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Abstract. Functionalized energies, such as the Functionalized Cahn-Hilliard, model phase separa-
tion in amphiphilic systems, in which interface production is limited by competition for surfactant
phase, which wets the interface. This is in contrast to classical phase-separating energies, such as
the Cahn-Hilliard, in which interfacial area is energetically penalized. In binary amphiphilic mix-
tures, interfaces are characterized not by single-layers, which separate domains of phase A from
those of phase B via a heteroclinic connection, but by bilayers, which divide the domain of the
dominant phase, A, via thin layers of phase B formed by homoclinic connections. Evaluating the
second variation of the Functionalized energy at a bilayer interface yields a functionalized opera-
tor. We characterize the center-unstable spectra of functionalized operators and obtain resolvent
estimates to the operators associated with gradient flows of the Functionalized energies. This is an
essential step to a rigorous reduction to a sharp-interface limit.

1. Introduction

Since its introduction in 1958, [7], the Cahn-Hilliard energy and associated gradient flows have been a
fundamental model for diffusive interfaces and their dynamics in binary phase-separated systems which
seek to minimize interfacial surface area. However, many systems of physical significance, including
amphiphilic mixtures, [19], ionic membranes, [29], and membranes case within ionic liquids, [1], have
the tendency to self-assemble interface, subject to the constraint imposed by limitation of surfactant.
In binary interface-minimizing systems the interfacial structure is dominated by single-layers which
connect phase A to phase B across a thin heteroclinic front. In contrast, interface assembling systems
generate a variety of network type structures which the minority (surfactant) phase interpenetrates
the majority phase. In some systems, such as lipid bilayers in solvent, the preferred network structure
is dominated by thin, co-dimension one sheets of phase B which are surrounded on either side by
phase A. In other regimes pore like networks or spherical, micellular inclusions are preferred.

Since a closed bilayer structure separates the physical domain into an inside and an outside,
there is a tendency to view bilayer interfaces as equivalent to single-layer interfaces, with phase A
representing the inside and phase B the outside of the bilayer. There are situations where this identifi-
cation is reasonable, but there are also significant distinctions between single-layer and bilayers. First,
a single-layer interfaces has no volume to conserve. For a bilayer interface, the surfactant phase lies
principally upon the interface and the growth of interface is restricted by the availability of surfactant.
Second, a single-layer interface cannot be pierced — it is defined by the two phases that lie on either
side. Bilayer interfaces, which separate the same phase, can open up connections, just as the lipid
bilayer forming a cell membrane can open a pore to connect the inside and outside of the cell. These
distinctions are seen in the geometric flows derived as sharp interface limits of bilayer interfaces in
amphiphilic models, [12], which belong in a different class of evolution problems than the Stefan and
Mullin-Sekerka type flows derived for the single-layer evolution of the Cahn-Hilliard equation, [42].
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The Cahn-Hilliard energy represents the free energy of a binary mixture in terms of the phase
function u : @ ¢ RY — R, via the functional

E[u]:/ﬂg\VU\eréW(u)dx, (1.1)

where Q C R? is bounded, ¢ < 1 is an interfacial width, and W is a double-well potential which
assigns energies to the mixture u of the two phases. It is well known that the critical points of the
Cahn-Hilliard energy, that is the solutions of

o0& 1

— = —cA ~“W'(u) =0, 1.2
L et W (W) (12)
are interfacial structures and that the I'-limit of the Cahn-Hilliard energy is proportional to surface

area, [39, 37, 50]. The Functionalized Cahn-Hilliard (FCH) energy, introduced in [45],

Erlu] = /Q 1 <6Au + iW’(u))Q . <;|vu|2 + iW(u)) da, (1.3)

balances the square of the variational derivative of the Cahn-Hilliard energy against a small multiple
of the original energy. Energy formulations in the form (1.3) have been derived from experimental
data for amphiphilic mixtures, see [19]. For ¢ <« 1, the squared variational derivative term demands
that minimizers of the FCH be close to any critical point of the Cahn-Hilliard energy, including saddle
points. At the next order in g, for n > 0 lowering the energy requires an increase in surface area.
Indeed at this order the energy balances the 1 term against the residual of the first term, which for co-
dimension one interfaces reduces to the square of the mean curvature of the interfacial surface. It has
been shown, [46] that the FCH is bounded from below over reasonable function spaces, and possesses
global minima which are distinct from those of the Cahn-Hilliard energy. Fourth order energies which
resemble the FCH with n < 0 and an equal-depth well W, have been proposed, see, [35] and [54].
Indeed, the De Giorgi conjecture, which concerns the I'-limit of the FCH energy for n < 0 with an
equal-depth well has been established, [47]. Extensions of these models to address deformations of
elastic vesicles subject to volume constraints, [14], and multicomponent models which incorporate a
variable intrinsic curvature have been investigated, [36]. However, it is the single-layer interface which
underpins all of the analysis for < 0. In this work we address the linear structure of bilayer interfaces,
which are dominant for n > 0.
We consider mass-preserving gradient flows of the form

(Sf—uF =—G (=’ A+ W"(u) — &%) (—e*Au+ W' (u)), (1.4)
subject to various boundary conditions, where the gradient, G, is a self-adjoint, non-negative operator
with a simple kernel comprised of the constant functions. In [16] a formal sharp-interface reduction
was obtained for the G := Ily, the L?(Q) projection off of the constant functions — the zero-mass
projection over 2. For the case of an equal-depth well W the authors derived the evolution of a bilayer
dressed interface I' C R in terms of its normal velocity

Vo = (80 alir + 5 - o)) (15)

where H is the mean curvature of I', A is the surface diffusion or Laplace-Beltrami operator, A
is the Weingarten map whose eigenvalues are the curvatures of I', and the function § couples the
surface area of the bilayer interface to its geometric evolution. Indeed, as the interface grows in
length, conservation of surfactant requires that the interface becomes thinner; thus £ expresses the
cost of surfactant scarcity, arresting further interfacial growth as the bilayer thins. Normal velocity
relations were also derived for the single-layer interfaces which the FCH supports, however the single-
layer geometric evolution generically leads to self-intersection while the bilayer interfaces support large
families of stable equilibria. Somewhat surprisingly, the sharp-interface reductions for bilayer interfaces
subject to the H~! gradient flow, equivalent to (1.4) with G := —A, do not reproduce the familiar
Stefan and Mullen-Sekerka for single-layer interfaces of Cahn-Hilliard, [42]. Rather, for a potential W

up = —e2G
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FI1GURE 1. Caricature of spectrum verses the in-plane wave number j for the 1D
operator, Ly, its extension, Ar, to H2(R?), and the linearization, Lr, given in (1.10),
about a bilayer dressed interface, I, for a well with unequal-depth minima. Eigenval-
ues A; ; denote the spectra of Lr associated to the i-th 1D eigenvalue A; and the j-th
Laplace-Beltrami eigenvalue. The spectrum of Ap which is O(e) (blue boxes of center
frame) are mapped onto the smallest eigenvalues of Lr ~ A2 + O(e), (blue boxes
of right frame). The center-unstable spectrum of L drives the geometric dynamics
(near j = 0) and modulational or pearling instabilities (for |j| € [mg, Mp]) of bilayer
interfaces.

with un-equal depth wells, one obtains a quenched mean-curvature driven flow on an intermediate
time-scale, while the slow time-scale yields a high-order curvature and surface diffusion driven flow
with normal velocity

H2
V,, = o,llp (AS +5 - tr(A2)) H, (1.6)

where Il is a curvature weighted projection associated to the interface I' which insures that the
evolution preserves total interfacial surface area, and o, > 0 depends only upon the well, W, [12].
Indeed, up to the value of the constant oy, this result also holds for G = Iy for W with unequal depth
wells. In this paper we consider only the gradient G = Ilj.

An important step towards a rigorous sharp-interface reduction of the gradient flows (1.4) is to
characterize the small-eigenvalue spectrum of the functionalized operators Lr: the second variational
derivative of the FCH energy evaluated at the bilayer solution associated to the admissible interface
I', see Definition 2.1. This paper gives a rigorous justification to the heuristic images of the spectra
of functionalized operators as depicted in Figures 1 and 2. The spectra of Cahn-Hilliard operators,
the second variations of the Cahn-Hilliard energy about single-layer interfaces, was characterized first
in two dimensions, [3], and subsequently in R?, [10]. These works showed that the eigenfunctions
corresponding to small eigenvalues of the Cahn-Hilliard operators admit a leading-order separation of
variables decomposition into normal and tangentially varying functions. This characterization played
an instrumental role in the rigorous sharp-interface reduction, carried out in [2], of the Cahn-Hilliard
equation to a Mullens-Sekerka flow on short time windows [0,7] as € — 0.

While the FCH gradient flows engender mergings, buddings, and other morphological rearrange-
ments, [17], they also support large classes of stable equilibria which are typically local minima of
the energy landscape, [13]. Correspondingly, the gradient flows of the FCH energy support important
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classes of solutions which evolve without topological singularity for all time. The small-time restric-
tion which appears in the Cahn-Hilliard reduction, seems particularly unnatural in this context. The
removal of this restriction is complicated by the fact that the interface I' evolves on a slow time-scale,
rendering the full linearization, Lr := GLr, of the FCH gradient flow weakly time-dependent. The
renormalization group techniques developed in [44, 6], yield uniform semi-group estimates for the
time-dependent operators arising from the linearization about the slowly evolving structures. This
can be achieved if, roughly speaking, each time-frozen operator is coercive off of an approximately
invariant set, and these sets are sufficiently insensitive to the evolution of the underlying structure.
While these statements have been made rigorous for families of multi-pulses, quantifying them for
evolving interfaces remains future work. In this light it is natural to study not the evolution of in-
dividual eigenfunctions, but the collective evolution of the center-unstable space of Lr as I' evolves.
The main result, Theorem 5.2, shows that for each U > 0, sufficiently small but independent of ¢,
the associated functionalized operator, Lr, possesses an approximately invariant, finite-dimensional
center-unstable space Zy such that Lr is coercive on Zﬁ with a bounded resolvent.

