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1. Introduction

Many of the most important non-linear P.D.E.’s that occur in geometry and
physics—the Yamabe equation, the harmonic map equation, the Yang-Mills
and Yang-Mills-Higgs equations—can be cast as variational problems. In
each case there is a Lagrangian of the general form

L) = / Vo1 + 1617

whose critical points are the solutions of the given P.D.E. There is a stan-
dard approach to finding such critical points. One first shows that L defines
a smooth function on an appropriate Sobolev space and that the down-
ward gradient flow lines exist. The limit of these flow lines should be a
critical point of L. The usual proof that these flow lines converge uses
a compactness condition—the Palais-Smale Condition (PS)—that depends
on the compactness of a certain Sobolev embedding. Unfortunately, for
each of the problems mentioned above the required Sobolev embedding is
not compact, and the direct minimization method fails.

In this paper we develop a simple way of avoiding this difficulty for man-
ifolds with symmetry. When a compact Lie group H acts isometrically on a
compact Riemannian manifold M, one can define Sobolev spaces of invari-
ant functions (and more generally, equivariant sections of a vector bundle).
Our main result—the “Equivariant Sobolev Embedding Theorem”—states
that if all the orbits of H have dimension d > 1 then the Sobolev spaces of
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invariant functions satisfy Sobolev inequalities as if they were on a manifold
of dimension n — d (even when the orbit space is not a manifold). Thus, re-
stricting to the invariant functions gives improved Sobolev embeddings. Itis
then easy, for at least several of the problems above, to verify the Palais-Smale
Condition and directly minimize the Lagrangian on the space of invariant
functions. This yields points that are critical with respect to invariant per-
turbations. By the “symmetric criticality principle” (see section 3) these are,
in fact, critical with respect to all perturbations, and hence are solutions of
the variational P.D.E.

This article describes this method in detail. We begin in section 1 by re-
viewing the geometric approach to global variational problems and describ-
ing the difficulties that arise because of borderline Sobolev embeddings. In
section 2 we state and prove the Equivariant Sobolev Embedding Theorem,
and in section 3 we describe our scheme for approaching variational prob-
lems with symmetry. As an initial application we prove in section 4 that the
Yamabe equation has infinitely many solutions on a compact Riemannian
manifold with symmetry.

In the remaining sections we apply the equivariant Morse theory to find
Yang-Mills-Higgs fields on compact Riemannian 4-manifolds M. In varia-
tional form, YMH fields are the critical points of the Lagrangian

1 A
L(V,¢) = E/M|FV|2+|V¢|2+§(|¢|2‘M)24’U

where V is a connection on a bundle over M with curvature FV, ¢ is a
section of an associated vector bundle, and A # 0 and u > 0 are “coupling
constants”. These fields arose in physics: it is the YMH equations—rather
than the plain Yang-Mills equations—that are at the core of the theory of
weak interactions, and the quantum tunneling amplitudes of the theory are
expressed in terms of YMH fields on R* (with its euclidean metric). On the
mathematical side, the analytic properties of YMH fields were studied more
than a decade ago ([JT], [Pal]). However, the existence of YMH fields
was entirely unknown on any Riemannian 4-manifold until very recently,
when existence was established on $* using the Equivariant Morse Theory
([Pa2]). Our aim here is to extend that first existence result.

We begin in section 5 by considering the critical points of the YMH
Lagrangian with the connection fixed. There are two cases to consider,
depending on the choice of sign of the coupling constant A. The qualitative
behavior of the Lagrangian is very different in the two cases, but both are
amenable to the above approach—after imposing symmetry they satisfy the
Palais-Smale Condition and a Morse theory. Two concrete examples are
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given in section 6. The first shows how the Palais-Smale Condition can hold
for invariant functions, yet fail for non-invariant functions. The second
(Corollary 6.5) describes an interesting bifurcation phenomenon for Higgs
fields on the four-sphere: if one fixes the constant Ay > 0 in the Lagrangian
and varies the Riemannian metric g to R2g, then as R increases (that is, as
the radius of the sphere increases) there are more and more critical points.
Alternatively, one can fix the metric and obtain more and more critical
points by increasing Au.

Finally, in section 7 we turn to the full gauge theory by incorporating
the gauge group and considering the coupled YMH equations (see equa-
tion (5.2)). We review the Morse Theorem for equivariant connections
proved in an earlier paper [Pa2] and briefly describe how it yields a proof of
the existence of non-self-dual Yang-Mills fields on S*. We then combine this
with the results of sections 5 and 6 to prove the main results of this paper.
These show that, with either choice of sign for A, there exist YMH fields
on S*. Specifically, section 7 contains the details of the following theorem.

THEOREM. Let P be a principal SU(2) bundle over S* and let E be a
non-trivial associated bundle. Then

(a) for A < 0 there are infinitely many distinct solutions of the YMH
equations on (P, E) which are neither uncoupled or reducible,

(b) for A > 0 and Au sufficiently large, there is a solution of the YMH
equations on (P, E) which is neither uncoupled or reducible.

The results of section 6 suggest an improved version of statement (b): the
bifurcation phenomenon mentioned above for the uncoupled equations
should continue to hold for the coupled equations. Thus one expects that
as the constant Au > 0 increases there are more and more solutions to the
coupled YMH equations.

The idea of seeking symmetric solutions to a P.D.E. is of course a very old
and standard procedure. Typically, one imposes invariance under a group
action whose principal orbits have codimension 1, such as the rotational
action of SO(n) on R” or §*~!. This reduces the P.D.E. to an O.D.E. One
must then solve the O.D.E. with the appropriate boundary conditions—
boundary conditions arising from the requirement that the solution extend
smoothly over the lower-dimensional orbits. The approach taken here is
different. Instead of rewriting the P.D.E. as an equation on orbit space
we work directly with invariant functions on the original manifold. The
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singularities of the orbit space never come into play and the analysis is
considerably simplified.

The Equivariant Sobolev Theorem was inspired by a theorem of WeiYue
Ding [D]. We are indebted to Richard Palais, who developed the founda-
tions of global non-linear analysis, and who has continually espoused the
geometric viewpoint taken here.

1. The Global Variational Method

In this section we briefly outline the global analytic approach to geomet-
ric variational problems, and explain why the method does not work for
problems involving the “borderline case” of the Sobolev inequalities. This
material is standard; details can be found in the books of T. Aubin [A],
M. Berger [B], and R. Palais [P].

Let (M, g) be a compact n-dimensional Riemannian manifold, and let
E be a vector bundle over M with a fixed fiber metric and compatible
connection V. The space I'(E) of smooth sections of E can be made into a
Banach space as follows.

Definition. For k > 0, p > 1 the Sobolev space L*P(E ) is the completion
of I'(E) with respect to the norm

k 1/p
(1.1) ||¢||k‘p=(2/ IV’¢|")
1=0YM

[
where Vig =VoVo...0Ve e I'(®T*M Q E) is the '™ covariant derivative
of ¢. The Holder spaces C*%(E) are defined similarly using the norm

k ke (x .
~ . Vi (x) — V@ (y)]
(1.2) 16 1lk.ec = ;suplV A ) L

where the last supremum is over all y # x contained in a normal coordinate
neighborhood of x, and V!$(y) is taken to mean the tensor at x obtained by
parallel transport along the geodesic from x to y. The relationships between
these spaces are summarized in the following fundamental theorem.

SOBOLEV EMBEDDING THEOREM. letl <p <gq,k>1l,and0 <o < 1.
Then
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(i) fork—2 >1]— g the identity map induces a continuous inclusion
LkP(E) < LH4(E), and this inclusion is compactifk >/andk—2 >
/-2 g

7

(ii) for k — % > [+« the inclusion L*?(E) — C"%(E) is continuous, and

is compact if k — & > 1 +a.

Examples.

1) L“%(E) < L*(E) is compact.

2) For a I-manifold M, L12(E) < C°(E) is compact.

3) For a 4manifold M, L1"2(E) — L*(E) is continuous, but not com-
pact. This is a borderline case of the Sobolev theorem.

Notice that the Sobolev embeddings are monotone in the dimension, be-
coming stronger as the dimension is reduced. Thus, for example, the em-
bedding L'> <> L*is borderline in dimension 4, but compact in dimension
n <3.

Sobolev spaces provide the context for the global approach to variational
problems. To illustrate the basic technique—and its shortcomings—we will
consider several well-known geometric problems. The first is a basic fact
about the Laplacian on a Riemannian manifold.

PROPOSITION 1.2. Let M be a compact Riemannian manifold and fix
g € C®°(M) with [ g = 0. Then there exists f € C®(M), unique up to a
constant, such that Af = g.

Here A = d*d is the (positive) Laplacian. The idea of the proof is to
directly minimize the Lagrangian

L(f) = fM df P —2fg,

whose formal variational equation is Af = g. Since L(f) closely resembles
the definition of the norm in the Sobolev space L'2, itis natural to minimize
over f € L2(M). Before proceeding, two remarks are in order.

