CHAPTER T : BASIC TACTS ABOUT RINGS AND MODULES

§l : KRINGS

(1) Depwition: Lk R ke o ving. Defiue.:

(0) R¥={aeR | 3 beR wille ab=t] Hu i o) uniks of R

(b) NZD(R) = {aeR | ¥ beR-(0) : ab40] Hw sk of nom zeo divisors (NzD) o) R

(c) ZD(R) = R~ N2D(R) = {ae R 3 be R-(0) with o.l:—_—(ﬂ) Ha Ak o} 2o0 divisow (ZD) . R

(d) Nit(R)y=1aeR | 3 neN: a"=0] Ho nil madical oL R (. e ek of uilpolesd
dewmeds o] RY).

(12) Remark: () Y R is nok He wullnng ; (R*) is on olelion. gromp.
(b) NZD(R) s o wulbiplicakve Atwigroup.

(€©) ¥ aeNZD(R) amd biceR wile oab=ac Hun b=c.

(d) NiL(R) is ow ideal of R.

(€) (0) ©Nit(R) < ZD(R) € R-R* amd Q1] eR*c NZD(R)="R-2D(R) & R~ NiL(R).

/‘E_o_o‘,: (d) Lel- o.,beNiﬁ(R) Wit o' =0=b" for rome. n,meN. Use Hu binowiol
forwada Ao verify Hiak-  (ark)™ = 0.

(12) Exomples: (o) R=Z: Z¥=3£1]; NzD(2)=2Z~(0); Zb(z)= (0); Nit(Z)= (o).
(b) R=2/e2 s ( %oz )* =} [,0-0] = N20 ( Z4z) |

Z0( %er) =4Tol, U], C31, 41§ 5 Nk (Zhz) = }Tel .

(c) R=Zaz + (Zfez)*= 301,051,001, il § = NZD(Z'/(ZZ.)

Zo( %z %) = } Col,T21,Cs], Cwl Cel, 0ol L9, el § Nl (%/i22) = ) Ce1,Ce1 ]
id) le- R be o fuile Mug omd aeR. Tho o &5 o wik o) R (L and ouly if-
@ is o NZD of R, Henw R*=WNZD(R). TThis shodemend u obwously false for
ihuite riug.



(1.%) Debinibion: le- R be a h‘\a% and TR am ideal. The vadical 2 T Y Je.@(nul L)v-.
vod (L) = {aeR | 3 ueN wh. oleT],

(1.5) Kework : () rd (X)) is on ideal of K.
(L) bl v R —» RA- ke H natuwal wap. “Thew md(’.t)—-:-\)"‘(\ﬂf\(%y).

Roof.: (a) Lok a, be rod (T) Wi at, b"e T dor some n,me N, By Hu binowial
formula : (o.+k)"“" e I .

(L6) Debrwition: lek R be o Hng, and T, 1<R ideals. T and ¢ e called comaximal i
I+:)L=-.R, :

UT) Remark: Lok R be a ving and T3 KER ideals.
(@) T and 4 ax comoaximal 4+ J aeT, be_‘} with a+b=1.
(o) 4 T aud T are comowimal e TP =Tn}.

() I T and % e coweximal ond T amd K ave comonmimal Hew T omd MK aw

conoxiwal .

Fol . (b) Tn} = R(TnY) = (T+F)(@TnY) = T(Tn) +PTng) T € Tn}.
(<) T and T o comoximal => I aecT K be’] wHe a+b=1.

T and K aw comoximal = ddeT  ceK wlle adlvc=1.

Henw | = (_o..-)-b}(o,'-&-c) = aal + olb+ ac + b ond T aud ak ove comoaxiwal -
b A - St
€T € gK

Lk R ke o.Hn%, omd I, __ T, R ideas. Ty mop

| =
¢ - K i ‘I:-:-l /3:“:
[+ % i (Q—"'I‘, ——— &*I“>

s o ‘r\omow»orf»\»tisu 52. h“%b



(1Y) Theowews : (Chinese. Remainder Tmmm\) Assuwphions an abowe .
{9) I I, — I, aw Mwl—uo,\'\y comaximal Hun ﬂ;:_, X, __.f,"_\—\:_.:‘ ..
(b) ¢ is sugeckive i and o-u.l\l it T, —, Ty ar wmuually comaximal.

M: (a_)'BY indackion. ow n. The cane n=2 follow—a %rom.. UJ).

K= Tt = ﬂi:-T"IL . By (LT) K and T, are comoximal .

n=l =bn: Suppose.
By opplyiug (17) agaiw : TL, T, = KT, = KaT,= M2 T,
() =" T sdbies to show dhak T aud T, o comaxiwmol. Sime g is surgchive.
Hwe is o ae R Wil @) =(L,0, _,0). Thar I= ll-a)+ra wite |= a (wod T,)
amd 0=0(med L,). Thus l-aeT, amd aeT,  , T, and T, awe wwoximal .
=" ITH is though o show: For all l&isuw Hwe is o aje R with q(a;)th_,o,t,c;_p)
(Lo Hhe (% plaw) . be ouly show: dhae is e aeR Wil (a)=(1,0,—,0). Sine
T+ =R forall Z5jen, Hue we ajeX, bje T; for 28w with oj+by=1.
Sk o= TS, b Thew

o= TN;7, (l1-a3) = I-al whave. el for oll 2gjsn and deI,.
o gla) = (1,0,—,0) .

(18) Remorke: Lok R be o prucipal ideal dowain. T R is fackoriol and ey
dewmewk ae R — (R*y (0)> com. be wnHer ow
T e

whoe b are mudually  wow - oMociaked prime demeh of R a4 >0, omd ue R* a it
Simew R & a PID, e idels (p"i) are muhuolly comosimeal. This implies +hak
oy wowziro ideaf Tw=(a)+R can be wrblow ar:

T=(0) = (") - - (pg*) = (p)n —n ™) = (p) — (p "= (p)' 1 —n (p, Y
Hhok is, T s o produck o prme ideals. Owe of Hhe objichives of. +he wext chaplers
st lgueralin! Hus k- do adain dass o} Hugg .

L (W, ¢) be o FD’MlY ordered Ak~ and K E WML a subsk, K is called a chain



LR s (wwmplelely or dokally) ordesed | thak is, i dor all ki, k, € W sber kg, or kogk,.
Qe elumed wme L s called o Upper- bound o:L X § kRewm ~ioral\ ke K.

(Lio) Zow's lewmo: leb ML be a Mohcﬂf‘% ,Po.r‘{»ioﬂy orded Ack— in. whicl Luery, chaiw Ke mC
hon o upper boumd. Thue L hon o wonimal deuend

(1) Dehimikion: A parkially ordered k- iw whide ey choin  has an upper bound 15 called
induckively  ordeed .

(1) Theowew : (Exiskne. o). prime ideals) Lok R be o ving, SER o mulliplicokive sek and
TeR on ideod wihe TnS=g@. Thaw:

(@) T s ML =4GR F an ideal wilh TeFeR-ST & padkially ordecd by
mclusion. and hos  woximol dewmends.

(b) Eveny woximal demed— ok ML is o prwe ideal of R,

"Prod] : (o) Obviowsly , TC + @, sime Te M. b have +o show thok W i iduckvely
oodesed . Lk Ko U be o chain. Gusider He M- K=Uz 3. Swe Kis @
chaiw o} ideals , K & o ideal of R. (Lok a,be K. Thw Hare are 7, ]oe N wible
@e di oud be,. Suw FHel or Lo, i ddlows thok arbeK.) Sine ToK and

KnS=¢ ,KeMl axd K is an wpper bowmd of K. By Zori's lemmo  HC has o
moxiwmol  dement

(b) lek Pe T be o wmaxiwal dewend and o,be R with abe P, Suppose, thok ad P

and b¢ P Thew PG Prla) and PgPrlb) and by moximolity of P. Pilo) ¢ W
and P+{b) ¢ M. Henw (Prla))nS +¢ ond (PrB)NS+ ¢ . Lot Pup.€ P and
% BeR  no Hak:

S, =p+da eSS  oand s,_:g_-n»[{;be s,
e S s muﬁ-ﬁ\ﬁimﬁ—'\w hek—

$iS, = (pi+ao) (pot {Sl;} = Pip t%op, + Bbp, +afbab € .



Buk 55, e P, o conhodichon. Thua aeP or beP and T is prime -

(115) Gorollary: Every ideal T §R is conbained e o maximal ideal of R.
Proof: Apply (1) b T ond Ha  wulbiphakive Ad- S=117.

(11%) Corollary : ’R;‘ =R — Uicrua ™

ool immediabdy  frouc (113).

