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CHAPTER Vi : HOMOLOGICAL ALGERRA T

‘,‘-mrou%\\otd—-, Heis c\'\o.Pb— »Kods e Coumwlo.\w'vc,,h'n% wnde ,Hmi—,\'k&“, MN .

y ook, R-modules, .

\Ma_Psm.g_ R~ livear. —h'f.LR\ _denokes e Cak%ora,hug_ﬂ{-moc\u.lcs dnd. ’R—-\xm_a;r-hm:fas

gl THE.  HoM FuncTeRs

- (60) Depinition : The ek of R-kueor wops  frowe M o N is. denoled by o
Homp (M,N)= 4 LM — N | L Rolivear §.

(b, 2) Remark: Howg »(M,N) s o K-module  under the operakions: For {-,3 & HomR(M,,\sQ,
d.e Rk,, me M i (_:‘.4%)(\.“\):: Q_(M)A-&(m‘) and . . (a._g.)(\m):.—. Q_,:Q.LM) 3{. R is wob ;
ommutabive,, Howg (M, N) - is owm abeliam. group, buk o gmeral | wobk . R-wodde.

,,(L.;S) Qg&'K{Hon: Lebe o Ny N and.. "S M= M be Reliveor Wmo.‘:.sc:g_ R-wodwles. .
Q) « induas  ae R-linear mop  How (M u)—,—ok*w:,\%ouk,(M,N) ,N,%MR(M‘,Nl,v A%‘MA
by W (fy=od for ol feHoug(M,N) .

(b) {S indues  an. R-bwear WMap. Howe (o N) = B* %MR(M' N) — Houg, (M, N> debined
by FQl =gP for all geHomg (M1 N).

(Lﬂ-)"zcmad(- (&) Obviously , Howmg(M, idy) = (\'AN\)‘_~|&%M(“ Ny - 0nd for R-linear Maps

N, = N, 22, Nay (“z“‘)* = Upw e - Thinn Jor o Q‘M Remodule M Howmp (M, _>
s o wvadosd fuckor frow IC(RY) to NLRY.

(L) Sl\m,i)nr\\“ %or @ %\xecl R-wodide N, Hom(-é,*,N)z(xAM)*: id How (M, N) and for

R-bivear waps M, b M Brom g pae e Howg (,N) is @
wwhronon s~ hunclo e {Zrom_ m(R} o W(K)

(65) Defimition: Leb Fo WMCRY) — WCRY be o hunchor (wnravanont funcler) .



137

(o) Fis colled am additive funchor i for any oo R-modules M, M/ He induced wap
Mo (My M)~ Howmg ( FM), FMD)  ( Howg (M, 1) —— Howg (FMY), FM)) vesp.) is a

..,.,__ho,momar‘p\\{sm of. abellan Qqroups - e
, Ua> 1L:F\5Qd6t'\1va_|r is__called. &«H» xack lg. wheneyer O —s M/ = M*‘E—* MY

(M= M J”L, M“~—»—00) s om  exack ALqucnu_,, Hhew o—-;-—a;F.-'m')F‘ Fm) BB F(M")
{0 = FM) T Fmy —= F(.::) F(MY) ) is de“

() AL F s odditive , Fis called Yokt oxack A ihevever M! %, M —E——»M"———-—AO

{o—M 2 M ﬁ—; MUY s om xack heguence Huw  Fun 3, Fm),ﬁ,—plrF(H‘,‘) —0
(Fomy B Fa) T, my —50) ks exack.

e Ad)F s ek i F s fys amc\h%“—wad- e

,W(C:,,B):Em{:mirkou,zw Jnlmu.K ((M’__“) _amnd. ;Homkk(__,N)“ are. addibive ?u.mctor&

. /B_g__u‘f_ _ Howme worke
(67) Theorm: . Howg (M,—) and Howg (—, N) . ave fefb evack funclors.

Prodfc (@) Homg (M,—) is b tack Lk 0 s N By Y be an ek Sequance .
o iwgckive i Leb e domg (M,NY) wible ty (f) =uf=0 . Siw « is idahive. | {=0,
oy € ker b : By omumphon Bu= 0. Thus Pysy, = (o) =0y =0, ,

ker Py im0 Lok fe ke By Thew Prlf) = B4=0 and L) € ker P =ima = N There
A5 o Redinear wap L' M — N' withe d/= { and =0 (1) € infot) -

- (b) Homg (-, N} is Lpb track Lk M XM Boamy a0 be au oxack sequance .

B is iuickive: Lok fehong (MY N) with BF(E)= =0, Sine o is swyickive, Lo 0.

S ke Siwe fx=0, (BuL)* = o< o* w0,

Reeo s imB¥ . Lo fekera®, e JiM—aN it ()= {x=0. MW

Then flimx) =0 and sine et e ke b ) 4 (Rem B)=0 . Tauw L /1« /
‘2%@0“‘5 omd -Hu.xe. s an R*‘\.MM\" W‘“‘P iﬂ: H“-—%N wibe .&qﬁ”&gﬂ M“""M/ e_r-;l
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{b.1)Remork: Tn general, neidker Homp (M, ) nor Homp (L ,N) ase gld teack: Consider

requenc. of, Z-wodules O — Z 2 z B, Z/2y ~* 0 whew &) =2zw for all ne Z and
Bois e naduval map.

+he  exack

() Lok M= Z/2y. The sequene. O = Hom,, (%, Z_) — How, (%1, %) "“"’Momr,z_(l/(z,) Yny) —©
is wob exack Aine Hom, (%/ey, 2)=0 buk How ( L2y, %y #0

(b) kb N=7Z The rquene. 0 — Haw, ((%zy,2) £, Hom,, (zZ,2) =, Howm,, (2. Z)y—0 s
hot grack Thr ol §. 207 w@: [« and Lty = d(zn) = 24 (0) . Thus  im (<) €(2)

: ~(‘»®P_@Fnih’o@ Av R-module P is colled progechive. i} for toery surpctive R-livear wap 5:M —» N
_omd fugna, {R-—.ﬁnem—' MGP‘ o P N Heoe i am. K—ineor—

3;{_,‘?
,mqia Ev:?m-»M so Hhalk xzi\%g,

M B, b

g Nt O

.6.10)7[\4:.0;-&%}. AM— ’R“W\O(;ule. "P Lg Pm‘&gg\{u& 2.{; QMA ,on\sl Lﬁ ’nru. ‘gumc;lm‘ 'HON

ok s, far Ruery. ok Mguenie O — N2, N-Ea N 0 of. R-wodulen e hegquente

HOMK(P Ny — © is exach

(P,__) _is maa\—,

O — YHow, (P, NY) =4 tom = (P, N‘)

?mf. "—r . Sine. How (P.> is lefl wad, He Acquenie O — How, (P, N‘\) ~=- How, (7, N)

%MR(P N") is wack. b fe Howg (F,N") . Sine P s profchive |, thew is a
g€ Howep (P, NY  with Pg=f omd P is Aurgchve .

]
prnd

P
p o b

-t N —s O

et o Aurpechive . Qus{&c\«- Hee short tyack hequine. O — ke s M L in—o, By
mu.w.‘;%ou_ %“"‘R(P M) ~—-a Howg (P, Nv s /auv%w,\-.uc_ Yis progichive. .

Su,PPase, Hiak Hiewe are (g(\tck, K- lvear- WMaps

' (_L.i\}’_@_o?o.sikomz E\:uva, b R-wodue s propchive .

M: b~ F be o fo R-modude ke basis lecjier. Gnside
LE

M o N O



wheve. {L,{S are. K-livcar amd B Awaic;kvc_ . For {og_h& teT choose o elewment mieM e

_.[S,(m;) :{,,(e;) - Sine Fis bew Have is. an. K-linear mop. %F'-——-o M e %.(c;)z—.,m,_ﬂ for

, ',(c,xz)*ﬁom= e O M 20 M Pum' 0 by an xack ascquena. of R-modules

ond K-linear waps. The. ,ﬁ‘euaun'n% ave Zquivolewb-:

Aa) There s as R-hncar wap M M e = idy .

k) There. s an R-litear map & M' oM with pI= id
) M= im()@E N for o submodue NeM. R
~The suowodue N (<) s isoworphic e ML

S L

- Pogf (@) = ) Lk g M MY alle pmidyg . Sek N::kcn@.,-gr,,.me M, W~ Ky(w) & kar(y)
_omd M= i)+ N T hedmic)n N Hhew h=x(E) qor some e M amd. ) =0 =y ()=t
Thus M= in(«) ® N.

) =le): Define g M— M by y=Rp where pi im )@ N — iw(s) is e progckion. and
LK mle) — M s defined by o (st(m)) = m (sine M im()). Thew ¥o=idy .

(B)=r () Lok & MM ke mude thok BT=idy,. Seb Nz im@) =M1 Tor weM,
= SR ) é,kar,(]i)aim(x) ond M= lm)+N. Y ne ime)n N e n=8(t) dor some.
teM" and Pn) =0 =PIE)=t. Hwme M= (o) ® N. V

©)=(6): Depwe §: M" M as follows: sine ) = ker (B) omd MY M/kee(py Y

K-linear map NN N — MY is an ‘,isomo‘\?hf.sm B S W o ([\SIN\)" wheve, 0N — M
fs ‘H‘c’.,, ILML&&AW,%WQL “rS'S:.AI'AH.,.

(L3) Defiuition: An exack Agume. 0 — M! “mLavwi Lo is called aplit or split
&xo.c#) L there s an R-linear map & M"— M bl B = idyu (or Lquivalendly , it

there is o R-linear mop g M MY nile pu= |'JM,)‘

(L.H)f’pposh‘{om: b 00— M XM Py o ke o split exack Mauanie. of
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e ?*Hoéulc de ’R.-'uuwr MQ,PS 5> F: M(R) —p MLR) O ﬁ_ﬂ. (h%ki‘) lbxac_{—— %deor— (wn@rm—
vanauk funckoe) . Thao 0 — Foury T, F(M) e, F(MY) —s O (or il Fis coubravariond

 Bos b g M M by =idy, and § MY M wibe Bi=idy. Thew F(ypa)=

_.Navioumd Care F(Ya{) = F(K)F(X>= QAF(,H.,),, aund F(FSS):-. F(S) F((S) = l'd;:';(nl,t) . ) B

(C,.!S) ?__r_oposikou: Evc_na, ~diveck swmwond . o propckive module. s Pprogchive .