First, by adding a constant to f we may assume its average value is zero,
i.e., that [ f = 0. Hence it is more convenient to minimize f over

H={feL?W)| [f =0}
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(we will then get uniqueness). This space H is a closed linear subspace of
LY“2(M). Second, each f € H satisfies the Poincaré inequality

fo2sc/M|df|2

PROOF OF PROPOSITION 1.2. Using 2ab < ga* + ¢~ 1b? and the Poincaré
inequality, we have

(1.3) L(f)zf |df|2—i/ fz—Ef g
M 2c Jm 2 Ju
2 € 2 € 2
Z/Mldfl —Z/MIdfl ‘EfMg
_l g € 2
—2/M|dfl 2fMg.

Since g is fixed this shows that L(f) is bounded below. Choose a sequence
{fx} € H with L(fx) — Lo = inf{L(fx) | f € H}. Then (1.3) and the
Poincaré inequality imply that || fx|l1,2 is bounded. Since the unit ball in
H is weakly compact we can choose a subsequence—still denoted {fx}—
converging weakly to fo € L"?. Furthermore, L'? «s L? is compact so
we may also assume that {f;} — fo in L2, Convergence in LA implies that
[ fo =1lim [ fi =0, s0 fo € H, and weak convergence implies that L(fo) <
lim L(fx) = Lo, so fo minimizes L over H. Hence for any & € C® (M) with
fh=0andt >0

for some constant c.

(1.4) L(fo) < L(fo+th) = L(fo) + 2t /(a’fo, dh) — hg + 0(:*).

This holds for all 7, so, integrating by parts,
0= [ (afo-g.m.
M

Replacing /& by —h shows the right-hand side equals 0. Since [g=0,we
conclude that Afy = g weakly. Elliptic regularity then implies that fo is
smooth and satisfies Afy = g. Finally, if fo, fo € H are solutions then
0 = A(fo — fo); multiplying by fo — fo, integrating by parts, and using the
Poincaré inequality then shows fo = fo. %
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In the 1960’s a general machinery was developed for treating non-linear
problems by the same direct approach used in the above linear problem. In
the non-linear case, one considers a C? Lagrangian function F: M — R de-
fined in a complete C? Riemannian Hilbert manifold M without boundary.
We say F satisfies the Palais-Smale Condition (PS) if every sequence {x;} in M
with {F (x;)} bounded and ||(grad F),, || — 0 has a convergent subsequence.
This condition means that the downward gradient flow lines of F converge.
Assuming it, R. Palais and S. Smale showed that the basic lemmas of Morse
Theory apply in this infinite-dimensional context.

THEOREM 1.3 (Palais [P1], Smale [Sm]). If F: M — R satisfies the Palais-
Smale Condition and has only non-degenerate critical points, then Morse
theory applies, that is:

(a) The critical values of F are isolated and there are only a finite number
of critical points of F at any critical level.

(b) If there are no critical values of F in [a, b] then My = F~!((—o0, b])
is diffeomorphic to M,.

(c) If a < ¢ < band cis the only critical value of F in [a,bland x;, ..., x,
are the critical points at level ¢, then J; deformation retracts to
Mg U Hy U---U Hy, where H; is a cell (“handle”) of dimension equal
to the index of F at x; attached to 0.y by a homeomorphism of the
boundary spheres.

Consequently, if the critical points of F are non-degenerate, there are at
least as many critical points as predicted by the homotopy type of M.

In practice it is often difficult to verify that the critical points are non-
degenerate. In these circumstances one may still deduce the existence of
critical points using Lusternik-Schnirelman theory.

Recall that the category Cat(X) of a path-connected space X is the least
integer n such that X can be covered by n closed contractible subsets of X,
and for a closed subset A C X, Cat(A, X) is the least n such that A can be
covered by n closed sets contractible in X. A well-known theorem gives the
bound Cat(X) > cuplength(X), where the cuplength is the largest n such
that there exist elements xp,...,x, € H*(X) with x; U--- U x, # 0.

In Lusternik-Schnirelman theory one considers a smooth function F on
a finite-dimensional manifold X and defines values ¢, by the mini-max
procedure

cm(F) = inf sup F(a) m < Cat(X).
Cat(A)<m | 4eA
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These satisfy ¢; < ¢ < ---. The main result of Lusternik-Schnirelman
theory is that

(a) Each finite ¢, (F) is a critical value.

(b) If F is bounded below then F has at least Cat(X) critical points.

(c) If cy(F) = cm41(F) = - -+ = cppan(F) = c is finite then the critical set
K. ={xeX | F(x)=c, (VF), =0} satisfies Cat(K.) > n + 1.

Palais and J. Schwartz extended this classical result to infinite dimensions:

THEOREM 1.4 ([P3] Theorem 7.2 or [S] Corollary 16). Let F: M — Rbe
a C? function on a complete C? Banach manifold M without boundary. If
F satisfies the Palais-Smale Condition then Lusternik-Schnirelman theory
applies. In particular, if M has infinite cuplength and F is bounded below
then F has infinitely many critical points.

These theorems give a potentially powerful method of establishing exis-
tence results for global non-linear equations. In fact, this approach scored
an immediate success when applied to the original problem of Morse: find-
ing geodesics on manifolds. This case, which we describe next, is the model
example of Palais’ vision of global non-linear analysis.

Fix points x, y in a complete Riemannian manifold (M, g) and consider
the energy function

1 1
E(y) = Efo | y(0)|*dt

on the path space P of all L2 paths y: [0,1] — M with y(0) = x and
y(1) = y. To topologize P, fix an embedding of M into RY. This defines
an inclusion of ? into the Hilbert space

H = LY2([0, 1], RM).

The Sobolev embedding L2 C C : shows that @ is a closed subspace of H
with one component for each homotopy class of paths from x to y, and
that each path y € ® is Holder continuous and lies in a bounded set in M
whose radius depends only on E(y). An application of the implicit function
theorem shows that % is a smooth embedded submanifold of H and E is a
smooth function (we will give such an argument in Lemma 4.2 below). The
inner product on H then induces an L!? Riemannian metric on ®.
Computing the variation, one finds that the differential of E is

1
(dE)y(X)=f0 g(X,VrT)dt
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where T = y. Thus the critical points are solutions of the geodesic equation
VrT =0.

LEMMA 1.5 (cf. [P1], [S]). The energy function E: ? — R satisfies the
Palais-Smale condition. Each critical point is a smooth geodesic from x to y.

PROOF. For any Palais-Smale sequence {y;} in & the image curves y; all lie
in a bounded set B, so {}} is a bounded sequence in L%([0, 11, RM). In fact,
since the Ey are bounded, {y;} is a bounded sequence in H and hence is
equicontinuous. By weak compactness and the Arzela-Ascoli theorem there
is a subsequence {y;} that converges strongly in L2 N C? and weakly in H to
Y € H.

It remains to show that the differences ¢ = yx — y; converge to 0 in L2,
Since we already have 12 convergence it suffices to show that d’kl — 0in L2
Integrating by parts and writing I'(T, T) = T — V7T, we have

1
15)  léul? = — fo (b1, (T — T))
1
= —/0 (b, Vo, Te — V4, T + T(Ty, Ty) — T(Ty, Tp))

1
+SUP,F¢k1|/ Tl + (k <> D).
0

1
= ‘/0 (D11, V1, Ty)

where (k <> [) denotes the same terms with k replaced by /. These inner
products are with respect to the euclidean metric, but on the set B the
euclidean metric is uniformly equivalent to the Riemannian metric g of M
and I' is bounded. Thus

1
\/(; 8 (¢k11 VTk Tk)

The term Ej sup |¢y;| vanishes in the limit since the Ej are bounded and
¢r — 0 pointwise.

Now ¢ () is a vector field along y; that vanishes at the endpoints but is
not tangent to M C RN. However, its tangential component @y lies in
1,2, so

+ cEg sup [pu| + (k < 1).

: 2
lpwll® <

1
/ g (medut, Vi, Ti) | = d Ex (i) < il - 1A Exll-1,2
0
= l@xillrz - ICVE)|l1,2 — 0
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since the ¢y, are bounded in L2 and the sequence is Palais-Smale. This
leaves only the normal component, for which we have

1
f g (1 = m)du, Vi Te)| < 1A — m)prallnz - 1V Tell-1,2-
0

But multiplication induces a bounded linear map L* x L?* — L~!2, so the
sequence

IV Tel2 15 = 1Tk = T (Te, TOI% 15 < 20Tkl + @I Tl 12, 5 < 2Ex +cE}

is bounded. Finally, consider the orthogonal projection 7 : RN — T,M at
apointpe M C RY. Then for ¢ near p and X € Tq[RN we have

|X —mpX| < dist(p, q) - | X]

with ¢ uniform for p, g € B with dist(p, ¢) < . Applying this to ¢;; and <f5k1
and integrating shows that

(1 = 7 drilli2 < csup|Pul - @il — 0.

