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CHAPTER 1V : DIMENSION THEORY

~ }l: GRADED RiNgs AND Mopuiks

- () ebinibion: ) A ving R is called o groded ving i R has o dinck s decomposibon as
o odditive goup R = @W R whee RISR ar subgroups o (R,+) 40 thak for al
Lje N CRIR) & Ry , e

() leb R= @0 Ri be & qudd ving and M an Rwodule. M is o qmded Remodue

L (M) has e dived Aum decowmposi How Ma—-,io M{ o suck dhak Ry Mis Mg for-
el e

{(47) Exomple: L K be o diedd. The polyvomial ving R= KOxi,—,x, ] is o groded ving,
/R = “@"W)D’(R'h . wkem . /Rm =, )i Z—J Vet Q’(C‘) ,X\Q.. . .Xh("’,'. ‘ 0.,‘_,,:,5 & KYS is "uh. Aide 0%—
; "l'iokaog‘v_neous ‘ae\\/mwdds of C\C%»m.. n.

{43) Jefinibon: Lk R be a Groded ving and M o graded R-wiodule. Aw dewenk aeR

{MeM, wesp) s called @_o%macm i aeR; (me™Mi) for some ic N, In s case
s called He é_e.%a__u; of o (or m}.

(44} Remark: Every dement ae R=8,,,R. (wme M=Q@iroMi) com be wriber (wniquely,
up to order) an @ bdum. o} homo&mmm dewents o= 3Lal, eR; (m=3,m, meM).
The o (erw) ar called +he koi:uocamenu.s componewks of. o (or M)

; k‘f-f;)_?a}{nikon: et R=@poR be o %«:&c& n‘m% amd M=Bro M, a groded R- module .
A subwodwe NaM is calied “0%%&%&0% it N=®ys0 (NnM;_)_ Av ideal T of R is

komv%waom f T isa Momo%mz_ow: Awewodule ot groded R-meodwle K, Hiak is,
it T=@so @ary).
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(4.6) Proposition: Lek R=Bipo R be a groded ving, M=), M @ graded R-module and NeM
a Asubwodule. TThe %o\\owin% are. Equivolehl':

(@) N 5 o hD‘MO%Rmea Aubwodule of M.
(b) N 1s quacvaled by hO\MO%P.h&OLLb dewents.

() For all m=30, wm wibo mieM: meNaed mieN for all e ™.

Proct . (a) = (b) and (c)=> (&) obvious

(B) = (¢} Suppase thok N is guwerakd by howogencous  elemews Tuiljen With nieMy | e
deg (u]) =dj. Lk ne N, e w= T ajn; for some ajeR. For all §, a; = 3§ oy
where 0 €Ry . Hene = Z—I'J,k Wi ny ond He dewewds  ohow; ove howeguncoun

of degree divk. Golledk He derws of Mo rame degre Wy = 2 ket Gdkng € M. The
Mie N ae He howogencous compoucubs ol w.

(7)) Rewark: o R=@so Ri ke a graded nwg , M =@Bio M a graded R-wodule
and N M o homo%uamw; subwodude . My = 4'.}_0 Mi/(NnMé“) s o %rr&Aed\ K — module .

(&%) ’%miﬁoh: ler R be o V{h%. A {—{Ewow. Oﬁ.'R IS G chaiw of vdeals :
F: R=I, 2,2 ...2T, 2 ... whide sodishies T, T, T, Jor oll u,meN.

(43) Remark oud Defwibion: L F: R=T, 2T,2 ... ke o fthakow o e wag R
Consider Ha additive grop  Gre (R) = @uso Tn/Tun . Vefiue o wulbkipicalion ok
4 (R) o folown: Lk & e Tn/Tpy amd RBe Tm/Tuw with wpraewkokives o € T, and
be Ty . Sob wp=ab +Tp,, € Turm/Thrme - s wulbiphicakiow is well debined and
tubends  lincoardy o o muhiplicakion g (R). 4e(R) is o omwakakive ving. T is
Called Ho groded ving amociokd do He hlbwhion T U TER is we ided, He
flmkow T R=T°2 T'2 T =2 ... is colled He Toadic Pllabion bR -

G (R) = hzo TV is called e odocialed Groded ring (Wil verpeck 4o Hu
T-odic fithakoe o RY.



(410) Remark: Leb R=@ Ry ke o graded wing. RySR s a won'w% & R amd
- Ry =By, R is o idead o R with Rir, T R,

.W,,(H.(!>f&_nPosH'\'ok‘- Lk R be a hvg . and I=lay—a)eR a %m\d\’ , amam]&:\ vdead , Thew

Cgee(R) s s homwmp\»\ic. imo.xk:. of M plynowial h‘n%, (R Ty ¥ d . I parkodar;
.%f'z(R‘) is o Necthunau Vm% R s Novhrenon.

?_K_)gi_ There 8 @ Aurgickive homouot—tah{sm.v of nugs ¢ (R)Dxy, 1l — @, Tz
-~ defined by ¢lep =ldrir and. Q)= a;+Tre T/x

(4:12) Proposifion: Lok Re@nso Ry ke @ Yroded ing. TThe %o“owing, e Lquivalewt-:
{0) R is. Necthenone .
(B) R is NocHunow awd R is o finikely  qenernied Ro ~algibva.

