
Homework 2 (due: 10-28-11).

(1) [4pts] Let R be a ring and Q ⊆ R an ideal with radQ = P where P ⊆ R is a
prime ideal. Show that Q is P -primary if and only if for all a, b ∈ R with ab ∈ Q
and a /∈ P we have that b ∈ Q.

(2) [10pts] Let R be a Noetherian ring, P ⊆ R a prime ideal, and iR,P : R −→ RP
the canonical map into the localization. Define P (n) = i−1

R,P (PnRP ) and show:

(a) P (n) is a P -primary ideal.
(b) P (n) is the P -primary component of Pn.
(c) P (n) = Pn if and only if Pn is a primary ideal.

(3) [8pts] Let R be a Noetherian ring, I ⊆ R an ideal, M a finite R-module, and
N = (0 :M I) = {m ∈M | Im = 0}. Show that AssR(M/N) ⊆ AssR(M).

(4) [10pts] Let R be a ring and M an R-module.

(a) For every prime ideal P ⊆ R show that P ∈ SuppR(M) if and only if there
is a submodule N ⊆M with P ∈ AssR(M/N).

(b) Suppose that R is Noetherian and that M is finite. Show that for every
prime ideal P ∈ SuppR(M) there is a normal series 0 = M0 ⊂M1 ⊂M2 ⊂
. . . ⊂ Mn = M so that for all 0 ≤ i ≤ n − 1, Mi/Mi−1

∼= R/Pi for some
Pi ∈ Spec(R) and with Pj = P for some 0 ≤ j ≤ n− 1.

(5) [10pts] Let R be a Noetherian ring, M a finite R-module and I = ann(M).

(a) If I is a prime ideal of R, then I ∈ Ass(M).
(b) Ass(R/I) ⊆ Ass(M).
(c) If P,Q ⊆ R are distinct prime ideals with P ⊂ Q and M = R/P ⊕ R/Q,

then AssR(R/I) 6= AssR(M).

(6) [8pts] Let R be a Noetherian ring, P ⊆ R a prime ideal, and M a finite R-
module.

(a) If N ⊆ M is a P -primary submodule of M , then there is an n ∈ N with
PnM ⊆ N . The smallest n ∈ N with PnM ⊆ N is called the exponent of
N in M and is denoted by e(M/N).

(b) Let {Nλ}λ∈Λ be a set of P -primary submodules of M . Then N = ∩λ∈ΛNλ
is P -primary if and only if the set {e(M/Nλ)}λ∈Λ is bounded above. In this
case e(M/N) ≥ e(M/Nλ) for all λ ∈ Λ.
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(7) [12pts] Let K be a field and R = K[x, y, z]/(z2− xy) where x, y, z are variables
over K. Show that P = (x, z)R is a prime ideal of R, P 2 is not primary, and
P 2 = Q1∩Q2 is a primary decomposition of P 2 where Q1 = Rx and Q2 = m2 with
m = (x, y, z)R.

(8) [10pts] Let R be a Noetherian ring and a ∈ R a NZD of R. Show that
AssR(R/(a)) = AssR(R/(an)) for all n ∈ N.

(9) [12pts] Let R be a ring and x a variable over R. Show:

(a) AssR[x](R[x]) = {PR[x] |P ∈ AssR(R)}.
(b) If Q ⊆ R is P -primary, then QR[x] is PR[x]-primary.

(10) [16pts] Let R be a ring and M a finite R-module. Consider the set of submod-
ules of M defined by Λ = {IM | I ⊆ R an ideal} and suppose that Λ satisfies the
a.c.c. and the d.c.c. Show that M is an Artinian R-module.


