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CHAPTER Xi : GORENSTEIN RinGS, MATLIS DuaurY

= §| GOREMSTEW FINGS

. _(Et.l_)goyuéﬁ‘ou; Led- (R,w,k) be o locel Adiwiam h'ma,. The sode. FRY b R is &e%-&uu:l
"bY f(ﬂ)m&nm(m}z .‘E.&,G:R'l MG..:D},

(h2) Kemark: L (R, w, k) s o fcal Arkiwiow ang -thae FIR) is aw ideal o R, Sinee

- AssgR)=3ul, YR)+0 f wso. I TR is o wowwrw ideal of Rt Assp (Ty=m{
| ond Ly ﬁf.[R)#sD. Mo‘reouu‘, ‘J"G&;\)_ 5 o )?{m'.k dimensional k—veckor Aposs .

{.H,%)?Loposﬁ-iom: Lek (R,mik\) be o Jocal Nietherian C-Maﬁu%_ of dimension d omd e

Xy Xd € W gand Y —y ¥ ML e Moxiwal Mt‘_%ulm" mguonis of R, ew :
i [WOIRS, AR : RN P DN
ﬁiwkif\g/tia>m; K.Ai\:\j}"—?— ésmk { fkglw.)—-,ya‘} Jin

?;rc_m'é_:’gy mduckion. ow d: B d=0 , dhew is Mo%-ﬁaiu% Yo oshow . I} d=l, fd- wyeR be

rgudar domends of R. Then xy is wgular and it subiies do chaw- Hrak aincy (I (Bo)) =
diwg (X (Wxp))) . Lok ae R-(x) e me € (x). Slwe ¥ is eqular; ay ¢ (xy) aud may < (o).
Thus mulbplicakiow. by y debiwes an. wiickive. k- linear mop 6" I(Roxy) — TRy e
Tl = ay+(xy) . We daiue thal o s surgckive . Lat- beR—(xy) wite wbelxy). 3n
particulas xl«:e(xﬂ ond Hur be(y) Alue x is regular, Heme. Ea)ﬁ: ke G- unIqua.
teK. Sy is wguar, wbyc(xy) iuplis wbelx) awd £+ e T(R) wibe

otht)) = yE+(xy) = b+{xy) . v 4 o isomorphishe 6f k- veckor Apsiec.

Tor the induchon Alep Auppose Hok e stakowent- har b showns Jor focol CHM—vikgs of
diwmension<d . Lk R be o local CH-ving ol dimension. & omd fb x, —,xg omd vy, gy
be wiox) el m%dom requentes of K. Sime xg is h%g.dar— on. "R/insm_jm_‘\) omd Y4 is
rqdar one %y, —vaay, Assg (R, xdo)) U Ass (Rltyu—ryaa)) = 1B, — B widhe
M3 F for tsiss. L cem-(Pu. . WRY. Thee ¢ is epdar ow Wi, - xda) and o
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. .(R/{y.}—-,.\szmq cdi parboder, Ky, xg,c and v, Ydope v vegadar Aquenas omd 5o
W G ¥y Xdey omd Coy yag . Sk R = Ry K & oo C«M“Viﬁg o diwansion d-}

ot %@&r Mqumu.& Kiyoe ) X omd S NV “?:.7 wduchou %W%{Sa

diney (2 (Rsexy, —, %a))) = iy ($(Rhyy— ,yany)). Lok R=Ron). Agaiw by induckion
H\a,pel—hss's : d\‘mk(?(ﬁ'/uz_,_,xdﬁ\)\) = diwg (¥( R.'/(x,*,__.,., %aq,¢))) . Vs tuaplies:
i (T (R, —, %a))) = Altwy { T (Blixy, — xgmy )
it (F(R/Cy,, — i, 1))
= diwg (I{&tn, —ye)))
Whete the Loak tquality. Joliews by o Swilar argument o above |

(114) Definiton: leb (R w,k) be o local Neetheriam CMw{h%.Fﬁm uumber Y= din, L?{%?x.Jm)xd\\j}

Wheve Xi, —%d 15 a SoP of R & calied 4o %—_ﬁ,%&ﬁﬁ‘ R is calied o %nmskm’u_ ‘\n'_n% i..g.
velb. Ahy Noctlin as h'u,g(R s Ou.%nrmcsk-t;{u_ __\'\;E% fﬁ'f{m = gammituim for oll wmoximal ideals me B

(I!.S’)f&f{u{hbu,-‘ L R be o Nﬂr.uae.r;am_, \ri-w%. Aw ideal TR 15 colled iweducible f.ﬁ »gor all
deals K, 7eR widh T=Ka} it follows Hhak T=k or T=7.

(li.u’a) temma: leb (R mjk) be o local MNoehrerian. Hh% omd QR aw M—P‘:{mw\g ideal .
R & ivmeducble lf_ Al L‘ﬂaiy EE dimk(?(%’/&\}> = |,

Troot: Obviously, & is imducible W R i and only if (0) s iwduarble i Ria. Thws we
oy amime Hak R ois o focol Avkinian nng aud hawe fo showr thak (B)CR s
treducible. {f and ouwly il diwg (RN =1, I (B)=KnY is vducible wiHe K+ o) and
b}, Haw Ka TRy$0 and YnT(R)#0 and diwg {FRY) > L. &mcm&i\h fdim (Y(R)) = 2,
b K< HR) be twe nowzer Subspates wille KaJ=(0) . Hena (0) is veducibic .

(17) Vebiwition: e (R, w) be o local Nockicrian Mrg. A ideal TeR 5 called a

porameter idead gé’r T s %@u&rﬂ«;& ‘B;f o Aya ko a—,?; Famw:kevﬁ oﬁ?; <.
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A1t8) Grollary : Lek (R, w) be a. local G -ving The following ave fquivalent
{8y R s Gownshin

(b) R wnboius e iweducible paromeher  ideal .
A E\:cr& parameter ideal of R s iveducible .

. Kecall {783y YR s o n'ng, ond M anw R-wodule, Hhu
Cindine M & s Bk (N,M) =0 dor all sk and tery R-wodule N
o Eki (R, M) =0 for 2oy K-ideal T

) lamas Lk R be oo Noelhewam h'u% and ™M aw R-wodule. Thew twjdine Mg il
ond ouly i EET (R, M) =0 for toy  priwe. ideal PR

’?__vggﬁ':hn“ e Sugltﬂa.g do showr that EXE?‘(N,M} =0 %N‘ Q«nmé, —%\'Kii’t K-wodule N, Sina. K,
s Necharan. Hiese iz o étc.m%iu% chewo F.’f. Alomod wles a’f_ N N=N zN =z 2N = 59\)
so Hhal- N_{[Niﬂ = "'?7’% for- 0%4¢s Wwheve HeR an Prime ideals . e show ED): cﬁccxm,s.fn%
induchow. ok Ext (N, M)=0. By amsumphion Bek i (N, M) =0. Suppose +hak for
rowe. O<yss EK*!:";"!(N‘{}.H):O.—E& Sract- Atquaiie. O Nj —~+Np — “{;'ﬂ/wajw—* O yields
o wack Aquunc: By ” .S N/, M) — Bl (N, M) — B Ny, M)

