10

CHAPTER Wl : FiNMELY GENERATED ALGEBRAS OVER A FIELD

,§,,t; HUBERT!S  NULLSTELLENSATZ

(30 Poposibion: le- Kel be o deld oxbewsion amd o, _, «, €L algebraic ower K. Lok
Xy % be Vanabley over K. Tor ol Igien e it a polynomial fre KIx, —, %1
~dohich s wowlc i wg Ao ok K(a,, e B ) o= Ky, — 0 L = Kix,, ...,,x“ﬁ/,((’.,h_,gn). ;
- Prool . By induckion o m: Y n=l Heve s o wowic polynomial LeKix] with K(a)=Kisl=
L KOA/) . s Me wiwimal  polynowdel o) & owr K. o
n=l=ns By dkduchion hypotusis  E= K(sh, — ) T KO, —tna Wiy 0,10 vl
foe Kx,—, %01 wowic iw % Jor all 1&c&n—t. Sine. %y is algebmic ove- B Eldn)=
El«.1 £ Eixnl,/;(%) whoe ge Elxl s He winimal polynoudal of «, over E. Conside—
Ho surichive "\omowwraa\m'sm. of wuga g KO, %1 —— KLy, — oy, 10 = EDx
defiued by ¢l =idic, PO)=ay for I1&icu-l, and ¢lan)=%u . Tre is a polynowmial
o e Klx, — x ] wwhich is mowic in %y, omd widle @Un)=9g . Then

Ky ) = KOs, ey 1= ROk, %0 1/, —, £.) -

{(32) Definition- and Remark: Lok "R and S be vings. S is colled we R-slobra f € i
o R-module. I S is an /R——o.\o&,m\;m_ Mo wop @5 R—3 S defined by la)=al for
aolf aeR is a homaw.oq:wsm Qe_,n'wc&A. G)VWCHLJ\', Loery. ‘\owwwar\phsm of ringh

R =S defiwn o R-module Atruchire sn S and hene wakes S iwko an K-algebra.
P ¢ R— ST Mowomovpi«isw. of. hugh, S is calied @ %mik\y Qeneraked
R-dlgdoro. i Hee ar demehs by b, €S 4o thak dhe howowsrphis e

4 ROty %yl — S defined by wlg=¢ ad q0u)=b forall I4ien i surpickive.
Nole Hhok o fuikly guuvaled R—algbw is, i gowrol, hob a fwle R-wodue .

(3-"5)ﬂmvem: lek ReSeT be. Vin% oxlensious ond aMume Het K s oo Neebhuriai



N

, V\'u% omd Tois o %\'WLH\, %u\em)ed ’R—ol%x\b\‘o._ amd n,;%\'v\(\-»:_ S—-W\odule..j‘\e,n S s

—ooe Hukly  gemeraled R-alggora. .

ol Tk wole Hhak- e oy veplaw R by g ving REReE S whicke & o fnilely goneroled
o Reclgbra. he wonk bo construck o Ang Ko with ReR,c S such +hak:

~(a) Ro 15 . Huilely qumaled R-algdoa

By T s e Fute Ro—woduwe . o ; ; -

.Sine. R, s o Noebenaw ving , T is o Nichheriow Ry—wodule . S is am Ry~ suwbwodule.
ol T Thus S is o fuike Ry—module  and o binildy gunevabed R-algelora .
M odes  do tomstuck Ry wmle TR, — xnl = SRi+ —+S{,, dor. some i, PyeT,
e dor all 1o wi= TN Ay whee Age S Replaw R by
CRi= ROAG | 1&cen omd Igemf e S Thus we mon obsume - xye RUBy, —  oml
cond Hoehe T=RIB, — Pul= SB+ —+SPw. For all 1€ peme thore ave dewenks
Mik€ S mo dhak BB = T :;_‘ Pigk P Seb-

R, = RO | legpksml e S,

- Then T= ROy — Bl = Ro B+ — + RoBy is a fuile Re—wodule .

(32 Theoem: Leb K ke o feld and R a hinilely generaled K-algebrao . 1L R is a field
e R s olgbrasc over K.

Prool: Suppose Hhak R is o hedd  whidh s wo- algloroic over K. Tue feld extension 'KeR
is finildy gqueerodd and  thee & @ drevscndene.  basis Ai—iYe 1SR b R over K.
Wit T= K(yy—ve), KeTer, T s purdy tramscmdadel o K| and R is ik
dgdoraic over T Thus, K is o Nedwrion. vung and R o fuildy guuraded K-algebova
and a Puile Tomoduwle. By (32) T is o Fiudlely  Generated K-olgbva, . Hone Huae
e demenks 4 q0e KOy, — ve Dl sude Hiab |

T= Klyy—ya) = RO%/g,, — 4ig, 1.
Siaw KDy yed is nok o hild, o is o g7 with g ¢ KL Sk b= TN g0 + 1.
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Thew hd K and M is hod a unit in kfy,, —r e

