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CHAPTER V: INTEGRAL EXTENSIONS, NORMAL RINGS

§ b: INTEGRAL EXTENSIONS

\(SJY_D_J{MMH: lelk R<S be ane exbension o Angs. e e -
~Aa). S s called. o Fuile /Rf'(\]%‘h\'&. LS s a?fs'nildy - Qeveraled an am R-wodule.
(L) Au element beS s _called. l_‘_ﬂ}_gav_o_:l_ ~over ROl e h'n%. axctension. R < RCb] ,,is“f?{uik. .

-4 The exleusio. RS S s called an i_n_lcaf_g_l Oclension. (amd S is colled_inlegral over R if.
- &Vﬁkg, dewent beS s '“Lt%ruj over R,

{5:2) Theowm: Leb- RES be a ring, oxlension. and _be S, The ‘o“ow‘in%‘ are 2quivolenk:
Aoy b s iuk%m.! over R.

) There s o positive. iukeger neN wid demenks @y, - 0,_€ R suck thak

| b+ an b+ . + o bta, =O. . .

) Thewe is a finile R-dgebro. S, with RS, €S and beS,. S
() T is o fatpul REG- wode. M which (s fiuckly qonerabed an %o madule.

?’Ef; We shots ,)(,o.‘),~_=,>.(<,> = () = (b) — oy o
(e)=>{c): Sk S, %“RCL}.; ;

)= (d): Sek— $, =M. Sing ROLI =S, S, is e RIL]-module. Mowover | Alnw lg=15 €S,
Oepri LS;) =0. (Noke +rok i KeS is a h'n%, o densiow. we olwm&); GhAume. -,‘:im.&»-,,(R: iv)

) = (b): Suppose Hiak M=Ru+r « +Ruy. Mis an. ROE]=module p s Jor all lsien
Hhee ae clemenls aj;e R auch dhok bwg = T,

L4
f=1 @iy mg. Hene. Jor all .

Z;;‘a (o.gd —-bfﬁ) Wi =0. L n'z,k(,a;a' "b&&)‘éﬂ,gsm be the nxu modnx bl aurics in
RLbT and fb o* be ik a.djoiwg— wakrix. Thew ¢*¢ = dek (r) T, whew I s the
mxi idewkity mokix. Nole dhak- |

; ", o
: J = da‘-(@") : } = [: ] .
. . :

q T' - 0 and ‘utcmgow. o¥o ™
muf Lo

FRLTY
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This shows thak deb- (¢) € amngpyy (M) =0 and Hws deb(e)=0. Evaluakion o deb-(or) yields
an ikkgal equabion  B'ea, B b oo with aeR.

AB) = (a): RTbY s o howoworphic image of He polynounal nng ROx1. Thus RCE]=
Lg) | 90)eRETY. Lk £ = x e 0000 oo b ROXD witie bb)=0 . Sine o)
is wouwc, for ey gix)c ROx1 +hew are polynowiials  Qix), rix) e RIx1 wnith () =0 or
deg (rix)) < deg ($x))=n. and 300 = 906 foy+ vlx) . Hena glb) = rik) amd 1., b g
@ Qneabing gl of He R-module ROED.

f(S&)GJm“a.r&'. (o..) lb ReS ke @ buile axlension o hugh, Thew S is iuie:%ro] ocver R .
(E) lel- ReSeT be ﬁW% bensions . j{. ceT s M}k_%m.\ over R, 4hew c iy ihk%-m\ ouver S.

M (@) For Boery be S, M=S is an RCbl-wodule whick i bale o ae R-module . Since
Ua\) Hriviad

(s Example: 7. < ZTil amd 4 < 20421 ave inke velensiouns .
EXQmpie:

LSS) lewme: Lk RescT ke Viu%, ucbensionn  Aucdh ok S 15 buwile over R amd T ig
Fuite over S, Thew T s Fule over R.

/P\-oof: Lek '1)"._._,‘!)5& S W'Hr\ S-‘-“—Rbﬁ—*»n + RL{; aund &y, --"c&éT b
TsSc‘v&---. +SC.,b, —rke.w, T:: Z..( /Rt: C

k,i

(SQLWMQ. AL ResS s an Wleu&ou,cf,hn%b b R= dbesS \bis mk%/m& over R 1.
R s an ihermedioke nug , le. ‘RCR<-S and R is mﬁe%mi ower R,

"f\_w_o_of_ kb bce®R. W have do show dhak bre and bic are W’ . Consider dhe
’R«s%d«y.kro. ROl = (RGN S S, The dewmew s iuk%«-d over R dwus o iy
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in\cgga,\,ow;r RUb]  amd (RULDI] is a {Huik_ 'R[L]-—n.\%x.\bw.- Stnw. RILl is a %’m'\-e. R“d%ﬂam,
57 ,,(NS.S)HM.,’R-.Q,I«?,L\-,Q_. Rkl s X—iu,i\:_w and s Rib, AR,

A5 Defruition: (o) ek R €S be om exlension. of h'n%/s. TThe inkermediale. ring. R=1beS| bin iuzfm!

O\m’,,R} s called  Hu l}'_lj_v_.%f_u_:\_ doswre of R in S. I R=R 4oHew R s colled Lvl_\c_%fg_l__l)«
.oclosed i S,

(B)Lc).—"z be a. .%mM,,k: QLR) s feld o). qao%'cuh,.,. The ‘inlr_%,roj closwe of R in QLR\) i
Colled e &t_k%:glmc\ofaum o R,

o) Lk R be o dowain. R s called nowmal i K is;,,,iuk%mny,; closed i ik %’dc\,,,og_,ﬂ;uoi—ieuh

,;,‘,(S-E)K‘P_m{zosi"iom: ,EVcna, daclorial dowain is norwal,

’&_@{L leb R ke o factovial dowain yEQUR) wlegral over R with y+o. Then dheve are.

veladively prme demenbs b ceR  wile y= b By osmumphon yhaay., ,7""?4-,”. +0g =0 for

oo+ 0"y Y peR s a prwe desesd
it ple, thew plb Ooui-m.didw'uc& ged by =1, Heue cis o it i B and yeR.

v A héN, Q‘.e R~ .rhM L" = ,,(-(:) ( a.“_,;‘ L“ -

. (S.‘%)Exm&ai_&_s_ {0) The factorial dowains 4, ZTL1,| Z Tx,, — e, and KO, —, %y 1 ave.
- vormal . (K o bedd  and %), — ¥w. Varables)

(k) Z01 is 4 wbegral doswe o) Z i QL.

M(B)hl—i devobe 4o iu}‘%m.l closure. of Z i QL. Sue eZ R Au| < Z. S
2Ce] s worwal, Z0il = 2.

, .(S.m)?pyosikou: kb ReSeT be Uxlensious of Wugs, T is n’w‘bc%m.\ over R il and ovﬁy i
T s IW‘C%A'OJ buwr & amd S s ;wk%ml over— 2.

'/P_n;ai:;a': lek ceT. Sinw c is iu‘e‘gm.\ over S, Heve is an neN, n>0, and demenly Loe §
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such. thal M+ Eh,,c""%— <o * by = 0. EBack by is iule%m.l over K and e ’R-o.\%ﬁ.l:ro..

fR[bo,__.,kh.—g:l LS '?\'u;le.- SI‘U\LL < s I.M,\Q%'fﬂl Ouver- ‘Rtbﬂt“—'lbh-—lj ‘H"t (REBO|——~,LH—|—]‘GJ%1LPQ~
R, bumy, el s duile . By (5.5) He R-algbra. RCbo, — by, e d 4 fwile and c is
l‘u,\u&a,-oj over K L\, (s.2).

.(5'.“) ,G)rant‘u%*. L ReS be o ri\m% txlension. amd R Hee i%k%(ml clasuse Of, R iw S, Thao
R s iu,k%ml\\, cosed v S.

- (Su2) Hoposition: leb ReS be an inlegral exlensiow of. vugs , WER a mulbiplicabive Aubaek
7SS o idal, and T=InR ik coukrackow 4o R Then:

(o) Rz £ S is aw iuk%m.\ Uclension. .

(B) WIR 2 W's is e iudegral exlension.