’E_o_af_ kb P ke a ?‘DM\& moc\ule_) N QS P subwodides , oud P=

i
Q. B | R
g Ak

P oo ‘
e )
L
whee T: P —a Q@ is He Pmk{.c:ﬂ—iou,_ omd (:Q—e P s

- cubedding . Nole Mok Tiidg. Sme Pis progickive

NG, A Aia%m.wg, ,
» Acz‘_,,,R,-\,{uea.r,wmuP;

Heere i am E-lvear map.
4P M witle ,,fsa:.-&frr.,‘T‘hmw[;(aq =4 @iy=4 ond Q i progchive

~{b.16) Froposition.: Lek- P ke ow R-module . The following  aue 2quivaleut:
(@) P s progchve. ,
,.U;),;?mis“,(_isomor‘;hic, %) o dirck swuwand of o fer module . ;
ey Bvery oxack sequene 0 N M P o0 s aphid exack-

?_@L (€)= (b); Evr;na, woduwle is o howo werpUic. wage of o tree wodule. Comsider am

Lhoch rquine, O —b N~ F 2Py 0 (i F o b R- Module.'&y (6.\7;31’ is isowwvfhic_
o o dinck swwwmand o F.

) = (a): By (L) amd (b.lb).

@) = ): W o—N—amnEir 26 i ead, consider

e« P
&,2" Lidp

M s P a0
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Sine Pis P?’O‘}ic};\)ﬁj Hhere it on R-Yueax wap 8 P M widle B3&= iAP.

(17) Examples: (o) Lk R= 2/(0). By +he Chinese tewainder Hheoren. R Z/2y ® YY) .

P= 2/2) s o projickve R-wodude , bk P i wok a fee R-wodule .
() b R be o Dedekind dowatn whick is nok Jaclorial (4or smomple , ZLVTE1). We

il show loler ok tony vowsero ideal o R s propiive - A ideal T of o domasic R
s fer il and euly L. T+#(0) oud T is principol. Morcover- wery PID s fackorial Thug
tery vouprucipal ideal o R is propichve  bu- wok dre.

- {6.18) Defiwibion: An. R-module E is colled ﬁ\a{c.Hve, ¢ for tvery. R - Vuear- mMap & N - M and
Luery R-lincar Wap §iN—sE there s an R-livear Map 0 —s N -2 4 m
¥l
M —E which exlends &, thor is, =, E'/r

r(lo.l‘t)—l—hemc.m: A R-wodule E is wpchve il and oui7 if Howy, (-,E) s exack, thad s | for
very, ock Aquence. of R-wodules O—s M X M B M0 o +he Acquance.
0 — Uoug (M4 E) B how (4,8) £ Howg (MLEY—20 i exach.

/_Iz_m_gg_: A E s n'na»éz;i-éva Hhew HowlR (M,E‘) 5:«» HOMR(M', E) is Aurgechive l)y Hhe c\u&»{ui‘kow ﬁ:f;
iuéidi\n: modules . ane:m.l\, ) Auppose +Hhad- Homge (-, E) is oxock and consider o d{a.cgm.m.
0 -**SN 24 M wite o iuaicj-l\/c; . Seb N'= whker(o) . Thew Ho Mouene. O —s N 25
L
E -ﬁN’»—aO s ack omd Ao is the bequamts. Oﬁ“omR(N',E)ﬁ

%MR{M,53 <X HouRLN,EV‘)—-—&O. s toe s a G‘GHOW.K(M,E> w-He 0&*(0*)-: o=,

(b.26) Rework: T is tony do show +hak Ho diteck produck of ingeckve Wodues is
pckive . The divek sunc o iugckive mod ules Wow. not- be inpickive (bl Rutle divect-
Auws axc) . Thee is o Hearom whicke slodes Hhak oo coumodative ving R is Nochenaw
i oand oaly if weny dinek sume o igichve Rewodulen i fugickive.
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,(,é,u)?__tpposi)don: Ew,r% divect: summand T . e lwgchive R-wodue E i inpickve .

P Siwilar do H proof o (LS.

&

iG.Qz)ﬂcom: For o R-module E 4 Pal\o\u\'u% conditious axc l’;q.uiva‘\e.wiﬂ
(Q.) E & in.yk}{vg_.

,(b) Even& wock Mguene O —4E —— M -—aN—s0 i sPlH— wack.

M (q,)__..;,(b)-. b 0 E 4 MaN -0 ke @ack. Siwe E (s iu&igs\-.'ve_, Here s o
'“‘“f’ 2:M-~—AE Auche  Hhak- 0--»E~,‘1~9M

d
4§‘/%

wwules . The Aqucna splits .
(B) = (o): Gonsidor o dingrawe. 0 — K X, 0

wmHe « iu}é‘—}x‘ve, Sk T= E® My
-f' é (*)

Where. \\f..—_i(:f.(m))—-&(m)\) lmek}. W= is o subwodude 0*. EeM. Consider +he R-lincar

mop «': B =T defiued k\i w!{e)= (e, 0)+W and LM 3T defined by Hm) = (om)+W.

Thew d{&%m.m (5&-7 wckends o He dt'o.:&m..m, O —s K. -2 4 M

+ W i%' (x—*\

o, e———

(%) is cowmmutakive : Tor ol mek . “':ﬂ.(wQ = {({im), 0) + W = (L(m),0) ~ ({’;(m},-o((m))-u-kf:
= (0, {m)) + W = f.’oc(m) .

«! s dngckive + Lo e B with w(e) = (c,0)+W = (0,0} Thei Hoe is an demend we K

kwite  (e,0)= (fm), =) i E@M. Thur i) =0 and m=0 slne o is

im&ér}\‘\m-
Henee, e = 0.

137 mw«kow (B) Hure s a h\o,P F): T - B widie fso('.—.— HE.‘ Lel- g = fS.‘f,lT\uM,.
g = f&.f;’o( = raot’{“_:'-#, E is an l’u&e:ckvc K~ wmodule .

{L.%)'Rc_mcxk: The. wodule T~ -}o%&kq— wide e Wops «! and {(__t (i —+he ?mog_ °£ (6.2'2.\))
s called 4o pus\qou.i— of He A\'W K -2 ™M
+4
=3
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£§2: THE TENSOR “TUNCTORS

For o fixed R-mwodue M Hhewe is a variont  Funchor Mg ~ froue e Ca)e.%pr\a, of

Rowodulen MC(R) iwho ikl Meg - is defined an Jollow - for auéry Re-module N dk
(MOg_)(N) =Mege N and for tery R-liwar wap ¢: N—s NI (M&R-—-)(}p) =idy ®¢.
For a nfixed R-wodude N He covanouk hudor —®g N is debned O.c;com\s'm%\\r
(6.24) Theorewe : (adjoiunt- isow«orFMsm) kb M N, P be R-wodules . Thew thoe is an

isomarphiskc Howg (M@N, P = How, (M, Houg (N,PY) .

Fregl: Sek- Biling (MxN,P) =} p: MxN —s P| ¢ R-bilinear §. Biling (MxN,P) is nahurally an
R-wodule  which is isomorphic. o How g (Mo, P). Thus ik adfius do show- Mok Hee
K- wodues Biling (MxN,P) amd Howg (M, Houg (N, P)) are isomorphic . Define :
@ Biling (MxN, P) ——s Howg (M, Howg (N, PY))
t By M s Houg (N,P)
m é(q»),(m)-:?(m,_): N o— P
n——st @(m,n).
S @ is R-bilincar , Ple)(w) is R-linear, Morover, $(¢) and § ase Relinear. Gonvertely,
defive: ¥ Howi (M, Howg (N, P)) —— s Biling (MxN,P)
\ ¥ f—-—-—-—-————-——-»ft(x): MxN — 5P
(W) s ¥(m) ().
ty) s R-bilivor amd ¥ is Rolivear. & and ¥ ar invene o tach other | Hok is,
Yod = idg ond T = idy,,.

(6.25) Rewovke: The funclors @ N and Homg (N, ) arx odjoivk poivt . This weans , for
all. R-linear moaps o« M —3 N and How (Meg N, P = Howp (M, Hou, (N, PY)

B: P!~ P He diograis (woid)* Lo«

How, (MleN, P) =, Hom,, (M! How, (N, )
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_and Howg (M8N, ') s Homy (M, Howy (N, P1))

Howp (M@ N, P) ~Fs Howg (M, Howg (N,PY)

o Cowtiite.  whee, e horizowkal isomorphisws are Ho - isoworphisms . (be2). .
,.T_._rggg,,r_”“om:kiork .
(62&) lewmmar Ll M2, M'-E—* MY be o Mauena. bf_ R-wodules . 1Q. :?.or all K-wmodules N My

Aeqlance  Howp, (MY N) £ Howug (M, N) o Howg (M, M) is oxach | ke rqianie. M

e, ME e

ool + Suppese. ok Homg (M1, N) £ Howig (4,0 &5 Houg (M) s oxack for all N.

(a) b N=M, Thew O= e(*[S*ﬁ(iAM‘.,}aw {clﬂ,,, Pt = [30(‘, and \'m(d.}f.l.. Rex- (;S)z , » ,
(b)) Tn order to show kgr(ﬁ)g iMLoC) Ak N=,‘,M./;'m(x) and Lb Vi M — M/l be

haturad wop. . Sl o«*(N)=V8 =0, Hue i o R— Huear mop 0 MY Ml () it
IS%(O’>,=O‘{$=&{ oM B, e

Ry

Mimi) Thus ) = ker (V) = ker (f) 2 ke (8) .

. ,.(L.lﬂ)TF\mvcm,: The. Aunchor —@g N s ri&\d—,- Orack | Fhak is, il Mle—ea M s M & s an. oxack

- Mguene of R-wodules | Hwe  H rquine.. Mgy N — Mg N — MigoN— 0 is exach-.

’Eug, For ey K- module P e Aequeni

O e %MK(M“, L‘QMR(_N"P\)\> ——-——-»HQW,R (M, Homg (N, P)y —r Howg (MY HOMA.R(N,P\)} 5 oxack. Thua
by (6.2%) and (6.25) Hhe hequance. O —— Houg, (H‘éRM,P\>~—sHomK (Meg N, P) — o (Mo N, P)
s exack &r (’,oené K-module. P, TSY (‘o.?.é-) M'@KN —— H&RN — 4

',QKN —y O s exack.