E}fh“;f {R}@*,Jﬁﬁmo lOl 57 ind . %’\m:;
Thus Exk“;\{ (Ni-‘JM)*"O-

.{l%.ld) Lommo.: Lek R be o Nokhenaw h'h%) M eic /R—-Woé\dw;., and N o huile Remodule .
Ane N witc BB (P M)=0 for all TeSupp (N), Hhen Ext (N, M) =0

?_rg_mg_ Howe wrork (usc o Ml lar m-c‘gume.ug—- asr o (1L4Y)

(L4 Vemposibion: Lek {R,m) be o local Necthen'aw. kg, M a fiuile R-wodule, and Pe Spee (R
ot w3 B (%8, M)=0 b sveny. prive ideal Q3F, b Bt (¥, M) =0
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. ’M b xew-P. e is i onoch Mqusic.. 0= Rp ZaRp — = ‘?{«f;x) O, Tor

ﬂ_»&n&,
Be Supp (N} we have Po @ aud the, ExEty]

(Ra,My=0. By (iLio) i (8, M) =0 From,
e 10“% Wack )kuli-\ﬂ.hu_ we obkaiu, ‘E;ﬂ}t.u'g (Wp,M) "}:“E&‘E‘{R

(58, M) — B (n, MY = 0. Thus
Bk (Rep, M) =0 by Nakoyoumals Lewwma . '

- {12) Boposition: Lol (R,_w.j%w\) be o local Nectheran \f{m% and M%0 a Hul R-wodule .
Tien. injdie M = sup 3w | Bk (k, M) _-»&:03.

?_tgggz Use (i!ﬂ} and {il.i&).

(a3 &)mlimﬂé: Lek {R,m,k) be o local Meckuriaw ﬁw%, M4o o fuile B-modwle ik

Iujaine M<o, amd N o fiuile R-module with depbt N=0. T infine M = supfut Bkt (n,M) 4 07,

,E:;pr_ R Au,%’.@«ius fo show Hoai- i%'i_ + =iujéi% M< o Hazw. EK*@:% fN, H)-—%{). Stue z:ie‘ibi-ﬂ,.i‘«.i.zﬁf
we have k= Rim e N %«‘.vi.ug,au., eﬁa&—&qm& O—vk —a N —0 . Thus
Exfi:i{'\i, MYy —s Ext] (k, M) — Ex{:%:;:! (U, M) is txack Sinw += ijcine ™, Ex%kzi {4,

H}:G
and Bxt (kM) 40 by (W12) . Thu B% (N, M) 40 .

.{li.i#}.b:mma‘a le- R be o ving M omd N Kewedules | and xe cmm(ki} o NZD ow R aud M.

e «_%u\-r ol whyo E&??N)M\}% E;“i"'?%x) (N, M/xm)."rm isomotp‘hﬂsm. 5 nodured w4l —?{HL
Yeralble, .

?ﬁ{: Lt F=Howg (_)H/;(ri§ be the ‘%wcl'or %avu, e Cﬁt%ché, of Rig—wodes iwko el -

e, wawk 4o showr thal- RYF = E«%‘,‘? {--,M) an Cowhron oioud -f-am:}avﬁ Bl %’tx“}“ wod ,

{i} = &»&;(_FMW . Jn ordes~ o prove. s, tonsider He bxod Jﬂﬁm&. Ot ¥ Zep — M0

aud b N ke aw Rixy~moduie . Sine Howg (N, My =0 we have o ok beauance. :

O~ uﬁwm(w,ﬁ/xﬁ> — &-{;L‘{N)M\) LU Ex%;-((t\%)M} .

[&\Thu, is o dow Eyoct A uinie Bk '{._..,M which s nokaed ne b %\'r&%‘ Moo lble
/ 4 425 R



(8) L P e o e R -wodude . Sine x is o NZD ow R, projdine, P&t and Haus
BEF PMY=0 dor ol weire,

B »?oﬂm.m NoLe E\/ mduchow. ow W Hol RYF o Ex%;ﬂ (“} M\}.
.{_tl..ls)?g_opos{?(oa: leb R be o lowd Nedhero ‘n'm%.j M o %{u{k_ ’R—mo&oje_j and ¥ o
. Y&%;Jo&r demert ow K omd Mo, T (uiclim,pw,u) M/ -—_.iw\i&{mﬁ M.

Hogl s Use (112) and (i)

Reaaldl {q.’}»oj: A K & a lowa NecHuwo Hw%, sid M$+0 a ‘F{m{&g R-wodule, &a?. %{ki.k
ingickive dimensiow., Hae  dine M ¢ injdive M = ae?m,a.

{H.iiw) Lewmwia, : el (ij,k> be o lowal N eedbrarias, h‘.n%l M e —%wuie_ ’Q—Mﬁmﬁuﬁe_i.mwﬁ Poowe
g

} L shoL ) Frofus s o= P T
a. prwe ideal withe ME{M/F)=d, 1 (R, ¥

L T — T N R Lo i B
TN TR Txp Re L u:i?"hﬂf): L b, R—“‘}“‘“i%?‘)p'

’ijgii.ﬁs\f Nty Ex—};‘é{(R/Pj M) =0 and by T89)(k) a&‘gpmmjmp‘}ga@;;(%TM}P,&@,

(4T Theovem: Lok (Rym, k) be a local Noctheviaw ning of dimension n Tl %muam‘u% Qe
tquivalent:

() tndim R < o0

(B) injdins R =0

() Extg (kR)=O fr itn ond ety (h,R) = k

(d) Exky (kR)=0 for some (rn

le) Exy (R,R) =0 Jor (<n amd Exhik,R) =k

) Kis o CH-vug  and  Exty (k,R)=k

() K 5 o CHi-vng and  doy paramcler deal is Dmeducible

{},_‘} R s o (”_}g_rgm%, amd  Huee s ou Frred e ble pova i cles ideal
ék}ﬁ s a %@Mi&im h‘,m\%,