' )/k :Z__J ('Q,;.,i’“‘)é L) "a'(‘ci;';—;;'iﬁ) l/%l> ‘ . 'gu/%n “" e (-qu‘-& sm)

o Awbere owuvr i) €K Ty Have s ane ve N a0 thak

Sinte. '/h eV,

(%) gr.‘) (2, =ayent g Gy 2o ‘g" 3'

;,‘"""f)fi, = KE\’.”..__.,, Vt]'
. “KEanrYu_ s e foclonal  dowain . 'E.y,(%>‘ b dividen [%‘\,

%_“> whichk iiaplies Hhak- Hiee i
: _wn,v,,!'hedud,kic.w“Po,\)mom‘al,, peKly, vl whide divides di amd. (g Gu) & comtradickion.

(3:4) Theorom: ( Hilbert's  Nullslellensak. T) Lk K be o 4ild omd we Kxy, —, %y 1 & Waximal
Cidead e Hee polynomial hug . Ther

ey KO, —, x0 X/ s an a\t}oj:‘fwc uxhension. ?\c,\c\ e{; K.

Ab) w5 %x.he.mia{ ‘ LY n cemenks. )
g Y K ois ol%pkmical\y dosed , theve ave  demenks a;e K with w=(x, &y — % om)

Proof» (@) KOxy—yxol/me is o fidd and o finikly gqueeraled Koalgebra . By (33)
RO, xu D s al?l:m.(c, oves K.,

() I K s d?.kmcally closed ;, M woduwral mop K — Kix,— ﬂ‘-ul/‘/\k s suepichive .

Thua %\-{_ e € K hm-i-iq XL ~QL,(BMOC3“M>” tmpym% = (x‘—-a“__—, x,\—-aﬂ) .

QS.S)Weo&eM: (Hitert's MuiisH‘m&dzE) leb- K be o %dé , R o 4{@&&7 %hevnk_.&
K-olggbra. amd TER an ideol. TThew vod(T) = 1 )

Toem Y WA Wme, W .

M: Wth'\ma/ oshuwe. I:(o) ond howe to show Miﬂ(R)=W(R‘).M fant shalemend-
is quvalemd- do: 0] 14 WL (R) Hhac thae is o moximed ideod we R wite Ldw. I

14 wl(RY Hhae £%40 for all me N omd M Locolizafow Re=SR, whae S=0LE

is uob 4he wull V\u%. Lek- WS Ry be o waximal ideal and wm= L‘R—.;}-(“‘) ik

whrackiow +o R. We daive dhab we i oo weomiweal ideal ol R. etk wole thah-

Ry = LQ‘?_LQL‘/;J is o Huldy gueraled K-algdra . By (2.3) Re/n & an
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algebroic xkension. dicdd o} K.i (onsider Hhe i%&c_\%w \'\omomov\:\u‘sws-. Ko Ry s Re/n=L.
Siue Kel is o d%&.%\rm'c %’e\é xlensiow uny iwberwmed iake. Viv\% KeTel s o keld.
Hone R/m i o hiedd and m is o waximal (deal ol R wite féwm.

(2.5) Dehnition: leb- R be o Wag. A dinike chain o wil diskiud- prime. ideals of R:
FogPs - B is wlled o priwe. ideal  chaiw. of. /Q__t_naﬁ__n_ we K.

(3.6) Defiwition: ek R be a dng and M£0 o fule R-module.

(&) Lo PeR ke a priwe ideal . The M‘X& of P is defiued by :

T = Aupin | 3 o pime ideal chain o bnghe n inside P BgRg g RCP]-

(b) le- TR be ww ideal - The heighb of T is defined by

RET = il {4k P | PeR o priwe ideal with Tepl.

,(,C.) The (Kedt) dimension of R is gven by dim R = suwp i Lk Pl Po prwe ideol of RT.
(d) The (Kadl) dimensiow. of M s Yo by dimg Mi= dim (R/amng (my).

() Lo PSR ke a prime ideal. diwe P=diwe Rip s called +he divension el P (wRY.

l3.’l>Remo.rk: leb- R be o h‘w% and PeR a pri idead, Thae WeP = diwm Rp = bt PR,.

(3.8) Rewark: Lok K be o \{’-;c,\oi and K a %{v»i\dy %ancmlec\ K—olckakva, ond o. dowain. .
The quokiawt ficld L‘—'-Q(Q) is a %mlk\y Gemeraked fadd  exbensiow. ol K. Wwe define:
%Jué,‘( (RYy:= HQ%K (L) )

l?.».‘i)—rkwbem: Ld— K l:xc. [+ 9 Md\ MJ (\'2 [' %&wﬂd\, %&Mc\—n..\en\ K—o&%ﬂo\'& m\a Q. AOMG,(VL~
Tha  diw R = H‘%K(Rs-

Proot. S d-dim R and £ = drkeg (R).