(6.28) Grollary: Ll TeR be an ideal and M an R-wodule . Thae (R)eg ¥ = M/ixm



g

oo . Gnsider Hhe txack Aquance. 0 —T £3R — R — 0. Teusoring Wit M yields an.
Lack hequene  LTepM —E—‘;& RegM — (Rr)@g M — 0 whide can be exlended 4o
o diw wite  otack voun:

TegM b ReM — (Re) @M —— 0

sl @ l= © |y

S o QI T —_— M — My — D

Whee & is defined by flagm)=am and ¢ is induwd By He R- bilineoxr wap.
T (R x M — M/zy o T(&,m)= am . Thus ¢Zow)="awm and ¢ is surid chive. .
£ s also Aurgchve  and Aquares @D and @ wvuuwde_.’ﬁ\/

_iso morphism .

d(m%ro.m df\cua\'u% Y s an

,(G.zﬂ’&s__%: Y O—M MMV — 0 is o ack sequenmie . R—modules and
N o R-module | in qoaral, 4o Mquote 0= Mgy N — M@gN — Mg, N—s O s
hob txack, Foc wrample , comsider Hhe Aequame () D -z Toz Z/zy —» ©
whee TWy=2w Jor all we Z . () is opock |, bu 4 Arquamie

© — Z o (%) P Loy (Zay) — (Bay) @, () —> ©
s wok oxock  Alnw 267 (Hay)= Z/(y %0 omd cwid is e zero map .

(6.20) Detinihon: Aw R-module N s walicd flab- over R 3§ for ol exack Mguenas o} R-modiles

O M s Jhe hequana. OwM’ﬁRN — M@ N is txack.

lb.:‘:l)?ﬂoposih'om: Le)- iN;}‘-éI be o Ad- of R-wmodules.
(Q) @Lé: N¢ s Af.ioJ— over K.
(b) For all teT |, N{ is flak over R.

The. {ououn'u%, ave u]uivoiev&‘:

M,, 1“. iM:‘-]t‘eI.’ and )IMC\\‘GI_ are Ady or?. ?*‘\Moéude/g amd ii.L‘: M;/—u.a Hi’(‘liez: K-linear Maps,

tew Hoe is @ wiique R-linear map B BM — DM withe @ L) () = (4 (m)).
Morover , <@ f. ¥ ingchve f aud ouly il {o is iua,f,d{ue, for all €T . Tor we R-linear



the

MQP T: My by (0.46) Hawe is o commukatve d\a%cm
. id
(@&el‘ Nt) Bg M¢ i (@Cer Ni) S M

o
@ée:: (NL@gM') M @éex (N, &y M)

Whee. e verkical awouws ase sowsarphisms . iy fop row- is iwgichve {f and ouly i Moo
boow. vous is. -

(G.Z‘:z) C:\ro“axg: Eve\-g, pwxxdwe. wodule iy f.loi-. I ,Poﬂicdor, ery, c%m. woduwle s $lak-

zt&():?_: Swe R _is o {Jc\;\- R~MOAuJe., E\/ (6.3!) Loery %u?~bno&ﬂé s 230&*‘ ’ngich‘\&.
wmoduler, ase.  divch Aumw onds o_g_ %ren, wiodules .

(6.32) Theorom: Lk R be a Mng , SER o wulkiplicakive Ad-, and M aw R-module . Thew
(S'RY@g M = 7'M,

The isomorplusie i3 hadural i e fouom'n% seuse : if T:Mee M s o R-liveos moyp

Hoe He diagrowe: (SR) @, M SRec, (s"'R)@g M
¥ | L=
Se
S M/ ——— §°'M commukes .

Poo: The R-bilinear Wmap ®K: STRxM —3 SIM e« (s, m) = am/s induces an R-linear -
map ¢: (STR)@g M — M itk q ((s)owm) = awms. Couversely, depine ap: S7'M —[S'R) &M
by o (wis) = (B)em. a4 i wl defiwed . I M = Wist iu SN dhese Hhee i aw

teS wille tsw/=tslm . Ths (s)em = (Vess)® bs'm = (Vess) @ tsm' = (V) om’
A s R-lineor amd oy = id sy For an dewment (%5 gwm e (RY®r M, 4 ¢ ( (“s)om)=
¥ (emis) = (¥S)em . S 4o is Hu idonkidy ow He gquuradon o) (S'R)eg M, olso
4= idsiggy L+ is tady to check  dhok e isomorphisue s nakural ,

(G.EW)KRNumk: The isowwrbk\‘svu,_ (S”'R> @RM = Sim 0.@, (6;3’5) s alse S*“?—-Hum\".
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: ,(‘(,,35) Qmﬂm«az Lt R be o h\\%, amd SR a WquHf:\{m}%Yc. my e, SR s o ‘UO’L R-wodule .

’_P_\'_Egg_ lede 0 — M M a0 be am oxachk Aguieni. °£’ ’R-'moc\dm. —?;-7 (LSI\) W
Aequente.. O —e SAIME L, giM S*IMY — O s exock .  This A&c\uuauz. is L:y (Q.SE-;) V\Q}u\-a_lly

iSoworphic Yo O — ($7R) g M ——ER) oM —— (SR)@gM? — 0 whidk han to ke
exack doo. Thus SR s K- Yok

le.3) Foposition: Y N and L are Lok Remodues +hew Nk is o Jiok R-wodule .

, M el ©: M M be an \‘maQ.d—';ve_ R ~lineor Wo‘?.‘ﬁ\e_u. TN :M’@RN — M®KN &
;K&éc-lr-;vg_ ane. N s R-Hak, Thun ﬁC@N)QL: (M'@RN)@RL — (M@RJ\Q ®KL is \W—'\VQ
sime. L s R-flak. By (o47) T (NaL) - Mlag (N, L) —— M@ (Negl) is iugickive .
‘L..Z‘z"l\)?;vpcsi%wt led- R ke o Y'M% and SR a Mu.l“rﬁx‘cn}(ut sk, For R-wiodules M and N
Hare cre wakural isomorPVisMQ

ST(Meg N} = (87'm) e N ¥ Mo, (N) = (S"M)@K(s*w);:(S"M)®m (s“‘w) :

Tod:  ST(M@N) = S'Reg (Mg N) = (S1R@e M) BN & (™M) g N

= (MagN)eg STR = Mo, (Nag SR) = Ma, (SN)
&

SR &g (SR ®g (MeN) = SR ®e (M@ SN & (3"M\)®K(S"‘N>

T (SMe STR)e N & (™M) g (5N) |

(6.38) Theorem: Lok N be aw R-wodwe. T «fol\om‘v\% wrdibions  are fquivalewk:

(&) A sequone of Romodules M ToM B MY &5 vuack i and oy if de quenc
N @, M/ Neg, Neg M tew, N®g MY s exach

(b) N is flak ower R and for o] we W Spec. (Ry, N/mn %o0.

(€) N is flak e R and whuncwer N@gM =0 Jor aw Rewodule M 4o M—o.

{c&} N g ﬁoﬁ— over R and Wﬁ\zne.\m(" Ne l.= 0 %r i To-linear huap oM ot e, h=o0,



g

. M (a) =-—-o~(b) : ,Obviom\\“ N (s .{Jd—- over R . Tor. wme mSw;_.(Ry @nsider Ho aack Muenc.

oAty VA B e © {5 2»(0.:}‘0. owhadickion. e e

. ia) () b M be a wonzevo Rewodule. and. xeM =) . Thew amn(x) #= K omd He
~Aubwoduwle BRx oM is sowmorphic to. R/aunt) . ek i (x) < wm for a. wmomiwmal ideal

1S oxack By omwaphon. . N@K\(Wm\; = Niwn =0 ;,,Iw.t:\ytu,%w%cd— MNeg Rx £ 0. By Haduass
o N He rquane 0~ N@gRx — N@gM is oxack and. NegM + 0.
X ) T Y S M= M ke a Relinear map a0 Hhak Noh : NegM! — Neg M is the
. Zero. Wop... bbe U= im (&) Hhe map b factors iwle M2 a iy B M whee oLm) ﬁ;(m) for-
ol weM and b ois A Unbedding. o U ke M. « is surgichive while Bis iwgchve and
A= o e Nok = (NoR) (No«) , Nod is sugckive, and by 4o Plodnow of N Ho
wop Nof is ikechve . Siwe Noh<0, NOw =0 and Auefore. NoU=0. Thun U=0.
Ad) > la): e Yakhums of N implies e  forwond diveckion. For the  backward divekion. fb
M E M M b o Mquance with  NegM! D2E g v Nog, N@gM' oxock. Sch-
= ull) ad Ve bee(g) - Thow No(gh) = (Neg)(Nel)=0 and by arsumpkon ()
94 = 0. Tufoe UV,

Consides  H  tyach Meguanie . O =t U — ¥V —— V/y —+ 0 whide induws aw
Rxack Arquane 0 —— Ngel —— NggV = N@g (Yu) —= 0. By M lokiass of. N
Nol = N@im(f) = i (N®L) and N@Y = N@ ker(q) .=.}am—.q('.r\‘,1®%‘). Thun
Ngegl = Nog V. and  He map. N@g V. —s Nog (Yu) is He zewo wop . Thus
Vo— VY s de zero Mop  ond MU= V.

(éé‘i)%m%ou A R—-wmodule N is colled M%@ﬁ Hok over R if NSa.hs%es Olk c_?_
+he quivalet  coudition. ef Theorm (6. ).

(6:40) E:ggypjg_s_t (o) Every e R-module s }%a.ifﬁn.?»d\y Lod over R.
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(b) The R-wodule @W‘&'MSM{R‘) R I —%Qx"&“\b\%i? Yok,
Ay @ is oo Mok Z-wodue , buk @ & vk faithdully fok ower Z.

.,(.E.HI\)K&mwk: . LJ—— :‘,'T(—w—-—& S omd.. % R =T be. \r\oma.morlahi&.m, o&_m%);f\'he. ;Rﬁ\MOduJe_V
V= S@RT Koo Cowwidahve Hm&v tnder. Hhe WVQHP\(CG}{OM,

/ N A [ s
S U M L) (ZJ: by ®c) = ‘ZL/L‘,:"- bibj @ ;.
TThe. . wakural mops S s S@pT inde b bele  and T ST with el @c

. ake ,‘homum\-.’swsm o h‘u%u ond  Se T is aw ;.LS-“\’)—,-,b\'cA%aLm.,,
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§3: FLATNESS  AND “PROJECTIVITY

o A6 4 Rewarke: Lk R be a commutahve Jiu.%m.m.. wnkhe ic\cﬂ{lﬂaﬁ, SeR a mulkiplicakive aukade
~oand M N R-modues . Thee is o commakabive dagram of R-modues: |

g

Howe , (M, NY) Howgg ($7'M, SN

il / |

- S Homg (M, N)

. \A)i‘ldc. ;;: ‘LuD\M‘,"’S e O‘-‘H'OW.R(M, N\) ey ‘HOM'S.‘R (SAM) S-'N> A?a%ﬂ\'\tA L) O”t.?-) z&",g. " OMA
g 87 Homg (M, N) ] HOMS.;R;(S,"M,S"!N) éa;mcé Ly ¢ {$is)= & S‘t,«f.

(L,H:‘J)E’Koﬁm]tng_a b R=Z ond $= Rol0)y= Z—0). ‘ B
Ae) W M=Q ond N=Z & +then Hom ,, (@, 2‘)-: o, but Homa (2,@2) =@+ 0. This shoun
Cothak @ way ok be  swrgickive.

W) M=N=Q/z, dhew idg,, & Homy (@2, @/2) and for ol ne Z-(0), nidg,, *0.

Thos. SHow, (#z,%/2) 0. Sine SH@/z ) =0, Howg (S @/z), S”,(Q/a}) =0 amd
4§ Woy  hok be. igechve.,

, ;,;(,6.'*‘1) M‘wiﬁom; lb R be a Hh.% oand M o R-wodue. M is called M’R*MO&»J«.A&_
- %‘.“.ﬁk} promndodion. il Here is e txack rquene. K¥Yeoot K —s M — 0 for sowe n,meN.

{e.45) Remark : () U M s an R-module of finile preambakion. e M is o Puile R-woddle .
b)) U K s o Necthenow ving  svery kuile R-wodule is of ficle  prorentakion -

) U R s e viow Needuna ving , TR ow ideal which is not ,%cme_\\, generaked |, Ve
Hhe R-module. R is fiwde buk wok of findde pracmhation .

(d) J P s o hinlde projckive R-wodwe thae Pis & e presenbalion .

?.‘E.”{L (3) There is am ne ™ and a. Aurgdive. R-livear map @: R P, Suw P is

Pm&x_c‘;hw__ , R'"= Pa kcr(\y} and her(tp)'E(R“/F’. Thus Huee s a /MLV’%&L-\—‘UQ_ Wi ap
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A R —s kufUp) and o tack  sequena R Sy ~L . SN

(L-*‘)TMM1 Ld— M be wa ?——mo&‘ulc. 0:&. %;M'l\e_ p«seujrn}{on ' SceR o Vmu.ﬂ-\'p\\'cg_?\iuc_ bufhli-e.&-"
and N aw R-owodwe. The map ¢ S Howmg (M, N} — How g (S'M, 57N dehined \g)e*’
g H—A;) =Ye S s an isoworphiswe e SR — modules .

- P Y M =R s fidke oo Rewodude Hen Howg (RY, N)E N™ and
S Howg (R N) = ST (N%)'x (SIN)" = Homgyp ( (IR, SN = How o, (7'M, 37N,
Tor an ax‘kii’r&ra, Re-module M of Fulle praenbokion b R™M by R" v M — 0 be exock
The. Jfo“ohriw%, d\'q%m.m, with. otock vows s commudodive :
0 — g Ho\u.?\(M,N\) — S How g (R, N) R S"‘HDWLR_(R"‘J N)
¢ < I= ' =
0 T howmgg (S"M,S"N) —— Homs-.R(S“‘R“,S"N> = Homg, (s7R"™ &*‘N)

¢ is e I'S-Oluor?\'\\'.sm .
.(6.?'7) Remaric: 3{_ M i3 o %\'m'k Re—wodwle  then ¢ is iwxé‘;-\—:\ve. buk- wot \Aeus.:sm*'m\\i SM'&LC'\{“Q~

(6.48) Remark: The isomorphisw. ¢ e} (6.ke) 5 wabwal ol Jﬁol\ow(v\q& hewse: AL o MU M
and B N — N ae R-livear Wops |, Hiew  Hae t\ia_%rqm

-] 3

-
$™ How g (M, N) LN §Howy (MY N)) S Homg (M, N5 iﬁfs**;-;omkm,g)
¢ L= = ¢ vl =iy
o) (W & .
Homgip (S7'M, 37IN) 25, How g, { STM/, 5N) Howg iz (87'M, 571W) <-Ez"'“oumgks"r1,3"n)

Commule..

(Q_l}q‘) Com\\amg: leb- P be an R-wmodule e'_g_ ‘{q‘u(\e, ?mw%ow. T ois P\O&u‘}{\rﬁ \?_ and
oul7 L Fu s a progetive. R, —wodule for all we w:SFec,(R‘).

/fp;_cf:“w": TThere is ane R-wodule Q 4o Hhal FaQa rn for some ne™ | Sine Hw
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tensor  produck  commudes il divech- Aums | for all we mSpec(R) , T @0, = (R
R is o progchive Ry —wodue.
=l Mo ke g oxack Mauene. o R-wodules . T Aequenda.
Homg (P, 0y Py How (P, M) —a K —s 0 s oxack wheve K= coker (g,). We hase do
~Show- Heak K=0. Tor oll we mSpc(R) Ty & a progichve Ry ~wodwle and e
Aguska Howe (B, M) B, How (R, M) s oxack By (o)

Howg. (Fany Mp). = Howg (B, M) ———— O

Howp (P, M), —— Howg (P, M), ,
Thus Kpy=0 for all me mSpec (R) oud . by Hhe lowl - global principle K=0.

~{6.50) ?!_oFos;‘Hoh‘- e gt R —+ 8 be o %omomo,rpt\ism of. rmgs omd M o..;fdal- R-wmodule..
o Thee MepS isoo ok Sewedide.
O (M@S)eN'E Mg N/ —— (Mg )@ N &= Ma N is orack

(6.5!) Co»o“ahé,: leb M be aw R-moduwle. M is ok over R il end ‘OV\‘Y L My, is Qlak
over Ky Jo all me mSpec (R -

'?toﬁ e '&\7, ,((,,.So), My = M.@R,’Rm‘ m%\o&— over Ry, e
="l 0 Nt N be an. exod Mauane of K-modules . With K= kex—(w@r/o

He mquane 0= K — WoM 2% e M s ack T dor al we e Spee (R)
0 —= K, °(N'®zM>m Mw? (N®RM>WL s epock-
o= <« l=
N ®g, My, PRI N ®, . My

Sina My is Ry=Liak, e wmap ¢, @M, i ingchve . Siue Ha Squak. is
Commutolive | LeoM),, is wichve  and K, =0 for ali wme m Spec (K) .
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(,G.Sz)szosﬁiom Lek (R,m, k) be a loal h’u% and M. a Huik R-wodue. Thur here ds on
neN  and o Asurpchive . R-linear mop @ R" o M uwHe k\:r:(gp)_?,_ﬂ?ﬁ. e

,;,’_P:__mg‘,;, Leb - dine, ,‘LH/MM):M— and ek o, . x,.eM 0 thal XrmM, s +wmM s a basis

of 4 k- vechor space. Mimm . By Nekayowma. M< Ry, + 4Ry, . Depiue g R"—a ™M
by Ple) =% whae ¢, e, is the stomdard  basis of R" The indwwd Wop
pok . Rle k —s Mgk s /mt&ici‘iye andhe dimk (R“aRk> = d\'mku(r’,\,cgak) =n. Ths

ek s isoworphisie  and Rec () mRL

(6.53) Covo\\o.ha,‘., L (R, w) be o local. ¥ng . EM“&‘“ %n‘uik‘ /pml.&_\’ive_ R-wmodule P s NV

- Proof: Consider an. xack Aequena ) 0= N—as R P 0o N=kely)o mRY
Swa. P s propckive R1x N®P and (x) is -split_exack. TThua for toery. R-wodule M, fe
bequne 0 —+NORM — RrgeM P PeeM a0 & wrack, To packadar, dl
Mguena 0 e N/ s R e ‘L,,?/m'P =% O is ack. Sine NewR", § is aw
fSOMDrFk(S’M; and NfuN =0, N is o hwl R-wmodule ond loy Nakoyama. N=0.

- (.5%) Remark: Ko.F\mk\j . showed. +hak- Loery on‘y.chw.. wodule over a. \ocwl ;_ri.n%, s, )?-m. .

(ousider  +he Commutobive , 1
diogrone o R-woduler and Reowaps o ok D ko P . KM
wile exack voun and . IL' ; ,141 i__;f_“‘

columns : , Q —a M

(6.55) Lewwmo.: The R-linear mop o i He obove c\imzmm_ is  wgchve. .
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Proe].: by diogram. chasing: leb xeN' wille w'(x)=0. Thew thew is o YeM wile ¢l (y)= x. Thus
U= FH) =u"6)=0 and afy)eker(g)=imlf). Thee is on dewewt zeK it by =
*y) and 'RUz) = @)= Puly)=0. Siu 4" is iugchve BE)=0 and Hhee is o dewenk
wek! wte «l(wy=z. Thee )= Lol (W) = L(z) = =(y) . Sine  is mgckive , 4'(w) =y
and  heuw x=9'ly) = ¢'§'(w) =0.

(6.50) Theoem: Lk F ke o flab R-module @nd 0 o M! M 3 F — 40 an oxack

A uanie o R-modules. Tor all K- wodules N 4w AMguenie

A@N
O — MegN — MEeN — Fg,N —3 0  is exack.

(&ngf. We ned do show 4ok w@N . M',®KN — M@ N is imaéd%ve.. Gonsider an. oxach
requena. O—2 K —=P —a N —v 0wl P o progchive R-module . In porhiedar, P s
/R~£Jo}-. This yidds o commubakive Ai‘ukro.m, wite ock vous omd  columus

o

l

MK ey MK e Fg K

°

MON 28N . MeN — 4 FeN — . 0
l | l
Q fa) O

'EY (é,ss) %@ N !'.3 l'n&',c}}ve.

(6.57)&@5\'%0\4: lek- (R,m,k) be a lowl h'u%) M e K-wmodule ol %mi—c me-\-n.\-iom , and
N o ficle R-module . i LN — M s we R-livear wop wite {oR: N/mn —» M
o isomcv?kisw., Haw  Rer ) 5 o buwle R-wodue.

