IWASAWA )\ INVARIANT AND MASSEY PRODUCT

PEIKAI QI

ABsTrRACT. We compute Iwasawa A invariant in terms of Massey products in
Galois cohomology with restricted ramification. When applied to imaginary
quadratic fields and cyclotomic fields, we obtain a new proof and generalization
of results of Gold |2] and McCallum-Sharifi |7]. The main tool is the generalized
Bockstein map introduced by Lam-Liu-Sharifi-Wake-Wang|5|.

1. INTRODUCTION

1.1. Background. Let K be a number field and K C K1 C Ky C --- C K; C
-+ Ko be aZ, extension of K. Let X = l'glCl(Kl)[poo], where C1(K;)[p*] denotes
the p-part of the class group of CI(Kj). Let p and A be the Iwasawa invariants of
X. Our goal is to relate the value of A\ with the vanishing of Massey products under
the assumption that p = 0.

Massey products of Galois cohomology are introduced in number theory to study
the structure of Galois groups. We will introduce the definition of Massey products
in section [2.2] One can view Massey products as a generalization of cup products
in cohomology and for example, the cup product is a 2-fold Massey product.

The idea of using Massey products to study Iwasawa theory first appears in
Sharifi’s paper [12]. McCallum and Sharifi proved that under some assumptions,
we have A > 2 if and only if a certain cup product vanishes for cyclotomic fields
in |7, Proposition 4.2]. One can also translate Gold’s criterion |2| into group co-
homology. It also has the form that A > 2 if and only if a certain cup product
vanishes for imaginary quadratic fields under some assumptions. The two results
have completely different proof. We want to find the deep reason behind it. Our
main theorem unifies these two results and when applied to these cases, we get a
generalization for them. Roughly speaking, we proved that under some assump-
tions, if A > n — 1, then A > n if and only if a certain Massey product vanishes.

For readers who are familiar with Massey products, here are some differences one
should notice. In Jan Mina¢ and Nguyén Duy Téan’s Massey products vanishing
conjecture [10], Massey products vanishing means that Massey products vanish
relative to all defining systems. In our paper, Massey products vanishing means that
Massey products vanish relative to a particular defining system, which we call the
proper defining system. In addition, they consider the Massey products for absolute
Galois groups and we consider the Galois groups with restricted ramifications.

1.2. The strategy and notations. The strategy of the project is divided into
four steps.

(1) The Iwasawa invariant X and Aqs
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Let S be the set of primes of K above p and X, = lim Cls(K))[p™]. Let
tes and Aqs be the Iwasawa invariant for the Iwasawa module X.s. Let D;
be the subgroup of CI1(K;)[p*°] generated by primes in S. Then we have

0—>£iLnDl—>X—>XCS—>0

We can relate A with A, if we know @Dl.
(2) The size of H*(G K, s, tp) and Acs
Let Ks be the maximal extension of K unramified outside S and G, s =
Gal(Ks/K;). We have the following exact sequences from Kummer theory:

0 — Cls(K;)/p — H*(GK,5, 1p) — Br(Ox,[1/p])[p] = 0

To know the information about A.s, we need information about the size
of the group Clg(K;)[p™]. Hence, we need information about the size of
HQ(GKI,,57 NP)'
(3) The generalized Bockstein map and the size of H*(Gk, s, tp)
By Lam-Liu-Sharifi-Wake-Wang’s paper [5, Theorem 2.2.4.], We have
the following formula:

I"HE,Gr, s, 1) ., H* (G5, bp)
" HY (Grysopp) — Tm W)

where [ is augmentation ideal of F,,[[Gal(K;/K)]] and ¥(™ : HY(Gk g, j1,®
I"/1"*) — H%(Gk s, j1p) is the generalized Bockstein map defined in [5].
We have a filtration HZ, (Gr,.s,1p) O THE (Grys, pp) D IPHE (N, p1p) D
<« D I"HE (Gk, 54 14p) - Once we know the size of H*(Gk s, f1,) and
the size of Im ¥(")| we can determine the filtration and get the information
about the size of HZ, (Gk, s, ftp)-
(4) The generalized Bockstein map and Massey products

In Lam-Liu-Sharifi-Wake-Wang’s paper [5], they proved that under some
circumstances, the image of generalized Bockstein map Im ¥ is spanned
by certain n-fold Massey products.

1.3. Main theorem and corollaries. As one can see, our strategy does not in-
volve the Iwasawa Main Conjecture. And the Iwasawa A invariant that we computed
is the algebraic Iwasawa A invariant. By following the strategy, one of the main
theorems is the following;:

Theorem 1. Let K C Ky C Ky C --- C K be a Z,, extension of K and S be the
set of primes above p for K. Assume all primes in S are totally ramified in Ko /K.
Let X s = @Cls(Kl) and s, Aes be the Twasawa invariants of X s. Assume X 4
has no torsion element and H*(Gk s, pp) = Fp.
Then ies = 0 if and only if there exists integer k such that W) £ 0 for some k.
If pes =0, then
Aes = min{n|T™ £ 0} — 45 +1

When we have a Galois group A acts on the Iwasawa module X = I'&nCl(Kn)
and the action gives us a decomposition X = @,;&;X, the techniques used to prove
Theorem [1| also apply equivalently to calculate the Iwasawa invariant \; of ¢; X.
See Theorem [T5l

We applied the Theorem [1| in many cases in the paper. In the introduction, we
list two cases that correspond to the setting of results of Gold [2| and McCallum-
Sharifi [7].
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Theorem 2. Let K be an imaginary quadratic field and assume that p ¥ hg, p
splits in K as pOx = PBoPo. For cyclotomic 7, extension, the A-invariants of K
can be determined in terms of Massey products as follows:

Let n > 2 and suppose A\ > n — 1. Then X\ > n if and only if n-fold Massey
product (X, X, X, Q) is zero with respect to the proper defining system.

Here x is a character x : Gg.s — Gal(Ko/K) = Z, and « is the generator of
the principal idea ‘BgK .

Remark 1. In other words, it means

A = min{n | n fold Massey products (x, X, - X, «) is nonzero}

Remark 2. Tt is a fact that A > 1 in the case. Gold’s criterion [2]| said that
A>2s aP~t =1 mod PZ. Further calculation shows that a?~! =1 mod P32 &
log,(a) =0 mod p? & yUa = 0, where log,, is the p-adic logarithm. The theorem
can be viewed as new proof of Gold’s result and a generalization of Gold’s result.

Theorem 3. Let K = Q(up) and w : Gal(Q(up)/Q) = (Z/pZ)* — Z, be the
Teichmiiller character. We can decompose the class group C1(K)[p™] as

CI(K)[p™] = &=y CI(K) [p™]

where €; = 1)%125;1 wi(a)o b € Z,[Gal(Q(up)/Q]. Let \; be the A invariant
corresponding to £;Cl(K;)[p™].

Fizi=3,5,---p—2 and assume that ;C1(K)[p*°] is cyclic. Let n > 2 and sup-
pose A; > n—1, then \; > n if and only if n-fold Massey product €;(x, X, X, ;) =
0 with respect to the proper defining system.

Remark 3. The assumption ¢;C1(K)[p| = F,, implies that A; > 1 in the case. Note
that ¢;Cl(K)[p] is cyclic if Vandiver’s conjecture holds. The theorem implies that
Ai 22 gi(x, ;) =0«< xyUa; = 0. Proposition 4.2 in McCallum and Sharifi’s
paper |7] describes a similar result that A\; > 2 < xy U «; = 0. The theorem can be
viewed as a generalization of McCallum and Sharifi’s results.

1.4. Structure of the paper. In section [2| we discuss the generalized Bockstein
map introduced by Lam-Liu-Sharifi-Wake-Wang[5] and recall the relation of gener-
alized Bockestein map and Massey products. We will also prove that the generalized
Bockstein map preserves the group action. In section [3] we prove a formula to de-
termine the size of the second cohomology group by the generalized Bockstein map.
In section [d] we prove the main theorem by applying the formula into number the-
ory. We also list four cases in which we apply our theorem to get some interesting
results. The first three cases are cyclotomic Z, extensions of imaginary quadratic
fields. The last case is the cyclotomic Z, extension of cyclotomic fields. In the first
case, we also develop a numerical criterion to determine A, which takes 10 pages.
One can skip the numerical criterion for the first reading.

2. GENERALIZED BOCKSTEIN MAP AND MASSEY PRODUCT

2.1. Generalized Bockstein map. In this section, we recall the definition and
properties of the generalized Bockstein map from [5].

Let G be a profinite group of finite p-cohomological dimension d and N be a
closed normal subgroup such that G/N is a finitely generated pro-p quotient. In
the paper, we take G/N = Z, or Z/p'Z. However, the definition of generalized
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Bockstein map works more generally. Let @ = F,[[G/N]] be the completed group
algebra which is a G-module in a natural way. Let o be the generator of G/N and
I =< 0 — 1 > be the augmentation ideal in 2. For 0 < n < #G/N, we have the
following exact sequence of G—module:

0—I"/I" = /"™ - Q/I" =0

After taking tensor product with a finite F,[G]—module T, it is still an exact
sequence since every module that appeared above is a [F,, module:

0—I"/I"M @p, T — QI @p, T — Q/I" @5, T — 0

For 0 < n < #G/N, define the generalized Bockstein map U(™) to be the connecting
map

o™ gitlG /e T) - HY(G, I/ I"M o T) = HYG, T) @ I"/I"!

where the last isomorphism uses the fact that I™/I"*! is a trivial G-module. We
view ¥(®) = 0. Recall the definition of Iwasawa cohomology groups:

Hy, (N, T) = %Ln H"(U,T)
N<U°G

where the inverse limit is taken with respect to correstriction maps and U runs over

all open normal subgroups of G containing N. Notice that if G/N is finite, then
Hi (N,T)= HY(N,T). In Lam-Liu-Sharifi-Wake-Wang’s paper, they proved:

Theorem 4 (Theorem A in LLSWWI5]). For each 0 < n < #G/N, there is a
canonical isomorphism

I"HE (N, T) _ HYG,T)®I"/I"+!

" HE (N T) Im W (")

of Fp-modules, where d is the p-cohomological dimension of G.