(115) Remark: lek R be o ving, TSR o ideal and 3: R— R He uahural wap.
(@) Y PR is o prme ideol wilk TSP Huw v(P)=Fa is o prwme idea of R/x,
(b) U Q=R is o prme ideal Mo 9H(Q) is o prime (deal of R.

l€) (o) and (b) ehublish o -l Goncapoudemce  behween. 4o prme ideds of R whidh
onbasw T ond W priwe ideals of Rix.

U-Wn) Qm“oma‘- Lk R be o..n'mk and Tc R om ideal -
La'\) wid (R) = rud (0> = m?QR pyime P

(6) wd(@)= M P.

PeR pime and s P
Posf: () “<': aenil(R) = a"<0 for wome neN = acP for Gy priwe ideal T of R.
‘2, Suppose. &€ P for all prime ideals T o} R. Gusider Hw s S=3h,a,..,0%.  JeR.
S is a mulkplicakive s~ of R. U o400 for all ne™ o Snid)=g. (112) applied
Yo (0) amd S yields Hhe trishue ol o priwe idwl @ of R wle QnS=¢, a conbadickon.
Taws 0" =0 foo sowe ne M.

) let- 02 R — Rr b He watwal map. Sine Hee i3 o l-l coneopondenie lochwenc
He prime (dead of R which contain T and e piwe idesds d R and Ane

vod () = v (Wil (R)), () Jollown frowe (@) -



(1.17) Covolla.rh,: k- R be a rng.. The ad- o v divison ZO(R) is He wnion of sowe
Auctalble prive ideals ofL K.

Hod : S=NZD(R) is a wulkiplicotive Ad- it Sn(o)=¢. By (142) Huve & o prine
deal PSR with PaS=@. Seb Y =iPeRIPo priwe ided with PrS=p.
daiue ZDIR) = WUpey P

oo daw: Sk T= Upere P Sive ThS =@, TSR-5=2Zn(R). Tor e okher
inclusion. fu- ae ZD(R) Thn (a) & ZD(R) and (Q)ynS=¢. By (I-IL) Hure is a prime.
deal Qe R witle ()eQ oud QnS=@g Hemw QT omd aeT.

(l.l%’)?)_eFuikbu: leb R be o V"Vt%,. The Ad- o:?_ Pn'w,e, ideals e{}, R
Spec(R) =4 PeR | Pa prwe ideat |
is called He Apechruu of R.

(l.!‘l)Tmomz ek R be o Hn%. Emna, Fn'm, idead Pe Spe«.(K) conlaius  o. minimal
Prive ideal .

Yoo+ Lok T Spec(R) - Gousider the mh W= QeSpe®)IQePy. W4g and W
s pariolly ordexd by reuene! inclusion

QeQ, = Q< Q-
Jatw: W is iu&wd-&uc.l); ordered
B oo daiw: Lk Re W be o chaiw. Te ideal k= lgey @ i o priwe ideal of R.
Henae Ke T ond K is an upper  bound %o-—ZK,
The shademewt  Jollows  with Zom's  lewma.

(1L26) Theoewm: (Prime Avoldence L&mmof) b K e o n‘n% amd B, % e R ideals
wHe Hy Py prwe f w> 2. W DeR s a subrde which is closed wnder
oddibion amd wulkiplicakion. amd with De U,;:l o, thoo thee & an I$fen



wth D <:._PJ-.

Proo} - By induckon on n. The cane. n=l s tivial.

el wba Obw‘ow,\\’, De U[,:, P, = D= U.{_: (P.L'nY)\) . e wouk- Yo show- Huad-

Hore 1 an l2jen 40 Hhak Dn?a’ e ur

Note dhok 4f ) holds How D= UL, (BnT) & Ul gy B ond e
sholewerd~  ollowr lo\[ induchion .

‘ "
I oder o show- (,*) omwme.  thak ‘;0“‘ aldl KJ’-‘SVL : “D“'P;{ é’— Ud:x,i#f
w
+ake oy € LDn?_{) - L.&;._l‘x_#l' Pe. Puk y= 0+ Q... 0, & U.
Clou g: \/¢/& {or all (€ign.

ool clotw: i=l: e B amd a4, —,a, ¢ B. Thuws y¢ P L u>z and T prie. -
Y n=2 Ha Yy¢P ond y¢ P, a cowhadickion.

Y w>2 ond 2sign, toe ¢ P and o, —a,eP. Thwm y¢ P
Tis iwplies ;, D¢ UL, B, o contradickon.

Y. and

U'z‘> :I_)}!/{ud'iou,! le- R be a h'u%. T ideal
is colled e Xawbsow voudical of R.

(!.Zz)zwpoai)ﬁom b R ke « Hiagy and ae R, TThow
ae frod(R) = (-abeR* for all beR.

?—m—"i-’"’"—"’l: I 1-abd R* for sowe be R Hew tew is o mosiwal ideal m <R with
l—abem. U aew Hu lew, a couhadickiow.

" Suppose. a.§w.  4or bowe woximal ideal w SR, TThae wi+la)=R ond Hee ae
dewmerds new omd beR  wile untab=|. Thac \-ab = ¢ R*, o oubradichow .



“§

(Lz3) Remark: leb @R —+ S ke a hownmorf:hism of ﬁu%t; amd VS o prime ideal .

Tae cowkrackion ¢'(P) 2R s a prwe ideal.

(1.7&) Example: Ll R be a »{u% amd R Ex,—,xull e power seres vx’u% e
n vanables ober K .
(@) Rwy, —,xq U & o dowain a=> R is a dowain
(b) {e REx, — xud* =t Lo R*+(x(,—,xu)
(&) M+ Gty xW) E ROk 3 W b () — 30 € Jrad (RExy, — %, 1)
~ Thwa oy moxiwal ideal of Rilxy,—,xnl coukaiuy (x, —;%y) - The nakural map
Vi Ry, — iy b —— ROty — 0 b/ (x,, —ywy = R induwn o @nespordena  behuen
He moninal ideods of R and dhe  womiwol ideoks of ROx, —, x4l
| wox. ideats of Rix,—, x| «=— 3 won, ideaks of R}
(g, — %) 1 m
M —s Mnr ,

W pakiculor, if R=k i @ fedd, Hwe kRDx,—, L cowkoiun oacky oue
mowimal tdeal mamely  (xy — %) -
(d) Y kis o fidd and %, %, vanables, Hu

drad (klx, - x1) = Y
(?mf. Lader) .

MCRGe,,  xl mox M = (0) -



§2.1 NAKAYAMA'S LEMMA

(125) Poposition: L R be o ving and M an "R-wodule.

(@) Howg (R, M) = i R—a M | ¢ Retinear| =M

(B) Lk F be o pu R-wodue and B=ihl;r o basis of F Every mop @ B—+ M
Uhends  niqudy o o R—linear wap ¢ F—M.

Trool: (0) Every ¢ € Homg (R, M) s uniqualy dederiuined by U
() For x=Tlir ubieF wh ajeR and ol b fuiddy wany =0 dekuc:
P0) = 2 _iiex oaiplb)) . @ is well depimed and R-\inear. Uniquaness i tvvial.

(126) Proposition: (a) Every wodule iz fackor module. of o due wodule.

() Lk M be a fiule R-wodue . Thew M2 RU/AU for some ne™N ond bowe submodule USR"
(<) Bvery daclor modue of o fuile. wodule i fiile.

(d) Lek M be aw R-wodue omd USM o Aubmodude . Y U amd My ave huile

e M i Kuile.

(P_v_gei: (d) Leb wy, —,m,eM a0 thah wm+U, __m+UeMy s o A‘ﬁokm. of. geverators
f Mu. b w, o upe U be o Ade ol Geuerakort of U, Thaw wy,— My, Uy, — Ug

(i-l"l)ﬁeomm: (Nmkm{a.ma'.s Lemwaj) L M be o fuile R-mwodude and TeR ac ideal.
Y T =M, Hew thwe s an e T+l wide aM=0. Po.r%—\'cu.\n.\" i.{‘. M=TM aund
I&W(r{) +hew. M=O0.

(E\:_o_eg_e /E:y omsumphion. M =Rz + — +Rx,. Sine M=TM Hher s @ vxu—wmainx A
e advies i T Ao thal- (’ﬁ‘ ) A(l’h)

Xn Xy



Thws (-J"Kxu“ﬁq‘( ) =0 Wae L, s e wac idc.w\ﬂ—a, waknx . “This imrlg'cs:

¥
Xy

x )
(04§ (L =A)) (Lo =A) (i) =0 amd  hewa  db (Lo -A) (5 ) =0
Siue  all abwen . A awe w T, deb (Luyu—A)y e L+ T .