We conclude that each term in (1.5) vanishes in the limit, so {y;} is Cauchy
in ®. The limit y is then a weak solution of VrT = 0 and by elliptic
regularity (for O.D.E.s!) is a smooth geodesic. ¢

One way to apply Lemma 1.5 is to invoke the fact that for a generic pair of
pointsx, y € M the critical points of the energy function are non-degenerate
([M], [U]). For these pairs the Morse Theorem 1.3 applies. Alternatively,
without assumptions on x and y, we obtain a Lusternik-Schnirelman theory
from Theorem 1.4. Either way, we have linked the critical points of L to
the topology of #. But ? has the homotopy type of the loop space QM
and, when M is compact and simply-connected, the spectral sequence for
the path space fibration

P=QM — PM ==«
(1.6) l
M

shows that ? has infinite cuplength ([Se]) . Consequently, the energy func-
tion E on ? must have infinitely many critical points.
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COROLLARY 1.6. On a compact l-connected Riemannian manifold
(M, g), there are infinitely many geodesics joining any two points x, y € M.

Another application is to finding closed geodesics. For this, consider the
energy function on the space AM of L'? maps S' — M. As above, AM
is 2 manifold and the Palais-Smale Condition holds provided M is compact
(compactness is needed to ensure boundedness in the first sentence of the
proof of Lemma 1.5). Minimizing over each component of AM and noting
that mo(AM) = 71(M) by (1.6) gives the following classical theorem.

COROLLARY 1.7. On a compact Riemannian manifold (M, g), every ele-
ment of 71 (M) is represented by a closed geodesic.

Unfortunately, these applications to geodesics were the only notable suc-
cess of this program in the 1960’s. It turns out that the Palais-Smale Condi-
tion fails for many important non-linear geometric problems.

To understand the way in which the Palais-Smale Condition typically fails,
consider the “non-linear eigenvalue problem”

(1.7) Af + f =Af?

on $*, where A is an unknown constant. (This equation arises in connection
with the Yamabe problem, and we will study a more general version of it in
section 4.) To solve this by variational methods, one should minimize

a8) L) = [ e+ p

subject to the constraint that [, f* = 1 (this constraint gives a Lagrange
multiplier and hence the right-hand side of (1.7) ). As above, one can choose
a minimizing sequence {f;} in L2, and find a subsequence converging
weakly to fo € L1?. However, the inclusion L2 < L% is not compact,
and hence the weak limit fy need not satisfy the constraint and the variational
method breaks down. Equivalently, from the Morse Theory perspective,
one finds that L, as a function on the constraint manifold, does not satisfy
the Palais-Smale Condition.

The difficulty here is that the inclusion L"? < L*is a borderline Sobolev
embedding. If we change the equation, replacing the righthand side of
(1.7) by Af3>7%, & > 0, then the relevant embedding L2 < L*¢ is com-
pact, the variational method works, and in fact the non-linearities in the
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problem are of little consequence. However, many natural geometric ellip-
tic equations (e.g., the Yamabe and Yang-Mills equations) involve borderline
Sobolev embeddings—indeed it is precisely this analytic property that allows
the solutions to display interesting nonlinear behavior. In the next section
we see how the imposition of symmetry allows one to circumvent this prob-
lem of borderline embeddings.

2. The Equivariant Sobolev Theorem

Suppose that a compact Lie group H acts isometrically on the vector
bundle E — M, thatis, each h € H gives a smooth metric-preserving bundle
map h: E > E covering an isometry h: M — M. A section ¢ € I'(E) is
equivariant if ¢ (h(x)) = /;(qﬁ (x)) for all x € M. Let 'y (E) denote the set of
all smooth equivariant sections.

The group H also acts on the connections on E. Specifically, h € H takes
a connection V to the connection 4 - V defined by

(2.1) (h-V)y¢ = b7V, ,(h9)),

where X is a vector field on M and ¢ € I'(E). By the device of averaging
over the group we obtain an invariant connection V?, which we fix once
and for all.

Completing the set 'y (E) with respect to the norms (1.1) and (1.2)—
using the invariant connection V%—we obtain Sobolev spaces Li}p (E) and
& Z(E ). These equivariant Sobolev spaces are closed subspaces of L*P(E)
and CK(E), so the Sobolev embeddings of Theorem 1 restrict to correspond-
ing embeddings for Ll;i’p(E) and CII‘:[(E). However, when the H-orbits have
positive dimension one expects a better result: since equivariant sections
correspond, in some sense, to sections over the orbit space M /H, the spaces
Li}p (E) should satisfy the Sobolev theorem with the dimension » replaced
by dim(M/H). While this statement, as it stands, is not correct, the follow-
ing theorem shows that equivariance does indeed yield improved Sobolev
embeddings.

THEOREM 2.1 (Equivariant Sobolev Embedding Theorem). Suppose H
acts isometrically on E and that each H-orbitin M has dimension > d. Then

the spaces LI;{’p (E)and C f_I(E ) satisfy the Sobolev Embedding Theorem with
n replaced by n — d.
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PROOF. We give the proof for the spaces Ll;}P (E); the proof for the C Z (E)
is similar.

The orbit through each x € M has a tubular neighborhood U, equiv-
ariantly diffeomorphic (by the exponential map) to H Xy, By, where H,
is the isotropy subgroup at x, and By is the ball of radius ¢ in the normal
space to the orbit at x. For small ¢ the differential of the exponential map
is uniformly close to the identity, and hence the metric on U, is uniformly
close to the product metric on H Xy, By. Let {U; = U, }£=1 be a finite
subcover of {U, | x € M}. Write E; for the restriction of the bundle E to
AU; and set

(22) LiPUED = {1, ..., ¢1) € ®LEF(E) | ¢ = ¢ on W N, Vi, j}.
We then have isomorphisms
(2.3) LYP(E) ~ LY%P(E))

([P4], Theorem 4.3). Furthermore, each equivariant section ¢ on U, pulls
back by the exponential map to an equivariant section ¢* on H x g By, and
the L¥? norm of ¢ on AL, is uniformly equivalent to the L*? norm of ¢*
on H Xp, By. It therefore suffices to prove the theorem for equivariant
Sobolev spaces on H xp, By with its product metric.

Each equivariant section ¢ on H x py, B satisfies

(2.4) |6 ()| = 1hp ()] = |p(x)],

i.e., [§] is constant on orbits. The total covariant derivative V% splits into
components (Vo) T tangent to the orbits and components (VO¢)S tangent
to the slice S = Id x By. Thus

(2.5) [VO[% = [(VO0)T |2 + |(VO9)5 2

where, by the invariance of V?, each term is constant along orbits. Now each
X in the Lie algebra of H gives a vector field X on E, and the Lie derivative
£ 3¢ vanishes for equivariant ¢. Hence the difference ¥y = VS)( — &%z isa
smooth endomorphism, depending only on V? and the H-action. Equation
(2.5) can then be written as

(2.6) VO[> = VO8> + W ()
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where ¢ is the restriction of ¢ to the slice. From (2.4), (2.6), and the fact
that W is bounded we obtain

/ V91? = Vol(H/Hy) f V1P + C / 612,
HXH_‘BI S S

so the L,ll’p-norm of ¢ on H x y, By is equivalent to the L'"?-norm of ¢ on S.
Similar statements hold for higher derivatives, giving isomorphisms

LYP(E) = L (Elsice)-

Finally, since each H-orbit has dimension > d, each slice §; = Id x By, has
dimension < n — d, so the (n — d)-dimensional Sobolev embeddings hold
on each slice. ¢

The improvement in the Sobolev embeddings stated in Theorem 2.1—
with the dimension n being effectively reduced by the dimension d of the
smallest orbit—is the best possible. The following example shows why. It is
an example of an action with fixed points (so d = 0) where equivariance
yields no improvement in the Sobolev embeddings. One can easily construct
similar examples with d > 0 by taking the product of this example with a
homogeneous space.

2.2 Example. Fixn > 3 and set p = 2n/n — 2. The functions fj on R”

defined by
A (n=2)/2 N 0

are smooth and positive. Differentiating in polar coordinates shows that

HAf ==Hf] + 0 — 1)1'_1fAf)( =n(n — 2)pr. Integrating by parts and
substituting x = Ay shows that

1

2.7 —_— d 2=f ”=/1 H " dy = Cp,.
(2.7) ni=2) Rnlf” R,,fl Rn(+|y|) y

is a constant independent of A.