o
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Frood . By {(1L8) (glems (h)ems (K. e will shou - (o) =r (b =r (<) = (dy=la) and () =sle)=r(t) =p (k) =r{<).
Ay =>lb): Suppose. Hhok- iujdin R =r<so. Lk PER be o mivimal priwe. {deal kb bb/ W) =n
Thon TRy € Ass (Rp) and Howg (RIP),Rp)#0. By (i) Extg (k,R) #0 and by (IL1Z) r2n.
Jn ovdler to Showr riv e proceed by induckow ow v I Y20, we o dove . Siua twydin. K=
e funclor T=Exkh (L (—R) s vight- oxack by (143} . Morouer, by (M2 BT (k,K)y+0. U
e Ass(RY He tradk At O -+ k—R yidds o trach Requane. Exb (R R)—EAT Lk, R)— 0.
- Slee Byt (k,R) } 0, we obhaiw. thak ExC (R, R)+0, & wwhodichow Al 0. Neww |
g Ass (R) and Hese is o regular demendt xew. By (L5 S=Ry is o local Nm,%n‘mmv{m%
of ingchive diweusion -l By induckion hypollsis 1 € diwSEnol and ¢ n.
() =+ (<) : By induckion ow w . Y ow=o, Huw mehss (R and Hue is an track sequanie
0=k —K. Siue iujdine R0, He tguone. R Houw g (R,R) —» Howg (R R) >0 s wact Thus
Howep (R, R)is cyclic  and bow {k, Ry=k. I wyo, Hu same argroment e i (o) = (1) yickds ok
K ontaivs o W.;X.ia.r demewh xew . By ULIE) S=RAxy is o jocal Meetluniou ving o fuylckive.
diwension. n-i. thus by induckow wypotlasis and (%) Btk R)= s_xi‘s_gk $)=0 {or o
t# =l ond Exkl (k,R)=z EX‘EZ*!.L&,S>: R. Siew x is o wgulor demewd o R | Howg (k,R) =0,
(€) =b(d): mvia]
(@)= (o) By imduckion e e Y weo, bk Bk (k,R) =0 for some. 150, Sime. m ie Hoe owly
powe {deak of R, by (%) wdimReicw. L wyo and Con with Bkt = (K, Ry=0. We. wont
o shour Hhak Ex%{' (B, R)=0 for fory priue ideal TER. Thow by (11.%) injaine R € 0 Assume

Hab Hue is a prime ideal FoR ioibh E’:;xjc"" (&P, R)%—O Siwe K is Noetunm | we Mo

ambime. +Hyol- ?ﬁg?&.{,g\) i moximal  Logka EKE:R{»{:%:»]R)#E} Trex Pruw and dor xowm-F
ousider Hie ack miumm. O — Be 0 Ble —s Ritp o 0, Tais yseicis. am enock Sequance.
t:x%m YRy, R~ B (B, R s Bk & (F7 R . By asswuphion BxEy (86, 8) =0 lor alf

Qe Supp (s, £x)). Thin %,\; (i.10) z:xé:’” { ’7‘[?’;‘,)}?) =0 and xis regud o o mtﬁ{@pﬁ) Oun .
otler hand, & bk (Me) =d, by (146) Bxk o4 (K(P), R.) =0 Sinee. dite Ry € nd 20 by
Wduckiow hypotlusic  ijdine Ry <o aud by )= (o)’ Ex‘i:R (RtF),R '\““aﬁc* (%, R =T
Sin. c:xl" {Rie, R) is o fuile R-wodule, Hure is an alemenk yeo m_ £ witie Bk (%, Ry = 0.
Thus  Exkl (%6, R =0.
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. LC\} ] {e.\) : ‘é’ﬁv;aj
{y = ) Thuovene 2,14

(=) Lok x, %, be o SoP o R, L= (o, xw), @nd S= Rz . Sime R is o U-ring,
SHy—id it o sgudar dequane o R Repeaked applicabion el (1L1F) yieds: Bk (k,R)=
B (RBO)E = B (kD)= o (R, S) R T disg F(S) =} and R is Gorenshein .
(R} =+ {c): Sime R is a CM-ving., by (8.i) Bxt}(k,R)=0 for {am . 3L T=0—e i )sR i o
partiucier ideal of R and S=Rim ke by (HLid) Exkf (R, R} = Bl (k,8) = Howg (k, ) = k |
sine R is Gorenskin. Jn order o shouwr Hak BxEL (k&) =0 Jor all isw, fob T and S be an
shove . By (14) it Aulpices o thow ok Extl (k,$)=0 for 150, Siwe dim S= o, by
(9} Exti(k,5)=0 luplies thak injdim S <1 omd it Subbias 4o show dhak Exty (k,O)=0.
lb S=Nr2Ne 2 o 2 N2N=0 b o &M.mc“n%, chaiw of ideols with Nofy &k e ol
lsCer This yidds  shord txack hguanus B— N — Ny 1k —a o Jor all '€ og i
!'ncium‘m%" imﬂ% ack Azquanus .
0 — Howcg (k,S) ~ Homg Ny, 8) — How, o (K¢, 5) S £ (k, sy,

Siag, § is Govensban , How (k, S = Hom (N,,5) =k  and by iuduchiow onl £ (Hom (M, 87) € L
for all teisr Moreoyer, £, (Homg (N, Sy =i €= =0 for odl j3i. Siuw £, (how (8,5} =
1(S)=e o Jdlown thak & =8 = .. = ro =0. Thun He oxack heguane. 0= N, — N ~E—
yiclds o foug exack asquence 0 — Bl (k,S) — Bxt! (5,5) — ...

. Slag Eﬁtl{&,&}zfﬁj
EKJG:; (k, S} =0 ond twdiu D &1,

(i148) Grollary: Lk (R, w,k) be o local NocHunai CM-riug of CM-hype r and
diwessiow n. Thue  v= dim, (B (K,RY).

’EE."{L el T= (m,__.{x,,;) be a Pammefiep fdeal ug_ R amd S= R By (K).H} Ex%.;{hJR\\}E

%om_gfk,g\} omd = ciim,k {?{S\j}}w aEMkiHQMS{kJS\}\} :

(ll;EQ?ﬁmm: Lek L‘R,MJR> be o local %ONHS%&«, g and Pe Spec (K. e Ky s o
local %oms.'imim ﬁn%. "



M ﬁowai&m— [+ %'ul‘l»e, I-ﬁ&'ic}n'\!t: Vre.soiu%bm. Uf_ . =R ED“‘—“*’E; —t ... “"’Eu“"““’ﬁ o, —E-‘:‘?
Homewo (B}, is wyichive Ro-wodule aud 0 — R, B —(E)p— - - - —+{E,),— O
i5 o Bulke geative reasludiow of. Rp. Taws ydiw R, oo

. ..(!I..?;o)—i—b.mmm-. Lok (K, “‘L:EJ be o local Nedderow \r{u% ond %: Ahe w-odic Com?\&{om
%R R e %omkm_ f omd auiy i % s %@m&iw

Tl By (155) R s CM L amdoonly £ R is M. b T= (o, _ sx) be o parameler ideal
SR Thee TR s o parowekr ideal R omd @/If‘—“?\/a?
P

we (T.69): lek R be o Nocdhenow na M o fluchk K- Wmciuie, amd B o
r e

et waol w&zcgwe_ vesol whhow e%. M Thew Btz @ '?esw.m) Et‘?’p\)}“ oM M}ALE_P M>~
d‘MR(E’EEK { P\} Pj s Hhe iHC Bows  nomdoes B:E_ M wHe ‘fmﬂéﬂtm%r" o ¥,

(.20} Tagovew Theovew: Lok R be o Noethewan nu%, ond E® a wmimiweal w_%uhue, veaofudiou e{,R.

