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Abstract

The functionalized Cahn-Hilliard (FCH) free energy models interfacial energy in amphiphilic
phase-separated mixtures. Its minimizers and quasi-minimizers encompass rich classes of network
morphologies with detailed inner layers incorporating bilayers, pore, pearled pore, and micelle
type structures. We present an overview of the stability of the network morphologies as well as the
competitive evolution of bilayer and pore morphologies under a gradient flow in 3 space-dimensions.
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1 Amphiphilic Materials

Traditionally, an amphiphilic molecule is one which finds its energetically favorable interaction at the
interface of two disparate fluids, such as soap in oily water. Indeed, early studies of amphiphilic materi-
als concerned emulsions formed from two immiscible fluids combined with an amphiphilic surfactant.
Lipids, formed of a hydrophilic head group and a hydrophobic tail also belong to the class of am-
phiphilic molecules. More recently, developments in synthetic chemistry, such as atom transfer radical
polymerization, have simplified the process of attaching charge groups to polymers, greatly expanding
the possible classes of amphiphilic polymers that can be readily synthesized, see [Matyjaszewski (2012)]
and [Charleux et al (2012)]. Amphiphilic blends typically phase separate, however the propensity of
the amphiphilic molecules to form monolayers leads to an energetic preference for thin interfaces.
As a result the interfaces are often co-dimension one bilayers, or co-dimension two pore structures —
morphologies that are often referred to collectively as networks. And these networks have significant
value: they self-assemble at the nano-scale, yielding huge densities of solvent-accessible surface area
and are often charge-lined, which renders them effective as selective ionic conductors. Due to these
traits, amphiphilic materials have found use in many types of energy conversion devices, forming the
ionomer membranes in fuel cells, the photo-active collecting matrix in bulk-heterojunction solar cells,
and the separator membrane in Lithium ion batteries.

The casting of blends of amphiphilic mixtures and di-block polymers presents a rich array of distinct
morphologies, however control of the end-state morphology is experimentally challenging due to the
delicate roles played by solvent type, salt concentration and counter-ion type, di-block composition and
polydispersity, temperature, and pH. It has been shown, [Discher & Eisenberg (2002)|, that changing
the concentration of water in a water-dioxane solvent blend induces bifurcations in amphiphilic di-
blocks yielding micelle, micelle-pore, pore, pore-vesicle, and vesicle network morphologies. Similar
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Szostak

Figure 1.1: Szostak’s mechanism for division of primitive cell membrane: (left) raising the background con-
centration of lipids induces the vesicle to grow worm-like (co-dimension two) protusions over a 74 nano-second
time period [Budin & Szostak (2011)], (right) changing the density of charged groups on the surface via a pho-
tochemically induced redox reaction incites the pore to pearl and break into micelles [Zhu et al (2012)]. Reprint
permission grunted by Proceedings of National Academy of Science.

bifurcation were obtained in PEO-PB amphiphilic di-blocks by changing the density of charge groups
in the hydrophilic portion, [Jain & Bates (2004)], or by varying the length of the hydrophobic portion
of the di- block, [Ratcliffe et al (2013)]. Morphological reconfigurations can also be achieved through
varying temperature, [Zare et al (2012)] and |Gomez et al (2005)], and concentrations of counter-ions
[Zhulina & Borisov (2012)].

We pay particular attention to the experimental investigation in [Budin & Szostak (2011)] and
[Zhu et al (2012)] of the division of primitive lipid membranes, for which a particularly simple method
was devised to induce the bilayer to micelle bifurcations discussed above. Szostak’s group formed a
suspension of spherical vesicles of 10% phospholipid and found that increasing the concentration of
free oleo-lipids dispersed in the bulk solvent induced a fingering instability in spherical phospholipid
vesicles, depicted in the three horizontally arranged panels on the left side of Figure The end
state consisted of long, co-dimension two pore morphologies. In a subsequent experiment, the charge
density of cylindrical pores was suddenly increased through a photo-oxidation process; the jump in
charge density induced a pearling bifurcation causing the pore structures to break into individual
micelles, as depicted in the three vertically arranged panels on the right side of Figure The goal
of this overview is present an analysis of related bifurcations within the context of the Functionalized
Cahn-Hilliard free energy.

2 The Functionalized Cahn-Hilliard Free Energy

The Cahn-Hilliard free energy, |[Cahn & Hilliard (1958)], describes the spinodal decomposition of a
binary mixture. For a fixed domain, Q C R3, a phase function v € H'(Q) describes the volume
fraction of one component of the binary mixture, and the free energy is modeled a function of the
density u weakly perturbed by the spatially isotropic gradients

E(U):/Qf(u,e2|Vu]2,52Au) dx. (2.1)



Expanding the free energy in orders of € and truncating at O(e?), yields an expression of the form
= / f(u,0,0) + €2 A(u)|Vul? + 2B(u)Au dz. (2.2)
Q

To obtain a generic normal form for the free energy, Cahn and Hilliard integrated by parts on the
B(u) term, set the resulting coefficient of |[Vu|? to 3, and renamed the potential f(u,0,0) to W (u).
The result is the Cahn-Hilliard free energy

52
5(u):/92|Vu|2+W(u) da. (2.3)

The corresponding H~! gradient flow, the Cahn-Hilliard equation, takes the form

Agﬁ A(—e2Au + W' (w)). (2.4)

Subject to traceless boundary conditions the Cahn-Hilliard equation preserves the total mass

il = 2.
g7 u(z,t)dz =0, (2.5)

and dissipates the Cahn-Hilliard free energy
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To model amphiphilic mixtures, such as emulsions formed by adding a minority fraction of an oil
and soap mixture to water, [Teubner & Strey (1987)] and |[Gompper & Schick (1990)] were motivated

by small-angle X-ray scattering (SAXS) data to include a higher-order term in the usual Cahn-Hilliard
expansion,

