s proyctive. Huve wish an. R-livear wol St G ‘“—bC{':_z_
no Heok

t
Wy = 3030 = Uy Simy-

(L) -?o!low: L\f stud Loy o.r%»me_uk. o

('T:!S‘) Comﬂ_n_q,: el C and < be Fm&a‘d{vg (.fkaiclivc.j vesolious QP; o ‘Mocguje_ M.Pﬁ-\-am_ ‘H&ue;
o Gisk Mm?\tism “%- CQW.?L?.XC& w: L~ C ond v C = C wile wrod ond vwaid.

(T15) Depiuibion: Lek- M b ow K-wodule .

(&) T M han a dile progcve resolidion. O—T—v . —B 0 Hue M i
~said fo hove fuile progichve dimension . Tn Hhis car Hhe swollest possible. w. s
Colled e projickve. dimension. of M. Nolokow : projdimg M = projdine M.

(.z;) UM har o fide iugichve wsolbow. 00X, —s . ... — L0 i M is

.Sougd to hawe ?-iw;kg_ (i\&id-‘wg dlwmension. “Ln —this cone +he Anallead Emsaue_ wois
called Hae  iwichve diveusion of. M. Nolakou:

imj&émRM = iwjdiwe M .

(TT) Defauition: (m) A e vesolukion. 0'1’; a wodule M & o progehve wesolukion o of M
tnHe RN %m %or alt .
Uo) ek (R, m) be o lecad Nethonan. vih%, ond ™M o -?\w.i-e. K-wodule . & Miniwmal

P wsolubion. @ M b o b tesodluhion () o M withe 7 o Bk Rowodue
for al{ ond im0 SWE Jorall L,

{118) Rewmark s Lek (K,m) be o lowl Weetherione hu% ond M o Finlle R-wodule.
’Ej {&. sz) M hay oo Winimal %m_ resolikon .

('T‘!ﬂ\)zm?ogl@iou: Lok (R,mj be o local Noctheron h’n%, M o %’uii@_ K ~wodule
G Bawmal '%rﬂl. venol i ow. qg. M. Thew

and T

{a) Foois wnque up o isommFimsm.
{Q} pie Fﬁ s o «Pm&éc}{w. veso fudiow. f M, Hew E i

isomot-{:%‘c ‘o o divech-
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- Sumwand. of V.

’_P_Lu_gf_ (o). follown dmuwc (b)..

A8y By (715) Hhere . oo mov?ihism.s a{...cme\mcs v i B s P oaud w, P E o Hhal woa ide

Ml 4 =wom. We daie dhok w, is an isoworphisw.  Sika uoeide o ol (o

o=
b #9080 4 5, %, Stie B ds el winimal vesolubion., iw (diy SL+84R0) 6w,

Thous . B o= iwoug 4w F. amd by Naokayowmals lewmo F=imous. Tous g

L H ----—9!":_ LS

surgckve  and. Mene ow isoworphisue (1.36). This wplics  thak wo: T — FL s sursickive.

cdor ol L and ok e cwplex F, 5 o divck Auawmand ol complex, .

L:}- M Le_ Oudre- /R—-mnéula. Tdw -uu.. ..@o.“omi.u% e &enoig. 'b\j ER(H) or E(M\) *Nu. .
Cawgchve  hall od M (6,75

~---L'3-°2°)--*Q_e.{4n{4~ion=- A wimimal ._{%éc}{va_..\rtsoiuh.ow.n_o@ a wedule M 15 an wpckve
vesolukiow .(E‘.’,'a') witle . EC=E(M)  and E%'.K.E_[w‘war%;‘.@

(W.Zf‘)"&mmﬁk: leb M be ane RK-wodde . Thaw. M has o wiuiwmaol .iwéﬁl‘ch\it. vesolukion .

(W.Zz)(&opmmou: leb M ke on R-wmodue and E' o miniwmel iu&;&}-fw& esoludion. & M.

.(a‘) | u,“;.%m, up 4 iso.mmphism.

(B) W T s o ivpedive wsolwbow of M e B s sowerphic do e direck
Aummond e T

,PLO_{: similar do (*‘t,m)
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: §2= TDERIVED TaNCTORS

Similar 4o debiibow (6.5) we coll o funclor  (onhrovaviant- »i*u.nc;}&or\) TUR ) — sy
addibive if for any two R-wodules M,M! Hhe wduud waop Howg LM, M) — How (FIM) T
(Hoarg (MM~ ﬁomSLF{M'),F{H\}\h \rcsp&asﬂ'.va\\f) s o \Anmnmort:‘wisu of dleclian Growups

(7:23) Exauples : Lai- N b on R-wodue ond TeR an ideal.

() F=_ @ Ni WLR) — WLR) givec by FHy=M@eN and Ff)=@,dy is aw
additive. funclor which is Wold- mwack F s wack & ond oy & N is Yok,

(k) F = Howg (N, _}: MRy — UL(RY. glven 337 F(a) = Howeg (N, M) and F‘@.}: Howg (N, 4]

s ow addifive ddb wack fuschor This txack i and enly i N is projchive.

(¢) F= Howg (-, N} WL(R) — TLR) glvan by FOM) = Howeg (M, N) and Fif) = Howp (£, N)
s o sddibive codrovanosd bft rack funchor Tris awck § and sy if Nis iwgekive .
(d) F=T: WUR) — MYR) qiven by Foy = T2 (M) and F({)=T3{E) & aw addibive
L exack duuclor:

Nete +eak- i ol 4 wowples tha thduud wop ow He How's is R-linzar

bk F5 WLR) — W) be an addibve fundor. Tor a cwplex (€,,2.) of R-modules
(FLy, Fl2)) is o wwpley of S—wodules with Fle)=Fe) and TP TR, o
& worplisie of complexes w0 €~ C! bk Fw): FC) — FC) ke glvew by
Fujl =Fluy). Flw)) s o worphiswe o oupleges. U w,w e worplusius o Gnpletes
witle woe v, Hen T ~F) Mue F s addibive. Tn parkicudar, & Ho owplex C,
has cou,-im};w% howotopy . so has L.

leb- 2 WR) —» Tiis) be o additive usclor. T oy K-wodule M 4ix o
progechive wesolukion. Ry. ol M. and define. LLFON) = He (F(RLY). U g M—a !
i3 o KAdinear wap dhen by (7.1%) dhee is o worphisw of wmplexes u, 1. — By,
Wit Ho(w) =@ Ve LU F(e) s i) — L BT by LT = W (FLu) Lﬁm‘)
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L ds el .de{e{na&... Yoovr: B —=Pe s amobher haoq:h.ism.. of. ..CQMF\I:,}(G,& v Hlw) =9
Ao by {T94) w, v Ths Flu) ~F(wn) and by (18) Mo (Flu))y = W(F)). .
. . Due La.sﬂ\t checkes  thal- LoF. htLR\) — YYLLS) axve  oddifive wm .

(7:24) Deblutbon: The dunchows L F ove called  lelh- derved fundons o} &

AT zS) Debiwition) Two  fuuchon T, G WE(R) — WL(S) ore nodurolly  equivolewd  Fx & | if for
obery Keowodue M e s on isowmorplisuc by Firdy —=s G(M). 20 Hhod for tvery,
4 Howg (M, M) e ..{ga“'owin%_ diagrom  Commules:
. ..ﬁﬁ§_%..ﬁ(bﬂ).
Fy e

‘F(r:;_‘_) """":E*'f,—l“”""‘ GimYy (simﬁwly %uv— Condra v aik- {Rw.r}om} e

Tor uery Rowodule M fx some olhier projickive wemolubion. By and we Yese do debue TF

™
(.26} Zv_p.po_;ijdow.:_. LF=L.F

. ?_\:__o__ei For Eue.r'g, K- wmodule ™ By {". H&) Hew o MOrFit\{sms of mw?\u&s v, By H%\H
ond %"ﬂ. —+ B wdHe won {é{’; and v u,~ vdy . Hence FuFlw )~ f.c{,:(g,;.) wnd
Fau.)?{.u.jmiciﬁm, By (1) Ho(Fuy) BL(F(u))=id and Hy (Ra)) Ho (Fluy) = id and
ty = H;.(F(uf)}: Lo FiM)y —=— QLF‘(H} s A i’saw«sm};h{.sm of S-wodudes. Lk @M —s M
be an. K-tivear wowp. Hsiu% {104} and {7.&\) 9gain. ohe. shows Hhal He &ia%xm:

LIF(M) — t,; Fim)
LeFLe) i L Flg)
LoF(mY Lo T. F (M) Commicles .