1.1. Overview of the Sharp Interface Reduction

For the FCH energy, we consider a smooth well W : R — R with two local minima, which may be
taken at u = 1, and assume that the ©v = —1 state is the majority phase, while the minority phase
has the lower self-energy: W(—1) = 0 > W(1). We consider functionalized operators arising from
two classes of well W: the unequal-depth well case for which the two minima of W(—1) — W (1) > 0
is independent of ¢, and the asymptotically equal-depth well case for which the two minima differ
by O(e). Fixing an admissible hypersurface I', see Definition 2.1 we introduce the co-dimension one
variables in terms of the scaled, signed distance z = z(x) to T, see (2.1) and (6.37). For unequal wells
the bilayer profile, ¢(z), is the leading-order solution of the rescaling of (1.2),

2o =W'(¢), (1.7)
which is homoclinic to the majority phase, u = —1. The existence of ¢ follows from a simple phase-
plane analysis. As an operator on H?(R), the linearization, Lo, of (1.7) about ¢

Lo = =02+ W"(9), (1.8)

has a translational eigenvalue, A1, at the origin, and an O(1) ground state eigenvalue, Ao < 0, see the
left panel of Figure 1. Extending ¢ = ¢(z(z)) to Q, see Definition 2.2, we introduce the second-order,
scaled Cahn-Hilliard operator
625 2 "

Ar = €W(¢) = —’A+ W (¢(z)). (1.9)
Heuristically, the small-eigenvalue eigenfunctions of Ar, acting on H?(f2), take the leading order
separated-variables form v;(2)©;(s) where 1); is the i’th eigenfunction of Ly and ©; is an eigenfunction
of the Laplace-Beltrami operator, A, associated to I'. The corresponding eigenvalues take the form
A\i + €%p;, where p; is the eigenvalue of A, associated to ©;. This is the situation depicted in the
center panel of Figure 1.

The full linearization, Ly := GLr, arising from the linearization of (1.4) about the bilayer
interface ¢ associated to I' is expressed in terms of the functionalized operator,
Lp:= (A =W"(¢)+en) (2A—=W" () — W" () (*Ad — W'(9)) . (1.10)

However, the second term of Lr is small for ¢ solving (1.7), and formally the operator admits the
expansion

Lr = A% + O(e). (1.11)
Since I' is admissible, it is far from 02 in the scaled distance, and the small-eigenvalue eigenfunctions
of Ar are localized near the surface. This suggests that the spectrum of Lr is given, to O(g), by
the square of the spectrum of Ap. This is the situation depicted in the right panel of Figure 1. The
coercivity of Ar on the set ij largely follows the construction in [10], we boot-strap this coercivity
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FIGURE 2. Caricature of the spectrum (real) verses the wave number n for the 1D
operator, Lo, its Cahn-Hilliard extension, Ar, to R?, and the functionalized operator,
Lr, given in (1.10), about a bilayer dressed interface, I', in the case of an asymptoti-
cally equal-depth well. Eigenvalues A; ,, indicate the spectrum of Lr arising from the
i-th 1D eigenvalue ;. Theorem 2.7 characterizes the spectrum of £ where U indicates
the location of the cut-off of the spectrum in the definition of Sy. In the center and
right frames, the blue boxes depict the spectrum which is O(g). In the right frame,
the small spectrum of £ arises from the square of the small spectrum of Ar. It is this
spectrum which drives the geometric dynamics ({1 ,}) and the modulations to the
width of the bilayer ({¥¢,,}).

to Lr, which requires bounds on the differential structure of the underlying manifold I', and extend
the coercivity to Lp.
The sharp interface reduction follows from the decomposition, u = ¢(z; ') +w where the interface
I' = I'(t) is parameterized by a large, but finite dimensional set of parameters 7 = p(t) which are
connected to w through the condition w € Z(T). Formally Taylor expanding the gradient flow (1.4)
in w yields the form
wy + Vié- Py = R(P) + Lrw + Q(w), (1.12)
where the residual R denotes the right-hand side of (1.4) evaluated at ¢ = ¢(p), and @Q denotes terms
which are formally quadratic or higher in w. Denoting the projection onto Zy, in an appropriate inner
product, by Iy, and its complement by II;; := I — Iy the gradient flow we project (1.12) with II;
and ﬁU, obtaining the evolution

wy = My(R—Vzé-p) + HpLellyw + TyQ(w), (1.13)
MyVsd -5 = HyR+ MyLellpw + MpQ(w). (1.14)

The goal of this paper is to identify a set Zy = Zy(T') and a norm for which Iy LIl has a uniformly
bounded resolvent which generates a contractive semi-group, and for which Lr is approximately in-
variant in the sense that ||HUL1“ﬁU|| < 1. These two steps, which form the fulcrum of the sharp
interface reduction, are presented in Theorem 5.2 for the gradient G = Ilj.

For the case of asymptotically equal-depth wells, W(—1) = 0 > W(1) = O(g), the spectra of
the functionalized operator are characterized in Figure 2. Following see [16], the bilayer structures are
taken from a one-parameter family, ¢(z;7), defined as the homoclinic solutions to

92¢ = G'(¢;7), (1.15)
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where the “tilted-well”, G is obtained by adjusting value of G at the minority phase, u = 1, according
to,

G(u;7) :=W(u) — et /u vV W(s)ds. (1.16)
-1
The linearization Lo of (1.15) about ¢(-, 7)
Lo(r) = =02 + G"(4(z: 7)), (1.17)

has a translational eigenvalue, A1, at the origin, and an O(e) ground state eigenvalue, Ao(7), which
is associated to the dynamic evolution of the spatially varying width of the bilayer structure. In
particular, in the normal z and tangential coordinates, s € R¢!, defined in a neighborhood of the
interface T', it is natural to take the well-tilt parameter 7 = 7(s) to depend upon the tangential variable,
and construct the leading order ansatz by dressing the interface I' with ¢(z;7(s)). This corresponds to
a bilayer structure with a variable width. In Cartesian coordinates this yields an anasatz of the form
¢(z) = ¢(2(x); 7(s(z))), where the geometry of the interface I' is imbedded in the (s, z) coordinate
system. The d dimensional, second-order linearized operator depends both upon the choice of interface
I’ and upon the choice of dependence 7 = 7(x) = 7(s(x)) of the tilt upon position s along the interface

Ar = —2A + G"(¢(z; T, 7(2))). (1.18)

The full linearization Ly and the functionalized operator Lr are defined via (1.10), where ¢ = ¢(z, 7(s))
varies at an O(1) rate in x over the surface of the interface T'.

In Section 2 we present a general framework and precise statements of the main results, in
particular Theorems 2.2 and 2.4 which yield the coercivity of the functionalized operators for equal
and asymptotically unequal well depths. We also provide an overview of the proof of the main results
and present the decomposition (2.39) which motivates the definition of the small-energy space Zy. In
Section 3 we obtain upper bounds on the elements of the decomposition, proving Theorem 3.2 for the
case of unequal depth wells. The proof of the main theorems is presented in Section 4, including the
extension to the functionalized operators of the case of equal depth wells, and the extension of the
coercivity results from the functionalized operator Ly to the full linearization, L. Section 5 provides
background material on the differential structure of the manifold I" and derives estimates on the first
and second fundamental forms.

2. Precise Statements of Results for £

We fix a bounded domain Q@ C R? which is simply connected with smooth boundary. Let ¢ <
1 be a small positive parameter. For a smooth, closed (compact and without boundary), oriented
d — 1 dimensional manifold I" embedded in R?, the ‘whiskered coordinates’ are defined in a tubular
neighborhood of T,

x=p(s,z):=7(s) +ezv(s), (2.1)
where v : S € R4 — T is the local parametrization of I' and v(s) is the outward unit normal. The

line segments {7(s) x [—t,]|s € S} are the whiskers of length t of I, and the pair (s, z) form the local
whiskered coordinate system.

Definition 2.1. For any K,{ > 0 the family, Gk ¢, of “admissible interfaces” is comprised of closed
(compact and without boundary), oriented d — 1 dimensional manifolds T' embedded in RY, which are
far from self-intersection and with a smooth second fundamental form. More precisely,

(i) The W4>°(8S) norm of the 2nd Fundamental form of I' and its principal curvatures are bounded
by K.

(i) Whiskers of length 3¢ < 1/K, in the unscaled distance, neither intersect each-other nor 02
(except when considering periodic boundary conditions).

(i) The surface area, |T'|, of T is bounded by K.
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For such I' the change of variables  — (s, 2) is a C* (see Proposition 6.7) diffeomorphism on
the neighborhood,

() = {gp(s,z)’s €8, l/e<z< 1/5}, (2.2)
for any 0 <1 < 3¢.
Definition 2.2. We say that a function f defined in I'(2¢) converges to f+ € R at an O(1) rate if
sup|f(s, z) = f+| < Ce ™V, (2.3)

for constants Cym > 0 that are independent of € > 0. If f converges to zero at an O(1) rate, then
we say that f is localized on the interface. If f converges to fy at an O(1) rate, then its extension
to Q is defined as the function equal to fi in Q\I'(2¢), and (n2(e2))f+ + m(ez)f in T'(20), where
7m(¢) : R — R is a smooth cut-off function which is equal to 1 for |(| < £, 0 for || > 2¢ and
monotone between and 1y = 1 — . We use f to denote both f = f(s,z) on I'(20) and its extension

f=f(z) to Q.

Given f,g € L*(T'(2()), then for each s € S the weighted inner product on the whisker at v(s) is

defined
20/e

(£.9)5 = (f.9)5(s) = / £(5,2)9(5,2)J (s, 2}z, (2.4)

—20/e
where J (s, z) is the Jacobian of the map z = (s, z) and J = J/.Jy where Jy = /det g is the square-
root of the determinant of the first fundamental form of T', see (6.29). The associated norm is denoted
|| - |ls. For admissible interfaces ||.J|| o (r(2¢)) is O(€) and the || - ||; norm introduces a factor of e'/2.
For each s € S we also introduce the unscaled inner product

2¢/e
(£.9)0 = (f.g)o(s) = / 0 2)e (2.5)

For f,g € L*(T") we have the inner product

(g = / F(5)g(3)Jo(s)ds. (2.6)

The Laplace-Beltrami eigenmodes are orthonormal in the (-, -)r inner product. Moreover if the support
of f,g is contained inside of I'(2¢), then we may change to whiskered coordinates in the inner product

20/e

o= [ [ 5620000200020t = [ (5,9)000(5)ds = () Ve @)
—20/¢e

We consider two classes of operators which generalize those presented in the introduction.