Now consider the functions ¢, corresponding to f) under the standard
stereographic projection o : R" — §". As is well-known, this map is con-
formal: the metric g on S pulls back to (1 + [x|)718; = £/"8;; on R™.
Pulling back |d¢y|* = g~ (dy, d¢y) and the volume form dvg, we have

(2.8) / ld¢A|2+¢,{’dvg:f (|f,"’/”dfﬂ2+ff) 2 gl s dn®
Sn R”
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with fi < 1. It follows from (2.7), (2.8) and Holder’s inequality that the
functions {¢»} on §” are uniformly bounded in L!2. Moreover, the fo are
clearly invariant under the usual action of H = SO(n) on R”, and hence
the ¢, are invariant under the corresponding action of H on $". Fixing
a sequence Ay — 0, we obtain a sequence {¢} bounded in L}L}z(S") that
become more and more concentrated at the south pole as k — oo.

With our choice of p the embedding L? < LP is a borderline Sobolev
embedding. If equivariance gave any improvement in the Sobolev inequal-
ities the embedding L}f — LZ would be compact, and {¢} would have
a subsequence converging in L? to some ¢y € L}_}z. But as A — 0 the f;
converge to 0 pointwise on R” — {0}, so we would have ¢, — ¢9 =0 in L”.
However, integrating as in (2.7) and (2.8)

f @y dvg =f fLffax > 2-P/ ffdx=27PC, > 0.
L R" B(0,1)

Thus {¢¢} does not converge in L? and the embedding L}_}Z < L% is not
compact.

This example illustrates a well-known general phenomenon that occurs
for the borderline Sobolev embedding: a bounded sequence in L2 either
has a subsequence that converges in L?, or it has a subsequence whose L?
norm becomes concentrated at a finite set of points {p;} C M. The details
above simply verify that this latter possibility can occur equivariantly, with a
sequence of invariant functions concentrating at a fixed point of the group
action.

3. Morse Theory for Equivariant Functions

The Equivariant Sobolev Theorem gives a direct way to approach varia-
tional problems that are borderline for the Sobolev embeddings: look for
solutions invariant under an appropriate group action, use the Equivariant
Sobolev Theorem to verify the Palais-Smale Condition, and apply the the-
orems of section 1. In subsequent sections we will apply this method to
specific problems. Here we will describe the main steps in this approach.
As will be clear, this program owes much to the work of Palais.

Suppose that M is a Riemannian manifold with an action of a compact
Lie group G and that all orbits have dimension d > 1. We are given a
Lagrangian L defined on a Hilbert or Banach manifold /t associated to M
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(e.g, M= LV2(E) for some vector bundle E — M) and an induced action
of G on M. We can then seek solutions to the variational equations of L
using the following procedure.

(i) Show that the fixed point set M G is a Hilbert or Banach manifold and
that L: M® — R is smooth.
(ii) Prove the PS Condition using the Equivariant Sobolev Theorem.
(iii) Apply the Morse or Lusternik-Schnirelman theorems to obtain points
critical with respect to invariant variations.
(iv) Show that these are critical with respect to all variations.
(v) Use elliptic theory to show that these critical points are smooth solu-
tions of the variational equations.

Only step (iv) needs clarification. Here we encounter an interesting
general phenomenon: criticality with respect to invariant perturbations
implies criticality with respect to all perturbations. This too was studied by
Palais [P5], who dubbed it the “Symmetric Criticality Principle”. Specifically,

SYMMETRIC CRITICALITY PRINCIPLE. Let M be a smooth Banach mani-
fold with smooth G action with fixed set 4®. Suppose that F: M — Risa
smooth G-invariant function. If x € M is a critical point of F': MC > R,
then x is a critical point of F.

The Symmetric Criticality Principle is often implicitly assumed. In a
typical example, a physicist seeking critical points for a Lagrangian L for a
field on R? will impose the Ansatz of spherical symmetry by seeking solutions
f(r) that depend only on the distance from the origin. Inserting f(r)
into the Lagrangian and computing the Euler-Lagrange equation, yields an
O.D.E. for f(r). A solution to this O.D.E is a critical point for L with respect
to spherically symmetric perturbations—it is only by the symmetric criticality
principle that one knows these solve the original problem.

The Symmetric Criticality Principle is not always true (itis a principle, not
a theorem; counterexamples are given in [P5]). Nevertheless, it is valid in
considerable generality. The following theorem gives conditions ensuring
that it holds; these are sufficient for many applications. The proof makes
transparent the key point behind the Symmetric Criticality Principle.

PROPOSITION 3.1. Let G be a Lie group acting smoothly on a Banach
manifold M, and let F: M — R be a smooth G-invariant function. Assume
either (a) G is compact, or (b) G acts isometrically on M. Then the set

48



EQUIVARIANT SOBOLEV THEOREMS AND YANG-MILLS-HIGGS FIELDS

MS C X of fixed points is a smooth closed invariant submanifold and the
Symmetric Criticality Principle holds.

PROOF. At each fixed point x € MC the group acts on the tangent space.
When M is a Riemannian Hilbert manifold we have a G-invariant orthogonal
decomposition

(8.1) Ty M = T M® @ Normal space

and the exponential map is an equivariant diffeomorphism of a neighbor-
hood of 0 in T M to a neighborhood of x in M. It follows that MC is a
submanifold and that T, M is exactly the invariant subspace of the action
of G on Ty /M. Since F is invariant, VF is in this invariant subspace. But the
component of VF in T MY is precisely the gradient of the restriction of F
to MC. Hence VF vanishes if and only if x is critical for F: M% — R.

When G is compact and M is a Hilbert manifold, we can always find an
invariant metric ¢ by choosing an arbitrary metric and averaging over the
group. The action is then isometric with respect to g and the theorem
follows as above.

When M is a non-Hilbert Banach manifold a slightly different argument
is needed. By applying the Implicit Function Theorem and averaging over
the group, one can show (see [P5], section 5) that the G action is still
linearizable at each x € MY, i.e., there is an equivariant diffeomorphism
of a neighborhood of x in M with a neighborhood of 0 in T, with a
decomposition (3.1). The proof then proceeds as before. +

This Proposition shows that the process of restricting to the invariant
submanifold and applying the symmetric criticality principle is “soft”—it
can be done generally and abstractly. Of course, the same is true of the
Equivariant Sobolev Theorem and the Morse and Lusternik-Schnirelman
Theorems. It is only in step (ii) of our program—verifying the Palais-Smale
Condition—that we need look at specific equations and do hard estimates.

4. The Yamabe Variational Problem

In this section we illustrate the use of the Morse theory for equivariant
functions by applying it to the variational problem that arises in the Yamabe
problem.

In the Yamabe problem we are given a compact Riemannian manifold
(M, g) of dimension n > 3 and asked to find a metric conformal to g which
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has constant scalar curvature. This problem can be cast in variational form
as follows. Set p = 2n/n —2,a = n —2/4(n — 1) and let s, denote the scalar
curvature of the metric g. The critical points f € L2 of the Lagrangian

1
(1) L =3 [ 1drP+as,s?
2/m
subject to the constraint f;, | f|? = 1 are solutions of the non-linear equation

(4.2) Af +asgf =AfP7L

If f is a minimal critical point of L then (4.2) and the maximum principle
imply that |f| > 0. The metric g’ = |f|P~2g then has constant scalar
curvature (see [A] or [LP] for details).

Equation (4.2) is a direct generalization of (1.7) and its analysis is plagued
by the same problem—direct minimization methods fail because the expo-
nent p is critical for the Sobolev embedding L'? < LP in dimension n.
The solution of the Yamabe problem—the cumulative work of H. Yamabe,
N. Trudinger, T. Aubin and R. Schoen—requires a very detailed analysis of
the geometric origins of the constant of this Sobolev embedding (cf. [LP]).
Here we will show that these subtleties can be avoided for Riemannian man-
ifolds with symmetry—direct minimization yields infinitely many distinct
solutions of (4.2).

THEOREM 4.1. Let (M, g) be a compact Riemannian manifold of dimen-
sion n > 3. Suppose that a compact Lie group H acts isometrically on M
with each orbit having dimension d, 1 <d < n. Then there is a sequence
{ fx} of smooth, H-invariant solutions of (4.2) with L(f) — oo.

Remarks. (1) Wei Yue Ding [D] proved this for M = §" and H =
0(k) x O(n — k + 1).

(2) The solutions {f¢} with L(fx) minimal are positive, and hence give
solutions of the Yamabe problem. The higher-energy solutions change sign,
and hence are not immediately relevant to the Yamabe problem.