,P_\;Qg{_ L&) ;===b(o.,): Hitbed's "Basis Theovewe

ol = ) Sine Ko = R/IRL, Ry is Nocturan . Mowover | Ry s o ,é?d'wl\dy, %a.um\-sé,

9o

howogeueous ideal. Assume Re=Llay—ar) whoe aje Ry, howogenesun. e datwe hak-

- Re=Relay,—,arl. We show- by lnduckion o w thak R, & Rolay,— a1, Lo beR,.
Then b= T, diap dor some f,eR. Lo i bt howoguuiows Componeid- of
degree n=dy of 4, i nyd. and 9; =0 & m<d; Thue b= 3,7, g.0; and by
induchon. hypoteesis g, € Rolay,—,a,1. Hene be RoLay,— apl.

(41%) Defiwibion: Lek R be o g, T€R am ideal, M aie R-module amd F. M=M zM2....

a ciesu;mdiu%, chaiw 0#. subwodules °:f. M.
(@) F is called @ fihrakion ol M
(B) F is called aw T-flbakion o M i ITMue My Jor ol neN.

(<) F s clled o Aldble I-,F{ﬂ'rd—(om Oi_ M il F s an T~ filbvakion. omd il Heee (s an
oe N wHe TM, = M, for ali npn,.
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(¥19) Remark - amd Depnition: Lk M be an R-wodule and F: M=My2M 2 ... an T filvakion
oL M. The graded module omecided do F - gy (M) = @npg My /My s Hohuvally o groded
e (R) = By T —module . The T-fithakow : M2IM2ToMa2 . defived by Hee
powers of T is called Mo T-adic hithakiow o M. gr (M)=@®,, T"M/T* M s dlled

e amociold  graded wodue . go (M) is o graded 9rr (R) = wodule -

o ,(‘t.ls)'bni«mhon Ll R be a Vm%, and TeR on ideal. The %mdcci vm% R-®
- Called He Rees algbva.  ansociaked to T

n>o

;,,(‘,f.,lb> Rework: leb- R be a ring, TSR an ideal , M am R-wodule, and F: M=M 2M,2 ...
o T-Bthotion of M. Theo H=FH,50M, is grodea wodule over R=@, 5, "

u,,,‘(,‘x‘.l')’)(_Pi_oiaosihbm-., ek R be o Nochenas ,v{n%, TeR o iJml‘,,,M o diwle R-wmodule

F M=M2M 2 . an I-hthokiow of M. Th followiug - are tquivalewt-:
(&) F s o ateble T- %Q&wﬂwow

(L} ,{):‘L,,z,@";ﬂ Mm S {’*\mk @ ‘y\;o ~"'W\QAKJC’_-,

, and

o s (o) = (b): Lk npe N with TM, =M, for all mym,. Sinw teny M ds o feile.
R-modwle , M,6 M, @ ... @ My, is o :Y»{wi\rc_ R-wodwle . H is Ckuu_rc)nn\ over ® ,l:y;
S Memeoe.. @M, .

(b) ={a): ~Suppose. ok Ho= R+ - + R whee ;e Mu,. Tor n wmox iy, — e

My <(dL), =1 2o, aimg laje T"™ T e ITM, . T M, € TM,_ &M, and M=TH,
v(‘{.l8) Theoremi (AM—M—R&;} L R be o Noethenmom ﬁn% , TSR an ideal , Ma -?a'u_cie.,
R-module. | and Ne&M a submodule. The I- ftdvoion. ‘%I“MnNinzo of N i T-shoble,

thak s, Haoe is an iwkgr ne N a0 thak TMAN = T (TheMa N) bor ol n2wn,.

ool {TMaNT L0 is oue T-fithahow amd N Buyo (T'MaN) & o howogunows
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submodule o) He R=@uyoL"-wodde H=@,r0 T'M. Sine {T'MYpyo s o shable
L= ftiokiow o M| by (407) M is o finile R-wodule. Thus & is o dinile ®-module
ond by (417) JT'Ma N] s o aheble T- fithokow . N provided thak R s
Nocharian . This  dollows Jrowe :

(‘i-l‘?> lewwma: Leb R ke a Nochunau \n’w%, ond TSR om idea) . The Rewn dg&hv&.
R = @;M}o I s oo Nedhevaou \'im%.

/P&{’_: Suppose. ok T = (a,)...,oh_a. R caw ke t&w“mM wthe He %‘;“’:\'d\’ %&Me.mja}
A\dao.\%g.bkm K= REQ,%,M,Q&XK 0£. Hha Po\ymomd ving RO«

l‘f.zo) Qm“a.ng,: (Knl’s  inleriection %eovﬂn) l- R be o Noethewy au ﬁn% y TR awe i:\ml, amd
M a duwie R-wodue . Wit N= o T"M ; N=T"N for all we ™.

M%V ("MX) Hheve s . ve i s thak I“(I"MnN):I“*"HnN o{or all neN.fE7
depwibon of N, T°M AN =N for all t€ N and thocdow TN= N for oMl weWN,

(‘h')_l) Coro“o.ra: Ll R be a Nocthenam ving. , IQ'}%(R\) om. ideal e Ha “Josobsor.
wdical of R, aud M a fuk R-wodue. Thae (1, T"M=0.

M: lowwma.  of Nakmfama,.
(‘t.lﬁ)(omﬂo.h&: lele R be oo Nuethenon h‘n% amd IQ_M(R> aw idead. Thew 11, T"=(0).