2.1. Main Results for Unequal Depth Wells

The first class of operators generalizes the case of unequal-depth wells, and has potentials which
do not depend upon s to leading order. This class is comprised of the Sturm-Liouville operator
Lo : H*(=20/e,20/e) — L?(—2{/e,2{/¢), which acts on each whisker of T,

Lo = =02 + qo(z;¢), (2.8)

where the potential gy converges exponentially to 2¢; at an O(1) rate (see Definition 2.2), and has an
extension gy = qo(7) defined on Q. We define the “Cahn-Hilliard” extension of Lo to H2(2),

A= —e?A + q(x;¢) (2.9)
and the functionalized operator
L= A*+cj(z;e) = (2A — q(m;e))2 +eg(x;€), (2.10)

in terms of the potential
q(z;€) = qo(w;€) + equ(x;e), (2.11)
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where both ¢; and ¢ are localized on T'. We use ¢ to denote both ¢ = ¢(s, z) on I'(2¢) and ¢ = ¢(z), its
extension to 2 which equals 2, on Q\I'(2¢). We assume the potentials go and ¢ satisfy go(z), q(z) > ¢*
when z € Q\I'(¢). In addition, we assume that qq, ¢; and ¢ satisfy

sup ||8 QollL=r@y) + sup DI q1l|L=r@o) + [|dllL=@) < C, (2.12)

|a|,m<4

where C' is a constant independent of ¢ and I' € G ;.
We consider the operator £ acting on H2(Q), which is H*(Q) subject to natural boundary
conditions, that is either zero flux conditions

Vat = VaAu =0, x € 09, (2.13)

where n is the external normal to €, or periodic conditions with Q = [0, L]¢. For all u,v € H?(f), the
bilinear form associated to £ under natural boundary conditions is given by

Blu,v] := (AU,AU)LZ(Q) + E(du,v)Lz(Q). (2.14)

Our goal is to characterize a space, Zy, of asymptotically minimal dimension for which the bilinear
form is coercive on the orthogonal compliment. Indeed, restricting the bilinear form to act on Z#
induces the constrained operator
Ly =1L, (2.15)

where ITy; is the L? orthogonal projection onto Zz. The constrained operator maps Z¢ C H*(Q2) into
L?(Q) and is self-adjoint. A key step is to show that its spectrum is uniformly bounded away from
7Z€ero.

The following assumption on Lg generalizes the case of unequal-depth wells considered in the
introduction.

Assumption 2.3. (A1) There exist vg, A > 0 independent of €, such that Lo, acting on H?([—{/e,{/e])
subject to Neumann boundary conditions, has r eigenvalues satisfying —\ < \) < vy for 0 <i <r—1,
with the remainder of the spectrum of Ly bounded from below by vg.

Remark: Unadorned constants C' will depend only upon the admissible interface parameters K, ¢ and
the spectral bounds vg, A.
The Laplace-Beltrami operator A : H?(I') — L?(T) of the underlying surface, I, is defined by

d—1d-1

\/CW ZZ D5, 97/ detgm—=Jg 'V (g7 NoVs), (2.16)

where g is the first fundamental form of I' and ¢g¥ are the elements of g~!, see Section 5. The

eigenvalues {ﬁj} ©, of —A; are non-negative, we denote the corresponding L?(S) orthonormalized
eigenfunctions by {©;}jen, , so that
-A0; = 3;0;. (2.17)

Fixing U > 0, then for each k = 0,--- ,r — 1 we denote by m(k) < M (k) the natural numbers for
which

(AR +€%8;)% < Vi € [m(k), M(k)], (2.18)
where \{ is the k-th eigenvalue of Ly. The wave numbers n in Figures 1 and 2 are related to j through
the well ordering of the numbers |n|? for n € Ni‘l. We also introduce the spaces

Sy =span{0©;|j =m(k),--- ,M(k), and k=0,--- ,r —1}. (2.19)
Definition 2.4. For k = 0,--- ,r — 1, let ¥y = nlj_l/ng denote the k' eigenfunction, ¥?, of Ly

rescaled by the reduced Jacobian J and the cut-off function 11, introduced in (6.32) and Definition 2.2
respectively. We define the basis elements

Zjk = 0;(s)Yk(s, 2), (2.20)
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and the slow space Zy, associated to the functionlized operator L,
2y :zspan{Zj,k’kzO,---,r—l and j:m(k),--~,M(k)}, (2.21)

where m(k) and M(k) are defined in (2.18). The space Zi+ is the orthogonal complement of Zy in
L%(Q).

The following theorem characterizes the spectra and coercivity of the Cahn-Hilliard and func-
tionalized operators.

Theorem 2.5. (Coercivity for Unequal Depth Wells.) Fiz Q@ C R® and K,¢ > 0. For any admissible
interface I' € G 4 and operators A and L as defined in (2.10), with potentials ¢ and § satisfying (2.12)
and Assumption A1, there exists €9, U, Uy > 0 such that the following results hold for all € € (0,e9)
and U € (eU,Uy). The ground-state eigenvalue po of L acting on H2(Q) is bounded from below by

po > —Ce, (2.22)

where C' > 0 is independent of €. Moreover, there exists p > 0 such that the constrained operator
Ly, defined in (2.15), induced by the slow space Z, defined in (2.21), has no spectrum below pU; in
particular the following coercivity estimates hold for all w € Z[Jj N HA(Q),

Blw,w] > p*U?|Jwl|72(q), (2.23)
| Aw] L2 (0 = max {pU|[w]| 120y, O |w]| m20) } - (2.24)
[ A%w]| L2 (@) > max { p*U|Jw]| L2 (0, pU [ Aw]| L2 () } - (2.25)

Here C is a positive constant independent of €.

2.2. Main Results for Asymptotically Equal-Depth Wells
In the case of asymptotically equal-depth wells, the homoclinic profile ¢(z) = ¢(z(x); 7(s(z)), depends
upon the tilt parameter which may vary with position s along the interface. The second class of opera-
tors we consider incorporates this case by allowing the leading-order term in the potential ¢ to depend
upon s. In particular, we consider a class of Sturm-Liouville operators Lo[s] : H?(—2(/e,2(/¢) —
L?(—2¢/e,2¢/e), which act on each whisker of T, with an s dependent potential gy converging to a
common value 2¢; exponentially at O(1) rate (see Definition 2.2),
Lofs] i= —02 + qo(s, 2:¢). (2.26)
The Cahn-Hilliad extension of Ly[s] to §2,
A= —e?A + q(x;¢) (2.27)
and the functionalized operator
L= A% +eq(x;e) = (52A - q(x;a))2 + eg(x;e), (2.28)
depend upon the potential ¢ which we assume takes the form
q(z;e) = q(s,z;€) = qo(s, z;€) + eqi (s, 2;€). (2.29)
We use ¢; to denote both ¢; = ¢;(s, z) on I'(2¢) and ¢; = ¢;(z), the extension of ¢; to 2. The potentials
qo — 29+, g1 and § are localized on I' and satisfy

sup  [|DSO qollpe(r2ey) + sup  [[DFON il (r2e)) + 1G]l () < €, 1=0,1, (2.30)
|| <4,m<2 laf,m<2

where C' is a constant independent of € and I' € Gk ;. The Assumption Al from the unequal-depth

wells case is replaced with

Assumption 2.6. (A2) There exist vo,A > 0 independent of € and s, such that for e sufficiently
small, the operator Lo[s|, acting on L*([—£/2,£/2]) subject to Neumann boundary conditions, has r
eigenvalues satisfying sup, |N0(s)| < Ae for 1 < i < r, with the remainder of the spectrum of Ly
bounded from below by vg.
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Given U > 0, we denote by M = M (U) the natural number for which

'8 < T, Vje[1, M], (2.31)
and e*$3,,, > U. We also define the space Sy (now independent of k) as
Sy = span{@j}jj\il, (2.32)
and the slow space Zy as,
ZU::span{Zj)k‘kzo,---77“—1 and j:l,-u,M}, (2.33)

where the basis elements Z; j are defined in (2.20).

Theorem 2.7. (Coercivity for Equal-Depth Wells.) Under the conditions of Theorem 2.5 with Assump-
tion A1 replaced with Assumption A2 and the potentials q and § subject to the conditions of this
section, the conclusions of Theorem 2.5 hold for the operators A and L defined in (2.27) and (2.28)
over orthogonal compliment to the slow space, Z[} defined in (2.33).