The first step toward constructing a Morse theory for the Lagrangian (4.1)
is to show that the constraint surface is a Riemannian Hilbert manifold. For
this we write the L!*2 norm as

(4.3) ||f||2=/M|df|2-l-f2=(f,lilf)L2
where [0 = A + 1 = d*d + 1. Note that [] is 2 bounded invertible operator
LI;1+2’2 — Ll;f for each k; let (17! denote its inverse.
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LEMMA 4.2. Theset X = {f € L’ | fllL» = 1} is a smooth complete
codimension 1 Riemannian submanifold of L}f. At f € X its tangent space
and unit normal vector are

TrX = {h e Ly | ¢, | f1P72f) 2 = 0}

(4.4) o OlAf1Ph
=TT onr

PROOF. X is a level set of the function F(f) = [|f|P. For h € L1? and
feX

d
(4.5) dF)f(h) = EF(f +th)

—p f FIP2fh
t=0
< IFIE Al = Ikllp < ClAlL2

so (dF)y exists and is bounded. The higher derivatives are computed sim-
ilarly, and one easily sees that F is C*™. Since dF never vanishes on X the
implicit function theorem then implies that X is a smooth, closed—hence
complete—codimension 1 submanifold of L }_}2 . The metric (4.3) on L}f re-
stricts to give a Riemannian metric on X. Equation (4.5) also shows that the
tangent space is as stated in (4.4). Since the L!*? normal vy is characterized
by '
0= (h,v)p12 = (h,OV)2 forallh € TrX

we have (Jvs = A|f|P~2f for some nonzero A € R. Inverting (J and
normalizing gives the expression (4.4) for the unit normal. «

One can visualize X as a sort of ellipsoid in L}f with tangent spaces and
normal vectors given by (4.4)—see Figure 1. The next step is to apply the
Lagrange Multiplier method as in ordinary calculus.

The Lagrangian (4.1) is a smooth function on X (it is the restriction of a
quadratic function on L!?) with differential

d
(4.6) (dL)f(h) = EL(f +th)

=/h(Af+asgf)

t=0
= (h, O N(Af +asg f)ipa
= (h, f +0O '((asg — D f)) 12
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Tr X

Figure 1. X asa submanifold of L}f .

This last expression gives the gradient of L on L}f. Consequently, the
gradient of L on X is

(4.7) (VL)s = [f+ 0 Yasg — D] e TrX

where T denotes the orthogonal projection o = ¢ — (@, vr)vr onto TrX.
With this formula in hand, we can now use the Equivariant Sobolev Theorem
to establish the PS Condition.

LEMMA 4.3. L: X — R satisfies the Palais-Smale Condition.

PROOF. Let {f;} be a sequence in X with L(f;) < B and [[(VL)g ]| — 0.
By Holder’s inequality

(4.8) V£l = LG + f (1 —asg) £

< B+ | filZo (1 — asg)ll o
=B + ”(l - asg)lan/z

so the sequence is bounded in L}f‘. Since the unit ball in LIHZ is weakly
compact and the inclusion L}f‘ <> LP? is compact by Theorem 2.1, we can
choose a subsequence (also denoted {f}) that converges weakly in LY? and
strongly in L? to f € L}_}z. Convergence in L? implies that [ f? =1, so
f € X. It also implies that {fkp_l} — fP~lin LP/P~! 50, since (1! is a
bounded map LP/P~! — [2P/P=1 C L2, the sequence {v; = vy} given by
(4.4) converge to Vs in L'2. Similarly, the Holder inequality used in (4.8)
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implies that {(1 — asg) fr} = {(1 —as,) f} in LP/P=1 so (O7'(1 — asg) fr} =
O '(1 —asg) f in L2,

Now set ¢ = fr + D—l(asg — 1) fr. Then {¢} converges weakly in L!2
and {w} — v in LV2. It follows that {{¢, vi)vi} converges in L2, But
from (4.7) our hypothesis on VL is that (VL) fi = &k — (@k, vi)Vx converges

to zero. We then conclude that {¢}, and therefore also {fi}, converges in
Ll,2. ,:.

LEMMA 4.4. L: X — R has infinitely many critical points.

PROOF. The key point is that the Lagrangian (4.1) is even. In fact, the
involution f — —f is a smooth isometry of X leaving L invariant, so we
get a 2-fold cover X — X/Z; and Lemma 4.3 implies that L: X/Z, — R
satisfies the Palais-Smale Condition.

Now the well-known fact that the unit sphere in Hilbert space is con-
tractible ([K]) indicates that X/Z, is a K(Z,,1). The specific argument
requires some care (X is not a CW complex) and goes as follows. First, the
map H(f) = f/| fll is a homeomorphism from X to the unit sphere S in
the Hilbert space L}}Z, which is infinite-dimensional because the H-orbits
have dimension < n. Thus X is contractible. Next, L;}Z is filtered by the
eigenspaces of [J; inductively enumerating the normalized eigenfunctions
in the order of their eigenvalues gives a continuous inclusion R® <> L}f
with dense image. Restricting to the unit sphere and composing with the
homeomorphism H~': § — X yields a diagram

§® L, x

.

RP® <! x/7,

where i and j are weak homotopy equivalences. A result of Palais ([P2],
Theorem 15) then shows that i, j are in fact homotopy equivalences. Thus
H*(X/Z; Zy) = H*(RP*; Z5) is a polynomial algebra on one generator in
dimension 1, so X/Z, has infinite cuplength. By the Lusternik-Schnirelman
theorem L has infinitely many critical points on X/Z,, and hence on X. ¢

These critical points are critical with respect to variations tangent to X,
that is, variations that preserve both the constraint and the H-symmetry. The
Symmetric Criticality Principle insures that they are critical with respect to
all variations that preserve the constraint. Thus we have infinitely many
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transforms the Lagrangian (5.1) to

1 1
5.4 — [ I[FYP+ Vo> £ (6> — 1)°d
(5.4 oo [ 1T V9P £ 500l ~ 1Pay

where the = is the sign of A. Hence there is a one-to-one correspondence
between the critical points of (5.1) and those of (5.4); equivalently, one can
check this directly by substituting (5.3) into (5.2). Moreover, the factor of
|A|~! at the front of (5.4) is inconsequential to the variational problem—the
critical points are the same for any A # 0. (This parameter |A| nevertheless
has a definite physical meaning: itis the “coupling constant” in the quantum
field theory corresponding to these Lagrangians. It determines the strength
of the quantum corrections to the classical field theory problem we are
considering here.)

Thus after the initial rescaling (5.3) we can assume that & = [A| = 1. This
means that there are really two types of Higgs equations, corresponding
to A > 0 and A < 0. Since we are fixing the connection, we can drop
the curvature term from the Lagrangian. We then have two variational
problems; they are given by the Lagrangians

1 1

(5.5) L*(¢) = > f Vo[ £ =(I¢|* — 1)?
2 u 2

and corresponding variational equations

(5.6%) V*V¢ £ (|¢]> — )¢ = 0.

The qualitative features of the Lagrangian (5.5) depend very much on the
sign of the Higgs potential, and the two problems must be treated separately.

Case 1: A < 0. For the case with a minus sign in (5.5) and (5.6) we can
apply the method of the previous section to obtain an infinite number of
solutions on a manifold with symmetry.

THEOREM 5.1. Let E be a vector bundle over a compact Riemannian
4-manifold M. Suppose that a compact Lie group H acts isometrically on E,
with each orbit of the induced action on M having dimension 1 < d < 4,and
suppose V is an invariant connection. Then there is a sequence {dr} € T'(E)
of smooth, H-equivariant solutions of (5.67), with L™ (¢x) — oo.

PROOF. We begin by directly minimizing the “energy functional”

1
(5.7) B = E/MWWJF W2
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on the constraint manifold X = {y € Ly*(E) | [, [¥|* = 1}. All of the
arguments of section 4 apply without change. Thus E has a sequence {yy}
of smooth, equivariant critical points with E(y;) — co. By the symmetric
criticality principle these are solutions of the variational equation

(5.8) V*VYr + Y = ol >y

for some constant (Lagrangian multiplier) a. Taking the inner product of
(5.8) with ¥ and integrating by parts shows that

2E(Y) = f IVl + [l = o / el = o
M M

In particular, o > 0 for all k. But then for each %, O = Jaryy satisfies
(5.67) with ||¢rllLs = /o, 2E(¢r) = a,%, and hence by (5.5)

1
L™ () = Z[a,f — Vol(M)] — co. o

This proof leads to a simple picture of the Lagrangian L™ on L;}Z(E).
First note that ¢ = 0 satisfies (5.6™) and hence is a critical point with
L=(0) = —% Vol(M). A simple calculation shows that the Hessian of L~ at
¢ =0is

Hn,n) = /M IV + Inf? = linl1 .