Hrg™ =

(4.22) Comllo.vé: leb R be o Nutheriow domain and TgR a proper ideal . Thec
ﬂ“?’o I“ == (0\)

/P_\-vgﬁJ b meR be o wmaximol ideal with Tem. Pam froue R 4o Ro,.
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‘ ;g.z_; BILRERT = FuNcTIONS

,,~(H-Z‘f) Lemma.: ;H—‘,;‘/R;@,“ZQ,/RW be a. Neetheviam_ WCA V?;h%/ aud. 'Mz’@nza M, a uP\'m"c o
%rmir.& Remodule.. For_all nerd M, is a ,f{uik Ro—wodule .

o Cue |- M=R. The proofis by induckiow. on n. By (412) R ik o fuildy  ganeraled
~ Ry-algdwa. leb o), a R b howmogencors demenls Wikl deg ag=di >0 4o thok
~R=R,Cay, _,a.1. For nso: R, =0 Ry-g, *- - +a-Ky_g, witle R=0 i} L<o. By
~ duckow hypollesis for f<n, Ry s o fuitke Ro-module. Thun R 5 o fiwile Rewodde .
lae 2: M oamy fiwdle groded Rowodule . M is quuevaled by Fudlely woiny  howogeneows

dewenhs Aoy M=TRup+ ...+ Rwmg whoe dcﬁ(m;)aq;?,o . Thew My=Ry e M+ ... +R

n-e, Mg

 ohere Ky =0 f £<s. S ?\i s %m\dx, donernled over Ry S M s a A‘iui\-e. Ko~ wodule .

- {%25) Remark  and Tehmthon: Ll R=@,0 R be o Nectherias groded ving Wit R, ac
 Arbwian viug and M=@pyo Mo o Fuile groded R-wodule . By (th2¥) ey Mo
s an Rommodule  of fude Lughe, te. L (M) <eo.

la) The funchiow  Hy,

,.‘{lum.\n'ou, of M. . e ‘
(B) T power perion e (€) = T 0n0 M) e ZTET s called Yo Hilberk sevies o M |

PN N gloae by Bye)= L (M) s called He Hilkerd

(H.%) lemma : Lebk- R be aw Avkiwiac Hn% and

Gu-
Rpe T el M, —— O

be w fxack Aequanie ¢ %’uﬂ—c_ R -wodules.  Than z;gz_l (—l)‘ﬂR(M;\)gO‘

- Vool By induckion. o w. (196) provides 4 formule for n=z. For ny3 Aplit () iuko
Khovler  rack Afuones 0 —— har(%“._J — M, LK

M, —— O  and

O - M‘, ‘(9 1';,11.. LPL‘ oy - —;?i-'.‘_i—ﬁ

Muo, = imlg,) —— O,

—E\: (‘34:) ER {ker (.t?“_,\)\} = ‘Q‘R U‘h-& + (=) f-R(M n) Qund &17 mduckon L\apnw‘-kw\s
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T ) A (M) + G L (ke () = O, T shodewend Jollows

(4:27) Theorom: Leb- R = @uso Ry, be o Nockheriam groded ving . Assume thok- R, is Aiwan

and thok R=R,lay, _ a.] with o homogeneous  of- degai=di >0, leb M=y M
be o %iuﬂc. %mﬂw\ R-mwodule.. The Hilberd Acries E«H({z) is a vohoual Funcbion of. Hee
gorw,: (t

ha) = =9 < aw

whew fl)e Z0El s o polynousial Wit \'M\e%u" eddicients

?rocf; By mduckion. ow r. Y r=0 , Huw R=R, ond M is a fuwle wodue ovee the Arinian

hm%? Ths M s an Arhiwion. RKo-wodule. amd +he chain o Aubwodules
M2 @u M Onp, M2 ... ls.Al-a)A—iouana,. Heww My=0 for oll npn, and ‘AHH:.)G AR
0. For oll ne™  defive @, My — Murd by @, (m)=a-m Obviously , @, . is

Ro-livear  yielding for all ne™ o sk Aquenie. o). R,—wodules

Yo,
(*O O — K, » My * Mh*—d,,- B LVH-dr- — O

Whove. Ky = ker (g, ) amd Lugq, = tker (9y,) = Mardr/or My Seb K=®y, o K, and
. L - @\1}/0 LM-&A\" M

(o) K is o houo%mwm Aubwodule of M
(ia) L= (@“Ldr Mm)/cxr-M is a Wc& R-wodule

(C) R/Qrﬁ=?et57..«~—.7{r..] =—@h>_. R"' is o %m.AcA r{y\% whide is %;mem\e& over Ro=RY
by -1 howogenown  demenks.

(d) S aK=0 and arL=0, te R-woduen K and L awe Fuite (R/ar®) —modules

The induchown %f\‘apo-“msis %P\M b Komd L omd Hue are Pu\\,mownls %(i},h(&‘)&zaﬂ Ao Hhak
_ © & _ b .

) T Tl bl p B e T e L

By (h26) LIK) =L + L{Murd ) = Lliyd ) =0 and Hocfore 44 01 WE =M

£ (Murac) 147 = 57 £ (Luga, )t < 0. mM% suws yiedds 4L (8)~ 44k wlE) + oy (€) =

’E&r/@\ H:\ (‘1“:) wheve ‘\(ﬁ\) Z...L_A, LM >£L This proves He Huowew.
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,(H.ZS) Debinihon: A Wc& V\'m% ’Ra@n;o'ﬁ" is called b_\gggﬂ.neaw.s il R=R,CR,], $hat is,
it R is %/L\Ae.\'o.\ul " d:%nu_ one. .