For the remaining part of this subsection, we will show that the isomorphism
above has a certain equivalence. We can decompose the cohomological group into
a direct sum of eigenspaces with respect to a group action. For each eigenspace, we
still have such isomorphism. However, the process of checking that the generalized
Bockstein map U™ preserves the group action is tedious. One can skip the part
to Remark [6l

Lemma 5. Let G/N = Z, and U; be the unique open normal subgroup of G
containing N such that G/U, = Z/p'Z. And T is a finite F,[G]—module. Then
CoInd& T := Homgyy, (ZG,T) = Fp[G/U)] @k, T as F,[G]— module. By Shapiro’s
lemma,

H"(U,T) =2 H"(G,F,[G/Ul] @, T)

1
Proof. Let G = | |V_, Ujo; where o; are right coset representatives. Now we define
a homomorphism « : Homgzy, (ZG,T) — Fp[G /U] ®F, T by mapping the element
1
¢ € Homgy, (ZG,T) to the element >, ;' @ o; '¢(0;), where &; represents the
image of o; in the quotient G/U;.
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First, the map does not depend on the choice of right coset representatives. Let
h;o; be another set of right coset representatives where h; € U;. then

P pt
Y ot o h  g(hion) = 6 @0y g(0)
=1 =1

since ¢(hio;) = hip(0:).
Second, the map preserves F,[G] actions. Recall the action ¢ € G on ¢ €
Homgy, (ZG,T) is

(99)(x) = ¥(zg)-

The action g € G on Zflzl o @t € F[G/U] @p, T is

l
P p
9( 5i®ti)=Z§Uz‘®gti-
i=1 i=1
Then
P! P
a(gp) =) a3, @o; (98)(o0) = Y5, ' @y 'd(oig)

Assume 039 = h;os(;), where ¢ is a permutation of 1 < < p'. We have

a7 ' d(0ig) = 07 ' d(hiosw) = 07 " hid(5(s)) = 9055y (05(:))

and
o; " = (hioswg™") " = 3050,

Hence
p! P!
a(ge) =Y go,1 @ 90,1 0(0s) = Y go; ' © go;  ¢(03)
=1 i=1

since ¢ is a permutation.
Lastly, easy to see « is bijection or one can write out the inverse map of . Hence
CoIndgl T is isomorphice to F,[G /U] @, T as Fp[G]—modules. O

Here, we computed H"(U;, T). Next, we will compute H{, (N,T). We need the
following propositions due to Tate [14].

Proposition 1. Suppose i > 0 and M = @Ml where each M is a finite discrete
G-module. If H=1(G, M;) is finite for every I, then

H' (G, M) = lim H'(G, My)
l
Lemma 6. Let G/N = Z, and U; be the unique open normal subgroup of G

containing N such that G/U, = Z/p'Z. And T is a finite F,[G]—module. Then
Hy (N, T) = H"(G,F,[[G/N]] @r, T).
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Proof. By lemmal[p]

HL(N,T)= lm  H'(U,T)
N<U,<°G

= L HT(G7]FP[G/U1] QF, T)
N<U,<°G

= H"(G, m ]FP[G/UI] F, T)

N<U,<°G
— H'(G,F,[[G/N]] @, T).

To prove the third equality is true, we need to check that it satisfies conditions
in Proposition |1} First, we have that F,[G/U;] ®p, T is finite module. Second, by
[5, Proposition 2.2.2], we know that H*(U;, T) = H(G,F,[G/U;] ®r, T) is finitely
generated F,[G/U;] module for all ¢ > 0. Since F,[G/U)] is finite, we have that
H'(G,F,|G/U;] @, T) is also finite.

For the last equality, note that 7" is a finite dimensional vector space over F},.
Hence lim I, (G /U] @, T = F,[[G/N]] ®F, T as F, module. One can see that the
isomorphism also preserves G action. Hence it is also a IF,[G]- isomorphism.

O

Remark 4. We know lim CoIndgl T = lim Homgy, (ZG,T) = Fp[[G/N]]®F, T. But

CoInd$ T' := Homyzy (ZG, T) may not be isomorphic to lim CoIndgl T'. That is one
reason why we separate the proof of lemma [f] and lemma [6] and we often write our
induced module as Q ® T instead of Homgy, (ZG,T).

Let ¢ be a group containing G and N as normal subgroups such that /G = A
is an abelian group and ¢/N is also abelian and 4/N = A @ G/N, where G/N is
a finitely generated pro-p quotient. Let T" be a F,[¢]-module and = F,[[G/N])].
Next, We will define an action of group A on H"(G,Q®T), H (G, I"/I""* @ T),
H"(G,Q/I"®T), and H"(G,T). And we will show that the generalized Bockstein
map (") preserves the action. We take G/N = Z, or 7/p'Z in our paper. But the
setting up works generally.

Define 7 € ¢4 actingon >, 0, ®t; € QT as 7(>, 0, ®t;) = >, 7; ® Tt;. Recall
the action g € Gon Q® T is g(>, 0, ®t;) = Y, §go; ® gt;. These two actions have
different effects when 7 € G C 4. But they have the same effect when 7 € N C ¢.
For every 7 € ¢, we have a group homomorphism o : G — G,g — 7 'g7 and a
module homomorphsim 3: Q@ T - Q®T,>,5;®t; = 7(>,0; @ ;). And

B(a(g)(z 0i @) = (Y (rLgm)ai @ grt;)

K2

= Z(T—lgr)ﬁi ® 7T 1gTt;
=Y g @ grt;
=g(B(>_a: @)

By the functorial properties of the cohomology groups [8, Chapter 2,p. 66], we
have a homomorphism H"(G,Q2®T) — H"(G,Q ® T). This gives us an action of
% on H"(G,Q2®T).
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We know the action 7 € ¢4 on Q ® T" and the action G on 2 ® T have the same
effect when 7 € N. By a well known fact |8, Example 1.27(d),p. 67|, the induced
action 7 € N C 4 on H"(G,Q®T) is trivial. So the action 4 on H"(G,Q2® T)
factors through ¢ /N =2 A @ G/N. Hence, we get an action A on H"(G,Q & T) by
viewing A as a subgroup of ¢/N.

Similarly, we can define the action of ¢ on Q/I" @ T and I"/I""* @ T in the
same way. And actions are compatible, i.e.

0 —— I"/ I QT —— QI QT —— Q/I"®T — 0

I+ - I

0 —— I"/I" T —— QI T —— Q/I"®T —— 0

Let -+ — ZG® — ZG%~! - ... - ZG®? - ZG — Z — 0 be a Z[G|
projective resolution of Z. Then («, ) defines a homomorphism of complexes

Hom(ZG%*, Q ® T) — Hom(ZG®*, QR T),¢ — fopoak

for any k. And it induces a homomorphism between two exact sequences of com-
plexes:

0 -+ Hom(ZG®* 1" /1"t @ T) + Hom(ZG®* Q/I"t' @ T) - Hom(ZG®*,Q/I" @ T) - 0
- - -
0 & Hom(ZG®* 1" /I"t' @ T) - Hom(ZG®*,Q/I"T' @ T) & Hom(ZG®* , Q/I" ®T) -+ 0

By the functorial property of cohomology, we get a homomorphism between two
long exact sequences.

o HY(G, QI @T) » H(G,Q/I"®T) » H LG, I/ I @T) + -
- <+ -
o HY(G, QI @T) - H(G,Q/I"®T) » H+YG, I/ I @T) + -

Each column gives an action of 7 € ¢ and they are compatible with each other.
In particular, since the generalized Bockstein map is the connecting mapping, we
have U™ (1¢) = 17U (¢) for any ¢ € HI (G, T @ Q/I"). As before, all actions
factor through ¢ /N. It induces an action of A on the cohomology group. And the
generalized Bockstein map ¥(™ preserves the actions.

Remark 5. By lemma we have Homgzy, (ZG,T) = F,[G/Uj|®r,T. Corresponding
to the action 7 € ¢ on F,[G/U| ®r, T, the action 7 € 4 on ¢ € Homgzy, (ZG,T) is

(1¢)(9) = (1 g7).
Remark 6. The action A on the cohomology group is a left action.

Now we introduce a new notation to express elements in 2 which will simplify
our future calculation. For simplicity, assume G/N = Z, or Z/p'7Z and o is the
generator of G/N. Let t =0 —1,then I =<0 —1>=<x > and Q = F,[[G/N]] =

Fy[[x]] or F, [a:]/(mpl) with respect to G/N = Z,, or Z/p'Z. Elements in Q ® T can

be write as
Yoet=Y (1+a)et=) '
i i

i



8 PEIKAI QI

for some v); € T. Let x be the group homomorphism y : G — G/N 2 Z, or Z/p'Z.
Then the action g € G on Q ® T' can be writen as
k=i
i) = X(9) i o i x(@)\
oS @) = Sl 40t o= o' 6 (5 () ovin)
2.2. Massey product. In this section, we recall some facts of Massey products,
defining systems|6][10] and proper defining systems|5|. More reference are [4][1]

For the classical definition of Massey products in group cohomology. Let A be
a commutative ring with trivial G action and discrete topology. By [11], we know
that inhomogeneous continuous cochains € = @, ~,C*(G, A) form a differential
graded algebra over A. It equips with product U and differential d : C* — C"**+!
such that: d(aUb) = (da) Ub+ (—1)*a U (db) where a € C¥ and d? = 0. We have
H"(G,A) = ker d"/Im d"~ .

Let Up,+1(A) be the group of (n + 1) X (n 4+ 1) upper triangular matrix with
diagonal entries equal 1. Let Z(U,11(A)) be the center of U,1(A). It is a group
of matrix whose diagonal entries equal to 1 and other only possible non zero entry
is in the spot (1,1 + 1). Let U,41(A) = Upy1(A)/Z(Upi1(A)).

Let X1, X2, " , Xn be n elements in H!(G, A) = Hom(G, A). The defining system
with respect to X1, X2, , Xn is @ homomorphism p : G — U,41(A) with p; ;41 =
Xi» where p; ; is the composition of map p : G — U,41(A) with the projection of
Unt1(A) to its (i,7) entries. One can check: Y37=5 py1 j(91)pjnt1(g2) is a cocyle
inside C? which represents an element in H?(G, A). We denote the element as
(X1,X2: -+ » Xn)5 and call it the Massey product with respect to the defining system
p- By |1], the Massey product (x1, X2, ,Xn)s vanishing is equivalent to that p
can be lifted to a homomorphism p : G — Up41(A4).

