CHAPTER, O: "PRELIMINARIES

§g : RINGS

(0.) Defintion: A vng R s o nonemphy sk Jdogdur witle two binary operabions , 4t
and "ot pucle Hhok-:
(&) R & an abdion group Witk wapek o Y4
(6) R & o Asigroup b vespeck 4o "o
() The distibukve foun hold © For oll abceR :
alb+c) = ab+ac amd  (b+c)a = ba_ tca
Nok. dhak a hemigroup is Houcw.’w!wa, seh- e am associahive operation -

Em%\.gg— He coure  we ouly shudy  commutokive rings R il om demkity dement 1,
be. (R<) is o cowmmubakive Mumigroup Wwille an idedidy dewent g =1 Tn He
%ollowima o rug R & o cowwmulehve nug it ic\mlﬂwa dewewt . Nole. thok we
dlow- e care whoe =0, Hhok is, R may be e nul ring -

(0.2) Depiikion: leb R and S bLe hugs, i R and & ac commubabive vings with
'\Ao«h‘.ha dements g omd I, mpm\-iud\{. A map @ R — S is called a hcmuor?\t\fslv..
o s il

(@) For ol abeR : cf(m+L)=cho.)+cf(b)

(b) Tor ol o,be R : Wax,) = cp(a)q,(g

) @lg) =5

(0.5) Defiibion: Lk R be @ ving.

(@) @ subbel SR s clied a pubnng o R i} S s dosed wnder Aubtrackion
and mulhplicakion ond il lzeS.

(b) Q subrek TSR s called aw ideal of R i



‘(i) T & on addihive Au\:%mw? of R
(\'l:) Tor ol aeXT amd ol vreR : oarel.

Ueals  we wuckh mowe iuleresting  Hhan Aubrngs! e vearon is ok € TR s an ideal
Ao we can define e quokient- g W, TThe studue ol B velaks o Hee
shuchure o R and s Wowy cones  binpler, “There. is anoler earon. ‘akd o
algbraic guomehm T bk o squakiows sakished by Yo poids o o clgebroic, varicky
iy on idead e He peynomial \riua, over o Field.

(0.4) Remark: leb i R— S be o howomm?h(sm of rivgh TS aw idea). Theu:
() ¢ (T)SR s ok ideal colled e combrochow o T.

(b) ¥ JER is ow ideal s iwage () s nok am idea of S unless @ is hundchive .
The swallesk ideal o S eav&uin{u% $ U}) S colled e oxlemsion of & o S.
[r_.) q(R) €S i o buhﬁw% of_ s,

(05) Rewark: leb ¢ R—=2 S amd 4: S —7T |e howoworphiss o} vings . The
(meosi)nbu, 4¢: R —T na homomoq;‘n(su&. of h'uaA.

(06) Remark: lek R be o ving , T&R aw ideal. Ju parhicuar, (R +) is an obeliow
goup omd L ko vorwal Aubgrowp o R. TThe quoked goup RAD s aw abehian
qowp wnder Ha operahion (at+T)+ (b+T) = (ath)+T for ol abeR. R & o
owmwtarive v{u.% wrtle i&cwk’n& gz = 1+ under He M\A‘K?h'ca:\\'on. (a*«I)(L+I\)= ak+ L
fr ol 0be®R . e wabural wmap Vi R —— R debiued by V)= ot T is @
Awrglckive. houwuwr‘p\,«.ism of. nwgh

(0T) Remark: leb R ke a ving ond TR aw idea. TThe maps:
@ 1Yl YeR on ided Wil TR

K lke R/T am ideal §

T @) =By)



T ikl Re®x an idead| —— 171 JeR an idead wible TSR

K —— V7(K) = T
are iwene bo tack oMer and order prseving ok s, e, = B)eB(T,) and
Kiak, = %K) = ¥(K,). Gndusiow: Thoe is o owe-to-one  order preseruing
coneopondents.  behowe Mo ideals o R whick codniw. T omd Mo ideals of R/

(0-8')’_1?_;5’-{n1kon_- led ¢: R —s S be o homomor?\\ism__ ag, h'u%),. TThe  kevyel o?_ 9, kr.v-cp, is
defrued by: ke = ¢ Q)= }aeR lploy=0].