/pn__igf,: (,o,) et B = L-s-'}e S/va, wide beS. b Aa}\'s%-'% o J2.%&4.;':&:\-{ou., b4 Q“,‘U“‘.{....-l-

%, =0
whe ;&R aud w0, Thun b +E“._|L“_l+-

S+ G=0 in 3/2 wiHe @ =0, +Te R .
(b) Lok biseW™S whie beS aund se WeR., b is iwk%«o.\m R, 4hun

b v oy b" T+ 4, =0 for w50 ond sowe a6 R Tﬁe.n,“’/s}"-l- (Sn/s) (“/s‘}"“l* -

(%/%) =0 wheve Bifgu-i ¢ WIR. by i iuk%,mj over SR,

(S:13) Troposition: leb RSS be an xbension of vngs, WeR a wubhplicahive subsd . I R
s ubegrally dosed i S| e WIR i egrally  dosed i WIS,

Voo : Lok beS, sel with b iwhegral over W'R. Thew Hhave are ;e WIR and ne™N w0,

Ao Hhak (u—‘) ("«*/’s)"i + oy, (b/s)”"‘-f- see kKo =0 Mnle o= W il a;e R aud sce W
dud aek £ = (TT‘;_:, $0) 8™, %:W=TT,_‘:: si, and 1t = (Tﬁ;::e*:g s )" o Ogjgn—1 -
Muﬁ—ﬂ\’fyi\lfn% (%‘) EY + yfdds : O = (*{:n " 4 Gy t“__‘ L “+ Og 'E'—o)/l € WS, Thus thae (s
ar. cemew ve W o dhal () "U—('Ehlg"+ Q. tyy b+ - *‘%{‘m\) =0 i S, Mm&-\—(p\y ('u—w)

LY F Ghee ra vl € WL Thao (b)Y + angy (Pb)"™ - ok gpb ™ =0, Sive R s
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Whegally dosed i S, rbeR amd Hua  b/s— (cb)/(rsy € W™'R,

(54) Grllan,: Lk R be o wormal domain amd We R-i0) a muthihicakive Aubsk. WWR s a

howal dowain.

{s5.5) G:noliané,x leb R be aw iu\ukfa;\ dowaiw. R is hormal if omd ouly £ Ry, is vorwal for
all M € W Spec (R}.

Poof: =" By (s.1¥)

=" By (héb) K= ﬂh\ewsp&c(ﬁ) R U xe QRY is iegral over R, thew x s iwkt&foi

Cover R, for all wme mSPec_(R‘)- Thus KEQ% ‘Yor' al me M,SP:(_(R) omd xe R .

(5-le) Lewma: leb R be o domain, QR)=K ik feld of quokiewk aud Kol aw exkusion of
felds. Y el is al%,iomic over K dhoe thee s a te R-(0) it &= iwk%ral ower R,

Pooh: Y el is a.l%v.b\ro.ic, over K| dhere ave w30 and elewenk Bre K such that-
a + Paaa™ + -+ B =0 Sk Po= i/t wnte 6,eR omd te& R-(0). Thae
(B + 0y E)" M L 4 0" =0 is o iwhegral 2quokion. o ta owr R

,(5.|7> lewwa: lek R ke o domain, K= QR) ik biedd o quokienk, aud Kol awn algebrose
feld odlension. Lok S dumok. M inkgrol closwe & R i L, Thew

(@) QUsy=L, Hhakis ) L is e fiedd of quobica of S.

(b> The K~ vector Apast L har a baas mm{sﬂ-{u% o dewews of S.

Peoe] - (o) lek el . By amumption. o is algbraic owr K and by (S.b) Hhere is an elomews
te R-(0) wite +x wlegml over R, Thua +x€S and KEQ(S), slne RE S,

(k) Lk deifier be a basis o L owr K. Tor tack ieT dhere is an demenk t &R~ (0)
wite Lw;e§. 1R e I8 o basis o L oowr K.
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ok Kel be o dinille  dield exbension. Tor Ly, xel He map £+ b—L e Eu(g)zxpz.

f _»fcr,.di ,, f[SeL ;d‘tfﬂ'uc& o K~livear Operador  ew the K~ vechor Spoe L. The chorachkorishe.
Po‘yhowaiﬂ_ Ry is denoled ia\/ /PLH( (u,,x\)GKtxl_uMA e, \M'th.t'w.aﬁ.,?c\\lnouu'al 0:9. —Qn(,i.s,u;

;dwolcd,,by Mo, x). Nele Hhalk ma,x) is_ -t Wwimwmal ,po‘yhow;aﬂ_ ol e ,ﬂfd%e.l)?sa.it'.),;
 dewenk xe L over Heo Aublield K.

- A548) Theorew lek R be o wormal domain , K= QIR) ik field of quobenks , and Keg L
oo dincle hiedd exleusion. Tor o element xel Hi %o\\ow{u% ave  equivalewd-:

) s «dcw over K.

~(b) mix,x) e ROx1
, (c.) ",P‘;/K (e, x) e Rx]

ol wia,x) is mouic and Prp o) hos Loding wefliciewk (1) Henw (by=>(a) and (<) = (a)
A0y = (b): leb L= min,x)e KOx1 and he RTx1 wonic toidh his)=0. By depiwibion of
e winimal pobymounial Hee is o polynomial ge Kixl Wit =g le-KT demole
He algebraic doswe of K amd L. T g =TS (%P0 omd §= TS Gosy) ohere

‘jﬁg,«a"e? oumd o=y Lleb R be dhe iw\ew closure el R i K. Sine b

0&3)30_

ool lgjen  and Lix)e Rk wowic , oye T dor all 14jem. The ciewh of 4 awe

d % i of.
deweitary rymwetvie hunchious iw % (1&gén). Hemae %,cx_@{c.ieui—s of & are i Rnk .
- Siwe R s vorwal, Rak =R.

,,,(,a,‘)-»,(c.}: T+ 4 knowne +hak /PLIK {ot, %) ) M, x)" for some ve N, leb he Rix] be a

- mowic  polynouual it hidy =0, Thaw By (0, )T and e Acume arguumewd- o

ahooue. .Q.P?‘\'csv.

(s.19) Example: L R ke o factonal dowoin , K=Q(R) ik field of quokiewhs aud deR a
Muore free tlewend o R, Hhok is, d=pipr whee poae prime  comewh of R withe
be ¢(ﬁ~) L «i+,]\ Suppose. ok 2 s a prime dement v R aud db S demole dhe

whegrol  closure of R iw b= R{fd)3 K. Obviowsly, 41,77 is o basis o L over K aud
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L=darbVd labe K. Quukon : Whee is asbVd e $2

"&7 (S, \8) tbYd €S &b W (arbVa x)eﬁﬁx] I L+O Hhew w M—Lr,x) (x-(o&bi/")(x (a—LW)\)
x5 20% 4 0¥~ btd € KTx]. Thus  owbideS &> 20eR oud o=rde@.
~Caiw: KRFRI < S € (ReRTE) U }akbVd | 0,bdR aid 20, 2beRy.

?.E«.e_ dooo X orb¥d €S wite b0, then 2a, a*1¥d eR.

“Thus @b)"d € R. Swppose thal-
b= w il

ek vdahud\[ priwe. I PR is a ?h\w::. dewewd vHo Pl e
At omd Folid, Ane %cd.(u,'@)m.l,, Sine dis. Aquare u‘{?m‘,‘,P’“,N and p= 2

’&\,‘ o Muwwlar Ou:g,uWe_wl— Vv ois nod divided by Y and 2beR Simu@m-\\, il ee R
o Hen beR and i beR, Hhae aeR.

~ Suppose. now- Jhak- R=7 oaund de Z is a Aquase dree ke ger:
B (h___hﬁ___l ~d = 1 {wmod ‘-i’) ;

S\LFP;)SQ_ a,be Z=(2). Thew 0> =l =0 (wod ‘+>; and

S$=27z L '/2-+'/2-‘rc-i'1=~{ a+b{ '+ %V¥d)\abe ZS .
e 2: 4 = 2. (wod 4)

(82)~ (b/2)*d € Z . Thew

Y abe Z-(2), Hhew o*- k2 3£ 0 (wod Q-) and (&) ( bl d € Z, Thuas
S=Z2LVd]1 =4a+bVd labe Z_rﬁ

Lared: d = B (wod w)

Y ogbe Z-(2), then o*- b'd #0 (modH) amd S=ZC[Vdl= jorbVd ) abe 2
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§2: GOING -UP AND GOING-Doww

_(5.20) lemma: ek RS ke an ouewsion. o vingr Wil S Meam\ over R Suppose. Hhak S is
o domain. R is o fedd il oud ouly if Sis oo feld.

- Rod "= The field oxlewsion. R £ Q) & algbraic. Hewe tocry inlerwediale ving

- ReTeqS) is o fiedd and S is o &dd. S |
="l aeR-i0). Sime S i a hdd, 2'ed and dre o o;eR sude ok
(e oy (N e

Rois o hedd.

* =0 lwplying aTl= -(ap,t+a, 0+ +aa ) eR aund

- A52) Deiuibion: lek ReS be aw exension of. vings , e SpeelR) and Q& Spec(S) prime. ideals.
e Aoy 4ok Q ls%&% o T il QnR=P,

‘.,;‘}(5.27.>~mcomm: lebk RS be anm _,_,(mkca(m,\ ockension. of nugs. Thew:

S u‘—};im& over ¥ : Tor fm:\—g, prime ideal PeR Hhoe is o prime ideal Q< S whide lies
over P Hak-is, QaR =P,

~Ab) U B,<Q, ave pame (deals of S which lic cver M sawme Priwc. ideal PeR ) then Q= Q, .