U.?.X) Com\\an&: b M be an R-madude and NEeM o subwmodude wite M/N o in'u.k.
R-woduwle . ek Tc dad(R) be aw ideal il M=N+IM. Thew M=N,

?1';.°f—-‘ I(M/N>’—_‘.—*(IM+N>/N r.M/N,'E,, Lz YA =o.

(L2 Rewark: leb- ¢: M — N e an R-liwar map amd KoM LN submodulen witie
eyl By the |+ isomorphis e Hueovene e is o R—livear wap G M —NA

hro Hhok- R dim’am.m. M — N
wak | } walk-
Mg —t—s N/ Commules

G is called 4he (by té) mduad mop.

(1:36) Gorollary + Lk @+ M —— N be aw R-livear map wille coker(y) = N/im(g) o
buile R—-wmodue . I Telwd(R) is om ideal suck thok Hhe induud wop

G M/t — Njxy s A\\-r&éc,\-\'v& R Heew @ is Aurkz'c\-iut..

ogf. Sime T is surchive, N = iwlp) TN, By (128): N=imly).

U.%l)?iﬁ{,\'uikou: le M be aw R-module . A gucrading Ak W oof M s winimel § wo
proper Aubhd—-ug_\/\}is o %z.\u.rni\'m%/\.d“ of M.

“.."32)@_«*4&5.41’0%: A \rivx% K s called locad . R hoa bxad—\y one. wmaxiwmal ideal (or
equivalently | il (ad (R) is o wexiwol ideal 0{, RY. HNotabon: (K,m, k) whoe m R is



e moximel deal of R and k=R i He resdue car field of R.

(133) Theowm: leb (Rym k) be o lowal ving aud ™M o bule R-module .

) Ay =] i o minimol  genraking Ad- oh M L and oudy il AxemM, —, xarmM] =
W, — % 1 s o baris of He k=Fm-vcdor spae. Mmn . I padicular, all
winiwol querading.  Adi of M haw Ho sowmc lugh,.

() F Axu—xud, Ay, —iva] o winimal qeneraking rek oM oo e is aw
ierkble nxu—wabix A eM,, (R) with (\3" ) =A@“ )

Troof : (o) =" By amwmphion. Mmr = k+ —+ko - Hene M=Ry+ —+Rxu+w M.
Sime Mok hulle owd W=Thed (R) | by (1.28) M =R+ — + Ryxy. Obviously,
bx, —yxw} s wawiwmad .

=A%, — % s e gouroing Ad- of. Miwm . L {X, —, K] is mob- winimel,
by ‘e=" o proper Auead- o {w,—,xu| gemerales M.

(b) Those &6 o we wabix A it (T )= AR ) The (ZI_
=%l i—im ] o R-bora o MM . Hewe A i duwverhble =t ddb A 40 =
deb-As 0 = dr A4 W = deb A R* . A is thverkble .

) =% (L) and

Fu

(L34) Depiwihion: lek (R,wm, k) awd M be on above . The ca.vds’wo]i#a, of o winimal
hek~ en‘_ %&um}ovs GL M is dewoled h\/ )ﬂ_li} oud colled e miniwmal wuwwber ﬁ_

Goerolon of M.

(l.&:) Covol\wv?‘: (Rym,k) and M ar above . "Thon
j»(ﬂ) = dimg (Mmm).

(I.Sh)Tkwmm: el R be o h’h% y M a dwle R-wodule and ¢! M —a ™M o
Aurgchve R-limar wmap. Tha @ is iwgeckive . Moreover, \f"z..%,he) for some e RUx1.



4

?’22{-‘ (ouside— M on a %'m'le_ ROxT-wodwle.  wa. e Aaolar ?mclu.d»- &(x‘)-m:t{;&e)] (w)
{or' ol me M. Suae ¢ s A\L\'X;.c‘\-l‘ut_, M= xM™ —..:()QM aind \3\! (\-?.‘T\) theve. s @
%—(x)é:Rl:x'.\ Wit (l-{-bc)x)?'\ =0. Thws for oll weM : wm= T{,(q)t@:\ (‘W\) ond
dg)g = ¢ i) = idy .



SZ

§3 . LocALIZATION

lele R be o commubakive wag. will identity | SeR o mulliplicakive Aek, and M aw R-module.
(l'hduﬂiu%, Hu tane M&R) . Ow Hu Ad- MxS = i(h\.s) | meM and S&S—S Cousider e
relakion: (m,5,) & (my, 8,) &= Ates « £(smy- s,w, ) = O.

(l.zﬂ)%wk: LPVL I Qﬁuivalcuu. velobion. ow Mx9S.

P : Suppose. thak  (my,s) ~ (W, ) e Elsin—sm) =0  for some HeS
and (Wz.sz)'\*("*g,,sg) > t, (‘slwa -S ;) =0 for- sowe €S,
Thn 0= (b)) E, (sim—s,m,) + (fs) £y (smy — 55w, )= (B, 5,) (somy — 55, )-
Sime tE s, € S, (mys) o (my,s,)

(1.38) Depinition amd Remark: For aw R-wodule M ddine

NzD(M) = {teR | tm$0 for all meM-(0)7].
A dement te NZD(M) is called a reqular dewewk or o owzo divisor of M.
Accordiugly , ZD(M) = R-NZD(M) is He sk o] zvo divison or won regular dements of M.
ld- S =NZD(M), Haw (%) (s (Mg, 5, )= S, —5,m, = O
is exacly e tquivolence eakiow ‘el o MxS. Howevs, i S¢ NZD(M) , () 4ails
fo defiue  aw  (quivalene. adakiow. o Mx$.
The  ad- o all quvalene damen MxS/ s dewsled by S'M oud He squivalenwe clas
of o demod- (ws) is deoled by #or M. S'M is called M Locolizakion of M
by He wubhplicakive Mk S

(l»’&ﬂ)/zm?osu{ou.: (&) SR 5 @ comwutokive h'ug, witle fdm'\{’na. wader e oyc.m}ﬁchs:

¥ a,0,eR, 5,53 (n./s‘)+ (a.u/s&) = (S.0,4+5,0,) /'(sts,_‘) and (“*/:.‘)st&) = (a%)/(5,5,)
(B) STM s e SR ~wodule  wnder e operakious :

¥ w,meM;s, s, e5,06R: ("‘*:/s.\)‘ + (Mafs,) = (s,m+ Sia)/(ssy) and (“/5,_3(‘“‘/5'3 = (am) /(5,8



Prod: ke only show ok addiow i well dejined Suppose. Hhad— (w,8) ~ 1, £)) and
(m,_,s,_)u(uz,tk). Thew Hee ae wyu, €S wibh wilsw,—t,w,)=0 and Uz (s, —t, w,) = 0.
Hewuy ! (ms)ywe = (wedwm,  ond  (ups,)n, = (uty) wy
= (btuu) (s w+ simg) = (b uu s ) wmy + (b uu ) wy
= (Lwwesis,)uy + (Fuu,s,s,)n,
= (wues,s,. ) (o +tny)
and (S, + Sk, 5,5, )~ (b +Eu,, ).
Nole Hhak- He o dewen- oL 57'M s %1 and Huo idenkily dewed . SR s Vi

(140) Remark: () The wop g o+ R — SIR defined by iggla)= % i a
Mowoworphisie o gt .
() STM s an Rowedule  wia (g The Map (g0 M — S depimed by Gy (w)= /4
is R-livear.
() S NIR) &= g is ingekive
SE NZD(M) &= (y,g i inpckive .
d) gs(8) & (S7R)*
() 0eS e iR =0

(vl.‘H) Thuowwm: ((Universol fvopm’\«a, o S”R) le- R be a fng, SR a wulhplicakive
A amd 4: R —T o \\ouom,ov‘:\«{s\w of. rings it QLS) ST, Thew theve s oo
Whigue. \\ouwmory\nisw. Gg; riu,ci,s A STR — T sude ok Hee dib%ra.m:

R — 0y T

LRS,L
SR, /

owmukes | Le. A Lpg =1,
)

oo Sk 4 (%) = @la) pls)!
() 4 is wdl ddwd. Suppose. Uifg, = Lafs, | TTwue Hwe is me €8 widhe ts,q, = ts, a,.

Heue @) 4ls) (o) = 9LE) gls) plar) and A @L8), @ls) ()T ¢ @la)¢ls) = ¢laypis)™



W) 4 i» o homowophisue o ragy:

A (CBs) (O5:)) = @) g (si5,) = @)@y @la) wis)™ = 4 (%s) 4 (/)

¥ () (f2h)) = @ (marsio) )™ = (pla) pla) + gls) wla) ety ¢ls”
= @la)wls)™ + @la) gls)! = A4 (%s,) + 4 (S/sy).