Here p € Hom(G, U, 11(A)) can be think as degree one cocycle in C}(G, U,,+1(A))
with G acting trivially on U,,;1(A). In general, the action of G on the ring A may
not be trivial. We could define defining systems as a degree one cocycle in the
same philosophy and it can be applied in general situations. References are [5|. We
directly borrow definitions from Section 3 of [5| without giving definitions again
here.

But our definition of proper defining systems is a little different from the defini-
tion in [5]. We give a new definition here.

Definition 1. Let y € HY(G,Ty) and 9 € H'(G,T,). Then we call the defining
system p : G — U(A) with respect to x,x, - -X, %o as proper defining system if p
_—

n copies
is of the following forms:

@)

) (34() *

0 1 X ( 39,( ¢n—1
00 0 1 x (X
0 0 0 0 1 X (A
00 0 0 0 1 o
0 0 O 0 0 0 1

Remark 7. In [5], when they define the proper defining system, they first divide the
matrix into four blocks that looks like the one in the following Lemmal7l And then
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they fix the up-left block and down-right block and let the up-right block varies.
Here, our definition of the proper defining system can be viewed as a special case of
them. In our definition, we fix and give a explicit form of the first (n+1) x (n+1)
block and we let the last column varies except 1 and .

The following Lemma [7] and Remark [§] will only be used in the section of numer-
ical criterion. One can skip if not interested in the numerical criterion.

Lemma 7. Let p: G — U,y be a defining system. We can write the homomor-
phism p as a block matrix:

_ [An Bn,m:|

P=10 D,
where Ay, is a n X n matriz and Dy, is a m x m matriz. By, n, is a n X m matric
without (n,m)-entry. Let p' : G — U,y be another defining system with the same
first n columns and last m rows as p, i.e.

o [An Bg,m}

P=lo D,

Then

An Bn,m + B;lym
0 D,,

s also a defining system.

Proof. The proof is a trivial calculation of matrices by the definition of defining
system. We omit here. O

Remark 8. This easy observation gives us a way to generate a new defining system
from old defining systems. For proper defining system, let p, : G — U,y1 be a
proper defining system, i.e,

1ox ) G) Q) o+ ]
01 % () () o v
meloo 0 1 ox @
0 0 O 0 1 X 1
0 0 O 0 0 1 Yo
0 0 0 0 0 0 1]
One can check that p,ypm, : G — Upgny: induced by p, is still a proper defining
system:
1oy () Eg; EZ; e
0 1 X >2< 935 C . 1/,7%2
o 1 x ¥ .. (%) Yo
- 0 --- 0 1 e 0
Pt = S
0 0 0 0 1 x () o0
0 0 0 0 0 1 X 0
0 0 0 0 0 0 1 0
L0 0 0 0 0 0 0 1 |
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If we have another proper defining system pj, ., : G — Upimast,

O ]
0 1 X ()ZC) (>3<) T T n+m—2
0o 1 x (3 (n) v
=/ _ 0 0 X (mx—l) ;ﬂ—l
Prtm = | . .
000 0 0 1 x ()
o 0 0 0 0 1 X P
0 0 0 0 0 0 1 1%
L 0 0 0 0 0 0 0 1 ]

Then by Lemma [7] we can produce a new proper defining system

roox () ) M o x T
1 X (>2<) @f) T e Unym_o T Vn_2

01 x (3) () ¥, + o
0 0 1 X (mﬁl ;n—l
00 0 0 1 x () ¥
0O 0 0 0 0 1 X "
0 0 0 0 0 0 1 i

Lo 0 0 0 0 0 0 1 |

The image of generalized Bockstein map Im ¥(") is spanned by certain Massey
products relative to a proper defining system. The next theorem is just a special
case of theorem 4.3.1 in [5].

Theorem 8 ( LLSWWI5|). Let G be a group with p-cohomological dimension 2.
View Q/I"QT as a quotient of polynomial ring in terms of variable x with coefficient
inT, Let f(o) = ¢o(o)+tp1(0)x+ - +1pp_1(c)x™ L be a cocycle in CH(G, Q/I"RT),
where v; is a cochain in C*(G,T). Then U™ (f) = (31, (X)Uthy—i)a™, where x is
the quotient map x : G — G/N = Z,, or Z/p'Z. And easy to see, > i, (¥) Utby—; is
Massey product (x\"™), 1) relative to the proper defining system. Here x™) denotes
n- copies of x. More precisely, the proper defining system is:

Lx (3) () ) - =
01 x (5 () - Pam
00 0 1 x (%)
00 0 0 1 ~x
00 0 0 0 1 4
00 0 0 0 0 1
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Remark 9. We have ((¥) U tn—i)(g1,92) = (X(fl)) U g1¢n—i(g2). And this is com-
patible with our action of G on Q ® T. And this is compatible with definition of
defining system p to be a cocycle: p(g192) = p(g1)91p(92)

3. SiZE OF H?

The philosophy of the strategy is to use Massey products to analyze the size of
H?. We first prove some lemmas we will use later. Since they all can be derived
purely from group cohomology theory. We put them in this section. From now, we
assume G has p cohomological dimension d = 2.

Lemma 9. Let G be a profinite group with p cohomological dimension equal 2, N
be a closed normal subgroup such that G/N = Z, or Z/p'Z. And T is a F,[G]
module. Assume H?*(G,T) = F, and W) £ 0 for some 0 < k < #G/N, then
#H?2 (N,T) = p" where n = min{n|¥™ # 0}

Proof. Take n = min{n € N|¥™ +£ 0}, then (™ #£ 0. We have H*(G,T) =

F, = Im¥™. By theorem {4, I"HZ (N,T) = I"'H2 (N,T). By Nakayama’s

lemma, I"HZ (N,T) = 0. We have the filtration HZ (N,T) D> IHZ (N,T) D
772

I?HZ (N,T) > --- > I"H2 (N,T) = 0 and when i < n, %

#H2(N,T) = p". 0

= IF,. Hence

Theorem 10. Let G be a profinite group, N be a closed normal subgroup such that
G/N 27, or Z/p'Z and T be a Fp[G] module. Fiz an integer n < #G/N. Assume
the generalized Bockstein map W) = 0 for all 0 < i < n, then the value U™ (f),
where f(o) = o(0) +1(o)r+- - +,_1(0)z" " is a cocycle in CH(G,Q/I"@T),
only depends on the cohomology class of 1o and does not depend on other coefficients
i, 0 <1 < n.

Proof. Let f' =y +jx+---+!, 2"t be another cocycle in C}(G,Q/I" ®T)
such that 1 and 1), are in the same cohomology class. Then (¢g—1()(c) = om—m
for some m € T. Let § = (1o —thg) + (xUm)z + ((¥) Um)a? +-- -+ ((,X,) Um)az" L.
One can check that U™ (§) = d((X) Um)z™ =0 € H*(G,T)® I"/I"*!. By adding
§ to f/, we can assume that 1), = . Then f — f' € CY(G,I/I" ® T). Since
Q/I" ' = F,[z]/(z"~") is isomorphic to I/I" = (x)/(z™) by a multiplication of z,
T (f — ) = \IJ(”*l)(f_Tfl) = 0 by assumption. Hence ¥ (f) only depends on
the cohomology class of . (Il

Under the conditions ¥(*) = 0 for all 0 < i < n, for convenience, we use W™ ([¢)g])
to denote W™ (g + 12 + - 4+ 1h,_12™ 1) since the value only depends on the
cohomology class of ¥y. And in the language of Massey product, W™ ([¢)y]) equals
to the Massey product (X(”), o) relative to a proper defining system.

Notice from the following exact sequence:

HYG,Q/ " e T) - HY(G,Q/I"®T) - H*(G,I"/I" @ T)
Hence ¥(")(f) is zero for a cocycle f(o) = 1o(0) + ¥1(0)z + - + Yp_1(o)z™ "
in CHG,Q/I" ® T) if and only if we can lift f toNCl(G,Q/I”Jrl ®T), i.e. there
is a cocycle in CY(G,Q/I"™ ® T) in the form of f(o) = ¥o(0) + Y1(0)x + -+ +
wn—l(a)xnil + wn((f)x"
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Definition 2. Let 1 be an element in H(G,T) = HY(G,Q/I @ T). We say 1
has p cyclic Massey product vanishing property, if we can lift ¢/ to an element in
HY(G,Q®T), i.e. there is an element in C*(G,Q®T) in the form Y, ¢;(0)x! with
Yo = 1, where the sum over all 0 < i < oo or 0 < i < p* with respect to G/N = Ly,
or Z/p*Z.

Remark 10. Assume ¥ = 0 for all 0 < i < n and 9 has p cyclic Massey product
vanishing property. Then we have (™ ([/]) = 0.

Theorem 11. The element ¢ € HY(G,T) has p cyclic Massey product vanishing
Cor

property if and olny if ¢ € Im(HL, (N, T) — HY(G,T)) .
Proof. By lemma@ we have H} (N,T) = H'(G,Q®T). And the map H'(G,Q®
T) - HY(G,Q/I ® T) induced by the quotient  — /I corresponding to the
correstriction map H{ (N,T) — H'(G,T) by definition.

(]

4. APPLICATIONS TO NUMBER THEORY

Now we apply previous sections to number theory. Though all notations are
standard, we list them here for convenience:
(1) p: odd prime.

) K: number field.

) it group of p'-th roots of unity.

) S: set of primes of K above p.

) Kg: maximal algebraic extension of K which is unramified outside primes
above p and infinite primes.

(6) GK7S = Gal(Ks/K)

(7) Ok: ring of integers of K.

(8) Ok,g: ring of S -integers of K.

(9) CI(K): class group of K.

10) hg: the size of CI(K).

11) Clg(K): S -class group of K.

12) Br(Ok[1/p]): The subgroup of the Brauer group Br(K) of K consisting
of all classes of central simple K-algebras, which are split outside of primes
above p. Hence, we have Br(Ox[1/p]) = (Q/Z)#°~" as abelian group.

) A[n]: subgroup of elements of abelian group A that annihilated by n.

) Let K C K1 C Ky C--- C Ko be a Z, extension of K.

) X: the Iwasawa module X = @CI(K}).

) A: the Iwasawa invariant A for X.

)

Theorem 12. Let K;/K be a Z/p'Z extension of K inside Ks. Take G = G 5 =
Gal(Ks/K), N = GKZ,S = Gal(Ks/Kl), T = Hp- Let a € NmK;/K(OKl,S); then
a has p cyclic Massey product vanishing property.