Hence ¢ = 0 is an isolated critical point and a local minimum. Next, ob-
serve that for @ > 0 the renormalization ¢ = /&y used in the above proof
gives a one-to-one correspondence between the non-zero critical points
¢ of L~ with |I¢|Ii4 = « and the critical points ¥ of (5.7) on the con-
straint manifold X = (||¥||zs = 1}. Thus the solutions {¢} obtained in
Theorem 5.1 are, together with the solution ¢ = 0, the complete set of
critical points on L ;*(E). Finally, note that for each ¢ € LL2(E) the restric-
tion of the Lagrangian to the line through ¢ and the origin has the form
L~ (t¢) = —at* + bt? — % with a, b > 0; the graph of this quartic is shaped
like an ‘M’ with a local minimum at ¢ = 0 and local maxima at ¢t = +2a /b.
These facts give a picture of the graph of L~ as a function on L;;z(E)—see
Figure 2. There is one critical point (a local minimum) at ¢ = 0. Around it
are critical points arranged in pairs {=¢}. As k increases the critical points
move away from the origin, the values L~ (¢) increase, and the Hessian of
L™ at ¢ has an increasing (finite) number of negative eigenvalues.
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Figure 2. The graph of L™ on L}f(E).

Case 2: A > 0. The case of the plus sign in (5.5) and (5.6) is quite
different. In contrast to Theorem 5.1, we now expect the Lagrangian (with
a generic metric and connection) to have only finitely many critical points.
To explain this difference we will first describe the qualitative behavior of
the Lagrangian L™ on L'? and L}f, and then give a rigorous result.

The variational equation (5.6%) still has ¢ = 0 as a solution, so the
origin in LY“%(E) is a critical point of Lt. The Hessian of LY at ¢ = 0
is H(n,n) = (n,(V*V — 1)n). This already shows that the critical point
behavior of LT depends on the low eigenvalues of the operator V*V. For
example:

PROPOSITION 5.2. If the first eigenvalue of V*V is > 1 then ¢ = 0 is the
only critical point of Lt on L"(E).

PROOF. Each critical point ¢ satisfies (5.6%). Hence if V*V — 1 is a non-
negative operator we have 0 = [,/ (¢, (V*V — 1)¢) + lp1* > [y 1B1%. <

In general, V*V will have a finite number of eigenvalues < 1 and the
Hessian at 0 will have a finite-dimensional negative eigenspace. For each
n € LY“? the restriction of the Lagrangian to the line through n and the
origin has the form L*(tn) = at* +bt>+1/4wherea > 0and b = %H(n, n);
the graph of this quadric is shaped like a2 ‘W” if H(n,n) < 0 and like a ‘U’
if H(n,n) > 0. Thus the graph of Lt on LY2(E) is as sketched in Figure 3.
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S5

Figure 3. The graph of L* on L}*(E).

Since there are only finitely many W-shaped directions we expect only finitely
many critical points, with the number of critical points approximately equal
to the number of eigenvalues of V*V that are < 1. Finally, when we restrict
to L},’z C L'? the eigenvalues shift up and we get a similar picture with
probably fewer W-shaped directions and fewer critical points.

It is difficult to make rigorous conclusions from this picture because the
Lagrangian L* again involves the borderline Sobolev embeddings. But LT,
like L7, is analytically well-behaved on the subspace of invariant sections.

THEOREM 5.3. With E, M, and H as in Theorem 5.1, the Lagrangian Lt
given by (5.5) satisfies the PS Condition on L}2(E).

PROOF. Suppose {¢:} is a sequence in L},’z(E) with LT (¢x) < B and
(VLT )g, | = 0. Using Holder’s inequality we then have

4B 2 417 @0 2 [(82— 177 = (19¢1 — v/VoI0D)

It follows that {¢} is bounded in L* and hence—again by Hoélder—in L2.
But we also have B > L*(¢;) > ||V¢k||iz, so {¢r} is bounded in L2, The
differential (dL%)y is the left-hand side of (5.6%), and the L'?-gradient is
(VL)y = O (V*V¢ + (191> — 1)¢) = O (0o — 2¢ + [9I¢) (cf. (4.6)).
Thus the hypothesis on the gradient is

(5.9) lide — 207" ¢ + O Ik di) 11,2 — O.
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Now recall that the Sobolev space L7 is by definition the dual of L*¢ and
that the Sobolevembedding theorems apply with k < 0 (see [P4], section 9).
The composition
-1

(5.10) L4 x L4 x LY —> LY —> L3712 =5 12

is therefore bounded (here the first map is induced by multiplication and
is continuous by Hoélder’s inequality, and the second map is induced by the
identity and is continuous by the equivariant Sobolev embedding theorem).
Since {¢x} is bounded in L'? and Llh’,2 <> L%, is compact, we can replace
{¢r} by a subsequence that converges in L*, and then (5.10) shows that
{07 '(|px|*Pr)} converges in L2, Similarly, since L}f C L%, is compact and
O~ !': L2 — L"? is bounded, we can take a further subsequence to ensure
that {{17! ¢} converges in L2, But then (5.9) shows that {¢%} converges in

1,2 &
Lc. o

COROLLARY 5.4. The critical set of L™ on Llff(E) is compact, and the
highest critical value on LV2(E) occurs when ¢ = 0.

PROOF. If ¢ is critical it satisfies (5.67). Multiplying by ¢ and integrating
by parts shows that ALT(¢) = f(l — @] < Vol(M), with equality iff ¢ = 0.
Hence any sequence {¢} in the critical set has {L*(¢%)} bounded and
therefore has a convergent subsequence by the PS Condition. <

PROPOSITION 5.5. Let k be the number of eigenvalues of V*V that are

< 1 and assume that no eigenvalue is exactly equal to 1. Then L* has at

least 2k + 1 critical points on L;f(E).

PROOF. Replacing ¢ by t¢ shows thatfor 0 <¢ <1
L*(t¢) <t’[L*($) —al +a

where a = Vol(M) /4 is the value of the critical point ¢ = 0. This implies that
when b > a the set M = {¢ € L}f(E) | L*(¢) < b} is contractible, since if
¢ € My, then Lt (t¢) < t?’(b—a) +a < a < b. Corollary 5.4 implies that
there is an ¢ such that a is the only critical value in the interval [a — ¢, a + ¢].
Our assumptions mean that the Hessian H (n, n) = (n, (V*V —1)n) of LT at
¢ = 0 is non-degenerate of index k. Then Theorem 1.3(c) gives

$=Mape=Ms_ g UHy and  M,_ N Hy = 8H, = §¥71,
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and hence H*(M,_,;) = H*(S*™ 1) by the Mayer-Vietoris sequence. Now L*
is invariant under ¢ +— —¢ and hence descends to the quotient M,_g of
M, by Z,. Using the Gysin sequence with Z, coefficients we find that M,_,
is a Z-cohomology RP*=1 so has cuplength k. Therefore Cat(M,—_;) > k.
Furthermore, L1 Ma_g — R satisfies the PS Condition by Theorem 5.3.

We cannot directly apply the L-S Theorem 1.4 because M,_; has a bound-
ary. However, M,_; is complete, contains only interior critical points (with
our choice of ¢) and is invariant under the downward gradient flow. The
proofs of the Lusternik-Schnirelman Theorem given in [P3] and [S] then
apply without change—the downward gradient flow never encounters the
boundary. We therefore conclude L* has at least & critical points on Ha_e.
This gives 2k critical points in M,_,, plus the critical point ¢ = 0. «

The eigenvalues of V*V vary as we change the rescaling (5.3), and this
changes the number of solutions found by Proposition 5.5. We will return
to this bifurcation phenomenon at the end of section 6.

The results above give a good understanding of the critical points of the
Lagrangians L™ and L~ on L;}Z(E ). Of course, things are more complicated
on the larger space LY“2(E). The invariant critical points will remain criti-
cal (by the symmetric criticality principle), but their indices may increase,
additional critical points may appear, and there may even be non-compact
manifolds of critical points (as occurs in Example 6.1 below). The failure of
the PS Condition could also mean that downward gradient flow lines may
not converge. It is striking that these analytic difficulties are completely
avoided by imposing symmetry.

6. Two examples

The theorems in the previous sections are rather abstract and deceptively
easy to prove. To illustrate their implications we will now work out two
particular examples. The first is the equation considered by Ding [D]; we
include it to show how the Palais-Smale Condition can hold on the space
of invariant functions, but fail in general. The second example shows that
there are non-trivial Higgs fields on S* and shows how the number of
solutions changes as we vary the parameter A.

Example 1.  Let M = (§* g) be the unit sphere in R5. The grou
/4 P group

H = S' x SO(3) acts on R’ with the S! rotating the first two coordinates
and the SO(3) rotating the last three coordinates; this gives an isometric

61




THOMAS H. PARKER

action on S* all whose orbits have dimension 1 < d < 4. Since S* has scalar
curvature s, = 12, Theorem 4.1 immediately gives the result of Ding [D].

COROLLARY 6.1. There is a sequence {f;} of smooth solutions of the
equation

(6.1) Af +2f = Af°?

on S*with || fillLs = 1and Ay = [ |V fil*> + 2 — coas k — oo.