(#29) Remark: The funchiow (1-£)" camw be tmibhew an @ poler Aenes (x~t)“=2:f:=°’°“e1fi’=3‘-
Toking. He % dodvakive yidds (o) = ST (4 e 14l

;(4.30)?cw\axk: The. 'binowmial! pol7no\m'als of @QLCx1 ose Je{qmd [¥S -?o\\ou:: (’.f)z\ and
dor keN-(o)-. (x)== ('/M) % (x=t) ... (x-k+l\). Obvicusly, ’;) s a Po\ymwdcd of
dc%a% R aud He ad 4 (X )11&&,.,, forus a bans of He @-vedor spawe. @01,

{4.31) Remark: le R=Buyo R be o kcmaﬂm\mw Necthawan graded ving. and M=@,,, M
a ){—Cm'le, %vodocl R-wmodule . Thew Xm (‘h) com.  be u.m'qu.dy wrHew an

b, () = —%—)): e Q)
Where g (€)e ZT+] with gU)+0 and d=d(M). lomk qlt) = ’Z_,;.o o (£-1)3 wille
¢ieZ and eg+0. Sk By(x) = Z.‘.‘:: €; (~l>d (x:j:;-“')émtxl‘.

(4:32) Theorem : Assuwmphown s in (%.31) . Thew for oll h> S-d+l
Hy(n) = L (Ma) = Ry(n).

Troof: WU d=0, e Rylk)=0 and k)< gle). Suppose dxl, Hae
Iy (£) = ;\—o‘ (—)le; - 5‘:;54-4' + ;J -1y g (1-£)37¢
Sme Tyt o= T, (IET)E, e Adlewedt dollown.
(4:33) Depiuiion: The polymomnial Ry (x) of (431) is calied M Hilberk polymomial of M. The
M{PL\Q}% o M is deud to be: e(m) = { Co i d2
o) & d=0 or M=g.
Nole Hhak R, () = et/aayt x* o dows of Lover degre and  *hak e(M)>0 i Mo,
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Also nole +Hhak He degree. -1 eﬁ’PM(x> s shicly less o, the wunber o} gencraken
of. R over K,.

(4.3%) Examples: (o) Leb R, be aw Arknion ng and R=Rolxg,—,xr1 Hhie polynouwal Hing.
e vl vanables over Ry, Goualder e * wokural Goding. R =@,y R, whee

=4 . %y % lil=n and iyeRo . The number of womomials o degree m
b el vasiabes i3 (7). Theefoe Lo, (Ry) = Lo (R) ("F7) ad By () = L (R) (¥47) =
($ro(RoY/v1) (xer) (xerat) . (xe1) with, €(R) = e, (Ro).
(B) L K be a feld and § = 5. Ay %P xS e Kix, ... %] a Womogenenus
- polynowddal of degree s31. Seb Ro= KDx, —,xe1 =®uso R hoe Ry is Hhe Ad- ol
howoguneouws  polynowials of degre w. Lk S= Rigp) = @pyo Su whie Sy =Ry L n<s
and Sy = Ru/Ry oL i wrs. Henw Jor wis: L (80) = LR~ £ (Ryg) =
(") = ("*7). Suppose hok CE) = X+ e x™ v ¢y with e @, thew
Tl = ¥ (0= (xes)") * €y ™ = =)™ e (ko (xeg)) =

= Yyt X" 4 deus of Jower degues. .

. parbcular, deg (R0)) = r-l = dimS-1 amd (S =¢.

(425) Rewmarke: U 1:)€Q0<A & o polynowial with, Lin) >0 dor all buk fiuilely wmany ne ™,
T bading  Geelpiciand- of & is gealer than O I parkicular | e Bilbed- polynowial By (x)
hoy o postHve. \&A.A{k% cee iciend~

m.%)'gewkw lel R be oo Noctenan Ao focal g Av idead TR is called an ideal
4 depintiow of R § How is aw wme N such Hiak Fed ()™ €T e Jrad (R) (o
tquivalendly | il rad (T) = Jrad (R).)

(‘f,:’ﬂ) lewwa: leb R be o Noelheran  Aewuifocol Hn% and TcR awn ideal, The ‘{’auomu%
Cndiboun ave ﬂqw‘.vol&w\— :
(a,‘) T s aw (deol e£ &e%&n(’riou., a&_ ®.
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() T 3od(R) and Rz is Adkimon. |
Ae) T e Jrod (R) amd . Ri has huile lewghe
4} Suppg (R/Z) = mSpecR).

~Prood: Homework

‘,M,.(',’l..3g)(Rcmo.rk:,.]£_ R ois a lowl Nethewam \'iu% wnth  woximal ideal W, Conditions (o) -:H)
o} (4.37) m,,qwdm—, Yo T s m:.?rimaxa,. -

, ,,(u.z‘i‘) Lemma: leb- R be o aumclocal Noekherom nng, TER ouw ideal ef  defiuition , and M a
~Auike R-wodule . Suppose. thal M=Mez¥,2 ... is aw T-foibvakion e M. Thew
. »QR LM/M.;\) < 00 ‘?or all ue .