(7.27) Yropesibion: [a_) Y Pis o f)m&éﬂ-‘l\f& wodwe  Hhee Ly F(P)=0 4eor oll (yo.
{5) U M hoa %’wlge. 'er;&i&{’ive. dimension Heo LiFM) =0 dor all i>pmd'<§\'w.. M.
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._.(c.) I Ot K — T, = .. =B~ M= O s me exock Aeqisemie m%«.’% Fm&éd"wc.

(Ka is colled o u-dl Syzyan Moddt) thew LLFMYE L, P’(k“\) bor ol ivw.
Ad)y I Fis sadk Hue LiF=0 for ol ido.
(&) W Fis dgld- mack Hue LF=F

?gv_fl: [c,} Lek- ...?‘4_.!.“”4?,————-»0 be, m?méﬁc}.’m wenol whow 0%; Kn.. "Tﬁm.

WV
e “H—m‘m—.?ﬂ M"H‘“i'w‘_—'"‘

. "“"R"‘"’“‘”‘*O s @ Pméu;i-wc;. vesolubiow 0@- M. e
Modomenk followss  Jrow. He defuition. of LT

b
() leb ¥ .. s —F, —=0 b a brojciive. wsolubow of o wodule M. Ty

BTy s M =0 s wack and "F(ﬁ)mmﬁ'f-"_@s%‘) M)~ 0 {8 exack, sww F s
Mght oock “Thus Futy= Ho (FR)) = L, FM). W is Gy to s thak- dhis
isomo\?\aism_ 5 Nekurad.

(?T.Z&\) lewma,: (ﬁor&c.s\f\ac_ lcw;m:;.‘) e O — wt! ‘PT' | + s b4* + O be an exoch
aquine o, ‘K~wodules omd dd— P! and P¥ be proictive. vesolukions of M and MU, Thew
- there s o Brock Mguaite &?, Mrﬁu’sw.s ng, Comﬁcxcs O-——w'a'i:-—fﬁ 2, T O

s el T & a proyichive. wsolubiow. of M ond Ho (W= ¢ amd H(,(v:)z—-/q..

?ﬁaf_: (onsider the a\'a,%grcuu,. wikle fnach colwmms

] o
L !
K! kK
| !
(5 %
LI’ [ v
0 — ML M _F Mg

S B =F/@R! and L TR —— ™ be He R-liveor map it "{rip = ¢’ and
‘h‘f&" ainy 3}%‘@% f the map T (such o ﬁi{%{u% trishy s RY is progichive and 4 is
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sugicive . Lok Ui B B, omd v B — B be bhe camowical Wops . Am.c&mm
0.- » P e P B, P O
T ] L A
O M 20 Mmoo

s commubakive with Gack roun. By dhe Swoke lewma (1.8) T IS Sudddhive  amd u, amd

LNp . Mdue o ech Mowme. 0 — i/ . (I K:ksriﬁ).f'——h. Kf'——=0. Guwhiuc. .

{'?.Z‘i)“_mwmma tef- O - M X, # -—j’-—*M"M.D i:c. e Oxock Mquﬁmw og_ ’R—MOd.uja.s. Thes
e (s a- ion%. exack ARquencL. .

i LRy :
s LEON) T ey E Ry 2 LMy s

> LR s Lo B(M) L F() —— O

- Feoofs By (7.28) e is . on rack mgueme. . of. worphisws . o complexes:
— B o T T ATy o)
thae TR T ar pvae, verolubions  of ML M, MY ond . Ho(w) =0, H, Lu-} Y. For allc
Hee Mguena. 0 — AR TR, - LN splik atack siue B i projeckive . Hewte,
0 — FRYY X () T W2 -0 s txack  and
0 — Frpry 32, Fpy I, mpry o

= an. Orack heguana o ouplexes. By (1b) e is @ loug f_mci— Arqiames. aﬂ’; homdo%
e bRy S ey MR, ) 2 (Rey) |

T H_(F(BY). —— u‘l_k(mﬁ‘)\ =0

The aerhow Jolows bowe He debuitiow o He fundes L F.
.(?..SD}MOA(: ld F be gt track Thew Lwery prack Rquene O — M — M~ M0
Mdues o .iou% enach Aguanie .

. L;F(P’l') ———y L,IF(M> ——» LIF-(M“>"———*-—4FEHI) . F’{H) F(H"} o

(;‘L?:l)drhcom: Guside- o ewmubokive &iw&msu_ ef. R—\ingar Wops wite  txack voun
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O o M ¥ M, e > O
lx' Iy iX” |
0 —— N —& N . N — O .

Thew Huvwe s o commubokive d{mgrm wite  exack  vown:

LUFEMY e L FIMY) s Ly F(M¥) =, L, FMY) ——s
L WF G L LFG) b LFEg L LRy

e N W 2 AN

LUFINY = LNy —25 i L ENY) s

’Pﬁf-: The  resuld -?oﬁohm %M {_'T.r’p\j(c.\)g e Hﬂ.}ruvo.it%a, 6{. ‘qu_go"‘-% @MO.QE— Ae.q.m;_;_ nw,{j_
homoio?i, oue  we hove Ahowu. e %o\iowiu%.

(7.32) Lesama: Lok 0 A L » 0

3l [ g
0 — QX .9 Y Q

o

be. wopkismus o conplxes with xack woun pe Shok TR, QL Q,QF aw prepchve weaolubions
of MUM MY NN NY and worplisws u,m g, g, %,y wdwud by waps ©,%, ¥, ¢ &
Thew Hhew is o morphiswe o Complexes g0 T = @, widke Ho(g) =g 4o Hhok He
above clia%mm Commebes .

Pool: We conshmuch e \'aéu.c}-i\m.‘h?. To defone Go W Moy omume H=R'oR' o =al®Q!
and a4y, Y Xy, o dhe vohuel twbiddings and projickious .

. BN
O

?ﬁ
0 4
o ke

—e, g —— at

Ti‘ll
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. . : (& )
Wik, psTlpr  and. t=vigy. Tehue go- o= OR — Q= G@Q) by Go= Vo gr. whes,.
AR e Q) s yeb o be  debermined. Nole _thak tha o btc}an%le,.; o Ko dop commide
alm,}\f We have o deleriiune. % a0 Hhat Ty = YT e have Ahake .Tgﬁuu-a'txu%; = E.‘C_'%L. .
and _xwu‘,{fr_.yeﬁr.'; eyiml = 'l and «Hme,@oh:._tﬁ” tﬁa‘ = gmwip. Thus T = yar il and oni)‘ .
b ‘C%,!?ou. #...x-‘ﬁ".i?uh | whicle meoms  eT'f +"t31s"' = P ;-0 quivalenHly , £T'f < ¥p ~tg .
( MNoke.. -{-Lm}.. %é'_:: %"lpﬁ) Sive ?ol' is Fméir.l'iyc. it %o“bwa "“&0\}— Aud(, QM.?_ &i&-‘s. .!vaicir.é
ok w{gp-tgtySimlesy: P o
£ .
L yp-fa, .
e/

&’

Buk. Jpp = piap =yt = Tl g = pEgl and ?M.LKP—'E%;.’\) =0 Henw im(g_pﬁt&f) & kur}..:_
o odme = fm.(e:t’) where  Hhe ot &qu.uhka dollown Arome Hhe Aw—.&ic}{vi-i-% o <! Guhnue

fuwn e He rawme m‘%&mul-) . k\f . Nﬁwu% .H’, M, .H"., n NG N .13): ..ker'ﬁ", kcr.‘n‘, kuﬂi’.“ kcr-?:.’,
i .jux-"i:..,. herzt de.

C {1.33) Rewark: Theovenc ('.'I.Sl) omnd W ’P\'mf, also showr. dhok dhe Waks A, construcled i '“u.g:roa&.
_@i_...t.'?..l‘.?) ‘e delertnined be e . Brack Mguene. O — Mo M a0 amd do mo-
de,?eml ow 0 -a?P LouP X, Rlwo,

Tor wen Rowodude M i an iwgckive sesolubion T, . b T WUR) — WS be an
additive. funclor. Define. RUF(M) = WE(T)) . b ¢ Moo M ke aic Relivear wap.
By ) dhere s o worphiswe o owglaes wr T T, widl W, (W)= . Dekine.
RL"FM :‘R"'Fm) _-»12"-.5:(!1'} by (RLFL@‘;a—: H‘;{F(.u.";‘).‘"&? (1) and (7.8) 'RL'F(@) is leell
defiued . “ROF: WUR) — WL(S) are addiive funckors. Ohe cai nhow an in (.20 Hhak Hhey
we independend of +he choiws of ingickve vesolukous.

- {34) Depuition: The  funchom RE e calied night- devived fanchors of F.

(W,w>ﬁwm= (a) L E iz o inpchve wodule e ’R';'E"(E') =0  whemever  Lyo.



o

(b} Y M has pinile ih}ic}i\:c.. diwension.  hew ’RCF(H\=0 for all {y mpdim M.
(c.)lf. QM e T® ey |

LR F’(_L). for all  (pu.