Let Koo /K be a Z, extension of K inside Kg. Toke G = Gg,g = Gal(Kg/K),

N = Gg..s = Gal(Ks/Kx), T = pp. Let a € Im(lim O, 5 RLN K) where the
inverse limit is taking over all sub-extension of K. /K with respect to norm map.
Then o has p cyclic Massey product vanishing property.
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Proof. By Kummer theory, H' (G, u,) 2 K*N(K%)?/(K*)? and H'(N, p,) = K; N
(K%)P/(K;)P. The corestriction map from H'(N, u,) to H*(G, p1,) corresponds to
Norm map|8]. Notice that Ok, s € (K%)P. And by theorem[I1] the theorem holds.
The second conclusion follows by taking the inverse limit. [

Remark 11. The map lim Ok, s RLN Ok s — K is the projection map from the
inverse limit l'glOKhS to the first factor.

From Kummer theory, we have the following two exact sequences: (good refer-
ences are [3|[5][11])

(1) 0= Ofs/pi=O.5/(Ok.5)” = H (Gi.s, 1) = Cls(K)[p] = 0

(2) 0 — Cls(K)/p — H*(Gk,s, 1p) = Br(Ok[1/p])[p] — 0

The map C’)}(’S/p — HY(Gg.s,pp) is the composite of the natural inclusion
and Kummer map,i.e.: Ok ¢/p — K* N (K§)?P/(K*)? = H'(Gk,s, f1p). The map
HY(Gk.s,pp) — Cls(K)[p] is the map o € K* N (Kg)?/(K*)P 2 HY(Gk 5, f1p) —
[I] € Clg(K)[p] where I is an ideal such that I? = aOk,s. Since Br(Ok[1/p]) =
(Q/Z)#5", so Br(Ok|[1/p])[p] = F}*~

Now, we can state and prove our main theorem.

Theorem 13. Let K C K1 C Ky C -+ C K be a Z, extension of K and S be the
set of primes above p for K. Assume all primes in S are totally ramified in Ko /K.
Let X5 = @CIS(KZ) and fics, Aes be the Twasawa invariant of X.s. Assume X

has no torsion element and H*(Gk s, pp) = Fp.
Then pies = 0 if and only if there exists k such that W) £ 0 for some k. If
tres = 0, then Aoy = min{n|¥™) £ 0} — #5 + 1.

Proof. We have the following exact sequence:
0 — Cls(K1)/p = H*(Gr.5,1p) = Br(Ow,[1/p])[p] — 0

for every I. since Clg(K;)/p is finite group, it satisfies Mittag-Leffler condition.
Thus the above exact sequence remains exact after taking inverse limit.

0 — lim Cls (K;) /p — lim H* (G, s, 1p) — Jim Br(Ox, [1/p])[p] — 0

Since all primes in S are totally ramified K../K, we have Br(Og,[1/p])[p] =
Br(Ok,.,[1/p])lp] : [A] = [A ®k, Ki41] for every I, where [A] is a class of cen-
tral simple Kj-algebra represented by A . And we know the composite map
Cor o Res : Br(Ok,[1/p))[p] = Br(Ok,,,[1/p))[p] = Br(Ok,[1/p])[p] is the multi-
plication by p. Hence the composite map is 0. Therefore, the correstriction map
Br(Ok,.,[1/p])lp] = Br(Ok,[1/p])[p] is zero map. And take inverse limit with re-
spect to the correstriction map, we have @BT(OKZ (1/p])[p] = Br(Ox[1/p])[p] =
F#5-1,

P

We have the following exact sequence:

0— pCIS(Kl) — Cls(Kl) — Cls(Kl)/p —0

Take inverse limit,

0— pXes = Xes — @Cls(Kl)/p —0
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Hence I'&nClg(Kl)/p = X.s/p. We have u.s = 0 if and only if X.s/p is a finite
group if and only if 1£1H %(Gk,.s, Hp) is a finite group if and only if there exists k
such that W) £ 0 for some k by lemma@. Now assume fics = 0. It is well known
that the Z, rank of X5 is Acs. Since we assume that X.; has no torsion element,
we have @CIS(KZ)/p = X¢s/p = IE‘;CS.
Recall that p cohomological dimension of G g is 2. We have # @1 H?(Gk, s, 1) =

#H? (Gk.. s5,1p) = ", where n = min{n|¥™ # 0} by lemma @ Therefore, by
the exact sequence, we have

Aes —min{n| T £ 0} 4+ #5 -1=0

Hence Ao, = min{n|¥™ £ 0} — #5 4+ 1
O

In the proof of the theorem, to use the lemma@ we take G = Gk 5, N = Gk __ s,
X:G— G/N 2Z, and Q = F,[[G/N]]. And these are the set up that we use for
most of the section. The purpose of the setup is purely for theoretical consistency.
In practice, to calculate the Massey product, we would like Q@ = F,[[G/N]] to
be small. If we know A, < p' for some ! in advance, we can take G = G K.,S)
N=Gg,s x:G—=G/N= Z/p'Z and Q = F,[[G/N]].

Theorem 14. Let K C Ky C Ky C -+ C K be a Z, extension of K and S be the
set of primes above p for K. Assume all primes in S are totally ramified in K /K.
Let X5 = @CIS(K}) and fics, Acs be the Twasawa invariant of X.s. Assume Xcs
has no torsion element and H*(Gr g, pp) = Fp, and pes = 0. Assume A5 < pl,
Then Aes = min{n| W™ £ 0} — #S + 1. Here the definition of W™ is with respect
to G=Ggs, N=Gg, s, x:G— G/N=2Z/p'Z and Q =F,[[G/N]]

Proof. We have the following exact sequence:
0 — Cls(Ki)/p = H*(G k5, p1p) = Br(O, [1/p])[p] — 0
We will use Lemma 13.15 in [15] and the same notation as |15, Lemma 13.15]. We

ol
have Cls(K)/p = Xos/(BE=2Y0, pX o) = Xoo /(TP Yo, pXes). Let f be the
characteristic polynomial of X 5. Since X,.¢ has no torsion element, we have f X ., =
0. We have Clg(K))/p = Xes/(TP' "1Yy,pXes) = Xeo/ (TP Yo, pXes, fXos) =
Xcs/(Tpl71Y07pX087 T)\CSXCS) = Xcs/(pX037 T)\CSXCS) = Xcs/(ch:37 chs) = Xcs/chs =
]FI),‘CS since Aes < pl.
The remaining proof is similar to the proof of Theorem O

Next, we will discuss the situation when we have a group A acting on our Iwasawa
module. We can decompose our Iwasawa module as a direct sum of eigenspace
with respect to the action. For each direct sum, we can also define the Iwasawa
A invariant. We will show that we can compute the Iwasawa A invariant in the
same strategy since we have proved that the generalized Bockstein map preserves
the group action in section 2.1}

Let k be a number field and K/k be an abelian extension. Denote Gal(K/k) =
A. Let K C K1 C Ky C -+ C Ky be a Z, extension of K and K /k is an
abelian extension. Suppose all the field extensions K;/k, K /k, Kg/k are Galois
extensions. Assume Gal(K/k) = A®Z,. Let ¥ = Gig = Gal(Kg/k), G =
Grk,s = Gal(Kg/K), N =Gk, s = Gal(Ks/K) and T = p1),. By subsection
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the Galois group Gal(K/k) = A can act on H (G s5,Q/I" ® u,) and ) (1¢) =
U™ (¢) for any ¢ € H(G,Q/I" @ p,) and 7 € A.
Let A = Hom(A,Z,) be the character group. Let w € A and define

Ew = #LA Z w(o)o™t € Z,[A].

gEA

Let X be any Z,[A] module. Then the standard process gives us a decomposition

of X:
X = @ e X.
wEA

Theorem 15. Let K./K be the Z, extension as set up above. Assume all primes
in S begin totally ramified starting K. Let X.s = I'&nClS(Kl). Assume p {
#A. The action of A on X.s gives a decomposition X s = ®y,euXes. Let [ty cs,
Aw,cs be the Twasawa invariant of €, Xcs. Assume €,Xcs has no torsion element
and awHQ(GK’S,,up) = F,. Then pyes = 0 if and only if there exist k such
that e, 8% £ 0 for some k. If Pues = 0 then Ay cs = min{n|e, ¥ #£ 0} —
dimg, €. Br(Ox(1/p])[p]

Proof. The proof is almost the same as Theorem [I3] we give a sketch of proof here.

We have the following exact sequence:

0= Cls(Ki)/p — H*(Gx,,s 11p) = Br(Ox,[1/p])[p] — 0
for every . The action of A gives us:
0 — ,Cls(K})/p — ewH* (G, 5, ttp) — € Br(Ox,[1/p])[p] — 0
Take inverse limit,
0— ey @CIS(KZ)/p — &y @HQ(GKZ,S,MP) — &y @Br(@m [1/p])[p] — O

We have p,, s = 0if and only if e, @ Clg(K;)/pis finite if and only if &, m H?(Gk, s, )
is finite if and only if there exist k such that e,%®*) = 0 for some k.
Assume p,, s = 0 now. Similar argument as proof of Theorem @ we have

e im Br(Ok,[1/p])[p| = e Br(Ok|[1/p])[p]
and
ew lim Cls (K)) /p = Fy=er
and
e lim H (G, s, p1p) = min{n| W | p2 (e s 0/1map,) # 0}

where \D(")|EWH2(GKYS,Q/I7L®M) denotes W™ restricting on e, H?(Gx.5, /1" @ p1)-
Since ¥ (1¢) = 17U ($) for any ¢ € H'(G,Q/I" @ p,) and 7 € A, we have
\Ij(n)IEwH2(GKYS,Q/[n®,up) = 0 if and only if ¢, U™ = 0. Hence the conclusion
follows from the exact sequence. O

Remark 12. We can have a similar theorem as theorem [[4] with the action of A.
We omit it here since it is essentially the same.