Boof: Tor ol neN T"Mg Vi,,‘, and MM, s o bide R - module . Sine T is an ideal of
. definitou Sois T ond Rrn s Avbuviom. Thus A .(H/MM)—.—‘L(QR&Q ("1/»4..,3 oo,

del R ke o Noethevom. . AeLocal vng , TER an ideal of dehinitow ; and M a hwle
~Remodule. Suppose Hhok T is v gmeraked |, T=(a;, ), and Consider e ohtociaked
~Groded bug. and wodule i W (R) = By TVTher  and e (M) = By o TM™M/Tneim
CqziR) is e NocHurow graded veg whide i aa (R/z) —olgdbra.  quneraked in degre
oow by T ap+T* e Tz Tadhenmow M) is o fue graded ¢ (R)-module -
By 3 ad (432) dhex is . polywomsial  PE e @QLx1 o degrer & rol o thak for all
xme o PE (W)= Lo (TM/zee M) = Ligey (TM) mnem) . Using +he exact sequence
O — T™M/zram — M/gmay — M/TM — 0 indudiow. on. yiclds Hiok

() Le M/zhein) = Z__.“;o 2q (IQN‘/IL*"M}.
(%) dplies ok Hhee is o pelyuousial QF € QUX1 so +hak for M.%L w

QL (n) = L (M/zwein).

e H vemaindes ol Huis deckow we show b Ha degrec o P and OF, dus ok
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depend on dhe choice o dhe  ideal of dipuibon T. The wexk Acchiow ielales de Af—%'u, of ’P“‘
{or Q ) to the o\\meuswk, l’g_ M (die M = dine Rong (H)}.

) lHHO)Luuma; Lek- i: R s 1 be a 4unckou,.-mﬂ *&Nouﬁw%,OM: Eﬂub«ﬂau}:
(@) There is a polywowuial Qixye ROx1 of degree. < et wihe £cu\)-a0.(n) for ali ne®™ wile nyng>r
(h) TThere is a Po‘ynolwlqj (Péx)é Q@ix1 of A&a:'u. < with ﬁ(md) *ﬁ(n)“sP(u) for- all e wifle waw >

?Eoﬁ: (a.) —..:puf,): Sek- ’P(x‘):-..@.(x*l)-Q(x).
(la):o(a‘).:ﬁrs-i— nole. thak by induchon. on n: 2 dev- l‘)“ (‘““’) Suppose  +Hhal- P&}-

b s L -1
ka o,k(k) wheve, e @ &7 omuwmphon for all n3u >r: {'-(m—i) —fw) = l(n> aind  Hhevefor :
4?.(5\4.') /P(n\) £(n\) ~/P(u>+ VLw-—l) .g.ku—-l) = ., =

Neng

= Z,,g- Pla=g) + 4ng)

= T w00 (08)) * Lo

= T s Ll (X)) * dt)

= T w (T ) ¢ )

= T e LI () - I ) + o)

T w (W) +e
Whee ce @ s o nstant. The polpmomial Qx)= Ty oy () +c € @G has dearee <
and hokisies QUn)=Lw) for all wBu>r. Nole thok deg Qx) = deg Px) 4 1.

(‘fﬁi)f‘&opo.s\'i-iow and Defmition: Lleb R be o Noclherian sewi focal hng , TSR e ideal of
Jm@imi*ﬁOW, and M a fuile R-wodue. Thew is o polynowsial Q:aé QU1 such thak for all
bowd fg)r\'w;ie.ly many we N QY = Le (Mizm) QY is called He Hilberk - Samuel
polynowdial o M wiHe nespect o T, The Je%nu._ o QF i denokd by d=d(m).

Trood: The oxack nequamce 0 —» T TN — My MErm —— 0 yidds dnak

PR = L (T Wamn) = £y CYzoem) = Le (Mzam) = QF (n) = QF (-1, The
stolew et follous by (44o).
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(42) Proposition: lek R be a. Nochenoan Aewi local Vs'n%, P YR l’dea,\s,sg_ depinition , amd M a

it R-wodule. Thew &e% QJ,; =d(M) = de%, Q—‘,‘;’,‘ The Jc?'u, of. 4 Hilber - Samuel
,T,i,Polynowula)‘ is. independend- of . choie of. Hhe ideal of dedinikion ..

Poof: Lk m= Jrod (R) and a,be™N such diok W*STew and mochem, Thew T°¢ 7] and
37T and for all ne N TUOHDM g M g ey o TR M Thg fwplies Hhak-
g (MM 5 G (Mg M) ond Lo (M) > Ly (M/;cwm) Thocfore for Aufficicutly
o ni o QF (bueb-l) > Q) and @3 (anva-1)2 05 () . T

dtﬁ,‘Q: (bx+b -rlt):-‘ de% Q:f‘ ) > c\c% thﬁ) = c\eg QM.(O\MX*Q.?!\), r.{ué, Ol (%)

(443) Theorem: leb R he oo Noctheriaw rewifocal ang, and O —a MM M >0 an
- rock Aguena of. fudde R-wodules . Thew d(M)= wax (d(MY), d(M")). Morover, i TSR is an
~ideal of definition , How QF, and @F -@T, Ao He same degree and Mo soume leading

- redb. We woy oasume thak M!is o Avbwodule of M and thak MU2 Mk Lok TSR be an
- ideal of defiwibon.  Sime MYTHMu = Mgy Tam e Mquenc

O — (M'+I“M)/3:nu — M/Ta s M/ ey — o R
s txack amd L (Mizem) = L (WD) nm ) 4 £, (W) = RQ(M‘/wn:w)MR(WVmM“)
Leb N =N be defined by @)= 2 (M/MaTM) for all ne N. Thew Jor odi nxng:
Q) = QF, (=) + @ln) and Hax s - polynomiol FG)e ATx1 widh Fa)= gon) dor
~oallnyn,. Siwe QL end F hase posikive Loding.  crfficients, d(M) = deg QF, =
mox (deg QT ) deg F) . By Arbic- Ras (118) Hae is an ihger ce N a0 dhak for all waes

I M g MinIT™M ¢ T e g

Hewee forall nz mox(ne,€) QL (0) 2 Fluel) > QF, (n=C) . Thun deg QF, = deg F ouad
Fond QL hove 4he rome Wiw% ceePhciend.