{e) ek RS e a prwe ideal f,\i{u%,,;owr PeR. Qs o wanimal ideal of S if ond
couly i P e o moximal ideal of R

/_P_r_gg_gl {9 lonsider  +ue tdew extension. Rip € S/ amnd opply (5.20).

(b) Cousider Hhe ‘“\‘W txlension. W < S/, omd wplae. R by P and S L), Ya, . Thus
We way Grsume Hak ReS i an iulegral oxlension. of domaius and QCS i a
howze  priwe ideal Wil @nR =(0). Lok be Q~(0). Thew Huw is o wminimal ne i

50 thok Huere is anm ‘Mc%m’l squation. b+ an_ 6" e Lm0 =0 e o e, S
% €QANR =(0) | b{b" '+ gy k"5 p . +0,)=0. S is o dowmain. and Hzve fore.

B4 a,, b e

C =0, @ cwtradichow o e maw.‘mo.’}.i&\é{ .
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(a) W=R-P s o MMHP\\’C&}({U@_ subhek ol K and § amd +ee ﬁn% txkemsiown. Re= wlreuw's
is iu'lec&/ml. TThs yidds @ commuakive diagram :

S CS,W — w-—!s
ool S . 1 iulegral
R BE s R =R

L me WS be o maxiwa) ideol. By (¢) h=imn W'R is o woximal (deal ol Rp and
h=PRo. The ideal Q=07 (w) is @ prime ideal of S ihick lies over PR,

(5.23) Cbml\ars&: leb RSS be an iuk%ml extension o nmgs. U QgQg .- § Q is & chale
ei dishiwd Ph'w.e, ideals of S, dhen ’Pogr?;g - QF'P,»' whee B = Rn&, s o chadw el
disghnck- prwe ideals of R . Tw parhadar, diw R = dim S.

,{S.Q_@t) ,Com“oma,z (%om%—up> leb- ReS be an iu@c%{m.\ abensiow of nngs and FeRe .. e R

% chain of pawe ideals of R. Lk Q€S be o priwe. ideal which les over B, Thew Q
txlends 4o oo chain. el prime ideals QueQc... Q- w S widi & nR=F; forall D& igr
Hods e oy hase do showr W BB we priwe ideaks o R and Q¢ Spec(S) toite
QenR =T, Hae Hae 5 o prwe ideal QS it Qe and QnR =P, (ousider
Hhe iwlaam) tlension.  R/B, & S/q, . By (5:22) e iz o priwe el @ € Y, widk
Qn %6 = Pje,. lek Q be Hu conrackon o} @ 4S. Tho Q,€Q, and @nR=p,.

(5‘25)_6‘9_*3_‘:\_0_»_5%: lh RS be an ivx\e%rd xiension  of. nngs . Thew :
(@) diwR = diw S

(b) I Q€ Spec (S) and P=RnQ, thun P> W Q.

() 3 Qe Spec(s) and PoRaQ, Hun dim Be = diw Sh

f?@__o;_: (a_} ‘By (S'.z&\) dive R 2 diwe S and 3;;7 (S.l’.“{'\) dive R € diwe S.
: {L,> “33)\; (5.2;3\}_ |
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S ) Apply (@) b Ha m\t%mx exlension. Rjp < YaL.

~(s26) Comlim—a, le- ReS be an m\c%gm_\ xlension. o%.hm&fa ahd PeR a pnwe ideal of of fuile
- heighh. Thow dre is @ prime ideol QES witle P=QnR and L Q= WP

/Pm‘,i With W=R-P i odension W™ ‘R-/RP._W 'S is. mkxm_l By (s. zs\) r=ibP= &;W,R

Codiwe WS, Lk Qe WS be o priwe ideal Wit dbQ=v. & i moximal v WIS and
s QnRp= PRy, Lek Qe SpeclS) with QW'S=Q. Thew M0=L48=r aud P=QnR

-~ (S:27) Nolakow: Y ¢: R— S is a worphism o vings and Te§ an ideal, we A
TnRi=q'(T) (olhoughc R may nok be codaived i S).

(s Z&) Lewwo : ek @: R — S be o mnnp\u’smwof. \f{wca(: _omd PR o prime ideal . Thew. (s
o phwe ideal Q=S wile ¢7@)=P il and ouly if ¢ (g(F)s)="P

/Pmef_ =’

L
-

Obviows ., Ainwe. (P)S< Q.

Sk W=R-P. Then PaW= g (q(P)S)nW @, henw tp(f"’)an “v»)) @ and

@(P>W 'S s o proper ideal. Ll we be a wosiwal  ideal o W's. Cow}ra,\mw% q’(l’)w S.
n’leVL W on w R == !)F?

Mowover, Q = mnS & o prwe idead wite QR =
(mnSHNR = wnR= wn W'RAR = pRe NR =P

(s 2‘!) lemma: Lk R e o dowoin. with ﬁ\mhcw}-,,vf—,\'elé, k= Q(.R> and Ke bl an algelavouic.
fdd exdemsion. U S s mk%o.\

cosuve o) R w L omd ore Auk (L\) Heen W(S)C S,

(Pmof; il e S amd .-?_(x\)éRCx‘:\ oL onic ‘pc\ynowd widde ‘g_(m) O . Huei_
)= 2(elx)) = 0 and rl)es.

(5:30) lemma: L R €S be am mlegral Gxbension., R omd $ dowains , R normal , and
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KzQ(R) the quoi-ic.wl— fdd of R. lb PeR be o prwe. ideal, wePS, and Q.(x\)umu,a&)

He minimal polynowal o « over K. The cochicionks of ) ove e P, aph for Ha
, W%kzs@- oue.,

/P.Ef-‘ By (8) L) =wm (,%) € RTx]. Alker o fuile exlension. of QL

S) aund vcta\ac.ih% S
by

Hee i‘vt‘ﬁ-grd dosure. of K iw thak Wusiow %‘d&, We wouy Oabume Hak-
Q_;(x} -:.TLL (x—-o&g) wheve o, =6 omd « &S Jor all lgigm. Momouer, wite L= Q(s\)

Hhere are OQeAuA-—K(L\) withe o) = o T o = o) € PS and e ceffianh

o 46) ae w PSnK=PSNnR =P, sinw R is normal.

,(S.?,l\)ﬁe.o\em: (%o(n% &owm> kel R be o worwal dowmain. K:Q(R}E;_L an o.l%tﬁgmj,c_
Bedd  ackwsion. omd S Al i\delgrm\ cosive. of Riwbl. U BicPe ... «R is a chaw

01%’_ prwe ideals of R and Q.S a prime {deal widh Qe nR =P, Hew Have is a
Choadw of priwe ideals Qe € ... €Qp WS it QiR =P, for all D&isr

o . T sdpias Yo show-: ik RSP are prime ideals o} R oand Q€S o priwe ideal withe
QnR=7, Heor He is o prime ideal Q€S wide Q,cQ, and Q nR=F,.
Consider e ving oxtension. Rp < Sq, (Nok +hat w goaeral | Sq i nok inkegeal
over Rp-y e wank 4o shouw thak dhoe is o prime ideal Q, ¢ Sa, %%, over B R
Then it Q=Qns | QnR=T Ry nR=BR, nR=F and Q cq,.

By lewwa (5128) i sujlias o show Hhak FoSa,nRp =RR;, | o quivaleHy
oS nR=T, leb Otz = Yt e FosSg nR whae ye RS awd teS-Q, "By (s.zo>
Hee wmiwiwnal poiyv\ow.io.i of_)c over K s oﬁ. He forwe )M+ aixie .o o4 ay =0
blee o;e B, Swe ze R, KiE)= K(y) and xMa @z x"V o -+ Gujzn =0 is S

P' .

Wit weel ?o\ynowu‘a.@, of £ over K. Sinw tes | 50\/ (S‘.IK) ad/zie R for ol leisn.

e by = @fzleR | P w bt e . v b =0 and z'b =o€ B 2¢ P,

Hew. bl e P for ol 1¢isn. amd  fenw %"é%SQESS&.Q‘ amd +eQ,, o owbadichon.
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(s:32) Com”cu-.va,: leb- ReS be am ;iu\uaml Uelension. ; K and S domains , and R normal.