W)y % F s bl vad Hho RF =F.

= T L— 0 i ek Wil iwgchve e RIF(M) =

(236) Theoews: (a) Leb 0 M Fe M I M0 be an txack Aduenc. o R- wodules. Thee
Hhee is o ﬁow&, Zxock Aegushie

0 —s REF(M) — ROFM) — ROF(M")— RF(M) — -
‘ R RF . ) o
—_— 'R""RF'(H") .i., ’R"F(H’} _._(1‘32 RLFEH)?\ Eiy, 'R"F'{H“‘)‘““‘"' ..

..{L) The, loaﬁ exach AMquing. of (@ s hodural.

b F: MR — WUS) be an addifive Conkavarant funchor. e wery K-modude M fix
o pogelive wesoldio Ry, oud we ingchive eludion. T Tefne. REF(M) = WE(F(RLY)
LUFM) =8 (F(T)), and Jor an Keluear mop ¢ MM’ define TKF() RFM) —RIE(HY
and LFlg): L) — LIF(M) i e dbviows woy. RYF aud LiF ove addibive awhovaxiawk
funclors  tohose. defiukons do ot depand ow Mo dhoius . progichive , fupchve. vesolukons

The funclors RYF are called vight devwed hunclons and LiF Ak derved fuachow of ©

(leT) Theowu: bk F ke aw addibve  conbravariost  dundor

(@) Y Pis o pojdive wodde. Mo RFP)=0 for oll iv0.

(5) ¥ M hon fule progchive dimeusion +thue RFEM)=0 for alt (> projdin. M .
(€) WK s a wihe dyzyon, wodule of M Hhew ’RﬁF{H)r_?‘:““F(K) for ali iyn.
(4} Y F & b vack . RE=F,

& % o— SR 0 VL 2N VL track Aequenie Hen. Havw is o iau% ox sk
Atqu.&.nu,:

0 — ROF(ME) —— ROF(M) s RF (MY sy RIF(MY) — . . .
— RITR(y SR ) T Rir g TR, Ripy
This ﬁou%, ixock-  Aequava s wahoal,
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.,§3: -I&@ AND. ExT .

{738) Thfition: Lo N ke  aw R-module -
ey Toel (L N) = L e NY

B TorS N, 2 = LitNeg )

e Exkg (-, N) =R Houg (=, N)

) By (N, 2) = RE Homg (N2

.'.T;rf (-, N) . aud ﬂfBrg.(N,_.) are additive hunchors . Sikw —Be N~ N@R_..J“Er% (N, ) ?“-.‘Er%.{..,N\)_ _

_...ﬂrj (N} = @ N, Al N is nglir 4ack. Movweover ,'Tér-i:' (F, N)=0 1§ P propctive and Lro0.

{239 Theorem: W O —s M 2 M X M 00 s an €xack Ae wemee, e e 35 e lous
ifeowein 1 1 %

Torg () S oy RN,

Tor: (MY N)-—u-—-. lov_, (MY N ——a ..

MYt a N .

Forthermore,  Hhis Atqueite s naheral .

Bk (N,2) is an addifive foctor, Bk (N,—) 2 How g (N, ) (ine Homg (N,—) is b orack),
ond Exbp (NT)=0 € T a iwpckive and i>0.

Exkl (= N} is ;e addifive cowlvavoriamt funder, Exkl (-, N} Howy, -, M\) ( Sinwe. &-‘romk‘(..,tsk)
is et mack), and Ex{:" (PNY=0 it P pogchive and (o,

[_"?-‘POJM: P O —eM' oM 3 M a0 13 an 2kack hequente. | Hhew theve ave Eou%,
txachk hequanies.’

(o) .0 v Hon (K, M) = Howe (N,MY) — How (NMTY s Bk (N, M5 s . -

(b) 0 — How (M“\N} — How (M, WY — FHom (M), NY — Bk (M) Mj —_—

Fardhermore  Hise hguenies  are nokwral .
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The symbols Tor{ (M,N) and Exkh (M,N) ave well debined dur bo +he followsing. Jack

(740) Thearem + () Toec™ (=, W)= Torl (M, ) (N)
(B) By (-, N)(M) = B (M, ) (N)

?\roo_g_ We. onl}. prove. (b}, the proof. of (o} is siwilayr {ousider o ?maéci—ive_ yesolubion P of M
. ond an lagchve vesohubow. T el N and  wnke:

P, —— R, sM ——a0 and O ——aN
\/‘ \/'

g B s T
NN

/’ NN o7 N’ N

amd @ N T L e O togather with ('mo)

yeld o cowmubehive dagrane Wil ked- toun  and caluwmins:

. 0 . [a o
O — Hom (M,N) —— Hom (M 1% —= Hom(_b-_iﬁ)—m—yaﬁ‘(ﬁ).,)(u) s Bt (M, ) (T*)=0
o — N-om(?cfﬂj ——s Hop, (F,‘"I") e thm('?;)i.l) ey O

i i L

0 fous (K,N) —— How (i, T) —Fy Howe(k, 1) —» Exb(K

e, .Stqumu.s, 0———45(‘ b T, et M ey

_) { N) e
J | |
ExE' (-, N) (M) 0 B (-, U)m)
l !
B! (-, N)(B) =0 9

By e Onake levwa ('?-S") wher w0 & Bkl (-, M) (M) | wheeas, {""/ He find o of dhe
&1&‘31‘0.% Coker w & Ext{M, SN L TR Ex-‘l—‘ (-— N\)(M")"’Eﬂ:‘ M, - N} and we may v b
Exk' (M, N} for +his wodule.

Tn e above dm.%m,w_ we olso Move (wfb = lmp onmd Hherefore,  toker - woker B
hﬁtic.:k gives : () Exk' (M, 1) = Ex%-‘(k”N\)
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Sl LT BN M) = BN GL) by (e
FOER, Ny
& B (K, L) E o= Ed (M, L) by...(x).
S8 Bk M) (7Y

= EX"C"‘(M,_..)(NE . . } L" .(7«55}(&} .

- {742) Foposikion: L M be o R-wodwle and n>0 a posibive integer: Tu_@ollou{m& ave.. fquivalent: .
() projdim M L
oo by Exery  n-do Ayzygr wodule o M is. propckive.
) Bxkg (MN) =0 for all >k and tocry Romodule N.
v ) B (M Ny 20 for ooy R - module. . N.

- Boef: (b) =#lo): chear
Q) =) (13T
Ay = (4} dear _ _ _ .
Ady e (B): ek Ky ke an whe syzygu o ML By (73T Exbl (K, N) 2 Bxby (M,N) =0
Siie. Bkl (K, Ny =0 Jor ey, R-wedue N, He long mock Aquenw. (T40)0)) shows thak-
the funclor  Howg Ky, ) & ok Thus K, is progchive.

- {L48) Propostion: leb M be o R-wodule and wyo a posibive wlegec . The following. ax equivolest-
(@) e M € n
)y  O—=M s T s ... — T ' 0 i aw inack Aquen Lt T Gwgchive e
L* s iwgehive.
(€) b (NM) =0 for all ive and twery Rotwode N.
(a) Bk (w, M) =0 for ten, R-module N.
(&) Beep™ (R, M) =0 for tey R-ideal T

’Pml}i s (&) =v (b): By {135 Exk  (Re, ) Ext i (Re , M) =0 for boery ideal I Thus
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by (1.40)(b) Hee Mquena  Howg (R, 17) — Howg (T, 1) — B Rz, W) =0 is exoack for fuery
oideal TR, By {6t) L s ingchive.

(1344) Gorollary: fek R be a ving, Hiew

sup | profdine M { M a. R-wodule § = sup | projdive Bz | T an R-ideal | =

- Sup diugdiue M1 M e Rowodude | = Aup n | ExEL (M, N) £ 0 for some. R-modules M SN
Tais (nok uecessaily fulle) wumber U3 colled oo global dimeusion. o R | dewoled gl diwe R .

(7.%5)%@: (o,) 31(’. K 5 a ﬂ?—ic\d dhes %‘&im'ﬁzﬁ.
(b) & R is @ TDedekiud domain. 4w Peiue R =1 (siwe Lory ideal is *?riuc.ipgj).
(<) %idim.( Z/(*t)) = G Lﬂommr&)

{740y Debinition: (@) A Hak resolukon of a module M is an acydic complex Fo witle {lak wiodules ¥
«?or ali ¢ jmcy)\wr it an immm@wsw, Ho(m) =M.

(b) The Yok dimewsion of M, HdimgM = fdin M, is e wininial fengh of o. Hok vesolubiow of M .