Froel . Sine fok is on isomorpgnism, M:\’M(L)%-MM and by Nakayoma. M=im({) e,
{ s musgchve . By oasumphion. +Hhae axe Whaers wone N amd aw exack Sequance
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JRM
R X, Rr" ~—E—~+ M —2 0. Gusider. +he c\l‘a.%ra.\m.: , 3’ l B
ol feoM—

N v —% O

o Sing. R s ,Fvo&i.ckw., Hiee is an R-liveas ap g T QA N S T TS:—.%.%, we cdaiwe

ok ker ({.):J\M,,(%K), ( whick. M\a\ie.s ~Fhok kw(.ﬁ.) is. e?{ui.\:.\\,, %mcro.\c.&.-> ,'Te,nmrim% wite
k ~

k. de&s Waps e ’R",@Rk, - %Q —t N®g k %@k = M@Rk ;

~— Pek A

Pok ik sckve and Lok s e ioworphism - T gok i Augickve and g i siydive
by Nakayawa . Sie . O=fu = foa , im(qe)s ker($). Leb xeN with 16)=0 and &b
o yeRM st gly)=x. TThew Bly) = {9y =4)=0 and Hew is o zeR™ e

% @2)=y Thew X=gly) = (qu)(z) & imlge) amd her(t) S im(ge).

,;,,,;,;(L‘SE).QIYDNQJ“,: L.\-,,.(K,m,, k). ke o local h'n% cand M o flok R -wodule of. E-m.\i.e.. ‘pxesc\«.jco}\'on .
o Thew. M Ls«?i-u. e

/I_’_r_o_qe_ '[’D\/,,,((:,SL) Here s om exoch hequsinie. - O —= N _g;,_. r" j——o Mo O Witk N=-ktx',q‘—>9-.
K The  k—-liveax uap \Qi.ok : RY'@k —s Mok is an isomor?hish«. ef_ k—Vcc,\ur,,spo.us
and by (56) He Aquae  ©—— Nak 2B, page dok g Lo exack . Thus

Nﬁk'-—:'-' N/WlN =0 . 17 (‘:.S"?)m N = hcr(,".} IS 'fwu.k and ‘b): Na,ka.\iomo.. N=0. Mis v?'mg_ S

; (c.sa)cg_og&\a: Lek (Rym, k) be a Nocthenan. local vug and M e finike R-wodule .
The . ,M,a,?o\lo,m‘u%; axe  Cquivelewk:
Ay M s e
() M is prockive.
) M s flak

(.60) Theoreme: Lek- R ke o g and ¥ an R-wodule. T go“oun'w?r e equivaleud:
(@ Pis %ﬂu.k_. ammd pm&n‘c_“\/«z-
() P s . fuile f)!e.scw\'oiioa, ond Lok
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()7 is o Fuile prsewtabion. and Jor all we m Spec. (RY) Ha "Ry ~wodude. ¥, is hee.

’_Erg_qﬁ () =p (b): By (6.32) amd (L.45).

()= (c): By base chamge Py =TPogRu is a fak Ry—wodule. S P Is are
Ru-wodule. o fucle pesnkakion , by (6.58) Fy & a he R,—wodule.

() = () By (6.49) .
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§4: MoRE ON INJECTIWVE MopuLEs

- Theorem: For  an. Re-wmodule. E e *«o\lou&n% _condikions . ave Lqu.ivalen% B

cela) BEis :nai.c-‘h'veb B

(b) Eve.na/ Relivear wop §: T—+E | whevee TER s om. ideal , eclends o an. Relinear wap g: R — €,

?«_g_of_ We have 4o shows Hhak (b) = (a}. Suppose. Hhase is. Gaven. o dia.%u,m, 0= NS

+ &
LB
o Whee & is ingickive ond e mowy assume . Hhal- NeM is o dubmodule . Gonsider Hhe Ak
W= (N'g") | NeN'eM o submodule '+ N'—E o R-linear wap witle gl =4%.
Sine (N E)e e, Meed. T s parkially ordered by
(N SN ¢") gms N'S N' and 9 b =g'e . . I
- Anerdec do showr dhak L is  induckively ordeed Ak K= 3N g Y iex ke o chade i e,
Thee No= Ugr N is o submodule of M ond e mop N B witk Fl)= 9. (n)
e N is well dfuad . Thin (R§)e M0 s an upper bownd of K. By Zow's Lemwma,
_ there s e waxiwal | edomend (Mo, go) € T, ;U No=M we are doune. Y Ne+=M k-
e M-HNy ond owsider T=}aeR lame No§. Obviously, T & aw ideal of R. Debine
AT —E by hia)= go (aus) and  wole. Hhak h s R-liwear, "By aswmption (b) A
feleuds b on R-linear wop AR —E. Sob No= N, + R and dpiue g0 N~ E oy
G (Mo+am) = g (o) + o A'(1) Jor all noe Ny and ae R. We clajue Hiak g, is Wl dehined .
Suppose. Mo+ am = ny +alu for bsowme o nle N, and a,aleR. Thew Mo-tg = (al—ajm e N
and dea el Thus goln-ul) = go (a'—a)u) ak(a;&%w_a,) K0) ond Hheefore
%o (e) =g, () = o M.(s)~a.13\'(i‘) and o gy + o hI(1) = Go(ne) + @' KI(1). Go is & well defined

K- livear Wap  which. utands o Thus (N,.,ﬁ;,‘,)e ArC b (NQ,%,‘,)% (N,,g,)‘ . controdichon .
TThis imPiics dhal- Ny=M

(L.é‘l\) Exmu?jgz %7 (b.é.i} & is an iﬁ&ic}ive_ Z—~ wodule .
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Nexk we il showr dhal tuery. K-wodule. M is ‘leorPMc. to a subwodule of amw BM@A{W_
R-wodule E . e Fub we (C.o) 4o avaclenze. mpchve wodules owe PIDk.

(6.63) Dehmikion: leb M be anw. R-wodule and meM, ae R. m is divisible by aw il m=aw' for
sowe wle M. The R-wodule M is called divisible i toery

weM is divisi ble E\f &:U‘i& WouzZero
divisor 2. e R of R.

(b4) Example: @ &5 o divisible Z-wodule .
; ,(é.bs\)ﬁorosiﬁom Evené iw&}.ckm. R-wodule E is divisible .

{Ergqf_: Lk meE and aeR o nowzero divisor @ R. Defve {: (@) —E by {{ax)=xm . Siw
@ is o NZD o A, 4 s o wdl defined R-livear mop with  Lia)y=wm- By (6.bl) 4 exlends
+ o R-linear Mop g RK—E. U gy =n oo qley=an = Lla)=m .

(L.Gé)?_mf,oxiﬁonr lel- R be o Prp and M an R-module . Tie {o\louiu% are. Lquivalent:
(@) M is wyechve. .

(L) M s divisible .

Proof+ (@) = (b): By (6.65).

(b) ={a): Leb TaR le aw ideal and L. T —+M an R-livear wap . By (L.6l) e have to
show- Hhat { alends do a Relinear map g: R —s M. U T=(0) Howe is nothing bo shows .
Y T=la)+16) b Lo)=m . Siue M is divisible omd aeR is oo NZD of R there s ave
heM e w=an. The R-lucor wap g R—M e gy =w  oxlends 1.

(QG'}'\) Lemwa () Evcrg, cruclz’e_u}- of o divisible wodule s divisible .
{M E'vcr% dirck  Summand ui_ o divisible wodule is divisible.
(<) Evex\& diveck product- 02_ divisible  Wodues i1s divisible .



Isg
{d) Every divchk Muwe o divisible wodules s divisible .

Bof Howework

,,V.(G..68>,"Er_,of>osi~f'iow; E\/c:.nér fua;id—ive. Z-wodule M cam ke ewbedded ke @ \'M.&Lc.\»ivc_ Z~-wmodule. .

~q_%u;oﬁ\*]*ﬂe. M= F/s  whee F= @k&-_l"_ Z iy . -!?vu_ Z-wmodule . Thew. F= @L&I
,,‘;_éez, Q=E ond E i a divisible Z- wmodue
M= F/ ¢ Efs .

4 <

.S 5 Z-submodule ol E b
Efs s divisible  and. dhun \\Aagc.\we. , b\f, ;,,Uo.M_\) .

‘,..(‘6.6?).‘nga,:, lb- D be a  divisible Z-module and R a V\u%“mcn_ ; Homl (R, D) i ai.
_avgchive Rewodwle.

Fml: Howy (R,D) s e R-wodule wnder the scolor mubhiphcation.  (af)(x) = L(ax) 4or all

tyxeRoand Le How, (R, D). We have Yo shew: TFor Zoery ideal TSR and very R-livear

map @: T Howy (R, D) 4 oxlnds 4o an R-livear mop g1 R ——» How,, (R,D). Fr

~ nole. ok~ ¢ iwduus o mop  9: LT —T dedined by gla) = ColyI(lg). ¢ is. o Z-livear
Map. Hene g adends do @ Z-lincar wap GR D Defiee g0 R o Howy, (R, D) by

<8 R—D s M wap gien by [g@)e) = Glax) for all o xeR. For tney, aeR

-lh:_,,Ma.P SL“‘%"S o homowor?kism of He oaddibive groups ond  § is well éc@&ne‘i. Y
. Kﬂ.Slé' o s thoi g s Z-—lineay

om0 s R - Vivear I

SR Qb b ok xeR. Thee (b)) = §((ab)x) = F (blax)) = § (1) (ax) and by Y
definibion o Ho R-module shuchure o Homz, (R,0) () (ox) = Tag®1lc). Thun glab) =aglb).

Cow 2: Q exlends ¢. ; B ; S

Bacz b aeT and xe R Then ) 6)=Flax) = ¢(ax) = Le (a)1(1 r) Aiue axeT .

By e definibio of the R- module struchoe o Hch.IZ(R D) L@(%)j(tn) =

kgl (i) = Ploy (x). Thus fla)= ¢(o) for all aeT.



(L.?O)Tkmm: b R be o V\'nc& and M aw R-woduie. M com be ewbedded who anm
fu.‘)'ec;{-ivf_ K—-wodule .

