
Solutions to Homework 3.

(1) [6pts] For a polynomial P (t) ∈ Q show that the following conditions are equiv-
alent:

(a) P (n) ∈ Z for all integers n ∈ Z.
(b) P (n) ∈ Z for all but finitely many integers n ∈ Z.
(c) P (t) =

∑n
i=0 ai

(
t
i

)
with ai ∈ Z and n ∈ N suitable.

Proof. (a) ⇐ (b) trivial
(b) ⇐ (c) Note that the set {

(
t
i

)
}i∈N0 is a basis of the Q-vector space Q[t], where(

t
0

)
= 1 and

(
t
i

)
= (1/i!)t(t − 1) . . . (t − i + 1) for i > 0. Write P (t) =

∑n
i=0 ai

(
t
i

)
where ai ∈ Q and an 6= 0. We proceed by induction on n = deg(P (t)). For the
induction step consider the polynomial Q(t) = P (t+ 1)− P (t). Then

Q(t) =
n∑
i=0

ai[

(
t+ 1

i

)
−
(
t

i

)
] =

n∑
i=1

ai

(
t

i− 1

)
.

Thus deg(Q(t)) = n − 1 and by induction hypothesis a1, . . . , an ∈ Z. This implies
that a0 ∈ Z.
(c) ⇐ (a) trivial

(2) [12pts] Show:

(a) A Noetherian topological space is quasi-compact, that is, every open cover
has a finite subcover.

(b) Any subset of a Noetherian topological space is Noetherian.
(c) A Hausdorff Noetherian space is a finite set with the discrete topology.

Proof. (a) Let X be a Noetherian topological space and X = ∪i∈IUi an open cover
of X. Construct an ascending chain of open subsets as follows: If i1 ∈ I with
Ui1 6= X then there is an i2 ∈ I so that Ui2 6⊆ Ui1 . Then Ui1 ( Ui1 ∪ Ui2 . Suppose
i1, . . . , im have been chosen so that for all 1 < k ≤ m

Ui1 ∪ . . . ∪ Uik−1
( Ui1 ∪ . . . Uik .

If X = Ui1 ∪ . . . ∪ Uim we are done. Otherwise there is an im+1 ∈ I so that
Uim+1

6⊆ Ui1 ∪ . . . ∪ Uim , etc. Since every ascending chain of open sets in X is
stationary, this process stops after finitely many steps with X = Ui1 ∪ . . . ∪ Ui` .
(b) Let X be a Noetherian topological space and Y ⊆ X a nonempty subset.

Suppose that for all i ∈ N there are given open subsets Ũi ⊆ Y of Y so that

Ũ1 ⊆ Ũ2 ⊆ . . . ⊆ Ũn ⊆ . . .

is an increasing chain of open subsets of Y . Then there are open subsets Ui ⊆ X
of X so that Ũi = Ui ∩ Y . Set Vn = U1 ∪U2 ∪ . . .∪Un and note that Vn ∩ Y = Ũn.

V1 ⊆ V2 ⊆ . . . ⊆ Vn ⊆ . . .

is an ascending chain of open subsets of X. Since X is Noetherian there is an n ∈ N
so that Vn = Vn+k for all k ∈ N. This implies that Ũn = Vn∩Y = Vn+k∩Y = Ũn+k
for all k ∈ N and Y is Noetherian.
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(c) Since X is Noetherian, X = X1 ∪ . . .∪Xn where Xi are the irreducible compo-
nents of X. If X is a Noetherian Hausdorff space so is every Xi and we may assume
that X is irreducible. We claim that X = {P} is a one point space. Suppose that
P,Q ∈ X with P 6= Q. Then there are open subsets U, V ⊆ X with P ∈ U , Q ∈ V
and U ∩V = ∅. But then X = (X−U)∪(X−V ) with X−U 6= X and X−V 6= X,
contradicting that X is irreducible.

(3) [10pts] Let K be an infinite field, f ∈ K[x1, . . . , xn] a polynomial, and ϕf :
Kn −→ K the function defined by ϕf (a1, . . . , an) = f(a1, . . . , an). Show that if ϕf
is the zero function, then f is the zero polynomial.