IN
o

(2.6)

-
F(u) = / f(u,0,0) + 2 A(u)|Vul? + 2B(u) Au + C(u) (e Au)? da. (2.7)
Q

The full form of this system supports too many possible regimes to permit a systematic study. It
is important to find the simplest mathematical framework that supports the network morphologies
typical of amphiphilic mixtures; we need new normal form. With this goal we first shift all the
differential terms to powers of Laplacians; specifically, letting A denote the primitive of A, we replace
A(u)Vu with VA(u) and integrate by parts on the term VA - Vu to obtain

- /Q F(1,0,0) + (B(u) — A(u))e2Au + Cu) (2Au)? da. (2.8)

The energy density is a quadratic polynomial in e2Awu, which suggests that we complete the square

_ 2 T_ B2
/c <2Au—A20B> +f(u,0,0)—%da:. (2.9)

For simplicity we replace C'(u) with %, and relabel the potential within and outside the squared term
by W'(u) and P(u), respectively. The key point is that the first term is the square of the variational
derivative of a Cahn-Hilliard type free energy, consequently the case P = 0, when the energy is a
perfect square, has the special property that its global minimizers are precisely the critical points of
the corresponding Cahn-Hilliard energy. Indeed, a variant of this case was proposed as a target for



I'—convergence analysis by De Giorgi, see [Roger & Schatzle (2006)]. The normal form of the network
is obtained by unfolding the perfect square via a scaled perturbation

Flu) = / % (2Au— W'(w)? + 6P(u) da, (2.10)
Q

where § < 1. The function W (u) is assumed to be a double-well potential with two minima at u = b4
whose unequal depths are normalized so that W(b_) = 0 > W (by). Typically b = 0, however it
is helpful to give this value a specific name. Thus u = b_ is associated to a bulk solvent phase,
while the size of u — b_ > 0 is proportional to the density of the amphiphlic phase. The parameter
€ < 1 determines interfacial width and corresponds to the ratio of the typical length of an amphiphilic
molecule to the domain size.

The Functionalized Cahn-Hilliard free energy is a class of two distinguished limits and a particular
choice for P,

2

Fen(u) == /; (e?Au — W' (u; T))2 —eP (252771|Vu|2 + ngW(u)) dx. (2.11)
The functionalization terms, parameterized by n; > 0 and 72 € R, are analogous to the surface and
volume energies typical of models of charged solutes in confined domains, see [Scherlis et al (2006)] and
particularly equation (67) of [Andreussi et al (2012)]. The minus sign in front of 7; is of considerable
significance — it incorporates the propensity of the amphiphilic surfactant phase to drive the creation
of interface. Indeed, experimental tuning of solvent quality shows that morphological instability in
amphiphilic mixtures is associated to (small) negative values of surface tension, [Zhu et al (2009)]
and [Zhu & Hayward (2012)]. In the FCH energy the gradient term, —n;|Vu|? < 0, is localized on
interfaces, associated to single-layers of surfactant molecules, whose growth lowers overall system
energy — however the effect is perturbative and unrestricted growth is arrested by the penalty nature
of the square term which keeps u close to the critical points of cy. The two distinguished limits
correspond to difference choices for the exponent p in the functionalization terms. In the Strong
Functionalization, p = 1, the functional terms dominate the Willmore corrections from the squared
variational term. The Weak Functionalization, corresponding to p = 2, is the natural scaling for the
I-limit as the curvature-type Willmore terms appear at the same asymptotic order as the functional
terms.

The well-posedness of the minimization problem for the FCH, including the existence of global
minimizers for fixed values of ¢ > 0 was established in [Promislow & Zhang (2013)| for a more general
functional form over various natural function spaces. Depending upon the application, the volume-type
n2 functionalization perturbation incorporates the impact of counter-ion entropy (PEM fuel cells), cap-
illary pressure, or entropic effects from constraint of tail groups (lipid bilayers), [Gavish et al (2012)].
The form 7oW (u) is chosen primarily for convenience, as integrals of W (u) evaluated at critical points
of Ecp grow increasingly negative with increasing interfacial co-dimension. We remark that the surface
term 71| Vu/|? is equivalent to an muW’(u) functional-form since an integration by parts on —n |Vul|?
yields njuAwu which can be absorbed into the squared variation with a perturbed form of W.

The goal of this survey is to present an overview of the stability and dynamics of classes of quasi-
minimizer network morphologies NV of Fo g, which we define to be functions u € H?() which have an
asymptotically small minority of amphiphilic phase, satisfy assigned boundary conditions, and render
the free energy sufficiently small. Specifically for each fixed C' > 0 we define the set of quasi-minimizing
network morphologies

No = {u € HZ(Q)‘ / lu —b_|dx < Ce and Fop(u) < cepﬂ} : (2.12)
Q

where the value of Fop(u) can be negative.
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3 Ciritical Points of the Functionalized Cahn-Hilliard Free Energy

For simplicity, we focus on the strong FCH, whose critical points, subject to a total mass constraint,
are the solutions of the associated Euler-Lagrange equation

oF

o (A =W () (2Au— W (u)) — & (—*mAu+ W' (u)) = A, (3.1)

where A € R is the Lagrange multiplier. Intuitively, solutions of the critical point equation which are
close to global minima of the FCH should also be close to critical points of the Cahn-Hilliard free

energy, solving
o0&
S0 = —e?Au+ W' (u) = O(e). (3.2)
U
This observation further suggests that the Langange multiplier should scale with ¢, that is A = 5;\,
and we may rewrite the critical point equation as two, coupled second order systems

e2Au — W'(u) = ev,

(2A = W"(u)) v = (—*mAu+ W' (u)) + . (3:3)

