Solutions to Homework 5.

(1) Prove the Five Lemma:
Consider a commutative diagram with exact rows:

Al fl A2 f2 A3 f3 A4 f4 A5

N P

Bl g1 Bg g2 33 g3 B4 94 B5

and prove:

(a) [4pts] If o and t4 are surjective and ¢5 is injective, then ¢3 is surjective.
(b) [4pts] If t2 and t4 are injective and ¢, is surjective, then t3 is injective.
(c) [2pts] If t1,t2,t4 and t5 are isomorphisms, then t3 is an isomorphism.

Proof. (a) Let by € Bs.

= Jay € Ay with t4(ays) = g3(b3) (t4 surjective)

= 9493(b3) = 0 = gats(aq) = t5fa(as)

= fa(aq) =0 (t5 injective)

= Jas € Az with f3(ag) = a4

= g3(bs —t3(a3)) = g3(b3) — gsts(as) = ta(as) — tafs(as) = ta(as) — ta(as) =0
= Jby € By with go(be) = bg — t3(as)

= Jdag € Ay with ta(az) = be (t2 surjective)

Then

t3(f2(az2) + az) = t3 fa(az) + t3(as)
= gato(az) + t3(as)
= g2(b2) +t3(as)
= b3 — t3(a3) +t3(a3)
— by

(b) Let a3 € A3 with t3(a3) =0.

= tafs(as) = gsts(az) =0

= f3(asz) =0 (t4 injective)

= Jdag € Ay with fa(a2) = as

= gat2(a2) = t3f2(az) = t3(az) = 0

= Jb; € By with gy(b1) = t2(as9)

= Jdaj € Ay with t1(a1) = by (f1 surjective)
= git1(a1) = g1(b1) = ta fi(a1) = ta(az)

= fi(a1) = a2 (t2 injective)

= fa(a2) = fofi(a1) =0 =a3
1
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Thus t3 is injective.
(c) trivial

(2)[10pts] Let R be a commutative ring with 1 # 0 and let P and @ be projective
R-modules. Show that Q ®g P is a projective R-module.

Proof. Since P and ) are projective, there are projective R-modules P’ and Q'
such that P@® P’ = F} and Q ® Q' = F, where F; and F; are free R-modules. Since
the tensor product commutes with direct sums, the module F; ® p F5 is free and

FieorFh=2(PaP)or(Qae Q)
~(Por(QeQ)® (P or(QaqQ))
~ (PRrQ)D[(PRrQ)® (P ®r(QdQ)).

P ®pr Q is projective.

(3)[10pts] Prove that every projective R-module has a free complement, i.e., there
is a free R-module F so that P @ F' is a free R-module.

Proof. Let Q be an R-module with P ® @Q = I, where F} a free R-module. Then:

POFY=Po(QeP)o(QoP)o...
=(PeQ)®(PaeQ)®...
= F.

(4)[12pts] Let R be a Noetherian ring, M be a finite R-module, and {N; }icr a set
of R-modules. Show:

Homp (M, ®icrN;i) = @icrHomp(M.N;).
Proof. Obviously,

Hompg (R, ®ic1N;) & ®icrN;
= @;crHomp(R, N;).

Thus for every finite free R-module F' = R":
Homp(F, ®icrN;) = @ierHomp(F, N;).
If M is a finite R-module, consider an exact sequence:
F—F—M—0

where F; are finite free R-modules. This yields a commutative diagram with exact
rows:

0 —— Hompg(M, ®;crN;) —— Homp(Fo, ®ierN;) —— Hompg(F1, ®ierN;)

I d dl d

0 —— @iefHomp(M, N;) —— @icrHomp(Fo, N;) —— @®ierHomp(F1, N;)
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Since g and h are isomorphisms, the five Lemma yields that f is an isomorphism.

(5)[10pts] Let R be a commutative ring and M an R-module. Suppose that

0O—Ki—P,—-M—0 and 00— Ky — P, — M —0

~

are exact sequences with projective modules P; and P,. Show that K| & Py =
Ky @ Py.

Proof. Consider the diagram with exact rows:

0 K, -1 p - M 0
Lol
0 K, —>.p %2 . Mg 0

where the maps a and § have to be constructed so that the diagram commutes.
Since P; is projective and gs surjective there is a map 3 : P, — P» so that ¢g208 = ¢1
and the right square commutes. This implies that im(8f1) C ker(g2) = im(f3) =
K. Thus there is a linear map « : K1 — K so that §f; = foa and the left square
commutes. Consider the sequence:

(*) 0—>K1LP169KQL>P2—>O

where 6 and 7 are defined as follows: 0(k1) = (fi(k1),a(k1)) and 7(p1,ke) =
B(p1) — fa(k2). Note that the sequence (*) is exact. Since P is projective, the
assertion follows.