(a) Lk (0)=%, ¢sPg ... $Tag R be o chan of priwme ideals 9 maximol fmaﬁuﬁ_é m K.

We claiw  +Hhak- ’:m\e%K(R‘) X 'hdc%,K(Q/p,‘) % - 2 M%K(R/@. I orde- 4o prove Hiis
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Hoaudhias do showr il QEP ae prime {dedls o R Hhew trdeg, (R/Q) 3 trdeg, (R/P).
We Moy asume  Hak Q=(0) and have o show for amy prime ideal P (0) +hal
T e (R) 3 trdeq, (RAP). Lok PR be o priwe ideal, P40), and e=trdeg, (%),
Choose oy —ar€R s dhak hT, TR/ is o hansundene basis of Q(R/P)
over K. This iwpliecs thak o, _ 0. € R o dggbrascally  iudependont over K aind
ok Kla, ol nP=(0). b S=Kla, _,arl=(0) amd L= $'KClay, — acd € 7R
Siwe R is a %m‘k\y qenerabdd  Klay,—jar-l-algebra, SR is o ?(ml\.e\\, Quneroled
L-algebra  awd & dowain. Sinw SnP=g , sTPc §IR it o proper, wouzive
prime ideal of STR . UL QR) is olgdbraic over L, Lesy iwlermediake  ving
LehAc QR) L oo didd and SR s a deld, o coubradicHon. Thus trdeg, (SR) >0
Wnd g (S1R) = brdeg (1) + drdeg (STR) = 4 brdeg (STR) >viz brddes  (R/p) |
(L) e show- by induckon. ow t Hhak t<d. I £=0, o R= QIR) s o feld. Lok
t50 amd ddb aeR be tomscmdentad over K. Sl L= k(a.j ond S=Klal-(0)ce R.
K is a «Fuﬂd\, Yemeraled kfﬂ‘d?&m ond SR s a {"’“““\d‘l %}L\MI.‘(M L:al%a.\sm.
Moveover, trdeg, ($7'RY) = £-1 ond by induckion. hypotusis dim SR » -], Lo
(0=h $F - $Py ¢ SR be o chain of priwe. ideals of LngHe -1 {n STIR
and Lk Q@ =RnP be ik Gwhachow +o R. Then 0)=Q, QG -+ G Quy is
o chaii of prime ideals of lunghe £l iw R. Sie @ nS=g, Qe nKCa] = (0)
and we R/Q., is tromsundewkal sver K| By (3.3) Riqg, is wob a hield -
Thuws Heve s o prive ideal Pe R/Qy. il P+0) oud dine R 2.

(3.!0) Co-_"?.‘_tg‘."‘&’ lek K be a bedd  amd KOy, —  xu 1 Hee ’fo\\fuom(o.} \'iu.% i 1 vorables
Oyer k; —M AiWL KEXU-—-‘X“:&:V\.

(31) Dehimibion: et R be o Nocthevios bng. R i called cabenary i for all priwe ideals
P0eSpe(R) wh PsQ ol sadwold dains of prime ldeals PeP e .. ¢ SQ have the
Aduse. \w%un. (Achain of prime deals B ¢Bs .. B it sohrakd i W caunot be
exbended , +Hhak g, Hre is wo priie. tdeal W owonbe ToeWs TPy %or- Aowme O<LS n-\.)
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{212) Remark: (o) No.qu,\-n., Construcked in 1956 Hae insk unn-m\mw Noethe o Hing .
) (L) ?o.“(ﬂ_ showed  in 1972 thak o lowl Neetherdan domas K s Calu\o.né, i and on\\l L
G-P + dine ®/P = diww R for all PeSpec (R).

(3.!3)?:_0Fosikonx L. K ke a %’e.ld}/R—: Klx,, —, %y 1 Hae polyvowial hug_ over K, ond T¢er
an. ideal. Thew AT 4 dime R = dime R.

Proof . Howe work_
(3.‘!%)%;905&{0": kb K be o ‘%\EH. Ew_né, {likilelxl %eh&mlec\ K"ai%c\:m. is Ca)ehm%

M : Howmwcrfc_
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. §2= ALGEBRAIC  VARIETIES

N (3-!3) ;’lk;y—,(nikow ek K be o ,-Fd&. The ad u/;'l\nk =A'=K"= ‘,{(a;,-.-,o.v,),‘l,o.,iek,ﬁ s called  Hhe
~olpive w-spate. A eJemer,e,”P:«(a.;,___,a.“)eﬂ\nk._,is called o poiwk- in AL, Hhe a; ove e
~ caordiwaltes ol P..