Proof. The proof is by induction on the number of variables n. The case n = 1 is
clear. For the induction step let f ∈ K[x1, . . . , xn] with ϕf = 0. Write

f(x1, . . . , xn) =

m∑
i=0

gi(x1, . . . , xn−1)xin

where gi(x1, . . . , xn−1) ∈ K[x1, . . . , xn−1]. For any (a1, . . . , an−1) consider the poly-
nomial f(a1, . . . , an−1, xn) ∈ K[xn]. Obviously,

f(a1, . . . , an−1, xn) =

m∑
i=0

gi(a1, . . . , an−1)xin

is a polynomial in one variable over K with f(a1, . . . , an−1, b) = 0 for all b ∈ K.
Thus gi(a1, . . . , an−1) = 0 for all 0 ≤ i ≤ m and all (a1, . . . , an−1) ∈ Kn−1. By
induction hypothesis all gi(x1, . . . , xn−1) are the zero polynomials and hence f = 0.

(4) [12pts] Let K be a finite field. Show:

(a) For every a = (a1, . . . , an) ∈ Kn there is a polynomial f ∈ K[x1, . . . , xn]
with f(a1, . . . , an) = 0 and f(b) 6= 0 for all b ∈ Kn − {a}.

(b) For any function ψ : Kn −→ K there is a polynomial f ∈ K[x1, . . . .xn]
with ψ = ϕf .

(c) Any subset V ⊆ Kn is the zero set of some polynomial f ∈ K[x1, . . . , xn].

Proof. (a) Let K = {c1, . . . , cr} and a = (ci1 , . . . , cin). Define:

f(x1, . . . , xn) =

∏
j 6=i1(x1 − cj)∏
j 6=i1(ci1 − cj)

∏
j 6=i2(x2 − cj)∏
j 6=i2(ci2 − cj)

. . .

∏
j 6=in(xn − cj)∏
j 6=in(cin − cj)

− 1.

Then f(a) = 0 and f(b) = 1 for all b ∈ Kn − {a}. Note that the polynomial
g(x) = f(x) + 1 has the property that g(a) = 1 and g(b) = 0 for all b ∈ Kn − {a}.
(b) Let Kn = {a1, . . . , as} and for all 1 ≤ i ≤ s let fi ∈ K[x1, . . . , xn] be a
polynomial with fi(ai) = 1 and fi(b) = 0 for all b ∈ Kn − {ai}. If ψ : Kn −→ K is
a function set

f(x) =
s∑
i=1

ψ(ai)fi(x).

Then for all a ∈ Kn: ψ(a) = f(a).
(c) If V ⊆ Kn define a function ψ : Kn −→ K by ψ(a) = 0 if a ∈ V and ψ(a) = 1
if a /∈ V . By (b) there is a polynomial f ∈ K[x1, . . . , xn] with f(a) = ψ(a) for all
a ∈ Kn. Thus V = Z(f).
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(5) [10pts] Let K be an algebraically closed field and Y ⊆ AnK an irreducible
algebraic variety of dimension r. Let H be a hypersurface of AnK with Y 6⊆ H.
Show that every irreducible component of Y ∩H has dimension ≤ r − 1.

Proof. We know that Y = Z(P ) where P ⊆ K[x1, . . . , xn] is a prime ideal. Since
H is a hypersurface, H = Z(f) for some f ∈ K[x1, . . . , xn] and Y 6⊆ H implies that
f /∈ P . Then

Y ∩H = Z(P ) ∩ Z(f) = Z(P + (f)).

If P + (f) = k[x1, . . . , xn], then Y ∩H = ∅ and dim(Y ∩H) ≤ r − 1. If P + (f) 6=
K[x1, . . . , xn] then f is a nonzero nonunit in the domain A(Y ) = k[x1, . . . , xn]/P .
Thus

dim(K[x1, . . . , xn]/(P + (f))) < dim(k[x1, . . . , xn]/P ) = dim(A(Y )).

In particular, dim(A(Y ∩H)) = dim(K[x1, . . . , xn]/(rad(P + (f))) ≤ r − 1.

(6) [10pts] Let R be a ring and n ∈ N an integer. Suppose that every ideal of R is
generated by at most n elements. Show that dim(R) ≤ 1.