(W.‘f?\)?goposiﬁou: (a.) Y F s oo %;lal—— K-module , Mpigrf {F, N):G Por oll (o and ol
K -wodues N .

) L R s o Ho- wunmch,m‘t‘ar;‘;‘m,N)gH,;(E@RN) Jor alj C.

Bl () U F o4 R-Pob Hooe Hhe hndor Fop - i mac}_”ﬂ“m’ﬁrﬁ(*r‘r_) =L (Fp)=0
Wienever L 0 Ey (2.

(b) By induckiow. ow s I L=0 Hew. o daiu. holds A —@gN & Nyl wack Wwle
O -k, —F, —+M —0 aud E,:...—FE —F —0 whee s a flak- yesolukiow

of Kyl dsl. By +he iam% exack- Mquma (T.39) oke has on track Aquemce
“IEQR(F;’N“)—_-O — Tor R (M, N) K g N— FoogN. Heuw HG"‘?(”:“)%&@’ ¢ =

kee ( AON/lw(F eN) ~— F@N\)‘-— K (F @RNj A > 1, dhec oy {1.3%)

Tor, R (m, NY & Toc >, (K, N = Heq (B, Qg N) = W, (F, &g N



1%

(248 Popasition: The. folloiwing. o squivalent for e indegr n30:

(@) fidime M gn

by Y O Ky==TF _ —s | — K s O 5 on exock sequence it T flak, then.
K, is Hak )

(&) ﬁw}(M,N);D for all i>h and tery R-wodue N.

(d) Torpg, (MN) =0 for tery. Remodule N,
) Torg (M, BE) =0 dor tery R—ideal I,

T (a) = (): follown houe (T:47)

(€) = (b): By, (147) Tar[™ (K, Rir) = Tore, (M, RAz) for tocny, Re-ideal T, Thew 0 —T—R—Bg— 0
ylelds an orack Aequence.  © —v T@p K, — R K, = K, . Thun for tomny ideal T :

Tegk, f——»IKK viee Hie mokurel mop. K, & 4ok by @' howeworlc problei, .

{149) Theorew . bek R be o ving , SER o muhiphcohve subsck, and M, N R-modues . Then:
() W"viﬁ‘ (87M, §'N) = S™Tar [ (M, N)

() Y R is Nudheriaw and M o fiuilc R-wodule : Ex’t.i-a,a(S"'H,s"N\) = S"‘Ext‘;{M,Nﬁ.

Troeh: () By induckion. on L I i=0 e by (b4b) S Howg (M,N) = Hou g (87M, 87wy,
For (>0, wusider e ok Agquenc O qkﬂ%’iﬂj@# o= = —sM—s G
whoe Hhe Ty ave fiwle o R—wodues and K= kerd . lodh L=ind e how oxack
Meguanies O K —=F a0 and 0 L-—F, . . 2 F e —s 0,
Sine R s Nectheriaw. |, K omd L ax fmitely guneraled . The @ou% oxech Awquena.
O — Howg (L) N ~— Homp (7, N) — Houg (k,N) — Ex{:&{L, N) —=0 yidds hai-
Exky (L N) = Gker (Hewg (Fia, N) ~—— Haag (k,N)). St focalizabion is  oxeck
STExER (L, N)) = S aker (towg (B N Mo, (<, N))
= ke (§7"Houg By, N — SHomng (K,N))
& coker {Hougg (SR, STNY —sbomge (S0, S7NY) by (6.44).

U.simi, Hu Brack hequamce. 0 — Sl — §R, = ST O we hec ok e Lok modue
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s fsoworphic to . Bxbgue (ST, STINY. Thus ST Exk (LN 2 Exk o (ST, SUNY L By (T2
, Exti_i,z__(r*m, .s"u) & Extl, (S7L,S$TN) = STEME, (L, Ny = _S‘Exic;.{m,wj.

{0) . dollour i::\r o Ak fax an¥.

~{71:50) Garollary + Lok R be o Nochheraw wug, M an R-wmodule.

ey fidiug M= sup { flding, Ma | me mSpec RY S
18y A Mois a Kuile R-wodule, projdin, M = supd projdince My | we wSpee RY
k) dqdin e M= sup Liwjdimg My, | we w Spee R

(4) gdim R = mupl pdine Ry | me mSpec RY

ook s Use (7.44), (7.48),.(nu4), (naz), (1.42).
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. _§Lf o MINIMAL  TRESOLUTIONS

A Bee wsolukion. o) o wodule M s o propchive wsolubiow T o Mwible . free for all (,
colek (Ryw) ke @ Nectheniaw “focal !fiua, and M a duile R-wodue. A winimal. %:___g._ -
coxelubion. of Mo oo fiee wesoludion (F,2) ot M wllc B fwile and MOy s w E Jor all L.

AR5y Remark  and. Tebimbion: leb (R;m) be o Noctredan .ﬂnco},..ﬁm%, and Mo fuike R-module.
..Tﬁtk.mkdiﬁ.&h‘lﬂ& el ey YL it wa o Geverchiug. A o} M st sawe, deholed imj )L..(.H‘), and is
- Colled . Moo winimal huwber of gencrabory  of M. By HNekayamo , piH) = dint g (M) .

.‘..._('7..52)?@?&5{%0\4: Lok {R,m}b& o MNedheriom  focal h'ma, and M a @@iui%& R~ wodule. Then:
(e} M han o winimal  de. resohudion 'F"
() R s QU up.do iscmctphism S

AU T s e Pm&m‘;’wu vesolubiow. of M  Jhew F, & isoworphic. o a diveck  swmamond ol B

- Proof, aee (118} and (7.19)

- (.5%8) Debimition: ek (R, m) be o Nocheviow Locol dng. Lok R=®m amd ™M o huite
Romodude. The iHy Bebi munder o M is defined by bi(M) = ding Toet (&, M).

{1:54) Theorewm : Ld—(i?,w.ik) be a. Noetheriam. local v{mé,.m\d M o Ll R-wodule . Thew

b M) = diny Bxk (M,K) and for Moo winimaal free R-wsolukion. F. of M owe. ham dual
vouk Ty =b, (M)

M Let. (F,,9) be dhe winimal free. Re-wesolikon, ol M. Thew wmd € wE, and henw
ke =0 and Homa(é,;,k) =0, Thoedoe. M, (R R) = ko ¥ and W {How (5., kK)) =
Howg (FR) . Wnke T = R™. Thae by (M) = disg, (Tl (k, MY) = dimy, Wy (RegF )=

dive, k@ F: =n; ond dim, E&-&:i(M,kj = diwy, e (How, (1 k)) = dim, How . (F¢, k}.-»-. n.
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. {1155) Garollowy : Lek- R be a. Noehheviaw ing and M o file R-module. Then projdiva M = fl dine M

) _’?__;@9{;, By (7.50) we way amwme Hhok R is ol tnidh vesidue diedd k. Obviounly,

projdine Mz Ydin M. By (T48) bi(M) =Torf (k,M) =0 for L> fidine M. Thus by (7.5%)
Ao wuniincal 1QN_!_ resolubion. ol M has -anﬁi—k,-ﬁ ,Eléim, M.

:al&im.'iz = _Pm_"AimRk = {?Jclimgk = iw{diwk k.

Troof.: By (%.55) and (T44) i sufbios to shos Heak for ey dinite R-woduwe M,
’ijdi%RM & PmiéiuRk and .ij.c\iuRH & iu&&t'w_gk. Hobmr.rj _f;\"f (k,M}:O -
O pojding b and  BEL (M, K) =0 dor Ly iujdimgk. Now wse (m.54).

(1.57) Debimition: An R-woduwe M is called inﬁcﬁompombia. f M=MeM, iwplis M =0 o
M,=0. OHurtvise i+ is colled decowmbosale .

Jo dhe ?oi[om’u% Jhe fué;i&{ve. hwdi B_f_ aw. K-module M is denoted }ny EiM} B ER(M\)

('T-S'E>Remark: Ld—/R iaz_ & t‘ih%, M m?—hocjk&jcﬂ‘ amd Ec M an f%}bid-u'w;. Au.‘bmoénlu.
Teew. M= E®F 4o sowe submodue Fewu,

Yool Cousider Ha & O — E coe M whoe £ is He ombeddive . Swe E i
_,_'_99{1 LS e a1 .r‘ W £o15 g nie, s
E'Jr

iﬂ&éd‘iw::.' Hare is aw Re-linear wap %:M"‘“E. i, :?.Lmidg‘r_mau_ M:—-E&imr’.e..