K 1-3 ipmhm L%_ QH,& Ghjy l{_ ‘%M' Q} L>0 x..... == OMP;L f;fp\) ‘ <] g Q‘:tmvoﬁmH\f}
for all Pe Spec( R : F (FR) =& e,

Proef o=t Suppese Hiak FlPRY =30 e for oll (20 and all PeSpelK) - By

Howe worl, %}mr ol Pe Sfx:(,{i?{\), i:.‘;, is o Winlwial inpchive resolubion od RP . Sivwe
o fude , ldive Ry <40 and R, is Gorensiein .

Yo ® Lol Ve SFQ,{RK* an &w‘mmfjhm 15 %pmvugi‘m% “Hhaus Ey {4 >

Exts, o (RIPY R =0 or L:@aéum_? %»P and Exé;R (RiP),Rp) = &iP) &

t--citw..g = A+ P Thws /5« (PR EJ.,M—P'
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§2: MATLS DouALITY

b R be o Notheras hug and E an imgchive R-module. Thew by (Te4) E=
Brespery EERIAP bhoe BE(3) i Hi ingokive bl & % and Jap =

it ipy How (R(P},Epy. U (R, k) is o local Noctherion wng aud E=ElR) +he
tdchive Rull of & | for e R-module M acde Mis Homig (M, EY . Thew

MY = Howp (M, EY = Howp (Howg (M,E),E) and thee is o nakual wop M — MY
Sefined by 1 for xe M, OG): Homg (M,E) —E i givei by B (y)= 0 for all
e Houo (M,EY. Noje Hhok 6 4 Relinear,

{22 Proposition: A'ssm?%iaus on olove amnd auppose. thak Mo,
{o) or all xe M-to) dlew s o pet! with @o)+0. particudor, 6 i ingcRve..
{8y L M 5 an Kowmodule of. {Q’mik fmgu@} Hern '@R{M\)‘"‘QR{H'> omd & (s G isoumu-?iaism.

Hroof. (o) The  subwodule Rx o M is Sowmorphic. Yo Ramn(x}. leb £ be dhe ompositiow
of mops £:Rx Do Rawnt) ok es B Thoe fi) 40, Sina E s ugickive, L oxdends
to o R-livear map @M ——E wilfe gb)=+0.

(B) Lk Me™ be o subwodue it &My =ni= £ (M) ~i. The exack Aiguev ce.

0 =M —M-—k —0 vields e oxach beguone. O k' — M~ t) s 0, Slne E
5w tssewhal  exbosion of. k: ki=Homy (k,E)= fomp (K, R)™ R and thus () =
Lp M)yl The shaloimenk follown by induckon. ow w= L (M),

(ié.z;:’:\}(&m?osikm: Assump\{cu}; on akove. lak W be the w-adic owplekion eg_ﬁ,
(&) E is om R-module. | Morover, E is Hhu iwpchive hull of o R -wodue k.
(6} Howg(EE)= Howp (EE)Y = R.

Prool . o) e cloiuc Haok Hu nohural wop ¢ E — B R debined by o0 x @l s an

J%ma?hiam."&&- Ko e E@KR - By ﬂ-‘oﬁ\) Huve 15 o e PN withe Wik 0. Slue B
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is dense. is«.%, Hove is an ageR o Hak B-ape w'R. Taws & =gt }Z:,\;Lg' where.
Vew <R oud bre B. Trew x&»&mx@.(‘%i—_ﬁ;bk )= gex @l + 3 yxe h = ogx @},
Howe & is sugckve. U ovde- +o show Hak @ is iwpchve ousider e commubokive
é{ﬂ.ﬁ;nm: E s .E@R?i' |
& E 1 s-:ceR
RS k@ R
& and g ar m&ﬁ-ci'we:. Sise. R is Hab- over R, § is m&miwc “Thun T = §g is ‘“ﬁ"‘;&w@‘
Siwe E s o smenitel axlensiow ok, ¢ is inpickive . |
let F ke Hie tugichive  lnull Lo E a %'R—-—MD&da Thew, F i Fer igrebive bl o

R -wodde & and by (T.eo) ) Loy temenk- of T is coawibui laled by sowe powcr o] wi.
F s o R-wodue with EsF. Siww E is inyickive over R, Rure is o Aubmodule.
Cof F undh F=E0C, Siww Loery vemenk o G is aunilfoled by sowe. power of
MT{ C s o Rewodue . BukF is thdemumpesalole. o R-wodide . Tous C=0 omd E=F.
(&) For 930 M- Ej = =ixeE | m?x= C}’Zl Ey is o wodde ower Eoand ¥ R, By Egu,
Ghd E=UIE; = Lin By, By (T.99) How (EEY = Howg (LiwEy E)= Liw Houg (Ey,E).
S Howp (B, E) & By, Howmg (g, E)= By =R} . Bi® is aw R-woduie qg;
fulle fonghe, Hus by (1:22) 2 R = (R ). Thus Ll Howg (E,,E) 5 Bivg B =

on R-wodules. Sine Ey is also wme R wodwle , ‘e Atume OrgaMs showy Heok
Howg (E, E) = R a R—wodules.

(.24) Rewark: (1:23)(L) shows Yok tum, R-linear wop L E —E iz M
Wuttiplicakion. by Aowe aeR.

(1 26) Theomu: Lk (R, w,K) Le o Jocal Nuckherian ving and Ex Eg(k) do
pchive. bl of k. E is o Adinion weduwie swr R and B

?mag, Noke Hwak fery R-subwoddde of £ is also an R -seus wodude, - TP e ok
Chaiwme Hhal R is ww@&& 3?. MSE s o Aubwoduwie fde MYa cmn ﬁ%“%\}m{&.ﬁ &Mmﬁ%
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anad f TR is aw ideal A THL 0 T = el Tx=0{. Obvicusly, MM b wak 4o
showr Hak M oM. Gusider Ha oract mguame. O—M — E By — 0. Suw E i
inpchive , He Mgumu. 0 — (Fm) 2 E & ekack whare (B) = HOMR{EJM}I:_‘:} and
E'c Howg (E,E)= R (1.23). Thus for toery L bowg (E,E) Huoe is an 2eR 4o thok
40Y= @x dor ol xeE, Evu-% 4€ Homg (Em, E) &5 wapped  unde- (%) inko fl&_ﬁomﬁlﬁ_,‘ﬁ\)
with 4y =0 ond convensly, ey fe Howg (E,8) wibe Liy=0 facion +Harougle
g& Howy (&n, E). Thun Howp (B, E) = M- and dle mk«éémg (%) cowenponds to Hu
tiudsedding d—ME R, By (22} for ol x€E-M Hew is an e (Fm) it
%.?{_mﬁ‘);g_o. “Taun '%mr‘ alf ve E~M dwe is s ceMt b ax$0. Tz shouwn Hiak-
Mt oM and hewewe Mo M. |
Y TR is ow ideal, Hu #xack hequane. 0T R — By 2o yidds win wxoch
srquana 0= (82) B Riwtoug (RE)ZE . Under (%) (36) is mapped owe TH L
aeR-T, by ll.22) Hee s o g (Re) wibe glasT)4 0. Lo ¥ = @(+L) e T Thew
Lx=0 and og am(xy. Siww L5211, 1 s (X} i+ follows dhak T T omd
hene T =L, This ahows Hhak * deliues mdu-»-vevmm% Wgtchows  behase the Adks:
LM MSE o swbwodwe ] Z2 1T 1 TR o ideat.
Sine K is Noelurmam , E & Avbuwia .