,,(.3.J6)’_D§:?{m{,¥ioh,:, (o.) Leb T e KOx, — %) be o aubsk of He polynomial »\v{u%,.‘ TThe md-
CZT) =4 TPe A | 4P)=0 for all LeThe AL is Mo zew sb o) T in AL

[L,) A subad- Vg AL is called o g%;h_,\_ vaxicky (or algebraic .mm\de}—,\&B i Hwe is a
o worek T e Kby —yxd  with V= Z(T) o

(3.47) Examples: (o) Linear varehies: b T= o — by £ KDx, —, %] whee He 4 aw
linear _polywowdials. E
(b) Hypersudows: Lk feKlx, —,x,1 =K ke o polynowsal - The Aek- Z(4) is called o
hypersurface v Ay W w=3, ZIE) 5 clled o sudaw. A K is ok algebraically closed,
, ,(Jns“pcr) Aurfaes  way  deqnerdle do o Mugle poink, a e or the tmply Adk, For Uiawmple,
ool K= Han Z (xMy*e) = )\(o,o,o')ﬁ and  Z(x%y=+1) =@, Hypersurdaas o} order Z
- (colled  quadrics). ave described by ac cquakow 4 = 2:4:,‘{21 Qi XXy + }:_‘::__‘ box +c=0
wluve o, be,ce K. ;
) Piane algdbvaie curves  are hypersudaus in Ag. o
W) 3 T s, K,y o ZO) S AR i M (0,5 ~plome. Fogablar itk e xi-axis.
) Algpbraie qonps: For temy Ae GLy(K) comsider o poink (A, dd (A™)) e AL
The sd- of oll dhese poiwh com be idedifed wite Ho hypersuda :

H=Z (de ;(xg‘k) Keksn Y — 1) S A:LH . Mavix mulhiplicakiow. provides & group
Opevakiow o b

Hx b # ‘
€4 &L
E (A, dek (A1) (B, de(B1)] —— > (AB, dd-(&B)M)).

Varches whide are pmvidc& wite a group operation ase called Q\%A)vm.\fc. Yroups.
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.{3.18}?:\64%: leb T e Klxy— %yl be o Aubkel omd T= (_T) e 1deal %v\e.m‘\rw\ \07 T.
Then Z(T)=2Z2(T). Every olhiue varehy is He zero sd of an ideal in KO, — 1

Since. KBy, %, 1 & Noctheraw |, Z(T) is He zero rd of %&wi\d\, wasmy  pelyuo wials.

(3.19) Proposikion : (a) It Y, =Z(T}), Y, = 2(T,) & A ave offine vanehes | 40 is Y,0Y,.

, (.b) WU =ZO)ex s a s °’¥- affine. variehes | Hi inberechow Mier Yo s
O offine Varichy .

() yﬂ and ﬂ\: o ofhue vavickes .

Ms (o) Sck Tz”ﬁﬂz [_{.g,\ LeT| ond %"T;?S . Obviously , Y,uY, c Z(NT). I T oY,

Hew thee ave LT ond qeT Wit PP)40 and 3(P)F0 . Thus (ﬁg‘)(f”)#o and Pg Z(7T)
) Mier Yo = Z(Ueex T2)

() ZU)=g and Z(o)= A".

13.20) Definitiow. amd Remark: Pebiue o Zan'.ski-—l—_o\gg_\g% on AL an follows: A subaek

Ye A% is dosed i'f;_ and 0\4\\, it Y=Z() s on alfiue van‘e}%. By (3,\‘3) this d\:{éms
a %Poiow on Av:( wite open. Acks ’U:—-Ai ~Y whee Y s an alfve vam’c\—x&,.

(3.20) Example : Leb- K= €. The closed Acks of €=AL owe Hhe vonches Z(T) whew
Teelx] s an ideal . Thus I-«—-W—j for sowe 1 = (x-a,) — (x—ap) & CTx] or L=0,1.
Ju He ZMskL«%Fo\O% 4o dosed ads of AL e @€ ad Hee frudle aubrds o C.

(3.22) Defickion: lek Yo A} ke o subsek . The ek

) = {Le kb, —xd | £&P)=0 for all Pe Y} & KTxy,— %l
is lled He ideal of Y. (Nele Ythak 00 s e ic\uﬂ.\)

(3.2-'5)/;?__\'-0?05”{0\4.‘, leb- K be o field.
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) A Te KO, —ixud & an ideal  Vgew ZE) = Z (vad @),

(€ Yoy, s Ay = FY0Y,) = 300)a Y

(d) YisY, e AL = 30 2301,) |

(@) U Yo AL, Hew J)=vad (JON), Hak 15, FOY) s a veduad  idead.

B) Y YAy, Hen ZOIOO) =T whee X dewhes e doswve of Y fi M Zartsks
- Aopology . T parkicular, il Y= Z(T) is an affiue vaviety , dhen Z(300) =Y,

Proof . (@), (), (d), omd (e} axe obvious.

(b) By (o) Z(rd(T)) € Z(T). Lt Pe ZT) ond fevad (T). Thew LT for some
reN and L7(P)=£P) =0, Hwmw L(P)=0 and Pe Z(vad (V).