(0-‘1>’R€.‘4\w¢k: (o._) Ld:_r'Cf is e ideal &g_ K.

(0.10) Theoves: Lk ¢: R — S ke o koMomoThi.sm of rugs amd T hery aw ideal of R.

T Hare i3 o wnique  howomorphiswe of viugs 4 RIT — S Ao dhat c\io%mm.
R s s

\)l /
N
R/
(omuu.\es)tl.e.. AFV=Q wheve W R —s B s He waluval \vm,F.
(0. M> G)ro“a,n&‘. (Tnk Isouor‘o\\isw, Weom) ld- ¢: R —=S be a \v\omomorf;kiam. of.
vlmx/,. ¢ mdues o \'sowm?\\ism‘og_ nugh

R/kerq = @R) < S
whove @R) & o subreg o S.

(0,12) Dehwrhon: A h'u%, R4 jo] is colled on (.gg%.g) dowmatw, if Wheever @, beR
Witk ab=0 4 hdds 4ak a=0 or b=0,

(9.\3)%\:1#0“,: R b a HW%,I,}‘T)‘ &R,\e—/\, idenls e&_ K.



(@) Tp={atblaeT and be], o Aum of Hu ideols T and Y.

Z-ue-f\ I o= )Lz.)\e,\ &A_l aye€ Ty and ail, buk- %\'@Uy maiy Q.kzﬂ—_(!,
w.

T'A = 4 2:-,:=; a b | ne & ajeT, bd'egfﬁ) —l»h._,»f:voéuc\- of. Ha iﬂs Iggé}
(b) b SSR be o subsek The ideal (S) %Lhcm)n.d .b.‘j S is e smollesk idedd of R
-Hno,;\- conkains S - r“\

(S)—* aeﬁax_iéen& "l/

ser
R )lQ.)Jlxé,\QI, we Aoy thak- T is geuwraled 13_7 laniren i T is e Amallesk
ideal which cowtains Yasinen

(.r..\) G ideal T cR is colied prmeipal if Hore s an aecT kﬁ&I:(m‘)a{ar\r&R%-
Ld) R is called o principal ideal  dowain. (F’J:D\} if R is a dowmain ond toery,
R-ideal is principal.

(O-N)(R:MQX'\(: b R ke o g and T, K SR ideals.

(o.) s Ir-(a.)“SXQI\’ thok i, ‘-c.. I s %‘W-'-"“S‘QA L‘i )la‘)l)\&f\)-““‘""

I = (Q)‘>X&A = { 2)\;—:—)4\ L)\ @y \ LA@'R omd (ﬂ\, i)\d"' Q—wu,\'_\y MOM\/ L)ﬁ: 0’-&'

(b) The operakions ‘4,0, nY ow ideals ore commulokve amd amodokive . Mowover;
He dighibudive.  law hdlds: T (oK)= TP +TIK.

(0.]5)"@_4«{;{!{0“,: Lo R, —, R be Yih%A. The divech P\oé\\w\— o R, — R, is dehued kyz
n
K& = {(Q[).__‘Qn) la‘e RS

R & o cowmuwkahie g e cou\aomw"hn'sz. additiow. omd wubplication ad willc
ieludcka dewent g = (1, __,1).

(0.16) Remark: Nokakow an in (aO.iS‘) Tor all 1< jsn dthow are haturdl Waps:



byt R —= Ry defind by ploan—an)=a; and iRy —R defined by

Glo) = (0,—9,0,0, —,0) whee o is ak e gt place. The projichow map pois a
Aurgpckive homoworphisi of vngs. The tubedding s iwgickue it e properky -

L (o+h) = i) + (k) and  §lob) = Gla) k) dor all abeR;. Howaer, iy is hot a_
\aomomov‘;\ni.sw. of \r';majs Ana.  the idm\w’\-a, dewent \e R; s wok Wapped o He
akiy demeck of R (it 022 ond oF fosk 2 of H viugs Ry we mok Hha wdl ving ).

,(O.\‘l\)lein'nl‘\-iom kb R be o Hn% omd SER o subrek. S is colled o wubkplicakive
Aukosdh— o R il 1€S and for al abe § the dewent abed s i S.