2.3. Outline of the proof of Theorem 2.5

We consider the case of unequal-depth wells and remark that since £ = A% 4+ O(e), the coercivity
estimates involving A are a consequence of the coercivity estimate on Blw,w] = (Lw,w). For U > 0
we introduce the set

Xg := span {\Ili

i=0,-Ng},

comprised of the eigenfunctions of £ corresponding to the eigenvalues smaller than U. For two values
of U and U a key step is to bound the angle between Zy; and Xp. More precisely, we first establish the
lower bound (2.22) on L. Decomposing w € Z,Jj as w = wx +wx1 where wx € Xz and wx. € X%‘7
the £ orthogonality of these spaces and the afore-mentioned lower bound yield the estimate

(Lw,w) 21y = Blw,w] = Blwx, wx] + Blwx,wx:] > Ulwy [f2(0) — eCllwx|fz)  (2:34)
If X§ lies within a cone of aperture & > 0, independent of ¢, about Zﬁ, that is if
lwxllz2) 2 allwx||L2(e), (2.35)

for all w € Z[Jj, then we obtain the L? coercivity of £ with the constant

Ua?—eC
Co i =——r. 2.36
1+ @2 ( )

To estimate &, in Proposition 4.1 we establish the bound
lwx|[z20) < a, (2.37)

for all w € ZF with |Jwl|2() = 1, where
U+ eC U V2u

rU+e0) | Vo + +eC, (2.38)

U 2 a+
see (4.4). From the L?(Q) orthogonality ||w||2LQ(Q) = ||wX||%2(Q) + ||T,UXL||%2(Q)7 the estimate (2.37)
yields (2.35) with constant & = va~2 — 1. In particular, taking U and U sufficiently larger than € we
may discard O(g) terms, and we have the lower bound C,, > U(1 — a?). Subsequently, choosing rU /U
sufficiently small and while also taking U sufficiently small, in terms of vy and ¢4, yields a < % That

is, there exists a p > 0, independent of € < g¢, such that C, > pU for U € (eU, Uy) with U sufficiently
large and Uy sufficiently small. This establishes (2.23).
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The proof is encumbered by the differential structure associated to the manifold I", whose
properties are outlined in the Appendix. We handle this structure term-by-term, decomposing ¥ =
wx /|wx ||z2() as ¥ = ¥y + Wy where ¥y is supported inside I'(2£), W5 is supported outside I'(£) and

Wi(s,2) = 3 bu(s)e(s, 2) + 3 cu()ls, 2) + 0 (@), (2.39)
k=0 k=0
\IJS \I’SL

where by € Sy, cx € Si, and (¥4, ¢)s(s) = 0 for k = 0,...r — 1 and all s € S. In the context
of Figure 1 (right), the & = 0,1 parts of Ug denote the projection of ¥; onto the function-space
corresponding to Ay ; which lie respectively inside of the dashed-blue boxes, while the k = 0,1 parts
of (\Ilfg) correspond to the projection on the spectra outside the dashed-blue box. In particular since
Vg € Zy we have (Ug,w) = 0, while ¥; — ¥g € Z(Jf. This decomposition is further elaborated in
section 3. To obtain the cone property we have to bound the inner product of the remaining terms
in the decomposition of ¥ with w. Since wx € Xg, we have, ¥ € Xz and hence B[¥, ¥] < U. In
Proposition 3.4 we show that B[W, U] < U implies the mild, but necessary bounds

el ¥l 1) + 21| 2y < C- (2.40)

Using (2.39) to expand the bilinear form B[¥, ¥], we bound the mixed terms B[¥g, Vg.], B[¥g, U],
and B[Ug., \Ill}7 by exploiting an approximate invariance, see Lemma 3.6, of the corresponding spaces
with respect to the operator £ ~ (Lo — €2A,)2. In Proposition 3.5, we obtain lower bounds on
B[Ugs,Ug| and B[Usy, ¥y, establishing the inequality

BIUH, U] + | AW |[F2(q) < U + Ce. (2.41)

In Proposition 3.8 we control the second term on the left-hand side. Specifically, since ¢y, € Sﬁ, (2.41)
the minimax principle applied to the Laplace Beltrami operator and £ imply that

r—1 r—1
Ce+U > [|AVsi [T ~ I(Lo — 2 A0) U [|F2(0) ~ D /F[(Ai — AP Jods > U ekl 72y,
k=0 k=0

(2.42)
which affords cone-control on W41 in (2.39). For U+, on each whisker it follows readily from the
orthogonality of U1 to the small eigenvalue eigenfunctions of Lo that

Il < (LEP+, ¥5) + O(e). (2.43)

However obtaining an upper bound on ||| £2(0) requires exploiting the structure of the 2nd funda-
mental form, this is achieved in Proposition 3.9, where we establish the bound

BlU+ Ut) ~ /F(qufa Uty Jods. (2.44)

3. The Small Energy-Space Decomposition

In this section we prove Theorem 3.3 which characterizes the small energy functions ¥ € H?(2)
satisfying B[V, ¥] < U, in particular for those ¥ € X. We also establish the cone-condition (2.35)
in Proposition 3.9.

On the domain I'(¢) the whiskered coordinates (6.37) and the form, (2.11), of the potential ¢
allows us to write the operator A as

A= —83 —ek(8,2)0. + qo(z) +eqi(s,z) — 2 Aq, (3.1)

where A, given in (6.22) is the extension of the Laplace-Beltrami operator off of I'. The leading-order
terms of A are the (-, -)g self-adjoint form

Ly := 783 + qo(2), (3.2)
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Operator Domain Description Eigenpairs
Lo =—02+ q(z) I, CR 1D Allen-Cahn Operator (Y2, A?)
Lj=-02?—¢ek(s,2)0, +q(s,2) | I CR | 1D Symmetrized Allen-Cahn | (¢, \%)
L=1L1%+¢eq(s,z) Iy, CcR 1D Functionalized
A= —e%A +q(x) Q c R? Allen-Cahn Operator
L=A%+¢eq(z) QCR? Functionalized Operator (U, 13)

TABLE 1. The operators, domains, and eigenpairs used in the text.

and the (-,-); self-adjoint form, which includes terms to first order in ¢,

=, 0 -0
Ly[s] = —J_la,]& +4q(s,z) = Lo —ek(s, 2)0, + eqi1(s, 2), (3.3)

where we recall 9,J = ex.J. Similarly, we introduce the one-dimensional functionalized operator
L:= L%+ £(s,2) = (Lo — er0, + eq1)* + &4, (3.4)
which contains the leading-order terms of L. Indeed, in the whiskered coordinate system,
L=A+ej=L—*AcLy—*L;Ag + AL, (3.5)

This proliferation of operators, each definded on different domains, is summarized in Tables 1 and 2.
Here I, denotes the interval (—2¢/e,2¢/¢), and the boundary conditions are natural for the appropriate
bilinear form. The operators L; and L depend upon s € S as a parameter, and for each fixed whisker
w(s) act on H?(I;). When viewed as operators on a fixed whisker, we will occasionally use ’ to represent
derivative with respect to the variable z.

Since the potential gy in Loy converges to a constant 2¢; > 0 at an O(1) exponential rate, its
eigenfunctions satisfy the following classical estimates whose proof we omit.

Lemma 3.1. There exists m > 0 such that the eigenfunctions {49 ;7:_01 of Ly are uniformly bounded by
C in H*({) with respect to the || - ||o norm, and moreover
sup 7Y (+0/e) = O(e™™/%). (3.6)
n<4

Proposition 3.2. (Coercivity of L) Fiz K, > 0 and let T’ € G o. The set £ := {jil/zwg}zzo is
an approzimate basis for the first n eigenfunctions of Ly. That is, there exists a positive constant C
independent of € and T' € Gi; such that for all v € H'(I;) satisfying Neumann boundary conditions
and J-orthogonal to X" we have the bound

Lo ¥)s oy e (3.7)

1115

Proof. Inserting \/j u and \ﬁ v into by and integrating by parts yields

bo[\/}u,\/jv]:ba[u,v]+/2£/s :

- 1-
) [ZJ_l(J')2 - §J” — eq1)uvdz. (3.8)
—24/e

Fix s € T and let 9(s, z) € H'(I;) and define ¢)° := J/2¢), so that by (3.8)

(Lt )5 = (Lov® ) + (|(1/2T 71T = (T2 (T 42|, 0) (3.9)
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Operator | Inner Product Bilinear Form
Lo f%@ja uvdz =/ ééja (u'v' + qouv)dz
Ly fze;/; uvJdz fzé/;g (u'v' 4 quu)Jdz
L fﬂgg wvJdz IQZZE (Lyu)(Lyv) + equv) Jdz
A Jo uvda Bglu,v] = [(e*Vu - Vv + quv)dz
L Jo uvdz Blu,v] := [ ((Au)(Av) + equv)dx

TABLE 2. The operators, inner products for which they are self-adjoint, and associ-
ated bilinear forms used in the text.

The expansion (6.32) and the estimates on the reduced Jacobian in (6.40) of Proposition 6.7 imply
that there exists a constant C' > 0 that depends only on K such that

H_(1/4)j*2() +(1/2)J L < Ce?, (3.10)

Loo(r(20))
while from (2.12), [|q1]| Lo (r(2¢)) < C. Using (¢°,47)o = (3, J7H24p) ; = 0 for k = 0,...,n together
with the minimax characterization for eigenvalues of Ly gives

(Ly,90) s = (Loy®, ¢°%)0 — Cell9l|5 = X) 1 llolly — CellvllF = (A4 — Co)llwll3, (3.11)
where we used ||1)g]lo = ||J~1/2w||0 = |9l O

We fix an admissible interface I' € G ¢ and recall the cut-off function 7; introduced in Definition
2.2 and the decomposition of ¥ € H?(2) into localized and delocalized parts, ¥ = ¥y + Wy, where
Uy = Uy is localized on T and ¥y = (1 — 1) V. Recalling the definition (2.19) of the space Sy, we
remark that if a € H%(T') N S, then for k =0,--- ,r — 1 we have

IR = e*As)allZay = Ullallzzr (3.12)

Recalling the J normalized eigenfunction {wk}k;o introduced in Definition 2.4, we introduce the s
dependent coefficients ay(s) 1= (¥1,¢1) s = (JYV2W,, ¥?)o, and decompose ¥ on each whisker as

\Ill = Z ak(s)wk(sa Z) + \IIJ_v (313)
k
where (¢, U1); =0, for k=0,...,r — 1 for each s € S. The normalization ||¢||; = 1 implies,
JoalFsey = [ 007 Juds < [ Al Juds < [Wl1oc0 (3.14)
Since the eigenfunctions 9 do not depend on s the Jacobian bounds (6.40) yield the estimate

1Asa |72y < Ol 520 (3.15)