Proof. First note that R is a Noetherian ring. We need to show that for every
prime ideal P ⊆ R, htP = dim(RP ) ≤ 1. Since every ideal of RP is extended from
an ideal of R, we may assume that R is a local Noetherian ring with maximal ideal
m and that every ideal of R is generated by at most n elements. Let P (t) ∈ Q[t]
be the Hilbert-Samuel polynomial of R with respect to the maximal ideal m, that
is, for s ∈ N with s ≥ n0:

P (s) = `R(R/ms+1) =

s∑
i=0

`R(mi/mi+1).

Since `R(mi/mi+1) is the minimal number of generators of the ideal mi, it follows
that

P (s) ≤ (s+ 1)n

where n is a fixed integer. This implies that deg(P (t)) ≤ 1. Since deg(P (t)) =
dim(R) the assertion follows.

(7) [10pts] Let R be a ring so that for every maximal ideal m ⊆ R the localization
Rm is Noetherian. Suppose that for every element a ∈ R − (0) there are at most
finitely many maximal ideals m ⊆ R so that a ∈ m. Show that R is a Noetherian
ring. Is the converse true?

Proof. Let I ⊆ R be a nonzero ideal. Since every a ∈ I − (0) is contained in
at most finitely many maximal ideals, the ideal I is contained in at most finitely
many maximal ideals. Suppose that I 6= R and let m1, . . . ,ms be the maximal
ideals containing I. Since Rmi

is Noetherian for all 1 ≤ i ≤ s there are elements
a1, . . . , an ∈ I so that

IRmi
= (a1/1, . . . , an/1)Rmi

for all 1 ≤ i ≤ s.

Let J = (a1, . . . , an) be the ideal of R which is generated by the a′is. Obviously,
J ⊆ I. Let m1, . . . ,ms,ms+1, . . . ,mt be the maximal ideals containing J . If s = t
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then I = J since Im = Jm for all maximal ideals m ⊆ R. Suppose that s < t.
Then for all s + 1 ≤ i ≤ t we have I 6⊆ mi. For all s + 1 ≤ i ≤ t take an element
bi ∈ I −mi. We claim that

I = (a1, . . . , an, bs+1, . . . , bt).

Let K = (a1, . . . , an, bs+1, . . . , bt) and let m ⊆ R be a maximal ideal of R. If
m 6= mi for all 1 ≤ i ≤ t then Im = Km = Rm, since J ⊆ K. If m = mi for some
s+ 1 ≤ i ≤ t then Im = Rm = Km since bi /∈ m = mi. If m = mi for some 1 ≤ i ≤ s,
then Im = Jm = Km since J ⊆ K ⊆ I. Thus for all maximal ideals m ⊆ R we have
that Im = Km. By the local-global principle I = K.

(8) [14pts] Let K be a field and T = K[{xi|i ∈ N}] the polynomial ring in infinitely
many (countably) many variables over K. Let {ni} be a strictly increasing sequence
of positive integers which satisfies the condition: 0 < ni − ni−1 < ni+1 − ni for
all i ∈ N. Consider the prime ideals Pi = (xj |ni ≤ j < ni+1) in T and set
S = T − ∪i∈NPi and R = S−1T . Show

(a) The maximal ideals of R are exactly the ideals S−1Pi for all i ∈ N.
(b) The ring RS−1Pi

is Noetherian of dimension ni+1 − ni.
(c) R is a Noetherian ring of infinite dimension.

(This example is due to M. Nagata.)

Proof. (a) Let iT,S : T −→ R be the canonical map into the localization and m ⊆ R
be a maximal ideal of R. The preimage i−1T,S(m) = P is a prime ideal of T with

P ∩ S = ∅. This implies that
P ⊆ ∪i∈NPi.

Note that for every nonzero element f ∈ T there is an integer t ∈ N so that
f ∈ K[x1, . . . , xt]. If f ∈ P is a nonzero element with f ∈ K[x1, . . . , xt], then there
is a maximal j so that nj ≤ t. We claim that for this integer j:

(∗) P ⊆ ∪ji=1Pi.

Proof of (*). Suppose that there is an element g ∈ P −∪ji=1Pi. Since P ⊆ ∪i∈NPi,
there is an ` > j so that g ∈ P`. Then we can write

g =
∑

aαmα

where aα ∈ K − (0) and mα monomials with the following property:

(i) For all α there is an i with n` ≤ i < n`+1 so that xi divides mα.
(ii) For all 1 ≤ k ≤ j there is an mα(k) such that xi does not divide mα(k) for

all nk ≤ i < nk+1.