(0f) Debinition ond Proposibiow: Lk R be a ving aid PSR aw ideal. The
%nllowiu% couditions ase u\u).valeuh

(k) Rp s an ‘\’w\e%ol dowain -

(b) P+R and for ol abeR: abeP = aeP or beF

(€) PR and for all ideads T, F SR @ TREP = TP or Yef

(d) R-P is o wulkiplicokive aubrd- o} R.

Qu ideal PeR whick sakickin oun of o obove condibions is called @ prime
ideal of R.

Proct : (a) = (L): R/P is ow indegrol dowoiu, Hes Be4lo] amd PeR. lek o,beR
e abeP. Thae ob+P= (a+P)b+P)=0+P iw BP and hemw aePor beP.
(b) = (c): Suppose T4P and J¢ P and Lk acT-P ond beF-P. Taw ob¢F
ond  Haw IZ#‘:P,

(c.):r-»(b): Sek- Iz(cL) and "C‘rr-(b) and wole thak aLePamoI'} < P.

(b) = (@): lb 0P, b+Pe R/P with {0+ P)(b+P) = O+P. Thun abe P and henwe
el or beP im,pi\[gv% a+P=04+P o baP=0+¥,

(b)oms () :  tvial



(049) Example: (a) leb R be o fackinal dowain.  (for exampl: R= Z> and peR o prime
demerd . Thae (PR i o prime idea) . Moveover, o principal ideal (o)e R is

o priwe ideal I aud ouly @ a=0 o o is o prime dement of R.

(6) b K be o feld and xy,z wveridbles over K. The ideaks (), (y,2),
,Lx+l)y~2.,z+3j are briwe  ideals of R = Klxy,21.

(0.26) Dehinition: lebk R be a WG and mER o iden) wil. w$R. w s o wmaximal

(o.zt)%po_;jﬁgv_g: leb- "R be oo vug ond M€ R an ideal . The %oi\ow%u% conditiows are.
equivalewk-:

(@) B is o kdd.

(b) MER s o woaxwal idedl.

Trog: () =o(b): The ouly ideols of Hu feld B ar (S) ond Bhu. By (07) Hhe
owy ideals o R cmdaiaiu,% W are W and R,

L) =) Lo atwm & Ru wile atwm$ O+rwm. Thae @¢w oud wr(a)=R. Hemw
- Hare is o tew and o beR with ttab=| =b (arw)lbrm)=l+wu.

P s a bedd.



§2: MoDULES

(0.22) ehimibio: Leb R ke o vag. Qw R-module M is an abeian (additive) group (M,+)
‘\’o%&-\r\a“ wHo o wmap ¢ RxM — M
(a,m) — @lo, w) = am.
o Hhak  for all a,a;eR and all w,mieM:
(2) alwm+wm,) = am+ am,
(k) (a,+ai)m = 0k 40,
(&) (aa)w = o (gm)
(A) g W = w .

10.28) Remarke: Lek (M, +) b aw obdiaw group aud

Ed(M) = {t:M— M| T o kowomcr?hism o groups §
He  rek of ol u\ciomor‘:\mlswcs f. M. End(M) & o (noncommubakive) Rug wnder e
operahows (T +0) () = Tlw) +v(w) and ‘(T:d')(u>=’C(u“(uC)3 for ol weM. M aw
R-module il omd ouy & dhove is o \«owomm{;hx'sm o nwgs $: R —— Eud (M)
wile § Ug)=idy.

(02%) Defiwhion: Lk M and N be K- modules.

(@) Awmop ¢:M— N s o RK-wodde howoworphisw or aw R-livcor wop i
W) For ol w,w'eM: glumsn') = @im)+ @lw')

() For all 0eR , weM: ¢law) = a plw) .

(L) How.R(M,N) =}¢: M—>N | cp’Rdium\—ll denoles Hae 4 of all R-lincar waps
fowe M o N.

(0.25) Rewark: L M, N, and L b K-wmodules .
() U ye HomR(M,N> ond ﬂ-eHomR(NJL.\) e Apope How, (ML)
(b) Dehue an oddikion and o kealor wullipicaow ow Howg (M,N) by: for all



weM and aeR:

(@) ) = ) + g (w)  amd  (ay)(w) = aglw).