The singularly perturbed nature of the Euler-Lagrange system makes it amenable to dimensional
reduction, yielding localized solutions build upon immersions in R? of different co-dimensions. We
first consider co-dimension one immersions, which we dress into bilayer morphologies which are quasi-
minimizer of Fop. The first step in the dressing process is to produce a local coordinate system. More
specifically, given a smooth, closed two-dimensional manifold I'y, embedded in 2 C R3, the “whiskered”
coordinate is system defined in a tubular neighborhood of I', via the mapping

x = p(s,z):=C(s) +ev(s)z, (3.4)

where (, : S +— R? is a local parameterization of I'y, and v(s) is the outward unit normal to I'. The
variable z is often called the e-scaled, signed distance to I', while the variables s = (s1, s2) parameterize
the tangential directions of I'. In general it is the number of normal directions, the co-dimension, of the
manifold which determines the stability properties of the associated dressing. We define an admissible
class of co-dimension one interfaces, whose dressings will be quasi-minimizer of Fop.

Definition 3.1 [Hayrapetyan & Promislow (2014)| For any K,¢ > 0 the family, Gk ¢, of “ad-
missible interfaces” is comprised of closed (compact and without boundary), oriented 2 dimensional
manifolds T embedded in R3, which are far from self-intersection and with a smooth second fundamen-
tal form. More precisely,

(i) The W4>(S) norm of the 2nd Fundamental form of T' and its principal curvatures are bounded
by K.

(i) The whiskers of length 3¢ < 1/K, in the unscaled distance, defined for each sy € S by,
ws, = {x : s(x) = so,|2(x)| < 30/e}, neither intersect each-other nor 9§ (except when considering
periodic boundary conditions).

(i1i) The surface area, |T'|, of T is bounded by K.

We will denote an admissible co-dimension one manifold by I'y, the b’ is for bilayer. The associated
change of variables x — p(s, 2) is a C* diffeomorphism on the “reach”,

e:FCH-cps

Iy .= {p(s,z) GRd)SGS, —6/5§z§£/£} cQ, (3.5)

of I'y. The white region in Figure (right) depicts the reach of the associated immersion I'.



Figure 3.1: Single layer and Bilayer solutions of the Euler-Lagrange equation associated to the interface I'.
For the single layer solution I' separates regions u = b_ from u = b, while the bilayer solution corresponds to
olution| U = b— on either side of the bilayer, with a brief excursion v > b_ near I.

In the whiskered coordinates the Cartesian Laplacian takes the form

2
N, =07 +20.J/(e])D. + 2T Y %G”J% =02+ eH(s,2)0. + *Ag, (3.6)
ij=1_"" J

where J is the Jacobian of the change of variables, H = 0,.J/(¢J) is the extended curvature, and
G = Gj; is the metric tensor, see Section 6 of [Hayrapetyan & Promislow (2014)] for details tailored
to the context of the FCH free energy. In particular, at leader order H(s,z) = Ho(s) + O(ez) where
Hj is the mean curvature of I', at p(s) and Ag = As+ O(ez) where Ay is the usual Laplace-Beltrami
operator on I'.

In the whiskered coordinates the first equation of reduces, at leading order to a second-order

ODE in z, for the one-dimension profile ¢(z),

029(z) = W'(9), (3.7)

defined for |z| < ¢/e. Since the double-well W is assumed to have unequal depth wells 0 = W (b_) >
W (b;), a simple phase-plane analysis shows that this equation supports a unique solution ¢, which is
homoclinic to b_, that is ¢p(z) — b_ as z — %00, see |[Kapitula and Promislow (2013)| for a detailed
analysis of the existence and linear analysis stability for homoclinic waves. We define the leading-order
structure of the bilayer critical point, up = up(z; ') as the bilayer “dressing” of I', with ¢y,

up(z) = ¢p(z(x)) + O(e), (3.8) |e:BL
2)

for x € I‘f; and smoothly extend u; to equal b_ off of Fg, see Figure We remark that if g = g(
decays exponentially to zero in z then g € L?(R) and g has an extension § € L?(Q) defined by g(z) =
g(z(x)) on the reach of I', and smoothly extended to zero off the reach. By abuse of notation, we use g
to denote both the original function and its extension, in particular using both ||g[|z2g) and [|g][z2(q)
where the meaning is made clear by choice of inner product.

The O(e) correction, up; to up also plays a fundamental role, it is straight forward to see that is

should solve X
Lousy = L5 (=mef +mW'(6s) + X) + Ho(s)9%, (3.9)
where we introduce the Sturm-Liouville operator
Lo =02 — W"(¢), (3.10)

which is the linearization of (3.7]) about ¢,. However there is a complication, whose resolution requires
an understanding of the spectral properties of Ly acting on an ”infinite” whisker, that is on L?(R).




The translational invariance of the critical point equation forces Lo¢), = 0, and since ¢ is
homoclinic its derivative has a zero at z = 0. By the Sturm-Liouville theory, ¢y = ¢} is the first
excited state (eigenmode) of Lg acting on L?(R) with eigenvalue A; = 0, and there exists a ground
state eigenmode 1)y with no zeros, and eigenvalue Ay > 0. The remainder of the spectrum of Lg is
strictly negative. It is easy to see that the terms acted upon by Lgl in are L?(R) orthogonal
to ¢, and hence lie in the range of Ly. However for each fixed value of s, the term Hp(s)¢) is not
orthogonal to ;. Nevertheless, in [Doelman et al (submitted)| it is shown that exact critical points
can be constructed for flat interfaces, where Hy = 0 and for constant curvature interfaces if A is
appropriately tuned. However we may construct quasi-minimizers of Fop by dropping the curvature
term in the construction of uy. It will be accounted for later as a driving force for the geometric
evolution of the underlying co-dimension one immersion I',. Proceeding, we drop the curvature term,
invert Lo and decompose up 1 into a local term ¢y ; which decays exponentially to zero in z, and is
smoothly extended to be zero off of Fﬁ, and a constant term

A
vy = 721, (3.11)
where we introduce the far-field well coercivity a— := W”(b_) > 0. Consequently u;, admits the
qausi-steady expansion
up(x) = dp(2) + € (1 + P1(2)) + O(e?). (3.12)

The local term ¢ ; corrects the structure of ¢, within the reach, while the spatial constant v; adjusts
the far-field behavior of up, which is now b := b_ +ey; + O(g?). It is 1 that plays a key role in the
evolution and bifurcation of the quasi-steady interfaces. Indeed this is the parameter Szostak tweaked
when adding oleo-lipids to the bulk solvent phase.

Momentarily setting aside the mass constraint, there are two classes of free parameters in our
construction of up, the spatially constant background correction, 71, and the interface shape I'y. It is
instructive to examine the value of the FCH energy over the assocaited families of bilayer dressings,
up, in particular the relation between the interface size and the total mass of available lipid. We first
evaluate the free energy, which takes the form

2
Flu) = /Q % (e*Auy, — W’(ub))2 —€ <€27]1|Vub|2 + nQW(ub)) de, (3.13)

and break the integral over the near-field Ff; and far-field Ty := Q\F,‘;. Denoting the near-field integral
by Fe(up) we change to local coordinates

2
Fo(up) = / (2 Aup — W' (w))* — ¢ <€2771|Vub|2 + 772W(“b)) dz,

L/e
— [ [ @ W) + cHa(d.0n)” — & (100 + mIV (6n)) S5, 2) dzds,
Iy

K/e
(3.14)
where the Jacobian takes the form J = ¢ + e22Hy(s) + O(£32%). Expansing the Jacobian and keeping
only leading order terms we find

E/e
() _e/r / (Lol 6u1) + Ho()6)? — e (Llot> + mW (en(2))) dsd= (3.15)

E/e

The localized functions in the squared term will yield O(e?) integrals which are negligible. Moreover
integrating (3.7) we see that (¢,)? = 2W (¢y). Together these two observations allow us to rewrite the

7
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localized component of the free energy as,

Fo(up) = €2[Ty| <Mf@é2 - ;772 Ub> : (3.16)
where we introduced the bilayer ’surface tension’ oy, := ||¢}[|%. (r)- In the far-field region w;, takes the
spatially constant value

up(r) = b:=b_ + ey + O(e?), zely, (3.17)

for which value W’(b) = ea_~y; + O(e?), and W (b) = O(£?). The far-field contribution to the energy
thus reduces to the leading order expression,

- 1
Folw) = (9] - 20T]) 57302 + O(=?). (3.18)

Combining the near- and far-field expressions, the total energy takes the form

042—\Q| 2

+
Flup) = &° < 5 1 0y 5 m%) : (3.19)

A similar decomposition of the integrals shows that the total mass of amphiphilic material is
M = / up(z) de = /(b + up — b) dx = |Q|(b_ 4+ em1) + £|Tp|mp, (3.20)
Q Q

where my, = fR ¢p(z) — b_dz > 0, is the mass of amphiphilic material per unit length of bilayer.
Typically the amphiphilic component is scarce within the bulk, so that M = eM (don’t put too
much soap in the washing machine!), and since I', is admissible its interfacial area |['y| is O(1). These
assumptions render u a quasi-minimizer of Fo g, moreover a prescribed value of M and 71 determines
the area |I'p| of the bilayer interface. Consequently, the minimization of F(u) over I'y, and 1, subject
to the mass constraint reduces to a the optimization of a quadratic polynomial in ; which yields the

optimal value

% m-+mn oy
=" 3.21
T 2 mpa? ( )

of amphiphilic material in the bulk region. For the strong functionalization only the area of an
admissible co-dimension one interface, and not its curvature, enter into the leading-order determination
of the free energy of its bilayer dressing. Moreover bilayers prefer an optimal far-field value of lipid,
7 which is independent of the scaled mass constraint M and hence the area of the bilayer — it is a
universal property of the system as determined by the shape of the well W throughout my, oy, and a_
and through the functionalization parameters n; and 72. For the weak functionalization the Willmore
term, the integral of the square of the mean curvature over I'y, enters into the free energy at leading
order, and the optimization is more subtle.

There are critical points of F for which X is O(1), in particular the single-layer solutions, which
correspond to heteroclinic orbits of that connect two equilibrium values, see Figure (left).
For the Cahn-Hilliard free energy single-layers form the dominant global minimizers, however they
are generically saddle points of the FCH, and are susceptible to meander instabilities in the gradient
flow, as discussed below. It is important to emphasize that single-layers and bilayers are distinct
morphologies — single-layers separate phase A from phase B while bilayers separate phase A into two
regions by a thin layer of phase B, see Figure[3.1] In particular bilayers can rupture, re-uniting the
two regions of phase A, as when a lipid bilayer opens a pore, or tears. In addition, the interfacial
component is a conserved quantity for bilayers, and when the bilayer is stretched the interface must

e:gammal-def
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lipid pore

Figure 3.2: Depiction of bilayer (left, source: academic.brooklyn.cuny.edu), pore (center), and micelle (right)
morphologies of lipids. The co-dimension associated to the morphology is the difference between the space
dimension and the number of tangent directions of the minimal manifold whose normal bundle locally foliates
the morphology. In R3 bilayers are co-dimension one, pores are co-dimension two, and micelles are co-dimensionl
three.

thin, which naturally increases its free energy as it deforms from its equilibrium profile ¢, — bilayers
can support non-zero tangential stresses.

The FCH critical point equation also possesses co-dimension two solutions in R3. These are based
upon a foliation of a neighborhood of a smooth, closed, non-self intersecting one dimensional manifold
I', immersed in 2. The local coordinate system takes the form

x = pp(s, 21, 22) = (p(s) + € (z1N1(s) + 22Na(s)) (3.22)

where N7 and Ns are orthogonal unit vectors which are also orthogonal to the tangent vector CZ/?(S).
Within the reach Ff; of I',, the Laplacian admits the local form

A, = AR +€R(s,2) - V., 4 e*D?, (3.23)

where Ap is the usual cylindrical Laplacian in (R, ©) which correspond to the scaled normal distances
7= (21,22), & = (k1, k2)T are the two curvatures of I', at (,(s), and D? reduces to the line diffusion
operator on I';, when Z = 0, see [Dai & Promislow (submitted)] for details. Assuming axial symmetry,
the leading order pore profile associated to the critical point equation satisfies co-dimension two
critical point equation

Oy + +0ndp = W' () (3.24)

subject to Opdp(0) = 0 and ¢, — b = b_ + ey + O(e?) as R — oo. The leading order form for the
pore quasi-minimizer network arises from the pore profile dressing of a co-dimension two interface I,

up(w) = dp(R(2)) + & (11 + dp1(R)) + O(e?), (3.25)

It is also possible to combine bilayer and pore quasi-minimizer, so long as the associated manifolds
have non-intersecting reaches, and the far-field constant v; takes a common value. Indeed, the quasi-
steady evolution between co-existing co-dimension one and co-dimension two interfaces is driven by
the competition between this common far-field value b. If the optimal far-field values associated to
distinct co-dimensional morphologies differ, then the morphologies will not coexist over long time
periods; one will grow on a slow time scale at the expense of the other, as described in section 5.
Micelle, or co-dimension three solutions of the critical point equation reduce, in R?, to solutions of
the usual spherical Laplacian. Assuming rotational symmetry, the leading order micelle profile is the



Mgere (g/mol) | 2500 + 40 | 5850 + 204
bilayer 8.7£12 | 15.8+28
pore 143+1.6 | 25.4+3.3
micelle (nm) 18.4+£2.6 | 38.8+£10.2

Figure 3.3: (left) A comparison of co-dimension o = 1,2, and 3 profiles computed from , , and
respectively. The relative widths the profile is most sensitive to the difference in depths of the two
wells: W (b_) — W(by) > 0. (right) A table of experimental data, from [Jain & Bates (2004)|, indicating radii
of bilayer, pore, and micelle morphologies obtained by varying the hydrophilic length of polymer in PEO-PB
amphiphilic di-blocks with fixed hydrophobic (core) molecule weight, M, as indicated.

unique solution of
2

subject to Ordm,(0) = 0 and ¢, — b as R — oco. A key prediction of the FCH free energy is that
bilayers must be thinner than pores, which in turn are thinner than micelles. This observation is born
out by experimental data, Figure (right).

4 Network Bifurcation in the FCH

The quasi-minimizer network morphologies developed in section 3 are, at leading order, critical points
of the Cahn-Hilliard, however these structures are not close to local minima but are rather quasi-
saddle points of the CH free energy. An essential feature of the functional form of the FCH is its
facility to build local minima out of the saddle points of the simpler CH free energy. This process is
best understood by examining the second variational derivative of the FCH free energy at a smooth
critical point, u. of the Cahn-Hilliard free energy. For traceless boundary conditions, such as peri-
odic boundary conditions, see [Promislow & Zhang (2013)| for a detailed discussion of appropriate
boundary conditions, then the second variation takes the form

2
L, : 0°F

= W(UC) = (*A - W”(Uc))2 — & (me* A+ oW’ (up)) - (4.1)

For the bilayer quasi-minimizer, uy, associated to an admissible, co-dimension one interface I'y, the
second variational derivative L; := L,,, takes a simplified form when acting on functions u € H*({2)
whose support lies within the reach, Fﬁ, of I". On this subspace the operator admits the asymptotic
expansion

Ly = (Lo +eHO. + 52A5)2 — &P (mZ + W () + O(ePH1), (4.2)

and the leading order structure of Ly, is controlled by £2 where £ := Lo+ ¢£?A, is the dominant part of
the second variation of £ at up. The remaining parts of L are relatively bounded and asymptotically
small in comparison to £2.

The spectrum of the operator IL; can be built from the spectrum of its constituents Ly and Ag.
The spectral properties of Ly are described in section 3 and depicted in Figure (left). The Laplace-
Beltrami operator Ay is self-adjoint over L?(I') where, for each admissible interface I', the inner
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Figure 4.1: The structure of the real spectrum of —IL; plotted verses Laplace-Beltrami wavenumber n. (left)
The Sturm-Liouville operator Lg, defined in , has one positive ground state eigenvalue, A\g > 0 and a
one dimensional kernel, denoted \;. (center) The extension of Ly to £ = Lo + £2A, adds side-bands in n, the
Laplace-Beltrami index which bend back negatively at the rate —(\g — £23¢)?. (right) The spectrum of the
operator —IL. = —£2 + O(e), (minus sign chosen to preserve orientation of images) is, to O(¢), the negative
square of the spectrum of £. The side-band associated to A\g has a quadratic tangency at leading order, which
may be raised or lowered by the functional terms, 7, and 72, the crossing of this spectrum through zero is the
mechanism of the pearling instability.

product is defined by

(9 e == /F £(5)g(3) To(s) ds. (4.3)

where Jo = /g is the square root of the determinant of the first fundamental form of I'. The eigenvalues
{8}y of —Ag may be enumerated in increasing size with Sy = 0 and $; > 0. The associated Laplace-
Belrami eigenmodes {6,,}5° , are orthonormal in the L*(I") norm.

Theorem 4.1 (Weyl asymptotics [Chavel 1.(1984)]) Let I'y be an admissible co-dimension one
interface immersed in RY, and let N(x) denote the number of eigenvalues of —A,, counted according
to multiplicity, that are smaller than x, then

d—1

N(z)~Cx 2 . (4.4)

~ 2
In particular, B, ~ Cnd-1.

Indeed, in |[Hayrapetyan & Promislow (2014)] it was shown that for each admissible class, Gy ¢, of co-
dimension one interfaces there exists U > 0, which may be chosen independent of € > 0 such that the
eigenfunctions associated to L, with corresponding to eigenvalues A < U comprise two sets, the pearling
eigenmodes {\If07n}7]:[iNl and the meander eigenmodes {\1117”}7]:[20 and moreover these eigenmodes admit
the asymptotic form

U,n=1j(2)On(s) + O(e), (4.5)
for j = 0,1 and n running over the corresponding indices. For j = 0,1 we introduce X;, the set of
indices n for which L acting on 1;0,, is small, i.e.,

Sj={n| (N —€°Bn) ~ O(Ve)}.

From Weyl’s asymptotic formula we deduce that |¥g| ~ O(£%/?2~%) > 1. For the strong functionaliza-
tion, p = 1, we look for an expression of the pearling eigenvalues in order to determine a condition for
pearling stability. For I', an admissible co-dimension one interface we consider the eigenvalue problem

(4.7)

(4.6)

LYo = Aon¥on,

11



associated to the second variation of Fog about the bilayer dressing wu;. The spectrum of IL;, cannot be
localized by a regular perturbation expansion since the eigenvalues are asymptotically close together.
We need bounds on the spectrum that are uniform in ¢ < 1. To this end we introduce the L?(£2)
orthogonal projection II onto the space

Xy, := span{¢j(z)Oy(s)|j = 0,1, and n € I;respectively}, (4.8)

which approximates the eigenspaces of L; corresponding to pearling (j = 0) and meander (j = 1)
eigenmodes. Functionally, II, acts on f € L?(Q) by

If = (f,40Ok) 120000k + Y (f, 10k) 12011 O, (4.9)

ke keXn

with its complementary projection denoted II:= I — II. We decompose the operator L; into a 2 x 2

block form using the projections
IML,IT  TIL,II

LI TIL,II

p = . (4.10)

The upper-left element IIL,IT can be written as a matrix M € RV*N where N & £3/2-9 has entries

Mjj = (Ls0Oj, $oOk) 12 - (4.11)

The off-diagonal terms are small, in norm, and the spectrum of the fully infinite dimensional piece, TIL, 11,
is bounded from below by the aforementioned U > 0. We will show that the spectrum of L, sufficiently
below U is controlled by the spectrum of the matrix M which we characterize.

The matrix M has large dimension and hence care must be taken to distinguish between the size of
the entries of M and the size of M as an operator. Indeed, the norm of a matrix as an operator from
I2(RM) to I2(RYN) generically scales like v/N times the [°° norm of its entries. However uniform norm
bounds are possible, via a convolution style argument, if the off-diagonal elements decay sufficiently

quickly.
olution| Lemma 4.2 [Kraitzman (thesis)] Fiz ¢ > 0 and assume that the entries of A € RN*N satisfy the
bound c
A < ——n——. 4.12
Then the matriz A is uniformly bounded from I>(RN) to [?(RN) independent of N.
Our goal is to show that the matrix M admits an admits an asymptotic decomposition
M = M° + <M. (4.13)

For values of ¢ > % + %, if the entries of M are uniformly bounded then there exists a constant C' > 0,
independent of € such that e9||M| ;2 < e. That is, it is sufficient to uniformly bound the entries of
M to see that €9M acts as a lower-order perturbation on the eigenvalues of M. We will handle the
matrix MY using Lemma so long as the interface I'y is sufficiently smooth, as is guaranteed by its
admissibility. For simplicity we focus only on the pearling modes j = 0, neglecting the meander terms
associated to j = 1. Using the expansion of Iy and recasting the inner product in in terms
of the whiskered coordinates, the diagonal terms of the matrix MY, at leading order, take the form

MRy = (Mo — €°Br)* — e(y10 S + Xo(n1 — m2)l|vboll3), (4.14)

12



earling

Figure 4.2: Time evolution of a circular, co-dimension one bilayer under the FCH gradient flow (5.1)) for vales
€ = 0.1 and n; = 12 = 2. The times depicted correspond to ¢t = 0, ¢t = 114, and ¢ = 804 and show the onset of
the pearling bifurcation.

where the sign of the “shape factor”

S = / W ()03 (2) Ly H1 dz, (4.15)
R

determines if the pearling bifurcation absorbs amphiphilic material from the bulk or releases it. For
k € ¥, the quadratic term is bounded by O(e) but becomes dominant as k approaches the boundary
of the set ¥ of pearling indices. The off-diagonal terms of MY are formally lower order, admitting
the expansion

M]O,k = —¢? /1"(0ng + Slﬂl)@k@on(s) ds, (4.16)
where the coefficient Sy := [z W"”(¢p)¢) 132 dz and Hy = k% + k3 is the sum of the squares of the
curvatures of I'y. However they form a lower order operator on I2(RY) only if we can apply Lemma.
These estimates are achieved in [Kraitzman (thesis)|, in particular it is shown that

Theorem 4.2 [Kraitzman (thesis)] Let I' C R% be an admissible interface, with curvatures k =
(ki,--+  kq_1) in WH®(I'y) and f : R*™' — R a smooth function. Then there exist constants c1, ca, c >
0 such that for every k,j € N, k # j,

/Ff(l%’)@k@j Jods| < ﬁkl+6j <01 +02/F 1A;(Vs0,V,0,)| Jods> < W‘j_ﬁ (4.17)
As a consequence, the matrix M can be written as
M° =D+ £%A, (4.18)
where D is a diagnonal matrix with entries
Dy = (Ao — €2Bx)* — e(n1028 + Xo(m — m2)l[¥ol[3), (4.19)

and A is uniformly bounded as an operator on [2(RN). Since €9M is also lower order as an operator,
the eigenvalues of M take the form

Aop = (o —€2Bn)” — (11028 + Xo(m —12)[[v013) + o(<?). (4.20)
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Weyl asymptotics imply that the separation between Laplace-Beltrami eigenvalues scales like O(+/¢)
for 8, =~ z-:_%, hence Ao — €23 can be made as small as O(g). This shows that the squared term
is lower order near the turning point of the pearling spectrum, see Figure (right). Assuming
that the shape factor S < 0, which is true for a genetic class of double-wells, W, see section 5 of
[Doelman et al (submitted)], the spectrum of M will contain negative eigenvalues if and only if v,
satisfies the pearling condition

)\ _ 2
o(m — m2)llvoll72 -

Poi=— a? s

(4.21)

To connect the spectrum of M to that of IL;, we must bound the interaction between the projection
IT and the operator L. If IT where a spectral projection associated to IL; then the two operators would
commute, and since IIII = 0, the off-diagonal terms would be zero. However X3 only approximates a
spectral subset of L;, and the estimates ||HILb1:[HL2 = ||HILbHHL2 < Ce, are sharp. However the
restricted operator L, 1T is uniformly coercive on L2 and with its spectrum is bounded from below
by U > 0 which may be chosen independent of sufficiently small € > 0. In this case, for any A < U we
introduce B := IIL,II and C := HLyII and reduce the 2 x 2 representation of the eigenvalue problem

[2] =\ [Zj (4.22)

to a finite dimensional system for the component vy, which solves

M B
BT ¢

(M — Ny = —B(C — \) 1B ;. (4.23)

In particular, taking the [? norm of both sides and using the estimates on B, BT, and the distance of
A to 0(C) to estimate the norm of the resolvent, we have

(M = Nwil2 < [0z (4.24)

IU Al
For A an order of one distance from v this estimate implies that dist()\,o(M)) = O(e?), so that the
spectrum of Ly, below U lies within O(£?) of the spectrum of M. In particular, if the spectrum of M
is bounded from below by a positive O(e) quantity, then so is the spectrum of L. Conversely, since
My = (LpoOr, Y0Ok) 12(q) it follows from the variational characterization of the spectrum of L
that the smallest eigenvalue of o(LLy) is smaller (more negative) than the smallest diagonal element of
M. We deduce from these calculations that the pearling condition applies to L. Moreover, this
is in agreement with Szostak’s experiment, the photo-induced increase in charge on the lipid heads
induced a pearling bifurcation and drove pores to micelles. The increase in charge corresponds, within
the FCH, to an instantaneous increase in n; a sufficiently large increase, for a fix value of 1, will

trigger the pearling condition (4.21]).

5 Competitive Geometric Evolution of Bilayers and Pores

The over damped dynamics of amphiphilic polymer suspensions can be received from the Functional-
ized Cahn-Hilliard free energy via its gradient flows whose evolution preserves the volume fraction of
the constituent species and lowers the free energy. Similar to the Cahn-Hilliard gradient flow given in
, the simplest mass preserving gradient flow of the FCH is generated by the H~! gradient,

0F

e:pearl-cond

A(S— =A[(—®A+ W' (u) —em) (=2 Au+ W' (w)) +elm — n2) W' (u)] . (5.1)
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Figure 4.3: level sets u = 0.4 (green) and u = 0.45 (blue) of quasi-minimizers of the Functionalized Cahn-
Hilliard free energy obtained from the mass preserving gradient flow from identical initial data. The
parameter values are e = 0.03, by = +1, the well satisfies W(—1) =0 > W(1) = —0.3, 91 =5 and 1, = —2,1,
and 5 in the panels from left to right, yielding micelles - pore, pore, and bilayer dominate networks respectively.
Images courtesy of Andrew Christlieb and Jaylan Jones.

The quasi-minimizer network morphologies constructed in section 3 are not stationary solutions of the
FCH gradient flow, but generate slow dynamics which may be locally parameterized by the interfacial
sub-manifolds of bilayers and pores, respectively I', and I',. Indeed, when the pearling condition does
not hold, then meander eigenvalues associated to the bilayer morphologies span the tangent plane to
the manifold of bilayer configurations, parameterized by the admissible interfaces. The flow of the
underlying interfacial structure can be obtained by projecting the residual %—i(ub) of the critical point
equation onto this tangent plane. The method of matched asymptotic expansion provides a more
accessible, but formal method to derive the interfacial motion. For a bilayer morphology, the ansatz
for up is augmented by taking the signed distance z to the interface I'y and the background
state 1 to be functions of the slow scaled time t; = t/e, and the gradient flow is solved by matching
fluxes, particularly across the interfacial layers. For single layer morphologies, under the Cahn-Hilliard
gradient flow this results in a Mullins-Sekerka flow for the interface, see . For the FCH
gradient flow, reduces, at leading order, to

0z dy OF
E(Z%(Z)a—tl + Efd—tl = E(Ub) = EAHO(S)(Z)Z(Z) + 0(62). (52)
The leading order residual arises from the mean-curvature term which was neglected in the construction
of the bilayer, up. This term now becomes a driving force for the evolution of the interface I'y through
the change in the signed distance function. Indeed, the quantity

0z

%(S) = _a_tla

(5.3)
is the normal velocity of the interface I',. The asymptotic reduction does lead to a Mullins-Sekerka
problem for the far-field chemical potential, however its driving force is given by the interfacial mean
curvature times the derivative of the bilayer profile at the interface, Hoy(s)¢}(0). Since the bilayer
is symmetric across the interface its derivative is zero, ¢,(0) = 0, and the Mullins-Sekerka problem
is trivial. The outer chemical potential reduces to a spatial constant, and the far-field is charac-
terized by amphiphilic density, v;(¢1), whose value in determined by conservation of total mass, see
[Dai & Promislow (2013)| for details for bilayers under the weak functionalization. For the strong
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Figure 5.1: Competition for the amphiphilic phase between a spherical bilayer (beach ball) and circular solid

pore (hula hoop) as a function of the well tilt W(b_) — W (b;). The image shows ¢ = 100 end states of the

FCH gradient flow (5.1]) from identical initial data but with increasing values of the well tilt. Small tilt prefers

bilayers, larger tilt prefers pores by increasing 7, and the pearling threshold, P,, which drives bilayers to pearl.
etition| Images courtesy of Andrew Christlieb and Jaylan Jones.

functionalization the resulting system takes the form

Vo = (1 — 3 )Ho,

d N 5.4) |e:BL-quenche
N~ vy — A7) | H3dS, 54

dtq Ty

where v > 0 and 75 is the optimal far-field amphiphilic density derived by the

= @b rE
optimization process in (3.21). The H~! gradient flow drives pure bilayer interfaces by a quenched
mean-curvature flow. While the flow drives 1 to its optimal value v;, the sign of the difference v; —;
is consequential. Indeed, in two space dimension, modulo reparamerization of the evolving interface,
the curvature driven flow can be recast as an evolution equation of the single curvature Hy,

OH
Tr, = 02+ BV, =l —20)(0F + HE)H, (5.5)

see section 3.3 of |Gavish et al (2011)] for details. If ;3 > 7%, that is if the bulk value of amphiphilic
material is in excess then the curvature driven flow is a backwards-heat equation in the curvatures.
This is the nature of the fingering instability induced in [Budin & Szostak (2011)] when oleo-lipids
were added to the bulk of the spherical bilayer suspension. The fingering instability corresponds to a
backward heat flow in the curvature. The resulting singularity is associated to the development of the
pore type growth form the bilayer surface. Moreover, in |[Doelman et al (submitted)| the condition
71 > 7, was identified as the point of bifurcation to linear instability of the meander eigenvalues
associated to spherical bilayers. For 71 < 7, the curvature driven flow is locally well-posed but
is subject to finite-time blow-up due to the cubic driving force, Hg’. This is the familiar finite-type
extinction of droplets under curvature driven flow. However, for the quenched flow the relaxation
of 1 to its equilibrium value precludes the blow-up if the initial curvatures are not too large.

A similar reduction can be performed for co-dimension two pore structures, parametrized by the
one-dimensional immersion I',. The result is a similar quenched curvature driven flow for the vector
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valued normal velocity Vp = —(%, %)T,
1 1

‘7]) = yp(fyl ’Yp) (

dm 9 (5.6)
d—tl:—smp - % / |R|* ds,

where v), := > 0, & is the vector curvature of I'y, my, := 27 [[°(¢p —b_)RdR is the mass

mp
™ fo (¢)2RdR
of amphiphilic material per unit length of pore structure and the equilibrium value

] Jo~(¢,)*RdR
T T [ (¢ — b )RR

(5.7)

is again independent of I'). Most intriguingly, initial data corresponding to spatially separated pores
and bilayers yields a competitive evolution that can be understood as a fight for surfactant, mediated
through the common value of the bulk amphiphilic density 71, whose evolution is determined to impose
the conservation of total mass,

Vn — Vb(’Yl - ’Y;)H

Vp = vp(n1 = )R (5.8)
d * 2
L= vy — ) [ HRAS — evpmp(m — ;) / [RI* ds,
dtl Fb p

The competitive evolution of the bilayers and pores couples through curvature-weighted surface area.
However, the two morphologies seek differing equilibria values, which typically satisty v, > ~,,, making
coexistence of bilayers and pores impossible under the strong functionalization, unless one of the
structures is flat, since zero curvature interfaces are at equilibrium independent of bulk value of
amphiphile. For curved interfaces, the range y1 € [v;,7;] is invariant under the flow, and once
enters this range the bilayers will shrink, while the pore morphologies will grow. Moreover, if the
pearling threshold P, lies within the invariant range [v},v;] then the value of y; may transiently
decrease through the pearling threshold for bilayers, , causing the bilayers to pearl as they
shrink. Various realizations of this transient interaction are depicted in Figure for double wells
W with increasing well tilt.

6 Conclusion

The Functionalized Cahn-Hilliard free energy provides a compact description of the energy landscape
driving morphological selection in amphiphilic mixtures, such as lipid bilayers. We have shown that
the strength of the interactions of the hydrophilic units with the solvent phase, parameterized by
n1 > 0, the packing entropy of the hydrophobic tails, parameterized by 1y, and the pressure jump
between amphiphilic and hydrophobic phases, characterized by the difference in self energies, W (b4 )
of the amphiphilic and bulk phases, can trigger a range of bifurcations. Specifically the fingering and
pearling instabilities observed experimentally in [Budin & Szostak (2011)] and [Zhu et al (2012)] by
adjusting the bulk values of lipids and the charge density of the lipids, respectively, can be induced
in the FCH framework by varying the corresponding control parameters. There are however many
avenues to explore, for example the pearling bifurcation induces a periodic dimpling of a bilayer surface
which can lead to perforation. Within the biological context of cell membranes, it is of particular
interest to understand the energy required to open a single hole. Can a local adjustment of parameter
values, such as a spatial variation in 77, induce the opening of isolated holes in the membrane?
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