- Then going - downn! holds , dhak is, P TP aw priwe ideals o R and Q€S is a

~prwe ideal it QR =P, then thae i o priwe ideal B,€S Wit Q,cQ, and
Q,nR = E, e e

- Recall from. olgebva: A finile txkeusion. of felds Kel is called womal if owe of Ha ,%o\iemim%,
,,.;.,,ﬁq,uivalm%— condrbious s Aok'shied . e ‘

{9 ‘, 4 glge Kixl is o ineducible . polynowial and «e L with gl)=0 Hu 90x) Apliks

- Complelely ik Nucar- fackors ower L, IE &Ti: (x=wi) whave ceK el and x=a.

b)) For all el Auery mu&mxoj\e. of o is i L. (The @npugaken ol o ave Mo rools o Hhe
uiwal Poyswuuaﬁ. of « over K. >

Q) b K=T be Mo olgeoraic closuse of K and L. Tor toeny TE ALJ,—K(K‘) u‘lLé/\uA— (v,
ek is, (L) e L
 Also nole k- iA\A-K(L)\ < Lk,

5:33) Tropesition: ld- R ke o worwal dowain, K=QR) i feld of quobienh, amd Kel a
~ fuile worwmal fiedd mbsion. Leb S be e ilegral closwe ol R fi L, and Lh Te Spec(R),
-8, Q, € Spec() be prime. . ideals it QR =@, nR =P Thew Hue is au m&okuorf\a(sm_ ,

ve Awk (L) il (@ ) =@, Hak s, Q and Q, are conpugole over K. Ju parkicul ex,
e axe on), %m,kdy many  brime x&c.ads Qes lying over PR .

CPeed: Sd- G Ay (D) =4, 0 ] b @ =id, . Eack T; debius by wabrickion. an
an owdolorgisin of S it 5(Q) € Specl(S) for all Qe Spec (S). Lok Pe Spec(R) and
Qi) Q, & Spee(S) an abowe . Suppose Quk 13 7(Q) for all 1&jer By (S, um,) Q, £07'(0)
for ol I¢5¢r Thay Q. Q;UJ_, Q). ?.ck% dewmenk x&Q,— ;2 GQ) and
consider  y= [0 0] whoe q=1 i char (K) =0 aud q=p" & &MK):@ and
Vs gluee by The edosion Kol aplibs iwho Ko K'=sTx(L;6) € L whee Ke K is

p\ueiy ‘mmpmublc. amd K'Y e K for q:FO and Sowme. ve I, OEv{ow; T (x)é
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ond  hence ye K . Morouer, ye K is inkgral over R and Hius ye R, suw Ris vorwmal.
Nole. thal G0y =x and Hiok y is @ mulhple of x. Henc y €& @LnR:’PzQInR and
[TIS_.: \;:}-(x‘)]?e Q, . Thun wix) e @, for sowe l&y¢r, a cntodichion. Hene Q,= ij-"'(Q,)

. for rowe <&

(s:34) Kemark: L R ke o norwal domain, Q(R)=K ik Yeld of quokiowks and Ke L a
Fuile hied exbewsion . Thae Huee i a. fidd olesion. LeE sude dhok Ko E frwcke
wd worwal. leb S be dhe imlegral dosuve of R i L and Sg d iwhegrol dosure of
R E - Tor sony PeSpee(R) Huse we ody fudlely wany T e Spee(Se) Lying over P,
Tows Hhoe axe ouly fiuiddy  many Q& Spec (8, bging over P.

A K is o won-wormal Aomo.m,, K He 'mk%m.\ closwe of R iw Q(R) 1 we man aske
agadn if. Hve are ow\y af—-mieiy Woky  prime ideals Q € R whidh hie ouve- a givere
prwe ideal Ve Spec (R). The Mon ~Nagaka. Husenc shoun Heak i is Mo cone
provided Huk R is a Nochunan domarn .
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$3: A NORMALIZATION THEOREM

535 ) Theovew: ( Noekher wormalizadion. Hhoowew) Lek k be o ficld ,/K = kfx‘.,.‘_,‘x{l/'} a
%m.\c,\\[ gureraled .kf‘ﬂﬂ.\%ﬁl}\"&_ﬂ' ond TeR an ideal tote THR. Thue Haw ave Snbegens
X.S d_ and demends Yir—1¥q © W Auch  thak:

{8) ¥i,—, ya o algebracaliy Wdependent over k., Hhak is, Hhe nakural mop fowe dhe
—polynowual nug g kROt 1 — R cie.g‘mdhy GlE) =y and @f =id is iwpchive .

(b) Ris o fuldy gearaled kO, yal-mwodule .

1) T kLy, —yyad = (ysg, — i) B

Ak ois oo infiwke ficdd, Hao i eddibow.

{d) For all €048 He dewmenks Yi€R camw be chosew 4o thak y,;,:ZLf___,, iy O3 o

LLlmwue a;i‘e k.

 The ?\rw& \tqw»w o lewwa:

(5:36) Lewma: Lok k ke o Feld | %, — ¥ VYaviobles over k. amd Fekix, —r¥pd — R o
,(o.)’By o Aubsbtukiow o He foree x = yc+x:‘? for 1&g u-l and sutable vie™, F o be
Si€wi,

(U) Y kis an ,in{i{mﬁk ficld , Hi same veadd an in (&l} car. be achieved by bmbal—ih%-iu%
S Xe=yitaix, wite suitoble ajek.

omben an F=ax,' g x4 Q- hee w>0 ack®, and Seeklyy,— yey 1 o |

M‘ LE)-‘ F = Z__-_‘ Q.(_\.,) Xl\)‘————- xxw" W‘I'\’g‘\_ 4(\3)=(9|,_~.—’\)“> O-Wd Q.(;\)T)G‘k. .
(m> R&Flﬁdt&% X{ L)» XL =Y +%aC, F caw be wrilew an a Foiy.nomdaj
F= 3, ) ,(x:'+yt>\)‘ —_ (x:"“-r- yﬁ_,\)‘)""' %"
= ) &) [« T derms of Voune Ac%n:z. T .,xh_:}
Lk q-l= max k] NN | F contadun a Coeﬁ%'u'ed— Q-(,q,)_‘qt’__.\)“\“)# O} and  Ad- \f'.;-‘-&q"'. Tor
all (\5):(9.,._,\5“\), (M= 9‘"“"’/“"0‘& RN ™ bl Aw)*Q, @y +0, am,d,(\)§=¢;(/,_) N
hollows Hhak v, + LEEEERIE S L s Y L LRy = Hema widh

tn YU —1 *‘fmq;"vx:

R | e o
w - .



1zt

W= mo.x{\).\+\“),q+ - W, gt | % (91, — W) 0§ F cam be wnbew an o polynouaad
Yoo —Yuory ¥u o Hhe Jorw, F= ax, + derws of Jower &e.c&vw W X, wheve aek™.

) Wle F=R+. . +F whe F isa homogeueoun polymowial of. &e%am_

Fus0. Subshhlde %=y +a; %, dor 1&ign-t, S
Fo= 2w aV) (YH-Q.H‘) b (‘/n..{'*'O-n«;"Qv"“' X
= Foloy— oy ) M+ deons of  Lower cic%m i %, .
St Fy 0, F, Gy x4, 1) $0 ond Hue are a, —ay ek with Fe Ly — 2y )40
s B ois iwdinile . Thew I(‘I\)—-;Yu-—u";) Fn lany—, oy 1) %™ 4+ Yerwes ef_, lower
daﬁm, w x, omd F w04y —; Gy ) = +0,

HBof of (535): ke Hub prow e care Whee T s a prindpal ideal omd R=klx, _,x,7 i

e polynondal viug

Casel: K= kxj, e, %yl owd T=(F),F o houconskant polynowial.

By (s34) Hhee ave ikgers re™N (or demenks ojek, il k is mfiuite ) anch Haak it

Xi = Yo+ %~ (or Xo=yitaixe) F=ax,"+ ¢ xm ', —* 0, Whee aek® and

Qe ROy v 1. Gnside- e homowerghisu o} vings s @1 RTy, vyl = ROx, % d
defined by @], =idy , Plyi) = xi - *we (or chy) X, — a.\x.,y b 1&i4w-) and ¢ly) =F
Nole Hhak R=kDy, yu, %) and Hak Xy s inkgral over ky, _ v, 1 sinwe

WA H R gy =y, =0, b gre Ty, —, vy, 1. This dmplics thak

dine ( KOy —ryu Y ker ¢) = diwe R = . Thun ke (€)=0 amd y, —,y, aw algdoraically
tdependend— over & (ar dewewds of R). Lo 7 =T¢ domcle M composibiow wap whee
T R o= B(E) s e nakural wop.  ®F) s integral over kG, y,d/ker G and
Hon  dine ROy —, yn 1/ker T = lu RAF)y=n-l. Sine () s e prime ideal of heigd-
ow. and () € Ree § 307 dimensiok  veasown ker § = (7w> and Heun

(F) 0 KTy, —ynd = ().