Then (@, | @, & Houg (M, N) and Howg (M,N) & an R-wodule .

(e) Homg (M ,M) is a (houcommu;‘cakuc) nug  under wulkplicakiow. the composition af
Wops -

(0.26) Dehiwition: b M ke . R-wodule .

() A adaek NEM 5 on Rosdodue & M it

By N is a Iaula%muP 0:?; (M,+>

(i) For all aeR and ol ne N : aneN.

(,\,) b NeM ke aw R-subwodule . The {actor group M/N 5 o R-wodule unde-
He  Acadar wulhplicakion. &(wu-N) =am+ N dor ol ceR weM. MN & wld
Hhe fackor or quokiewd module of M by N.

(0.27) Remarke: Lo R ke o Wug and M,N R-wodules.

() R s wohually e R-wodule . The R-subwoduler of R aswe exacky W ideols of R,
(U) Ll LeM be a K-asubwodude . TTwe wolural wop @1 M — M/ deiued

by @)=m+l for ol meM s R-linar.

(€) leb ¢: M— N b o R-lisac wop. Tae kel o @ ker(9) = dmeMiqum)=0]
15 o subwodule ¢ M and e 33&__&%:;; of ¢ imu‘;)_—.-.xp(n‘) s o Aubwodule f N.

(4) Tae wodule  N/imly) =00k&r(\9> is called Hu cokerwel o g,

(€) b @M — N b o Reliear wap. Then:

() @ is fwgerive il omd oy f ker(y)=o0.

() ¢ i dugichve L and owy if i (g) = N ¢—b coker(p) =0,

(f.) leb- Ne M  be o subwodude . Thoe Hare is o 1=l nespouden @ behuesic Hee
blowodules LeM wille Nel. omd 4 Aubmodules of M/n.

{LeM]| Lo sbwodide and NeL ] «F=+ J L™y 1T o submodulet.



(0.28>?10Fosi\-ion~. leb ¢: M —s N be o likear wop o}, R-modues amd UM a subwodule
whe U s ker (4): Thee s wackly owe R-liwcor wap F: Mu—N sude thak He

: o~
AIW M'—‘“—""* N
v
} A)
MAL

| mmules whoe v s e wakurol magp . Morcn\z.\",
kc.r(?) = ker(xp) /.

(0.2.%) Rewark : (l""" 'lsomor{)kisw\_ Th&me.m\) AssumFliouA s (O‘Z&) d U= ke\«—(%o
o § s ke and M/kectq) = U.

(_0.30) _E__x__o_.lufl_e_i la) leb R=K b o feld. The K-modules ave %c,\—l\f e
K-~ veclor ).sPawa .
(b) Eveny obelion group (M, +) s @ Z-modue by: Tor ol neZ, meM:

M=0: Om =0 3 M0 @ MM = W4 ... + W 5 w0 V\M——:(*—M)*—... -P(—M)
R N g _
Nn— Kwmes (=») ~hmes

() L R be a vng oud T an index k. Gonsider Hoo Ad-:
RE) < {;?, I —RIl {a wop e %(i):.o for all buk t%%u.{,‘e]\, Wamy ieIYE
oud dejine  addition oud  Acdlar wubbhplication. ew R by:
Tor all §,4e R aeR, T (Lig)k) = ) + gli)
(ad) (©) = of@).
R is an R-wodule wnder Hhuse oporabions. Modules o Huis forwe ave called
fra R-wodues. Usually o dewerds o R™ o tonbloc on sequences (6)ier € KD
whoe ;=0 Jor dlwosk all T, U T s o finwke s wille ITl=nw we wike
RE = R".

(0.3)) Kemark: lob- M be an. R-wodde and MM, eT, subwoduler of M.
(@) Zater ML =1 200z we | me M and w =0 Jr auosk all e T
s o sbwodule of M called e suw o M leT.



(b) ﬂ;éI Mo &5 o subwodude M.

©) Tager Mo = 1N Hak is, Tioer M is e dmollest subwodule
NeM o submodule
M{S N & ieX o M uhide cowlaius M, Jor ol €T .

(6.32) Foposition : (Mo Tsomovphism. Theovews) Lok M be aw R-module ond M, M, &M
subwmodules .