If f =
∑
bβnβ with bβ ∈ K − (0) and nβ monomials, consider the sum:

f + g =
∑

bβnβ +
∑

aαmα.

Since f ∈ K[x1, . . . , xt] with t < n` the monomials nβ and mα do not cancel each
other. Furthermore nβ /∈ Pr for all r > j, g /∈ Pi for i ≤ j, and thus f + g /∈ Pi for
all i ∈ N, a contradiction. This proves the claim.
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(*) implies that P ⊆ Pi for some i ∈ N and hence m = PR ⊆ PiR. Since m is
maximal m = PiR (and P = Pi).
(b)

RS−1Pi
∼= TPi

= K(xj |j ∈ N with j < ni or j ≥ ni+1)[xni
, . . . , xni+1−1]P̃i

where P̃i is the prime ideal generated by xni
, . . . , xni+1−1. This shows that RS−1Pi

is a Noetherian ring of dimension ni+1 − ni.
(c) Let d ∈ R − (0) be a nonunit of R. Then d = f/g where f, g ∈ T and g ∈ S.
Since f is contained in only finitely many Pi the element d is contained in only
finitely many maximal ideals of R. By Problem (7) the ring R is Noetherian. Since
dim(RS−1Pi

) = ni+1 − ni and ni+1 − ni → ∞ if i → ∞, the dimension of R is
infinite.

(9) [16pts] Let K be a field, R = K[x1, . . . , xn] the polynomial ring over K, and
I ⊆ R an ideal. Show that;

htI + dim(R/I) = dim(R).

Proof. (a) We first show that we may assume that I is a prime ideal of R. Suppose
that for every prime ideal P ⊆ R:

htP + dim(R/P ) = dim(R) = n.

Let I ⊆ R be an ideal and let P ⊆ R be a prime ideal with I ⊆ P and htI = htP .
Assume that htI + dim(R/I) 6= n. Since htP + dim(R/P ) = n, this implies that
dim(R/I) > dim(R/P ). Let Q ⊆ R be a prime ideal with I ⊆ Q and dim(R/I) =
dim(R/Q). Since dim(R/Q) = n − htQ > dim(R/P ) = n − htP it follows that
htP > htQ, a contradiction, since htI = inf{htP | I ⊆ P ∈ Spec(R)}.
(b) We claim that every maximal ideal of R has height n. The proof is by induction
on n. The case n = 1 is trivial. Suppose that n > 1 and that m ∈ R is a maximal
ideal of R. Then R/m = K[α1, . . . , αn] is an algebraic field extension of K. By
(3.1) m = (f1, . . . , fn) where fi ∈ K[x1, . . . , xi] monic in xi. Set L = K[x1]/(f1),
where f1 is the minimal polynomial of α1 over K. Then m̄ = m/(f1) is a maximal
ideal of L[x2, . . . , xn] and by induction hypothesis htm̄ = n−1. Therefore htm = n.
(c) Let P ⊆ R be a prime ideal. If P is maximal, then by (b):

htP + dim(R/P ) = n.

Suppose that dim(R/P ) = r > 0. The elements x1 + P, . . . , xn + P generate the
quotient field Q(R/P ) over K. Moreover, Q(R/P ) has transcendence degree r over
K and we may assume that x1 +P, . . . , xr +P is a transcendence basis of Q(R/P )
over K. This implies that P ∩K[x1, . . . , xr] = 0. If Q is a prime ideal of R with
P ⊆ Q and P 6= Q, then

dim(R/Q) < dim(R/P ).

Thus Q(R/Q) has transcendence degree < r over K. This implies that for all prime
ideals Q with P ⊆ Q and P 6= Q,

Q ∩K[x1, . . . , xr] 6= 0

and with S = K[x1, . . . , xr]− (0) the ideal PS−1R is maximal in S−1R. Note that

S−1R = L[xr+1, . . . , xn]

where L = K(x1, . . . , xr) = Q(K[x1, . . . , xr]). By (b),

htPS−1R = htP = n− r.
This shows that htP + dim(R/P ) = n.