A L) = e gy = 1

(W) A trsl@) = o (M) = ¢la) ¢()7 = @la)

(V) Uuwiquemsss: Lo T: STR—T b a kouow,orF\u's\w. ot T ilgs= . Thew

T (#s) = T(F)T (%) = ()T MN™) = (W) TIA)™ = gla) ¢G5 = » (%s).

Similo.rly b Theorw (L41) owe can. show-:

(l.‘fz.)ﬁoPosi-hbu.: et M b e ’R—-No&u.\e., N on S5 'R-module and ¢: M—a N aw
R = linear map. Thoe e s @ u.uiqw. SR —ltnear map A S — N 50 thal

Hhe Aiaw M _—‘1'.‘5.—_; S™IM
tL
N covuwm;\e_s, Le. =14 L'.H'S. s pmpc.rgna,

characleiesy,  S'M W o watural isomorp\sisws oﬁ. SR — modules..

“Proot:  Howe work.

(143) Kemark: () I S R* dew g and iy are isowerphisms  for zwery R-module M,
(b) ¥ R is o dowmain ond S=R-10) Hu S'R=Q(R) is He field of quokients

ot R. Using (141) owe caw show Hhak QR) is H sualleak ficld conbaining R

(wp fo .l'somokaisms).

() I gueral, SR s called He localizakiow of R oS and M i He

lowhzakow. o M ak S. U Pe Spc(R) iz a prime ideal we wike Ry = 'R

whave S=R-P. Ky is colld Ho focalizakion of. R ab P, Siwifarly, M, =5M

for $=R-P is called He Localizakion of M a- P



>3

~(L‘N)?r_oposi¥iow b ¢: M—a N be aw R-livear wap ond SCR o mmelime_ sef .

Thee 15 a (.u«\'q\u, SR - linear wap S.“f_. STM — 87N such thak Hha Ma%tuw..
¢

M ———s N

LM.S l l LN,S
-1
- S -
S7'M .. SUY SN Commutes .

Prooh: By (L42). Noke thak S (M) = (%) @0m) Jor all weM,seS.

Uc‘iS) Co:ouom%: (G.) pa t'AH L T . T iém&q#} Of; M ,-Hu.n.. S_{{&N: $7iM — M
is 4he \'dew\-&’na, o S7'M: S“tdn = id

3-\

) ¥ M —+ N and 4:N— L ae R-Kuar Wops | Hhaw S—‘(r\{—tp)m(s \)(S‘ )

Localizobow. is a Covanamt %w:\d*nr- %mw,_ Ao Caluipra/ 91_ Re-wodules kot

Calcm ~£_ SR — modules.
(I.%)Eopesi-kow Ll S'csS be Mw\h’Ph'm:\—i\»e, Aubick o£; R amd M aw R-wodule . They
(mse 1)) (8" M) £ sty

where ¢ ((We)/(54)) = ®W/ess) dor all meM,s'es! seS.

Pl : By (l.‘&?_) -Hu.w.. o Wwaique wags At so dhak A dicgram

g g e (G, s (s
\ CP
LH:S S—t AP

Commbes - By wniqueness ;@4 =id and Ao =id.

(147) Depiwition: L= SR be o wulkiplicakive Ack
(@) S is called Achuraled 1§ Wmewr a.be S thew ae$ and be S or,éqiu‘vdwl—iy,
= Q - U?€SMR§)©OS=¢ (I')

() The s S'= JacRi abeS hor sowe be R is called 4o schwokion ol S ix R.
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(1.48) Remark: S is a wulkplicabve Ask-.

(149) Fgpusition: L SESR be o wulkiplicabhve Adk and igo: R— SR Hu watural
wap . Thaw
T = Hu swallab  Ackuraked wulkiplicakive sk ol R coukaining S
= R— U pespeccry, Prsag ¥
= e ((STR)™)
= He biggusk mulkiplicakive ek S ol R cowkainings S 0 thak Hhe wakural
Map $'R — $''R s aw so morphisw .

/Erg_bf;z ‘HO\MC‘.NO\"L

(1.s0) Corouo.raz I SeR s o mulkplicakive Ad-, TerR ik sohwokion, and M aw
R-woduwle, Huww He wokuwral wop

S — ’S‘;“M $ Gda z’soMoqahism.
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§4: PRoPERTIES ©F THE LOCALIZATION

A Suiuu\u_ OL ’R«m&ulm omd ’R—-“MW MQP'S

[ O (4t
- My + Moy ——— My, —

15 called exack i} im(_«;)==k.-_r(azgﬂ) for all e Z. An tyack Aequesce

is called a shod- ixack Mquen, thak- s, « is iv\a,{;,kug' tw (&) = ke_r(ﬁ)' ond B Su;ai_d‘iug_.

(1.57) Theovew:  ( Localizokiow i uxad-) kb R ke a nwg , SER o wulkplicative Ad- and
Mt . » Hx_ k M3

an xack mquene of R-modules and R-livear maps. The induud Mquine

s '

sM sM, ZE , gy
i 2. 3

is Qn,%go.d"' A@quuu.. U:e. SR ~moduwler  omd S"F{-—\ium\" mq,Fs.

Pogds S (STEYS) = SU(B) = SP0=0, im (Sh) S ker(STE). Tor e ohar
mcdwsiow. kb W5 e Ree(SR) . Thew  STR(Ms)= Bmdls =0 iw STMy awd e is

o teS with ERW)=0 wl M,. Henw Plew) =0 ond +ume ker(p)=iwl)-
Turefore e is an me M, withe (m) = Fu and | "/(@) = «()/sk = (Em)fr = W/,

U‘sz\)(ﬁovo“u.na,: leb U ke o Aubwoduwe of M. S s (isomorphic *o) o Aubwod ule
ol '™  amd S"(M/u) = 3""1/3“\.(.

/_Pr_o_of_: Af’ply (LSI) +o 4\4. WC\LL }‘u‘\-\n&(&. O U —+ M 3 M/\l"""”‘*o-

el R be o ving , T&R ow idewal, amd SSR o wubkiplicohive seb-, Cousideriug. R as
e R-wodwle amd T oa a subwodule | the tinbedding. £ T~ R & Relinear. By
(L4¥) ¢ wduas an  STR-liwar wap Se: STE —a STR. By (L51) S i inylchive and
e oy touside- ST =i % laeT, 365 an a subad o STR. ST is o ideal of SR,
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(1:52) Mopusition: Lok R be o vieg, TeR aw ideal , PeR o prime idea , and SER o
mulkiphicakive.  sek-:

(o) STT=$'R 4= SnIT%g

(5) Y PaS =@ Hue SP s a priwe el of STR i fae (S7P)=P

() U FESIR & o ideal Hwc Ko Gt () is e idead of R wibl STK= T
(4) There is o I~ comwpondews behwesn H prime ideols o} SR amd Hhe prme.
ideals P of R with PnS=¢g

?-"—“-“i-" "eaf e ST = Yi=%s dor sowe aeT, zeS = Ftel wile tls-a) =0
- ts=oateTnS."a—=": 3e6TInS = Y=¥eS!T aud S'T=S'R.

(k) Swppese 0y, € Ry 55, €S wite (ads)(eals,) e SIP. Thee Hhoe ave peP,seS
wite (0a)/tss,) = Pl omd Hee is o teS wHe +(sa0, —5,5,p)=0 and
tsa,q, = tss,peP. . Sue SnP=¢ and P prime, a &P or a, &P and henw
Nisie $'P or %is, & STP. Obviowly , P igg (S7P) . lek qe ing (S7P). Thew
(Risld) = 9/1 = Pls for sowe peP,seS. Thue is a teS with t (sq =p)=0 and
tsq=tpeP. Sie PaS=¢ oand P prwe , q€P.

) Y QSR is o prime idead Huw {gg (Q)=P s o prime ideal of. R and by ()
S Q- Tk wops

{PeR | Pa prime ideal with PnS=p} ::%_ QA SS'R | Q a prme ideal §

defind by B(P)= S7'P and L(Q)= i) (Q) are iwvene do 2ach other, (.
td=id ond A4 =id,

“-53)/&&\&\0:‘\(3 :u‘_ T eR is cun\l t&mj Haw. W«d ,_;"S (S-,I)#:E
Example: R=2Z , T=05) and S=R-(3). Ther F'(us))= 5(@) wnd
{25 (ST = (3) 3 0s).