Moreover, we further decompose each ay, into its projection onto Sy,
r—1 M(k

b = Ps,ai := Z Z (ar,© L2(p)®l, (3.16)

k=0i=m(k
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and the orthogonal complement

e, = (I — Psy, )ag. (3.17)
Since b, € Sy and ¢ € Sﬁ are orthogonal we have
1681120y + llexl 2y = llarll7ay <1, (3.18)
while from the bounds (3.14) and (3.15) we get the estimate,
[0kl 22 (r) + llexllmz@y < Cll¥allmz(0)- (3.19)
Defining Ug and g1 as in (2.39) we have the decomposition
V=0, +Uy=Ug4 Ugi + Ut 4 Ty, (3.20)
where (¢, 1) ; =0, for k =0,...,7 — 1. Moreover the components Vg, Wg., and ¥+ are mutually
orthogonal and hence satisfy the estimate
1slZ20) + 1 WsrlZ2gq) + 19 172 (0) = W17 () < 1901720 (3.21)

In the next theorem we obtain bounds on ¢, ¥+, and ¥y from an upper bound on the full bilinear
form B[V, U], associated with £ of (2.10),

Blu,v] := (Au, Av) + e(qu, v). (3.22)

Theorem 3.3. Let Uy be a positive constant independent of e. Assume ¥ € H?(Q) satisfies ||¥||r2(0) =
1 and 0,V = 0 or periodic boundary conditions on 02, in addition to the bound

B[V, W] < U, (3.23)

for the bilinear form B given in (3.22) and some Ue (0,Uy). Then for any spectral cutoff value U > 0,
U admits the decomposition (3.20) where

I 172 pgary) + @ 1W2lZ2) < U + Ce, (3.24)
and
r—1 =~
U+ Ce
> llerlla @ < . (3.25)
k=0 v

Remark: Recall that U represents the spectral cutoff bound in the construction of the spaces Sy and
Zy, while the coefficients ¢y in the decomposition of ¥ represent the contribution to the small energy

functions by Laplace-Beltrami modes in Sfj. The further we cut the spectrum above U, smaller the

ratio %, and consequently the smaller this contribution.

We present the proof in a series of propositions.
Proposition 3.4. Under the conditions of Theorem 3.3, there exist €9, C > 0 such that for e < gg
el mio) + el @) + E21¥ 2 g0) + 29 la2) < C, (3.26)
Moreover, Ut is supported on T'(2¢) where it enjoys the estimates
109 | L2 r2ey) + 1029 | 220y + €l V@ | L2 (r2ey) + €l10: VU L2 20y < C. (3.27)
Proof. Using the Neumann boundary conditions, an integration by parts yields the equality
(AV W) 20y = [ (VU + q0)d, (3.28)
Q
while from (3.23) and the definition of the bilinear form B in (3.22) we have
AP |72() = BI¥, U] —£(q¥, ¥) < Uo, (3.29)
for  sufficiently small, since |||/~ (o) < C and ||¥| 12(q) = 1. Using (3.28) and (3.29) gives
VY72 = (AT, ¥) 20y — (q¥, ¥) 120y < /Uo + C < C, (3.30)
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which yields the estimate on || ¥||z1(q) in (3.26). To obtain the H? bound we observe that
AV = —c72(AV 4 qT?), (3.31)
and from classical elliptic regularity (see [15]), we have the bound
195200y < C(I1Wllz2(e) + = 2 AW + q(2) 8% 12y ) < C=™2 (3.32)

The bounds on ¥+ follow from applying (3.19) to ¥+ = ¥; — g — Ug.. The estimates (3.27) are
immediate consequences of (6.45). O

Proposition 3.5. Under the conditions of Theorem 3.3, there exist 9, C,Cy > 0 such that for e < gq,
B[O, U] + AU gL |2 + AT 72 () + Cre* [ Vo Fe ) + 44262 Wall7n ) + 63272 () < U+ Ce.

(3.33)
Proof. Using the decomposition (2.39), we expand the bi-linear form B as
B[, U] = B[Us, Vs]+ B[Wgr, VUg.]+ BUH, U]+ B[W,, Uy] +
2B[Us, UE| + 2B[¥g, U] + 2B[Wg., U] + 2B[¥y, Us). (3.34)
The potentials ¢ and ¢ are bounded in L>(Q2), so (3.22) and (3.21) immediately imply,
B[¥s1, Usi] + B[¥s, Vs] > AV [[72(0) + [APs][72(q) — Ce. (3.35)
To address the term B[¥;, ¥5], we expand the Bilinear form
B[, ¥y = /Q(—EQA(m\I/) + qm ) (—* A2 V) + qno¥)dz + E/F Gmn2Vda. (3.36)
o1

The cut-off functions n; = 7;(z) are smooth with O(1) derivatives in x. We distribute the derivatives,
and from the bounds (3.26) and (3.21) it is easy to see that

SQHWA‘I’HH(Q) + e[|V, - V‘I’”L?(Q) + ||(A77i)‘1’)”L2(Q) + anz‘\IIHLz(Q) <C,

for i = 1,2, while the remaining term, with all derivatives on ¥, is positive since 77172 > 0. This yields
the lower bound

B[Uq, Ty = / mnz(—2AW 4 q0)?dx + O(e) > —Ce. (3.37)
Q
[

We complete the proof of Proposition 3.5 via Lemmas 3.6 and 3.7 below. The first of these bounds
the cross-terms within Wy.

Lemma 3.6. Under the conditions of Theorem 3.3, there exist g, C > 0 such that for e < g9,

Blws, s

+ (B[\I/S,qfﬂ‘ + ’B[@SL,WL]‘ < Ce, (3.38)

Proof. We bound only the first term, the other two are handled with similar arguments. We recall
the definition (2.39) of ¥, where by, are defined in (3.16). From (3.26), (3.18) and (3.19) we have the
estimate

sup |le™be|lgmry < C. (3.39)

m=y,--,
The J-normalized eigenfunctions of L satisfy,

. 3. ~ 1~ - . -
Lo = Lo(J™2UR) = Ny = 2T 2201 + 5 T2 @2 T + T30 1) (0:40)- - (3:40)

From the definition, (3.3), of L;, the bounds on x and J in Proposition 6.7, the bounds (2.12) on g,
and the bounds (3.6) on ¢, we write

Ly, = Loty — exdybk + equiby = Aoty + 71(s, 2), (3.41)
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where the residual 7 enjoys the bounds

sup  sup ||z D%ry(s, 2)||; < Ce. (3.42)
|a|<4,i=0,1 s

Similarly we may write the action of the functionalized 1D operator, L, defined in (3.4), on 9 in the
form

Ly, = L3y + eGhy = (Lo — €k + eq1) L bk + eqibe = (A\))* ¥y + 72(s, 2), (3.43)

where the residual ro enjoys the same bounds as 7. From the expression (3.5) for £, we write its
action on bg(s)1g(z, s) in the form

L(bgby) = L(bybg) — e2 ALy (bior) — e2LyAg (bptr) + e* AL (brd). (3.44)

Recalling the form of ¥g from (2.39) and that the bilinear form B is induced by £, we have the
expansion

Ig Iog
r—1
B[Vs,¥g.] = Z((L(bkwk)a‘l’sL)LZ(Q)*62(AGLJ(kaDk),‘I’Si)m(Q)Jr
k=0
I3 Iy
e {LyAa(brtn), Ust) oy +e (AL (0k0e), Vst )ry)  (3.45)

We estimate each term individually. For I; we observe that L(bytx) = by L1, which from (3.43) has
leading order term proportional to bi1 which is orthogonal to Wg.i; thus the leading order term in
I, arises from the inner product of ro with W1, which is O(g). For I, we use (6.23) of Proposition
6.6 to expand Ag as

AcL (i) = AsLy(bpty) + 2Dy 2 (b Lyihy), (3.46)

where D, o is the second order differential operator defined in (6.24) whose coefficients satisfy the
bounds (6.25). Combining (3.41) and (3.46) we find the leading order expression for Io,

Ik = A (VrAsbr, Us1) 12 () = A / (Asbr)er Jods, (3.47)
r
where we used (2.7) in conjunction with the ;-1 orthonormality in the J inner-product. However
by € Sy which is invariant under Ay, so that Azb, € Sy which is s-orthogonal to Wg.i, that is
(Asbr, ¢j)r =0, (3.48)

for all j,k=0,---,r—1. The remaining terms in I5 are all one order of ¢ lower, and from the bounds
(3.39) as well as the estimates on Ag, we find that Iz, = O(g). A similar estimate on I3, follows since
Ag commutes with L; at leading order, while the estimates on Iy follow from (6.23) and the bounds
(3.39) on by. Returning these estimates to (3.45) gives the first bound of (3.38). O

Lemma 3.7. Under the conditions of Theorem 3.3, there exists €9, C1 > 0 such that for e < gqg
By, g > Cre*||Wa|lF2(q) + 2a16° [ WallF o) + 12172 (q)- (3.49)

Proof. We first observe that ¥ is supported inside Q\I'(¢). We distribute the derivatives in the bilinear
form and use Neumann boundary conditions to integrate by parts yielding

B[y, Uy] = / (AP da + 26%q| VU5 P dz 4 262 (Vg - VU2)Uadz + ¢*Vidx + £q¥3) dz (3.50)
Q\I'(£)

In Q\I'(¢), ¢ > ¢+, and using Young’s Inequality we obtain,
B[Us,Ws] > AW |30 + 22 (201 — £l Vall o irey ) IV ¥l

+ (a3 el Valie @ = =@ ) 19220 (3.51)
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Elliptic regularity theory (see [15]) guarantees the existence of a constant Cy independent of £ such
that

IATZ2 () = Crll¥2lF2 () — P27z (0)- (3.52)
Returning this estimate to (3.51) and using (2.12) to bound ¢ and ¢ yields (3.49) for ¢ sufficiently
small. 0

Proposition 3.8. Under the conditions of Theorem 3.3, there exists g > 0 such that for all e < ey and
U>0,

U + eC
Z lewll3 2y < : (3.53)

where recall that ¢ € Sé.