(@) Y MM, Hew (M)/Mm) T Mn,

() (MM /M = Ma/(MaM,).

Proo}.: (@) Debne ¢ MM, — M, by @M )= wm+M @ is @ well defiued
R-linear kap wdh kcv(nﬁ:-. Miim, . By Ha st 150&40?1‘\'5». “Theatenc (0.29).
(M) /(M) = imlg) = Mim,.

(b) Cowsider Her Wop Ap: M, —s (MirM)y,  debined by A4(w) = m+M,. 4 is a
sugichve R-bwar mop with ker(y) =™, nM,. The shadomewt faliows agaiw.
e (0.29) .

(033) Debiwibion: Leb M be aw R—module and Ixfiexr €M

(@) txilier & clled o Aplow f gueraboy of M i Tiep R =M.

(b) ixilier fs called lincady indepemdent whaneves a;, b, € R widte

Z/gex a %i = Z,;é: bix, Hew ai=b;, for ol LeT. (= indicales %lu'\e. Suws,
le. o,=0 omnd b; =0 for oll but 4@&@&.\7 Wiy leX).

(€) txcliex s called a bosis @ M i xifier is o bucarly independonk sylewc
of %m,ro}ovs of M,

(d) M is caled o fwle (or fuilely generoled) R-module it M har o ik
Hplom o qureralor .

(0.’6‘%)?:&«@\%: A R-modwle M is X"“—’W‘" Hieve is @ wmdok A T Ao Yhak
M= ch == M han a baais.



lk Mifier b o Jamily | R-wodules. Seb
@z Mi= 1T — Uper My | L 4 o map with L)eM; dor ol ieT and
$6) =0 for all buk Fnikdy many e LT |
Usially we wrile Moo dewads of BierMe on ‘sequanus’ (mdier With we M for
all (¢eT ond Wi =0 dor almost all (e L. Obviowa\\} (M )ier  ‘eprnanby Ha wap
LT — UM with $60)=m; dor all ieT.
Gier Mi s an R-wodde under Hw operakious :
(W) + (n) = (wc¢+vs¢> ond  a(w) = (am) for ol weR.
Ber ML & called Mo divedt swm of IMiex

(038) Remark: A Mi=R for alf ieT , Hhea @, R =R

(036) Troposition: leb N be o K-wodule and M, ,M, &N subwodules. Suppose:
(Q.) Z“:?:t ML = N
(B) For ol 2&isn: Min(M+ oM )=(0).

LY

Proof. By induckon. ow w: m=l: $dvial

W=l =2n: Cousider Ha R-linear mop Y @:._._‘ M — N G\%m) Ly \p(m.,__,mn}:—.

W+ — +m,, - "Es, () ¢ is Am&;lc.\i\m. Suppose (p(m,,_._.,m.,> = Z*:':, w = O, e

M, = — Z:;: m, € M, n Z_.::‘ M, = O. Hewwe ™, =o0 ond Z;:‘ w, = O. AH,ly
“-(

e induckion hypollesis o Mo Abmodue N'c TITIMiE N St N2@®X M
we oblain Hak wi=0 for all L=l n-l T ¢ ks iwgichive

L IMifier be o family of Romoduler. Tor all ieT Mo ase Relivar maps
X M, —— Der Mo amnd y;:@gezM;m»M;

defiuad by Wi lw)=(w;) vhoe wi=0 L L4] and mi=w owd by polwg) = Wl

Pl S Augichue  and colkd A e proichion owk M. X i dggekue . We



onsider My o submodule of Bz My wa w;. Nole +hak Pi R = idy .

(0.37) Froposition: leb- {Mfier be a family of R-modules aud N aw R-wodule.
(a) Suppose. Hhak for sy LeT Haow is gvew on R-livear wap 40 Mg — N,
Thew  He s xacky ewr R-liwar wap L @M — N wite fa¢ =4
for ol keI,

(b) Suppose for ol e Hwe is e ac R-livear map 9 N — M,
suche Hhak for ol me N gi) =0 Jor all buk Huldy wany ieT . Thae

Heve s o W que K- liwax mop G N @ My wite Pig = 9
Jt-cr ol el .