This equation on $* is particularly interesting because it is conformally
invariant, as follows. Let g’ = y2g be a metric conformal to g by a function
y > 0. Then the scalar curvature of g'is s’ = 6y >(Ag +2)y (see [LP], §1)
and the Laplacians of g and g’ are related by A" = Yy 2A = 2y~3dy,d").
Hence if f satisfies (6.1) then y~! f satisfies

(6.2) (A’ - %) 7 H =27

Now suppose that z: §* — S* is a conformal diffeomorphism. Then g’ =
h*g = y}g for some function y;, > 0. By the naturality of curvature and of
the Laplacian we then have s’ = h*s and A" = h*A. Hence if f satisfies
(6.1) then by (6.2) ¥ = (h~")*(y; ' f) satisfies

(6.3)

A+ 29 = &+ (2) ] vy = (A’ - —2—) i ) = h 1y,

so ¥ also satisfies (6.1). Thus we can construct new solutions by applying
conformal transformations to the ones obtained in Corollary 6.1. In fact,
the group of conformal diffeomorphisms of S§* is SO(5, 1) and the above
procedure yields

LEMMA 6.2. The map ®: SOG5,1) — End(L"?) defined by ®,(f) =
(h‘l)*(yh_1 f) is an injective homomorphism, and each ®; preserves the
L* norm.

PROOF. The equation h*g = y7g implies that ypx = (kK*yu)yk, and it is
then easy to check that ® is a homomorphism. Injectivity is also easy: if
h € ker @ then h* f = yh_lf for all f. Taking f = 1 shows that y;, = 1 and
consequently £ is the identity.
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For any & € SO(S5, 1) the pulled back volume form satisfies h*dv = y,‘f dv
and hence by the diffeomorphism invariance of the integral

(6.4) / 1Bh(F)I* dv = / G Yy A dy = f Y114 dv = f £ 1* dv

and similarly
(6.5) f d(@n(F)2dv = / \df P dv.

Thus @}, is a bounded linear endomorphism of L!'? that preserves the L*
norm. <

COROLLARY 6.3. Each solution f # 0 obtained in Corollary 6.1 is part of
a non-compact family % of solutions with constant A.

PROOF. Fix a solution f # 0. We have seen that the family Fr = {®,(f) |
h € SO(5, 1)} consists of solutions with a fixed A. It remains to show non-
compactness.

The stereographic projection map o : R* — $* described in Example 2.2
is conformal, as is the multiplication map M;: R* — R* by x > tx for each
t > 0. Hence iy = 0 o M;' 0 0™! is a 1-parameter family of conformal
diffeomorphisms of S* which fix the north and south poles {£p} and are
invariant under rotations fixing the poles.

Now by (6.4) and (6.5) and Holder’s inequality the functions f; = &, (f)
are uniformly bounded in L!2. If { f;} were a compact subfamily of % there
would be a subsequence {fi | kK — 0o} converging in L2, and hence in L*.
But for any set A C S* — {p} we have, as in (6.4),

lim / |fel* = lim lo*fI* = 0.
k—o00 A k— o0 Mk_ld_l(A)

Thus fi — 0in L*(S%), contradicting (6.4). %

Corollary 6.1 implies that the Palais-Smale Condition does not hold for
the Lagrangian (4.1) on L2(§%) (the family %y lies in the critical set L™1(1),
while the PS Condition implies that each critical set is compact). Thus in
this example the PS Condition holds on L}f, but fails on L2. It should by
now be clear how this happens. When ¢ is large the function f; is sharply
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concentrated around the north pole p € $*. No such bump function can
be H-invariant because the H-action has no fixed points. Thus the non-
compact “end” {f; | t 3> 0} of Fy lies outside of L};” , while Ff N L} is
compact.

Example 2.  Again let M be the unitsphere ($%, g) andlet H = S! x SO(3)
actas in Example 1. This induces an isometric action of H on A*T*M which
restricts to the subbundle A% T*M of self-dual 2-forms and hence gives, by
the metric duality, an isometric action of H on the bundle A2 T M.

Let P be the k = 1 principal SU(2)-bundle on §* (k = 1 is the usual
notation for the bundle whose associated C?-vector bundle E has Chern
class c;(E) = —1). The adjoint bundle Ad P = P Xaq 31u(2) is naturally
identified with A%FTM (see [GP], section 3), and hence has an H-invariant
connection V coming from the Riemannian connection on T'M; moreover,
this is a Yang-Mills connection. We then obtain non-trivial Higgs fields in
the presence of a k = 1 instanton on o

COROLLARY 6.4. Let M = (S* g), H and V be as above. For the La-
grangians L¥ of (5.5)

(a) There is a sequence {¢r} € I'(Ad P) of critical points of L™ with
L™ (¢pr) —> o0 as k — oo.
(b) The only critical point of Lt on LY?(Ad P)is ¢ = 0.

PROOF. The estimates in [TY] imply that the first eigenvalue of V*V on
A3TM is > 2. The corollary follows from Theorems 5.1 and 5.2. <

Using the rescaling transformations (5.3) we see that Corollary 6.4(a)
gives infinitely many solutions of the uncoupled Higgs equations

@v)y*r¥ =0
V*Ve = —1(|¢]* — w)é.

for any A < 0 and © > 0. When A > 0 the rescaling behavior is more
complicated: as the scale changes the Higgs fields bifurcate. This can be
seen in two ways.

First, one can consider the Lagrangian Lt of (5.5) (with A = u = 1)
and rescale the metric on S* Let {A;} denote the eigenvalues of V*V
on L}f(Ad P) and let m; be the multiplicity of A;. The corresponding
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eigenvalues on the sphere Sg of radius R are {R ™2} with multiplicity ;.
Hence the Hessian V*V — 1 of L™

(i) is positive definite for R < 4/A4
(ii) has m;-dimensional negative eigenspace for «/A; < R < /A,

and so forth. Thusas R increases the Hessian has larger negative eigenspaces
and by Proposition 5.5 we get more and more critical points (or compact
critical manifolds).

Equivalently, one can fix the metric and u and vary A > 0 in the La-
grangian (5.1). For A near zero the only critical point is ¢ = 0, but as A
increases we again get more and more critical points or critical manifolds.
In general, for the metric R?g, the Hessian operator of the Lagrangian (5.1)
at ¢ = 0is R72V*V — Apu, and its index grows as uAR? increases.

COROLLARY 6.5. Let S} be the standard sphere of radius R, and let H
and V be as above. For any N there is a constant ¢(N) such that the YMH
equations (5.2) with A > 0admitat least N solutions whenever uAR? > ¢(N).

Thus far, we have fixed the connection and considered solutions of the
second equation in (5.2). We next turn to the full coupled equations, where
both the connection and ¢ are allowed to vary.

7. The Full Yang-Mills-Higgs Equations

The Yang-Mills fields on a principal bundle P — M are the critical points
of the Lagrangian

(7.1) YM(V) = / |FY [
2 Ju

on the space o of connections. Similarly, solutions of the Yang-Mills-Higgs
equations (5.2) are the critical points of the Lagrangian (5.1) on the space
& x T'(E). These Lagrangians are invariant under the gauge group %, and
hence descend to functions on the orbits spaces B = #/9§and € = dx¢['(E)
respectively.

Given an action of a group H on M, we can apply the program of section 3
to construct a Morse Theory on the space of invariant connections. This
is carried out in [Pa2]. Here we briefly describe the setup and a result on
unstable Yang-Mills, and refer the reader to [Pa2] for details. The last two
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theorems of this section are the main results of the present paper; they show
that Yang-Mills-Higgs fields exist in abundance on g

Suppose that a compact connected Lie group H acts isometrically on M.
For each i € H there is a bundle automorphism h:P— P covering h. This
h is unique up to a gauge transformation, so there is a well-defined action
of H on & given by [V] — [ﬁ*V]. Let B denote the fixed set of this action
and let (3*)¥ denote the open dense set of gauge classes of irreducible
connections. The sets € and (€*)” are defined similarly.

The set B has components labeled by lifts of the action. Thisis described
in [Pa2] and goes as follows. Let Z be the center of G and let H be an
extension of H by Z. A lift of the H-action is a homomorphism /: H -
Aut(P) covering the action of H on M. Each lift / gives an action of H on
o and hence an action on & that agrees with the one defined above. The
lift also defines a subgroup % of the gauge group consisting of all gauge
transformations that commute with the lifted action. The irreducible part
of B is then a disjoint union

(7.2) @9" = \J ei/9n =

ireL leL
where L labels the isomorphism classes of lifts to an action of an extension
H of H. There is an analogous decomposition for $: if E is associated to
P by a representation p of G, set Z' = Z Nker p (this is the part of Z that
acts a trivial gauge transformations of E). Then

(7.3) @& =Je&ra =g

lel’ lel’

where L’ labels the isomorphism classes of lifts to an action of an extension
H' of H by Z'. (This corrects the statement in [Pa2] that the components
are labeled by lifts of H itself).