(159) Tropasibion: Lk R be a  Noethenan ring..
() For oy priwe ideal PR the Eu&g};l-l'\za. huldl Eg (R/p) IS ihécﬁ_owx?asdo‘&e_
(B} Any inde.coucposable tpichve R-module is o, Hie Joru ER(R/QQ dor some Q& SpecR
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- oo : (o) Lok NN, € E(®P). be wonzero. Aubmodules. Sive E(R/F) s an tienkial odension.
ol Bp, NaRP =K 40 oxd NynRp=k 40, K and K, ae wowzero tdeals ot .
dowein. ®p , Hun 0 KKk, € KnK, e NN, . _ o . o
...,(b) Leb- N be an wdewwposable.  ingchive  R-module. Sine K is Nochherian, Ass (N} # & .
ol Qe Assg(N), He Ba N, Sime N iwgickive , dhere is o Rebinear Wap

o E(R) e N whide oxlends e mmémg,n?/m——»m‘ Moreover ‘,.km@)...—.-..o Awe
CE(Rf) 5 aw tssewhial  wdemsion o Rg awd Wan ke () =10) . BE(R/Q) .is isoworphie.
Ao we iwgechue Aubwodule o N By (T.sT) s N E(RA) .

- (1.60) Proposibion: k- R be - Nutheriaw wng  and PER o prme ideal.

() For toeny a6 R-P mulipicokion. by o indues o audoworphise on E(RF).
(6) A Qe Sec R b P, Hhon E{%)% E(¥a).

- {) Fer Lovng JeE(Rp) thee is an neN  Wid P*i=o.

Froef: (a) Leb- @: E(R) — E[R/P) withe @(5)=a} ke He wubipliceiow. by a . St

Recpn Rip = 0, i foliows Hhak- kerg=0 ond Hieefor E(RP) ZTin . iy is an
luglekhve Aubwodule o E(RP) wite Rec iwg . Thes E(Pi/p)m_lﬂu,,a?.

8) Y PEQ, ey dement ae P-R i wegudar o E(R&) buk nok on E{%/e).

) S Rl ¢ ERpY | Ase (RP) = 1P} & Ass lE(RR)). Lk Qe Assp (E{R/®Y). Then
N=RQ < E(]F) and NnRp$0. Thewfor Q& Assg (RP) and PeQ . This shown +hak
Ase (E(RFY = 1P]. L SeE(Re), +hew RY & Rann(g) is a submodude of E(R/e).
Hewie . Assg (R/mmn(3)) = 1P} and ame(f) s P- priwany .

(’i&l)ifrprims‘s%ou: Lk R ke a Noctenaw g amd QEPER prime ideals. Thew:
(o) Ep{R/a} is an Kp-wodue.

{B‘) E:R {Rf@_) = EQ’F’ (_QF[;QRP\) ;

?E_‘l_"-?--' (e} By {"1.60) dor loery @& R-P e K-& md%{piimi{oﬁ, Eax[ o is A (,scmrp&uism czf_



.ER.(R/Q> . Tihus EK{R.[’G&‘)« 15 Ok rﬁp* module .
(L} —EY (a.) Wa < (WQ}P < Eg (Rfa} amd e /RP—ﬂmo&uk_ ER(WQ,) 5 ok egsewbial
exbension.  of. Hu Ky-wodde (Ra),. T+ towaivs to shois- Hak B (Ria) i ingckive an e

- .'Rp—mocitdc:. Cousides +he &icua:mm_ of r\zp—-moéu;\u aud Rp—hiuear waps:

O e N M
¥ L
EU?H) .
Sivee 2. tund g ox K-tinear thee s e K-linear map he M——aE’(EjQ) e A «Q\,{_W—:%
Aois alse Ro-livcor amd E(RQ) is an ingchve Ro—wedule .

(Tﬁ-f}gxmijis: et R b o TWR wile woxiwel  ideal M"‘(?\): ?-mki ol ﬁup?nm\-{; K= Q(K),
ond wesidne. caw Fdd  R=Ryw. Thee E (R)= X and ER{,E\)M R,

Tod: K s o cuenbial odasion o R and by (641) K is e ingebive R wodule.

leb T=(p7) be an ideal o R and §: T — lyR o R-liwcar wap. We wud o exlend £

o an Refiwear wap 40 R — e . Lok Ry =Cel e some xeK. Dene g.R— Y
by q0)=L¥prd T ¢ oxlonds £ and K/r is aw ingchive R-wodude. Movover,
R=Rpr ¥ FRR & K/R. § ek whh (B140 i R, Hhew [=%pn for some weR™ and
k0. e P Els Bppl=Tplulek and WR is an tuewhial oxkasion. of k.

{143} Lewama: Lek R be. o Nockheva ving, y Pe Spec R, and M aw "R-wodule . Then:
() AS‘"R {Efﬁj) = Asgy (M)
{5y HoiuRF (kiF}, E(Re), ) = kiP)

oo (@) Sine Ass(M) € Ass (EM)), i suflics to shour Hhak Ass(E(M)) < Ass{M) . Leb-

Qe Ass (E(M)) . Thew Hure is o submodule NEE(M) wile NTRQ. Sie EM)is an wssewhial
txbeusion. of M, NnM £0.Thun B4 Ass(NaM) < As ()=} QY and 8] = Ass(NnM) < Ass(m)
(8 By (7.60) Eq (), = Eal®p) =B (k(F))- Taws e may wplae R by Ry %o amume ok



R s lotal . wide waximol ideal Pewe awd. vesidus %—‘Jd‘l k= Blw . e have 4o shews dhat-
.,.,,H_omR_(lvc,' E(k)) = k. Homp (k,E(k)) cwom be idenhibied wibh. O ‘my M S E(R) . Obviously,

ke o ey ™ Suppose RS Ogpyim. Thee dha  k-veckor spour. Oigya . Goukaing o o ivial
. Aul);spum_ N ot Nek=0. Buk Hos s ?M_Fossiinit., Alnle. kEE{k) iz @ £Stembial  exlension .

) Theorems Lk R be a Noctherion vng omd B an Myative, R wodule . Then
oy B s a divdh sum o mc\mmFemh\e. mpchive. R - woduldes . L
_(L) For !&SPeﬁ,R E(R/F appears i Yhis AccomPo.u"I‘lok. . amd ouly il Pe (E)-

The MuHthm%a, wibe which, E_ﬁﬂ/P} _oppeary. is. é;w\,k@ i—\omﬁp.(k(ﬁ),, EP) de poarkicdar,
the diveek Auw &cmeosiHow. o E is whique .

Poob: () Lk M=1SLS o s of indecomposable ingickive. aubmodules of E witk 2T =@
be partiolly ordevd by indusion. W Pe Aw(E), ben E(YR)SE and Mg By Zowls lemmo
[* har o waximol demeuk S. Seb E'= @regT . Sinw R is Nockhevias, £ is ingichve.
(Howeroorke) . Thun  E =E'®E” by (7.58). U E'=0, we we done. I E'40, thawe is a
Te As(E") and E(RP)SE' sinw EYis ingdkive (6.2) Thun E'n E{}/p) =0. By (.59)
E(RP) is aw irdecowposolde ingickive submodule ond S SulE®R)|el, wnbadickion .
(B) I E=@re T, where T#0o ae indecowposable ingchve Mdowmodules of. E - Thew,
tach T ois ol Hhe forue E()/P) for soue e Spa(R) and Ass (E(RE) = 1rY by (163).
Fwally , Ass(E) = Ugeg Ass(@). This shown (k).
T omder o show- He lank Alaloment A Pe Ass(E) . Thew Hom._(kIF),Ep) =
a%ug?(kw) PresTp) T Bree ,nom%(k(py,:c,,‘) Vsl R(P) £ o duile Ro-wodude. .
(Fowewort) By (163} k(P) Hm,{r_ ( k(F), E(R/P)p) . Th wewoins o show Hhal-
Homgp.(kip’\}, E(RQ)p) =0 for P+QeSpe R. T QLP, Hew Qn(R-F) 4% and
E(Ra) =0 by (T (e). F Q§P by (Tes)(a) toery dlewnnt o P-Q & o NZD
o E(R/a). TRas wo wonzere dewent & E(®Q) = E(Ra)p s anwihiloked by P
Heww i Pe@ HOM_RP (kiP), E(Ra)s)=0.



2oz,

:(-qa-‘ng\)—-_g__t%hiiﬁhu: A Wini wa) Qé}.cﬁ\f& vesolwhan, af_ o wicdule. M is am iu&kc}ivr; resolubion (E',3'>
oo ok E'= g (Z9(EY) for ol C.

{166} Reark: Evcna, ’R-mojuie. how - o winineal Inpchve rewlukiow E'. Tadhermor. by i‘7~3.?-§.-
(o) E"is unque. W o fsoum‘;his.ms.