Case 2 Assume thak R=kTx,_—,xy1 and dhak TSR is any ideal wite TR

The Pv’w{_ is L,)v iwducton o n. lsc Moy, Orseme. Hrak- I#—.(o} and tuke FeI-(0),
By M Rk case Hee e Yo —iq € R wiltle y, = F 0 thak e ring. exleusion
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ROy —yl e R s dnile s Wi ifidbe, Yoo yes e be chos Yo be Lincar

- Combinakiows e} Xy, —, % (ower k). Apply Hha iwduckon. bypotlusie o ROy, — yool and He
ideal Tekly, oy, 1. Thee Hae ave dewas t,— ke e kG, — o1 Aude dhaks

D) ROy a3 ds o Biile RDE, it d-wedue.
iy Ta kO, £, ] = {ts51, — tuey) dor some Tgn-l. o
) A ks e, Mo for 16086 = LD by whee bijek.

o Tisimplics Hhak R=kOx, xed s e fwcke kTt — s, Yol = wodule.. Jw. pasticular,
oy By, ave algebraically - indeprnderd- over k.. bk feTn kDb, tuoy,y, ], Hoo
,,i:ykyw whee  ge kbb, 4,1 amd hekit, — it Yt St y, €T it follows
ok geInkl, _ £, 1= g, —,ta.) ond hewe L€ (kg ok, y,) Wkis
ke iy yuoy o Livar cowbivakiows ol Xy e Thus for 18068 kpis a0

divear wwbivalow of ¥y Xy o

_Lame 30 K = }P\Ex”.__,x,wl/'& ~amd TR amy ideal. e

Tk opply can 2 bo KDyl and e ideat . Mo Hue s o subalgabra

ROy, — el € RO — xed Aucke Hak RO, —, %1 is o Hncle ROy, — yel—wmodule and
kG vl = (Gae, — ). W ki wBiuile, for I%igd dhe yo ove Muear

- Combinakions o xy— x. Mowover, R is o fuile Ky, —, ygl-module. Lok T'=

T klyy—yal- By came 2 Hwe is o Aubelgdora klk,_ kel € kCyy,yel b0 thak

ROy, —yval is o fuile RUE, 41 —wodule and Tkl — gl = (g, — t4) -

P ks infinbe , for 1€06d | s o Riwsar cowbinadion. o Yiy—yg - Tew R is o
ke kT, tel-module.  and Tr kG, bl = (g, —, ). U k is dufincke,
Cfor 1406F, £l s o livcar cowbinakiow o %, —, x,..

(5:37) Grallary: Lk k be a fidd and R o hinldy gueraled k- algeova.. Thew Hhere
fishs o polywowial viug  Rlx,—, x1€ R iillc R Megral ouer  RUx,—,xa -
Fullerwore dive R=4. U, addibiow, R is o dowmain , Heue dime R = d =hdeg | R.
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{H: DISCRETE VALUATION RINGS; DEDEKIND DoMAINS

- (5:38) Depinibion: leb K be o ficdd. A discrele valuakiow of K is a funchion. 1 R — Z 30}
Which. rokiskies Hu following,  condibious:
() v0) = 6= = x=0
() Tor all xye K vixy)=wix) +viy), Hhak is, |

# groups.
(& Boroall xyeK: vixey)2 min (v(x) , viy))

oo+ KTy ,(Z)s\») s e %ommov,?\a(sm

A valuakow v K — Zuiey s lled 4rivial if v(k).—.—.)(olca&.

,(S.s‘?) Rewoxk » (o) Thete. is o, Wow %u«uo.\ concept- of. voluokows where e
replacd l:y am. Ordeed aloeliare group -

value gowe L ois

(b) leb K<l be ax extemsiow of fedds | vl — Z el o discele valuakiow o L.
The reshichow v[K is o disuele valuakiouw of K. Nele ok v{y Moy ke drivial wiile o
is wok

le) v(KM < Z is a Mubgroup of Z , Haws o(K®) = w Z or dome me Z. v is divial il
omd ouly i wm=0. U v is wowkivial , v car be wploud by He (equivalent) valuokiow
v K = Z e defiuned by )= Y v} for xe K* aind w(O)=w. Tn Ha
%o“ow{u%, e ossuwe thak o nowkrvial valuakiow - of K sokshies KM =Z

(s:M0) Examgle : Lk R be a actorial dowain , peR o priwe dewmeuk, and Ke QRY it
field e} quobeuks . Bvery demend- Ke K* cac be wnbec as %= p" (%b) vhoe 0,beR,
pta aud pro and ne Z. Uehue Vpk)y=n. Vp s o discede voluakion o K. IL
R=2 ,K=@, and p @ prime huwber, 7, ik 4 p-odic valuakiow e @.

(s‘.k‘l} Theoers: le- K be o Seld ) U K= Zole Y a disode valuokion of K. Thew:
(&) Ky ={xek| vixyroel s a A\A.Lh'u% o) K.

7.



124

(c} W, = ixeK | fU'b‘))Ozj is  Hea o‘dyk wmaxiwal ideal DQ_ R, thalk is, R
(d} Ky s a ‘Pﬁv«dpoj; ideal dowmain. . v s HV(GJ“,,,Q_A and ouly if R, =K.

+ 15 a local dowain .

\ (:.‘) The Prim.c. chak}s,,o,g_‘ /Ru.cuc, Hee demends ‘per e ulpy = 1. All pame eewews
oL R ave amociakd  and . Wiy is c&g,mm.\e_d LY way.  prwme  dewewd peRy-.

”M Nole. J—ka,l—‘—,‘,xrt(,l);.\r(l)+v[\),.r+hua‘mil)==,0 ond O=v-(1)= V(=D ui(-1) amd slso. wH-1)=0.
, w(o.)wm%/. e

Ab) aeRy 4= vie)20 and w{at)20, S\',v\u,..;,O,;..xri,\‘)‘:.,m(n_)*- vt i+ follows thak-
ey =0. O 4 Ol-h.ukcmd, it w{@) =0 Haw v =0 and ole Ry,

—{e) - Obviowsly , W Ry is aw ideal. Sine 'R;v,:.’izr,,mw_, My is @ moximal ideal of
Ry and Ry is local.

(d} Lek- TeRy be an ideal wide T (0) - Pick ;O..E:I,—.[D‘) A0 %nﬁ-—,;,,%or adi ke‘I, e
S PR T leb beT . T b= o { B/a,) el and w(b) = v{a) + 1:—,\(5/,0_} . Sin
o) & wlb) v bfa) 20 and bjac K. Tauws T=(a).

{e) ’BY (ui\) W s W 'L)' ~amy. e _;?eRu_; e :w(,‘,‘),_],_‘ju. pm—%—{aular, il
pe Ry wide V(P,\).—.—.,l, Fhe PiSO..PhM&. dement, AL qe€My s a recond  elemewh—

Wit (g} =1, Hew xré?/q\,):o aund g €RJ. He.m,,P amd § av osocaled .

,.(S.%Z>f2c{y€ui:i~iow: (@) A local principal ideal dowmaiw, which is ol a beld, is called a
discrele  valuakiow Ying (DVRY |

(b} Leb- K be o {l\‘dd, v K —= Zulel o vowdnvial discele valiakien of K. The y{u%,
Ry 5 wlied He disaele valuakiow Wug Ossocialed oo

;(s*.*rz) Theorew: leb R be o DVR, peR a prive dewewt, and K=Q(R) il quobiewk feld .

(o) Bvery dewied xek* is of 4o forue X=Up™ Wit UER™ and neZ. The iwheger
n dees ok depomd ow Hee  choice of p. ;
() The wap o2 K — Zu o] defid by (o)< amd i) =n for xe K* bl
=up™ weR¥ ne Z, is a discle valuokiow of Kwith v(K¥)=Z and Ry=R.
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M= Simee R is o local PIO, R has txacHy o nowzero priwe. ideol Per. Mowover, P is

Generaked by o priwe  dumewd peR  and wery othe- priwme  dewend qeR is ameciaded W p.
(o) lek xeK®. Thae x=o/b wille o,beR. Thue o i

b ou,vre R* gud hom\c%o&{ve_ \'k\e.ap.m

nweN nH e=up’ ond b= U-P‘“. Thus x = (wuh) P ™. Sinw wery,  priwe. dewmenk

9e R s onsociold to p, e wpovend w-w is mdependenk- of e choice oA .
(k) Obvioun

(5.4%) Grollany: Lok K be o Sild . Thew Hiewe is o oue-do ~ove  cores wdemce. :
) Grollary pe
1 v a disaele valuokiow of. K wndle v(K“‘)=Z} T {ReK a DVR b QR) = K?q'

