309 Worksheet 5.2

An n x n elementary matriz is a matrix obtained from the n x n identity matrix
I,, by one elementary operation.

E;..; is obtained from I,, by interchanging the 7th and the jth row.
FE,; is obtained from I,, by multiplying the ith row by the nonzero constant a.
Ei+; is obtained from I,, by adding a times the ith row to the jth row.

(1) Let A be an n x m matrix and F an n X n elementary matrix. Show:

(a) E; ;A is the matrix obtained from A by interchanging the ith and the jth row
of A.

(b) E4;A is the matrix obtained from A by multiplying the ith row of A by a # 0.

(c) Eqit+;A is the matrix obtained from A by adding a times the ith row to the jth
row of A.



(2) Let B be an m x n matrix and E an n X n elementary matrix. Show:

(a) BE;.,; is the matrix obtained from B by interchanging the ith and the jth
column of B.

(b) BE,; is the matrix obtained from B by multiplying the ith column of B by a.

(c) BEg4+; is the matrix obtained from B by adding a times the ith column to the
jth column of B.

(3) Show:

(b) EoiBg-1; = Eg-1Eqi = I,

(©) BoitjE(-ayitj = B-a)i+jBaivj = In



aj

Let A = ) be an m x n matrix where a; € M(1,n) denote the rows of

Am
A. The row space of A is defined to be the subspace R(A) = span(aj,...,a,) C

M(1,n).
(4) Show:

(a) If A’ is a matrix obtained from A by a sequence of elementary row operations,
then R(A’) = R(A). In particular, dim(R(A’)) = dim(R(A)).

(b) Let I,, be the n x n identity matrix and C' a matrix obtained from I,, by a
sequence of elementary row operations. Then no row of C' consists entirely of zeros.