Before we apply the theorem to a specific field, we first recall some well-known
lemmas in the classical Iwasawa theory. They will be used in the next section. The
next lemma is Proposition 13.26 in the book [15].
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Lemma 16. Letp be odd. Suppose K is a CM-field and K,/ K is the cyclotomic Z,
extension. The complex conjugation action gives us the decomposition CL(K;)[p™] =
CL(K;)[p™>]" @ CI(K;)[p™]~. Assume all primes which are ramified in K /K are
totally ramified. Then the map

CUK)[p=]™ — CUKi1)[p™]™
18 injective.
By using the lemma one can get the following lemma. It is Proposition 13.28
in [15].

Lemma 17. The same assumption as Lemma then X~ = y_Cl(Kl)[pOO}*

contains no finite A-submodules.
In the paper |2], Gold refined the Lemma [16| to the following theorem.

Theorem 18. The same assumption as lemma let D; be the subgroup of
CI(K;)[p™] generated by primes of K; above p. Hence we have Clg(K);)[p>™] =
CI(K))[p>]/ Dy and Cls(K;)[p>=]~ = CL(K;)[p>]~ /D, by definition. Then the map

Cls(K;)[p™]” — Cls(K41)[p™]~

is injective. Moreover #D . = ps(m_l)#Dl_ for any integer m > 1, where s is the
number of primes of Kf lying over p which split in Kl/KlJr.

The conclusion about the size of D; is hidden in Gold’s proof of his theorem.

Theorem 19. The same assumption as lemma then X, = @CIS(Kl)[p“}_
contains no finite A-submodules.

Proof. One can use a similar argument as the proof that lemma [I6] implies lemma
in [15]. T omit the proof here since it is almost the same argument. O

5. APPLICATION TO CONCRETE EXAMPLES

In this section, we will apply the theorems that we get in the previous section [4]
to some concrete examples. In the following examples, they all are the cyclotomic
Z, extension. The same strategy can apply to other Z, extensions as long as it
satisfies the conditions in the theorem. The first three cases are about imaginary
quadratic fields. The last case is about cyclotomic fields. In the first case of the
imaginary quadratic field, we also develop a numerical criterion, which can help
us to compute the A invariant through the computer. The section of numerical
criterion is independent from other cases. It is suggested to skip the numerical
criterion subsection for the first time reading.

5.1. Imaginary Quadratic field.

5.1.1. case 1. Let K be an imaginary quadratic field and hx = #CIU(K), p t hx,
p splits in K. Let K C Ky C Ky C -+ C K be the cyclotomic Z, extension of
K. Let pOg, = PP where 9; is the complex conjugation of §; . Let (a) = Prr,

(@) = I gK, & is the conjugation of a. By Kummer theory, o corresponds to an

element in H'(G, p1,), i.e. 0 — o(¥/a)/ Y. Recall y is a character x : Gk, s fies,

Gal(Koo/K) 2 Z,.
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Theorem 20. Let K be an imaginary quadratic field, p 1 hx, p splits in K and
n > 2. Assume A\ > n — 1, then A > n & n-fold Massey product (x, X, "X, Q)
vanishes with respect to a proper defining system.

Remark 13. Tt is well known that A > 1 is always true. Hence A > 2 < the cup
product x U a = 0. Later, in the section on numerical criterion, we will show that
it is easy to see that x Ua = 0 < log,a = 0 mod p?, where log,, is the p-adic
log. And this is a version of Gold’s criterion [2]. Our theorem gives a new proof of
Gold’s criterion and generalizes the criterion.

proof of theorem [20,
We have that K is an imaginary quadratic field and K /K is a cyclotomic Z,

extension. Hence, it satisfies the assumption in theorem [I§ and theorem [I9) and we
will use the same notation as them. By using Proposition 13.22 in [15], we know
CI(K;)[p>=]" = 0. Hence D; = D; and CI(K;)[p>]~ = CI(K;)[p>°]. By definition,
we have that D; is generated by one element J3; /‘ﬁl Hence D; = D; is a cyclic
group. There is only one prime in Kfr lying over p that splits in Kl/KlJr. Thus
#D; = p'4#Dy = p'. We have D; = Z/plZ. We have the following exact sequence:

0— Dl — CZ(KZ)[pOO] — Ols(Kl)[poo] —0
Take the inverse limit, we have
0%, =X — X —0

By lemma [I7] and theorem we know that X and X, have no finite A-module.
View them as Z, module, we have Rankszp — RankZpX + RankZchs = 0. So
A=A + 1.

By the exact sequence , we have

0 — Cls(K)/p=0— H*(Gg.s,p1p) = Br(Ox[1/p))[p] =F, =0

Hence H?(G ks, ptp) = F,. Thus, our case satisfies all conditions in the theorem
We have \.s = min{n|¥( % 0} — 2+ 1. Therefore, we have A\ = min{n|¥ (™ # 0}.
Hence A>n < U@ =0 forall 0 <i < n.

By exact sequence and CI(K)[p] = 0, H'(Gg.s,pp) & Ok /p =< a,a >.
Assume ¥() = 0 for all 0 < i < n — 1 now, then by theorem Im ¥ is
generated by U= ([a]) and ¥~V ([a]).

Let (1 be the primitive pl-th root of unit. Let Q;_; be the unique subfield of
Q(ppt) such that Gal(Q;—1/Q) = Z/p'~'Z. Then K; = KQ;. We have

p = Nmg,,,n)/0(1 = )

and
1= Gt = N, /0, (1= Gpren)-
Let
= Nmgg ) /0 (1 = Gren),
then

p= Nle/Q(m)a m = Nm@z+1/@z (771+1).
Since Kl - KQ[ and K n Ql = (@7 then

Gal(Kl/K) = Gal(QZ/Q), Gal(Kl+1/Kl) = Gal(Ql+1/Ql).
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So p = Nmg, /x(m) and m = Nmg,, , /x, (m+1). We know
m= Nm@(#pl+l)/@l(1 - Cp“rl) € Oq,,s C Ox,,s-

Hence the sequence (1;); € %Ln(’)Kh& By theorem we know p has p cyclic
Massey product vanishing property.
On the other hand, a@ = +p"*. Hence,

T ([a]) + WD ([8]) = bW () = 0.

So Im U1 is generated by ¥~ ([a]).
We have ¥~ = 0 if and only if ¥~V ([a]) = 0 i.e. the Massey product

(x"~Y, a) relative to a proper defining system vanishes by theorem
O

Remark 14. Suppose we know A < p' in advance. Assume A > n — 1, then \ >
n < n-fold Massey product (x, X, -x,a) = 0 with respect to a proper defining
system, where we could take x : G — Gal(K;/K) = Z/p'Z instead of x : G —
Gal(K/K) = Z, as above. The proof is similar by using Theorem [14] instead of
Theorem We will use this idea to develop numerical criterion.

5.1.2. numerical criterion. In this subsection, we will translate the Massey product
language in the previous case [5.1.1] to numerical criterion. One is suggested to skip
this subsection for the first time reading. It does not influence the reading for other
cases.

Let K be an imaginary quadratic field, p { hg, p splits in K. Assume we
know A < p in advance. By the remark @, we can take G = Gk 5, N = Gk, s,
X :G— G/N 2TF,, Q=F,[G/N] through this subsection. Now, we can state our
numerical criterion:

(1) The Iwasawa invariant A > 1, always true.

(2) The Iwasawa invariant A > 2 & log,a = 0 mod p?, where log,, is the
p-adic log.

(3) Assume A > 2 is true, then y Ua = 0 <= 3 € K{ s.t. Nmg, /x(0) = a.
Define A} = Hf;ol o' (B%) € K; , where o is the generator of the group
G/N = Gal(K;/K) = F, such that x(o) = 1.

Claim: There exists a; € K* s.t. vpp(agA]) =0 mod p for all primes P
in K such that B { p, where vg is the valuation corresponding to the prime
ideal ‘.

Then A > 3 <= xUa; =0 <= log,a; =0 mod p?.

(4) Assume A > 3, then x Uay = 0 <= 3B € K7 s.t. Nmg, x(81) = ax,
Define A5 — [[/=) o*(86-1/2) € Kt and B] = [} o*(8]) € K.

Claim: There exists ap € K* s.t. vgp(agA5B7) =0 mod p for all primes
P in K such that P 1 p.

Then A > 4 <= xyUaz =0 <= log,a2 =0 mod p?.

(5) continues in a similar way - - -

In the remaining subsection, we will explain the reason for the numerical crite-
rion. Here is the idea. To prove the Massey product relative to the proper defining
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system p,, : Gx — Up41(F,), n < p vanishes,

1 x () é%fg (Zf; e ]
01 x () ) o o
=100 0 1 x (Y
00 0 0 1 ~x
00 0 0 0 1 1
00 0 0 0 0 1

we would like to construct the cochain 1, _1 explicitly to fill the * spot. We first
construct ¢, _; when we view the Massey product over Gx = Gal(K*?/K) instead
of Gk,s. In this case, it does not matter if we assume that K has p-th root of units.
Hence, we can exploit the classical results and generalize them. Then we compare
the Massey product when we view it over G and G g differently. The difference
of ¥,—1 and ¢!, _; is an element a,—; in K. Finally, to check the Massey product
is zero over G g, we restrict the Massey product to GK%, where K, is the
completion of K at prime .

Next, we introduce some classical results. Let K be any field (not necessarily
a number field) such that char(K) # p. Let Gg = Gal(K*°?/K) be the absolute
Galois group. Let ¢, be the p-th root of the unit. Then [K((,) : K] has degree
which is prime to p. Hence

Cor o Res : H'(Gx, pip) = H' (G, i) = H' (Gre, pip)

is an isomorphism. Therefore, Res : H'(Gk, pp) = H'(Gk(c,), 1p) is an injective
map. To consider the Massey product relative to certain defining system vanishing
in H2(GK,up), we just need to restrict all cochains to Gk(¢,) and consider the
Massey product vanishing inside H?(G K(¢p)» Mp)- It does not matter if we assume
(p € K. Now we can assume that ¢, € K. In other words, the action Gk on py, is
trivial. We can view p, as F,, by identifying (, € pu, with 1 € ).

As mentioned before, to give a defining system is the same to give a homo-
morphism p : Gg — Un+1(up) = UnH(Fp). The Massey product vanishing is
equivalent to that p can be lifted to a homomorphism p : Gxg — Upt1(pp). Let
K be the subfield fixed by ker p. Then the Massey product (x1, X2, ,Xn)s van-
ishing is equivalent to that we can extend the Galois extension K;/K to a Galois
extension K,/K such that

Gal(K,/K) > Unia(1y)

| !