K_Pg_og, : Howme work



$3: THE TEWSOR “PRoDucT

(0.38) Definibon: Lok R be o ving, M, N, and T Rowodules. A map : MxN —T i called
R-bilincar if

() For all weM Hhe wap a0 N——T defised by a4, (n) =G(m,n) is R—biuear:

() For ol weN Ho wmap m M —T defiud by 7 () = @ (m,u) is Relincar,

(0.39) Definikion: leb M and N be R-wodules. A teusor produck of M and N over R & ac
R-wodule M@N togellur with an R-bilivcar map T: MxN —— M@ N such thak
dor toery, R-bi binear map i MxN —T frone MxN iube sowme R-modude T Hhave is a
unique R-liwear mwop «: M@N —= T wille at=¢, Hhak is, Ho diagawm

MxN —5— Meg N

LP\\‘ T ‘/o'(/ commules .

(030)?!9?0@“0!1: l- M and N be R-wodules. ]x. M. Yemsor Pro&ud— 0:2. M amd N over R
tisks i s wniqua wp to isomorphisw .

&og_ Lt (M@RN)T‘::MXN — H@RN) and (M&KN, T MuN —s MERN) be two dewsor
producks Wit  bilinear maps T and <. TThew Hhere is acky oue R-liucar wap

X: M@,ZN — HERM Wit &T=T omd e%ac“y oue K-hwiar wap < M@KN — M@, N
with. ¥T =T, Thus L &T =T omd « AT =T imfl\,iua, Hhak e Aiwam-ws

MxN —— M@, N ond MxN = M@,QH
o2 L iz

alb( Pt /D(K
M@ N HegN

~ , ~ )
Commube. . /&7 u"“c‘wﬁﬁs A= ‘AnﬁgN and X = ‘AMSQN .

(O.Qtl\)vl;mve,m: 1{_ M omd N arx K- mociudcs, He Hensor p\m&wﬁ— a:t;.M amd N oer R exish




Toof: Lk RMM b Ho oo Rowodule with basis MxN and L Ue ROVN Le 4y
Mbwodule Whidh (s geuevaled by oll dewenly of e forwc:

(vewl,w) - (1) = (', w)

(e, ment) = (wyw) = (m,u")

(am,m) —a(m,w)

(w,an) = a(mw) for all ww'eM, uweN, aud aeR.
ld- T be Mo composition o maps : MxN R 2 RO { waps .(m,n)
o Hhe  basis  demenk (w,u) of. RMMN 4ud v &t conow'cal map owro Hhe
quokiewr module .
Catw: (R™M/u ©) s e dosor produc— ok Mand N over R -
B oo} daiw: Obviowsly, T is R-bilinear leb T ke o R-wodule omd ¢: MxN—T
an R-bilinar wop. (onsidering ¢ b o wap fow M Ak MxN ko the R-module T
we com wdewd ¢ wniquly o aw R-liwar wmop T RMMN T Sine ¢ is

R-biliwar, Ue kee(@), and He s o wigue R-livear map xi RO — o7

ruch, ok He Jio%rum: MxN.—-——-(-Q--——-—-» T
< l \ 1L i~
R(qu‘) _.......L...._.. R(quyu Commules .

(o40) Kemark: () Tor cleweds weM and ne N we Ad- MmN = T(m,w) .
(b) For all wm,weM wueN; aeR : (w+w!) Bu = won + Wew
Mo Men) = mow + wow
law)pw = lv.@(cut) = a (mow) -
(©) Eveny demenk ¢ MoN & of e foru:
Z:_.E; aj (mi@n) = Z..,;:‘ lajmy)®n = Z..,;( W\‘.%(GML)
whoe wieM weN, and ojeR.
@) A V=inlier amd W= tuﬂ"e} @ quercng Ak ol M oand N, Hu VéW =
{”/i@wi'her,je‘g S o guurokiug k- of Meg N.



(043) Example: (@/z) @z (@/z2) =0

/j_’_r_gofi.-fw oll q¢ @/z Hee is an neZ-©0) wh wq=0 and for oll pe @z, mecZ-(o0)
thoe s o ple @z ik mplmp. Tor ol pge Bz bb ne Z-6) with ng=0 and

ple @/z. wibh wplap. Thee qBp= 4@ np))= (nq)® p'= Oap/ = O.