(\.SW}?_r_oPos:-kou_: () leb @ R —T be o kouomovfhism of. Hugs and SER a
:hAuJi.HPHcd{uc. M, Thee 9IS T s o wmulbplicakive Ak~ and ¢ ndures a
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howomorphisue o vimgr  4f: SIR —— QISY'T depined by 4 (o45) = @(a)/ls).-

(b) Lek-"R be o ving , TeR an Weal, 9: R—> R/ Hhe wakural map , and SR
o mubbplicakive tek-. TThew  SIR/SIE = OGN (Ra) = $7(RA)  whee ST(RA)
demoley e lowalizatiow. ev_{_ e R-wodule.  ®x . Mowover, $TH(RA) is o ning.

and isoworphic. 4o Hu viug (NN (R)

,_Ev;o_{_: [o.) e(SY'T s (uo:\'uvu,\'\‘,) o 3“R-—*Mcdu.k.'. 'EY (l.\l'z.) e is a SR-liuear wop 4
ro thok- Hue  diagrowm - R o T Ted . o (g)7'T
‘:R,S l‘ /
~+
SR Comwabes . A s alse a
howoworphisue. of. Nugn
(L) TS\, (a) Huve is a howmor‘ohism og_ Htua/; A4 SR --*—‘"""\)(S\).‘ (R/:r:.\) so ok e

diagru R 2 Rz —— ST (Rax)
SR ommules .

Leb- D(a)/o(s) € vy (RAm) - Thew  AH(/0) = V(@)1 amd ap (34) = s)/1 omd  heww
A(08) = ap (o) A (/) ™) = 4 ()4 (4) = V(@)/ols) oand 4 is Auwsgickive .
Obviously , ST € ker(4) - Lk A (@)= VDo) =0 . Thew Hre s o t €S s0
Hak vE)VQ) =viek) =0 in Rz amd hemw ateT and 5 = (eb)hst) € ST
A induus  ou lsoworphiswe of vugr  STR/sT = SIS (RAm). By (L) Hhere is ai
isoworphisu o} S'R-modues T: ST (R/z) = YIR/STE. T ik also o howoworphisw

b&. n‘u%):..

(bSS) Kemark: Lk R be o h'n%. R hoa Uxo.cuy ok woximal ideal if and euly
§ R-R* s aw ideal ¢ R.

(LS'(:)(__I)'__oFosﬁiou: ler R ke a riw%, and Pe Spec(R) o prwe ideal. The vug Kp s
local ot Woxiwial ideal PRy,



Tof: By (52)(b) PRp is o priwe ideal o Rp aud by (Ls2)(d) PR, is He ouly
Woxiwmal ideal of Rp.

(157) Example: Ll R=Z , peZ o prime wumber  and P=(p)e Spec(Z). Thew
Zp = Z(P) = L wne@ | w,ue Z and pinT.

Zyy is o PrD i txackly o prwe ideals s Spee (Zyy) = L 00),p 2y | -

Nok. thak e ting Zyy is diffeet bow He wng Zp whide is debined by
Z,= {1 MneQ|l wmneZ ond n=p® for bome ce ™.

Z,=5'Z Ghue S iz e muhplicative  hek ’U,‘;,P‘,-;.. L

(‘»Yg)'f:“oposi%m b R be o \riv\% ond PR a wminimal prime ideal. Thew. Pe 'Z.D(R)-

Bod: lek PeR be o miniwal prwe idead. By (1:52) Hh ving PRy has aacly one
prime ideal PRo. By (1) : wil (Rp)=PRp. Ll o e P-(0) . Thew *iewl(R,) and
Hheve is o meN with (/)" =0. lb w be minimal. Thue Huwe s o te S-R

5o thak ta'=0 and ta'!40. Hee ae ZD(R).

(lsS‘l)(EcFuiHau: A V\'M%/R 5 colled wduud & WL(R)=0.

(l.éo) Coroum-va,: lele R be o teduced Hu%. “Thew ZD(Q) = UP_:;_R i . primae
M: By (I.SE) "2 For Hhe ok indusion Suppose. a& ZD(R) and o g Upm‘,m@.
Thw Hoe is o be R-(0) with ab =0 and obeP for all Pe SpecdRY) . TR

be P dor all winiwmal prime. ideals P R . Twus be wl (R) = 0), o codradickion.

(Lol) Rewarks: Ll R be a Wug and SSR a wulkplicakve Ad-.
(o) Y R is &« PID, SR is o PID.
(8) ¥ R is factosal , SR is fackoriel.



() H R s wduwd, SR is wdued.

(162) Rewmarke: Lek R be a g amd PR a prwe idead. The residue cloas Hng
k(P)—.:. RP/PRP s isow;orp\m‘c_ o the %id& ef. quokients Q(R/p).

Proof: The nolural wap VR — B/e waps S=R-P o Rp - (0). The shalement
follows by L1.s¥).

(LeD) Theoremer Lok~ M e ai ’R—wodvuic_. “The %o\\owin% are tquivalewt-:
(&) M = (0)
Us) M, = (0) %or— oll woximal Wdeals meR.

Pod s ()=>(a): Suppose M#0. We wouk fo show- thak Hhore is ok Liask one Woximal
ideal wmeR wile M, 40, lek neM—(0) and consider Hue Aubwodule N=Rn &M,
Siue Ny SMy . for all wmaximal ideals w ol R it sulbias Yo show thak N, +0
for rowme. woximal ideal wm e R. N=Rn = R/z for some ideal T ER and i+
Mdpius b show thak (R), +£0 for some woxinmol ideal w . Sine T+ R, Hhee is

0. woximal ideal MCR Wit Tewmand T, +R, sine Tn(R-w)=¢. Thus
(®r)w & Ru/T, +0,

U.H} Com\lama.: ekl ¢ M— N be an. Redivear MQP.TM zol\mm'h% ove.  Lquivalewk :
(&) ¢ is iwgckve ( or sumichve, bigichue) .
(b) ¢, Is iwgickve (or burickve bigdhive) for all woximdl decls wmC R.

Trool s (o) = (B): Apply (151) 4 0—M F4 iy or/and M I —0,
(b\):——"b(a‘): Comsider 4he oxack MQuanus

0 — iu_r-(‘p‘) R . | NN Ond M——LN-—-—-——-tf.okgr(q)—-——v—wD.
By (Ls1) dor all waximal ideads WmeR e Aguewus:



0 — ker (4), — Mm&-—‘: N,  oud M.M—?f—a Nmm—-—«»coku-{%“__-so

ae oxack, I Po.rk‘m.\ar, \{tu-(ig>w‘ = ker(\p@ wnd Cd(u’(tf>m—.-:_(o‘k:rhpm> . Thua

Yo s ingickue for o)l woximol ideals mER = \wmm-;\wt%)_-:o for all
maxima) ideals MR e= dur (9)=0 (by (L63)) a=> ¢ is ingckve. A siwilar
argument  opplied o oher () yields  Hhe  Aurpckive cone

(Ms’) Q;ml\ma,'. b M be o R-wode , Ue M a subwodule ond xeM . Thew
xeU e=> oy () & Uy 4or o)l wowiwol ideds weR .

M; Consider He R-livear wop 4 R — Miw  dehwed h\’ @la) = ax + U.
Obuiously , xe U &= 4 =0 = imly) =0 . Suw imlg), = in () for all waxiwal
Heals wme R ; Hee chmu}— %-o“onh \a\! U.LZ;) .

,‘(\.bb) Covo\io.v%: lele R ke o dowain. amd QIR) ik held o} quotienks . Tor oll
maximal ideals Wme R wusider R, a Auhriu% of QIRY). Thew

Ro= 1) MER max R
Pod: U=R and M= MR, ae R-sbuoduer of QR) wile R=U M. Tor
ol woximol ideals m € R MR, =N, ond tw M, c (R, =R,,.
Thoefore G (x) € Une for all x&e™  and M=U by (LeS).



§u-. CHAIN  CONDMUONS

(L6T) Proposibion: Lok (W, ¢) be o parkally ordeed Ak The following are squivoled-:

(@) Every ascanding chai M€ M, & ... of elewenls of M is shakionary , Yhak is, Hhew is
e ne N sk thok My =My dor dl ke ™.

(b) Eoey vowcuphy Mbrd of ML hor @ maximel elemend:

M: (@) =>(b): Suppose Hhak- Ua) is folse omd leb TeMt be wouemp\-a, Aubadk
whide Jarls bo hawe o wavimal dewent  lek Mee ' M s wob maximal i 7, thun Hhoe

is ok demenk M el wille MgM_ . S M, el s ok waximal , thee is aw M el
with M, § M, Guhuwing  we. cbbain o whuile dhain: Mg M $M ..

(B)=p(a): lob M, ¢M, ¢ ... be am aacnding  chai w WL Apply (b) Yo dhe subrek:
I'=3moM,,

(!.kg)fmposﬂ{om Lek- (M, <) be o ?m%’olw ordered Adk, The {?ollow{ua, ave tquivalent:
{o) Ew_n& desmdiu% chain. M2 M, » ... of demenls o UC 5 sh%{ovamﬂ%\ ok is |, Hee i
am ne ™ aude Mok My =My dor all ke N

(&) E\rm& noue.w\—é, Adorcdd- el UL han & winiwal dewent
’E@_@L; Stwilar do e 'P\‘oe’g_ of. (l.b’l).