(h-26) Theprene: Leb (R, kY be o Complele. focal Nechunan nug amd B =Eglk)
a%m hadf o k.

() W M s o Neburaw. R-wodue, Hhu H':Hamﬂ{ﬁfﬁk} is am. Artiniom. R-wodule

angd M"Y 2 M,

{E\) o Mois an Adiviaw R-module, then M = Houe, (M,EY & a0 Necbhevios K-wmodude
anme MY = M.

?msﬁ'- (o) le- nelN wite R —M 30 trock Siwe & ig pegickive.; Hhe requance.
O M — (R") =Howg (R" E) & Hom o (R, EJ" T E% i oxack, E" & an Arbiwlas K-maodule,
Qind 40 ig &mz, Asubwod wie o.%).. E". Thuwa M7 Avkwan . Sivie {E‘ﬁ}i mHGLﬁK {E“’E} =
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- Howg (B EY = R™ deve is o Gmmubakive Siagrom Wit wack vewn:

N R e M » O
= le ‘€ 'Ea}: MDY & s i.w.?ﬂ{v:. 5 hewe
(EM) — M + O & s aw isomorﬁmism.

(b) We dojwe ok Have is an neN 4o dhak M cac be considexd o submodule ol EY
S Forall me N usider oli Relivear maps 70 M E™. This yidds & sd- [ of
o avbmodules  ker(T) 6h M. Siwe M is Avkiwan, Huve is we we N and an Relinear
mop @ M —E" sothal ke(y) is wiwwmal i T 3L Rer(y) 40, &b xe kee () . By
A2y Hese is e R-livear wap 0 M— E wile ox) 0. lde 0 M BN e
defined by 9ly) =lyly), “(1)). Thew ker(g) ¢ kerle), o wuhodickon . Thwu kerly)=0.
leb- 0 —M —*E" be @ack. Thon (EX) —sM'—0 i erock amd (EN = R" M'is
6 NecHunaie R-wodule . Jw order do shoie Mok MY2 M pole Haok eoeny
homouorphic. ;\M.&%ﬁ; of an Arbiniase woduwle is Avhwiax . The exack BeQuenit.

O =M —E® B e O yn'aiés o Cowuuwhoadive éia.@érw- wite Zxack vowy:

e 5 ™ b EM e E'M o, 0
e i= {8
¢ - + MY s {E"\jﬂ-—u—-—q.(a&[ﬂ}n o

By (225 @ and B ae iwpickve. Thus B iz om isomorphism . Hewe © is am isoworphis ke
by e fve -lemwma..
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__§3: THE CANONICAL MODULE

(.27) Debinibion: Lo (R,iu,k) be o lowal Nokuram. Ang and M o fule K-wodue wik
Il M= 4. The wuwber (M) =iy, Bty (k,M) & calicd Ha dype o M.

{28} Lewma: Lk R be o Noectheran. ving, M o Huile R-wodule , and %y, —, %, aw
.M-—su!u.mu.- Suppose +hak N is o R-wodule widic Tl ) & o (N - The
Howmy (N, MiTu) = Euk? (N,M).

Tao: Seb Mo=M oand Mim M, _xiyM . e show by induckion on & Hhak Bkg " (N, M)
Beb TN, Mi). T im0 e sxack hequane. 0 —M e M3 M~ 0 yiddds a Loug,
wock Aequunie Bk 1 (N MY — Skt (N, M) — BN (N, MY Es Bl (N, M) where

® i wulhphcakon. by . Sthw %,& e (W), 9=0 and Ex%:"a"(hé_m‘;;@ by (20%) . Fom

Yo mduchon AE@ Lt l4l Comsider He wecd Aquen. + O —a My “I5 M s Mg, > O

‘and wpeak o argaimendt, “Thus uow.R (N, M) = Exft‘?i{.NgM‘)-

(h.2%) Remark: Lo (R,m,k) be o loml Noctuerion g, M a P R-wodue and
Xh—ikd 6 maximal M-sequamce . Thew M) = diney Howp (%, MM} whe T=ixg, — %)
Howg (k,WIM}Z 0 iy m s calied He socle 4. Mjrm.

- Recall {*mm Cf»w..?ia—- Vi L R be o local Nothunca h’u%, and B n..-@iu.ite, K-wodule.
M e o maxiwmal CM-wmodule (MM L depte ™M = diw R

“L.BO):%MHOU\.Z ld R be o lowd CM"VQW%. A %v‘uiie. K-wodule C ig whied o
Canpwical wodule o K if C i3 a MCK, w{(C=t, and dujdimg C <eo.

(L3} Exomples: leb (Kom k) be o local Noctheraw g
& U R Gorenshesln Huw R iz a Camowical ‘maéu.%& £ ®.
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L (b) LR is Aviniow Hhen Eg(k) i o comowical module o R . Gonveraely , every. canonical
‘Wiodule d K & ..isammﬁn‘c,. +o ER{_EN}.

?_rgﬁ{_k} T Avhuon. fol riu%_’R is Colwpicle . m .ﬁy Makls &u,uh'%&/ {ih26) R'=
Homp (R, Eg (k) & Eelk) is o Noctherow R-wodulc . Gwverey, it C i o comowical
- wodwie of, K, Haw by (430) widing C & éaﬁ&.? =0 aind .C & Wpckive. Now wse (Lb¥).

x[.?i.32.> lewmmaos b R be a. local Neelizras Hh%, G§: Mo N an. Relinear W af; %’u&k

_....’K-imo&uiaa,.m& Ky, vy %y O Nrﬁ%}.&w hgquanee . Seke T= (0,0, 2y 3. 3 0@ R & an
b‘mmo?g’u‘sm‘ Huan so is ¢.

?ﬁg{i: By Nakayama's lewmea. @ is Aurackive . Thws Heare 36 o rad- hguesnce

C: 0vtu—m Iy o, Stuw Riy oy Ky IS QL _N“.,sa%qu by Howeiwork C.og ¥r

s axack. T ?A@K% gkﬁr.{t@@ %}:O ond U=D 55? H&kﬁ.\}:mm‘& Lewswac,.

(033) lewmwar Lk K be o local Noclhona n'v.% ond M o MCM R-wodule .
Eu_er% Ti-—re%;..iw Aequamie. is .Mw&w_%uiw.

. r&.;ue_' Oka\ﬂﬂubﬁ%\i 3 M+D 1@ ?& A&SK {P“f‘} 'Ham B‘? {gnlﬁ‘) &lu@?k&a&;&b‘\u&tm& and P
is & winiwal piwe o R. Hene Ve Ass(R) and toery K~ rgubar demend % is
M—\-t%da.r. Simee MM s o MM Ry ~wodade , Hie aiserkion, $olows by induchion.

ULEH}BEF%&‘%: ek R be o local CH-rug o diwension. d, M o fiuile R-module |
amd C a MCM K-wmodule .

@) 3 M s CM el dimewsion t and fgaimg C <so dhew .Exft';;\(ﬁ;&%}ma for i d-T
and E&tﬁ""(ﬁ,c‘; s O e diwession E.

(b} 3 E’xi’:‘; (M,C)=0 for oli >0 Hun deph,. Howg (M, 2 d.

(& U ExtS (M, Cy=0 dor el yo, M i ﬁ(ii"i, oma Xgy—yng 15 a&.?*\v&%dmr stquenie,
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ke kaamﬁ(%ﬂ) C‘}&R%{;&j = %‘”"K&m-{ﬁ&i}”} ‘:-:/ég_e_‘;c\i- vie. -Hee wakunal wap.

Roaef: (2) By (8:20) Bk tm,)=0 for all < dephl O dimk Mot Simce. avmn(MYS aome. (Exkl (4,6,
S BETE,C€ B M We waid b Sho by induckion ok Hhok Bk, () =0 ke
Lrd-t and ok dephe BeeT04) =t Y bmdepHe M0 S by (1115 injdine Cmd =

L wex il Beh (4,0) 4 0], Hene Exkh(M,6)=0 for (rd amd Exk (4,0) 4.0, Movaver,
dephe Extg (M, =0 sine din ExtRiMcy=0. L L2l fb xemg be aw M- regulax demenk,
The txack hguane. 0 —M oM Mot — 0 yidds o loug orack Aquanc.:

c = Bkl (MYxu, Sy Bk (M,) s Bkl (4,0) — Bk i (MmO — . .

M is. e CMe-wodule of. dimension. t-i. Tor {gd-t, by, imduchiow. ka?n%sss
B (Wm, € =0, hewe by Nokayama's lewwa. Bdlg (14,0)=0.For imd-t e have
o exack aquane 0 —» ExtdE(m,0) -—-mm;i‘t (4,€) = Bk d 5% (M, Q) — 6. Thus
Exk 5™ (Mxm, C) = Exfeé”tm,c_}/ *Ext 4 (M,C) . By induckion lnypethesis
deph. Exfcg el DM, Oy =kl amd hewce,  dephe EKE& {n,Oy=t,

AB) Ld- R be o finile fre. R-wsolukion of M. Sine Bt (M,C) =0 for all >0, 4 SequancL

-0 = Homp (M,C) — Howg {F,,C) is txock. This yields am xack Stquence:

) O e Houmg (M, 05— Homg (F,C) — . ... —> Howm (F,,C) —— By —» 0

b, Houg (R, C)EC, deplle Homg (B, C)=d, ond deph. Byl Spliling. (%) into shork-

Bkack heguunes O —a B —s Howg (R, C)—2Biy —0 ond Opplying (3,22) yieids ok
dept B, > iwin{d, dephe By #1757 TThus  dephe Howmg (M,C) =d. -

{e) b xemg be Rergular. By (L32) x 5 M-and Crregubenr and Mrt , Sxc aw Moty
over R/(x\,.%m Her Wiowk Aguaag, 0 - M Ea ot B O wor, oblnin:

0 =B p(M,C) —» B (M, ©) —— Bxt Y (M,C) =0 andd thus Bty (Mx,0) =0 Jor all
ial. 'E\}: FHBLY E»c& Rl {Mixm, sz'xc:.) Exf:“"" (M O}mo for ali L2t and He Rioo—wodules

MM ond Sxe &aﬂs?sa W ahbimpiions. e proad B‘j iwduckion. ond. I %=x € Wg iz
”i*i—».ue%‘lwi Hee rack Aquene. O—oC T C v o — 0O fuduces e tong sxack sequence:

O Hoig (M,C) T Homg (M, — Howg (M, %ic) sHowg, (M, Fre) —» Exty (M,0)=0-

“Thun %nmgim (am, Sxe ) = Howg (M,0) 8g %) This ‘shown Hu cane d=l, Y dxt,
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beb xy,—,xg  be aw ’R-—H?Ja.r qunw.; “Thex by mducHow _1&\3-?@%1‘31
"“m&ﬁ/@;ﬁ { W/féih)M s Qj@‘}g\} = “Q‘M,{_R/&.;; (M m, Cflx‘.a).%m:} : _%}’v‘z‘e Houwg (M,0) B Wiy Y

~AML38) Theorew: bde (R, W) be o local CH-ving of aimension d, x=x,, _,xg an Re-vgdor
- Arquena., and. C,C' canomical modules of .. |

e ki wgudar ow G wd Fixye ¥ Egy (k) o
() =, in parkicular, Hha conouical modle , dencled by oy, is wigue wp Yo iscworphizw.

oo (o) By (0.33) x s vequlor on C. Thus o Sie) = r(C) = by (24} and
iujdim%@ Yigye <so by (115). Hewe Hye is a comonical module & M Avbuion
local. ving Rhxy amd by (L3  Txye ?“'EW%&\)* o
(B S R=®iuy. € and € me MCH  weodules and fujdin Cf <o, By (138) (.
Ex{:_‘;;(c,c’} =0 Jor ol (3¢ and by (L3W)(c) Homg (C,c) .@RE&.%ME (Yonre C}ﬁ.g«_.,c,t)
CWie b wakwral wap . By (@) Hure is @ isomorphisie (e Homg (Hixye Clwyer) - MU
A s o geboug (€,0Y) witlh 4@gR =1 By BTy A i on isomorphism  sinw

ST reamiax o O

,(fi.a@‘)fﬁmmﬁ: e R obe o lowd Necthewan \{w%.—m&..&“ouxiw% oxe  Lguivaleut:
&K s %pm&iu..
By R s CM, w0, sk, awd wp =R,

M: ’E:»Y gy R i %omsidu. i amd ouly £ R is CM, (R)=1, wed lejding R<eo .

.(l%..3%)“rheg.m: Lo R ke o local Ci‘*i—vih%‘ o dimensiond and C a fnike R-wmedule, The
%»ﬂiowiml, fre ﬁﬁm:\.iaﬁm-i-:

la C= Wy
(&x\j Hor &m%—é;.l. Oats 3.1 omg E"”""c;r CM Kowmcdule ™M of; dimensiow T

G) Bkl (M) i+ & CM-modue o dimewsion-t
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: ai,:)_.&-im =0 for all {zdt _
() Hhee is . o vakural iomorphise. M Z Bt (B44F 0y o)
{c) Tor Wy MCY R-wedule M
) Homg (M,C) is o MCM  R-wodule
(i) Exky (M,C) =0 Jor all_ (50 R
) He woburad wop M T Bomg {Homg (M,0),C) is an isomorplhizme .
4).) £ is a MCM medule
%) lejdin, C < oo

i)y He waluval wap R = Eudg () = Howg (C,C) is onn soworshism

- Taehs (@)= (b): () and {0 follow- frouc (H39). Jn ovder do prove (i) wokiee. Heak A omn )= §-t,
Sime Kois M, dheve is o vegular Aquenie % =y ., Rdog € omk. (M), By 1h3T) % is @ vegubar
sequance ow C. b coiw. dhab Yxye i Hee comomical madide o By, Hxye fs o Mod
Rlegy-wodule of dimession £ and by (1h1%) &J’:“E_&,C}x&{%@{k YmyC) Hie and by

i) mjdin g, )__i%x;.a) <. Taks Ygc is e comowical module ol By . By (z8)
BT (BT M), ©) = Howg (BEKE(M,0), Yooc) and Bk (v, €) 2 Howp (M, ).
Thus Here are nahural isomorphisus s Ext T (BELE (M), )= Homg (Howg(M, Ync), Fossc)