- My, —, Mr be R-wodules. Tuslead of starkiug Wit R-bilinar wmops we
consider R —mubkilimar wops ¢ Myx — xMp =T (dhase are waps which are R-lar
i toery 'variable’) . T proofs of (046) and (o) cok be odjuded accordingly Ho
show  Ouislenie. and wiiqueness ef  the 'wudh - bensor produck! M@ — ®M,-. Noke +hal-
Me — @My i guuakd by all poduds wie — Bw whoe wieM; fr I¢isr

(0.44) Propasikion : L M,, — My be R-twodules. Those oxish o pair () consishing. of aw
R-wodule T and o R wulhilineor wap T Mix —— xMp — T bl e :{o\lowiug,
pm{,m%} Tor Lueng K-moduwle N ond Qbr— Loy, Re-muldbkLiwear Mop @Mt —xMp —» N
e s o WA que. R-lincar Wop w:T—> N sucdh Hhak otT=(p. Mosouer, L&-(‘T,-c) and
(') oe dwo pains bl Hhis properky , thow Hhee b o wnique isomerphism Ap: T—s T
wih, AT Tl T i dewcked by M,® — &M, ~

Frood . Howework.

‘(O»WS)Emrosi-l{ow: ldb M N, P be R-wodues. Thae Here ove Wi Guae. isomorphisis ;
(6) MegN = NegM  wile wmen — wem

Lb) (M@KN>0KP§ M@R(Naogv\)s_:: MegN o it (mon)ep — wa(wep)— wenep
(c) T<®KM =M wi a®wm—>b am .

Troel: Home work.

(0.%)?3}90;{%6»: Leb M ieT, and N be R-modules - Then



(@i M) 8N T Brex (Mg N)

TProof : Tt map ¢: (@M)x N — B (MieN) witle ¢((w)n)= (mew) is R-bilinear, Thus
o fs o Relluear map % (BM)eN — B(MioN) uite <((w)@n) = (m;on).
Convendy; for toey (T Hue is o Robilinar map 4 MjxN — (@U) ®N difind by
A xp) = ) on. wlere wy=0 for Cq and wg=x. T for foesy {0 Hre is ane R-livear
wop P MioN — (BM)ON  wille By xen)= (w)ew whaee wi=0 {or (4 ond
wj=x. By Ha univesal propety. o He diveck A Hae is ax Relivear map

P OMieN) — (@M SN e P ((mi@n)ier) = (m)iexr Bn. The wmags « and B

a iwvere o tack ol ow He guwnalor. TThus o(ﬁ=-id®mw”> and ot =id (@uy)gn -

(O.W)Pe}\'ui-l-iou,: leb R ond S be \rimi); and V¥ a homc.u\o\w& ak. Pis called o
(R,S) - bimodule. it Pis o R-wodule and o S-wodue and Hhe +huw wodue shruckuns o
Com?d—ible. iw He -‘ol\owiv.% Awnse. : foc all peP,aeR beS: a(pb)= lap)b.

(048) Proposition: Leb- R oud S ke dugp , M ai R-modude , P an (R,S) - bimodule. , and
N o S-wodule. Theu:

(¢ M@F i nohuelly o S-wodule.

by PO N is nokually o R-wodule .

() (M&P) &N = M &g (Pe N).

(049) Kemark : ek ¢: R —S be o morphism of nugs.
(e) I N a S-module , N hopy aw R-wmodwle shuchwe L\/ veatnchion. n:f.smiad:
for all eR and ol neN sk an= @layn. N is aw (R,S)- bimodule .

(L) Y Mis an R-wodule cousider +Hhe R-wodule _SM-:—-S@KM. M a S-wmodule. via
He %oﬁbwl.u,%/ cFech-\‘ow.: T all k,E'eS' meM Ad B(L'®M>=(EEI)QM.SM is OHm'va



'%NIM' M Ly exlension. _ef. scalars  or Ly i?;;‘:‘ié Clmu%[t. M han Hhe %o“olm'u.a wniversal
poperty

(O.S’o)/_PloPo_éi*_‘_-l:_q!L_: o Gy S-wodule N and e, K-livar wmap ¢ M —+ N He &
o wnique  S-liwar wap ¢ M=S@gM — N Wil ¢ =g whee i M SegH
is the R-livar wop dhiued by wlw)= l@w doc oll wme M.