($) Obviously, Y& Z(3(Y)) ond hene N = Z(FN), sine ZOEHY)) is closed i M .
b We Ay be o dosed Aubhel Witk Yo W. TThe WeZ(x)2Y . By ()

dW) = FLZED) € JOY) and Hawn T JUXY. By o) W=2Z(x) 2 Z(31)) . s shown
Hhok Y = Z(300)).

(3. 24) Remark : By (3.23) Hhee axc Order — veversing Weps:

Lofpne varichies in ML T =L | wduad ideals i KDy, 1] |
wite Zef=idyay var] - The Quashow is il Huee is & 1=l comapondens  bekwan the A
of weduud ideols of KDx,— xu] ond Ha ack of oljiue voriches of A . T geneval
the answer s o, buk il K ois olegbradcally dosed e also TZ=id gt

A('b.lg\)_memcm: (Hilberk-'s Ndlsk\\wsah) leb K be an ai%d;\-m(hl\\/ closed g—fe.\o\ amd
Te Kilx, _,xul an ideal . Then '}(‘ZLI\):—&A(E).

M: Obviow:\y y vad (T) 93(2(1»‘ TIn order Yo Ahowr e other inclusow.  Ad- gz' '3(2(1?\)>
and  R= Klx,,—, x, 1. By (3.23)(§)  Z(P)= Z(T) and Hhewelore
b“) (o.‘,__,a_““) =3 Z(}\) A (Q‘) ._...,q.h\) [l Z(I\) .

%7 To“‘&’\""‘s ‘¥°"W“J°‘* '%“‘" Gy Q-ER i g(q\).,_,q“\)_—..() = ‘Lé(xn"‘lu-——;“w“"lh>'
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~ TThus (,x-) s Lc\u(vo.le.wr fo d& bo—ay,—, x“—am)(——-:b Te (x.-—a.,___.,xM-—a“) . This fw.P\\'t.s:
,f;%__(x.—ro..,, — w4 G E,(,xr,—,o.,,ﬁ_\,x“—-a_h)]:—. & (xy—ay, — Xu—au) i T (kimayym—, Xy -a0~([

. Siwe K s DJ%,\avoiCQle closed | B\, (3.%) , &x_rn,;,méq‘(imal ideal o.f_R is o} 4he docue

eAxyma, K= Q) - ?or rome. o, e K. Hem . e
iweR| m o maximal ideal and 1wl =lweR | wa maximal ideal and Te m

“,“,,,(3.;24,)/__&_9‘:,0&'\1{0»1.:,,Eve.na,; ol grbvaic Voricky i3 an inlerreckion. of fuitdy wiaiy \r\\épanurﬁw.

Vool A Ye ,/A\:( IS oM. al%p_\:mic. .m\r{e)uk,,,%v\,. Y= Z(x) for sowe ideal T KDy, —, %yl
o Slae T=ldhy— fu) s fulely geveraled | Y = ZW,— b)) = Z¢)n nZ(L,,) -

,.V;(3.2.'?)?Lo‘>osi%b‘t_1 tleb K be .a..“,f'dd,.w,Eutrg, dec\-eaz)incér,,c\\mlw; b:'g_ vaviekes Y2 D S SO S
A’“K is Ajm\-(ono.r& .

M,; Sine KIx,...xy1 is Noctheriam , e incieaning chain of. idedls Y)Y )E .
: \'S.Al-alw'oua,ha. p e, thae is e Ne N auch ol '}L\(N3=‘}WWK> for ali ke ™ Thew
by (32@) - Z0R00)) = Y = 20000 ) = Yeere

. (3‘28>w2c%nﬁiou: A %opo‘o?(ca\ Apase X is called iweduable if whencver X=Ay oA, e
~closed aubrds Arc X, Hae X=Agor X=A, . A sbrk X'€X s imeductble Y-
X'is iweducible i Hu induid %Folo%\x.

‘(3.?.‘1) lemma : ek X be a topological 4pate. The followring. ave cquivalent-:
o) X is  ineducible ; ,

By 4 U, U, € X ae Monewply opei Aubsds |, then Uy n U, = @

(c) Ay houemply Opei Aubhel- e X & denmse i K.
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(3.30) lemma: Leb X be a %Folo%{ml spow. amd. X' X o Aubrek, The Xo\\om‘u% axe. .
- AQuivalewk .

(o) X' s ivedudble .