(5-45) Theorew : (Charockrizakion of DVRs) lek ( Ryw) be a local Neethenaw dowain . The
followriug  ave  equivalewd: |
(@) R is o DVR.
- {B) R is norwal and dine R= 1.
(DR is normal anmd dhere s om 0ER-(0) will we Assp(Ria)).
S AdYy m s o Momzero principal ideal .
() R s ok a fidd, R is fackoriol, and ol prime dewents of R ore armocialed

Prodl (a) =(b): R is o PID, dhis R is normal wibl diw Rl
(B)=(c): For all aem-(o0), SupFR(R/aR):k‘mﬁ ond we Ass. (Riw).
()= (d): Lot 0eR-(0) Wwith wme Assg(R/a)) and bk e Ry witle amng (b)=m .
kHe bLeR o Pm'ma%m o b, béaR and mbe oR. Thus mbd 'S R amd whe
o ideal of R. e daive dhak mba'=R. Y wmba'+ R, Huw mba™'S w omd
-utué%vc m{b)* e wibdYem and 40 on, ok is, mba)" < m for all ne N Hence
el )M e w dor all ne N and ()" < Ra'SK or all ne ™. Ratis o ke
(eycdic) R-subuwdule o K. Hene e R-dlgibra. RTba' ] is conbadiud iv. 4o Fuibe
foitlchd R-module Ra™. By (5.2) ba™' is idegral quee R, Siua

ond heme be mQ, a. wukradickon . Thuws wmba'=R. aud W=

R s worwmal | bale R

abR with ablewr.



{d) =vle): Seb m=(p) amd Lk ae R-(0) be amy cdewewk. Sine R is o locad Nocthexian ving , by
22y Hee is an heN wile ae M“:;.(P“);(POSSEL\\/;MaD) ond o= (pr) Thus
~e=upt with ueR*. Nole Hhok pis o prime. element of R. Every dewmewk of R can
~be milew (uniquely) on o produck of o unit of R and o power ol p. Thus R is

foctonal amd all prwe demendy of R aw omsociokd. S
oy =rla): Lk TeR be . woweero ideal. We wowd 4o show thak T is privcipal . leb peR.

ke a prwe  demei. Ew%,ﬂeweu}- oe T-(0) cam. be trnbhew an o= wph wheve W&R¥

_ond veN . Ll Gp& L-(0) ible ap=tp™, ueR* and meN winiwmol Y be T-10), then

b= vpt whee bER* and teN  wib, trm. Taw (vw )t me R and b= (vi') FFMa,.

(i%b)k'geg,{m's\f\'on: A Noctheviom dowain R is colled o Dedebeiud. dowaiw il R is vorwal and

(S.‘!frf)?r.qu,\‘:: Lk R be a. NeeHunow dowain o} positive dimension . R is o Vedelcind
dowas L omd on\y if. for ol P SPe.:_(,R) widte ?:{-.LO),,M,!{\&%, RP"“'&‘ o DVR.

(54%) Theme: Lk R be o Tudekind domain. S S
{e) Bvery. nonzero idea) TSR cam be wmbew unigudy (up 4o ordes) an o produck of
%.wddy many  waxiwol ideals. o . L
(b)For twen wouzero ideal TSR Huw is o vowzero ideal FER A0thal T} is prncipal.

Posf: (o) Lk T=Qn— 0@, ke a shorlesk priwiory. decowmposition & T whee QR aw
,,,MAL-YP\'{;W\D.YX wiHe Mitm for v$1. Sine dine R =1, all ¥ w, ave woximal ideols of R.
e ¢+ R — Ry be o wohurad mars. Thew Qi =0 (@ Ru; ). Ry is o DVR and
Horelare @R, = Mf": Ry - Because wmy is waxiwal, the ideal wmE g mi~primary and
Q¢ = wmE, Tuis shouwn thok T o wE WMe and by e Chinese remainder Huorem.

Tewl m:’". For Whiqueness hoke thak the W™ ave 2:«1&-17 +he M;,_ph'vmné, Compoueuls
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of T Those ase wnique , sine L hos ouly  winlmal 6rsecialed priwes .
() Lek aeT-0). Thw How are moximal ideals MR willie Wisw] for i+] so thak
T=w® _wmb g (@=m’ — wm wible Lxvr and se2ty for tsvl Seb k=0 dor Lo

eind ‘} = M.S'-‘t' — mé“-‘b‘ . Thew. I}:(m\ .

, »(S'H‘?)(Re.mmk: Ju %umml o TDedekind dowtaii. is nok «{fa;:}nv{o.i- For QMO«MP\t, L\; (SJ‘\) Hhe
inietx/ra_\ dosue o Z iw Q(Vf=s) is ZIVv=sl., ZW=F1 & o Tedekind dowoiw | buk
2051 is wnob foctorial sivw (=22 = (+Y=8)( __ﬁ“§>_

(S.SO>Wmm= L R be oo Noethenam dowain. The %Nourim% ar lquivelewt-:
(&) R is vorwal.

() For tresy. MW one priwe ideal To R i g Rp is & DYR and for all aeR-(10)oR*)
Aoy prime ideal of Assg (Riiay) is wiiniwal | Hnok-is ;e idead (0) han o embedded primes .

(<) Tor bm% M«XQJ—- one prime. ideo) Pe R -W_LH\A.% RP is &« OVR amd R = ﬂ‘,‘,h'm,_' S pey RP'

(Er_!_)_qf_ (q),.,(b‘): Sine R is norwal, Ky is nowal for ol Pe Spec. (R). Tuun Ry is oo DVR for all

Pe Spec (R) wondle &P =1, Lek 0eR-{(0)v R*) and 'PeAssK(Wm)‘),.'mem ’PKpé-ASSRP(KP/GRP\)'

”By (s.*%s) KRP is o DYR. How -P=l and P is a wiviwmal ossocahed prime of

Ln.} .
(b)-:%(c:)t Obvu’ouﬁ.i\“ Re M

PeSpec(R) JfrPat op. Lo x= M2 eQR), a,beR, ad0, with
¥€Kp for all PeSpeciR) with &b P=1. Thue be aRp for all priwme ideals P ol
%e{%ﬁ\;— owe. By (b), beaRy for all Pe Assg (R/(@)). FTor all Pe Assg (R/aR) bk s,eR-P
md cpe R with b=aSr/s,. Cousider Ha {deal T=lo):(b)=hyeRiybela)]. Tha
el for all Pe Assp (RAa)) ond T & Ubcass(xiay) 7o Lok Qe Ass (Wr+ ).
Suw omng ((B)HD)/(0)) =T, Tc@ . On e obbur hand () +(ad/(a) & Rita) and
Hedore  Ass, (@) & Assg (Ri@)) . This shows +hak Assg (B fay) =@ and
(b)+(a)/ta) = (0). Hence be (o) amud x= bla €R.

() =p(2): Siwe R is aw iwdereckion u;%’; horwal dowauwr, R i

norwal .
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§5: THE KRulLl-AKIZUKI THEOREM

(5.5 Troposibiow: Lek R be a. Neekhevios ving Loy Spee(R) = w Spec(R) . E'::e% fuwdle

R-module  hayn huite f.w%&‘ i parhcdar; R han fuile Lingdn .

;’Proof.: leb- M be o Luile R-wodule . By (240) Hwe s o nowol Aunes of M. (0)= =M, M & —$M, =M

ke Mifm_ 2 RiE whae P %6 Spec(R) Jor oll K& i¢m . Sime FiemSpec (R Hae modudes
"/Mt -1 Qe A:wup

‘(S'Sz\)fpmposthou ek R ke o ving. The bollowing, are 2quivaleut
(o) R is Nechunaw and tery prime ideak o) R s wesiwal .
) Bueny. buide Romodwle  hor  fuibe Lurghh.

) R har finde dughe (an aw Rowodule).

Progd: () = (b) : By (S.51) and (b= (¢): rivial
() =0(e): Suppose Hhak R hor fincle lenghh an o R—module . Thew R is Noetheriaw and
Ackinia. By (1.97) fwery  prwe, ideal o) R is wmaniwmal.

(55%) Theoem: Ll R be o Neehherios ving and M o finile R-wodule . The
W Lquivalest- .
(o) Lg(M)< o

folioun ng-

(b) M is aw Arbiwiow. Re-modue .
(€) Y PeAssg(M) Hee P is @ moimal ideal of R.
{d) Q/a.ww(M) is aw  Avhwniow g

M: &)M(E\)' F-B)' (\R'?\)
(o.,‘)-p(c.\) Conside— a (’ompos#;ou_ hevien o} M. (0> MoeM & ¢ M, G M, =M

n"ﬂ

Hee fackor wodule MM, ave lnmpia. K-wmodwes . Thun MM, =Rmy whee wm;cR
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is. a. maximal (deal . By (2.10) Assg (M) & {m,, _, w,1.
(o) = (3): By (2.16) e winimal prive ideals o Assg(M) amd Swppr (M) e +he sawe . Thus
Asg (M) =Ly, —, m, | = Suppr (M) =V [ame (M)) & mSpectR) omd  diwe R/aun (My=0. Rlamn(n) is
an Avhwon Hag.