(6) Let R be a commutative domain, K its field of quotients. Prove:

(a) [10pts] A torsion-free R-module M is injective if and only if M is divisible.
(b) [3pts] K is the injective hull of A.

Proof. (a) By (6.65) every injective module is divisible. It remains to show that
a torsion-free divisible R-module M is injective. Let I C R be an ideal and f :
I — M an R-linear map. We need to show that f extends to a R-linear map
g: R — M. If f = 0 there is nothing to show. If f # 0 let a € I with
f(a) = m # 0. Since R is a domain, there is an element n € M so that m = an.
We claim that the map g : R — M defined by g(1) = n extends f. Let b € I, then
f(ab) = af(b) = bm = abn = g(ab) = ag(b). Since M is torsion-free, f(b) = g(b).
By (6.61) M is injective.

(b) By (a) K is an injective R-module. Since K is an essential extension of R, the
quotient field K is the injective hull of R.

(7)[10pts] Let R be a Noetherian ring. Show that a direct sum of injective R-
modules is an injective R-module.

Proof. Let {E;};c; be a set of injective R-modules and F = @®;csFE;. By (6.61)
we have to show that every R-linear map g : I — FE extends to an R-linear map
f: R — FE for every ideal I of R. Let I C R be an ideal and ¢ : I — FE an
R-linear map. Since R is Noetherian, I is finitely generated, say: I = (a1,...,am).
For all 1 < k < m the ith component g(ag); is zero for all but finitely many i € J.
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Let i1,...,4, € J so that g(ax); =0 for all i € J — {i1,...,i,} and all 1 <k < m.
Then
im(g) € E' = @, E;; C E.

15 =

Let ¢’ : I — E’ be the map defined by g(a) = ¢’(a) for all a € I. Since the direct
product of injective modules is injective, E’ is an injective R-module and ¢’ extends
to an R-linear map f’ : R — E’. f’ combined with the embedding € : E' — F
extends g.

(8)[10pts] Let ¢ : (R,m) — (S,n) be a local homomorphism of local Noetherian
rings, and let N be an R-flat S-module such that N/mN has finite length (as an
S-module). Show that for every finite length R-module M:

ls(M ®@g N) = lp(M)lg(N/mN).

Proof. We show by induction on n = (M) that [g(M ®r N) < oo and that
Is(M ®p N) = lp(M)lg(N/mN). Ifn =1, then M = R/m and M ®p N =
R/m®r N = N/mN.

Suppose that [gr(M) = n+ 1. Since M is an R-module of finite length, we know
that m € Ass(M). Thus there is an element v € M so that U = Av = A/m.
Consider the exact sequence 0 — U — M — M/U — 0. Then Ig(U) = 1 and
IrR(M/U) = n. Since N is R-flat, the sequence

0 -U®rN—->M@rN— M/URr N —0

is exact. By induction hypothesis Is(U ®g N) < oo and Is((M/U) @r N) < o0,
thus lg(M ®pr N) < co. Moreover,

Is(M ®p N) = I5(U @g N) +Is((M/U) ©5 N)
= ls(N/mN) + (Ir(M) — 1)ls(N/mN)
= lr(M)ls(N/mN).

(9)[15pts] Let A be a commutative local ring,
0O—F, —F,1—...— Fp—0

an exact sequence of finitely generated free A-modules. Prove that

n

> (—1)1k(F;) =0

=0

where for a finitely generated free A-module F' rk(F') denotes the number of ele-
ments in a basis of F'.

Proof. We use the following facts:
(i) If k is a field and

0—V —-V—V"—50



an exact sequence of finite dimensional k-vector spaces, then
dim(V) = dim(V") + dim(V").
(ii) Let A be a commutative ring and
00— M —M-—M"—0
a split exact sequence of A-modules. Then for every A-module N the sequence
0— M @ N —MUN —M"@4 N—0

is split exact.
Since the rank of a free modules remains the same under localization, we may
assume that (A, m, k) is a commutative local ring. Let

f'n 1

0—F Inp I Bp fp i g

be an exact sequence of finitely generated free A-modules. We proceed by induction
on n. If n =1 the statement is trivial.
If n = 2 the short exact sequence:

0—Fy —F — Fy—0
is split exact. Thus, after tensoring with ® 4k the sequence
0 — Fy/mFy, — Fy/mF; — Fy/mFy — 0
is exact. By (i)
dim(Fy/mFy) = rk(Fy) = dim(Fy/mFy) + dim(Fy/mEy) = rk(Fy) + rk(Fp).

For the induction step, set P = im( f3) = ker(f1) and consider the induced exact

sequences:
1

0=F,Inp I e P

and
0—P— F 1% F —o.

Since Fy is a free A-module, the last sequence is split exact and P is a finitely
generated projective A-module. By (6.58) P is a free A-module. By induction
hypothesis

rk(P) + z—:(—nirk(mﬂ) =0

and
rk(P) = rk(Fy) — rk(Fp).

This yields the formula:



