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Abstract

The functionalized Cahn-Hilliard (FCH) equation supports planar and circular bilayer interfaces as
equilibria which may lose their stability through the pearling bifurcation: a periodic, high-frequency,
in-plane modulation of the bilayer thickness. In two spatial dimensions we employ spatial dynamics
and a center manifold reduction to reduce the FCH equation to an 8th order ODE system. A normal
form analysis and a fixed-point-theorem argument show that the reduced system admits a degenerate
1:1 resonant normal form, from which we deduce that the onset of the pearling bifurcation coincides
with the creation of a two-parameter family of pearled equilibria which are periodic in the in-plane
direction and exponentially localized in the transverse direction.
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1 The Functionalized Cahn-Hilliard equation

Amphiphilic materials are typically small molecules which contain both hydrophilic and hydrophobic
components. This class of materials includes surfactants, lipids, and block copolymers. Their propen-
sity to spontaneously assemble network morphologies has drawn scientific attention for more than a
century, [1]. While amphiphilic materials are ubiquitous in organic settings, where lipid bilayers form
cell membranes and many organelles, their widespread use as charge separators in energy conversion
devices is more recent. Network morphologies must be distinguished from single layer interfaces that
are typical of binary metals and other purely hydrophobic blends. While single layer interfaces separate
a phase A from a phase B, network morphologies are comprised of thin regions of a phase B which
interpenetrate, and typically percolate through, a domain dominated by phase A. The Cahn-Hilliard
free energy, proposed in 1958, [4], has been very successfully employed as a model of single layer mor-
phology in hydrophobic blends, and its gradient flows accurately describe their evolution. Models of
amphiphilic mixtures, such as [19] and [9], have been proposed. The functionalized Cahn-Hilliard free
energy; see [15, 7, 5], is a special case of these earlier models that supports stable network morphologies
including co-dimension one bilayers and co-dimension two pores as well as pearled morphologies and
defects such as end-caps and junctions. Rigorous results for the FCH free energy include the existence
of bilayer structures, [6], and an analysis of their bifurcation structure, [11], in particular the pearling
bifurcation which initiates changes in the co-dimension of the underlying morphology, and is commonly



observed in amphiphilic polymer blends; see [3, 21]. The goal of this paper is to rigorously establish
the existence of pearled bilayers, as modulations to stationary bilayers, in the planar FCH equation.

Amphiphillic mixtures, such as emulsions formed by adding a minority fraction of an oil and soap
mixture to water, form network morphologies due to the tendency of the surfactant phase, e.g. soap, to
enhance the formation of interfaces. To model the network formation, the authors of [19] and [9] were
motivated by small-angle X-ray scattering (SAXS) data to include a higher-order term in the usual
Cahn-Hilliard expansion for the free energy. Viewing the mixture as a binary phase, where u € H?(Q)
denotes the volume fraction of surfactant contained within the bounded material domain 2 C R3, they
proposed a free energy of the form

Flu) = /Q Fu) + EAW)|Vul? + B(u)Au + C(u) (EAu)? dx, (1.1)

where for well-posedness C' > 0 and the dimensionless parameter ¢ < 1 dictates the ratio of the
interfacial width to a characteristic size of 2. Assuming zero-flux boundary conditions, integration by
parts on the A(u) term permits a re-writing of the energy in the completed-square form

o .
]-"(u)—/QC(u) (62Au— A2CB> —|—f(u)—(ic(g)dx, (1.2)

where A is a primitive of A. To simplify the form we replace C(u) with %, relabel the potential within
the squared term by W’(u), and scale the potential outside the squared term as 0P (u) with 6 < 1,
yielding

F(u) = /Q % (EAu — W'(u))2 + dP(u) dx. (1.3)

The first term is the square of the variational derivative of a Cahn-Hilliard type free energy, and the
strongly degenerate case § = 0, has the special property that its global minimizers are precisely the
critical points of the corresponding Cahn-Hilliard energy. A variant of this case was proposed as a
target for I'—convergence analysis by De Giorgi; see [17].

The strong functionalized Cahn-Hilliard free energy corresponds to the distinguished limit § = ¢, a
choice of potential P which incorporates the functionalization parameters n; > 0, 172 € R in the form

F(u) = /Q % (e Au — W’(u))2 — & (me?|Vul? + W (u)) d, (1.4)

and require the C'*°-smooth potential W : R — R to be a double well potential with two minima at
u = —1 and v = m > 0 and one local maximum at © = 0. The minima have unequal depths, normalized
so that W(—1) = 0 > W(m) and the well is non-degenerate in the sense that p_ := W/”(-1) > 0,
pg = W"(m) > 0, and po := W”(0) < 0. With these assumptions v = —1 is associated to a bulk
solvent phase, while the value of u + 1 > 0 is proportional to the density of the amphiphilic phase.

The strong FCH equation is the H~! gradient flow of the FCH energy (1.4), which takes the form

0F
U = Aé— =A ((52A — W (u) + em) (2 Au — W (u)) + enaW'(u)) (1.5)
u
where 1y := n1—n2. The gradient flow is mass-preserving when subject to zero-flux boundary conditions;
see [6] for details. We focus on the stationary strong-FCH equation which takes the form

(2A — W (u) + eny) (2 Au — W (u)) 4 engW' (u) = e, (1.6)



subject to zero-flux boundary conditions. The constant v can be thought of as a Lagrange multiplier
arising from mass conservation.

The FCH equation is known to support families of bilayer solutions, [6], which can be unstable to either
pearling or meandering bifurcations. Pearling refers to periodic modulations of the thickness of the
bilayer, while the meander modes are associated with the curvature driven motion of the underlying
bilayer interface. In this work, we provide a fully rigorous proof of the existence of spatially periodic
patterns which arise after the onset of the pearling bifurcation. We restrict our attention to planar
domains  C R2, proving the major existence results in the spatially extended case 2 = R?. The
construction of a bilayer morphology requires a choice of a smooth, closed, co-dimension one interface
I' C Q that is far from self intersection. We address two simple choices of interface: the extended flat
bilayer, corresponding to I'y = {(s, 0) ‘ s € R}, and the circular bilayer of radius Ry > 0, corresponding
to I'r, = {(Rocosf, Rysinb) } 6 € [0,2m)}. Our construction applies spatial dynamics techniques,
a center-manifold-reduction argument, and a normal form transformation to the stationary, strong-
FCH equation, yielding an 8th order ODE system, which weakly couples the four dimensional pearling
subspace and the four dimensional meander subspace. To prove the existence, we restrict to the pearling
subspace, yielding a four-dimensional reduced system, called the pearling normal form (PNF), (2.42),

Cl = i(l + (/.)16)01 + Cy +1iC4 [04701@1 + agi(C1ég — 0102)]7
02 = i(l + wl€)02 +1Cy [Oé70101 + agi(CﬁC‘g — 0102)] + C; [—0408 + iaz(clég — 61C2)] ,

where (', Cy € C, the constants wi,a; € R, and the conjugate equations are omitted. It is at this
level that the structure of the pearling bifurcation is made clear: the PNF admits a degenerate 1 : 1
resonance, related to the 1 : 1 resonances extensively investigated in [12, 13, 10]. As in the 1 : 1
resonance case, the PNF has two first integrals

1 _ _
K = 5(0102 — 01C2), H .= |C2’2 + (—0105 + QOéQK) ’01‘2.

Imposing consistency conditions to the solutions of the PNF slaves H to the scaled parameter x :=
£ 3/2 K, which remains as a free parameter in the construction of the pearled solutions. More impor-
tantly, the parameter g in the PNF, given in (1.13), is precisely the critical bifurcation parameter
whose sign characterizes the onset of the pearling bifurcation. For ay > 0 we characterize the pearled
solutions of the PNF and establish their existence in the full system through a persistence argument.
While the persistence argument is based upon [13], the analysis in this case is more delicate as the
degeneracy corresponds to a distinct singularity requiring different scalings. Moreover the coupling
between the pearling modes and the meander modes requires the analysis of an eight dimensional
problem. In the remainder of this section we make a rigorous statement of these results.

1.1 Pearling of Extended Flat Bilayers

The existence of a one-dimensional family of flat bilayer solutions, uy, parameterized by the Lagrange
multiplier, v, was established in [6]. Their construction is based upon new coordinates, corresponding
to the e-scaled distance r to I'y and a tangential variable 7 for which the Laplacian takes the form

2A = 92 4+ 202, (1.7)



and the stationary equation (1.6) is rewritten as
(02 =W (u) + 202 + em) (0Fu — W' (u) + 202u) + engW' (u) = e. (1.8)

For the flat interface, the bilayer profile is independent of the tangential variable, 7, and hence is
captured as the first component of a homoclinic solution of the 4-th order extended flat-bilayer ODE
system in r € R,

Oru = p,
op=W' ,

D (u) +ev (1.9)
Orv = g,

Orq=W"(uv + (v = naW'(u)) — emv,
For sufficiently small e, this extended flat-bilayer ODE system (1.9) contains 3 critical points, among
which we consider the one with leading order (—1,0, —ui_, 0), which we denote as

P_(e) = (u—(¢),0,v_(¢),0).

Indeed, via (1.9), it is straightforward to see that the parameter v relates linearly, at leading order, to
the far-field density of amphiphilic material, 1+ u_(¢g), via the expansion

1+u_(g;7) = %6 + O(?).

In [6] the existence of the flat homoclinic solution U, = (up,pn,vn,qn)’ is established for e > 0
sufficiently small, but independent of 71, 72, and . The construction follows by perturbation off of the
£ = 0 case, in which case the first component ug is the solution of the two-dimensional ODE

OZ2ug = W' (uo), (1.10)
which is homoclinic to u_(0). The linearization of (1.10) about wg, yields the operator
Lo := 0% — W (up), (1.11)

which, acting on L?(R), has a single positive eigenvalue, A\g > 0, and a zero eigenvalue, A\; = 0, with
the remainder of the spectrum strictly negative. Denoting the associated eigenfunctions by 1y and

and introducing, vo € L*°(R), the unique, even solution of
Vg zyﬁgll —ndﬁalVV'(uo), (1.12)

the pearling bifurcation of the bilayer uy, is characterized in terms of the functionalization parameters
11 and 72 via the sign of the quantity

1
g = 4)\2/ (W///(UO)UO — ﬁdW”(UO)) YEdr = g1y — apang, (1.13)
0 JR
where the constants .
a1 = 2/ W (uo)(L711)3dr,
405 Jr

(1.14)
Qo2 1= / ((ﬁalwl(UQ) + W”(UO)) TZ}(Q)d’I“,
R
depend only upon the shape of the double well potential, W.

Our main result for flat bilayers establishes that a one parameter family of pearled solutions of (1.8)
generically bifurcates out of each stationary flat bilayer for ag > 0.



Theorem 1 (existence of extended pearled flat bilayers) Fix n1,7m2,v € R. Assume that W is
a non-degenerate double well potential and that o defined in (1.13) is strictly positive and

Bo : L

= M(Q)/R (W (uo)vo — naW" (ug)) Yidr # 0, (1.15)

Then there exist positive constants eg > 0 and kg > 0 such that, for any € € (0,e0], up to translation,
the extended stationary strong-FCH (1.8) admits a smooth one-parameter family of extended pearled
solutions, up(T,7; /€, \/W) with period Ty (e, \/M), parameterized by k € [—Kg, ko]. More specifi-
cally, up and T}, are smooth with respect to their arguments within the domains expect at Kk = 0. The
extended pearled solution u, admits the asymptotic form

up(7,7) = up(r) +2 @j’j cos <2T:T> do(r) + O (s(VE + V/InD) (1.16)

where the error is measured in the L™ (R?)-norm and

Tp:% [1 - vaz +0 (< + ViRl (1.17)

Moreover, the far-field limit of the extended pearled solution is

lim wup(7,7) = lm up(r) = u_(e). (1.18)

r—00 r—+00

1.2 Pearling of extended Circular Bilayers

For a circular co-dimension one interface I'p, we take the tangential coordinate s to represent the
direction with constant curvature k& = —Ry, and rescale the corresponding independent variable as
0 = s/Rp which lies in [0,27]. The Laplacian admits the expression

2

N € 2

Op + ————=0j, 1.19
" Ry+er + (Ro + 67“)2 0 ( )

and the stationary strong-FCH (1.6) in (r, #) takes the form

€0, 20} eoru e203u
. OPu—W' . 0
Ry +er + (Ro +er)? +€771>( rt (u)+ Ry+er  (Ro+er)

(32— W) + 3) +enaW'(u) = ex.
(1.20)
Suppressing the tangential variable 6, the stationary strong-FCH (1.20) reduces to the extended

circular-bilayer ODE system in r € R,

Oru = p,
Orp = W' (u) + ev,

=Wl (1.21)
87"1) =4q,

Orq = W"(u)v + [y = naW'(w)] + ely2 = 750 + 72 W' (w) = mv = gymp] + O(e?),

where v has been expanded as,
v =1+ ey + O(e2).



Like the flat-bilayer system, the extended circular-bilayer ODE system (1.21) possesses 3 critical points,
of which we single out the critical point

P*(e) = (u,(s),(),v,(s),()),

which satisfies P_(g) — (—1,0, —l—i, 0), as ¢ — 0. In [6], it was shown that for fixed 71,72 and Ry > 0
there exists a unique function v, = v; + O(¢) for which

fR(u6)2dr

2 [ (up + 1)dr’ (122)

7 = (na — 2m)

such that for the choice v = 7;(g) there exists a nontrivial orbit of (1.21) which is homoclinic to P_(e).

Remark 1.1 The parameter vy is free for flat bilayers while it is prescribed for circular bilayers because
the flat-bilayer ODE system (1.9) is Hamiltonian while the circular-bilayer ODE system (1.21) is not.

Our main result for circular bilayers provides the existence of discrete families of one-parameter, pearled,
bilayer solutions of the stationary strong-FCH equation (1.20); see Figure 1.1. Both their radii Ry, =
Ry (e, k) and pearling amplitudes are parameterized by the value of the scaled first-integral x of the
Pearling Normal Form equation.

Theorem 2 (existence of extended pearled circular bilayers) Fiz 7,72 € R and R— > 0. As-
sume that W is a non-degenerate double well potential and that ag and By, defined in (1.13) and (1.15)
respectively, satisfy g > 0, Bg # 0. Then there exist constants €g, ko > 0 and n_ > 0 such that, for
all e € (0,0] and each n € Z* N [*=,+00), the stationary, strong-FCH equation (1.20) in the infinite
strip (0,1) € (R/27Z) x R, subject to the choice v = y(€), with v, defined by (1.22), admits, up to
translation, a finite family of one-parameter pearled solutions upn(6,7; /e, \/W) with period 2% and
radius Ron({/2,/|k]) = R—. Each solution is parameterized by k € [—ko, Ko, and is smooth with
respect to its arguments except at k = 0. The extended pearled solution u,n, admits the asymptotic
form

up,n(ev r; \4/57 \/W) = uh(r) +2 \{\/EF COS(DQWO(T) +0O (E(\/E + \/W)> ) (123)
Qo

where the radius of the circular bilayer

ne
Ron = —=

VAN

depends only weakly upon k. The far-field limit of the extended pearled solution

[1 — JaE +0 (5(1 + \/W))] . (1.24)

lim upn(0,7) = lim up(r) = u_(e), (1.25)

T—00 r—00

s independent of n.



Figure 1.1: Quarter-plane views of equilibrium of the strong FCH equation (1.5) corresponding to radially
symmetric bilayer initialdata with € = 0.1 and double well potential W as given in Section 5 of [6]. (left) For
m = 1 and 72 = 2, we have ap < 0, and the ¢ = 3000 evolution is a circular bilayer equilibrium. (right) For
m = 2 and 72 = 2, we have ag > 0, and the ¢ = 500 evolution of the initial data yields a circular pearled bilayer.

Remark 1.2 The number n can be interpreted as the number of “beads” within a pearled circular
bilayer. The size of each bead—the periodicity in the physical variables— is

Ty = 20 = 22 (1 gz + 0 (c(1+ VD) |

depends only weakly upon k, at order O(e%+/|k|), while the leading order amplitude of each bead,

A, = Vel (1.26)
b =2 YA .
T

scales with (\/e|k|).

For both the flat and circular interfaces, the form of the amplitude of the pearled pattern suggests a
divergence as oy — 07, however this is an anomaly arising from the degeneracy of the 1 : 1 resonance
in the PNF system, (2.42). Indeed an analysis of Lemma 2.9 shows that a necessary condition for the
existence of periodic patterns is a

Veoko < M’ (1.27)
from which we deduce that the pearling bifurcation, while degenerate, retains some supercritical char-
acteristics.

Proposition 1.3 (super-criticality of pearled bilayers) In addition to the assumptions of either
Theorem 1 or 2, assume that ag, defined in (4.16), satisfies ag # 0. Fix e € (0,e0) and tune n1 and 12
so that ag goes to 0; then, under this limit, the pearling amplitude, defined in (1.26), satisfies

A
lim  sup f(%) < C,
ap—0 KE[—Ko,k0] V Qg

for some constant C > 0.

1.3 Pearling and Degeneracy in Bounded Domains

The existence results for both bilayers and pearled bilayers naturally extend to a bounded domain,
Q1 C R? so long as the domain possesses the same symmetry as the bilayer interface. Indeed, for



typical homogeneous boundary conditions, such as discussed in [16], and for a bilayer interface I' that
is an O(1) distance from 0f) in the unscaled coordinates, then the exponential decay of the extended
pearled patterns in 7 leads to an O(¢~!) exponential decay in the unscaled coordinates, and a standard
matching argument; such as in [20], permits an extension of the existence result. This is particularly
relevant for the circular bilayers within a concentric circular domain. The adaptation of the extended
flat bilayer to a flat bilayer within a rectangular domain subject to periodic boundary conditions is
trivial so long as the flat interface intersects the domain boundary at a right angle; see Figure 1.2 for
an illustration. The construction of the associated pearled solutions requires a tuning of the periodicity
of the pearled pattern, as in the case of the circular bilayer.

For the gradient flow (1.5), the total mass [, u(z)dz is conserved under time evolution, and as such
it is natural to search for equilibria with prescribed total mass. For circular bilayers; see Figure 1.2,
the far-field value of u is prescribed, and the mass of a circular bilayer is an increasing function of
the radius Ry. Moreover the mass is independent of the pearling correction, at least to leading order,
thus the total mass of the circular bilayer w,, in (1.23) increases monotonically with its radius R p;
however the admissible radii

n_
{Roalk) [n €2 N[, +00), 5 € [=ro,r0]
depend only weakly upon the internal parameter . Indeed the gaps between consecutive radii satisfy

€ 3
Ron(k) — R m:——i—O(si),
071'1( ) O,n+1( ) \/)\70
while the range of the radii over the values of x is bounded by |Ron(k0) — Ron(0)| < O(2). While we
have established the existence of radii Ry which support pearled bilayers, there also may exist radii, and
corresponding total masses,for which no pearled circular bilayer solutions exist local to the associated
circular bilayer; see Figure 1.3.

ARO
R+
L
e >=—=.]| —Ro.n+1
o} c {:
IR Ff ———— Ro.n
b
e{=—=——1 —Ron1
R F
K
Q. and Iz Qfand ¢

Figure 1.3: The admissible radii {Ro,}
graphed verses k for fixed e. The gaps
between successive radii are O(e) while
the variation in Ry, with x is O(g?).

Figure 1.2: (left) A circular bilayer with interface I'g, in a con-
centric domain of radius Ry. (right) A flat bilayer with interface
I'y which intersects the rectangular domain at a right angle.

As an existence problem, these scalings imply that an O(e%) change in the mass faction, which cor-
responds to an O(g?) change in the bilayer radius Ry, can induce an O(1) impact on &, and hence
an O(y/e) influence on the pearling amplitude of the associated equilibrium. This sensitivity of the
pearling amplitude to the mass fraction exemplifies the degeneracy of the pearled morphologies. The
size of the pearled “beads” is fixed, but the amplitude of the pearling pattern couples sensitively to



the full system. In particular for the strong FCH gradient flow, (1.5), the possibility of non-existence
of pearled morphologies at particular mass fractions and the delicate interaction between the radius
of a circular bilayer and the amplitude of the high-frequency pearled morphology suggest a complex
problem whose resolution may be quite sensitive to numerical truncation error.

2 Pearling of the Flat Planar Bilayer

This section presents the construction of the pearled solutions u, to the stationary strong-FCH (1.8)
about an infinite, flat, co-dimension one interface, I'y embedded in R2. The extended pearled solutions
up are small-amplitude modulations of the extended flat bilayers uy, periodic in the flat direction 7.
The construction is organized as follows: In Section 2.1, the application of spatial dynamics techniques,
together with a center manifold reduction, reduces the FCH equation to an 8th order ODE system:;
the derivation of the leading-order terms of the reduced ODE system are summarized in Section 2.2
with the details relegated to the Appendix. A normal form analysis presented in Section 2.3 reveals
the pearling bifurcation structure; and in section 2.4, it is shown that the pearling norm form admits
a family of periodic orbits, which persist as solutions of the full reduced ODE system, yielding the
extended pearled solutions u;, of Theorem 1.

2.1 Spatial dynamics and center manifold reduction

The spatial dynamics analysis begins by re-writing equation (2.1) as an infinite-dimension dynamical
system in the rescaled 7 variable followed by a normal form reduction on the associated center manifold.

Vo

To this end, we rescale 7 by t = *2¢7 and search for extended pearled solutions u,, of

(92 — W (u) + M07 +em) (07u — W' (u) + AoOfu) + enaW'(u) — ey =0, (2.1)
which satisfy boundary conditions at infinity,

Im |uwp(t,7) —u_(g)| =0, for all t € R, (2.2)

r—=+oo

and are even and T;p,-periodic in ¢,
Urp (—t,7) = Urp (£, 1), Upp(t 4+ Tipy 1) = wrp(t, 1), for all (t,7) € R?, (2.3)

where Ty, is to be determined.

We replace u with uj, + 0w in (2.1) and consider the equation of the perturbation du. For brevity, we

Wy,

denote the the perturbation by “u”, instead of “du”. The perturbation solves the system
Lu+ F(u) =0, (2.4)
where the linear operator
L= (Lp+ X007 +em) (L + X00}) + M, (2.5)
is expressed in terms of the second order operator, £, := 02 — W”(uy) and the potential

M = engW" (up,) — (Orzuh = W (up)) W" (up),



while the nonlinearity given by
Flu,e) :=— XoW" (up, + u) (8pu)® — 20 (W (up, + ) — W (up,)) Ofu—

[Eh +e(m —ng) — (W”(uh +u) — W”(uh))] (W’(uh +u) — W (up) — W”(uh)u) —

(W (up, +u) — W (up)) Lou — (02up — W (up)) (W (up, +u) — W (up) = W (up)u) .
(2.6)
We recast the system (2.4) in the vector form

U=L(U+F(U,e), (2.7)

using the transformation U; = u, Uy = uy, Us = Aouy + Lpu, Uy = O (Mouy + Lpu) and introducing

U, 0 1 0 0 0

Us —Lr, 0 L 0 0
U= L(g) = Ao Ao F(U,¢) =

o, | (e) 0 0 0 e (U,e) 0

U4 —%M 0 _T(ﬁh —+ 6771) 0 —%f

Remark 2.1 To avoid technicalities we search for wu, for a fired value of v. It is straightforward to

recover the smooth dependence of u, with respect to .

We observe that, for given small ¢, L(¢) : D(L) — X is a closed operator defined in the Hilbert space
X with its domain D(L) = Y, where

X = H3R) x H*(R) x H'(R) x L*(R), Y = H*R) x H3(R) x H*(R) x H'(R).

In the sequel we replace dyu and d2u with Uy and %O(Ug — L,Uy), respectively, in equation (2.6) for F.
The map F : Y x [—eg,e0] — Y is smooth, for ey > 0 is sufficiently small.

Lemma 2.2 The spectrum of L, :=1L(0,0), o(Ly), as shown in Figure 2.1, satisfies

(i) oc(Ly) = o(Ls) NiR = {0,+i}, where eigenvalue 0 has geometric multiplicity 1 and algebraic
multiplicity 4, and eignvalues i have geometric multiplicity 1 and algebraic multiplicity 2.

(ii) There exists n > 0 such that o(L,) N{|ReA| < n} = o.(Ly).

10



A=-n A A=n
Xiz
/N xo /N »
X-i

[n]---algebraic multiplicity n
Figure 2.1: The spectrum of L, indicating the center eigenvalues and their multiplicity.

Proof. We first introduce the operator

£ HYR) — L*(R)
U — (EO+A0)\2)2u

which, for any A € C, has the same Fredholm properties as the operator L, — AId; see a similar case
in [18] for a detailed proof. More specifically, L, — AId is Fredholm if and only if £* is Fredholm. In
addition, if Fredholm, then L, — AId and £* have the same Fredholm index. We omit the technical
details required to establish that dim CoKer(LL, — A1d) = dim CoKer £*; however it is straightforward
to see that
dimker(L, — AId) = dimker £*,

since

Ui
Us
Us
Ui

(L, — AId) =0« LU, =0.

To obtain the spectral properties of L., the dispersion relation of £* implies that
o(Ly) ={X € C | (u+ X)I?)? =0, for some u € o(Ly)},
where Ly, defined in (1.11), is of Sturm-Liouville type with simple, real spectrum thats satisfies
o(Lo) N{ReA =0} = {0, N0}, o(Lo) N{ReA <0} C (00,—c), for some ¢ > 0.

These observations conclude the proof. ]

11



The center space X, of LL,, that is, the spectral subspace associated to o.(LLy), is 8-dimensional and
spanned by the eigenfunctions {E1, By, By, Eo, Fy, Fy, F3, Fy}, where

1 i 1
i 0 0
E = E F =
1 0 Yo, Eb o Yo, I 0 Y1,
0 —2Xo 0
(2.8)
0 0 0
1 0 0
2 0 Y1, F3 o Y1, Fy 0 (01
0 0 Ao
Moreover, these generalized eigenfunctions of IL, satisfies
(Ly —1)E1 =0, (Lyi—1)Ey=F;, L.F}1=0, L.F,=F,
(Ly +1)Ey =0, (Ly+i)Ey=FE;, L.F3=F, L.F=~F;, (2.9)

S%: Id, SlElel, SlEQZ—EQ, Sle:Fj, Sle:—Fk,j:1,3;k=2,4,
Sg = Id, SQEJ' :Ej, SQE]' :Ej, Sng:*Fk,jzl,Q;k‘: 1,2,3,4.
where S7 and Sy are the symmetries inherited from the ¢ — —t and r — —r symmetries of the original

PDE (2.1). Here S is a reversible symmetry and plays a crucial role in the subsequent bifurcation
analysis. From (2.9) we develop an explicit expression of the spectral projection P, : X — X,

U :=PU =(U, BB, + (U, B3 Ey + (U, E¥)Ey + (U, E3Y) Eo+

Fad F Fad F Fad F Fad F (210)
<U7 1 > 1+<U7 2 > 2+<U7 3 > 3+<Ua 4 > 4,
where
3 0 1
ad % ad 0 ad 0
E1 - 1 ¢07 E2 = i 1/)07 Fl — 0 d]la
Y 4)\%
0 — 0
?)AO ) (2.11)
1 0 0
e A B RO LR B
Ao 1
0 0 L

These vector functions with superscript “ad” are generalized eigenfunctions of the adjoint operator 124
associated to 0 and +i in (L?(R))?* with canonical inner product (-, -). Moreover, a standard calculation
[14] shows that, for any given wg > 1, there exists C' > 1 such that
. 1 C
l(iw — L) " Ullx < ﬁHUH?G for all |w| > wo,w € R,U € (Id — P.)X. (2.12)
w
Therefore, based on Lemma 2.2 and the norm estimate (2.12) on L.|(1q _p,)x, We can apply the center
manifold reduction theorem to the system (2.7) and obtain the following proposition (see [10, Theorem
2.9)).
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Proposition 2.3 Given any fived v and k € Z™, there exist open sets containing the origin U C X,,
VY (Id —P)Y, W eR, and a C¥-smooth map ¥ : U x W — V, for any fized nonnegative integer k,
such that the center manifold M., that is, the graph of the map V, has the following properties.

(i) The center manifold M. is tangent to the center eigenspace X,

1 (e, €)lly = O(elllUe]l + [1Ue]1?). (2.13)

(ii) The center manifold M, is locally invariant, that is, if U is a solution to (2.7) with U(0) € M,
and U(t) e U xV fort € [0,T], then U(t) € M. for all t € [0,T].

(ii) The center manifold M. contains all bounded solutions to (2.7) with R as the existence interval,
that is, if U is a solution to (2.7) satisfying {U(t) |t € R} CU x V, then {U(t) |t € R} C M..

2.2 Reduced center manifold ODE

In this section we calculate the reduced ODE system obtained by restricting (2.7) to the center manifold.
From the analysis presented in Section 2.1 and summarized in Figure 2.1 it follows that the reduced
ODE system is of 8-th order which can be viewed as a coupling of two four-dimensional systems which
exhibit the so-called “reversible-Hopf bifurcation” and the “reversible 0T bifurcation”. Moreover, the
coupling occurs at the nonlinear level and is weak. On the linear level, the Si-reversibility of the
reduction to the ti-eigenspace gives rise to the “reversible-Hopf bifurcation”, which is well-studied; see
[8, 13]; while the S;-reversibility of the 0-eigenspace gives rise to the “reversible 0%t bifurcation” , whose
study is quite open; see [10]. Fortunately, extended pearled solutions result from the “reversible-Hopf
bifurcation”. Moreover, it is known that the analysis of this bifurcation relies on the coefficients of the
cubic terms in the norm form [13]. Therefore, all the necessary terms of the reduced ODE system, up
to cubic order, are explicitly determined in this section.

To restrict the system (2.7) to the center manifold we consider U in the form
U =U.+¥(U,,e). (2.14)
Substituting this form (2.14) into (2.7) and applying the projection P., we obtain the reduced equation,
U, = LU, + P, (M(s)(Uc + (U e)) + F (U, + B (U, 2), 5)), (2.15)

where M(e) := L(e) — L,. Moreover, from (2.10), we note that U, admits the general expression
2 4
Ue(t) =Y (Aj(0E; + A;(1)E;) + Y Bi(t) Fy, (2.16)
j=1 k=1
Using this expression of U, we rewrite the reduced system (2.15) explicitly in terms of

A= (A17A27A17A27B17B2>B37B4)' (217)

We summarize the essential result into Lemma 2.4, relegating the detailed results and concomitant
calculations to Appendix 4.1. The principle technicality in the calculation lies in finding the explicit
expression of V(5 0)(Ue, Ue) in terms of A; see Lemma 4.2 for details.
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Lemma 2.4 The reduced system (2.15), in terms of A, called the reduced ODE system, admits the
exTpression

A =L()A + Ra(A) + R3(A) + O (=P|A[ + [e]|A]* + |A]*) ., (2.18)
where the linear term L, the quadratic term Ra, the cubic term Rg are of the following expressions.

i(1+pme)  1— e ipge H1E 0 0 0 O
U2 i(14 pse) U2 —iuse 0O 0 0 0
—ipe U1E —i(1+ ) 1+ e 0O 0 0 O

L(&) _ U2 iuse U2 —i (1 + ,u38) 0O 0 0 O ’ (2.19)
0 0 0 0 0 1 0 O
0 0 0 0 mwe 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 puse 0 pge O

RQ(A) == (0) R2,27 07 R2,27 07 07 07 RQ,S)T ) R3(A) == (07 R3,27 07 R3,27 07 07 07 R378)T )

where the expressions of every pj € R and Ry 32,8 in terms of A can be found in Lemma 4.1.

2.3 Norm forms

We obtain a normal form of the leading-order-term reduced system via a composition of a linear
versal transformation and a near-identity nonlinear transformation. The versal transformation allows
a Jordan-form type decomposition which is smooth in the parameters, see [2] for full details.

Lemma 2.5 For sufficiently small ¢, there exists a smooth linear map T(e) with T(0) = Id such that
under the transformation

A =T()C, C=(Cy,Cy,C1,Cy Dy, Dy, D3,Dy)",
the linear part of (2.18) in A, that is,

A =L(e)A, (2.20)
takes the versal normal form
C=2()C+0O(flCl), (2.21)
where
i(1+wie) 1 0 0 0O 0 0 O
woe i(14 wie) 0 0 0O 0 0 o0
0 0 —i(14+wie) 1 0O 0 0 o0
i1
L) = 0 0 WoE il+we) 0 0 0 O (2.22)
0 0 0 0 0O 1 0 o0
0 0 0 0 0O 0 1 o0
0 0 0 0 0O 0 0 1
0 0 0 0 wze 0 wge O
Here we have introduced
1
wy = 5(#1 +p3), we = p2, w3 =[5, wWi= 4+ e, (2.23)

where the expression of each p; € R can be found in Lemma 4.1.
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Proof. We point out that L(e) inherits the symmetries 7 — —7 and r — —r of the original PDE (1.8),
that is,
SlL(E) = —L(E)Sl, SQL(E) = L(E)SQ,

where o ~ B

Sl (Ala A27 A17 A27 Bl; B27 B37 B4)T - <A17 _A27 A17 _A27 B17 _B27 B37 _B4)T7

SQ(Ala A27 Ala A’Zl27 Bla BQ) B37 B4)T - (A17 A27 Ala A27 _B17 _BQ; _B37 _B4)T'
Then, according to [2, Theorem 4.4], a versal deformation of the Jordan normal form L keeping the
symmetries can be chosen in the form

i(1+a) 1 0 0 0 0 0 O
@y i(l+@) 0 0 00 0 O
0 0 —i(1+@) 1 00 0 O
0 0 s —i(14&) 0 0 0 0
0 0 0 0 01 0 0
0 0 0 0 00 1 0
0 0 0 0 00 0 1
0 0 0 0 @3 0 @y 0

where w;(e) € R with w;(0) = 0 for j = 1,2,3,4. Comparing the coefficients of the characteristic
polynomials of the two 4 x 4 diagonal blocks associated to (A1, A2, A1, A3) in (2.19) and (2.22), we
have
{(1+0~01)2 —wy =14 (1 — p2 + p3)e,
(L4 @1)% +@2)" = 14 2(p1 + 2 + pz)e — 4pz — ),

from which we have

B1(e) = (11 + ps)e + O (1), Bale) = o + O ().

Similarly, we have
B3(e) = s+ O (1el2) . @ule) = (ua+ pg)e + O (eP?).

We truncate this versal deformation up to linear terms in €, denote it as .Z(¢) and conclude our proof.
|

On the other hand, we have the following nonlinear normal form.
Lemma 2.6 There exist smooth families of degree-2 polynomials

Dy = (P21, P22, Pas, Pou, o5, Pog, Por, Pas)”,
and degree-3 polynomials

Dy = (P31, P32, P33, P34, P35, P3g, Par, P3s)’,
in terms of C such that such that under the near-identity transformation

A = C + 35(C) + &5(C), (2.24)
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the nonlinear part of (2.18), that is,
A =L(0)A +Ry(A,A) +R3(A, A A), (2.25)
takes the normal form
C = L(0)C + %»(C, C) + %3(C, C, C) + O(|C|Y). (2.26)
Here %5 = 0 and %3 = (,%’3,1,,%’3,2,,%’3,3,,%’3,4,,@3,5,%3,6,%3,7,%3,8)T s of the form

31 :i{01 [07C1.Cy + agi(CLCy — C1.Ch)] + agCiD? + aggiDy (CaDy — Cy Do)+
11Cy (2D D3 — D2) + 0121 [C1 (D3 D3 — 3Dy Dy) + Co(2D1 D3 — D32)] };

3.2 :{cl [01C1.Cy + a9i(C1Cy — C1Cy)] + asChD? + ayiDy (CoDy — Cy Do)+
05C1(2D1 Dy — D2) + agi[Cy(DyDs — 3D1Dy) + Co(2Dy Ds — D3)] }+

i{Cz [a7C1C'1 + agi(C1C — 0102)] +agCyDf + a10iDy(Co D1 = C1 D)+ (2.27)

11C1(3D1 Dy — DyDs) + 011 [2C1 (2D2 — 3D3Dy) + Co(3D1 Dy — DoDs)] };
P33 =D1(B1C1C1 + B2C2C5) +i(C1Cy — C1Co)(B3D1 + B4Ds3) + B5C1C1 D3+
BsD2(C1Cy + C1Cy) + B7[3(C1Cy + C1Co) Dy — 2C5Cy D3] + gDy D3+
D}(ByD1 + BroDs) + B11(D3D3 — 2D1D3) + Bi2(D3D3 — 3D1D2Dy)+
B13(9D9D3Dy — 9D D3 — 4D3);
R jro =R, j=1,2; R3r =0, k=56,T;

where the explicit expressions of the coefficients o, € R, are given in Lemma 4.3. Moreover, the
transformation preserves the reversibility S1 and the symmetry So.

Proof. Following [10, Chapter 3], we cast the normal form problem as a solvability issue on a space of
polynomials in C which is expressed in terms of the Fredholm alternative of the operator

) ) D oL )
D= (iCy + Cy) =— +iCy— + (—iC1 + C3) —= + (—iC2) == Dji1—. 2.28
(iCy + 2)801+1 28024-( iC1 + 2)8C'1+( i 2)802—#; 18D, (2.28)
For convenience, we introduce the polynomial space Pj, j = 2,3, which is the set of all degree-j

homogeneous polynomials in C, with the inner product

(P | Q)= P(0c)Q(C)lc=o-

We point out here that the conjugacy @ only acts on the coefficients, in the sense that, for example,

for Q(C) = iC?, Q(C) = —iC?%.
More specifically, plugging (2.24) and (2.26) into (2.25), we obtain the following two equalities.

(D-L(0)®, = Ro— %, (2.29)
(D - L(O))(I)g = Rs+ QRQ(C, (132) — X3 — (ch)g)g@z, (2.30)
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From the Fredholm alternative, we may solve for ®3 and %5 uniquely in (2.29) subject to

Ry € ker ((Dad _ Lad(())) ‘PQ) , Oy € (ker <(D - L(O))|p§))L ;
where

0

9 0 9 g
Dad — (—101)7 + (C ICQ) + 101 (Cl + 102) % + Z j— laD

0C 0C, oCy
In fact, we claim that %> = 0. To show this, we only need to verify that
Ry € Re (D~ L(O)lps) = (ker (D —L(0))]p3))
which follows from the expression of Ry in (4.2) and the fact that

ker (Dad|P2) = span{C’lc_'l, 01(72 — 6102, D%, 2D1D3 — D%},

ad : _ . (231)
ker ((D + 1)‘1:)2) = span{ClDl, C1 Do CQDl}.

L
As a result, we obtain ®5 € (ker ((D - L(O))|Pg)) with coefficients,

2
®91(C) = gl [(301 n 120%7_ + 14cq yco,— —40c1,—co 4 — 90%7_)
+ 1(1201,+01,— +32c¢1, 4024 + 401,—02,—)}

1
+v5|(= 3D} + DiDs +2D3 — 2D2D4 — 3D3) +2i( D1 Dy — 2D2 D3+ 2D3 D) |,

2v
‘13272(0) :?1 [( — 18017_0_01,_ + 1201’+027+ -+ 601,_62’_ — 44027_;_02,_)

+ 1(96%,+ —30c1 4co,— +24c1 —co 4 + 320374r + 13057_)]

1

+v3|(D1D2 + D1 Dy + DDy = 4DsDy) +i(5 D} + D1Dy — 203D — D3 +4D7) .
D23(C) =21 (51C) = P21(C),  @2,4(C) = —P22(51C) = 25(C),
‘1)275(0) =81 [(Cl 4+ —C2 _)Dl —2c1 _D2 —4cq +D3 + 8(01 _+4+co +)D4]
®2,6(C) =81 [ c1,— (61 + 1+ 3¢ ,)DQ + 2(61 _ —2c +>D3 + 4cq +D4]
@277(0) =81 [ (01 +t e _)D1 — 4o +D2 + (Cl ++ 3¢ _)D3 — 2 _D4]
®28(C) =8uvz [(c1,- — 2¢2,4)D1 — (e14 — 3c2,—)Da —c1,- D3 — (1,4 — 2, ) D4] .

(2.32)

Conversely, it is less straightforward to obtain the explicit expression of %Z3. We start by determining
a representative form for %3. Similar to the quadratic case, from the Fredholm alternative, we solve
(2.30) uniquely for ®3 and #3 subject to

K31 D 4 0 - _
<%3 2) € ker (( 1 pag p2 |, Ha3z=H31, Hsza= A3z,

H3s = K36 = K37 =0, Hzg € ker ((Dad)4’P3);

1
®3,1 D—i -1 B )
<<I>3 2> ( . (( 0 D_i> |P§>> o P =31, P3a= D3,

1
D36 =DP35, C37=D>35 Pys="DP35, P35¢€ (ker ((D)p,))
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Similarly, we point out that

ker (D™|p,) = span{C1C1 Dy, (C1Cs — C1C2) D1, D},
D1(2D1D3 — D3),3D,(DyD3 — D1 Dy) — D3},

d 24 A A 2 2 (2.33)
ker ((Da + 1)‘133) = span{Cl Cq, 01(0102 — 0102), ClDl, 01(2D1D3 — Dg),
(ClDQ — CQDl)Dl, 1 (D2D3 — 3D1D4) + 02(2D1D3 — D%)}
Based on (2.33) and the condition that %3 1\, satisfies
%3 1 Dad +1 0
’ k
<%372> € er(( 1 Dad—i—i) ’P% )7
we obtain %3 1\ in the following form,
%371 =4 [&7016_'1 + &S(Clég — 6102)] + agch% + &le(Cng — ClD2)+
&1101(2D1D3 - D%) + Q19 [Cl(Dng — 3D1D4) + 02(2D1D3 - D%)],
%372 =1 [621016'1 + a2(016_'2 — 6102)] + &301Df + as Dy (Cng — Cng)—i- (2 34)

asCy (2D1D3 - D%) + ag [Cl(DQDg - 3D1D4) + 02(2D1D3 - D%)] +
(s [627016_'1 + ag(clc_'z — 6_'102)] + &gCgD% + 6210D2(02D1 — Cng)—f—
&1101(3D1D4 — D2D3> + Q19 [201(21)% — 3D2D4) + CQ(3D1D4 — Dng)] .

Moreover, based on (2.33) and the condition that #Z35 = #36 = X37 =0, and X35 € ker ((Dad)4\p3),
3 5 takes the form

2 4 4
Hzg=> > BineCiCpDy+ D} B;Dj + BsD1Dj + BsDi + B7D1 Dy D3+
k=1 =1 j=1

Bs(D3Ds — 2D1D3) + Bo(D3 D3 — 3D1 D3Dy) + B1o(2D1 D3 Dy — D3Dy)+
B11(3D1 D3 Dy — D3 D3) + Br12(9D2 D3 Dy — 9D DF — AD),

where 894 = 0 and S124 + Ba14 + 3Pa23 = 0.

We point out that this normal form inherits the symmetries of the original reduced ODE system.
More specifically, Wa 3 and %9 3 commute with S; and Sa; see [10, 3.3] for details. As a result, the
preservation of the reversibility Sy further simplifies the cubic term %5. In fact, we have

ay,as, s, s, a0, @12 € R, ag, ay, ag, a7, g, a1 € iR, (2.35)
and ~ B B ~ ~
K35 =D1(B1C1C1 + B2C2C2) +1(C1C2 — C102)(B3D1 + B4D3) + B5C1C1 D3+
BeD2(C1Co + C1C2) + B7[3(C1C2 + C1C2) Dy — 2C2Co D3] + Bs D1 D3+ (2.36)
D3(ByD1 + BroDs) + Br1(D3D3 — 2Dy D3) + B12(D3D3 — 3D1 Dy Dy)+ .
$13(9D9 D3 Dy — 9D D3 — 4D3),
where all 3; € R, j =1,2,...,13. The expression for ®3 is not required in the sequel and omitted. m
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Applying the composition of the linear and nonlinear normal form transformation, that is,
A =T(e) (C+ ¥(C) + ¥3(C)),
the system (2.18) admits the normal form
€ = Z(e)C + Z5(C) + O([PICI + [l [CI2 + [C|1). (2.37)
Truncating the normal form system at cubic terms in C and leading order in ¢, yields
C = Z()C + %5(C). (2.38)
The truncated normal form gains an extra rotational symmetry Ry, given by,

RQ(C) = (81601, 61602, e_ieél, e_ieég, Dl, DQ, Dg, D4). (2.39)

Remark 2.7 This additional symmetry Ry results from the form of the linear term in the original
8th-order ODE (2.18) and our particular choice of the normal form transformation; see [10, Chapter
3] for details. Moreover, this additional symmetry Ry fails to hold for the full normal form system
(2.37) while the reversibility S1 and the symmetry So hold.

2.4 Construction of extended pearled solutions

We adapt the techniques of [13, Section 3.1, 4.1], employing rescalings and the implicit function theorem
to construct periodic solutions to the normal form system (2.37), which correspond to extended pearled
solutions of the flat-bilayer system (1.8).

Restricting the truncated normal form system (2.38) to the subspace
@ = {(01, Cs, Cl, C'Q, 0,0,0, 0) | Cq,Cs € C},
yields the 1:1 resonant normal form; see [12, 13, 10],

{Ol = i(l + wl€)01 + Cy +iC} [0670101 + 0481(0102 — 0102)],

CQ = i(l + o.)1€)02 +1Cy [Oz7clc_'1 + Ozgi(Clc_b — 6'102)] + Cy [WQE + 011016_'1 + iOéQ(C;[C_Q — C_'1C2)] .
(2.40)

Remark 2.8 The 4th-order system in [13] admits a very general normal form in which the even-order
terms automatically vanishes. We can not make this generalization here since the invariance of the

pearling modes is not guaranteed when we push the normal form to high orders.

The construction of the extended pearled solutions relies crucially on two properties of the 1:1 resonant
normal form. First, the 1:1 resonant normal form (2.40) admits two first integrals,

1 ~ ~ Q
K= (010~ i), H= Co)? — 71|01|2 — (woe + 202 K)| |Cy %,
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and as a consequence may be reduced to a 2nd-order ODE in the variable u; := |Cy|?. The pearled
morphologies we seek correspond to periodic solutions of (2.40), which are temporal equilibrium of the
2nd-order ODE for u;. As a second point, the 1 :1 resonant normal form is autonomous in the pearling
modes (Cq,Cy,C1,Cy) and thus the subspace R? is invariant under the truncated normal form flow
(2.38). In this sense, the pearling modes (C4, Ca, Cy,Cy) and the meandering modes (D1, Do, D3, Dy)
exhibit a weak coupling. Accordingly, we anticipate that structures in the 1:1 resonant normal form
will persist in the full normal form system.

A complication in the persistence argument arises through the degeneracy of the particular 1:1 resonant
normal form studied here. The two parameters, oy and ws, characterize the 1:1 resonant normal form,
where «q is the coefficient of 0126_‘1 in the second entry of the cubic normal form. As shown in Lemma
4.3, for the pearling problem we have

a1 = 0,

which leads to a degenerate 1:1 resonance. For uniformity of notation and the sign consistency with
the linear stability condition in [6], we also introduce

1

= 4)\(2)/]R (W (uo)vo — naW" (uo)) igdr. (2.41)

Qo 1= —W2 = — U2

With these modifications, we rename the degenerate system the pearling normal form (PNF) system,

{Ol = i(l + wlé‘)cl + Cy +1Cy [0470101 + agi(CléQ — CHCQ)}, (2 42)

CQ = i(l + wls)Cg +1Cy [0470101 + agi(clég — 0102)} + C1 [—0408 + iOéQ(ClC_Q — 6_1102)] ,

For this degenerate case the persistence issue is a singular perturbation problem; removing the sin-
gularity requires two novel proper rescalings. After the first scaling, we construct a Poincare map,
which is well-defined for sufficiently small system parameters, including the zeroes. However the base
of the transverse hyper-plane in the Poincare map consists of eigenvectors. As the system parameters
approach zero, the degeneracy of eigenvalues results in the coalescence of the eigenvectors, which we

overcome via a second rescaling. The persistence follows from an implicit-function-theorem argument.

The existence results for periodic solutions of the PNF system are summarized in the following lemma,
where for convenience, we assume € > 0 and introduce the rescaled first integral x := ¢~ 3/2K.

Lemma 2.9 (degenerate 1:1 resonance) For fized 01, 12, v € R and a non-degenerate double-well
potential W, there exist g, ko > 0 such that, for every e € (0,e¢], the PNF system (2.42) admits a
degenerate 1:1 resonance, characterized by o, defined in (2.41). More specifically, we have

(i) For ag <0, the PNF system (2.42) has no periodic solutions except for the trivial equilibrium.

i) For ag > 0, the PNF system (2.42) possesses a family of periodic orbits (C?,C%,C?, CY), param-
Y Y 1 2
eterized by k € [—ko, ko). In fact, the family of periodic orbits is smooth in terms of small /e
and \/|k| except for k =0, admitting the form

O (t,6; v/, V/]k]) =V/elnlre @0,

: 2.43
CP(t,0;v/E, \/|r]) =sgn(r)iey/|r|rael@+0), (2.43)

where

r1(Ve, \/H) = (ap — 2a2ﬁ/~i)_1/4, (2.44)
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and

1
ro=—, w=14wie+sgn(k)Ver: + arelk|r? + 20z’ %k, 0 € R/[0,2n]. (2.45)
1

Proof. Under the polar coordinate change

Cl _ ?181(1+u.)1€+91)7 CQ — eri(1+w1€+92) up = ?;%

the PNF system (2.42) becomes

(%)2 =4f(u1),

d(62—0 _

(%it L= _K<u1u2) 1f/(u1)7 (2.46)
% = Kufl + arui + 208K,
2 = (apug + 205 K) L,

where f(u1) = (—ape + 2a2K)u? + Hu; — K2. We observe that a double root of

f(u1) =0,

corresponds to an equilibrium of the ODE

2
— ] =4 2.47
() = s (2.47)
which corresponds to a periodic solution in the PNF system (2.42). We apply the rescaling
uy =¢evy, K= 53/2/£, H = £2h,

to f(u1) = 0 and have
(—ag + 200kV/€)v} + hoy — K2 =0

which admits a double root if and only if
(2(—ap + 2a2k/E)v1 + h, (—ag + 200k/E)0] + Ii2)T =0. (2.48)

If ap < 0, (2.48) admits only the trivial solution for small € and k. If ap > 0, then we can solve v; and
h in terms of € and «. In fact, we have, for sufficiently small € and &,

|%|

vi(e, K) = = (2.49)
h(e, k) = 2(ap — 2a9+y/2K)v1.

We conclude our proof by letting r1 = /v1/|k|. [

In the sequel we assume ag > 0 and k£ > 0. The analysis of the case k < 0 differs only by a sign change.
To demonstrate the persistence of the periodic solutions of the PNF system in the full normal form
system (2.37), it is necessary to remove the singular nature of the bifurcation. To this end we apply
the rescaling

C = /zrC, (2.50)
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to the normal form system (2.37), obtaining a new ODE system
C = Z2()C + ex#3(C) + eO(e|C|| + Ver||Cl)? + V€I€3HCH4), (2.51)

where we have dropped the “tilde” notation on C. To simplify the proof of the persistence we introduce
the new small parameter ( for which { = 0 corresponds to the cubic truncation, while ( = ¢ corresponds
to the full normal form. Specifically, we study the system

C = F(C) +¢O(e]| C|l + Ver|C|* + Ver?||CIl*), (2.52)

where F(C) := Z(g)C + ex#3(C). The following Proposition, taken from [13], greatly simplifies the
construction.

Proposition 2.10 An orbit of an autonomous reversible system is periodic and reversible if and only
if there exist two different fized points on this orbit with respect to the reversibility.

We lift the scalars r; and ro, introduced in Lemma 2.9, which serve as the base point for the periodic
solutions of the PNF system, to a vector in the 8 dimensional space, defining the base point r as

I‘(\/g, \/E) = (Tlv i\/ng’Q, 1, —i\/gTQ, 07 07 07 0)T7

and obeserve that the periodic solution R,:r to the system (2.52) when ¢ = 0 has two fixed points
under reversibility, that is,
Sir=r, SiR,r=R,r.

Here we recall that

51(017027017027D17D27D37D4)T == (017 _6_'27017 _CQ7D17 _D27D37 _D4)T7
Ry(C1,Ca, C1, Ca, D1, Dy, D3, Do) = (eC1,€°Cy,e7C1, e Co, D1, Dy, D3, Da)?.

We assign two transversal hyper-planes, H; and Hs, respectively to r and R,r, given as follows.
H ={CeRxR*|S,C=C}, Hy={CeRIxR*|(C—R,r)-R,Gr =0},

where G is the infinitesimal generator of the group Ry and “-” represents the Euclidean inner product.
It is then not hard to see that, for the rescaled system (2.52), there exists a smooth Poincaré map,
denoted as II, from an open neighborhood of the base point r in Hy, N(r, Hy), into one of R,r in Hj,
N(Ryr,Hs). More specifically, we have

II(C, Ve, VK, ¢) : N(r, H1) x [0,/20] % [0,+/ko] % [—Co,C0] = N(Rxr, H). (2.53)
Meanwhile, there is also a smooth “arrival time” map

T(C,ve Vi, Q) : N(r, Hy) x [0,y/20] x [0, /o] x [=Co, Co] = R. (2.54)

According to Proposition 2.10, any point in H; N Rg(II) corresponds to a periodic orbit of the system
(2.52), vice versa. To further analyze the Poincaré map, we first linearize the system (2.52) around the
periodic orbit R.,:r. We introduce the change of variables local to R;r,

C= RWt(r + q)7
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and study the flow of q instead, that is,

da _

" F(r+a) — F(r) - wGa + O(VE(VE + V). (2.55)

Linearizing the system (2.55) at q = 0 yields the following system

q=Hq + O(exlall* + Ve(Ve + Vr)IC]), (2.56)

where H := VcF(r) — wG.

Remark 2.11 The reversibility holds within the truncated system q@ = F(r+q) — F(r) —wGq, but not
within the full ODE system about q, since the rotational symmetry Ry and the reversibility S1 do not
commute. As a result, we have

S1H = —-HS;.

The next step is to obtain the eigenvalues and corresponding eigenmodes of H. We note that H is
block diagonal. The upper diagonal block H; of H is of the form

0100 —i 0 0 0 0O 0 0 O 0 0 0 O
00 0O 0 -1 0 0 a 0 0 O ag 0 ag O
H, — 2 _ 2.2
=looo 1|20 0 io|l o o0 o |0 0 0 ot
00 00 0 O i 0 0 a9 O ag 0 ag O
iay asg iay  —ag iag 0 iag 0
em"% 0 —iap O ia L B2, 3042'— a7 iag 042.—047 —iag
—iay —ag —iar  ag —iag 0 —iag 0
0 —iag 0 iOéQ Qo — Q7 iag Qo — Q7 —ias
0100 —i 0 0 O
00 00 0 -1 00
= V/ O(e).
000 1| Ve o i o] F9C
00 0O 0 0 0 i
It is straightforward to see that
or Ow
HG = 0, H-— - G )
r ENCARE N

where r := r(y/e, k) and w := w(y/e, /k). As a result, 0 is an eigenvalue to the upper diagonal block
H; with algebraic multiplicity 2. A direct calculation then shows that the determinant of Hy is

det(A — Hy) = A\ + 4erg )2,

which indicates that the other two eigenvalues of H; are

+A; = +2i/erl = 121V ape — 20083/2k = +2i\/age + O(ek),
with associated eigenvectors ric satisfying
Hrf‘ = Alrf‘, Slrf =r].
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More specifically, a nonzero vector of cofactors of any row of Hy — Ay is an eigenvector with respect to
A1 since the algebraic multiplicity of A; is 1. We then let rf = (rfl, 0,0,0,0)7, where rfl is the vector

of cofactors of the second row of H; — A; after an e%/2k-rescaling, that is,
ary/ekrt 0
: 2
4 iarerry 0
ry, = = + O(Ve).
L1 2 — ag\/ekr] 2 (Ve)
2i\/er3 + iazerr? 0

The lower block Hs of H is of the form

H,

o O o O
o O O =
> O = O
O = O O

where
b=clws+ Bskri — 2Brekrs + 264vek], c=¢€(Bo+ B1kr? + Bockrs + 2B3v/2k) .
Here we use the fact that 8y = ws. Noting that the characteristic polynomial of Hy is
M_bA2—c=0,

we conclude that Hs has nonzero eigenvalues if and only if ¢ # 0, which can be guaranteed by further
assuming that Sy # 0 for € and x sufficiently small.

We summarize our assumptions on system parameters in the following hypothesis.

Hypothesis 2.12 (generic and non-degeneracy condition) We assume that

ag>0, Bog#0, >0, k>0 (2.57)

Under this non-degeneracy assumption, we have, for sufficiently small s and ¢,
b2 +4c #0,

which implies that Hy admits four distinct nonzero eigenvalues +Xy and +\3 of order /¢ and with
associated eigenvectors réﬁ and 1'3jE satisfying

_ + _ ot + _ - +
Hrg' = )\21‘3_, Hr; = \3ry, Siry; =r,, Siry =r;3.
More specifically, we choose

1/2
<b+ Vb2 +4c> /
2

Ay = = /Boe + O(¥* + ex), r5 =(0,0,0,0,1, X, 23,237,

\ (b—\/62+4c
3 = - a4
2

1/2
) =1/ Boe + O(3* + Yer), ry = (0,0,0,0,1, A3, 3, \3)7.
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Based on the spectral information about H we collected, we denote

I'O(\/ga \/E) = \4/%8?;% = (LO’ 1,0,0,0,0, O)T + O(\/E),

rj(\/g,\/g):r;'—kr;? j:172737
Fl(\/ga \/E) :r—lf— _r1_7
5(Ve Ve) =1f —r;, j=23

We note that every r;, 7 = 0,1,2,3 is a smooth with respect to its arguments. In particular, even
though Ay and A3 are of order /e,

rj=r+r; =2(0,0,0,0,1,0,)%,0)" =2(0,0,0,0,1,0,0,0)" + O(\/2), j=2,3,

is smooth in terms of /. We characterize the two transversal hyperplanes, H; and Hs, by the
eigenvectors, that is, H; =r + H; and Hy; = R;r + H, where

Hy = span{ro,r; | j =1,2,3}, Hp = span{Rxro, R,r | j =1,2,3}.
We also parameterize q; € H 1 and q9 € ﬁg by

3
q1 = E q1,5¥5,
j=0

) ; (2.58)
Q= @R+ G R,
=0 i=1

where we denote ¢1 = (¢1,0,¢1,1,¢1,2,¢1,3) and g2 = (42,0, 92,1, 92,2, 92,3, 42,1, 42,2, §2,3) -

Remark 2.13 The parameterization (2.58) is singular at € = 0, since the eigenvalues coalesce. More

specifically, when € = 0, multiple eigenvectors collapse into one, that is,
2r(0, Vi) = 11(0,v/k),  r§(0,vk) =15 (0,Vk) = 1 (0, V) = 15 (0, V).

Therefore, with this singular parameterization (2.58), we rewrite the Poincaré map and the arrival time
map as follows.

T [=q0,90]* x [0, v/Eo) % [0, /o] X [C0, 0] — N(Ryr, Hy),

(qla \/‘gv \/E? C) — H(I‘ + Z?:O q1,;T5, \/g? \/E7 C)v
T : [_Q(h QU]4 X [Oa \/go] X [07 \/EO] X [_C07 CO] — N(RWI‘,HQ),

(QM \Ea \/Ev C) — T(I‘ + E?:o q1,5T4, \E7 \/Ev C)

Note that II and T' are smooth in terms of their arguments in the domain due to the fact that every r;
is smooth in terms of \/¢ and /k. Moreover, according to the coalescence of eigenvectors when & = 0
in Remark 2.13, it is not hard to verify that

T(q, Ve, vk, Q) =1+ O (VE(l+ Ve + ¢ + i) = g +0 (Ve(l<l+ ) - (2.59)
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Applying the variation of constant formula to (2.56) and the parameterization of q; in (2.58), together
with the equality (2.59), we have that

(a1, vz, Vi Q) =Rz (r + e ar ) + Oerflan |2 + VE(VE + VR)IC))

3
7T ~
=Rer+ Brexp(Ho)a1 +w | Y Tjqr; | ReGr+0 (VE(<| + llar]*)
§=0
3 (2.60)
T _ T
=R;r + q10R-ro + Zl qQ,j [cosh()\j;)Rﬂrj + smh()\j;)Rﬂrj} +
J:
1/4 T ow

w <T0—|- 28\f

where cosh and sinh take their natural analytic extension onto C. Moreover, we have
oT
L (0,2 /R0). = 1,2,5.
8 41,5

To := 50 (0.VE V5, 0), T =
q1,0

Noting that R,Gr is transverse to Hy and II(r+qi,() € Ha, we conclude that the coefficient of R;Gr

is zero, that is, in leading order,

3
)qm 3 Tars | ReGr+ O (VE(C + )
j=1

=T Qw5 .
Ty = ,ﬁaowmﬁ, T; =0, j=1,2,3. (2.61)

Expressing the expansion of I in (2.60) in terms of g2 as in (2.58), we have
42,0 =q10 + O (Ve(I¢| + [la1]l?)) ,
a2 =cosh(y=)ag + O (VE(Cl + lla]®) . 5= 12,3, (2.62)
B =sinh(\)ars + O (VE(C + i), 5 =1,23.

Therefore, q2 € H; N Rg(Il) if and only if

?JVZ,j(Qh \4/57 \/E7 <) = 07 ] = 17 2? 3. (263)

Moreover, noting that, under the assumption (2.57) and the assumption that ¢ and x are sufficiently

small,

e~1/? sinh(/\lg) = ie Y2 gin <27T\[T2) = 2\/agmi + O(Ve),

e sinh(ho =) = s*vmg + O(v/&) = V/Bom + O(VE + k); (2.64)
g~ 1/4 sinh()\gz) = 671/4)\35 + O(Ve) = v/ Bori + O(Ve + k),

we apply the rescalings
Q2,1 = Vepa, Q@ = Vepej, J=2,3,
to the system (2.63) and have

p2.1(q1, V&, V5, Q) = 2y/aomiqry + O(Ve|aull + llaul* + 1¢]) =0,
p22(q1, Ve, VE, C) = VB2 + O(Wellaull + sllaill + Vellall* + Vel¢l) =0, (2.65)
p2,3(q1, V&, V5, ¢) = vBoiqi 3 + O(Velqull + sl | + Vel qul1? + VEl¢]) = 0.
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Since the Jacobian of the rescaled system (2.65) with respect to (g1,1,4q1,2,¢1,3) at (¢1, Ve, vk, () =
(0,0,0,0) is nonzero, we may apply the implicit function theorem to the rescaled system (2.65), deter-

mining that,

(i)

for fixed small € € [0,g0], k € [0,ko] and ¢ € [(p, (o], there exists a one-parameter family of
persistent reversible periodic orbits in (2.52), parametrized by ¢1. The periodic orbit is smooth
with respect to (q1,0, v, vk, (). If we ignore both the cases ¢ = 0 and x = 0, then the periodic
orbit is smooth with respect to (g1,0,¢,,¢). In addition, we have

Q17j(07 %7 \/Eﬂ 0) = 07 j = 1) 25 37 (266)
due to the fact that, p2 ;(0, V/¢,/k,0) =0, for j =1,2,3.

for fixed small e € [0, min{eg, {p}] and k € [0, ko], there exists a one-parameter family of persistent
reversible periodic orbits in (2.51), parametrized by ¢1 9. The periodic orbit is smooth with respect
to (q1,0, ve,vk). If we ignore both of cases € = 0 and xk = 0, then the periodic orbit is smooth
with respect to (g1,0,¢, k).

The fact that  is a free-parameter seems to contradict the uniqueness of the g 1-family; however, by

its definition, go 1 is effectively a shift of x and thus there is no contradiction. More specifically, for fixed

¢ and €, the uniqueness of the ¢ g-family in (2.52) implies that, for sufficiently small £ > 0,q1 € R,

3 3
r(\/gv \/E) +Z Q1,j (05 \%a \/E7 C)rj(\ﬁa \/E) = r(\ﬁv 0) "‘QLOI'O(\@a 0) +Z ql,]’((.h,ov \4/5) 0) <)r](\/ga O)
j=1 J=1

(2.67)

Setting ( = ¢ and using the left hand side of (2.67) as the initial condition to the system (2.51), the
initial value problem

{ C = Z()C +2ns(C) + £0(=][C| + VERICI? + VarTCl), .
C(O) = r(\/g7 \/E) + Z?:l qu (07 \%7 \/E7 g)rj(\/ga \/E)a
admits a periodic solution, denoted as C™, with the period
Trp(%v \/E) = 2T(07 Q1,1(07 %) \/Ea 5)7 Q1,2(07 \4/57 \/Eu 8)7 q173(07 %7 \/Ea 8)7 %7 \/E) 5)’
According to (2.59), (2.61) and (2.66), we have the estimate
2 27
Top(VE,VR) = - +0 (Ve + llall?) = = + 0 (VEP).
Using the transformation
C= th(r + q)')

the initial value problem (2.68) becomes

{ G =Ha + O(cl|al* + /2(¢]), (269)

a(0) = 37, 91,0, V&, VK, )r; (VE, VR),

which admits a bounded solution ||q(?)|ec = O(e).

We summarize the results above in the following lemma.
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Lemma 2.14 For fized ¢ € [0,20], up to translation, the rescaled normal form ODE system (2.51),
C = Z(e)C + ek%3(C) + £0(e||C|| + Vzr| C|* + Verd||C|[*),

admits a one-parameter family of persistent reversible periodic orbits, C™P(t; /e, \/K), parametrized by
k € [0, ko). The periodic orbit C™ is smooth with respect to all parameters (t; /,v/k). When neither
e =0 nor k =0, then C'P is smooth with respect to (¢,k) and admits the form

C™®(t; Ve, Vi) = Rur(Ve, VE) + O (e) (2.70)

where the error is measured in the L norm. The period of C™P, denoted by Ty, admits the expansion
Tip(Ve, Vi) = f+0<\ﬁ> (2.71)

Remark 2.15 We can also prove this lemma by using the right hand side of (2.67) as the initial
condition to (2.51). But we then have to take a detour to find out the expressions of each qi;, j =
0,1,2,3, in terms of (/e,v/k,C). In fact, a direct calculation using (2.67) shows that

0BV 0) = Y+ 72 + a0, ¥ VR 1 = o) = YE 40 (o672 4 Vel
@010 2.0.0) = Y (r - )t S011(0, V2, VR, O + %) - ajﬁ +0 (er®2 4+ 1c1),
olino, 2,0,0 = T2 1O YEVRE DI ZHVED o g+ 9 + V).
nalare, ¥.0,¢) = 22030 g(ggﬁ (_AQA(%\@/;) BN o g1+ vE+ v
Therefore, in the system (2.51), by setting ¢ = ¢, we obtain that
10(VEVR) 1= (V. Vioe) = S+ O (s V)

q1,1(Ve, V) == qui(qr0(Ve, Vi, €), Ve, 0,e) = O <\/§(\//<T3+ \/E)) ,
q1;(Ve, VE) = qj(q10(Ve, VE, €), Ve, 0,6) = O(e +evk), j=2,3.

Summarizing the results, we can now prove the main theorem—Theorem 1.

Proof of Theorem 1. The periodic solution C'™(¢; v/, \/k) of the system (2.51) corresponds to a
periodic solution u,, (¢, 7; v/, v/k) of the PDE (2.1),

(92 — W (u) + M07 +em) (07u — W' (u) + Ao0fu) + enaW'(u) — ey = 0.

In fact, based on the center manifold reduction, the normal form transformation and the rescalings,
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especially Lemma 2.14, we have

urp(t, 1) =up(r) + [(Ax(t) + Ar(t)) +i(A2(t) — A2(1)] to(r)+
Bi(t)r(r) + O(Ve| Al + | A[)
=un(r) + Ver [(C(t) + C17(1) +1(C57 (1) — G (1)) ] o (r)+
VERDP ()¢ (r) + O(ev/k[ C™P])) (2.72)
=up(r) + 2v/erry cos(wt)bo(r) + O (e(Ve + Vk))

ja: cos(wto(r) + O ((VE + V)

where we have the expression of w from Lemma 2.9, that is,

=up(r) + 2

w =14 wie + Ver: + arerr? + 205 %k,

Moreover, the period of u,p, denoted by T, admits the expansion

Top(YE,VR) = 2 +0 (V).

Furthermore, since the PDE (2.1) is a rescaled version of the stationary FCH (1.8) with the rescaling
t = @T, the periodic solution u,, of the PDE (2.1) corresponds to a periodic solution of the PDE
(1.8), denoted as u, with a period 7T},. In fact,

T2, VR) = —=Tip({5.VR) = 2= [1 = Ve + 0 (e(1 + V)]
4 o N (2.73)
(7,7 VB, VR) = (20713 VB, V) = () 4 2 cos(m () + O (VA + V).
which concludes the proof of Theorem 1. [ ]

3 Pearling of the Circular Planar Bilayer

In this section we consider the case in which the bilayer sinterface I'g, is a circle in R?, and construct the
extended pearled solutions to the extended stationary strong FCH equation (1.20) in (r,0) € RxR/27Z,

€0 6263 eou e202u
T 82 . W/ T (%
R(H—er+ (Ro +er)? +5771)( rt (u)+R0+sr (Ro +er

(83 —W"(u) + )2) +engW'(u) = ev.

To exploit the analysis in the Section 2, we rescale 8 by ¥ = ROT‘/EG and search for extended pearled
solutions u,, of

5& R%)\082
Ro+er (Ro+er)?

Or R2)\02

aZ_W//
( r (u)—i— Ry +er (Ro + 67“)2

s+em) (OPu—W' (u)+ )+engW' (u) =ev. (3.1)

which satisfy the boundary conditions at infinity,

lim |upp (9, 7) — use| = 0, for all ¥ € R, (3.2)

r—3o00
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and an even and periodic in 9,
Urp(—0, 1) = Upp (D, 7),  Upp (D + Tip, 7) = (9, 7), for all (I,7) € R?, (3.3)

where T}, and uo, are constants to be determined.

We first prove the following proposition, which is similar to the Theorem 1.

Proposition 3.1 Fixny,n2 € R and Ry > 0. Assume that W is a non-degenerate double well potential
and ap > 0, By # 0. Then there exist positive constants g > 0 and ko > 0 such that, for any e € (0, &),
up to translation, the extended stationary FCH (1.20) in the plane (0,7) € R2,

€0y €202 eoru 5283u

6 82 _W/
R0—|—5r+ (Ro +er)? +5771)( rt (u)+R0+5r (Ro +er

(02 - ")+ ) eV () = 3.
admits a smooth one-parameter family of extended pearled solutions, uy(0,7; /e, \/|K|) with period
T (e, \/|k]), parameterized by k € [—kKo,ko]. In fact, u, and T}, are smooth with respect to their
arguments within the domains expect at k = 0. The extended pearled solution u, admits the asymptotic

form
up (0,75 Ve, /|K]) = up(r) + 2 \4/\/% COS(Z@)I/J()(T) + O (e(ve+ VEK)), (3.4)
where

T, ({5 VR) = e 1

The far-field limit of the extended pearled solution is

— Vage+ 0 (s(1+ v/r))] . (3.5)

lim up(6,7) = lim up(r) = u_(e). (3.6)

r—00 r—00

Moreover, for any € € (0,¢], the extended stationary FCH (1.20) in the infinite periodic strip (0,r) €
(R/27Z) x R, admits a discrete family of extended pearled solutions, uy(0,7; /e, \/|k;|)with period
T (e, \/|kj]), where

kj € {k € [=ro, ko \{O} | SHARS

(ff)

Proof. The analysis of the circular interface system (3.1) differs from that of the interface flat system
(2.1) in two major points:

(i) The circular system (3.1) has different linear terms in ¢ than the flat system (2.1).

(ii) The So symmetry does not hold for the extended circular bilayers as it does for the flat case.

These differences only require that we recompute the versal normal form. More specifically, we replace

Wy

u with up + du in (3.1) and consider the equation of the perturbation du (again repurposing “u” to
denote the perturbation).

Lu+ F(u) =0, (3.7)
where R2\2 R202
Foo (7, 4 foreds Py oMy N\ Ly
L= <£h+ (R + er)? +6771) <Eh+ (R0+er)2> + M, (3.8)
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with £, := 02 — W (up) + -2 M = engW’ (up) — (831% — W' (up) + =0y, ) W" (up), and

Roter? Ro-ter
Flu2) = = 820 +0) @ = 2 (0 ) = W) B
[Lh+e(m —na) — (W (up, +w) = W (up))] (W (up +w) — W (up) — W (up)u) — (3.9)
(0 = W)+ 222 ) (0" +) = ) = W (an))
(W"(uh +u) — W"(uh)) Lyu.
we recast the system as ' B B
U=L()U+FU,e), (3.10)
where
( 0 . 1 ( 0 . 0 0
B _(Roter? 5 o Ro-+er 0
—%/\7 0 _%(Zh +em) 0 _(RJ%:%FAE;)Q‘%
We then have
_ 0 0 0 0
@(0) _ 1 — Lo — 7:0r + W (ug)ua 0 o 0 |
Oe Ao 0 0 0 0
—naW" (ug) + W" (up)(Lour + Bﬁzo) 0 —%Eo — RLO&« + W"(up)ug —m 0

which, after direct computation, leads to that the linear part in the reduced system in terms of A,
denoted as L(e) just like its counterpart in (2.18), is of a more complicated form

i1+ we)  1— e e L1E ie 0 igge O
[12€ i(14 pse) [9€ —ipse nze 0 e O
—iure 1€ —i(1+4 pie) 1— e —ipe 0 —ipge 0O
L(e) = fi2€ ipse fi2e —i(l+pse) pse 0 e O ’
0 0 0 0 0 1 0 0
[i5€ iige fis5€ —ipee pae 010
0 0 0 0 0 0 0 1
fire ijige fire —ipse pse 0 pge 0

Nevertheless, up to linear terms in €, there exists a versal normal form of i(e) preserving the reversibility
S1, which takes the exact expression as its counterpart (2.22) in the flat case, that is,

i(1+we) 1 0 0 0O 0 0 0

wol 1(1 +W15) 0 0 0 0 0 0

0 0 —i(1+we) 1 0O 0 0 O

ZL(e) = 0 0 woE —i(l4+we 0 0 0 O ’ (3.11)

0 0 0 0 0O 1 0 0

0 0 0 0 0O 0 1 0

0 0 0 0 0O 0 0 1

0 0 0 0 wze 0 wge O
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where wy = %(Ml + u3), we = po, ws = f5, wg = g + pe. The rest of the proof is the same as the flat
case. [ |

Theorem 2 is drived from Proposition 3.1 by rescaling and inverting the relation between the radius
and k.

Proof of the Theorem 2. The stationary FCH (1.20) on the extended plane (6,7) € R? admits a
pearled solution for any Ry € [R_, 0], € € (0, 0] and k € [—Ko, ko]. On the other hand, the stationary
FCH (1.20) on the infinite strip (6,r) € (R/27Z) x R requires that

27
T, = —, for some n € Z.
n

Therefore, we have

Rov/A
w= B0 11 a0 e+ i)
which indicates that there exists n_ > 0 so that n € [*=, 00). ]

4 Appendix

We perform the calculations omitted in Section 2.2 and Section 2.3. We begin by computing the
leading order terms of the reduced 8th-order ODE system in Appendix 4.1. The calculation of explicit
expressions for a; and as follows in Appendix 4.2.

4.1 The reduced-ODE system in terms of A

Lemma 4.1 The reduced system (2.15),

U, =L.U.+P, (M(s)(Uc + (U e)) + F(Us + U (U0, , )),
in terms of A 1= (A1, A, A1, Aa, B, By, B3, By), admits the expression
A =L(s)A +Ra(A, A) + R3(A, A, A) + O ([eP[|A]l + [el||A]* + |A]1Y)

where the linear term L, the quadratic term Ra, the cubic term Rg are of the following expressions.

(14 me) 1—pme e 1€ 0 0 0 O

o€ i(14 pse) o€ —iuse 0O 0 0 O

—ipe U1E —i(1+4 pie) 1+ e 0 0 0 0

L(e) = o€ iusge o€ —i(l4+pse) 0 0 0 O
0 0 0 0 0 1 0 of’

0 0 0 0 pe 01 0

0 0 0 0 0O 0 0 1

0 0 0 0 use 0 pge 0

Rs(A,A) = (0, Ry,0, Ro,0,0,0, Rag)”, Ra(A,A,A) = (0,Rs2,0,Rs2,0,0,0, Rsg)" .
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Here we have

1
w1 = 2)\0 / W/// UO uﬂ/}od’r o = _4>\2/ (W///(UO)»C()Ul i ndW//(UD)) ¢8d7'7
0 JR
1
H3 = 2777;0 - 47>\2 e (WW(UO)(ﬁo + 2/\0)u1 — ndW”(UO)) wgdr,
0

1 1
e = )\0 / W (uo)uroidr,  ps = )\2/ (W”/(UO)EOIH - ndW"(uo)) Yidr,
0o /R

He = —~— + / W (ug)uripidr,
and

1
RQ,Q =211 (—CL%’_’_ — 6a17+a27, + 20,%_ + 7&%7_) + 1/2(53% + B% + QBlBg),

Rog =8vs [(a1,+ + 3az,—) By + 2a1,- By — 2(a1 4 — az - ) B3],

21/3

R3» = <—3 + VG) (a1,4 — az—)® +2v3 [a] _(a1,4 — as,—) — 2az_(a14 — as,~)%] +

3
[4V7(a1,+ —as,-) — V4a2,} Bf + vy [—a1,-Bi1By + 2(a1,4 —ag,)(2B1Bs + B3)] + p(A),
Ry =(a1,4+ — as,—)? [4v4(B1 — Bs) — 67 B1] + 8uy(a1 1 — az,—)(2a2, - By + a1, By)—

1 ~
41/4&%7_31 — [ E;Bi3 + 1/5(3%33 + BIB%)} + p(A),

2
(4.2)
where
o A+ A a A - A @  Ag+ Ay o Ay — Ay
+E ey G- = e, O = o, g = o,
’ 2 ’ 21 ’ 2 ’ 21
1 1
v = 4)\0 W”’(uo)wodr vy = 4)\ W”'(uo)wowldr
1 1 1
V== W””( olvodr, vi=—+ W””( gt v === | W (uo)vidr,  (43)
1 " 2 .4 1 " 2,929 _ 1 " 2 .4
Vg = )\2 (W ( )) wodra V7 = )\2 (W ( )) 1/101/]1d7”, Vg = P R(W (UO)) 1/)1(:1’[”,
0

p(A) = /R Z(A) - (ATXA)dr, p(A) = /R Z(A) - (ATXA)dr.
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In the last two expressions of p and p, the notation “” denotes the Euclidean inner product in R* and
the expression of X is as shown in (4.10) . Moreover, Z(A) and Z(A) admits the forms of

/CO 0 4)\0 — ,CO
1 9 0 20 0
Z(A) :TA%WW(UOWO _o | @t + 0 aj,— + 9 as, | +
0 0 0
[ ['O - )\0 0 —2)\0
1 0 —2Xo 0
W B B B
By (u0)voth1 5 1+ 0 9+ 0 3|,
0 0 0
- (4.4)
EO - )\0 0 —3)\0 - ,CO
> 2 0 —2)\0 0
Z(A) :T%W”’(uo)%@f}l 5 al+ + 0 ap— + Ly as— | +
0 0 0
—[,O 0 2)\0 i
1 0 20 0
7W/// 2 B B B
)\g (UO)¢1 9 1+ 0 2+ 0 31
0 0 0 ]

Proof. To simplify the calculation of the leading order terms of (2.15) in terms of A we introduce
the following notation. For any given integer k € Z*, Banach spaces {Xj}é?zo and a smooth map
F . H;?:lXj — Xy, we define

Fy = (Woi(py)) 0% - ORF(0,...,0),

where
P=(p17--~,pk)€Zk, pj =0, j=1,...,k

We note
M(O) = 0, F(O,E) = O, \I’(O,E) = 0, ]F(LO) = 0, \11(170) = O,

and conclude that the reduced system, up to cubic terms of U, is of the form

Uc =L,U. 4+ eP.M U, + PC]F(Q’U)(UC, UC) + P, (2F(270)<Uc, \11(270)([]5, Uc>) + F(&O)(UC, U., Uc)) , (4.5)
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with the higher order terms in the form of O (|e[(|Ue| + |e]||Uc||* + || Uc|[*). A direct calculation shows
that

0 0 0 0
1 W///(U())’u,l 0 0 0
M; = ,
Ao 0 0 0 0
—ndW”(UQ) + W”’(UO)Eoul 0 W”/(U())tu —m 0
1 1
IF(2,0)(U07 Uc) =3 (WW(UO) (2ucvc — ucLoue + )\opg) + §£0 ( /”(uo)ug)) &,

Ao

F(3,0)(Ue, Ue, Ue) = )\10 (W”"(uo)uc (ucvc - %ucﬁouc + )\op§> - éﬁo (W (ug)u?) — ;(W"'(uo))2u2’> &,
IE‘(2,0)(Uc, \I/(Q,O)(Ua Uc)) = 21\0 (Vc : ‘1’(2,0,0)(Uc, Uc)) &4,
(4.6)
where & = (0,0,0,1)T, u; comes from the Taylor expansion,
up(e) = ug + euy + O(e?),
and
Ve = (2W" (uo)ve — W (uo) Loue + [Lo, W" (uo)uc), 2X W (ug)pe, 2W" (uo)uc, O)T . (4.7)
We also use the notation that U. = (uc, pe, Ve, ¢c)’ , where
ue = 2(a1,4 — az,—)o + B1y1, pe = —2a1,_vo + Bair, (4.8)

ve = —4Xoaz, o + Ao B3, qc = —4Xoaz,+ Yo + Ao B

A direct calculation, using (4.6)-(4.8) and the expression of X (4.10), leads to explicit expressions of the
linear part L, the quadratic part Ry and the cubic term Rg. Relegating the calculation of ¥ (5 o (Ue, U.)
into Lemma 4.2, we conclude our proof. ]

Lemma 4.2 The quadratic term of the center manifold, W (5 o)(Uc, Uc), is a quadratic form of A and
thus takes the form
\IJ(Q,O)(UC, Ue) = ATXA (4.9)

where X = {Xjk}ik:l is symmetric and every entry Xj, € PpY. More specifically, we have we have
_ X3 = LY,
Xpp = Xgg = (2~ L)' v, v
_ _ 1 Xy =L (Y2 — Xu3),
X12 :X34 = (21—L*) (Y2 _Xll), (410)

_ . ~ Xoz = —L;' (Yo — X13),
X22 = X44 = (21 — ]L*) ! (Y4 - 2X12) ’ 1
X24 = *L* (*Y4 - X14 - X23) )
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Xs5 = —L; Y5,
X5 = X35 = (1 — L*)_l Ys, X56 = — . (_X55)7
Xi6 = X36 = (i — L)' (iV7 — X15), Xs7 = =L (Yo — Xs6)
X7 = X37 = (1 — L*)_l (Y7 — X16) s X5g = _L;1 (_X57) )
Xis=Xss = (i—L.) ™" (—X17), Xes = =L (Yo — 2X56), (4.11)
X25 = X45 = (1 — L*)_l (}/6 - X15) 5 X67 - _L;l (_X57 - X66) )
Xog = Xup = (1 — L) ' (= X16 — Xo5), Xeg = —LL;! (—Xs8 — Xe7)
Xo7 = X7 = (i — L) "' (iV7 — X17 — Xo6), X7 =L (—2Xe7),
Xog = Xug = (1 — L) ' (= X158 — Xo7), X7g = —L;1 (—Xes — X77),
Xgg = —L; 1 (—2X7s),
where, introducing 4 = (0,0,0,1)” we have
1
Y'l = (2)\0 ﬁo — 2) W”/(UO)UJO 4 — 6)\01/11/1054,
Yy = (2>\0£0 + 1) W (up) Y3 €a + 6iXov1¥0Ea,
Ys = 27)\0ﬁ oW (up) Y5 Ea + 2X0v110Ex,
Y, = <2)\0£0 + 3> W”/(u())ﬂ)gg4 — 14)\01/1¢054,
(4.12)

Ys = (2>\oﬁo - ) W (uo)ot01€4 — 2Xov2th1, E4

3
Ys = (ﬁo + ) W (uo)bo1E4 + 6iXorath1 €y,

20

Y7 = W" (uo)oth1€4 + 4Xoratp1 €y,

Yz = ﬁﬁ oW (uo)is + 2Xov2t00Ea,
0

Yo = W (ug)y7€x + Mot

Proof. To find the explicit expression of W 5 )(Ue, Ue) in terms of A, we first recall (2.7) and (2.14)
as follows.
U=LEU+FUe), U=U+U(U,.,e).

Plugging (2.14) into (2.7), applying the projection P, := Id — P, and setting € = 0, we obtain
¥(U,,0) = L, ¥ (U, 0) + P,F (U, + ¥(U,,0),0). (4.13)
For simplicity, we note that P F (5 o) (Ue, Ue) is a quadratic form of A and thus takes the form
PyF(2,0) (U, Ue) = ATYA,

where Y = {ij}f w—1 is symmetric and every entry Y, € P,). Restricting (4.13) to the quadratic
terms of U, and plugging in (4.9), we have, for all A,

AT (L(0)"X + XL(0)) A = AT(L,X)A + ATYA,
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that is,
L(0)"X 4+ XL(0) - L, X =Y, (4.14)

from which it is not hard to compute all entries of X recursively. More explicitly, Y admits the form

i Y» Y5 Y2 Y5 iY7 Y
Y, Y. Ya -Y, Y5 0 vy
s Yy Y, -Y, Yi -i¥s Y-
Y, -y -Y» Y4 -Ys 0 —iY¥7
Ys Yo Y5 Y
iYy 0 —iY7 0 0 Yy 0
Y- iYs Y —iY7 Y 0 0
0 0 0 0 0 0 0

(4.15)

o
[es}
r;<
O O O O o o o o

where Y;’s admit the expressions as in (4.12). Plugging (4.15) into (4.14), we obtain the expression of
Xij’s as in (4.10). ]
4.2 Explicit expressions of a; and as

Lemma 4.3 Among the coefficients of cubic terms of the normal form system (2.37), we have

o] = 0,
_ (4.16)
{ ag = =% + 8002 4 L (W (uo)yhd + 4Xorvrthe) £ (W (uo)vg + 4Xovitbo) dr,

where L 1= ﬁ (% + 2/\0£51 +2X0(Lo — 4Xo) ™ — Xo(Lo — 4/\0)*2) is a self-adjoint operator.
0

Remark 4.4 The techniques used in the proof of Lemma 4.3 permit the calculation of explicit expres-
sions for each o and Bj. Nevertheless, we only present the calculations of oy and oz, as the other
coefficients are not needed in the sequel.

Proof. To calculate all these coefficients, we first recall the equality (2.30) with %5 = 0,
(D —L(0,0))®3 = R3 + 2R2(C, ®2) — s,
and the restrictions
R31 + 2R21(C, ©2) — %51 Dd4i 0 .
(Rgig +9R55(C, ) —%Q) © (ker (( ~1 Dy i) ’P§>> :
we have that o is exactly the coefficient of Clzél in
R32 + 2R22(C, ®2),
that is,

1 _
] = §<R372 + 2R2,2(C,¢2) | 01201>, (417)
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where we recall that this inner product is the one of polynomials, defined as (P | Q) = P(9c)Q(C).
According to (4.2) and (2.32), we have

. ] 31 .
o) = §<R3,2 +2R2(C, @) | CTC1) = —607 + g6t §<P(C) | CiC).

From the expression of p(A) in (4.3), it is straight forward to see that

1 _ 1 _ _
S(p(C) | CRC) = / (Z(C) - (X11C? + 2X,13C1Ch) | C2Ch)dr, (4.18)
R

Based on (4.10) and (4.12), a direct calculation shows that

Lyt
Xi3=-L'Y3== ? (W (uo) g + 4hov1to)
0
(Lo —4Xo) "
Xy = (L. —2)'v; = % 2i (Lo —14)\0)_1 (W”/(Uo)wg + 4)\01/11/)0) ‘
21

Plugging (4.4) and the above expressions into (4.18), we have

1 ~ 3
§(p(C) | 01201> = —gyﬁ + GV%.

Therefore, we deduce that a; = 0. A similar calculation shows that

v 80 ~
ar=—g +gri+ / (W7 ()65 + Ahovitho) £ (W (uo) ¥ + 4hovatro) dr,
R
where £ := ﬁ (% + 2/\0551 +2X0(Lo — 4Xg) "t — Xo(Lo — 4)\0)*2) is a self-adjoint operator. [ |
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