(&) =p(a) E'uov% %{m’k wodule over aw  Avhulon \-(n% is Arbuian .

,(S.Sl&)?_kg?osi"iow: kb R be o dowain . The {'ollom’u%/ e th&vcﬂevd-:
(&) R s Neehewox. omd ding R=1.

By For toery ideal TER wite T(0) +he wng R/ ie Avkinian.

Proof . (b) = (a): We have bo shor +Hhak wery . ideal TR is };m;\c\y Guneraked . Lok TSR be
an ideal widh T+ (o) and ek aeT-(o). By ossumphion Way s Arkwian . Thay Riay is
NmMQM, ond I/(a,‘) is %@U\l %mmh&. Tﬁm s ‘%\'M\dy %K&‘u&uL

(5:55) Theovew : (Kndl - Akizuki) Lok R be o Nechrian dowain o} dimeusion one and lek
QAUR el b a fwie peld exbension. Buery idermediade ving. ReScl i aur o didd

or o Needhun o h'u% of dimension oug.
We need  He {‘»ouoim'u% lewima

(5:56) lemma: leb R be o Hug oh - ($.55), V a vedor Spate over Q(R)) of dimension. s <oo,

MeV o R-submodule , and aeR~10) . Thew QR(MIQM\)Q S.QR(Rﬁa§>.

’Bg_o‘?_ o (s5.55): Lek TES be a noutvo ideal and be]-(0). Sinw b i algcbrose. over Q(RY,

there are  dewcds &R, arto, wiHe ap b7+ A, b™ - 1+ o, =0, th&xé, ahsme,

ok 0 %0, They ag e Shbe 1. f-'%ﬁp'iy {S.5é> ' L=V ond M=S Yo obtaii :

‘&s(s/'a-\) 4 E’R ('V}} £ ER(S/%_':;) & EL”{] 'QR (W%R)‘:‘OC?
The stademewd— Jollows  widlc (s.5%) |
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Proof o (5.50Y): ke mow orume Hiok M gmerates Hio Q(R) ~veckor spate V.
Lfasel: M ois o finile Rewodude o MaRu e o+ Rumg. Thee sst and a‘kr,‘,\\mumhu{“%
My g ds o basis of the  QUR) - vector spaie. V. Wy, wm, s also o basis PURE VR S
- Resubmodule. U= Ru+ — +Rumg.

EM. Tor oll sl € (gt Auere are.  elewmrula 7\.‘;".& QlR} AD.
*\%cl- M= Z..

Ay Hewe dhew is om demend ke R-0) ot bM S U and 4 K- wodule

M hea o mowhivial ammibilalor  be anrg (M/u)..

j=i

Sine dike R=1 oud ame (M/u)+ 0, e

- ring :g/n.uh.(Mﬁa),,,ia Aekinian. M s a fule Kam(Mfu)~ module omd _hence R (Miu)y < oo,

ol 0eR-©). For all my1 M is o oxack Aquanie O~ Yany — Muy — My — o
~Nole dhob Uany = (R/ca)ﬂ)s and  Hhwefor «QR..(M/Q.».LL);.& Lo (Rlany) < o . Tis impliess
i} (%) ,,;RR“,(M/@"»M),,& le (Mfau) = £ ( M)+ &g (Yanu)<mo,

Sime a5 o nonzevo diviser o M oand W Mims AWMz =

oMy = A%t ga

Aewa

— Q“—‘M/&”M, amd ,uf/n.u'?f .
U . ’%M e Ucact Mciu.muus

0 — Q“Q'M/Q,"M**’* N./Q»“M % M/a_”“l M—>0 and O-—s “"h""',‘l-!/o&u ~s Ujouy —— Uan-ty—s O

e obloiu b,\lk,ﬁiua.uckou.. ok w. ok e ( MioﬁM} =n QR(M/O.H) and. Zg(‘ﬂ/a,"‘l&) = I 29\.(&[0&.}-

o TThen G yields  for all ne N W Lg(Mam) & Le (M) + s Ag (R/qy) omd Hherclove dor
ool neN e (Mam) € () G (M) + 3R (Rlay) . Sime Le(Miw<a , Bg (Mfam) < s Lg (Ria) .
s Moardtrary. ok AM{eer ke Mo ak oL all fudle Resdwodules &M, The
for all veT: Lo (Mefamy) ¢ s g ( Rllay) fuplying  Lq (Mr+oMian)= g, (Me/Mgnam) &
e (Mc/amc) ¢ s o (R/ay) - Chomse T,eT suck +hak be (MeotoMar) iz waximal. I

M, +aMEM pidk ze M- (M, + a.M) ond . comsider Me, =M + Rz Thew M

Mg +Rz+aM 3 Mio+aM  and Mg +aM /et G Mt aMjaM . iz iwplics Hhal-

e ( Mr+aM/am) 3 £y (Mg +aM/am), @ conbadickion. Thw M=Mr +aM and
Lo ;(M/QN\) = Ly (f‘h—s-aM/a.H) <s QR;(R/(qg).

,,;(S.Sé)?cmwkz TThe Krudl - Mizuki Huowew fails dor Noelluviow. dowaius R of-

_ dimeusiow > 2. Tor lec, A K be a %dd asnd i(Cx,\,] Ve fo!‘l} where WV g
A vamk 2 valuekiow Hu%‘
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$6: FINITENESS OF THE INTEGRAL CLOSURE

AS58) Debinition: Lk Kel be a fiuike axtensiow of fields of degre [LKIan<eo. Tor an elesmenk vel
A gyl L dencle Mo K-linear wap ¢ (b)= sk for all tel . Define:

(o) Fy (4,): = dek (x-@) e charackerishic poynowiol o «

(k) Ny (@) = deb-(9) e norw o w0

(c.) Tl:’,L/K,ég(): = +raw ‘(\p“),n}k., -h—g__l_r,n;?_ot .

{5.59) Tocks fow field 4}1923%; b Kel be o fubke axlension o felds witle [L:J=n<oo.
Aa) Thew is o unique  mlermedioke  feld KekK, e L sude ok
A Ke K iz oo Aeparable.  hidd  edlension

() Kesb is a purely inacparoble  field exlension, ol is, i char (K)=0 Hhew Ke=bL ond i
chax (K)=pro dhew L3¢ K wnde 9=p" Jor sowme. ve . Note +hok K=

Jeebll o is parable
Ovcr‘K%.

i) vo=Lbik] s calied 4he iwAsparable degree ol A oxlension. Ke L whike v = LK. k1
is called . Hhe reparable degpee. ol L over K. Then w=CLik] = Yo : B
() There ove xacHy v, wishually dishinck K -morghisims ©: K — T wohee T is 4he
dgebraic closwe of L and K.

) beb ot b= L obe He v wihially dishinc K-worphisms from L iwko T witlc

'C,’,:.;JL ‘“\.(, Ko}umj Ehd;u]él'u%, For G e.i:.meu.‘-;uc.eL -nu. dm::ki;\.; Tj(") == e,k(",'), L‘-.JSS., Qe

colled  He %j&m 4 «. Nok Har «=a and possibly (o w) Bor {ak . The
—5% N -
) Flelsgx) = To, (x~o@)™ e Kx]

mming

(“-) NL/K(G(\) = “‘g:s! o G T & K

—_— Ys .
) T @) = w2, @ e K,

s porhadar, T;—-,L,K;(,x> =0 i vyl er tquivalewry , L L s Wheparable ower K, A L s

Aa.f;a.v-a,Ue ouver K M T\’,‘L_IK(&\) = Z,J'.:i ‘Xb) ls- [L‘Kl‘-—‘-“—, 'HMM. Ae%?uk(&,x} = b

wn-He ?Lll< (o(.,).’> =x"xa, x"te o« oy wheve Oy == Ty (=) omd ag= Ny, ().

Nore and  $raw ar dements o K,
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{2 () “The. nonw Fuhc.kok.: N‘—I’K" ¥ K* e o NL/K“) s o hOWOWothiSWL o£ Groups.
(i The  troace  fuachow W‘*/K‘ Lo— K oHe oy 'TFL',K(.Q is o K-linear troamsformakion.

(5.60) Definihion.: Assuwphons o4 i (5.59). Leb el be an elemewk.

ey I PL,K (u,x\) denokes He fowal denvakhive of dhe chavaclerishc polynowdial | M elemed
Sy =Pl (a)e L is called He diffeent o 2 ower L.