¥ Howg, ﬁs_(%mgf% LM ooym ,cri’b_qc.) ,C;fcmc.} and e may eplae K %y.‘%gg) and Chbiawie

Mis @ MCM R-medule (e, t=d. lab @yt M — Howg {Homg (M,0),C) be He nabural
map debined by @, (u): How g (M,0) — € itk Culw)f) = Eiw). e y =y, a4 be a
Yeguiar K ~sequene . diad Aol R= %’c};} By i) Howg (Howp (M, C},C) is ML and by

(L35} y Js o wqular Mquune o duis wodule. .%y_utm} # sufbies do show Hiok-
@R is ow isoworphism. By (i) BERIMC)=0 Jor all Lyo and Haw by (1.3)(<)

Homg (M,C) &R ¥ Howg (Menym, Hogye) - Stwilarty | Homg (M,C) s McH  ana
Howy (Homg (M,C), CY @R = Howg (Houg (MO@R, Uyye) Teuw Frows H&smﬂ{n,c:;,c:}.@'ﬁfi
= Howg (Howg (Miym, Yy}, e ond 9, 8% = Puar - Ty (35 Cﬁﬁﬁwgﬁl{k}

iﬂg,. Vw..hun.t WJ\\? ‘Pﬁﬁﬂ H@E{ “—“Qﬂﬁﬁ)“ 15 e ﬁsﬁ’&@!?%ﬂ&% k? t“ 1&:}
(b = (<) mwial '
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o) = dd): () omd (&) foliow drow. (<) applicd do M=R. Tu onder foprove (i) L N be oo

Fuile Romodule and feb M e o {fil) d¥ dyzyon of N. By (8.22) M is o McH

- Rewodule Alne K is CHM o dimausion d. By omuwmphion. (<) BExkh(M,C)=0 and oy (9.37)
| Exbp M, S BET (NG =0 ame M is o dbfe Ayzyap o N By {T43) injdimg C ¢ d <o,

(8] =le) s T mioing o dhows Heak ()=l leh % wxy_xg . be oue Rosequanie, R= ®ixy | omd

CE=Bglk). Siw Ci MO, x i Conguar and riCy=r{Hae) by (1129) - By Lh.ig)

__ _ifuiaiimfﬁ.?fcaf)c, <62 amd Gxyc s s Degickive :ﬁ.—"méu.\z; hewce. G T E e t‘.-.\"(c)]{;s)c_)
Sime C s MM, by (138 (a), ) ’s{ o Endg (€) Apesilizss to am isoworphisw. R = Endg (Ycoq).
Thuk Budyg (Yooe) = Howg (B Ef“} Hmﬁ (e EYE PR e ) fellown by (187) and

42y by (123). T R 2 RY and val.

(U37) ahows Haak Bk (-,00g) is @ comtravariand funchor o Moo calegemy o Binile
CM—wodules  of diweusion T amd defiues o é\mi&% o Hais -mk%f’"ﬁe i porkicidar
- Howg {~6g) is o cwdravanaud &ack fundor o, Hhe Calegory of MM T-wodules and
Gefiun . o aw&% ow Yis alegory . Also, {36} and (29) skow- Huok among . CM -rivgs
%.-.wk;u., ..viw.%;. ave. xacdly  Haose vings Aor . whiche %m.ﬂ_.(_lﬁ.\)..is o (Dwkoyavomt Exadd
Pockor and o duolihy ow He calegory of Mo Rewodules; in particular, ovwr o local
- Gprenskeiv ving tveny MM R-wodude is vellexive. (e Hha wakuval wasp

M — Ho_ug‘.,(,ummm]ﬁ%g} is om .,amme?w.sm.‘.\; .

whi: 3 .{R,m,k}..i& o local Nockherion Mug. amd M e finile K—modute , Huw
MltE) = diny, (k@ M) is the winimal wauher of W ol M.,

.(ii‘%@}?wfosiiinh: Leb- (R, M.k\) be a local w-—-m% ol dimcusion d Likh o Camouwicol module By
() leb M be & CH R-wodule of diwensiow. £, e f&(&%:&'t(ﬂgwg\))z\“iﬁi} cich
v(Ex" =, wg)) = (M)

{,L) Wp s e -?m-i-k%d R—mocdhle  wite )uiw@mr{ﬁj and r{_wﬁvui
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- Prook < () As in He procf of (IL37) e o wedus do Hhe care where din R = 0. Then w = E (k) =E
amd by Uh2D) Howg (ME)=M' and M" = Howg (Homg (M,E) EYEM. Ty (6,24) TN =

Hom,, (k, Howp (M,E)) = Howy (k@ ™M, E) and v(m) = Ly (kogM) = sy - By (W22).

(M) = v (MO = p(mr). | . |

(b} By (137) Bndg (0g)ER and oy is faibul. Tio ved follown frowe () with M=R.

...(H.EQ\}“mwvcw,a R e o lowl CH—-V{M% wnde o Conowical wodule We wngd Ve SFec,.{K).
Thew. ’KP hat o tanowizal wodule and wKFE {NK\')p"

.’Eaﬂf_:ﬁe. Conditiown u?_ (3{.3‘?){_&‘}... aie. mev&i under  tocoli zodiow.

{hiso)lewma s L (R wm K be o local CHM—ang of dimension & aud C o fuile. B-wodule.
e followriug,  we tguivalew:

{a) C & o wiowical wodule of R.

(&) pilm, Q) =dia for ol .

M; By {‘?.‘H\) /p;.(m,ﬁ}»&imkfx@"g(k,ﬁ} and by (819) C is MCM L ond auly i-?.f;agﬁu,d)zﬁ
for (<4 and . fop (4, CY40. Ju Hhis cire %C}m}q(%,cﬁ; Mowower, injding C< & i and
ouly ¢f iufdim, C £d which is fguivalend- to i (m,C)=0 for i»d by (M2

(u.w“}""i“m: lel- R be o focal CM—VQM% and o...%’uék K-wodule, The ?‘aﬁbw{u% ave
fquivalewr:

(@) C=wg

(8} wilPCy=bpep dor ol izc omd olf Te Spec(R)

(€} lg I be o winiwmal wichive. "R-resoluion of €. TThew IT° u@ER (isz’\:}; Ltheve, P
s over all prwe idais o gk { for all (o

Frood: (a)sme{b): By (W37) CFwp i and ouly if G L, for ali Pe Spec (R} . By (Wito)
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Hs iz ﬁqudvaiwﬁ—. %.ﬁ_{?ﬁp, pj*g\.&m.‘s'% __é;.wp = (FCy.
(&) Sopfc): Use (56g).