Pocf: Gusider M o o Z-module. By (6.68) thew is o divisible Z-wmodule D and aw
lngichve  Z-linear wap & M—D. Sine How, (R,_) is Lt track , Hee is we wgecdive
Z-livear mop &, Howy (R, M) T Homy (RyD) with g (f)=el. By dehinitiow of dhe
R-wodule  shuchure ow Howy (R,-) for all a,xeR: e (o) 0) = (e@f))x) = £ (ax) =
(eR)lox) = €ulfilax) = @ & (F)(x). Thus Exlof)= o €ull) and €, is R-linear, Every
R-linear wop q: R — M is dso Z-linear . Hene Homp (R, M) < Homy (R,M). By
~(66T) Homy (R, D) is e inickive R-modue . Sinw M = Homp (R, M) we obkadu. +he
desived wbedding : M ¥ Houg (R, M) < Howy (R,M) 24 Howy, (R, 1)

I Hie «fo“ow-;vsg we. wamk do showr thal- for oy R-module M Hiere s o swallesh
l‘htyld-i\m R-wodule which coulaing M.

() ’,E_e.@.'m‘i-\'éw..‘- An sssewbial  akension of an R-wodule M is an R-wodule E whick

Cow‘-oim M Such, +ko}—— »%or &ucna, wonzero Au)pwodulu Neg E JAA&. ;M\aﬂecl{cm. Nn M40,
A, i oddibow, M+ E Hhe E is called a proper vaewtol exlewsiow of M.,

(672)Example: @ 1= a proper  stenbial exdension of Z.

(6.715) Theorew: An R-wodule M s l’nai.o\—\'ve, il and M\Y L M has wo proper sssenhol

exlensious .

,?__;_\—.o.‘\_:“z—-:v“: ‘Suﬂmse, Hod M ig \'nxic:\ive amd leb MSE be o esseutiol axlension of M.
By (6.22} Hee s o R-wedule NeE wit, E=M@nN. Thus Ez=M.

b Swp‘:ose. +hal- M hes e proper gssenhial eclewsions. Ll B be aw (\&gg‘d{\r&
Kemodule. with M E . Gusider da A = {NSE | N o submodule and NnM=o0}.
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S (0)e ML, WL @B, N s i;arkal\y ordeed E\/ indusion.  and Cvery chain in I haa

- On Upper Cbound in W Thus Zownls  lewmma Opplies and Hhere is o. moxiwal Subwodule.

N E it Mn No = 0. The ouposifiow. of. R-linear wops @i Mg T, EMg s

m‘}LcEve, ond  we Mm&,; Comsider M oham. K - submodule. Bg_E-/No e dédue thal—

Me E/N, s o omenbial extension . Euex% ouzero Mubwoduwle N € Eing is imoge

o o aubmodule. M;E—_.E,,,,wHk;N,,.C,_-NL,”Exy‘-‘M Maximalis\w.a&”t\lo,;Nn,M*D ond hemw.

MaN+0, Siwe M har Yo proper tssenhiol  oxlensions | @ is swyichive omd M= Ep,.

- This dwplics Hhok B~ MaN, and, s MaN, =0, E=Ma N, . By (e2) wery died-

o Auwmmand. o] om iwy‘dﬁv; module.  is mpckve .

« .(Q.'?’ﬂfmeo\cm: lek E be. an. R- W\odu.\c*.,,,,v., McE a AMLMD(‘LL}Q..;. i Qo“owiu% onditions
et 2quivalewt-:

Ae) Eois o waxiwal essemkial exbnsion. sl M, dhak i, vo proper. exclension. of E is o
fssewhial - oxlensiow of M.

by E s ingckive amd E is an essewbiol exlension of M.

ey E s iwgchive  omd  Hee is no proper ingichve. Aubmodule E' o B with MeE'gE..

; Mou_o,w_r’ %or; Loesy R-module M o R-—wodule B aishh a0 dhok _Conditong (O.B,LQ, (c)
~oxe.Aaksfed.

Procf.: () =>(b): By (€713) i+ sulbies do showr thak E han no proper essenbial exlensions.

- Suppose thak E €F 5 am sssenbial xlension. of E and lk NSF be a nowzero

_Aubmodule.. Ny = NRE & a houzewo Submodule. of E. Thus N,aMi 0O and %\ue,go\-t.

NaM£0. F is anw essembial  exlension 4 M. By e waximality of E | EF.
(b) =s(<): Suppose. ok E'SE s an ingichive  aubmodule with M eEL By (6.22) Hhew s

o sbmodue E'SE wile E=E'@E". Thew E'MM=0 and Hurelore E' 2o ond E=g

(c) =>(a): Comsider WML =}NGE| Na submodule , ME N, and N aw esseuhial eension of M} .
Sine. Me W, Med and WL s Far‘l—}q]ly ordesed L}\j wmclusion. Lol %= ,{NESQ;&IQ-_M
be o chaiw {n ¢ and Ad- N, = Uier No- Ny is o aubmodwle of E with Mg N,.



g

ld UeN, be o vonzzre Aubmodule. Theaw theve is aw teT wrhe UnNg 40, Sinw Ny s
~n asewkal  eddension. of M, (UnaND)NMEO aud N, is on tsenkial exlencion. of M. By
~ Zow's lemma. NC hos o woxiwal elewewt E/ e daine Mok E' is o moxiwmal

-~ essenbial oxlension of. M. Lok N ke an R-medue itk MEE'c N so thak N is aa
essehal edlusion. o M. Conside e diagraw 0 — -———»N

D
BT f

- where and { ae M incusions. Sinw E s gokive. | there s an. R-livear map @ N — E.
ot g, =4 Sine N is an esewbial  exlension o M, N is on essewhial exhusion of EL
~Thws i kerlg) £ 0, e Rec()nE/ £0 and ¢ fads 4o be wpickive. . Thua kerlg) =0 and
~NEWMSE s an essewhiol  odwmsion e Y. By M;,,mmmma&wef_ E, 9(N)=E’ and
CEL is e mavimal  tssenhial  exbensiow of M. By ()= (L) E/ s an ingrchie. R-wodule
and by () E=E’
~dnordes do shour He awislena e;f_ an R-wodule. E  will projerkies (), (b), (), b=
E be an ingichie. R-moduwle. with, Mc® The proef. () =b (@) shown thak E

—cowkatws o Waximal  issewhial ewbmsiow. E o M.

,(L.VS)@_oFuikom Lk M be an Romodule . Aw R-wodule E thak sckishies owne of A
- fquivaleuwd~  conditions ef. (6.7%) s colled o inpickive bull of M.

TThe following  proposition.  shown  Hhak- M meckive hull s unique up o isowmorphis

(676) Tropesibion: Lok M. be aw R-module amd E a iwpckive hull oL M.

lay A D is e iwgckve R-module with M D, &M —+D M inclusiow , o
Hoe is o ingchve R-livar wop ¢ E —» D witi Ply =4

{b) I E is amother wpgchve. ull Q;M Hhon there s an somorplistm ¢ E —bE/
e gl = idy.

’P_,_g_?_d‘ (@) Comsider He dk‘o.%(cum_



(%3

O — M &
L%A._";‘;.-

- By He ;l‘wzgk;l-{vu% of D Huwe is aw. R-linear Wap ¢ E—D with @l =i Y
kw(@q:o o kRer()p M 40 sue E s an ssenbial  oxlencion of M . Thus
kcv(sq\)-e_o and @ 8 dwchve .

(b)) U E' s omother ingickie  hull of M, by (o) Hhoe is o fwyichee R-linear waop
¢ E — E b Yly=idy. Thew imle) is an fupchve Aubmodule o E wite
M= lwly). By (.74) E'= imlyg) and ¢ s an isomorphiswm .
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§{s: THE BRSION Fincror [

- (6TT) Dehinibion: ek R be a ving , TeR an ideal, and M aw R-wodule. The sck
EM) =Upew (0:uT") is aled Hhe Tolosion of M.

6.78) Remarkc: [7 (M) is the ek of all demenbs of M whick ae amililaled by sowc. powxr of .

IS o iucmin% chai o subwodules of M
- whicde s s\d—{omm‘é d M s Necthenon. T any Cose G(M) is a Aubwodule of M.

Obviowsly , (0:yI) € (0:, TN & ... (O:yT e ..

(679) Defiwkion: A coveviaunk funchor F: MCIR) —+ CR) fowe oo calegony. of. Remodules inko

Wadf is colled R—linear i the wmap umK(M,w)M Homg (FM,FN) defined by &, (f)=
Ff i Re-livear for all R-modules M and N. Thak is, Jor oll Ligs M—s N and ol

aeR, Fl+gq)=F tFg ond Flap)=aFf.
(,L.Ko)fiioyosmou-. (=) is a covanawk R-livear %mc%r %mm, M(R\) ko sl .

ol I LM N is an R-linear Wop o} R-wodules Haw L) TN). Lk () be
Ho reshickion o Lo 2= fHppy B — 20N % g: N —L s amobur R-linear
mop Haw obviownly , TL (g0) = Lg) L&) . Morover, Gﬁ'&n‘}ﬂd\nﬂﬂ)- (=) is & covariank
funclor drow TR iko ihself. TH is tany to verify Hhak o (L) i R-livear:

(6.81) Proposition: Lk R be o Noctheraw nug and T,FcR ideals, Theu :
(@) For all R-wodules M, TL (T (M)) = T e (M)

) L (-)= f% (<) if and only if  vad (T) = red (%) .

M., (@) Leb- xe T (%(ﬂﬁ) e e axe rse™ Wi T"%=0 and PTx =0 and
Hrerc fore (I-}-})V‘*‘Sx =0 aud xe ﬂl+g/(M). For He other inclusiow. b xe t},r.}(!vﬂ.
Thew (TH"x =0 .?or sowme re N . Jn Fm%{culox-,I"’xz.o and Y x=0 amd xe F;(r'&u«t))



)= T (R/md(%» =Ty (Rirod () = Rirad (]) and Tevad (). Simlardy , I < rad(x).

Lo U ved (T) = rad () Hhoo T dor some ne™  sine R is Necbhenam . Thus MM)< r_:;_m)
e ey R-wodule M, Stuwlarly . ,(H) < W}‘(«M) :

(6.82) Froposition: The. T-tomion. unclor 2(-) is Ay wxack

/P_m__gfl b 0 =L F.y £, N-—0 be o Gxock sequena. of. R-modules - Obviounly, (}({.}

g5 imgdchve  and ) =T (q4)=0. T whaiws Yo show +thak ker (TLg)) < w (TL(4)) .
ld- xe ke\"(i}_(@\ Thew %Lx) =0 and T %x=0 %or;,So\Me_ re . lek ye L owite :L(y\)c,X. For
ol aeT", Llay)=ax=0 and Hhus Qy=0 Aiue 4 is ingickive.. Hewe pell- (L) and xe e (D).

o) (T (M)) P(M}
SR (M) =0 . B | o
9 X Mis o »@\M\L R-wodule. thae [ (M).-.O i} ond mdxl o T cowbains o NZD ﬂf_M

- Hodl: (), (b) Hivial | |
(&) =t EM)=0 Hew TEP Jor all Pe Assg (M), Siuw Assg (M) is fucke
_.T:St». UP&A&SK(M P, Evuvé, elewmert— QC'I;‘U?&AssR'(~~H‘) P i o Nwo o M,

»

=" U aeT is a NZD of . M Hew a"w+0 Jor all net™N aud all wme M — (o).