(1e7) Definikion: Leb M be o R-wodule . The ade M= inem| Na subwodule] of
submodules of M ks parkally odecd by inclusion.

() M sakishies Hu ancmding choiw ondibiow (acc) o Mis o Nuelhenow R-wodule if
(M, =) Adkisher Hthe condibiows of (1.67).

(k) M sekishes +ie de.xw«iin% chain. coudikion (dec) o M is aw Arkwianw R-wodde il
(M, c) sokishes the condibions of (1.48). |

() R s called o Nockhoviam. (Qrkinian) dug if He R-wodue R is Nuchienam (Oekiniay.
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(1.16) Examples: () E\re.r\d D s Nedhan. In pahedar, Z and KTx1, Hae poly vowial
h'n% M our vanable over a %‘dd K, ae Nodhnan.
U:\) For all we I widle w40 4he V\'u% Ziwze & Avbuwiom .omd Noetheriam -

(S Z. ond KIxl ae not Avhwion. For axample. Moo d\csunAiu% chain a&_ ideals :
(Y2 z(B)=z ... i wok AWMO.KA,.

ool (0) leb R be 0 PrD and ()€ (a)e .. on aswnding chaiw o ideals o R

Thedr umiow. L = Uien (@) is an ideal o R oand heww principal - 1:(0.\).’%»
Qe(o.“\) for sowe ne N aud  (G) = (ayy) 4or dl kew.
b) Z/nz. s ouly buildy Wiony deals . Thwy Z/uz is Avhwon and Necteramn .

10) lewma: L= M be an R-wodude , ESFeM ond NeM subwodules of M. 1L
EnN=FaN ond (E+N)/nN = (FEn)/N, W E=F

/}—7"—9-"1- Le)- {_eF. Sinw. (E+N)/N = (F+N)/N Huve ave ceweuls ecE. and w,neN A
Hhok- {tn =e+n, = L-e=wn,~n € FAaN=EnN = JcE.

(‘.12.)’&0}:053“0»&‘. ek ©— M Z—an LN M —a©  be om oxack Aquenie of . R- wodules.
M s Necwnaw (Arbuian) if and ouly & M' and MY aw Nechuraw (A*Hm‘am\)-

Proof: *—2*1 Suppase. Hak M s Nochheda (Arbiwian). lek NeM ke o submodule . Thew
N ond M/ ae Noeudaw (Arkiwian ). The shodewew  follows tne M is isoworphic
T o submodule N el M and M' i isoworphic Yo M/N.

" Gusider an osanding chai M,eM.c .. ob Aubwodudes d M. Uockfy M7 widle

o submodule o M amd MY wite Hu fodor wodwe MM UL M and MY awe

Nocthonom , Hhe chaiua: MoaMc MnM o L., v M aad

(MM & (M) e oL e M= M

Ove Al'o.}-iono.r}, m\re_. s o ne N it M“n M= Mueke N M! awmd (ﬂyi‘ﬂ")Iﬂ;:(ﬁM-&\’l‘)/ﬂl
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for ol ke N. By (L71) Hy= My for ol ke T He Adivion cane o Awilar
o:-%,v,maul—‘ works jpr' o dusun&ina, chain. ¢ Aubwodules el M,

(113) C_g_!_o_io;na, Lok M, My, M ke Remodules. T following. v tquiveled

(a) For all 1&i¢n M s Noechunaw (Avkuion)

() @), Mi s Nockudae (Arinian).

e parkcudar, it R s o Neetonow (Avkinion) g, He fule fre R-wodule R s
Noctlevaw. (Arknion) . |

M: By induciow. on n. Aﬂa\xl (172) Ho Hu wxock Aequenie -

LR ]
0 — M. “”“"'@k:q M, —— @Lal M, — O.

W) Froposiion: lek R be o NoeHurian (Arkiwiam) wng- Every fiuile R-wodule is
Neethorow (Arkwiaw) - '

Froof: A fuile R-modwe M i o \nomwav‘:h{c_ image of R" for rowme neN.

(1‘75>Covol\o.r%‘. Ll R be o Nodunaw (Aﬂ-(m'm) ring ond TeR o Vdead . The
\n’u% R/ 5 Noeteron (Ar‘«'uém3~

Tod: R/m & o fiwibe R-wodue. Every ideal o Rz is aw R-submodue of R



§§-. NOETHERIAN  RINGE AND MoDULES

(I.'l(,)?:o‘;osi\-{ou: Av Reomodule M is  Noethevian i.;. amnd Oul\/ i &x.va, Aubmodule of M is
f\'uild\[ %anerale,d. Je parhiadar, He h’w% R s Nethenaw L and ouly i Coery ideal
ol R is -?-\‘uikj\, ‘axucro.kcl.

Proof: ¥ ="' Siuppose Hak M is Noctheriaw. and +hak N M is o submodule . Gousider
M= JUEN U o submodude and U is finildy %mgmu}. Swe (e M, T4 ¢, and
" hon o woximol dewenk Ng. 3 N4 Ny, L xeN-Ng. Thee N,+Rxe T and
No £ No+Rx, a Coubhrodichon.

v L]

—: ld MM, e ... be an ananding chain o subuwoduler o M. By amumphon
He Aubwodule N= U M is fuitdy gqenersled. Thew N =M, for fome ne®™

(1-7’1) Ril\;e;rﬁ-'.s “Basic Theovewm: L R be a Noclewos Viug,. The Fo\\/vxow.{a.l V'm% RKOxl
15 Noc:l*kt.vxo.v;,

Proof: Suppose.  Hhak RCx1 is wok Nocthenan and leb T ROx1 be aw ideal which is nok
fiuildy gemeraled . Leb {,€T-0) be aw dement of winiwal degeee. - Then T4 (4,) and
Hhee is aw dement 4, e I-q.) of. miniwal tlu&na_. Gonkinue o chosse dewmends §eT
o thal Lo e T -4, ;) of winiwol degree . Scb di = deg §; omd b a; be e
ﬁw.cliuxy coefpiciank o {. By comstruckion. ksk < ... Wil F,=(a,—a,)ER
HhE RS oo is aw onunding chain of ideals of R. Siwe R is Nockhewnon , e is
an re N a0 dhak Y=o for ol te N Tk porhicular | Gy = 2:.:_';‘ aiby for
some. bie R Gusider g = do — 2o, bid x" T Obviowly , geT,

deg g < deg fryy  omd $¢ W, — L), & wuwhodidhion.

(l.’lX}’_D_g%ihiHon: b R be a nug . A h'v\%g is called o %‘“;H‘l %gnem\e;d ’R—égq:_ig_@_: o
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S= Rix,—, /T whoe %, __,x, vovables and T Rl —, %yl o ideal.
(l-'l‘\) Cmolla,u&- IR s Nocthewamn Loery %\'wiuy %mexa\cd 'R-o)%%vm s Nocthenanm .

(190) Examples o} vou- Nocturam.  vugs :
(@) Lek K be a beld . The ‘Po\\lnomial ug K= KUixjiemd i wfinilely momy vanables

is wok  Noctheriam . ) ¢ ;(x.,x,_‘)g T O Muud;'n%, Mon-—s\-oh’ono.r& chaiu 6’&. deals .
(b) The g o ankive buchious R=1{: € —¢ | £ omalyhc ow €4 is wob Neebunau -
Vefine for ol weN: T, =3leR]| {()=0 ¥ zeN wiH z>uw (. T,eT, e ... is

@ increasing  wou shakonary choiw of ideals of R . (lierstroys faclorizatiow Hhuoen)
() The Wag of (owhuuows tumckions ou To1 . R=34: 0007 — R L cowkinuows § is
nok Nocteraw . For all neN sk T,= 14eR | Le)=0 ¥ xel0 W1}, Thew
LieT,e - is o osunding , wou-shkionary chaiw of idedls of R.

(131) Vefinibiow: Le R ke a ving, M an R-wodule , NN’ M submodules and TR an
idead . Defin:

(N:N) = (NGNY) gt = JaeR | aN'e N

(N:T) = (N:T)y * = {xeM | Txe NJ

(0: M) = (O: M)y = amw (M) is called Hue ammiilobor of M. M s colied a
foithful R-wodule L onn(M) =0,

(1.82) Remarke: (N:N)p is aw idead of R ond (NI)y is o subwmodule o M.

(1.22) Theorem: (Ghen) : Lk R ke o ving. U all prime ideols of R ase fuddely guueraled
Hew R i Noethevan. .