Proof. Following Lemma 3.6, from (3.41) and Proposition 6.6 we see at leading order that
r—1
AUgr =D (A — £2A,) ekt (3.54)
k=0
where Wg. is as given in (2.39). Taking the L?(Q) norm of both sides, recalling the bound (3.33),
changing the integral to the whiskered coordinates and using the || - || ; orthonormality of the {1} we

obtain
r—1

Ce+U > [|ATg. |32 > Z/ (A — 2A,)ex]? Jods — eC > UZ leklF2 ) — €C, (3.55)

where in the last inequality we employed the lower bound (3.12) to ¢ € SU. O

Proposition 3.9. Under the conditions of Theorem 3.3, there exist 9, C' > 0 such that for e < &gy

. 20/e
U+ Ce> B[+, vt] > /(LJ\IJL LUty Jods + et // (AgUt)2Jdzds — Ce. (3.56)
20/e

Proof. Since the support of U is contained in I'(2¢) we use the whiskered coordinate form (3.1) of
A to expand the bilinear form (3.22) as

20/e
Blwt, wt) = / / (LyO)? 4 eq(Uh)2 + 282 (L) AUt + 4 (AgW)?) Jdads.  (3.57)
20/e

We bound the second and third terms from below. The uniform bound on the potential ¢ readily
imply
20/e
/ / eG(U1)2Jdzds > —Ce. (3.58)
20/e
Addressing the third term on the right-hand side we use (3.3) and (6.22) to expand L; and Ag

20/e 20/e d o oLy - 0 ot
(=L, T+) AgTt _// — R gl d
//22/5 d G Jdzds 20/e (GZJ 0z )J q 881 (G T s 0s; ) zds,

(3.59)
where G are the components of the inverse of the metric tensor G. We recall that ¥+ is localized
on I' and T is closed, we integrate by parts in z and s, obtaining up to exponentially small terms

20/e 2¢/e d 1 2q¢l gyt
// (=LyU) AgUtJdzds = B[Pt U]+ // 0.G )6 o |
20/ 2¢/e i,' azasi 8sj

——GY|Jdzds

T 0t ot 9g 0wt
— 2l \qw 1
851( J )G dz  0Os; * 851\11 0s;
, (3.60)
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where the Bg bilinear form is given by

2/ 52 *v ou OvN ;i
= — GY Jdzds. 3.61
cluv] //25/5 - 20s; 0205, +q85j 8si) ~as (3.61)

The estimates (6.40) on the metric tensor G, the Jacobian J, and (3.26) on ¥+ show that only the
B¢ term is leading order, in particular

20/e
2¢2 / / (—L,¥+) AgUtJdeds > 22 B [0, U] — Ce. (3.62)
20/e

To continue, from (6.41) we expand G% in terms of the entries ;; of the inverse Jacobian, and rewrite
B¢ as

1

d—1 2 /¢ =1 a9 gyt 2 d— 9. . oUL §2yL \ .
Bg[U+] :Z/F[(LJRm,Rm)J_/ (Za mi ) —2> ¥ OVmi OV O Jdz| Jods,
m 1 i,j=

—20/e 0z 0s; | ™9z Os; 020s;

(3.63)
where we have introduced
d—1 J_

19,,” (3.64)

=1 Si

From the L™ estimates (6.42) on ¥ and the L? estimates (3.27) on ¥ we see that the middle term
is O(1), while the third term is O(¢~1). For the first term we decompose R, as

R, = z_: bk (8)0k (2) + R, (3.65)

where R is J-orthogonal to Y7, as defined in Proposition 3.2, and by, (s) is the projection of R, (s, 2)
onto ¢. We observe from (3.7) that

r—1

r—1
/F(LJRvam)J Jods > Z/F()\IS — Ce)bii Jods + || Ry l|72(p 2y > —(A + Ce) Z B [72 ()
= k=0
(3.66)
where v > 1 from Assumption Al is the lower bound on the spectrum of Ly above A and —\ < 0 is
the O(1) lower bound on the spectrum of Lg. It remains to bound by,

2
) ) d—1 a\IIJ_
bmil 720y = | (B wn)y Jods = | | D2 (Pmig— ) | Jods
r o\ 8i J

=1

S out 1\’
0
C/F;(ﬂmi( ( : ﬂf’k)J Jods + O(1), (3.67)

IN

’L

where we used (6.42) and the exponential decay of 1 to bound the ¥} . integral. Substituting the

mi

normalization ¥y = jil/z(s,z)wg(z) into the equality (U+,4); = 0, and taking the s; derivative

yields the expression
ot 1 I,
(20 4 (v
i J

J
However from (6.29) J,, is O(¢) compared to .J, and we deduce that

Joc | ods + 001) < 0Q0) (3.69)

1Bl [Z2r) <C||\IIL”L2Q)Z ||19 illzes ||ve =
J J
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Returning this estimate to (3.66) shows that
/ (LyR, R)yds > —C, (3.70)
r

and hence

Be[Uh, Ut > —Ce 1. (3.71)
Combining (3.71) with (3.62) and (3.58), permits us to bound each of the possibly negative terms
of (3.57) from below, yielding the second inequality of (3.56). The first inequality of (3.56) is a
consequence of (3.33). O

Proof of Theorem 3.3. We note that (3.33) of Proposition 3.5 implies the bound (3.24) on ¥s. Next,
observe that U~ is J-orthogonal to 37, as defined in Proposition 3.2. Applying Proposition 3.2 to ¥+
yields

(LW, 0t > (o — Ce) [ TH13, (3.72)
where vy > 1 from Assumption A1 is the lower bound on the spectrum of Ly above A. Applying the
Cauchy inequality to the right-hand side of (3.72) and dividing both sides by ||U~||;, gives

|LyP

e, < | (3.73)

Vg — Ce ’
and the bound on ¥+ in (3.24) follows by squaring both sides of (3.73), integrating over I' and using
the bound (3.56) on (L;¥+, L;¥t);,

1 U+ Ce
12 _ 12 1 1
||\I’ HL2(F(2£)) —/FH‘I’ ||J Jods < m/r(ld‘l’ Ly¥ )JJodS < m- (3~74)

O

4. Coercivity of the Bilinear Form

We establish the coercivity results of Theorem 2.2 and 2.4 for the unequal-depth and asymptotically
equal-depth wells.

4.1. The case of unequal depth wells
As described in section 2.3, decomposing w € Z# as w = wx +wx 1, where wx € Xy and wx1 € X%,
we first characterize the angle between Zy and X via the value of & in the following proposition.

Proposition 4.1. Fiz Uy > 0 independent of € and let U € (0,Uy). Then, there exist U > 0, independent
of € € (0,e9), such that X(Jj lies within a cone of aperture & € (0,1), independent of €, about Z[Jj
That is

lwxrl[z20) 2 allwx|[z2@), (4.1)
for allw € Z.

Proof. As discussed in section 2.3, it is equivalent to show (2.37) for w € Zg satisfying ||w| 12(0) = 1.
Setting ¥ := wx /||wx||2(q), we use the decomposition of Theorem 3.3 together with the identities
lwx |2 = (w, ¥)r2q) and ¥ = Wy + Wy = 9 Wy + (1 + 11)Ws, where 7, is the cutoff function of
Definition 2.2, to obtain

r—1
hwxllza) = (w. Y- mbiv)

k=0

(4.2)

£2(Q)’

r—1
ARG} v )
La(re0) + (UM kz:;]ﬂlckilfk +mUT A+ (14+m)¥s

Since w € Zy we may eliminate the first term we obtain

r—1
= vt NG O(e). 4.3
lwxllrz(e) (wakzzomcmbk)w(r(%)) + (wﬂh )L2(F(2£)) + (UI, 2)L2(Q) +O(e) (4.3)
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Estimates (3.24) and (3.25) on ¢, ¥+, and W, give

[wx 20 < Ce = q, (4.4)

(U +¢C) VU Vo
+— 4 +
U 20 q+

and the result of the proposition follows for U sufficiently small compared to 1y and g4+ and U
sufficiently large. O

Proof of Theorem 2.5. The lower bound on the eigenvalue i follows readily from

po = inf  Blu,u] = inf  [(Au, Au) + (Gu,u)] > —€||q|| L~ (o) > —Ce. (4.5)
llull L2 (0)=1 llull L2 (0)=1
Proposition 4.1 gives the cone condition (2.35), which used in (2.34) gives (2.23) for ¢ sufficiently
small. To obtain the remaining coercivity estimates note that using the definition of B in (3.22)

[ Aw][72 0y = Blw, w] — &(qw, w), (4.6)
and the L? bound in (2.24) follows from (2.23) and ||| = (q) = O(1). The inequality
AW L2 @y llwllL2() = (A*w, w) = [|Aw|Z2 ), (4.7)
implies (2.25). To obtain the H? coercivity in (2.25) we write Aw in terms of Aw
1 1
Aw = —;Aw + 29, (4.8)
and use elliptic regularity (see [15]) to obtain
lwllmae) < € (lwllza) + 1Awlze) < C (2@ + 2 Aw] + e 2lalolwl 2 ). (4.9)
The H? coercivity in (2.24) now follows from the L? coercivity in (2.24). 0

4.2. Modifications for the case of Asymptotically Equal-Depth Wells

For asymptotically equal-depth wells, the potential go in the definition of the 1D operator L (see (2.8))
depends on the position, s, along the interface. However the negative eigenvalues of the operator Lg
can only be asymptotically small. Indeed, below an O(1) cut-off, vy, the each operator has r point
eigenvalues: \g(s),...,Ar—1(s) that are O(e) uniformly in s.

The tighter bounds on the small spectrum of Ly are required to control the B[¥g, ¥g.] term
in Lemma 3.6, however they are also natural in light of the motivating example. In particular, due
to additional s dependence of eigenfunctions iy of Lg, we can no longer bound the Ip; of (3.47) by
O(e). However the additional assumptions open a more direct approach which eliminates the need for
Lemma 3.6 altogether. Indeed, we may initially replace the decomposition of ¥ = wx /||wx | 12(q) in
(2.39) with a simpler one. Writing ¥ = ¥y 4+ Wy where U, is supported inside I'(2¢), U5 is supported
outside I'(¢) we merely break ¥; into two terms

r—1
Ui(s,2) = Y ar(s)in(s, 2) + U (), (4.10)
k=0

where a; € H?(T') is the full projection of ¥; onto vy, i.e.
a = (V1,9r) ., (4.11)

in particular its Laplace-Beltrami modes are not limited. Thus we have (¥t vy);(s) = 0 for k =
0,...r—1 and all s € S. In the context of Figure 2, we do not yet project ¥; onto the function-spaces
corresponding to Ay ; which lie inside and outside of the dashed-blue boxes — both can be treated
together.