(6.84) Rewark: Togehher with ke How— fumchors Homg (M, ) and Homp (—,N), and
tensor functor M® —, Hu tosiow fuuckor (L (-) & an important ool i cowwukakive
dgora. . Ths derived  funclos  (Onapler V) ave the local cohomology funcors 45 (_Y.
For a doepor wndersbanding of Huse hunclors ware iwveskigakions ido 7. (2) ase
Meeded. For oxample , @ bosic st atoles Hhak T(=) & o dived Wiuat o} crtain
Hom - fuuclor . This yiclds  Hhok il derived hunclos UE (L) awe diveck liwcks ol

denved  How — punctors .
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, ,§é,~. PIRECT  LIMITS

(6.85) Definibion: (@) A dieched pd- is Pm-\{o.,\\\, ordered s A Auch. thal Jor- all X,I}._.e/\
Heve is an dement Ve A wille Mgy 0Md/..x.$\>o

&

(b) L R ke o vdng, A o dincled sk, ond (M, | AeAY a family of R-wodules. Suppose.
thak  for cack pair A e b At Hhee s Pren aw R-livear wop ip\ My — M,

20 “n-a}— (‘) ’%‘X)\:'AM)\ QOT‘ ol )\t:/\ O-HA (u,) 4_\)%37‘“\@_ 4_\»\ w‘kﬁMch\' )g&/“\'&\)‘ —W!U\,
My, 47‘"’\13 is colled o divect Q\K.\c______m, of K-wodules over he divecled Ad- A .

Nole dhak owe cow define.  diveck- Ayalems o Ak Foups , Huga e O.CCD\'v:\'LM%,\y.

16.26) Velinibion : () lek ’(MMQ,ME and {H,I\') %&)\3 be diveck syplews o). R- modules over the

divcled Ak A, A mowphisw. (or om R-livear map) G- ’{MA,&MR —r ‘}M;\_J *"fu\} is o

:ﬁo.m'(l\s of. R-livear maps ¢ =1 @ My — My | Ae A and @, K—lineaxr § so thak for
at A, gy = @ Lun o ok is, He dia.%,rm

Mx ‘%L&x—* M)“V

x4 lq/w

My 7NN Mic commmles .
(B) Lok IMy, Lo} be o divedt syplem of. R-wodules over A and X am. R-wodule. A
morplisue (or aw R-livear mop ) @AMy, Lt — X s a Jaily  of R-lineor Waps
¢ =g My — X 1xe A and ¢, R-linecar | 4o Hhok for oll

Ape A with Mg
O = G fur , Hear i, W dingram: M, —2

—2 4 X

l
)\ / ommukes.

(<) leke )’MM?'»—S be. o diveck A\@\e_w\. &?‘. ’R—\MDC\UL\% over A, Aw.R-wodule Mo %%L“It‘-r’
it ax R-lineor Mop N EM)\.f—;LAS — Me is clled o divect lmih- of. ngrmﬁ
. for teery Reluwear wep gAML La Y s X Hee s a uique R-linear wap

he My —s X a0 Hiak “P)\"""t‘“h dor aly Xe N, dhak is, Hae dfm_o&;;o.na.:
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COM\MU,\-QS . NO"'&HOML M,o == g_‘__“_‘. Mk = M Mx.
A

{6 87) Theovew: Lek- IMa bt be o divd &\an\e,m. of. K—wmodules over A . Thaw liw My erish

o Proof: Lok C=@yea My ke W divec sum of Heo My ond LMy — Bpea M, the
hakool smbedding. Lk DEC be dhe aubmodule whide i qorexaled by
Y ey =G (hnto)) | ae My | Asp . . o
S Moo= YD amd define 4 WM bt Mo by gyl@) = (()+D for all oe My
- Obyioualy, An=be b dor A lek @ dm,, oy — % ke aw R-linear Wap .
By 4 umivenal properky e Hhe dived- A Ahase is o unique R-liveaxr wap

g4 C= @My — X 40 thal G =y forall he A . Thew for all Ae A and oll acH,
g linley = G (fala))) = (g ) (e) =

(g dhald) = a@) - g (funle)) = 0.
,He.maw% factors -\-\a.mu_%ﬁ._ P L x o
. "'l-
» / ; where v is Ha vadural Wop .
Movecve.r, %vr

ol e A He &f&.%ro.wv.

M)\-——-——-—-»C--——-—-;M

N

, Commuic;s g
The umiqueness of do bllows Alwe M, s geveraked by Ujon Ay (M) - Thus

Mo = Lim My %vke_\-.\«.o.r whe 4 s a diveck  lwid o {MM@M—S

(é.ix)ﬁgrosiﬁou:

The diveck himi+ M My of o diveck sydenc My,
40 iSOMohP\\t'SM.

‘g-y.)sp(x s whique Wp
?’931— Howemork.

6.29) Exawples: (o.) Lk M be am R-modue , My e M bubwodules , A< o i and ouly if
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~Mye M and Ly s My s My e inclusion . W AIMGLT & o dieck syplem , Naw
oA My E Ujea My R B o
AB) le- M be o R-wodue and My, ind§ He divek aglewe o all Fuile submodules
ML T ME B My is @ diveck liwid o) duile Romodudes. B
&) - R be a viug and Ry, ind. ] e divck Mydew o all M\d\, Guieraled
Z=-nubalgbran ol R Thoe REliwm, Ry is o diveck liwik o Noctherioue ngs.

o AeTo) Remark: ek AMy, 40T and IMY, LT b divede sydlews o R-wodules over e
divecled A= A and  leb @ ML — My, g_;&x% be aw R-liucar mop . Thow theve

s wnigue Relineax  wmop A gy o b My g.x__\ﬁ My o J\,\k;,q))\ = (lmka ey

Pl By e dekiniton o} e dived ik (68,

{6.91) Proposition s Lel- IMA LG be o divecdk aylew o) R-modudes lnble dived limid
_hiw My and  wokural Wops by My — Liwm My, ‘ .

() For ol me b, My thee are o Ae A and on My My Lot 4y (my)=m

&) Y ome My it gy (un) =0 Hen Hoe is @ jor kA with Loy () =0

Procp: (o) Lok me L My . Sine ding My is Generahd by L (M) Jaen , M= Tore, Mg L)
e Ae A wite N dor all 1gigr Thew Moplwe) = o (e, (mey)) amd widle
Wy = I, b (we.) we have. Hhak = Aby (W) . ‘

(B) bk s My —— C=@jpea My be Hhe nodurol inpchows and DEC the Aubwodule
Guaroded by 4 () (a) “Glfux (@) lae My, Aspn b, By Hhe comshuchiow o} Lim My = Yo
Ay (#y) =0 iwplies +hab

) bley= 2k (imy Py () = e () -

el e A be iar%e.r- Hiom ouny index  whide occurt in (). Tn Hee J%o“uur(w% we
wnle po inslkod of ptT) it = depeudew o =, Thew:
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b o 2) = (Lo Loy Coap) = () + L (wiy)
= Lo do Cax) =) + 2z (G Lue () — o (o))
~ond Jor each T,
o (1) = LGz = (oo L) = i () ) +
* (& doge (= due () - o (e (D)),
TThua W cam.  Lombe
lodr ) = Tog (G Leg lng) = Lplugy) € @My,
T oeto, Hhew Gug) =0 ond ng=0. This implies:
o dex (M) = o fowr (M0 = Lo () = ©
sine oo = id. Thoefoe Loy (wy) =O.

(£.92) Theorew: lek My, 4_'}“’&) MAJ}M}, MY x-‘;du-k be dinel N?(‘\“MS ol R-modudes over g
divcked mh A and Lhb «: ] MY Lol — IMadpn] amd P MG Lo — i, 1l be
R-linear Maps Ao thak- %or ol Ae N He Aquana Mi A, M,\ﬂ—* M% 1S exoct. Thee

Aw, wy

‘ 4 | .
fiti M, ——=7 Kin My iy Pr Qu_»_q’ Mx is ack.

Frood: lek e My —— fiw My and N vespechively , devole e nokural wmaps into the diveck
lwids . Scb oo = Riw, ) amd [ = Lig Ba. For all AeA Hue ax commurarive diagraws :

M& -—--ié——-—» M)‘ ang Pa

My —2— My
Y | o Ay | L4
B, —2 s L, figMy —L2 o
() Bro ™y = 0.

B - 2le B My, Thew o ae o AeA and an mye My Witk A (m))=z". Tius

%o (2') = o Fh(my) = rsa(mi) ond Posto (2) = o sy lng) = 4 [Br%p () =0.

(2) ke (Puw) < TICAN

B@): Lk ze fin My with P )=0 and le- mye My w4y (my) = 2. Then k\f‘%q»)\(mg-_;
i Palin) =0 By (6.9) Here is @ pe A wibe A< a0 Hhak LY Ry ()= 0. Sima

P Br = B b o B lho o)) =0 and Heefore L () € Rer (BL) = im(wy,). Lk
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e My e %, (w,!) = Lo (wy). The e (W) = o () = Yo boa ) = ¥y by = 2.

~A633) Theowm: LR be o vng, N aw R-wmodue , amd MG Lo o diredk sylew o) K-modules
_over AL Thew ,,,?(Mx@KN) %Qe;:sz is o divech A\gx\u«. a%_ R=wmodulen. over A amnd
Jim, (M @ N & (Liw, M,) ®g N
e Mo dewsor produck  Comwules Lkl divct  Viwids .