(‘M‘i) Qrollary: lek R be @ Noctwnaw Acwifocal rug, M o hulle R-wodule, and M'eM a



loo
Aubmodule . Then  d(M) < d(M) and d(M/m) < d(M).

(445) Gorollary: Lo R be o Noebheriaw Aewilocal ving,, M a fiwlle R-medule , amd aeR
o NZD ow M. “Then d(H/a_;Q < ci(M}-

w: Gonsider  +he ack Aequnie. 0— M S M — Moy —> 0 where ‘t(m):&wu. Sor-

(tohese M"zM/aM) hove Hee Aome c\u&m_ omd  He same leo.&imc&/ coefficient. Henw
Ae.%, @.j;,, < &cg, QE& .
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; § 3: DIMENSION

(446) Dehimition: leb R be o Necheror semilocol Hng ond M a wonzers tinike. R-module. Define.:
; SR(M}:z.,iug- fnen) 3 Uy Oy & }mAm{Rj Ao that Le M/ (aMi .. copMy)<ee Y

&

~{H47) Rewark: Assumptions. en in. (H46). I Jrad (R) = (a1, —,ar) Hhen L (M/3red(RYM) <65 and
,,SRLM) Lr. JM,,;,Po.rchlarw,. S,ﬂ,‘(k\)(.w

e kel R be oo Notheviam.  dewilocal vag, TER o ideal o} dehinition , and M a Aintle.
R-wmodule . The Hilberk - Samuel polynowial ar )€ AT ef M with »e.upcc;\r o T

wakisties for darge w: QT ()= Lo (WT™IM) By (Wb42) dg(M) = deg QF does wok
‘&tfxucl ot choie of e ideal of debinition. T By (443) for an oxack Agluane oL

deg (QF - QF, — QN ) < dg(M). Tu He following e Wik to cowpare  dime (MY, dg (M),

and sl M) .

(442) Lewma: Lk R be. o Needherow  hemilocl g aud M o honzero Binile R-wodule. Then -
(a) For all ae Jred (R), sg(Man) 2 Sp M) ~1.

(k) I ae Jrod(R) wite a¢P for oll wininal primes  Pe Supp, (M) thew C\R(M/O.H>$ARM>—\.

?v__ggg_: Seb- M = M/aM  and nole thak- i:by NOka),mMQ_ M40,

(e} Suppose Hhak s=s5g (M) and ok By, ag€ Grod (R) wibe g (M/lay,—, 0T ) <eo.

Sine  M/(a, 0 )M = Mo, ay—, )M, i+ follows thak- SeM)+l 2 Sg(m). .
(b) Obviously — anug (M) g aung (M) . lek 4P, Pl be the adh of winimal prime ideals of
SuPPRm\):\/(amR((M)‘)."B\, amswmption. 0.4 P hor oll I<ige. U Pz Qumng (M) Hew

-

PigP Jor some 1Sisr  Hewe din (R/e) < dine (R/e) ¢ dine (R/O.\il(_ﬂ\)‘>=3im_ ™.
This  shows dmak &\.KA,‘R,,.(,M\/G.M> & dimg M 1.

ae P oand
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AN 4N Theavem: L R be o Noctherramw. e local \rin% and M o nowzero Fuile R-wodule . Then
. ,‘J.I'M.K M = AR(M>= Sg, (M\ .

: u L) e Way replaw. R by R= Rome (M) _omd . assume thal- a.vm..R M)=o0.
N of (1): (a) OBv;ouA\\i . dqu = dimg M. R , .
o (B)dR(_H) = &Q—(M)jf- Te }a.A(,R) isam ideal n£ Ae.fq'uijn'ou, O;P.{R, thew. T=T+4 e (H‘)jS‘ ;

in o idea) of defuibion of R amd Le(M/ATmM)< L (MEK) Thu Q5 =QE and
- dr(M) = dg (M) .

() srM)=sgM): Lok wSpec (R = {my, — mnf I aung (M) € wy Jor ol [€06n dhon
SpiM) = sg(M) , Alew ey T e ad (R) is image of o demewk a € Jrod (R) . Suppose
o (M) S D e Okd Qg (M) S M Voot d ooy e e Jrad (R wible
A AMiay— e M) < e Hue Sy g & Jrod (R) witle g (MU, ——, @M ) < so. Thus
- hpM) 2% (M) . In order do showr tquality. wok. dhak owng (M)« Wy ne =R and Lb

q€ anng (M) and temp,n...0om, il g+t =1, Suppose Hhak- Oy —, &g € rod (R) withe
Az ;”«(M./.(a.,,._.,,,‘oi&)m) <t omd Mk o, — o ewmn..nm,. ke preimogen of e & . Thew

ai=agq #Q,’;t‘ wmd oM =0ot+M whoe ote drod (RY) far all 1 iss. ”TEM,_[E Mg, -, T m>=

Lo (Mftan,—,am) = L (M/(a,k, — o))< oo Thus sE(M) 2 5.(M).