() I I* is an iugchve Tesolubiow of M, How E° is somorphic. 4o a divelk Awmmwand of T°

('Ho'?)@ggn'mi“ou: ld- R be o Noctheran h’hca, and ™M a )p'm"k; R-meodule . For ’Pég?ec.R,
i (AM)= dim RiP) Ex{:‘.;'z? (k(P), MP) 5 calied He (He Bom vunder of. M Witk vespech do P,

(2.68) Rewark: TThe Basm wumben Jo (P M) ave. %—im’ie. an cor bE Aeew. %7 5ra.kim%, a o
?.p"m«oiu}iw.. Fool HP) wiare  oli T oae Huwi b, Ry ~modules.

("[.é‘l)ﬁwm: Lei- R be o Nocthenan h'h% and M a fute R-wodule. U E° s a
miual i'u&v'.d—ive, K-wswluhow of. M, thew Eba Pé'Spec_ta) E_(@/Pﬁjﬂ'("m\n.

Froop: By (T.64) we howe o show- Hhak diviigpy Homeg, (R(P),Ep") = i (P M) for oy prive

ideal Pe Spec (R). Hx Pe SpeciR). Sime Efp is o inimal fugickive. K -vesolukbian of M,
(Homeword) | we. moy veplae R by R, Wmbe e for He wmaximal ideal o) R aud k

for R Th suffins do shous Howg (k,E7) & Bk (k, M), Sinw Exty (k,M)=Hi(Honeg (,E7)),
Huis Wil follow- oue we have shown Hhak He diffeential ow How (k, E) is Hrivial.

Nole thak Homg (R, E)2 C' whoe C s d subcowplex of E° witie C9= O gem.

Y oo—m e Tl T E | e 290G =0 dor alf ino i CF e iwdil

- xeCt. Sime He txlusion WITSE s ssenbial, Here is a 0eR with

Ofoaxe w3 As wx=0 i foliows thek e Bom=R¥* and xe imDi-!



~..§5: MORE ON TFATNESS . .

A humomor_phigm_a{. ngs 2R — S s colled ok {fasthufudly !ijqj_) i S e i R-modue is. dlab
Aty flok) . Equivalewtly one hau Sk S s o Yok (foithfully flak) R-algdoa . .

. {770) Proposition; Lk S be an. R- algebra.  aind M aw. S-wedule.

A S s Har (%\';u'%\%un? {Jn}} over K _aud M s ﬂn}-l!-m&%i\! £.\ai—3 over S, e Mois
et (faifiefudly flak) over

) Lk M be foctfully Hlak over S. Thew S s sflol—~ (%m%;?di\i i’_o)r\) over= Rl .and ouly
AR M s flak (fosdibudly flok ) owr R

. M leb- &£.: . s N A N — NY— ... be o Au‘wm_. o{’_ K modulen ond
- Retinear waps. Thew . (£, 8:S)OM = X o (SeM) = ., og M.

(1) lewma: Lok ¢ R——+S be o howoworphisw of vings , QeSpec S P=g(Q), Maw .

- Szmodule , and N an R-wodue. Thee Torl (M,N)q = Torfe (Mg ).

(Pmaf_ leb- F b o %m_ R-vesclukion of. N, Sina Ky iz K- $lak, ’RPQR s oL %e_,_
"TSrl;R (™, N} e T Sq @ anf(M,.N“_) .

= 5y ® M(Megf)

it

By (Sq8 (M ®:F) ) swe Sg s S-Hal-
He (Mg g F)

= Hi{(MoeaR,) 9 F)

He iMg ®g (Rp @ F )

= Tor Br (Mg, N,

1

]

By (6.51) s R-wmodule M iz dlok if and oinly i My s R~ Lol 4or ali W & wSpec, K.



20

A1) Foposition: lek @R =S be a howomorphisw o rings_amd M aw S-module. For
. QeSpec. S A P=y Q)& Spee R, TThew Hee Following are tquivolent:

ey M_is Roflak .

~{by Mg is Rz flak for ol ReSpe S

A€y Mg is Rp flak for all Q& mSpee S,

- Proof (a) = (B): By (1.48) we hase do shour Hhak for toeny R, mideal |, Tori® (Mg, Re/g)=0
~Sine. F=T, for some Reideal T, by (1.71) Tor T (M.&_’_R.P/r&,) &P (Mg, (Br)e) =

Tor (M, Rir)q . e laber wodule vamishes by (7.%8). ) o
ey = (0] By (74€) we have to show dak for tweny Roideal T, Toef (M, R/m)=0. By
(1) oty QemSpre S, Tor( (M, Rir)q ¥ Tor (Mg, Rp/z, ) = 0 by (7.48). Sinwe

. te. S-wodde “Tar—.i? _(H‘,RI.'.I-) amishes . ak Loery. Woximal ideal of S, by He
- Local ~globoal . priuciple. Tory (M, Ry =0,

el @i RS be o howoworphisw of vings omd fok ¢ Spec & Spe R demole.
. e inducd map %\mb\’ _‘"cp(Q“*) = ¢{Q). Note thok %¢ is o wnhvuows wap . For
- FeSpee R, wribe k(P) =Rejpr, . Then ki(P)og S= WW'/Pus whoe WaR-P ond:
Spec (k(P)8xS) = { @ (k(F)e S) | RESpec S, QneW) =P, Q = ®(P) |
{Qk(P)eg S) | Qegec S, ¢H(&) =P
oo 1@ 1 QESpee §, @)= PT = (%¢) (P),
Spec. (RIF) &g 8) is called Mo fiber owr P

i

(178) Theorem s Lab- ¢:R—+ 3 be a howowmorphisue ol nugs and leb M be on S-wodule.
L) U M ois faibkhdly dlab over R Hhee. S {Supp () = Spec (R). |
&) leb M ke o huile S-module . M i faitubdly 4ok over R iLand ouly it M is
R-dlor and wSpe R € ¢ ( Supp(M)).

M: (m) \eh Pe Spe R and T= k(P\)QKS‘Tﬁen Te M = kiP\} ®RS®S M= iﬁi?)@KM and



Sos

RP) @ M£0, sine M s Jatihdly flak ower R, Towy dor Mo Towodule TogM -

Suppr (RIP) @ MYy £ . Pick Q& Supp (k(F) 9 M) and A+ Q be He preimage of Q
Cin S Thee §HQ) =P Sie (kiP)e M)y is o how.omm'?h\c_ image ol Mg, we

hose Hiak- Mg 0 and Qe Supg (M) .

(b) We have to shous Hhak 2 M & flak over R and mSpec R & ¢ {Supp (M) Hhesw M
s %n.&k%\d\), Heok over 'Q.‘B\’ (6.38) i+ Aullios do show thak for touy W& mSpec. K,
MbkwM. By mmpkou. Hae s o Qe Spec. § vt .Lé"(&)zm and Mg F O. Suppose
ok MowM . Thow M=QM, Mue @) q, and dufoe Mg=QMg . Mg is @
fintle module  over Y facal ving Sq amd by Nakayamals lomwa Mg=0 | controdickon.

(17%) @rollary: ek ¢:R—S be a howomorphiswm. o vugs. The ?oﬂozm‘ucé, e tquivalent:
() S is foithdully dak over R.

(b) S is flak owr R ond ¢ sokishes ying over (ie. S¢ is Mugickve).

(€} S is Yok oer R and for all we wSpec(R) e s o Qe Specl() Lytug over m.

b (R,w) amd ($,4) be loal wings . A howmoworphisw of negh @2 R—v S is colled lowi if
Gy, e ¢ 0 = By (179) o docal homoworphisw is faitlfuily ok i and sy il ik is Lok,
A howoworphisie. o Mg @R —sS is said o Aabisty 9ping. dosn 1L for twery dhaii of
prwme ideals T, P >.... 3 W Qhd Coery. QO&SPC;_(Q) with, ¢(Q )::P Hhave opish o chain
Ry 28,2 ... »Q, i Qe SF&,(S) and L{T'(Q ) Mg Aaixs_%.m caom%, down. amd
]Ylm% over- g %or k‘uu‘é Re—ideal I, MITS.}LMI.

(7.75) Theowoun: leb ¢ RS be o Yok ROVuowDrg;Et'swL o. ﬁw%.m tp Aakis bies P doum.

Fro By induckion ik Mufjces do omsider a chain & fughe one, B 2P | e Spec K). Lo
G.o&':Sper.(S\) with. ¢H{QH=1 By (W72 5Q° & Lal over Ry | Sine e howoworphisne

Rp, — Sq is local, ik is fadichdly Hab and Acksfies Bing over. Thus House is o Qe SpedSq,)
biug over PiRg, Wil @ Hhe preimage o Qi S,Q, Gis over B and Q,<Q,.
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(176 Theorews: (a) Lk R ke o ing, M o Dok Rowodule, N an Rowiodule and NN, submodules
o). N. Thew an submodules o N@eM one has dhak (NaNje M = (NeM)n(N oM).
by Lok g RS be o {lak- Mowomorphisu o vings and T, T, SR ideals Thu

AT nL)s =L,S aL, S,

() ¥ e addition. T, is fiuikly gmemled, dhoe (T, L)S=TL S IS

Frodd: (0) Gonsider He Relinear map Lo N— Y@ W, ddind by 46 =N, )N, )
Thew ker(f)=NinN, omd 06— NN, —s N — Ve Vi, is oxack Siwe M is ak, Y
rguina. 0 — (NnN)@H —> NeM det, NOM/\ygu & NEMiy wom is wack Thus

(_N,r\N,})@M = (N;@M) n{N@M) .