AR U U, € X ave ope Aubrdy wiHe  X'alg +3 , thee X'nUnu, +d@.
A€y The dosure X' of X! s ineducible .

o Proef s (b)m,(c.\);,lmwediald\l with: i UeX is M opeu sworck How U n'>'<7+¢ 4= UnX'F g,

{2.3)) Vehiwbion: Aw iweducible. Compomeut- ¢ o %Fo\o%’m,\ Apos is 0. woximal.
iweducible Aubaed-

(2.32) ?Loposih'om ,(o.) Jieduaible cowponents ose cased. ; ,
LL\) ‘Ewr%, ihﬂac\u,d‘ue. AL&LM.L M COM,“\N‘MA A O t'mduc.{u\c. Compohev&-.
() A dopological apaw is M wniow o ik iwducible - components.,

- Proof 1 () follown frome (3.30). Sime Lony poink s imducible | ik Mubpices to chowr (k).
lek X'eX be aw ineducible subid . Comsider N =}Ye X | ¥eY and Y inducible |
A s pockially ordered by inlusiow e Wl g, sine Xle T, L K= 1Y Yyen be
codhaiw e WL Sk Y=Ujea Yy We daine thak- Y s inducble. Lek U, U, & X
o obe opew Aubreby Witle UinY @, Thor Heere o Ape N wite WinY, g and
U0 Y+, Suppose Yy < Y, , then ”u,n‘(j,_#;d omnd “\Az_n‘{j,_%yﬁ,st‘um. Y is
neducible, UnUn Y+ @ and Hhua Unly nY+ @B Tinchoe Ye T By Zond's
lemwa. W hosr o waximal demed and X' s cowkained S o wieducdble chwq;osaev&~

\,(3‘33\) _E_?_(&\j?l&: TR amd €% b P or&u’vxo.xxé/ %Polo% ax. “O-Msdwg{, dpaes. Their
inducible Compouats are  poiuks.
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(3.3‘?)"_95_,‘—\'“3“0“; A %pob%ical Apace. X ts called Noetheviaw q.. Loery. Aesw&ih% chain Y,-ZYZE
o closed Aubads Y;eX is /a\‘o&&nwo.na (or tquivalenbly | the Ak of closed Aubacly o X
sahshes do dic.c.

(225) Remark : (a) For twery. fiold K Ha afpine spaw Ay is Nehewow e M Zariski fopologs .
e particulor, R" and €% aw Nectheviaw i ol Xo?o\ocga, Nole +Hiak R" and C* o wet

- Nethenae n +he Ordl'ua.rz, %Po\o%_

(b) Lk X be a Nocheviay space . Thew Hhe a.c.c. holds for he ek of opue Auloads e X

or tguivalewtly, very chain o) opew subahs U, g U,s... i A\akoncm&.

}

(?).3lo)?_\«_npo.si¥ioh: A Needheroun %Foiocximl Apase hos ma\\l %‘uildy Wany imducble
Cobuponmh- No iweducible Com';owud—- is Cowloined i Hhe  uniow of. o olhens.

Frogl: Lk X be o Noheriow dopological space. Gonsider th Ack:
Mo~ LVeX | Vis dosed and Vis mok o wkion o fuilely many iveducible subads of X 1.
Suppose. Hhak WL+ ¢ . Sinw X is Noetheraw. toery. hovewmply Aek o closed Auback of X
hor o winiwol dewmerk. Lk Ye M be o winiwod elemend. Thew Y ic not iveducible
ond Hhew o closed aubacds ;€Y wile Y=Y, 0Y, and Y 4 Y. By He winiwaliby
oY tery Yo ois Hu uniow of Bnilely mony iweducible Aubsok . Thus Y is dhe wnion o}
{-.‘u.ik:]xl Wouy imeducible  Aubseh, o conbrodickion. Henw N =@ aud R =%Xu.. .uX,
wiHe Xi e X ineducible ond closed. e Moy assume Heak Hu X aw imedua ble
Gmponeuls of X. leb Y be aw imducible componsd of X. Thae Y =U% Geny) and
hence Y = XinY for some ¢ Thus Y=X; and %, —, %y aw He ouly ineducble
Cowponents of K. A siwilar argumesd shows Hhok Mo componerd- is conkained i oo
bnion of e olher Camponenks.

(3.37) Grollary : An offine varehy Y AL hon only fuitdy many imducible componculs
iy = Y, ond Y=Y u-.uY,.
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(3.28) Popesitow: An. afhine vaveky Yo A s (weduable {f and owly b H) e Koy, %)
is o prwe ideal.

Proof " Suppose dhak Y is imducible and Lk $ige KD, — ] withe fge 3v). bidle
H=Z(f) and L=2lg) Hol=2g) 2 Y=2(3r)) Thws Y=Yn (Hul)= (¥n HY o (YnlL).
Sthe Y s ineducible , Yo H or Yo L ond dherfor IS 3O e HO X)) . Thua
JeFOr) o ge ). |
=" Suppose. thak YY) is & prime ideal. Lk Y, Y, €Y ke afpiue vorehes Wit Y=Y uY,.

Thew  FY)=3Y,0Y, )= T)AFOL) and F0) 2 FY) o HY) € YY), Ainw T0Y) s prime -

CThas (Y = ) o YY) = 3(\(> and Yy =Z{F0) = Z(J0N) =Y or Y, = Z(3LY) =Y.

(3.3?)‘_9_4,;@HOW Lk Y< A% be an m vo.n'e)na,. The ning. A(Y) = KEx.,_,xnl/'}(Y) is
lied  He Godinale wing of Y or Hu offiue K-algebva of Y.