(2) Amk & dpiM) ; B ; . e

B of (2): By induckion ow d=dg(M). Lo m=drad (R). I dp(M)=0 , thew I Lﬂ/mhf'm)

s o cowshamt Jor all M3:up. Thua M™M= m "M dJor nym, o,u&hy Nokayama w"M=0,
Henie W™ g ama, (M) and by (o) Rame (M) is ai Arkiwion ring and dmpM=0.
For B induckon Akep suppose Hrak dg (M) = drl aud lek BER be a wimiwal prime ideal
ibe dine %7, = die R = dimg M. (Noie Hhak possibly diwe R =%.) Sine ommg(M)=0,

Suppr (M) = Spec(R), and T, is o winimal prime ideal o} Suppg (M) . Hore B, € Assy (M)
and Hawe is @ submodule NSM wille NTRAp,. By (4:93) dg (M) € da(M) ond ik Auliices
o showr thak  dp (N) 2 diwg N = diwg M. Wk BgPg ... 5P be a chain ol priwe. Vdeals

oL R. e wed fo show Hhak u < dp(N}. { =0, we are doue. 1} n2l, pick ae B=F,.

Sme N=R/E . He demenk o is a NZD ow N ond Nign = Q/Fi\v-(cq. Mareouer
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CP/rrle) g RRea) § .- 5 Fa/Brle) i @ chain of priwe ideals of Tenghe w-1 i R/B 4 (o).
o Hente divg Nfan = dine RfPy+(a) 3 n-l. By A%48) dg (Van) € dg (N) =1 < dg (M) amd Hee
- mduchiow  hypothesis applics 4o N/an. Therefore. dg (N) =12 dg (Wan) > diwg Van > u-|
—and dg (N) > n. This ahows  Hhak dp (M) dimg M amd e padicular, Hhak diwg M <00,
L A3) dp (M) € sg (M) - . - |
B of (3): Swppose s=sg(M) amd lek Q10 € drad (RY) b Lo (M/cay,—a0yM) < 4 . Sk
T=layag) be woud to show thak T is an ideal of defiwition. or tquivalently , thak R/
s o Avbuiaw Wng. lek PeSpec(R) witke TSP, Sinwe anig (M) =0, He localizakion. M, %0
—and by Nakayama. (Mam), = My, /TMo 0. Thuw Pe Suppg (M/TM). lek QCP he o winimal
~powe ideal i Supp (M/ZH) . Then Qe Assp (M) and Huee is o Aubwodule Ne M/cm
e NE R, Sine L (MIM) <so, Lo (N) = I (R@) = Lejg (RR) < 4. By (L4T) R
hakistion the d-cc. and R is os Avknian Wug. By (198) wey prime ideal o) R is
~mexiwal. Thur P=Q, P is o moxiwal ideal o R 7ol (T) = Jrod (R) , amd RAZ is an

Arkincan Wag. By (4.33) deg PL &s-l and Heelore dr(H) = deg QF, <s.

(H) Sg (M) & diwg M | | | |

oo (4): By (2) dimg M<eo. The proef. 42 by iuduckon o n=dimgM = dim R. I n=0,
ot R s Adbwiean  aud Le (M) =0. Thuas srM) =0. Tor e induckon A\eip Asuppose. thak
CdimgM =usl. Lok B, B ke Mo miviwal prime. ideals ol R with diw Bl = dim R =
dimg M for all I¢ier. Sine dimgM 21, nowe o) Mo T, is waxiwal ix R and
Com= ped(R) 4 UL B b acwm— U B By (449)(a) Sr (M/aM) > Sg(M) =1 and by e
- Choie. o o, diw RAarR £ dieR -1 < dingg M = 1. Sive ding MlaM & dive Bar & dimR -1 = n

'

He induchow hypotlesis applies 4o Mjam_ and S M) =1€ g (Miam) € dimg MiaM £ diw R/aR &
Cdiw R -1 =n. Twis shous sR(M’) & onkl = &\'mR ™.

{'.50) G)roua.n& i bk R be o Noethunaw Aewmilocal ng. The dimension , dis R, o R is dhe
least~ wuwmber o} gonerakors o i ideal of defiuition. of R.

(H.S‘t}%‘u&kom bl R ke a local Mochherosn h‘u% wibe maximal ideal m and M a bidle
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- R-wodule. i dimg M=n. A rd o dewenky Yay,—,a,4 S w is called mé\a{\y_@_ o paamelers
b ML A (M/(ay—amM) < oo

. ,(H.Sz)ﬁaww-k: Syshewes ,og_,,(ioo,ro.mdu& a\lwa\,.s.‘;‘euis\-‘. e

&

e He %oilowi,n%; (R,m, k) denolen o local nng R with woxiwal ideal w amd it vesiduo

LA Com\\o,na,: ek (R,m,k) be o lowl Nechuesar hm%'mcu, o\imR&éimk,;‘“‘,‘/ml _.._.._{;L_(m\,).
- P s By (135) omd (449).
(H.S‘&) Debinition: Lok ,(‘R),W.,,.k), e e local ,;Noe.l-hcriaw_.wﬂ.viu%,.w,,‘«,;,,

(o) diw\k M/mz = edive R is called  dhe Lm%eAc\in%, dimensiow. of R.
(b) Rois. colled a tegular ol hvg (RLR). L dike R =ediwe R = dim, "/wm>.