;,?_,_vg_o;f_: Obvioualy, 1MaeN, 1, oN} is o diwck Ayglein o{_‘R-mgd\Ac&. There is an
- bomophisue (8 B (MyeN) = (Mo N whick wops G (ewb) 4o (o) b.
Under  Hus map Glapb) ~Gu (L N)(aob) is wapped o ;,,(,L)\.(n.),—,Lfb,(,{lm.‘ca)))«&L. Leb- D
b He Adbmodule of @My guueraled by} (e)~ g (hpania)) Lae My, Agnt The sequance
 DegN S (ON) BN — (BMa/p) e N — O . |
15 olack and weder the isomorphisme () e Aubmodule. T o ®(Mreg N, whidh

s generoded by ) o (aeb) = v (LoeN) (owb) | aeb e Myog N y ALY, is mopped owko A
- This shouws  Hue orerhon.,
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§7: INVERSE SYSTEMS

{6.9%) Denition: leb R be a ving, A o dinckd sk, and {M,, e A] o Jomily of R-wodules -
Suppose thak for tach pair N, e A witle Agp Hewe is g ac R-linear "mop
Fap: M = My a0 thak () bs=idyy for all Ae A and () B Ly =4y Wheuever
A&pay. Thew Wmh,b} s colled o verse Mglew of Romodues over A. Tnverw syslews
oL M, groups | vings de . ave defined accordingly .

(6.95) Tefinikion: (a) Lek My, 1y, | omd IMY, B ] b invene sydlems of R-wodules over AL A
Motphisue (o- an R-livear mop) ¢: 1My, bod — M B s dauily of R-livear Wops
=195 My —= M1 AeA and ¢, R-linear Ao Yok for ali M, By Gu= P Lo Hhok is,
e diogrmuc M . /TSN ML

%\)” i A 23 :): ﬁ’" commubes .
(6) Lek AMu B T be o iwverie syenc o R-wodules over A and X o R-wodule . A
morphiswe. (or ox R-lincar wop) g X — ’\MNQ;,%S is a {o.w&\\/ o K-lincar Waps
o= lgu: X —My Ire A\ and g, R-linear ] 2o Yok Jor all Mpme N with A< op,

(P}‘?-\Q-).)&“P/k;%drk, e A{QW X -——-——-———-l M

\ ¢ ﬁ)‘)‘-
Commulkes -

(<) Lek {my, by W§ ke an lMveme Aydlem. of. R-wodules over AL A R-wodule My Hogekber
wike o R-linear Wop Ap: M, — )lMM%)J is colied on invere hmid of My, Lt o
1»0\" (‘Lw,nj, R-lear map K —> %M)H‘R’)s,w] theve. 15 a wai(lu.‘. “R-Vwneor \M&P Ao X —» Mg,
ra +hole Px = Y /&, ‘{’or all >\é/\) ok t'g) a@or all )\,}.«.e Al )\5_/4, Hee &fo,%mw:

M L

‘*F\‘ ™M, Omuankes

2%
No“"OLHOM.: MM = /&M M,\_ = ‘().J‘WL Mx.
- R
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{6.96) Theotem: Lc)-,‘{H)‘.,.b)j] be an  inverse splem o] R-wodwes  over A. The inverte bk

M. = ){Xé— —n‘Mx | VP)\(:Q = g’)\)\, (P;\,iﬂ} ahemever )\é/.x:(g;.c-_ TYM)\.
- Ma is o submodule e TTM,. Tor oll Ae A lek Api Mag > My ke M reddvickion. of
,,;.4)..;}0 k(,.«{;“_,cx\j Thus. Ay = Q;qu%, and A §: Mo — {M,q,gv_] Jis e R-lineax wap.
~ A order do showr dhak- M, togaher widh g s on iwverte. Nt o %MMQ-X;‘:S \ek-

. Lp:{(%'& 2 A s \)\AMM&AF] be an. R-livear Wop, thak-is, Q;)}Lq)}bx Py Whenever A& po. :
‘B"; A universal ,,pvope.r&—é o} A &{mk,pmdv\d—— Hwe s o R-liwar WMap  §: A -.———-&TM)\
s g =y dor all Ae AL I N, Hhoo Palge0) = 4,00 :%chm(x\) =D (g )

_ad %(x)e My . Thus % imduws o R-linear wop B X = M, it 4{;,}«:(@)\, o
—dor ol AeA. The walquomess e} 4 yidds %L,umicimusmcg,,,&. .

( L.,‘l"l\) Rewmark: The fuverte. limid &ﬁv\_ My s V.un{qudy deleraived wp e ,iso,MovPhisM-

{6.99) E_x_a._lwp\_e;: ek pe L be. @ prime  Mumber omd L= dor ol nkeN,nyl,
Foinee - 249 — Zpn) be Hee wohural wop. The ad 1 2/m), Lo § 15 an inverse Syplew -
Tis twvere bk &L'r__u Z‘/("P“B - ZP‘ 1t \dm% of p-adic. numbers (\'h\e%\—5,>~

{699 Remorks Lok @=dey§e WM o] — M6, 15, T be ai Relinsor wop of invere. Syglems
amd ek ﬂh MM)& —y MA and '\l{: %{_@Mi — M; Jbe Hae shuchue Mo.‘;s og_ the
wvere bmbs, Toe ol X,/me AN undle A o Hee is o @mmudahie dio%mm:

e My =P M)

This wduws aw Relinear Mo &_W_\_ Py @‘_“i My —= Lw LT
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There & o diffeeik way o ik of Lim gy w My ¢ TM, and Lw My €TMY and
,Qniq))"ﬁ ndues aw. R-lnear wop g ew e diveck produck:

My, —en ™,

w ~ W ‘

Liw My LN Low M}

- Vhew %\_\g 9 "“T“’A‘Q&Hx
(6. 100) Theorem: ek ILMX;L»A, )(M’,\,:?_',\)‘,} , M,\,Q}J be iaveme syolems of R-woduwles over A=N
Suppose. ok« M T s meﬂ( and 5' T — M ] e Relincar maps

ool invere Ayglews Wit 0 — ML 2 My T a MY gack for all Ae N Thac
N
OH&‘SML’%’?%%MA%&&MVX s Oxack.

oot : Remork {L“ﬁ) Jiwplics  Hhok- g{g\_ux s iu‘\ic}w'vc; and Hhok &\’_@ﬁ;‘ gi&o(x =0. Ld—»xe:&i_ui My
Ya € Myt R n) =p&).- Lel- \/e:TrH')\ Wit pu(y)=ys- e daiwe Hial- ye%&gM;.
For all Ape™N Hhee s o commubakive di&%}r&m:

Ml 27T M
#‘)\,X{-},‘, 'L s L {Lk,ki-f«,

My ——— M,

"nms oy l()\,)\*j.»..( ”W):) - 4\2_)\))\*}& u(’\+)~ LYM')»\) == %X,M—)» (P.)«A—)»(’A) = P’\ ()() = 0y (Yz\) . Sinwe ol i
i‘u}{c}ive ) Ya = ¥-A,>\+}\_ ()‘,\4-;‘,‘) . Thus Y& "?:‘_,“1‘_ My widh (‘gﬁ “") (Y)m

(6. 101) Fepimikion: Lek 3 My, B be on tuveme sylew. o K-modules over A= N, 1My, £,
sokishes M MiMag~ Leflor condibion ML i for wwery ) Yo deceosing chaiw o
muowodudes Ly MOV AepL sabibizes | e, Hae is o me™ Witk L, (M) = g.;\/*(M/,,)
Jor all iy un

(‘a-‘@fgﬂww';’._\‘ ek {Mx, ﬁ,\fvi be an. fwvere A\éq\e.w., °£- R-modules over A= N wiHe
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, %,)%: M,AA.“*"’MX Auwve_ %‘,r- all X,.;,.,e,N,. Thew )(M)\"‘i‘)wj' )m}\s.eqes.“’“-

e i03) Tlo,Fo_s(,-Ronp Lk IMY be o divecd (an ivwe,\-‘..v_>, A\Ka\cm_. of R-modules (nw%g) over NN,
coond ek (n0) be a. atcHy inceasing sequem 6 integers. Vhen

Q_fﬂ Mo = {4_@* My, - and gﬂ My = g;\_v& Mg; -

. ,.‘;(L,.IM>M: - AMy, Y, AMALESLT, 1% $50) b vene syglows. of R-wodules sver TN il
Al M M surgckive for ol A< . Suppose. Hhak- ®AMG Pl =AMy, D | and
L fos iN)\‘,l,\}JS — IME P e R-linear  waps of inverse syalems it
0 My Dy my B L6 el for ol deN . The
Biwwy

. . ; . "
’O“——————*‘Q\MM’)\-————-——-——»&”&(M}\ &l‘”’g)\ PAMM)&-_______.*O
s exack.

T R only have to show- Aok Lim P is suneckive . Lok z=(z0) € Lim MY . e comshud
e X=(xx) e T My inc\uc_\—i\:el\‘ ro Hrok xe Lim My ond (Bwb)) ) =z . b xoeM, witle

Polxs) =24 amd suppose. thak xeMi for O&ign -l haw been construcked Ao ok
(o,) {5*(;((, = Z., gor O&ign—

Up) .4);‘;)&“ (7‘») = %,y v?or i4&isn-l. ,
Gwsides e comwmudabive dl,&%/rwm_: V Mu' %" M, P

i

i b by
Mph_(._;'fi‘:‘___, Mvm —-[Z‘_":‘_, Ml:h‘l
lb XeM, with Po(X)= 2, Then ;
P Hh-m () ""*“*) = F”’*\ ngn—u.u’(;‘vw) ”F’H (x“"l) = 4’_‘{,_“&‘(%)- Pua (u=i) = Zuoy = Zu = 0.
Hone Hare fs o yuo € M wite dumy (rns) = By, i) = %oy« St ey, s

murgichive  Hhere is oo Y€ Mu Ao Fhok g’“v“w(yg =Yuoy+ Stk Xy= Wy~ st lyy) - Then
(o) P Lxh) = 3, (%) = Budu (ya) = Pu &) = =z,
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U’) gﬁ—lm (xa) = x"\"’t,h (.’,211 - ‘(n(-‘/“b} = ¥n~x,w (;Z‘n'\) - ‘iwvi,w %n (YvJ
= "g'u-nh () = %ny ‘g'nlvl,n b/“)
= L Ka) = %o bynay)

= Ky .

Thus Wit x = (Xn) eWMh,xe;?.\'_mi My, and ({i_u_& !&QLx\:z..

(k.los)ﬂc\mark: TTheotem (Q.(O‘k> olso  holds rue woder +he  weoleer Wkwp\iom ok

,’{MB\)%}L} sakishes ML,