Gal(K,/K) — Unt1(pp)

is commutative.

To understand this better, we first consider 2-fold Massey products i.e. cup
products. Let a,b be two linearly independent elements in F* /(F*)P corresponding
t0 XasXp € H (GK, pp) = F*/(F*)P. Then K(a'/P) is the subfield fixed by group
ker x, and K (b'/P) is the subfield fixed by group of ker x;. The cup product y, U
X = 0 is equivalent that 33 € K (a'/?) such that Nm¢(,1/n) /5 (8) = b. Translating
in the language of Massey product, we have a defining system

p:Gg — Ug(,up) = ]Fp @]Fpao— — (Xa(g)7Xb(0))
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The 2-fold Massey product vanishing is equivalent to that we can extend the Galois
extension K (a'/? b'/P)/K to a Heisenberg extension K (a'/?,b'/?, AY/P)/K such
that Gal(K (a'/?,b'/P, AY/P)/K) = Us(F,). This is a theorem proved by Romyar
Sharifi[13]. Another reference is [9):

Theorem 21 (Sharifi). The same notation as before. Assume x, U xp = 0. Let
A = Hf:_ol o9 (B7) where o is a generator of Gal(K (a'/?/K) such that x(o) = 1,
then O'(Al) = Al%.

Theorem 22 (Sharifi). The same notation as before. Assume x, U xp = 0. Let
A= fA; where f € K*, then the homomorphism

p:Gg — Ug(,up) = ]Fp @Fpao- — (Xa(a)7Xb(U))

can be lifted to a Heisenberg extension p: Gx — Us(up) such that Resiery, (p1,3) =
XA-

Remark 15. When we have another lifting corresponding to A’, the difference be-
tween A and A’ is an element in K*. If we have another lifting p, then —dp; 3 =
Xa U Xp and —dp} 3 = Xa U Xp- S0 d(p1,3 — p 3) = 0. Hence p1 3 — pf 3 is a cocycle
in C'. There exists f € K such that p13 — pj 3 = xy. We have A = fA’ up to
multiplication by an element of K (a'/?)*?.

The theorem gives us an explicit description of p; 3. And the converse is also
true. If we can find such Heisenberg extension K (a'/?,b'/?, AY/P)/K then the cup
product x, U xp is zero.

Now, we generalize the idea to give a similar description for Massey product
(X(”), o) relative to a proper defining system p, 11 : Gx — Upia (Fp)_. Because we
use the proper defining system, the Im p,,41 is not the whole group U, 42(F,). We
need the following definition and lemma to describe Im p,,41.

Definition 3. Define group M,, :=< s,tg,t1, -+ ,t, | P = 1Lth =1t =1,--- ,t =
Lttt 't =1, stos gt = ty, stysT My = to, stps My =tg, e sty 15T L =
tn,stps it =1>

Remark 16. One can check that M, is a semiproduct. We have M,, = F), x JFZ‘*‘I,
where F,, =< 5 > and ]F;"“1 =<to,t1, -ty >.

Lemma 23. Let ppi1: Gx — Unq2(Fp) be the homomorphism defined by

Lox (3) (3) () Un
01 x ) ) Un-1
Pr1=10 0 0 1 x (X s
00 0 0 1 ~x
00 0 0 0 1 1
oo 0o o0 0 0 1 |
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where ker x # kerty. Then Im p,41 is isomorphic to M,,. If we view Im p,41 C
Unt2(Fp) as a subgroup, then we can take

ty

1
0

e}

—_

—_ =

o

—= O

o

co o~ .-

0
0

C OO = .

o

corRr o -

0
0

O O = e

or~roco

o, R o

Proof. Since ker x # ker i, [Gx
ker 1)y do not contain each other. Hence Im p,, 1 contains

One can define B; = ABOA’lBal,“-

calculation here.

1
0

1
1

= O

0
0

coo ...

0
0

©>—~>—-o_'

o

—_ O O -

0
0

—0 OO -

*

—_ O % % e

atO

7B0

Il
O =

1
0

O =

—= O

— O

o o

o O

o o

coo ...

o coro ... O

o

cCo o .-

o

cCOoOR O -

o

corR o -

,B, = AB, 1A7'B',.
map s to A and ¢y to By. This gives us an isomorphism between M, and p,1.
To check the group relations, it is a trivial calculation of matrices. We omit the

oc—oco

o

==

o

orR oo
_— O OO -

: ker x] = p and [Gk : keripg] = p , so ker x and

e *
0 =
0 x>
0 =
1 1
0 1]

We can directly

On the other hand, we can use A, By generating the following two matrices:

ty

This gives us the description of Im p,, 1 as in the lemma.

O =

—= O

o O

0
0

C OO

o o

co~o -

or oo

O = O -

0
0

O =

— O

0
0

0
0

coo ...

o o

co~Oo -

e 1
0 0
0 O
0 0
1 0
0 1
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Remark 17. If we take subgroup V,, 41 C Up42(F,) whose elements are of the form:

10 0 0 0 --- ]
01000 0 =
00010 0 =
00001 0 =
00000 1 =
00000 0 1]

then we have an exact sequence,
0= Vopr = Imppyr = Imppy/ Vi — 0

Easy to see that V,, 1 = ]F;““1 is generated by to,t1,- -+ ,tn and Im p41/Vpp1 = F)
is generated by s. And Im p,; = F, x V,,11. Hence, to describe the presentation
of Im p,,41, all we need is to describe the presentations of V,,;1 and F, and the
action of F, on V1. These are how we define M,,.

Remark 18. By the lemma if we can find a Galois extension L/K such that
Gal(L/K) = M,, then we can determine a proper defining system p,42 : Gx —
U,+3. And the converse is also true.

To determine whether a group is isomorphic to M,,, we only need to determine
what elements are mapped to s, ty and check all relations if we know the group has
the same size as M,,.

As before, Assume K is a field that contains p-th root of the unit. Let y €
HY(Gr, pp) = Hom(Gg,F,) and ¢y € H (G, pp) = Hom(Gk,Fp). Let K(a'/P)
be the fixed subfield of ker y and K (b'/?) be the fixed subfield of ker ¢y and assume
they are different field. Let o, and o, be the generator of Gal(K (a'/?,b'/?)/K)
such that

sa(@l/?) = ¢yal Ga(bV/7) = B1/7
ab(al/p) — gl/p Jb(bl/p) - Cpbl/p
Lemma 24. Assume xUthg = 0,i.¢. there exists f € K(a'/P) such that Nm g (q1/p) /1 (8) =
b. Define Ay =T12g 03(8): A2 =TT 00877 ), As = TG (8775 )y A =
1_[Z 0 oL(B (:1)) where n < p, Then
7o)y g le) g 4y = gt "aﬁé")aamn_n — )

Proof. Easy to check the following equation:

(0a — 1)(2%) + ZUZ =p

p—1 ( 1)

(Ja—l)(ZZZ; +0aZzU

<z>oz>+oa§<nz>oz—<i>
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Lemma 25. Notations as before and n < p, then the field extension
K(a'/® o/ AP AYP o ALPY K
is a Galois extension. And
Gal(K (a/?, 6"/, AP AYP ... AP/ K) = M,

Therefore, it corresponds a proper defining system ppyo : Gg — Unts. And
Resyery Wi = x4, for1 <i<n<p—1.
Proof. We have 0,(A;)/A; = 7/b € K(a'/?,bY/P)*P and o3,(A;) /A1 = 1 € K (a'/P,b1/P)*P.
Hence K (a'/?,b/?, AY/?) /K is a Galois extension. Lift o, and o, to Gal(K (a'/?, b1/, AVP)/K).
We denote them as 6, and &.

As said in remark to prove Gal(K (al/?,b'/P, Ai/p)/K) & M, we only need
to determine what is mapped to s,tg and check that it satisfies the relations in
the presentation of group M. Lift o, and oy, to Gal(K (a/?,b1/?, A}/P)/K). We
denote them as ¢, and &,. We would like to map &,, 03 to s, ¢y respectively. Next,
we will check it satisfies the relations.

By lemma |24}
(3) Fa( A7) = G AL B /6P
for some j; € Fp. Then

FAAYT) = G AP BB P G (B) /61

GH(AYP) = P AP Nm(B) /b = A}'”

Hence o? = 1.

We have O’b( ) ¢rA 1/p for some i; € F,. Hence 55(Ai/p) = A}/p. So

=1.

We have

20 A)7) = Ga(GAYT) = G AT
abaaml 7y = 6y(G AT B = T Ay b
Gabpiy Gy (A}/p) = CpAi/p
Define G4, = 6,646, 5, '. We have
6L, =1,6464,6,'6, =1,6054,6, 6, =1

Hence, &4, plays the role t; in the presentation of M; and we checked that the
relations are satisfied. Therefore, we have Gal(K (a'/?, b/, A}/P)/K) = M;. And
G — Gal(K(al/p,bl/p,Ayp)/K) ~ M, C Us(F,) gives us ReSker y¥1 =

For next step: Similarly, we have 6,(Az)/As = Bp(p D/2/5,(A;) = prle— 1)/2b/(A1ﬂp)
K(al/p,bl/p,A}/p)*p and Gp(A42)/A2 = 1 € K(al/p,bl/p,A}/p)*p. And we know
from last paragraph, Gal(K (a'/?, b/, Ai/p)*p)/K) is generated by &,,5,. Hence
for any o € Gal(K (a'/?,b'/? Al/p)*p/K) we have o(Ay) /Ay € K(a'/?,b'/P, Ai/p)*P.
Therefore, K (a!/?, b/, A}/p 1/]D)/K is a Galois extension.

Lift 6,,0p,04, to Gal(K(a Up,b””,Ayp,Aé/p)/K). And we still denote the
lifting as &,4,0p,04, by a little abusing notation. Similarly, we will check that

0a,0p are mapped to s,tg € My and they satisfy the relations in the definition of
Ms.
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By lemma [24]
&a(Al/P) CJZAl/Pbl/pﬂ—/Al/p
for some j, € IF),. By equation (3 , we have

p—1

H 1/P AlH ﬁp 1—i /b 1

=0

0.( 1/17 _ 1/pr /H~z 1/17 1/10

Hence ¢? = 1.
We have 54(As) = Az, so Erb(Aé/p) = (;)2/1;/]) for some iy € Fp. So g} =1
We have

571(141/19) C J2—7j1 1/PA1/I7/~71( )

Gy(AY?) = ¢ 2 AY?