(3.%) Rewark: L Yg Ay be an ofpiue th'e_\“a/ Wity coordinale h'n% AlY)= KEX»—-,XJ/'&(Y).
For all Fe Klx, — %01 dhwe g Y — K by @-(P)=F(F). Gonsider Hu scb

D) = f e Y — K| 3 Fe KDn—,ul wille 9=, 1. DY) is anng nder Moo
Obviows operabiows ond He wop @i KDx,—,xud — DY) Wit BE)= Yo is o
Aurgickive howoworphisue of vugs Wil kemd JOV). Thew D) = AKY) .

(341) Debinition: leb X be o lopological Apoe amd Yo X a dosed iweducible subadk,

(@) The dimenstow. of X is dekined by: dim X = Supine N1 3 a chaiw of nouncwuphy
dosed imeduable subsehy in. X X $ X G - § Y],

(b) I Yo, e odimension o Y iw X is defined by codiwy (Y) = sup we ™ | 3 o chain
of closed irducible subsdh Xie¥ i Yo g Xg .. g%}

() A Ac X s any nonewphy closed  Aubsel, the codimension o A b % i defined byt
Codim . (A) = Mup Lodimy Y | Y aw iveducible Cowponent- of A

(d) dive (@)=~ ang Codim  (p) = &,
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,(3.41)?!0pos{3«{on:;\.d~ X ke o \'Opo\o?'cal Apa. amd Y &€ X a dosed iveducible Aubosrd.

1) T 4K foaen s e sekof inducible omponcks of X, then  dine X = Aupyen A dim X 4
k) W AL X are closed Aubsds il X = A A, Hew  dine X Aup { dim Al leient,
) dine Y+ codim, (Y) & diwe X i Y $4.

Ad) AL X s ivedudble wite dim X < so , Hen  dim Yo dive Xoe=> Y X,

M(L} A YeX is inducible |, Hue Y= (A, AaY)u... v (A, nY) omd Y=AnY dor some
Shsgen, T Ye AL Apgly @)

) “18) Shark wite o choun oﬁ. doted iwedudble Aubids ;Em,c\\'n% in- Yo ond cowknun wnde
. &cl‘mim.. A'iar"‘m% A Y.

, ,(3.,.‘{3) ?_,_\:o?osiHow: leb- K be on d%x.bm&ca,\\x/ closed r?w‘dd omd YSI?\;: o wﬁ«'nt \Iﬁ_\fx‘&‘k’%.
CThew  dime Y = dim ALYY -

- Preot: Gasel: Y is iweducible . Thew Y =2Z(P) }or o prime ideal P KOx, %] dimY
is Hee Auprewune  of Ho loghe w of dhains ) BEYe £X,¢ oo $Yn=Y wohew e Y,
are closed imedudbole Aubsck of AR (wap. Y} Thae Yo = ZU8) dor priwe ideals .
B KOx, %, 1. By Hilberk!s  Nulslellensake % (Y;) = ZR)) =P and L) Corraponds
oo chaiw o priwee ideals of fnge v P=R P & --. P Thus diwe Y £ dim ALY).
For M oher indusion Ik P=Qu § QG .. § 8o be o chain of prime ideals i
R, ., xu 1. ';”E\‘” M lbert-'s Nullskdlensoke Z(QQ + Z(Qj) for L34 This yields o dhoin.
2UQ)§ 2@)§ - ¢ 2UQu)= Y of incdudble closed subichs o Lunglh . s
diwe A(Y) ¢ dim Y.

lare 2. Y€ Al an arbitmany affine varehy. Thew Y= YU v Y thee Yoo A
cox iwducible olline veriehies. Theaw Y = ZIP) for some priwme ideals B KTy, x,]
ond FO) = FU 0w Ye) = ML 30 = Nl B lwe parkicudar, e k-

1P, — Pl onboaws ol prime  ideals which e minimal over T T

dim A(YY = sup i B L 1sis e} = aup 4 dime ALY 180k ri=Aup hdim Y Discedd = dim Y.



(3.44) Com“am&: leb- K be an algsbraically dosed kiddd amd Y € AL o imeducible

ey dime Y = diwe A(X) = h-dc%,k (AL&{)) -
k) dim Y 4 codie pu ;(\.()_:«m. .