(455) Tueorem: Lek-R be a. Nockhraw g and FeR a piwe ideal, The following ase 2quivalent-:
(@) btPsn .
(b) Theve ave slemenhs a,, _ 0, &P so thak P is a ninimal prwe ideal owr (a,, —1G )
Proof : Nede thalk R, is @ local Nocheros g with woximal ideal PR, ond AR = P,
(&) = (b): S P = dine Re Su, by (%&%‘)‘ theve are se€R-P and o —ane P sude Hhah
(&5, —, YR, ix PRp—primary. Thae P is o winimal priwe ideal over (a, — o)
{b) ={a): Lok T = (a,—an) and P minimal over T. Thew IR, is PR,- primory. Hewce
IRp is aw ideal of defuition of Ry, By (4,49) diwe R, = IaP gu.

(%.56) Garoﬁo,n&: (Krail's pvimdpo,l ideal -H\emem\) lel- R be a. Nowtheraw n'vw& ond oe R-r*
o Mowssit o R . Every winimol prime ideal over aR has huigti < 1.
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(4.57) Gno\\oma: (%me,m,\im:l pn’na’[aa) ideal -l»hww.m) leb R be o Nocthena nng and T=(ay,—,a)§R
om ideal. Ew;na, wintuiol prime ideal over T han :&M%)U— fn, poﬂ-ﬁu;.]ar, LbTen.

(‘4.38‘) Coko“ana,l leb R be o NoeHunaw nug ond K gP ¢ a chain of pome ideals of R.
There ave. \‘u{A‘uLMfmam7 prwe ldedls Qe Spec (R)) wike BHgQ G P,

T We way amume Hok T =0 aud Hak R & o local Noelkerias dowosii. wible woiwal
ideal Mm=TRp - By amuwphon Wrm = dime R 2 2. By (UST) wesy cemenk ac m=(0) s
Cokalued in o priwe ideal QR with L+FQ =\. Thus e Uﬁ'rn‘m,wroﬂ Q. Y Hae ae
only Bididy wmomy priwe. ideals Q of ﬁmaﬁd— owe | Hun m=Q for some hugli ok prive
ideal @, o coubrndichow.

;N.S‘i\) Tweovewn : leb R be o Noethonau \n'vn%;, RO, —,xu 1 +the ‘poiy,novu'al h'n% e
Vonables over R . Thae dim RO, —,xpd = dine R +u -

Obviownly, it Aulbies fo show Hhok diwe ROx ] = dime R+, The proo}. uses Aeverol lemwas.
(‘M:O) Lewma: Lok R be o Nelhedan h'm&,, ¥ o vanable ouer R, amd FgP ¢ ¢ P o chain d
phwme ideals b‘g_ R, Thew FRGA g PRIkl ¢ ... ¢ P.ROx1 § BRGAF () is o chaiw of prime

ideals e RCx1,

oo RGA/AROxD 2 (Re)0x) and RO/ (Pr+6)RGA & (RO, RGA)/(%+60REGD/ 7 RGAL) T
(R T /e (RR)Dx] & ®/e,

("Léi) &"’H‘*"?Y" dine Rix]1 > diwe R+

(‘téz_‘) lewma: Lok P Qe RIx] be prime ideals  Wile PaR=QnR . Thew P=(PaR) RO,
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oo} We oy arme Hat PaR = QnR=0€Spec(R), +hak is, PaR=0 and R is a domain .

- Pro, Hue is o chaw o] priwe ideals 0$PSQ i ROx1 with QnR=o0. With $=R=-(0),
CSTHREKT) = QR)Ex = KOxT, tehare K=QR) is . quokiewk ficdd of R. 0 PKEx) § QKDx1
s o chaiw ef, priwme ideols iw KOx] omd dine KGxl2 2, & cowhadickion .

, ,,(H,.Ls) lewma: L TeR be an ideal amd ’PeSFec.LR‘,) o prme ideal Whick is Wwiniwal over T.
_ Then PRIx1 s a winiwaol prime. ideal over TRGA.

, /..P‘L‘LQL /&\, ;(“.62\)
, ‘H.H) lewwa: L R be oo Noeethenas h'ug, and PeSpec(R). Thew bk P = L PRIx1.

) Ml Lek hE P-.-.n.,’b\, Ul.ss) thoe are demewds 04, — 006 P a0 Hhak Pis. o winimal prwe.
ideal over T= (o, ay). By (463) PROx1 s o minimal prime over TROxL. Thua Lk PRUx] gn.
i Toehg g =P b a cdhain o prme ideals o R. Thew BRIKIS .. . g B RGA= PROx)

s o chaiw of. prime ideals iw ROx1 omd &bk PROA>w .

ool of (#59): b haw fo showr Hrak- diwm RTx1 € dimR+l. bk QugQ ¢ - © O be o
chaiw of prime ideals i ROxL and A PL=QunR. SKPPN, Hok- Fr= Py dor some C
nd K- 4§ be wmadimal wide T =Fe . By L462) Q) =F ROx1 and by (%io4) bk-Fy= A-Q;.
~Twis Ahows +haik Li- T > 3. Monover, T i e TS o~ §F s o chain o priwme ideals
ol R of dnge r—j-1. Thus A+B- 2 rol and dine R 2 rol.

; H.ég} Coml\arz: leb K be a ff{c.icl. Thew
(o) dine KCx,, —, %y =n.

“:)) “For all 1¢rgn: w—,(x‘)_,,xr>=h

“Zryﬂv_: Howe worte,