(b) A S s Pak over R, for tueny Ridead T Hhe mokusal map IT@eS —IS s an
somorphusu - “The stalewad— folloun drou (o).

() Fvsk comsider Ha core o T ={a) is priucipal. Vepue §1 R -4 BA, by 46¢) = axe T, -
Thei Ea.rq;) ~T(a) and 0—T,1(a) — R0 s oxack Tewsorieg wible S amd
u&‘mi, e R-Lakuess o S 7ielcis o ack Mquae. O (T (a))S — S Yo 5. Thus
(TS =TSe@s. Y T, =(o,—an) is a huildy geueraled Reideal , Mo

TT, =00, @nlad)) . Byt obove care : (T, : (o)) S=T,S (a5 and Haselor with ()
(NS TS =ET)Ss = 2 @S =171, (T,5:(@)S) =TS LS.

(1) Toeorm: Lo ¢:R — S be o faidhully Hak howoworphisn. of. rings.
(&) Tor toery Romodule M, Hhe wap M= MgpR o MegS & igicive .
(k) ¢ is inyickve

& ¢ (TSH=T for tuoery. R ideol I

Trok: (@) Lk 4 M~ MEgS be give. by A(w) =&l ond leb U=ke 4, Sine Sis fab
over R, U@:S SM@,S and Ueg S=0 by dehwhiow of U. Suae S is %o;;m%my 4ok
ove R, U=o and 4 is inpckive .

(B Apply (o) wite M=R.



oy
{b} APP!Y {a) e M=Ric. TThew . A R —» Sy is _iug&‘we_.. and O.akw/\}.:—_ t{ii(l'&\)ft.. e

CA178) Theowew: . Leb- M be o R-wodule. The jfol\owiu% ove. £quivalemt:
Ay Mo s flak- T . . _
oAby TorT (M, RE) =0 for teery Bnilely geveroded R-ideal T

B ,,,[C.) I@RM—T—"—» I M. vie the wohaal wop {or‘. b.v:n&, -?H'uikd.\f %ehevn}:ﬂ R—ideal T.

- oot (o) = (b) > By (Tu€) . - o

k)= (c): Tollown  fowe He ack mquee 0 —T —R — R —>o0.
A= ()t lab TSR be any ideal . By Howewore , it Aulfices 4o show- Hhak Tegh = TH
~wee M nabwral wep. T =1\ Ty wite {7, Ine A e hdk o ot Kuildy guweraled
Reideals coubaived e T {Tybind.} is o diveck syplone b T L Ty . Also,

AR =Ry s dieck sglenc  Witle R= i Ry By anwephion (<), the nokual mops

- As dwdehive. ..L\,....(G.‘iz.). By (692) bw (I&.@RM‘)E.(ELM:IK\)%MEE@RM and .
A (R @ M‘_) = (IR )ogM & RegM=M . Thus Hhu nohual wap Lo M -— M i
...(m%g&‘we.. ond Te.M>M vie e okl wap.,

(."J.'N)"Tﬁe_mc.m-. (Equﬂ-oria.\ anlevion. for :f;\akhe.as) leb- M be aw R-wodule . Gonsider Hee
..%I.louz{u.%, Gudition (%) %\:m, o rxw Agpkwe of livear 4q uakiows :

o

: Z—'Jm @y Xy =0, apeR, xeM, 1&£isr, L
Hee vushh am iv.\c%gx-.s) demenks Y€ ™ ke, \ék&s, clemenls Eik&?. wie
iﬁjéﬁ_., I¢k<s a0 thal

" ' s
Zojar @bk =0 for oy LR oand Xy = Tl by,

Le. Ry solukow e M is o hwear condboivehow ccg_ Aoluhous 1w B with Cne_g{«meytk w ™
Thew :

&) M is Jlak Hew () holds.
(‘b} RIS holds for- v=1, thae M s Lok
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M Gnside- ¢: R" — RT Gives iay Mo rxn wmodrix (a..e_i) and b K= kero e R". The
vecdor (b, b )€ RY s i K il and ewly i T aghy =0 for lsien Gousider
~GOM: KiggM = MY s RigeM=M". Than (%1, —,%,)€ M7 s in ker(paM) i and ouly if-

205k =0 for 1&igv. (%) weans Hhak kor{goM) is owlnind i e image o KoM
e RiopM=M" Thus () s uivaled- o (en), Y 0K —2R* —R" is oxack,
e KOM -— RigM — R@M is orach

) Y M is Hob (o) holds. |

(b) By (T.78) we have do showr Hhak TeM = TM wo du nahural wap for sy
Fuildy goneraled  Re-ideal T. leb T be geceraked by n dlowenks . Thaw Hhae is o
Yok Agtune 0 =3 KRR — Bz 0 By () for ral e eguince
KoM —M" — M i tack Thus KoM oM o TH—10 is exack. Frowc

K —=R" — T —30  and He Wgh)- Wrackiess o). ®pM e oblatw. W Zwock Sequanie.
KoM FaM® —TeM — 0. Thus TOM = coker L= TH .

1..;:‘_“‘ local flabuess  cnterion.

(7.20) Defiuikion: ldb R be o h‘w% , LeR oo i-ckui, and M aw. R—wodule.. M iy called
Mporled i W T-adic bopologe L [yen IM = (o).

- (7.8) Remark: (a) Y Ris o Nohonaw Wag,, T E Joc (R), aud M a ke R-wodule
How by (H21) T T"M =(0).
(k) Ewny ideal TR defiur, o dopology , the so-wlicd T-adic fopologey. | v on
R-module M. This  topelogy. & agaroled (Housdorl) it and anly i [l oy M= 10),
e discins  Hoo T-odic Hopolegy i Chapler 9.

.(W.Sﬁ)mmrmz beb- R be a ving S a Neweleraun ,R«-cal%dai*a.., M o finile S-wodule
ond }E}m(s‘) an. ideat . Tor udo ad M“mM/’q}‘“‘"M. L M, s Pak o~ R
for all nyo , Haew M s Hak over R
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- Fogi We have b show ok dor teny Fuildy guneraled ideal T of R Hee waburol wap
G TeeM —+ M s igichive. Thoe TegM =M is o finile §-module and Menw sepavaled
ik He J-odic .Jmpoio%kg,. leb xe ker(W). We womdk to s\\om—..%u}a.x&ﬂneﬁ.}“ M'=0. T
ot npo s M = Mifgrrns =(TgM)@s S = Tog My, and Ha wop Uy Mj —> M,
s igichve | ke My is R-flak Trone He Gwudative A(Q%ra_w, -.

LN ¥
l 4
M, s M, e obkaie thak  xe GUTM

(185 Theorem:  lek R be a ving, S o Nectherice R-algebro., amd M o fwte S-wodue . Lok
be }u(s\, be om M~m3~.\ar elemank. Y MM s Hob oo R, sois M.

’;_P:_o_af; Tor ali WO, Hhe Sequen. 0 — Mipm L M/QHM —t M O s exazh us;r.%
TTheorem (7)) it {foltoun by duckow o ¢ dhal MM s R-flabk for i (50, Apply (7.82).

(1:84) Tehuibion: Lk R ke a Ming ond TeR an ideal. Aw R-wmodile M is called

I.'G-A"Cdi\r ideal é_epa.rﬂ}-tﬂ i for L\rerg, %{n{m‘i %w&e:m}d ideod KER Huw R—wodule
K@M s Aepexdled w. the T-adic %Fnlo%.

(7.85) Bxample: % S is o Neherow R-algbra ond TS Jac(s), thee a fuile
S-module M s I -odically \deal Aporaled oh an R-wodue. (Sne KegM is o hule
S-wmodule for Loery «f—inﬂdv goneroled ldeal W RY

leb R ke o wag, TSR aw idal, and M an Rowodule. Tor ol w20 e
Ry= R and M, = M/zma M. Gnside %r.r_iﬁ\)a %riﬁ} =@y TV and
(M) = gr(M)= @y TM/THM . Tor all 120 Hew ore wohuel wops

Yoo (T @, M, — TM/zmn

Which. mdwe o morphisi. o Hhe %r(k‘i)*mc&ujes:
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¥ R)®e Mo = g (M),

- (7.86) Theorem: Wit the above polaliow suppose that R is oo Nochenar Ying amd tak M is
—d-adially . ideal Apovaled . Thew the Jollowing aw’ tquivelewb:

Aoy Mis Hak over R . |

L AkY Torr (N, M) =0 for vy R,-wedue N

) Mg is flak over K, amd T egM = TM.