Ua\) Tilc, elewmesd ’D{f&) = (—-\>.}ef MWK(X‘LIK&))GE K iohere £+ = Vo H,(Vhlx) s called M

discrimiinaunt of o over L.
HiNwmldant -

s lemma.: Lok +he oAsumphions amd wolakons of (5.59) for an demend wel 4 tg(o“ouim%
 ouditiows are tquivaleut-

() D(y 40
(L\’ K-L/K {@() e 3 ]

() L is mparabe ovor K witle L= Rix).

/,Er_g_of;g (a)a=r (b): trivial
(b)= () I & («€)#0 Hee & is o swcple rook of B («,%) . Sine o chavaclerishic

polynowial divides o power of e minimal po‘ynowajaﬁ, e Hiis cone P (o, %) is Hw winimal

polywouual. Movover, ’p;_,k(ci,x\} is o Apavable pelynowwal . Thun [KE):Kj=n ond L=\<(°<>

Is Mporable owr K.

(<) =v (b} /PL/K (%, x\) s +the wminimal pelynowiiol o « over K and B

1 oty x) haa cm\\, Saple
rooks . T 8 (o) 0.

(542) Lowma: le K2l be o hate neparolde  field exleusion | lhkl=wn, and wel . Then:
o g one
) = (1) DT

| (A2 o (o Wi
(d!k)__x&))z = del ” =
o< fgn,

bk
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: M» UL Kel s a »f-\'nik Arporable Feld  excbension. of, c\&%ﬁ.&, n, toe theve are euac.uy s ;Vv«u_&uu“r

Adishinek K- mm?k.isms T b= K. xebl han ‘xackly n Copugoles &, ™) it w=o B
Py = T30 (x=aY), and Pl o) = TR0 (w-o) = St ). Tor
P

‘&J'émz L
Y i 1 . 2 B L€y
e (%) ;,'I];:,,), kfsg- (ot o(”?)) cand Ny (8 (o) :.—.,“ﬁ}m, Y Rtk NER LN T
LT S,
(=y * i

PR ens (d(k)-ﬂxij)\)z. Nole  +hol- 4o doubie ‘ch\uc}» o Qcac“y 6 {n-t) gociors

Q"ac.Hu%,w{ac_%n o _q ) and UL U5 Glues Heo .?crmuiq. Tae weat is dhe Vander mond
«,‘,‘Adcrm\'uom)&rmaﬁmm Lincar a.i%zhm, «

o A56%) Definikiows Lk Kl ke o dnde -separable. dield  extension. it CliKi=n . For demenls
Wy — 0, L d.;é,{m, e disen wmainondd— o Wy, — i ;‘By_,

AL)K (u,, .._..,wh} o Ad* ( (‘W‘L(i))"(QCIS'&H\)L‘ -
o bobere. mtﬁj e Y are 'Hu,cm\&u%;n.\m of .

(5.6%) lemma: lyidh (w;umf;kou_ on in (S.63):

I (0») A‘UK"‘(”'/ __.,w") =z Ad— ,(j’\;‘_/K,(w‘:ws’)‘é

N,
V,Ll,s"&“ ) .

k) Agy (W, a0 it and onby il Wy, w0 5o basic . e K-wcor spase L.

Bor () Bu oy —ua) = deb (WD) = dob- (i) dok (i 9)7) = dek (o, 6P, Y=
dob (Tr (wiwg) i) -

lb) Sine Ksl is o fwk Mparcble  exlension , L= Ria) for some e L. Thew %:Z..:_l ot
for nowe o K and L < Z-_.:;‘ ajg a5 o ol 16 kgu. Thas

[ 1 ! “fk) ’(k)
. "':’l. = (o‘ta)"li { K L 04\4 . “.'.xl'k) N (o‘q)L‘J 4‘( ; 4o
8 et R et |
Ths imlph'cs (wi&) >irk = '(Q‘“i)';)i («® 5“) Ok amd  dek (ui{k)) = dek (a;ﬁ") ded (ag(k')*l“) .
'Timgo& E\/ (5. e2) AL/K“(_&O,‘,)___' u,,,.‘) w=_dek ( ai; )A&‘;D{OC). FE)V {s. éi) ’9(«) +0. Tws skows +thale

AN Wiy —n ) #0 i omd ‘ovdy L dek (Lais) O } + 0. This tquivalewd 4o w,, — w,
Bu'w.} o bass of L owr K,



24

. (s«4s) Comﬂn.naz Ll Kol be a fuile fedd exdension . L is Mparalole. over K i amd ouly i
, ,Tr,\_“( #0 (e, He tow s a nowzevo  linear map ?-fahu, Lode k) L
Poof: Y Kel s isepavakle and n>l., then T =0 by (5.59). Suppose thak Kel i
_Aep.a.mk\& and G PRI T S baais e&_ L over K.,'Ey (S;lp%) A

LK, (w., " l‘dh) =
det ‘(“Eq,/K {ww)) 0 and Try, 0.

TFor Hhe  remoajude- ol Hus sechow leb- Kel. be a %\’m’lc_ {«dd uxtensvowe e [L'.,K:\r»m,
R Necthonan.  uorwal _domaii  wiHe R K and ,Q(R) =K, omd S 4 l'nh%m,\ N
,«C‘,or,u.m_‘ ovL R o b, Unde— Heese ,‘,OMu.WLPHQM e

} ;,;(o.) S is o horwmol dowaiw

(c.)’ﬂme, ds o basis Gy, ., W o He K-veckor spare Lot w,, —,0,€5.
(&) L=Kk.5= Q,(S)..

, ,A(S.(-é)’mcomm‘.‘, ..SupPoss:._,,'H»\eve. s a K-Waear map Aol Kb
() 'H,S\) &R

~db) £40.
C Thew S is o %m‘.u,(ie_ R-wodule .

?r_go_\E_ e ©y—w,e S be a K-kasis of L and re M--,Z_:;(Rug < S, Sinw W), —

o RN TP S
@ boais o L over K M s o e R-module wibe Mz R™ Too any R~ submodule. U
of L opub W=dnel 1 £6U)erRY. T is an Resubmodue b Loand i§ Usu,cb
e Aubwodules of L e W W, Thun W, ave Me S, Tor al be S, bSES

ond b E(ES) S SR byla). Thun ST and it sufhius o show dear 7
'S o futke R-module | suce R s Necherion. Gousider e map g: 7T — RY defrmed by
Q) = (Elww,), — E(mw,)) - Sue £ is K~livear, Hhe map ¢ is R-linear. e caine

Hrak- R is iwechive . Okv{ow\i\’, Qw) =0 i} and °")7 L Ewmw) =0 for all l&ran, Henw
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4 pmwy=0 Jho +t(wm My=o0. W wto, the K—linear Wop @, L— L debwd by g, (\)=mX
45 weckve oud Awgichive and  ww, —, MWy is @ bosis ol Lowr K. Thus il m+0 and
M) =0 How £(L) =0 sne tis K-liueor, e contradichow. 4o (b). Thun S and M e
isomorphic Yo Re-scbwodulos oL R Sina R is Moctherian, S is a, fiucle. Remodule.

/(S".(.!?) Camilo.\—g_: leb Ke L be a il Mparable  feld exdension. amd Re K o worwmol Neekheman
dowoiu with field of quokiewhs K=Q(R). The iwkegral dosure S of R iw L is o ke
R-wodule. I Poﬂq'uda,r, S is o Nectherom h'w%.

, /Erg_q{: The  droce. %ukc.jn'ou, T;qKa‘h: Lot K AOA‘\S‘?'\E& COM.AH'\'OM.S (a.\) a.hd;(uh) e (S,LL)~

(5.68) (‘om“mﬂ&; Ll R be oo Tedekind dowain , K :Q(R) e fredd ol (iup’n'cuh . amd Kel

o ke Apavable. Yeld oxlension. The iulegra! dosure S f R in L is o Huile R-module
and o Tedekind dowain. .

{S&Q) Ct)mﬂa_t%: leb Q el be o fincke field oxtension . The iu\r.%m.i dosue S of Z i L
s o finile Z-wodue ond o Dedekind domwair .

{570) Rewark: Leb R be o Nocthenam. domoun of dimension. oue , K= QR) ik feld o
quohemhs and Kel a hulle ficdd exlensiow. ”,E;y Hie Kl = Akizided Hheorene the ickegeal
cosure S of R i L is @ Neturow dowoss of. dimensiow oue. Siww S is norwmal , Sis

@ Dedekiud dowmaiw . Thue oxe @.acmu?\e.s whee S is wnok o fidle R-wodule .

(s Remark: leb k be o field | R o fuckly qeneroled k-olgebra. and o domedw , K= Q(K)
it fidd of quokewds , and Kel o %u;&e Feld exdension . The, iwlegral closure of R i L

s o pucke R-module. T paskicular, the ibegral doswe & R b K s a Pulbe
R-wodule  (withoud proo Y,