G, (A7) = Gatoiry 'y N (Ay7) = G Ay
Hence 6} = 1.
Gu00,5, 55, (A7) = G Ay
Define 64, = &aéAlc?;l&;ll. Then 6 = 1. And one can check
Gaba,0, Gy =1,6404,6, 64 =1,64,64,6,, 6, =1

These imply that &,, 65 satisfies the relations in the definition of M. And G4,,54,

plays the role as t1, to. Hence we have an isomorphism Gal(K (a'/?, b/, A}/p, A;/p)/K) =

M. It determines a proper defining system G'x — Gal(K (a'/?,b'/?, Ai/p, A;/p)/K) =
My C U4(1Fp) C U5(Fp). And Reskerxwg = XAs-
The general case can be checked by the same process and the calculation is

tedious. We omit here.
O

Remark 19. The proof for the case M; is the same as the proof of theorem [22] in
[9] and [13]. We just imitate the proof and get the generalized result. But the
calculation becomes more and more tedious.

Now, if we have xy U1y = 0, we can construct a Galois field extension and it
corresponds to a proper defining system. How do we get all proper defining systems?
We need the following definition and lemma.

Definition 4. The proper defining system we get by the way in lemma [25|is called
the standard proper defining system.

By previous lemmas, fix y and 1y, the standard proper defining system depends
on the choice of a, b, 5 and choices of the lifting of o, and oy.

Lemma 26. All proper defining systems with respect to x can be obtained from the
standard proper defining system by operations in lemma[7 and remark[§.
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Proof. Assume we have a proper defining system p,, : Gg — Un+1(IB‘p), n < p.

Lox G () () 0
Lox ) G o o
=100 0 1 x ()
00 0 0 1 x
00 0 0 0 1
o0 0 o0 0 0 1

Then x Uy = 0. By lemma we can get a standard proper defining system:

1 x (3) é%fg (Z‘; e ]
01 x () (&) - vno
m=10 0 0 1 X) v
00 0 0 1 ~y
00 0 0 0 1
00 0 0 0 0 1

(1ox G @) G) ]
o 1 x () &) - e n—2— Yn-2
0 1ox () - (mf—l) Vimt1 — Ymt1
o --.- 0 1 X e (;fl 0
0 0 0 0 1 y () 0
0 0 0 0 0 1 X 0
0 0 0 0 0 0 1 0
| 0 0 0 0 0 0 0 1 ]

is a proper defining system that is induced by the following defining system:

ox G G) ) - * ]
01 x () () - Yho—Uno
00 0 1 x (X)) Yhis—VUmis
00 0 0 1 X Yppo— Vms2
00 0 0 0 1 iy —%mm
0 0 0 0 0 0 1 |
Then the lemma is followed by induction. O

In the lemma[25] we can construct a standard proper defining system from a field
extension. Conversely, we can get a field extension from a proper defining system.

Lemma 27. Given a proper defining system p, : G — Uni1, the fived subfield by
ker p,, can be writen in the form
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K(a'/?, b(l)/pa (A,101)/P, (Ag2A11b2) VP, (Ag 3A1 2 A2 1b3) P, (Ao 21z Ap_21bn_2)"/P)
where a, by, by, ,by_o € K and there exist 5; € K (a'/?) satisfying that Nm g 170y /5 (Bi) =

b for 0<i<n—3and A, = [['} Uﬁ(ﬁi(j’))

Proof. The result directly follows from lemma [26] by using the correspondence be-
tween the standard proper defining system and M,,-field extension.

Another method to check the lemma is by using the same method in the proof
of 1emrna Check that the field extension is Galois extension and &, and 3, are
generators of M,, and satisfy the relations. The calculation will become tedious, we
omit it here. O

Now, back to our case that K is a number field. Instead consider the group
Grx = Gal(K**?/K), we consider the group Gx s = Gal(K*/K). For a defining
system p, : Ggs — Upi1, the subfield L fixed by kerp, is a field extension
that is unramified outside S. Conversely, if we have a field extension L/K that is
unramified outside S and Gal(L/K) is isomorphic to a subgroup of U, 1, then we
have a defining system p,, : Gx,s — Gal(L/K) C U,41. We need the following
known fact.

Lemma 28. Let K be a number field containing p-th root of the unit. Let a € K*
and B be a prime that does not divide p, then K(al/p)/K is unramified at ‘B if and
only if the valuation v(a) =0 mod p

Now, we apply all we have to the case where K is an imaginary quadratic
field and p splits in K and the size of the class group hx is prime to p. Notations
as the beginning of case[5.1.1and the beginning of this subsection [5.1.2] recall that
the character x is Gi,s — Gal(K;1/K) 2 F, where K1 = KQ;.

Lemma 29. Let g € H (G5, pp) = K* N Kg'/K*P correspond o € K* N
K /K*P. Then x Uy = 0 if and only if that log,(c) = 0 mod p* where log,, is
the p-adic log.

Proof. Let pOx = ‘Bo‘ﬁo and pOg, = ‘]31‘%1. Let Ky, and Kg, be the completion
of K at prime By and ‘}30 respectively. Similarly for the definition K g, and K 15 -
We will use Poitou-Tate Duality which is the theorem 8.6.7 in [11]. We use the same
notation as in chapter 8.6 of |11]. Take A = p,, then A’ = Hom(u,, 0%) = F,, as
Gk,s module. Lemma 8.6.3 in [11] tells us II' (G s,F,) = Hom(Clg(K),F,) = 0.
By theorem 8.6.7 in [11], We have II*(Gk s, ptp) = Y (Gk 5,Fp)Y = 0. This
implies that the map H*(Gr s, pp) = H*(GKy, s itp) © HQ(GK%,MP) is injective.
The cup product x U 1)y vanishes in H?(Gk s, i) if and only if Resy U Resty
vanishes both in HQ(GK%,MP) and HQ(GK%,MP). In local field Kg,, x U %o
vanishes if and only if a € Nmg, /oy, (Kfml). One can check that Ky, = Q,
and Kq g, = Qi , which is the completion of Q; at p. And Qi,/Q, is totally
ramified degree p extension. We can decompose Q;, = @ Fy @ (14+pZ,) since p is
odd and Z; = Fy(1+pZ,) = Fy @7, is given by t — (t mod p, log,(t)/log,(1+p)).
By local class field theory, we have Nmp, o, /xo (K7 gp,) 2 ZSF, & (1 +p?Z,) as
a subgroup of Q. We have a € NmKl,qsl/Kmo(Ki‘Bl) if and only if log,(a) = 0
mod p?. And similar story happened when we complete at . Hence log,(a) =0
mod p? if and only if x Uy = 0 (]
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Remark 20. The value log, o depends on the embedding K — Qp’. But the
criterion 1ogp(a) = 0 mod p? does not depend on the embedding.

Here is the relation between our result and the classical result Gold criterion [2]
Theorem 30. Let K be a imaginary quadratic field, p 1 hi, p split in K i.e.
POk = PoPo. Take (a) = ‘BQK, then A > 2 & the cup product xUa = 0 &
log, (o) = 0 mod p? & aPl =1 mod P where log,, is p-adic log.

Proof. We only need to prove the last equivalent relation. Complete K at ‘530, We

have Kg, = Qp and o € Zy = F3 © 1+ pZy,. And log,(a) = 0 mod p? <= a €
Fr®1+p*Zy <= o’ ' =1 mod p? in Qp <= a?" ' =1 mod PZ in K. O

Let p, : G5 — U,+1 be a proper defining system.

1 x (3) E’ég (Z; e ]
01 x (3) (§) -~ tn
=100 0 1 x ()
00 0 0 1 x 1
00 0 0 0 1 4
oo o o 0o 0 1 |

When restricted on G, s = ker x, the cochain ¢; € C! (Gk,s, tbp) becomes a cocycle
in C'(Gk, s, tip)- S0 Resgy, st corresponds to a cocycle (o — o(A}P) /AP for
some A; € Ki N Kg" and the cocycle depends on the choice of A; /P since we do
not have u, € K. Assume that the Massey product relative to the proper defining
system py, : G s — U,11 vanishes, i.e. there exists a cochain ¢,,_1 € C}(Gk.s, tip)
fitting in the lifting p,, : Gx,.s = Up1.

Lox (3 () () Un-1
01 x () () -+ Yoo
=100 0 1 x (X
00 0 0 1 ~x
00 0 0 0 1 1
oo 0o o 0 0 1 |

Similarly, Resg,, s¥n-1 is a cocycle and corresponds to a element 4,1 € K7 N

Kgp. Let g, : Gk — Gk s LA U,41 be the composition of G — Gk,s and py.
Then pl, is a proper defining system over G. Then the Massey product relative
to p], also vanishes. Then there exists a cochain ¢,_; : Gxg — p, fitting in the
cochain p!, : Gg — Upy1.
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Lox (3) () @) - i
01 x () G - vuo
=100 0 1 x (&)
00 0 0 1 x
00 0 0 0 1 4
0o 0o 0o 0 0 1

And Resg, ¥}, is a cocycle in C'(Gk, , 1) and corresponds to A;,_; € Kf. By

definition of Massey product, we have d(¢,_; — ¥,—1) = 0. Hence 9/, 1 — ¥n_1

1/1
U(ffl/:) for some f € K*.

When restricting on Gg,, we have fA,_1 = A),_;. We remark here that we have
to choose the p-th root of A, _1, A", f properly so that cocycles are compatible.
A different choice of p-th root of A; changes the corresponding cocycle a multiple
of (¢ — %i’») And xU (o — Uc—i”)) = 0. For our case now, we care about when
the Massey products vanish. Therefore, we do not need to care too much about the
choice of the p-th root of the element. For our purpose, the key is that there exists
f € K* such that fA,_; = A,_, where 4,1 € Kf N K¢’ and A),_; € K{. By
lemma we have an element A € K7 NK ¢’ if and only if the valuation vy (A) =0
mod p where B3 does not divide p.
Now we combine all we have and explain how our numerical criterion works:

is a cocycle in C'(Gg, pp) which corresponds to o —
I

(1) The Iwasawa invariant A > 1, always true.

(2) The Iwasawa invariant A > 2 < log,a = 0 mod p*, where log, is the
p-adic log (Reason: lemma [29).