LAY M, s ok over R, and Tor® (szo,m)mo.

{d) Mg is Yak over Ry amd ¥, 05 o isomorphisme for all w20,

() Mo is flak over R, and - is. o isoworphisw .

A My is Had ever R, for oll wro.

. ?_r_g_of_ (a). = (b): clear o e R
by =ple): bk N be an Ko-wodule. Then Np Mz (N©g R, ) @M = Neog, My, Tor

ey ack Aequanie . 0 — Mo N, —s Ny — 0. o Ry-wodules MAfx(mm .
..0..—#‘175:".5(.!45].&1} — N®g Mo — No@y M, —> Nywg,Mo —> 0O is orack anmd Mg is flai-
Cowr K. Fowe the orach Aguente, 0 -+ T~ R — R, — 0 e ek He  mack
Muanie. 0 =Tor (Re, M) —>T@g M —> M —M, — 0  and L@ M TM,

() e=(c"): lonside~ Hhe track Mg 0T —R-Re=+O and Hue induced
.lov\% ock Mqune. : D;—Erﬁ(ﬁ,tﬂ — Tor{ (Ro, M) — T M —s M —sH g s O,
A= (b} Lk~ N be an Ky—wodwe and 0 -— K -:E.—.-‘Fi*-—*N O am imock sequem @
wite T o fre Ko-wodule. Thow  0="Tory (5, M) — Tork (N, M) —> K eg M, I=0%

pate
. RB®g My — N 8p Mo 0 is tack. Sluw Mg is Ry Yok, paMo is iu&id—ive. ond
Tory (W, M) =0, | |

{9 =(d): By {b) Torf(Tzx, M) =0 Thun e txack Mausmw O =T T —> T/t O
duces o treck Aquene 0 —T'oM — ToM — (T/x2)@M — 0. Sing TM = TeM
ke ebltai thak- TP M ¥ I°M. /Pmu.adiw% by iuduchow. ow . we obkaiw frow e

Brak- faequ.emm; 0 Thr oy Ty T qmert — O dhoh T gt o T M. Thus



21

TR @ ML XM e M
~Ad) = () Tk mryo. For (kw e have o comwudrakive. ciia%«m;. it wock voun s

C(EW/ @M s (T M — (TY/THYa ™M . 0.
. .l?‘fﬁ . l“( e l'&
O THM/pae M E TN Y, o DM oM STOM, — TiM /iviy e O

By omuwnphiow. Jy lx om isoworphiswe  and Ky is an isoworphism - Thua, by descnding.
Awduckon; o is e isoworphisue for all | 1¢iswed. T parkicular, ,: (Tame Yo M =
TR ®p, My, =M. Taw Ry, M, akd Tfzwn ¢ R, Aakisty. Hhe conditiows el (). By ()= (b)
e (MM =0 dor @l Re—modules M. A N is aw R, ~module, Hhan 0 TN — N - Ny = O
codsoxock it Ro-modudes TN and Niza. TThus TBRF‘F(N,MQ)=0,..‘ﬂ\;mm_dik%.i:,\]..iu-c\uc}{um. L
ol e see Yok i Nois awe Ri—wodwe, tae TN aud N ove Ry —wmodules »
~Assumivg Huak Tor (K Ma)=0 dor all Ry =wodules., #he. exock Aequena. 0T N »Nhy— O
yiedds ok TorRa{N, My =0 Thur My s Ry-dlak o
) =pla): W have Toshowr Hhak Hu wahural wop. 41 F@M M i duicdve o
vy ideal PSR, Sie M s Trodically idead Mpaaled, U1, T*(foM)=0 and it
Audfas Yo show %w.kw(»ﬂé_:t“('}m%ﬂ for_all #>0. Fx w>0. By Ardin - Rees
Tro} e for subfciodly lage kon. Gowside Hhe hahuwol Wap:
L e . 2N (¥/gnTR)eM ., {Hzey)eeM = oM/ (o).
Sime. My s Hak- over R, =R/xx Hu map
{LEynzk) 8 M = (Hyazk) 8¢, My, — My,
s lwgickive . Frowe. i . cowmuakive dagrase.
TOHM — s (}fpnzx) ©M
t i

e geb thak- er (¢) € Rer(l) & ker (¢f) =T"(Fo M.
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§C. SOME . ToEnTITIES

I His  sechow e lisk Aome. . howological ideukibies. The proofs, if. nok-_provided | con be ound

L woshk books ok “omo\o%ical algebva | for oxasuple iw - Rotmou's book : Au indreduchion.
4o hom\o%iml alggbro..

(1.27) Remark: Lok {Mifier ke o fowily of R-wodules amd N o Rewodue . Then
) Howg (BM, N) = TE"Hom.R(m,.M)

(8 Howep (N,TTMO) & T Howg (N, M)

We Wuow~ drowe (0.40) +hol Hu dewsor poduck cowmucks wille divech sums:

() (M) o N = @ (Mg N).

Siwe. @ omd T comwmule Witk the formakiow o womologe | M idedites o (M87)
txlend  to e dedved funcos -

(7.88) Froposition: lek 1M er be a Jamily of Romodides and N aw R-wodule. -
() Extl (@jer Mj, N) = g Exk g (M), N)

(B Bxbl (N, Tex M) & "ep Bxl (N, M)

Y TorR (@ My, W) & ® . Torf(ny WY

(W.a‘!)ﬁeom: et R —+S be a ‘hommmt?ha‘sm._ o} Mugl bo thoke S s e flab R-wodule
aud el M oand N bk Rewodues. Thew

(a.) ‘Tc;rf (S®R M, S® N) = S@_R*ﬁ)r? ™, N)
(b) Y R is Nechheriow oxd ™M is hwlle, thew
Exe (S8 M, S8xN) & Sog Exkl (M,N).

Froof.: lvcon\ai prove (b} . Stwe M is fiwie and K is Neetheriow , M har o e
vsoluhon. F, b —4:3‘ %wiie,, Ay “f:; = RM | Thaw Eoy (7.88):
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- S@g Howg (F,NY) = S@, Homg (R™, N Sgp ®"% Howg (R,N) = Se ®U N =
©% Seg N 2= @ Homg (S, Seg NY = Howg (BNS, S@gN) =

- = Howmg (SO F, SO NY,

I

- ond Hhis . isomorphisue is uwatud. Hewe thae is o isowmorphisi ef Cowplexes:
- S® Homg (R, N) = Hom (Seg B, SepNY). Sike S is R-Plak, SegF s o $ra.

S5 vesolubow o-g Sog M, Hemw: .

Exb (SegM , S8 N = R ( Howmg (8@ F., SepN)

W { Sep Howg (F, M)

S Seg W {Mowmg (R, NY) 0 aiwe S s R-flak
= S®g Exby (M,N).

H?

o de waivenal properky, & inverse. lwih owe cam c\eﬁvx_..%a..gﬂliam.u%pmpev\ies\

(M90) Yroposition:  Leb- AM| ke o diveck ..(tlwcr:u.,) Sydews. of K- modules . N o R-wodude.
() Howg By My, NY = L Howg (Mi, M)
(k) Howmg (M, Gim M) ¥ Gu Womg (N, ™).

R TeR be aw ideal and () He tomion Juuctor Nobin thak (=) is on addidive
honchor. Re toeny R-wodule M
M) = JweM I T'm =0 fe some neN]
= b (04, T
- = Liw, Howg { Rin, ™). |
The vight- devived funchons of (1~} o dhe lowl whomology fwmclons. Noluiow.
B (L) = REL(S) iJc;'(_) ar oddikive umclow Wit ML (Z)=T1(0).

L'i.‘i\) Yropesition: H{’;;.(M)E L, E)é:; (Rixm, M) and Huis  (somorplisie. 1S watural.

Troob: ML (M) = HE (T (X)) & 4 (Liy Houg (Ran, Thy))
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o 12% R (,HOMLR (K/l;ﬁ)'l’,;)) Aluiz. Q_}_@g Presorves Exockuess
Rim, Ext'z (Riam, M)

e

(.‘I.QL)Tkwm: A O M e MM e O 5 an ovock hglame of Rewodules , Yhew
Have (s oo icm% ioct &.:;lumuq_,:
N 1 (H‘): %_{W\) S H;{H)_—.. &{H‘)wﬂ%}im“):f}_ilﬁ“\) —_ H}_{Mi) —b H-:'E(M‘) —

Furllaowore, Has  exock heguance. s wmakiwl.