. ,?_14 : Howmework,

84
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§3: THE SPECTRUM OF A RiNG
L3.‘4§.) Dehinibion; Lev R be. a‘,,‘Vin%,. Vebine: S

. lay ,SPCL,(;R),K.\:-M I PeR I Pa prime .(Am\Z, . e Apechum of R

by M3pec (R) 1= fwme Ri w o waxiwal ddeal §, Hu waximel speckum o} R

. ,,ﬁ(c); Lk T<R be an ideal omd ~X=~-SF¢-0L€) or K= MSFeL(R) o The Aeke \/;(I) =] PeX} IEPE
is colled  Ho ,Vc\.\'ie}va,m o{_I e

dn ke %oiiow-iu,%,/ﬂk s 0. ,.\n'n% omd ,X=SP&(R> or X::\MS\:C(.(_R»-

(3.46) Remark : (@) U T,T, <R aswe idedds, 4 VE) v VEY) = V(T nT)= V(TT,).
) B T ren is o dawily o deals o R, Hac Niacn NE) = VA Taen ).
~le) VR)y=g and VOY=X.. B . :
The :\-upo\oca% ou. X delived L\,v. Ye X dosed if and euly if Y= V() for sowe ideal TSR
s colled M Zaricki fopologe e X Nok  Hiak He Zoriski topology ew w Spec(RY)

s luduud by He  Zorski tepdogy on Spec(R).

- (247) Defanibion: Lk TeX be o subsdh. The ideal JT)= g, P L T+ @ and Jer)=R
fﬁ, T:.-.;ﬁ is . walled  Heoo (mﬁhivx%s ideal Sf_ T.

,(B.HX),&Posi%u: ;(o») Tor any Aubsek TEX \/('}(T)) =T whew T s P deaswe of T n X,
_(L,) ld- X= ,SPU,(R) and TER on ideal. Thew IvVa)) r_,mu;).“mm i5 & one —to-one
Conmronc\ehu_ bebwean. e closed - Aubsels of. SPC_LLR\) amd  He  veducd  1deols e R.

Progt : (@) Sinee T2 V(1Y) . Te \/Q(m)‘ lek- V(T) be o closed  Aubred- o X whe TevaE).
Thee Te Mg Pe 3™ and V(3 e V@) . Hew T2 V) -
k) FOVE)) = Mipeyey P = 0 P = vad (T)

: Ppime Tep
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,(3‘%)?_\'0\:7051)“'0»1: Y R s a Neethenaw nug, Spec(R) and mSpec (R) axe. Noctheriam Xn@o\oaical
ApOLs.

, (Evg_o«f__ﬂm jtupoio% ow W\SPL(R} s indued &37 Ao %Pa”%f‘ér og, Spec(R). Thus it A\A-H}ia.s ‘o
shovr Hhak gPCL(R\) w o Neebuviaw Apais . Let- YIT)2VIE)2... be a desuéiu% chaiw.

o] dosed  Mubhely of. X. Thew TVEN) < TVEY) € -0 5 an a.su.nd\'u% chaiw. o} ideals

K. Theve is an ne N widle FVEY) = V(T u)) br ol ke N Theefor
VIEVED) = V@) = VTai) = VHVEws))) or ol ke N

(3.50) ?t_ofzosilr_\‘ow: b YeX ke aﬂ‘V\ov\cmp\-g, dosed subteh . Y is ineducible i ond w\y i
WY) 5 a pime deal of R.

Trogf " Suppose. thak Y i incdwible and - fge JOY). Tnew Y= V{30x)) = Viig).

Sinte. \l({.ﬂ = \/(;HUVL%,“) v = YaviEhHu (YHV(%)). Thun Ye Vi) o= Ye \/(%} and
Le JY) or ge YY)

=

Suppose. Hhak YY) s o piwme ideal. Lok Y=Y, Yo with Y, and Y, closed Auback
of X. Thew 3Y) € 90Y,), AN FOR), ond IO = TYur) = JL) o P, S
W) s pawe, J) S PO o L) € B Beme Yo, o Y=,

(3.51) Com\\o.g,-. Lk R be a ﬁvx%- Thew.  dime R = dim Spcg_(R>-

(_3.52.) Cnm“a.h&: bk R be o nag weite propechy. tnak Vstry prive dead of. R s

He wderechion f wmoximal ideals. Thew dive R = dive W\SPec_L?:}.

&e&_\.:ﬂ\, +his cane /}0\—- Mr\& dead TER }(V(Iﬂam'pw\u}rgp P o= \’M(I\)-

(3.53)?%&&: b K be a $idd and R= Kixy, —, %y 4 Hhe po\ynozwjoj ving ouer K.

By (3.5) touy prme ideal ol R is Hhe inketeckow ol waxiwal ideals and by (352)
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A R = 1= dim mSpec (R) = dine Spec(R). W K s el%xi)mcam closed Hure is o
hohmow,orp%'sm o %Folocz(lml Apaces:
A = - wSpec (R)

(VA

W
(e — a0y T xmay, — xem ey

S{w«ga.rf\’, '20\'- O QH«.M_, ’U‘mn'e}\&, Y= Z(_I)E_ Ab\“\( e ""’P"\"%m:\ /5‘;0..&125. Y ond
mSpec (R/maz\) = mSF,;L (A{Yj\) are. kome.omw?k(c. o {8y, — aw) v (x~aq —, x“~a.,.)
ond  dim Y = diw mSPec,,(ALY\)) = dim SpchA("{)} - d(m‘/—\(\’) .