In this case, Proposition 3.9 holds with U+ replaced with ¥;. The lower bound on (LyRm, Rim)
in (3.63) (for which R,,(s,2) = Zf:_ll Vi 221 follows immediately from Proposition 3.2 since the




Spectra of Functionalized Operators arising from hypersurfaces 21

spectrum of Ly is bounded from below by O(g) in Assumption A2. As a result of Proposition 3.9, we
obtain,

20/e _

/(LJ\I/hq/l JJOd8+E // AG\Pl 2Jdzds < U+ Ce. (412)
20/e

To control the component of ¥; belonging to ZU, at this point, we further decompose ¥, into its

projection onto Zy and the orthogonal complement as in (2.39), yielding

3 / XE(5)b3(5) Jods + 3 / N2(8)c2(s) Jods + / (LUt b)) Jods < U+ Ce. (4.13)
— /T i=oJr r

Following the lines of argument in the proof of Theorem 3.3 gives the bounds on ¥+ in (3.24). The
control of ¢, follows from the spectral bound in (2.31) as for ¢, € S§;

U+Ce
T

This completes the proof of Proposition 3.9. Proposition 4.1 and Theorem 2.5 follow from Proposition
3.9 without any modifications in the proofs.

1 gt
w2y < 5€4IIA501€H2 < ﬁ||AG‘I’1H2L2 +0(e) < (4.14)

5. Approximately Invariant Spaces and Resolvent Estimates for L

For an admissible I', we have shown that the functionalized operator, £ is coercive off of the space
Zy. We take the gradient operator G = Iy for which the full operator L = I1oL is not self-adjoint;
however, we can symmetrize L. We define the space

Yu :=span{ Zy, Yy}, (5.1)
where we introduce the element

YO = n0£1 =MNo (q2 - 252Aq + 5@) ) (52)

whose normalization ng € R is chosen to render Yy of unit norm in L?(2). In particular from the
form (2.28) of £ we see that up to exponentially small terms £1 = 4qi off of I'. and hence nyg =

1/(4¢%/190) + O(e) and
Yo = —— + O([1)), (5.3)

Vil

in L2(2). We introduce IT;;, the L2-orthogonal projection onto Yy, and its compliment, II;; := I —II;.
The key observation is that LIy = 1o LIy = LIIy. Indeed,

o LIyw = Llgw — |0 (,cﬁUw, 1)L2 = LTpw —ng ' |0~ (w,ﬁUYO)L2 = LTpw,  (5.4)

since Y, € ker(ﬁU). In particular the operator ﬁULﬁU = ﬁUﬁﬁU is self adjoint.
The projection of w € L?(2) onto Yy can be written as

IIyw := agYy + Z aijj;w (55)
gk
where the coefficients are chosen so that Iyw is orthogonal to Vy. This amounts to satisfying the
equations

(w, Zjier) 2 (0) = ao(Yo, Zjrrr ) L2y + Zajk(zjlm Zjikr ) L2(0) (5.6)
ik
for i/ = m(k),--- ,M(k) and ¥’ =0,--- ,r — 1, in addition to
(w,Yo)r2(0) = ao(Yo, Yo)r2(0) + ZO‘jk(ijvYoT)LQ(Q)- (5.7)

ik
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Lemma 5.1. IfT' C R? is admissible and Uy > 0 is given by Theorem 2.5 (or Theorem 2.7), then for
all U < Uy the projection Iy defined in (5.5) is well posed and there exist Cy > 0, independent of ¢,
such that the coefficients satisfy
r—1 M(k)
C|Myw|Faiy < laol+ Y D gl < Oy IMpw|fa o). (5.8)
k=0 j=m/(k)

Proof. The well-posedness of the decomposition (5.5) is equivalent to the invertibility of the symmetric
matrix M with entries
20/e
My = (Zjk, Zitw )2 (0) = / @j@jl(S)Jo(S)dS/ ) ()9 (2) dz + O(e™/%)(5.9)
r —20/¢e
20/e

(ij7YO)L2(Q) noﬁA@on(S)dsfzz/ £1(8,2)¢2(Z)d2+0(63/2)7 (510)

M0 = Mo,n

and Moo := (Yp,Y0)2(0) = 1. Here the indices n = n(j, k) and n’ = n/(j’, k') denote the enumeration
of Zji, and Zj/» in a linear ordering of the basis of Yy which start with Yy and run over £ = 0,--- ,r—1
and j = m(k),---,M(k). In particular, since the Laplace-Beltrami eigenmodes are Jy-orthonormal
while the eigenfunctions {¢9},_} are L?(R) orthonormal we see that M, v = 0,0 + O(eH/¢).
In particular, up to exponentially small terms, det M = 1 — |[Mg|?> where My = (M1, - ,Mp )
comprises the first row of M, less the My ¢ entry. For k =0, - ,r — 1 we introduce

20/e
Pk(S) ::/ Lﬁl(s,z)wg(z) dz,

—20/e
and observe that
Mo iiky,0 = noVe(©y, pr)r-
Since {©,}32 is an orthonormal basis for L*(I") with this inner product, it follows that

M (k) )
Z M2y 0 < ZMrzL(jk),O = noellprll 72 ()
j=m(k) j=0
In particular
r—1
detM =1— n%ez ||Pk||2L2(r) =1+ 0(e).
k=0
Indeed, M is a diagonally dominant perturbation of the N x N identity, and is bounded and boundedly
invertible, uniformly in & < gq; this establishes (5.8). O

The utility of the space Yy as a decomposition of the flow of the full PDE is that it is ap-
proximately invariant under the action of L = IIyL, whose bilinear form is uniformly coercive when
restricted to Y*. The following results extend the coercivity of £ to L in a meaningful way.

Theorem 5.2. Consider the operator L := 1oL where ' is admissible and Uy is as given in Thoerem 2.5

(or Theorem 2.7), then for all U < Uy there exists C > 0, independent of €, such that for all w € Yy,
wt e y; we have the bounds

Ty Lwllz2@) < Cellwlz2a), (5.11)

||HUL’LUJ'||L2(Q) < O€||1UJ‘HL2(Q). (512)

Moreover given C,, € (0,Uy/2) then for all e < ey and all U € (Cy,Uy) the operator Ly = My LIy :
y§ — Vi has no spectrum in the set {RX < Cyo}, and for X on this set the resolvent satisfies the
bound

_ C
(L = A" w2 < meLHH(Q), (5.13)

for allwt € yg, where C' is independent of the choice of € and U.
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Proof. To establish (5.11) we remark that any w € Yy can be represented as in (5.5) where the
coefficients satisfy (5.8). We first observe that Iyu is L?(Q) orthogonal to Yy for any u € L?(f).
Since ||Yy — 4¢3 ||2(0) = O(e), there exists C' > 0 such that

ITTy (I — o) Lul| 2y < Ce|(Lu, 1) 12(0y| < Cellullz2(g)- (5.14)

It is thus sufficient to establish (5.11) for I, £. To this end we follow the proof of Lemma 3.6; using
the expression (3.5) for £ we write its action on Z;, = ;1 as

LZjx = LOjy, — e2AgLO 91 — 2Ly AGO 4y, + e* ALO 4y (5.15)

However J = ¢ + O(?) over the support of 1y so that 1 = e~1/2¢9 + O(e) in H*(R). In particular
from (3.4) we have

LO;jvk = MO ¢k + O(e), (5.16)
and
L.]@jwk = /\k@j’(/)k —+ O(EI) (517)
Similarly from (6.23) we see that
AaO;vr = B;0;¢9r + O(el|O;lm2(r))- (5.18)
The projection Iy eliminates the leading order terms in (5.16)-(5.18) and we deduce that
T L£Zjkl|2(0) < C (e + %1105l m2r) + €210l (ry) - (5.19)

From the Laplace-Beltrami eigenvalue equation for ©;, we deduce that

/ ((VSG)j)tg’lvsé)j) Jo(S)dS = Bj / @?Jo(S)dS = 5]'.
T r

' is uniformly elliptic, and Jy > 0 is bounded from below we have the estimate

191l a1y < CV/Bj-

From the Weyl asymptotics for eigenvalues of the Laplace Beltrami operator, [9], there exists ¢y > 0
such that

Since g~

I RAC R I PN L/AC (5.20)

In particular we see that j < M (k) < CU@=D/4=(d=1) 5o that §; < Cv/Ue™2. This argument, and

similar ones for higher order derivatives show that |||z < Ce!, for [ = 1,--- ,4. In conjunction
with (5.19) these results show that

Ty £Z;4]| 120y < Ce. (5.21)

It remains to bound ﬁULYO = nOﬁUﬁzl. However from the bounds (2.12) we see that £21 = 16qu|r +
O(e) in L*(Q) and since Yj is also constant to O(g) we have

Ty LY || 220y < Ce. (5.22)

Together with (5.8), the bounds (5.21)-(5.22) yield (5.11). To establish (5.12) we recall that IlpLwt =
Lw* and remark that
Ty Lt || = sup (wi, ﬁU£w>2 Jlwllze < Cellw | r2a, (5.23)
weVu
where we used (5.11) to bound the last term.
Finally, since Ly = Iy LIy = Iy LIy we see that Ly is self-adjoint, and deduce from (2.23) of

Theorem 2.5 (or Theorem 2.7) that o(Ly) lies to the right of C,. Since the resolvent is bounded by
the inverse distance to the spectrum, the estimate (5.13) follows. (]
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6. Appendix: Whiskered Coordinates and Bounds on the Fundamental Forms

This section lays out the necessary framework on the differential geometry of co-dimension one inter-
faces in R? required for the proof of main results.