‘ﬂil#a)?_mfnsi%{am iR be o local CH-—-V\'&%— and C o %\'m:‘re. K wodule,.
@y b x be a e K ond €. Then Colag o omd suly i Ghuy =

Price -
) C=esy af omd ouly it [ g .

/g_q_c%, (c:g Howework

. Aby. 'E? (7.89) Exﬁ:“ f{/u (:} E;qz;" {Rhu, c}@ﬁ . Thu ./A&;{@‘ﬁ‘):—.}g{m,@. wnd Hha
. assevhou. %:ﬁowm %\f {_“-%\). .

(43) Theorem: leb ¢ K —S ke a local hDWOMwFFgAiﬁiM. of lowl CH- nagh 4o tek S is o

fiwile R-wodule and g=diwK —diwS. & R hor o comowical wodule , Fhaw so dees S
an wo = Extd (§,up).

. ?53_4{ St T ker ¢, then B e S i an .iuie_%;n.l_ ‘adension, amd dive BT =diwl. Sivee B & M,
by (£.31) o K= &L +diwe ¥ oind g = dim R~ din Bm= L4 T, Lek- x =4, 2 €T e, o

’Rru%dax- bequana, . By (L3T) x iz o \e.%/.Ja.r hquence bu Wg omd by (31 14) &tﬁ.ig.j.wﬁ}
gu““‘*m_@j (S, w_p’/gﬁwﬁ\i,, Moreover, by (W42 Dg /ey E PRy - Rewy is @ CM-ving, of
diwensiow dim® - g = diw S, Thun e bay veplae R by Ricny and ersume Hhok dive R=dim S.
We hove o show Hiak “cmaig,w@ & o Comowical woduwle o S, .

Lo y=y,—yq be a SoP of R. Then ¥ is o SoP . S, suw ¢is local , Huile, ond
dity S=d. Siwe Sis CM,y is a wegulox Mauanic ow S. Thus $ is o MCH R- Mcséde. ¥
- (3 Howmg (S,wg) & o McM R-wodue and by (W33) y is a vgulor Aquanc. ow

qu,a S,wg) . By (W4Z)e) ik bufbivs h swour Hhal- Wi ..Hom.ﬁf;s w@@sg where

S = Sfyy. S R= = Ry) - By (3%} Howy (S,wg)@ T HmR{s W) @ R =

Huw.ﬁ (SR, &JRQQR‘} Howz, (5, Wy ). s e o N?Em(_ﬁ $ B)«? T omd Wk
ahsumie ok diw K= die § =0,
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ek B, £ ke Hhe vesidue fidds . R and 3. TThew g = Eglk) and we have to showr that E 0] >
Houp (§,10g) as S-wodules. Thew is an adjoink isomerphishe  How g (M, Womg (5, 1)) 2

. Home (M@ S, wg) for adl S-wodwes M by {b.2%) . Siuw e is amtupchve R wodule,
Howg (-0} is atack. Thus Howg (_, Howg (S,0g)) is %ack- and Howg {£,100) i om
inpchive  S-wodule. Thus  Howg (S, o) = Eo@)T By 22y Ly (Mowg (§,0.)) =L {S) amd
A (BT )= r B CEGUY) - dimy £ = v £ (S) dim £ = v o). TThus vl

,,U!.HH‘) &@oﬁm%z Eve.né. eom?ieﬁc local CM-vih% hat o Cowowlcol wodule .
- Pt By (1040} wery cowplele local. vin% is fockor wng of o RLR. Use (wws).

L, #S)mwa.{;ics b & be a local CM =ving.

{e) Assume SERA &m&. K o local %pmsiuu. ving oud T am. K-ideol oﬁ. Yrode g Ll
X%, xg &L be aw thﬁ%de.r Asquanie . “Thex b&'a (5 H@m_@@}_(%.‘ Bilaey) Tug.
Ab) Assume ok S ks owplele and cawkaing @ fied. Lek k be o Gocliicind Sield ol S,
Oy myxg e SoP o S ond sek K= klx,—, %l = 5. Thew R is o Poce Scres Ying. and

% e %tmie, over K. ’E\; OWY3)  wew HDMR{ZS E\j

b K be o wag oad M a R-module. e tonstuck o ring txlemsio ReReM of R,
- Galied e dwivia) lonsion. o K by M on foliown: As aw R-modde Rwth =R&M
- ond  wubbiphiconion. is definsd. by . 10,X)lk,y) = [k, ay +bx7) Jor ol o beR and xyeM.
Nete thok MSRaM is ox ideal wifh MP=0 owd ReM/m =R

{46) Theorem: Lk R be o local CH-nng. oo K hoa 6. conowledl wodde ff and euly i
® ok oo jackr vig o o lowl Gorueldn riug.

M: Vet Use {li.‘@‘%}- .
s A s Emou%ba_ o showr Hal Sa'ﬁwwﬁ is o local %ms%{w h’n%. bk d= dine E.



Sia RES s o fuile ving adowsion, Sis e Nocheraw ving itk dim S=d . Sine wZ=0
S omd S ® R owl, Hhe nng S s docal. ek x =%y be aw Re-sequone . Thaan x
s vegular o Wp ond hene o S=TRaewe. Thus Sis CM . I rewaivs o dhow thalb-

risy=1, or tquivaleaty. , v (Hiys) = 1. S Mg ¥ ‘%,ﬂ*wgﬂﬁ) e woy veploce R
_..io\f %’(;5_) ond oisuwie ‘el diwe® =0. Ju dhis o Wg = ERUQ- I vemoius 4o show-

ok ()= v (KB k) =1.

tek- (a,K)€ I(S). Thew for all bew (b,0)(¢,x) = (ak, bx)=(0,0) omd o.&F(R) and

%6 I(Ep(ky). U at0 the Hack rmquene R @Rm—;%‘.’c@—*c}_ induces ow. Zxack Sequam e
- O Howgy o (Rhey, Eg (k) — Howeg (R, Eglk)) = Homy (R, Eg(R)) . By n siwilar agmenc .
@ i e proel. o UL%3) {via He mijomk- (scsmrg:\qismﬁ) %u.@,m@_(iﬁ/m\;_, EL (k) s om

ihjichve Rfay —module. . Sihte  \f (Houcgy,, (Rfay, Eg)) 2 &, e hose Hhat Howgn (Riay, Ex ) =

By (k) omd Mo Acquenn O—s B (k) —E(k) "o Eg(K) & oxack. Morever, £ Erylk))=

LRy} < UR) = L(Eg (R)) ond wulbiphieakine by a ow Eg(k) cawnok ke Hu zew wap .

Thos Hee & o ye Eg (k) wibh ay+0 and (&) (ex) =lo,ay) +io0) . Thue S(ReE ()=
CFER(R)) amd v RaEg (k) =1.