?_tg_af_: Gonsider e Ad- M =4TcRI T o wou— %’ui\»d\l gemeraled ideold . Y R is mob-
Nockheriave , 4 & amd TC s P«v&—'\a\\\, ordescd by mcdusion. . Iu order o Wn%,



Mok Zom's lemmo. apphies ; L~ K N be a chain. The ideal Y= Ureg T is no-
fuilely queraded (if F=(a,—an) W J=T for sowme Te K). Hene e 0L and
M has o woxiwmal dewmewk T

Claw: L is o prime  {deal .

Toofclain: YL T is wok prime Here ore demenls a,beR with abeT and adT, bdT.
Thoe Tole) ¢ W and Telb)g WL and Hee are by — €T b Ttlb)= (u),— uw,b).
Sine THa) & (T:(0) = {xeRIxbeT ], oo (T:6)¢ I ond (T:8)) = (w,—, )
for bome. v eR. Buk e T= (u,—,un, bui, —, bw3,) . Obviouwsly,

(g —oun, by, — by ) € T Ju oder o verify He other  udusiow /U—-z.ef. Thesw

ze T+(b) and Hoe ave demews do,ye R 0 thal zzsz‘ diwi + by. Thw

.

(184) Grollary : lek Ry awd R, be Nocthrion viugs. Theiv produck R, xR, i o
Noectherion \n'u%,.

(Evg_og;: Eue.ng prime. ideal o} RixR, » & He Joe PR, or RixQ whee
PeSpee(R,)) amd Qe Spec (R,).

“ch'}?!_OFOS€HOVL: leb R be a Hug and M an R-wmodule. Y M is Noctheran.,
+ee vinc& Q/o.nu(ﬂ) is Noekher anm.

’f_’_r__wf;. Wwe may ufim R by Tz/amm) and  arsume Hak M is o faibifd R-wodule.
Suppose. M = 275, Rwi and comsider Mo Map g1 R —— M* defiud by
@la) = (amyy —,am,). @ is R-linear ond wichve Aln amn (M) =0, Thus R is
isomorphic.  to o submodwle o e NoeHunan R - module MY R is Nockdan .

Uéb)ﬂwm (gr“tmmc\(\): lek R be a Hu% and T o {-\'uik_, %odi«%u.\ R-wmodule. .
Suppose.  thal- e Aek
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M=1TT | TeR an ideal]

Ao\,\-{s%‘w e Mdiw% chaw conditiow.  whae Po.rkod\y ordered \a\, mdusion.. Thew. KR
is o Nocthowoi g .

ool By (1.835) % suhius b show  thak Mhee s oo Jaitpd  Nochedan R-wodule .
Suppose. thak T is mok o Necheriow R-wmodue. S T is bucke, R is nob a
Noctuvan viug. (onsider Woo following Aubick of T
=TT ITeR aw ideal and T/AT wok Noetheromw T
Siwe (0)e, W+, b\, omuwption. T har o woxiwal demenk TT, whoe TR &
o ddeal. Keplaww R by R/ame(Tar) amd T by Tor ond ohuwe.
W) T s a hule, von - Nochunow, faithfd R-wodule and for wery ideal FeR wille
$#0) He fodor wodule /3T is Nochenon .
Consider the  following sk e rubwodules of T
= INeT | N a sbwmedule and T ia daithfdl owe RY.
I T=Rb+ — + Rb,, ‘e
(o) NeT' cms Y aeRj;ato: {ab,—, abY ¢ N.
Sime T is o fobful R-module | (0)el” and M+@B. Mowover, Mis porkially ordeed by
inclusion. e want do ahowr Hak U s {mdudx'vdy oderd. For o chajw Kl s
N=U;yx K. N is a sbwmodue of T. If N7 Hhee is o aeR-(0) wite
{oby, — aby§ = N by (%) . Buk He fab,— ab,je K Jor nome Ke K and
K¢, o couhodickion . Ty Zorw's lemwma. 17 hoa o waximal dewewd Ngyel
Replae. T by TNy, Thea:
(@) T is o non- Necthuriaw , faitidul R-mwodule . (3 T is Nocthenas by (1.85) ¥
Mug R is Nocterow . Buk- R s omumed 4o be not Neeluvan-)
(B) By () Hor Loty Weal TeR wite T4(0) e R-wodule T/ is Nochunom.
(c) By Wi waximality of No for Awy wonzero Abwodwe NeT M dockor wmodule
TN s wot Jaitw bl owr R.
We doiwe thak conditons (a), (b), and (o) imply  +halk Loery. mbmodwle o T s
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Puldy gqueraled. This yields Hhe conbadichone  thak T is oo Nodheriow R-wodule.
l NST bu o vonzevo Aubwodule. By (¢) T is nok foitheful over R and
Hare is s dement aeR-(0) with oTe N . By (b) Var is Noctheriasw owd
Nfar is o fiwile R-wodue. S T is o huile R-wodule | a7 is fuitdy
quueroled . Thus N is fiuclely quurabd  and T 4 Nothenasn, o conhrodickion.

(L&'I) Theorm : (Ea.vr'n—-\\loﬂn,\@) le T be o Nodhenan Hv\% omd ReT o A\dnriu%
Auch thol- T s a {wu‘-c. R-module . Thae R s a Noebheros h'u%.

Proct : Obwiounly T iy o {aidupd R-woduwhe and Hie Ad
W= AT | TR an ideal |
15 o M- o) ideals of T Apply  (1.96).
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§C: ARTINIAN RINGS AND MODULES

leb M be an R-module. A fiwle chaiw. of submodules (0)=M, G M, § ... % Mo=M is called
o ormal Aevies o M. The wodules MM, aw called Hhe facton of e seres. e ave mosty
whewsted i vormal Series ok M ac thok Yo 4&4\0% Mi/Miy  have A‘aedol Pm‘:oeé-\'es.

(1.82) Depiwhon: lek- M be an R-module .

(a) Two worwal Aedes of M: (0)=MyGM g - .. My=M amd (O)=No§N,G...G Ne=M
are colled 2quivalewd- if:

) n=v

() Thre i o peamubokion. o'e Sw Ao Hhak Mi/Mi = Ny /Ngy oy for all |
(b) The Mries (0)=R P g...gB =M is wlled a swhivewmecut of e sevies
(©)=MeeM G- . §Mu=M {ff for all Deicn Huwe is an Ogjes wit M =T

LLgn,

. oy

U-%‘,i)“ﬁe\com: (Schvdc.r) L M be an Rewodule.. Auy two viorwmal Awdes of. M howve
4quivelent- vefiue wenls .

Trool . MTH 818, 219

(190) Dehmition: Anw R-module M is calied simple il M does nok conbain o proper
Aubwodule .

(l.‘il) Vehimtion: b M ke e R-wodwde. A normal seves of M. (Oy=Me e MG - § M,=M
is colled o compasibiow seres for all lsisw Hhe facddo wodue Mi/Miy s o Alwple
?-—Modu,\c..

(192) Kewark: (o) Nok tuery R-wodule adwih & cowposition semes. The Z—wmodule Z

hon no composition Aenes while Z/wz Jor n#o hoa a ComposiHon. series.
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(b) A composiion Aerics han e proper  veimement .

(193) Definikion: Aw R-wodule M is called of Ainile Lnghe . M has o composition
deves (0)=MegMg - §Me=M. v is called e ga.__nat_&_\,cf_M , denoled JLK(M)zv-.
’JL M hoa wo cow?osi-kou. hnes  Wwe Ak iR(P'\)_-;na.

, (\.‘W) ’E\?Fos(kon: lek M be om R-module o Rulle ‘&“%\'et-
(m) Auy wnorwal seren of M has o ehmewent whide & o an.posikom Senes .
(b) Any dwo composition heres of M owe  tquivalewt,

Proof.: (a,) Leb- (0)=Myg M §.-. $My=M be a norwol Seres omd O)=NogNG... s Ng=M
@ wmpositiow Awden of M. By (189) boe Atves have quivalewd vhineweuh . Theve is vio
proper  vehinemewk o o compositiow. Jenes, amd o seves whick s tquivalu«)r Yo a.
Composition Aenen & o Compasitiow. series.

b)) iwomedhiolely  frow  (1.89)

(195) Propasition: lek M be o R-wodule omd UcM a dubwodule .