6.1. Weingarten Map and Fundamental Forms in Local Coordinates

To make the presentation self-contained we first summarize some definitions from differential geometry,
further background can be found in [31], for example. Let T be a d — 1 dimensional smooth manifold
embedded in R? with a chosen orientation. Let S be an open set in R4~! and v : S — T be a local
parametrization. Then the tangent space T’ (41" is defined as the image of T,S = R%! under the map
D7,. Denote the unit sphere, |z = 1, in R? by S~ and let {e;}%_, denote the canonical basis of
Rd

Definition 6.1. The Gauss map, v : S — S%~! maps points of S into unit normal vectors v(s) orthog-
onal to T, I

Definition 6.2. The Weingarten map, A : T, oI' = T, 5T is defined by
A= —Dvo(Dy)™L. (6.1)

Remark 6.3. The map Dv : T,S = R~ — Ty since % = (Dv)e; belongs to the tangent space
Ty)T', as can be verified by differentiating v(s) - v(s) = 1 with respect to s;.

Definition 6.4. For X,Y € T ()" the k-th fundamental for of T is defined by
(AF1XY), (6.2)
where the brackets represent the euclidean inner product in R%.

Definition 6.5. The principal curvatures ki, ..., kq—1 of I' are defined as the eigenvalues of the
Weingarten map A.

From the definitions of Dy and Dv we have

_ Oy
D 6.3
(e = 57, (63
and 9
v
D 6.4
(Dv)e: = = (6.4
It follows from the definition of T' that D is full-rank and so the vectors {g—;, e 85811 } form a basis

for the tangent space T (,)I'. Assume that X,Y € T ,)[ are given by

d—1

X = Zgl‘% Y = Z i (6.5)

Then,
"= (el z : > S ena (66
4,j=1
where g;; 1= < g; , g%> , is the representation of the first fundamental form in local coordinates. In
addition, by definition, the Weingarten map A : 3“’ — — gs”_, so that
d—1 d—1 d—1
vy 0 , Ov o ey
ax) = (ST S ) (SRS ) - S e o
i,j=1
where

. v Oy \ _ 0%y
hij == <8$i ’ asj> - <”’ 9s:0s; > (6:8)
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is the representation of the second fundamental form in local coordinates. The last equality in (6.8)

results from differentiating the equality <1/, %> = 0 with respect to s;. Similarly,

d—1
(A2X)Y) = > &nley, (6.9)
i,5=1
where e;; = (2% v\ — _(y ﬂ , is the representation of the third fundamental form. In
J 0s;? Osj 05,08

s”v in the tangent basis as

== —Z 87 h, (6.10)

addition if we write

then referring to (6.8) we see that

d—1 d—1
Oy, ; Oy j j j
hig =Y {2 2nd, 22 =S gy, and bl = hig, A1
’ j1<88j “85]’> £ g BT k * o

where ¢*7 represents the elements of the inverse matrix of gij. The key relation (6.10) shows that hi
are the coefficients that express the linear variation of the normal vector in terms of the tangent basis.
Moreover,

szdigma Zgl —% i (6.12)
pt 0s; P i ds;’
so that {hf } is the matrix representation of the linear operator A in the basis {g—;, . 8211 }, and
k; is the i*" eigenvalue of the matrix {h?}. The matrix operator norm of h? is then
I{hI} = max k. (6.13)

1<i<d—1

Finally, defining e{ = eirg®?, we use (6.10) to express e{ in terms of the Weingarten matrix hf

- v v oy Oy ,
. kj — i lim kj
Zk:elkg Z<83i’85k> Zhh < 8sm>g

k,l,m
> Wb gimg® = hihgg" = Z hihi. (6.14)
k,l,m k,l
That is {e/} = {h7}? and we bound the operator norm of {e!} by
N = 2
el = mas K2 (6.15)

6.2. Whiskered Coordinates

We recall the whiskered coordinate system introduced in (2.1). We introduce the variables y =
(s1,---,84-1,2) then x = (y) and ¢! defines a chart for I'(¢). The gradient and the Laplace
operator in R? can be written in the y- coordinates as

d
v;:ZGUi, i=1,...d (6.16)
1 8yj
J
and .
1 o .. b
Ay = ——— —GY/det(G)=—, 6.17
det(G) ;; yi ( )ayj (6.17)
where G is the metric tensor o 8
r Ox
Gij=(—,=— , 6.18
/ <ayz 8yj >Rd ( )



26 Hayrapetyan and Promislow

and GY is the ij component of the inverse of the G. Letting J denote the Jacobian matrix for
© = ¢(s,z), we have,
G=1J17, (6.19)
and consequently, det(G) = J?, where J = J(s, z) is the associated Jacobian.
With this G, in the whiskered variables the gradient and the Laplacian take the form,

Z G” for i=1,...,d—1, V4= 6_2%, (6.20)

and 0 o
A, = 2J7! — + A 21
e “J” 8ZJ8 + Ag, (6.21)

where Ag is
= a

Ag: J\/det(G = . 6.22
¢ det 8 Z_ Sj ( )

On the interface I', where z = 0, AG reduces to the Laplace-Beltrami operator on I', defined in (2.16).

Proposition 6.6. Fiz K > 0 and I' € Gi ;. Let G be the metric tensor for the whiskered coordinates
defined in (6.18). Let Ag be the laplacian in whiskered coordinates given in (6.22) and let Ay be
the Laplace-Beltrami operator on the interface I'. Then the following relationship holds between the
operators Ag and Ag

Ag = A, +e2D, , (6.23)
where
2 o« )
Do = di;(s, z) d;(s,z) =, (6.24)
,]ZI J 5 aSJ -1 J aSj
and
r%?X(HaTdinLm(F(%))v 107 d; || oo (r(20))) < Ce™, (6.25)

where the constant C' is independent of € and I' € G ;.

Sketch of the Proof: Substituting the expansion

07(s) ov(s) 0v(s) ov(s)
Gia = < D5 T s 0s, T as, ) T 0 T 2Rk ey, (6.26)
into (6.22) and using the bounds on the first and second fundamental forms afforded by I' € Gk 4
yields the result. O

To simplify the z derivatives in (6.21) we derive an expression for J in terms of the principal
curvatures {k; }¢=! of . We first observe that identity (6. 10) 1mphes

dp Oy ov 0Oy 87

oy j
s, ~ 05 +€Z@5¢ = 05 €2 3 —hl. (6.27)

From (6.27) we see that the Jacobian matrix takes the form,

J= (831 L .. gl l,) (Id—lgEz}lg 2)7 (6.28)

where I3_1 is the (d — 1) x (d — 1) identity matrix. The determinant, J, of the Jacobian matrix, J,
satifies

d—1
J(s,z) =¢edo(s)det(Ig—1 — 5zhg) = eJo(s) H(l —ezk;) Zs7+1K 2, (6.29)
i=1
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where
Ko=1, P ke, (6.30)
J1<-<Jq
and Jo = det (g—; e 637 - 1/) However, since 67 € T,(s) is orthogonal to the normal v we find
1/2
oy o o oy r
Jo = [ det o —_— = 4/det 6.31
0 ( ¢ [(831 8sd 1> <681 (98,1,1 ¢ (g)7 ( )
where g;; = (%, g%> is the metric tensor for I'. In particular the reduced Jacobian, Ji=J /Jo, has
the expansion
d
stZstjzj. (6.32)
§=0

Taking the z derivative of the product form of the Jacobian expression in (6.29) we obtain the
identity,

d—1
0, = —2Jo(s Z H 1 —ezk;) = e, (6.33)
=1 J#i
where the extended curvature
d—1

K(s,2) =0, J/(e]) = Z = szk ijejzj (6.34)

is expressed in terms of the coefficients

d—1

Ki(s) ==Y kT (s) = —tr(AT), (6.35)

i=1

where A is the Weingarten map. In particular,

d—1
H=> ki=—ro, (6.36)
i=1

is the mean curvature.

We remark that the Jacobian remains smooth, in fact it is a polynomial of degree at most d in
z. However the extended curvature becomes singular when the whiskers intersect. Distributing the z
derivative in (6.21) and using the identity (6.34) yields the central result of this subsection, the local
decomposition of the Laplacian in the whiskered coordinates,

A, =202 + e R(s,2)0, + Ag. (6.37)

We call k the extended mean curvature since k = V, - v is the Cartesian divergence of the normal to
I when the normal is extended off of I' as a constant along whiskers.
We conclude the section with estimates on G, J, and k.

Proposition 6.7.

G(s,z) = (G"Ef’z) ;’2) (6.38)
and
Go(s,0) = g(s), (6.39)

where g = {gi;} is the first fundamental form (metric tensor) on T'.
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In addition, if we fix K > 0 and { < i, then, for all m € N there exists C > 0 such that for all
I' € Gk, and € sufficiently small the following estimates hold for the metric tensor G, the Jacobian

J, and the extended mean curvature K

sup (H&Z"GUIILOO(NM)) + 1102 Gijll Lo (r(20y) + 10507 K| Loe (r(20)) +€_1||D?3?j\|Lw(r(24)>) < Ce™.
,)5a—

m,|a<2
(6.40)
Moreover, G¥ has the following expansion
d—1
G =" Dilm;, (6.41)
m=1
where V;(s, z) = 09;(s) + e20;;(s, z) are the entries of the inverse Jacobian, 9 = (.]T)f1 and
s (19951l oo (r2ey) + & N1079; || Lo (0 (20y)) < C. (6.42)
i,j<d—
The constants in these estimates depend on K only.
Proof: The expression (6.38) comes from differentiating (2.1) with respect to z and s;
dp dp  Ov v
0z & 881‘ 881 +EZ§SZ < v ( )

(see Remark 6.3). To obtain (6.39) we observe that for ¢,5 =1,...,d — 1,
Op Oy oy 0Oy

(Go)yy 2=0 <8si 0Os; > <83i 0s; 9 (6.44)

The remaining estimates follow from (6.29) and (6.34). 0

= Gy

z=

2=0

In particular det g = €2 det Gg. As a consequence of (2.1) we also have the following inequalities.
Proposition 6.8. For any function f(z) = f(s,z) and m = 1,2,
107" fllL2r2eyy < €™ f [l rm (r2e)) and [|0s, fllL2r2e)) < Cllf |l (rzey)- (6.45)
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