(3) Assume A > 2 is true, then y Ua = 0 <= 3 € K{ s.t. Nmg, /x(8) = a.
Define A} = Hf;ol o' (B%) € K; , where o is the generator of the group
G/N = Gal(K,/K) = F,

Claim: There exists oy € K* s.t. vp(a1A]) =0 mod p for all P 1 p,
where vy is the valuation corresponding to prime ideal 3. (Reason: by pre-
vious argument, the difference between "correct" A; and A} we constructed
is an element in a; € K*. We want a1 A} to be our A;.)

Then A > 3 <= yxUa; = 0 <= log, a1 =0 mod p?(Reason: Let ¢}, 1%
be the cochain in C* (G, 1) corresponding to A} and A} = [[7-, o*(8/01/2).
Over Gk, we have x U{ + (§) Uty = —di)h. Restrict on Gk, through
Gk — GKf;xov we have y U 9| |GK<;30 +()2<) U g |GK\30: —d’lﬁé |GK‘430. Let
1 € CY(Gk,s, ptp) correspond to the Aj. Restrict to Gry,, the Massey
product x Uy + () Uthg = x U] + (%) Uthg + x U (¢1 — ) vanishes
in H?(Grey, » pip) if and only if x U (1 — 9)) |GK<43: Oie xUa; =0
in H*(G Kyys Hp)- A similar argument as lemma we have the Massey
product vanishing if and only if log,(a;) =0 mod p?. Notice that we can
not directly use lemma [29] since oy may not be in H*(Gg s, pp). How-
ever, since we have restricted ¥, — ¢} on G Ky,» We can directly work in
H?*(G Ky,oHp)- And similarly, restricting on G Ky, » We get the same re-
sult. Since H*(Gk s, ttp) — H2(GK% lp) B HQ(GK% , ltp) is injective, we
conclude the Massey product vanishing if and only if log, () = 0 mod p2.)
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(4) Assume A > 3, then x Uay = 0 <= 3p; € K7 s.t. Nmg, ,x(81) = ax,
(Reason: the cup product y Uy should be viewed in H?(G, pp)). Define
Al = Hf;ol ol (p-1/2) ¢ Ki and Bj = Hf:_ol o'(Bi) € K7. (Reason: we
want the Massey product vanishing on Gk first. So we construct Af and
Bj correspond to the cocycle in this way. See lemma [25| and lemma )
Claim: There exists ag € K* s.t. vp(aA5B]) = 0 mod p for all P ¢
p.(Reason: similarly to the previous case, the difference between "correct"
Ay and A4 BY is an element ay € K*.)
Then A > 4 <= xUay = 0 <= log, @y =0 mod p® .(Reason: similar
as previous case.)
(5) continues in a similar way - - -

Remark 21. The numerical criterion is not perfect, we only know the existence of
B; and a7 and we do not have a logarithm to compute them.

I hope the following lemma can inspire people to come up with explicit numerical
criterion though I can not do it.

Lemma 31. Let K be a imaginary quadratic field, pt hi, p split in K i.e. POk =
‘Bo‘ﬁo. Let pn, : G5 — Uny1 be a defining system. Then the Massey product
(X1, X2: "+ s Xn)p, Telative to a defining system p,, vanishes over Gg s if and only
if it vanishes over G

Proof. We have the following commutative diagram.

GK —> GK

N

Gk,s

Fo

It induces the following diagram.

Hz(GK,Svlf"p) — HQ(GKmO’MP) & HQ(GK@()?/’LP)

I

H2(GK7 /J’p)

The row is an injective map by Poitou-Tate Duality (See proof of lemma . The
column is an inflation map. If the Massey product vanishes over G g, then after
the inflation map, it vanishes over G. If the Massey product vanishes over Gk,
we restrict on local field, then it vanishes over G Ky, and G Kg,* Since the row map
is injective, it vanishes in Gk g. (Il

Remark 22. By the following well-known exact sequence:
U— Res
Hl(GKa /’l/p) X—> HQ(GK7/’(‘P) — HQ(GKNIU/P)

The Massey product Z?;OI (’f) U; in our case will be zero when restrict on G, .
Therefore, there exists y, € H' (G, pp) such that x U x, = Z;:Ol (’Z‘) U ;.
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5.1.3. case 2. Let K be an imaginary quadratic field and Cl(K)[p>=] = Z/p'Z.
Assume p remains prime over K/Q, i.e. pOx = Bo. Then there is only one prime
that is ramified in the Z, cyclotomic extension K C K; C Ky C --- C Ku. Let
I be an ideal in K such that [I] # 0 € CI(K)[p]. Let o be the generator of the
principal ideal I?.

Theorem 32. Let K be an imaginary quadratic field and CI(K)[p>] = Z/p"Z.
Assume p remains prime over K/Q and n > 2. Assume A >n — 1, then A > n &
n-fold Massey product (x, X, - X, & is zero with respect to a proper defining system.

Remark 23. It is well known that A > 1 is always true in the case.

proof of theorem [33
In this case, we have C1(K;)[p>]" = 0 by Proposition 13.22 in [15]. We have D,

is a subgroup of CI(K;)[p>] generated by %B;. Hence D; = D;" = 0 by definition.
Therefore, we have Clg(K;)[p™] = Cl(K;)[p>] = CI(K;)[p>°]~. Our case satisfies
conditions in lemma We have X = X, and A = \,.

By the exact sequence ,

0— Cls(K)/p=TF, = H*(Gg.s, itp) — Br(Ox[1/p))[p] =0 — 0
We have H?(Gk,s, ttp) = Fp. The theorem [13|implies
A = Aes = min{n|¥T™ #£ 0} — 1 + 1 = min{n|T™ £ 0}.
By the exact sequence (1)),
0= Ok.s/p=F, = H'(Gks,pp) = Cls(K)[p] =F, = 0

we know that H'(Gk s, t1,) is generated by p and «. A similar argument as in
theorem [20, we know p has p cyclic Massey product vanishing property. Similarly,
the Iwasawa invariant A > n < 0@ = 0 for all 0 < i < n. Assume ¥ =
for all 0 < i < n — 1, then by theorem |10} Im ¥("~1) is generated by ¥~V ([a]).
So W1 = 0 if and only if ¥(»~D([a]) = 0 i.e. the Massey product (x("~ V), «)
relative to a proper defining system vanishes by theorem [8 O

5.1.4. case 3. Let K be an imaginary quadratic field and Cl(K)[p>®] = Z/p'Z.
Assume p is ramified in K/Q, i.e. pOx = PBZ. Then there is only one prime that
is ramified in the Z, cyclotomic extension K C K1 C Ko C -+ C K. Let I be an
ideal in K such that [I] # 0 € CI(K)[p]. Let a be the generator of the principal
ideal IP.

Theorem 33. Let K be an imaginary quadratic field and CI(K)[p™] be a cyclic
group and p is ramified in K/Q and n > 2. Assume X > n—1, then A\ > n < n-fold
Massey product (x, X, X, «) is zero with respect to a proper defining system.

Remark 24. Tt is well known that A > 1 is always true in the case.

proof of theorem[33 .
Similar as Theorem we have C1(K;)[p>®]* = 0 and D; = D;" = 0 by definition.

These imply Cls(K;)[p>=]~ = CI(K))[p>]~ = CI(K;)[p>=]. By the exact sequence
),

0 — Clg(K)/p = F, = H*(Gxk,s, ) — Br(Ok[1/p])[p] =0 — 0
we have H?(Gk,s,pp) = Fp. Our case satisfies conditions in Theorem The

same argument as Theorem [32] gives us the conclusion.
(]
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5.2. Cyclotomic field. Let K = Q(u,) where p, is the group of p-th roots of
unit as before. Let w : Gal(Q(up)/Q) = (Z/pZ)* — Z, be the Teichmiiller char-
acter. Let X be the Iwasawa module which is the inverse limit of the p-part of
the class group of Q(u,:) with respect to the norm map. By Corollary 10.15 in
[15], Gal(Q (up)/(@) acts on X and X is decomposed as direct sum of eigenspace,
ie. X = @ 2¢;X where ; = = LS wia)o,t € Z,[Gal(Q(uy)/Q].  Fix
1 =3,5---,p— 2. Assume that 5101( )[p™°] is cyclic, in other words, we have
;X = A/(f;). Notice that by Theorem 10.16 in |15], ;Cl(K)[p] is cyclic if Van-
diver’s conjecture holds. Let A\; = deg(f;). Let I; be an ideal in K such that [I;] #
0 € &;CI(K)[p]. Let a; be the lift of [I;] by the map e;H'(Gk,s, ptp) — €:CLK)[p].

Theorem 34. Let K = Q(up). Fizi=3,5,---p—2 and assume that £;C1(K)[p>]
is cyclic. Let n > 2. Assume \; > n — 1, then \; > n < n-fold Massey product
gi(Xs X5+ X, Q) 18 zero with respect to a proper defining system.

proof of theorem[5] .
Our case satisfies the setting up in Theorem where k = Q, K = Q(up),

A = Gal(Q(pp)/Q). We have Cl(K;) = Clg(K;). By the exact sequence:
0 — & Cls(K)/p=TF, = e;H*(Gr s, 11p) = €:Br(Ox[1/p])[p] =0 — 0
we have ;H?(Gk s, itp) = F,. By Theorem [15] we have
Ai = Nijes = min{n|£i\ll(") # 0} — dimp,e;Br(Ok[1/p])[p] = min{n|aillf(") # 0}.

By the exact sequence:

0— £0% g/p=0—e;H (Gk,s, 1p) = €:Cl(K)[p] =F, — 0
we know that eiH'(Gk s, j1p) is generated by a; by our definition. Assume \; > n—
1, then WU |E H2(Cr.5,Q/Trop,) = 0for 0 < j <n-—1. So Im w(7—1) |E H?(Gre.5,Q/I" ' @pu,)

is generated by Y1) e H2 (G 5,0/In— 1®Hp)([ a;]). And y(n—1) JH2(Gg 5,0/ 1®#p)([OLZD =
g, U= (f) for certain cocycle f = S} 5 >yprt e CY(G, /I © pp) such that

1o = a;. Hence £;¥("~1) = 0 if and only if the n-fold Massey product €;(x, X, - - - X, ;) =

0 with respect to a proper defining system. O

Remark 25. This is a generalization of McCallum and Sharifi’s result of proposition
4.2 in [7].
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