M — e Se M

(é—h‘u.\‘ N ‘/{S'Nu

LO.S'I)W amd Depiuibion: leb @ M'—= M and 4: N'—a N be R-linear W ops #g;
Rewodules - The wop P WxN — M@ N defind by Rl u') = ¢lw) @ 4lut) i
R-biliwor . Thwy Hee s @ Wigque R-lincar wop yo4: Me N — MeN

Wit (qm'{a)(m'@u’)a @lm') @ ap (uh)- X ¢ M—a ' and QM- M are R-livar
Maps omd i N is aw R-module -t (g9, )oidy = (¢,®idy) (g, &1dy) -
Siwilary , i 4,0 N"— N amd 4 N'— N are R—blwar maps and M is o
Rowoddle | Hhoe Wy (4,4,) =lidy 04,)(idu®4,) -




§H: CATEGORIES AND FuNCTORS

(0.52) Dehinikion: A calegory T consishy of

(1) o dass o} ebpch , dencled obg T

(2) pairwise disjoink sels of morphisms , devoled Howt ¢ (ATB), for ey ordered poir of cbypcht (48)
(3) cowposihious Hom g (A B) x Howg (B,C) —> How g (A,C) , dewoled  (£,g)—s 34, 5o dhat
Hee %ol\om'u%, condiHong ave hoksfied :

(2) Jor oll AT Hue exish o dediby worwhisie |, e Wowy (AA) sude thar- Ll,=]
or ol {eHow, (A,B) and laq =g for oll geHomy (C,A) and all BLeohit.

(b) amociakiviby of composition holds  whenever possible i Je tomye (AB), 4&Hom, (B,C)
and  he Howo (CD), Hue Algf)= (hg)l.

(0.53) Remark: (o) H’OMEU\,E\) s mﬂui;e.é Yo be o ad- Nole +halk Howp (AB) way be
Liuphy

(b) For 1 e Homg(AB) we wmbe LA—D, Oj‘n\ou.ak Heo demenls of Hout(-ﬁ,'is)
'Maa wot  be Ma‘o.v..

(c_) e lc\eﬂﬂ-g/ w.orP\«\'sw_ \AGHDM&.@_(A,A\) is um'qua_.

(0.54) Exomples: (o) €2 seht: The ocbych ase sk, worphisws ase funchious , and Hee
Composition is Ha Wsual composibion of hunckions.

(b) €2 nugr« Obgchy ave vings worphisws  are howmoworphisms o} ring | compesition is
Hhe usual cowpositow o unchiows .

(&) € = groups: Obpich ar groups , worplhisiun are homoworphisis of roups , @upasition. s
He usual cowpasibiow el funchious.

(d) €= dop: Obgcks ave %Po\o%ccd bpases MI-PMSMS we. @chinuows funckions owposition is
He vsual wowmpesibon . funckious.

() &€ ML(R): R o coumwuakive h’né, with, idoiby  obyicls ove. R-modules, worphisuts
are R-linar maps , compasiton. is ‘e cowpasifon of funchous.



(0.55) Defiitiou: leb € and & be cokegones. A covariamt fundor F: € — 8 i a
funchion An}\’s{l‘am%,‘.

(@) % Acobjt +hn FAcok P

) LA s o moplisue in € Hhoe TR FA—— FB s a worphiswe e §.
(© % AFietoc ae wophisus i €, o Flgh) = R FL

(d) For wery AeohiB. Fl=1g,.

(0.56) Definition: le- € and & be calegories. A cowhovadant hudor Fo B —— 8 is
o funchiow Adks {?u%:

o) I Acohjt Hew FAedyd

(b) Y L A—B s o wophisne ik B Huw FL: FB—3FA i o W\ov?h\'skc e .
© A AT we worphisis i €, Hhen Flgl) = FpFy.

(d) R W,Aeobj‘e; Fly =g, |

(o.sv‘)?e,w.avk: The Junclors  mostk elevaut  for Hhis oure are the Yo Mow - funclors
Howeg (M,—) and How o (—,N) and M leusor fumclors Moy — and _ @ N (all foue
WLLR) ko ihdl).