(a) dgM) <20 e= L(U)< o and & (Miu)<io

(6) U L) <ro Yo LM = Lo (u) + L (M/u)

(€) Suppose thak Le(M)<to. Then UeMamp Ly (W)s L (M) and U0 e=b L ()< 4 (M),

Proot: (a)"e=": Consider cowposition heries O =U U § - F U f U and

(o)=v(, g{,_\'/';Q .- ;:.*\76_—.-. Mu e Miu. ek @ M — M/u be Hu watural Mok -
For all 0sies ad Vo= ¢ (V) L Thee for oll 0sics USV, and V/u=Ve.
Mowover N/ Ny = M+ U Ao vu) = ((Vuu)/u}/( (Vo W) = Ve i, .

Hone (O)=UoGUS - Sh=U= gV § - =M is & upositon scrics of M.
" " )

== Cowsider +4he wvorwmal senes azt_ M. (O)cHQ ¢ Mi=ugeM. "Ey Us'i‘i) Hus semes
hos o kqaumu\— w&ud«, s a Cawpasi%ou, M
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‘(O)zﬁo-_—_uog ul%—n* % urzMr'-"—“;:Yo ‘%—V\‘% - Q;_Vsr— W\)
=~

N

(%) (%)

,(*) is a Cou?osi'l'(ov., herien of U, Thow  (%%) we obloiu e CONposi'h'ow series of Mju:
@)=Vo=Vo/u g ¥V, =M/ UG ... § Vo= Yelu= Mu.

(b) and () follow- $rowe Hee proed- of. (o).

;(,l.‘l(.) Comﬂmja,} \.m%ut, is o additive dumchion, e, fb 0 — M/ —a MY 5 ©
be awe oxack Mquene  of K-modules . Thow £ (M) = L (1r) L (MY).

/?_tg_qt,: —Huvi'\h, M Wit a Aubwedule U of M amd MY wie M/u.

(!.‘?ﬂ?}pposi-}iou: bR be o Ving amd M aw R-wodwle. Thew
() Lg (M)<eo

(b) M sehihes e a.cc. and He de.c.

Mt (o.):zb(la): Ew.r%, sy o Aubwodules of M hay /@un%-\-&. £ ERU"Q.
(b) =r(e): The ac.c. implies Hak Levy. womempry Ak o] Aubmodules hor @ moximal
daved ek M, §M  be o moaximal Aubwodwe U wile UM , +hen L M, G M,

be o wmaximal Audewodule V&M, . This ylelds o c\escméin% chaiw o Aubwodules

MZMz ... By He dcc. e chain. is b-\—n;\—iouo.,v-a,. By conshruchiow. H %Anr“

modules are Mwple . Thus M3M,3 M, 2 ... i o cowposition series of M.

(L‘lﬁyaoposi*\'am’ Every prime ideal o} an Avhuici Wug R s waximal.

’Prog}.- leb- PeR be o prime. tdeal. The v\'n% S=R/P is an Avhuan domoin. We wank-

fo show thol & & o %elcl. ek beS-(0) and usider e Auu.n&s’u% chaiv of,. ideals

()2 () 2(b%) 2 ... . Sine S is Arkinion Huwse s a re N 20 thak (b7) = (™). Thus

Hewe is o 0eS with b =abtt!

Siuw S is o domain. , | =ak.
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(199) Yropesition: An  Avhiwian vug R hon - only fnilely mony waximal ideals.

Poof . Suppose. Hhak R han ufiuilly womy waximal ideols . Toke o iwfiuile coumbable
rb Yo o woxiwal ideals of R oud cousider Hn s of ideals:

W= {win-ame | re N7
Sine R is Adhnicse 0 han o winiwal dement wn._nimp. Then won.. nwe=wn.am,,

ond %\-c.fmc. WMpg 2 WN.. Nme. “Thawa WMy = WM ‘fin- bowe 1&isr,

‘(I.IOO)(P__roPos'\“ou: leb R be an Adinian Viu%. The wilrodical m’L(R) 1S m'EFo\er, thak- i,
e s we ne N wite (wWe(R))" = (0).

Proof : Sinw R rokisfies o diccc. Hhoe is @ keN witle (weR))" = (WZR)™ for
all N, Suppose. (WLR))® £(0) aud Ad- T = (WRR)® Gowsider Har sk
M= {JeR | o ideal amd JT 4(0)]. Sine Re¥rt, W +g, and N har a
miwiwal domewk o€ T Thuy Hhre is an xe Py with xTH(0) and by Hhe
minimality o Fot Fo=(x). By amumphon T*<T for all te N and Hoefor

"

(XI)I "—-‘-XI“‘gXI#(O)- Hewee xIxLx). lek- y&I wn-He %=Xy, Hew x.-_—.)(\,z.,».-—.-xy‘
'B\j mm‘:kom 7(—.— m'?;LR), Hhuy xX=0 , O cawtvodichon .

leb R be aw Arhwiaw viug. By (148) and (1.99) twoesy prime idead of R is maximal
and K hoa ouly fiuilely wony woxiwal {deals . leb 1 ={w,—wc} = Spec(R) be Hu
M- of waxiwol ideals of R. Thew wlR) = (1, wi = Jrad (R). S w, — m,
ave \Mw\'u,o.\\\, Gowmoaximal , by 4 Chivese remainder ‘heovew:
We(R) = M ome =T me.
By (htoo) Hue i o ke ™ suck. thak-
we(R)% = (T5 m)® =T, W™ = (0).

Thun e on Arkiniam vikg Hu zoo ideal is o (hwil) produck of waxiwal ideals.
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(1 101) Thearem: ek R be o nng. in whicle Hhe zero ideal is produck o) (initedy ma.mY)
maxiwel ideals . Thew R is Nechunaw i} omd oty i R is Adiwiam . Jw porkiear,
Loeny Avbinian. nwg & Noctherion .

For dhe prosk of  (LID) we head:

(h102) lemma: Llek K be o 4idd and V o K-wchor spaw. TThe -?olloun’u% ate Lquivalent-:
(d) dim, V < o

(b 4, V) <

() V is o Neehunaw K-vedor spose -

@) V is an Adinion K -vedor Apau.

M ) “OV\\C-MDI‘L

Proal of (1101) lek wi R, 1$isn, be moximal ideals with (0)=w,...m,. Cousider Hu chaik
of ideals Rz2w2wmm 2 ... 2w... wm, =(0). Th fockor wodues M, = B/m, and

Moo= " Mia/ug o omg ove Koo Ring - veckor Apaues. By (1102) M Ki-wmodules M awe
Necuriaw if. amd owly if Hhey awe Avknian. S Jo=m, ... m. amd consider W axock

quu\u&: 0 — 3' » R M‘. —y O

0 ey 31 a— 21 e} ML [RS— 0

o — "}r-g ‘}\’-; MY'-Z‘..M 0
O — Yy, — M, , — O

R Nethrion = 4, My Noelievi o
=+ d, 4 MM, Nedhewan

- }‘; - }r—.j 4 Mt; ——— g Mr,,‘ NQC-“’LJ.H%
= }V-I "~=‘-M‘-_" Ml; e MY‘-«; AV‘%‘W\{GM,
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= }\*-z.r }v—l c My — My, Avkinian

g R AY‘&‘W\J‘QM .

A siwufar ar?umcul-' shownr : R Avkiwian = R Nocthewan .

(1 toz) Coro”o.na». ek R ke o g . R ois Adwiaw § and ouly if R i Neuran ond
lmra, prme. ideal o R is weximal. .

M"""“t By (L98), (1.10) | and (1.t01).

LA
G g

Suppose.  thak- R s Nochuwam and . priwe ideal of R is maximal. Then tuecy,
piwe ideal of R is woximal omd miniwmol. We show i He uext chagler (2.17)
Hak o NocHunaw vieg hon owly fiucldy mony winiwal prwes. leb T =fuy, —, w, |
be Hu rd ol maxiwmal ideals ¢ R. Then wL(R)= Ve, mg = T, we.

St WlR) is hwilly qourcled , Hre & o ke N wille wlERY =T
By (o) R s Adiwian.

mf‘:—- lo}.

(oY) Gorollary: Bvery  Adiwios img s isomm-?\u'c. to o (fuile) produck of local
Arbiwian \\'u%. \

R Lk R be ow Adiniai ving, W= Jum, — wy] e fiwike ke o) Wasimal
ideals o R. Thue is & ke o Hak TN w* = (0). Siwe He ideals wk _ wk
ae mubually cowaximal, by Ho Chinese Remoiuder Thiovem :

R = T L, Rk

T vings R/m® are local Arkinia Wi woxiwal idead Mi/mX,

(&.&OS)?work: AFPN&-:HY Avhiwan. h'u%& ave. dhe 'Lile! cowstn of_ Noether an_ v{h%&.:ﬁr wmodules
e shorg is ok do Sluple. be will dw Lol YR s o wplde  Local NocHadaw ving
e Pue is o t-| GomPou&ww, belwew. Noethanorm. and  Avkinase /Q—HOJU-!Q‘