The sets BY and €7 are not manifolds—they have singularities at the
reducible connections. Furthermore, the components of the above decom-
position may intersect at the reducible connections. The simplest way to
avoid these difficulties is to assume that B contains no reducible connec-
tions, so B = (@*)H. With this assumption we have a Morse theory for
equivariant connections.

THEOREM 7.1 [Pa2]. Suppose thata compact connected Lie group H acts
isometrically on M with all orbits having dimension d > 1. Suppose also
that B* contains no reducible connections. Then for each lift /
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(a) € (resp., B;)is a smooth closed submanifold of € (resp., B), and is a
complete Riemannian manifold with respect to the L2 metric.

(b) On %f! (resp., Bf) the Yang-Mills-Higgs (resp., Yang-Mills) are
smooth functions that satisfy the Palais-Smale Condition and hence
satisfy Morse and Lusternik-Schnirelman theory.

(c) The critical points are smooth YMH (resp., YM) fields.

This theorem already has interesting implications for Yang-Mills fields.
The absolute minima of the Yang-Mills Lagrangian YM: B — R occur at the
self-dual (or anti-self-dual) connections. For many years it was not known
whether there exist other, non-minimal Yang-Mills fields. In fact, we can use
Theorem 7.1 to produce such non-minimal Yang-Mills fields.

For a specific example, we turn to the “quadrapole bundles” E;; on S*.
These are a collection of SU (2)-equivariant bundles, indexed by pairs of in-
tegers k, [, that originally arose in quantum mechanics. They are described
in detail in [SS] and [Pa2]. For our purposes they have two salient prop-
erties. First, the orbits of the underlying action of SU(2) on $* all have
dimensions 2 or 3, and second, an application of the G-Index Theorem
shows that the bundle Ej; has Chern class ¢; = (I — k?)/8 and admits no
invariant reducible connections and no self-dual or anti-self-dual connec-
tions unless k = 1 or / = 1. Thus we can realize each Chern class ¢; # =1
by a quadrapole bundle that admits no SD or ASD connections. On the
other hand, Theorem 7.1 ensures that the Yang-Mills function attains its
minimum on each E;; . These observations yield the following result of
L. Sadun and J. Segert (who prove it using O.D.E. methods).

COROLLARY 7.2 [SS1], [Pa2]. Every principal SU(2) bundle P over S*
with ¢2(P) # %1 admits an irreducible non-minimal Yang-Mills field.

Remark.  Over the last several years the existence of non-minimal Yang-
Mills fields has also been proved by a variety of other methods ([SSU], [Pa3],
[W]). The solutions produced by Corollary 7.2 have been studied in detail
by Sadun and Segert using computer calculations [SS2].

It should be possible to get much more from this argument. The moduli
space of invariant self-dual connections is a finite-dimensional subset M7 C
B, so if one could show that B has infinite cohomological dimension it
would force the existence of non-minimal Yang-Mills fields (in fact, dim M#
is at most the dimension of Ml given by the standard index formula, so one
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only needs a non-zero cohomology class in high dimension). In the YMH
case we carry through such an argument in Theorem 7.5 below.

A Yang-Mills field is a fortiori a Yang-Mills-Higgs field with ¢ = 0. In fact
there are three cases in which the equations decouple, giving rather trivial
solutions (V, ¢):

(i) V isa Yang-Mills connection, and ¢ = 0.
(ii) V is the trivial connection on the trivial bundle, and ¢ = /i is the
constant function.
(ili) V is a Yang-Mills, E is associated to P by a representation p that
contains a trivial representation (so E = E’ @ t where 7 is a trivial
line bundle), and ¢ € I'(7) satisfies d*d¢ = +1(|¢|> — n)o.

Definition. 'We will refer to solutions of types (i)—(iii) as “decoupled so-
lutions”. We say that E is nontrivial if it is associated to P by a representation
that contains no invariant lines (so type (iii) solutions cannot occur on E).

Until very recently, no coupled solutions were known on compact
4-manifolds. This is in sharp contrast to the Yang-Mills equations, where
one has Taubes’ existence theorems for self-dual solutions. From the Morse
Theory perspective Taubes’ method is to construct an approximate solution
(by “gluing on instantons”) that is near a stable critical point of the Yang-
Mills function, and then follow the gradient flow downward to a true critical
point. This approach cannot work in the Yang-Mills-Higgs case because of
the following fact.

PROPOSITION 7.3 [Pa2]. For G = SU(2) a stable Yang-Mills-Higgs field
(V, ¢) on S*is decoupled and V is SD or ASD and ¢ is constant.

This means that the problem of finding coupled YMH fields is analogous
to finding unstable Yang-Mills fields, which perhaps explains why solutions
were not found earlier. Note, however, that the Equivariant Morse Theo-
rem 7.1 applies equally well in this YMH case.

Let P be a principal SU(2) bundle over §* and let E be an associated
bundle. We can identify P with a quadrapole bundle. The SU(2) action on
the quadrapole bundle induces actions on E. Again, there are no invariant
reducible connections, so €7 = (€*)” has a decomposition (7.3). The
Morse Theorem immediately gives critical points, but now we must take
care that these are not the uncoupled solutions described above. Also, as
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in section 5 we must treat the two cases (A > 0 and A < 0) of the Higgs
Lagrangian (5.1) separately. Both proofs require interesting arguments
beyond simply quoting the Morse Theorem.

First, for A > 0 we have the following theorem from [Pa2].

THEOREM 7.4. Let P be a principal SU(2) bundle over $* and let E be
a non-trivial associated bundle. Then for A > 0 and Au sufficiently large,
there is a solution of the Yang-Mills-Higgs equations (5.2) on (P, E) which
is neither uncoupled or reducible.

PROOF. By Theorem 7.1 there exists a minimum of the YMH function on
each component of $#; this is a YMH field on a quadrapole bundle. We
will show that it is non-trivial (i.e., ¢ # 0) when Ay is large.

Choose A € B and set C = YM(A). Then

ME = ([A] € B | A is Yang-Mills and- YM(A) < C}

is non-empty and compact because the Yang-Mills function (7.1) satisfies the
PS Condition on . Let A4 denote the Laplacian V*V of the connection
A acting on L};Z(E). The eigenvalues of A4 are continuous functions of the
connection, so there is a constant M such that the first eigenvalue satisfies
A1(A4) < M forall A € A/Lg. Choose Au > M/2. Computing the second
variation of the YMH Lagrangian (5.1), we find that at each A € A/Lg the
first eigenfunction ¥ of Ay4 satisfies

Hess YMFH (4.0 (¥, §) = fs VAV = Al P = O — ) /S WP <o0.

Thus the fields (A, ¢) € € with ¢ = 0 are never minimal in €7,

Presumably, the bifurcation phenomenon described at the end of sec-
tion 6 applies to the coupled equations also, so as A increases more and
more solutions appear.

THEOREM 7.5. Let P be a principal SU(2) bundle over S* and let E be
a non-trivial associated bundle. Then for A < 0 there are infinitely many
distinct solutions of the Yang-Mills-Higgs equations (5.2) on (P, E) which
are neither uncoupled or reducible.
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PROOF. Asin Theorem 5.1 we first rescale, reducing the Lagrangian to the
form

1 1
L~(V.$).=3 fs |FY |2+ |Vo|* + 5<|<f>|2 —- 1)

We then minimize
1
E(¢) = 5/ |FY 1>+ |Vo[* + ¢
S4
on the constraint manifold

X={l(V.¢1et” | [19* =1}

Forgetting ¢ gives a projection X — BH whose fiber S is contractible (as
in Lemma 4.4). Hence X is homotopic to B". If B has infinite cuplength
we obtain infinitely many critical points by the Lusternik-Schnirelman The-
orem 7.1. On the other hand, E(¢) descends to X = X/Z,, and when gt
has finite cuplength the spectral sequence for the fibration

RP® —— X

|

%H

shows that X has infinite cuplength, so we again obtain infinitely many
critical points. In either case, we get a sequence {VK, 9%} of smooth SU (2)-
invariant YMH fields with ¢* # 0 and L= (V¥ ¢¥) — oo as in the proof
of Theorem 5.1. It follows that these solutions are neither uncoupled or
reducible. ¢

By Proposition 7.3 these fields are unstable critical points of the YMH
function: the Lagrangian, although minimal amongst equivariant fields,
can be reduced by perturbations in non-equivariant directions.

BIBLIOGRAPHY

[A] T. Aubin, “Nonlinear Analysis on Manifolds. Monge-Ampere Equations,”
Springer-Verlag, New York, 1982.

[B] M. Berger, “Nonlinearity and Functional Analysis,” Academic Press, New
York, 1977.

70



[D]
[GP]
JT]
(K]
[LP]
M]
[P1]
[(P2]
[P3]
[(P4]
[P5]
[Pal]
[Pa2]
[Pa3]
[R]
[S]
[Se]
[Sm]
[SS1]
[SS2]

[SSU]

[TY]

EQUIVARIANT SOBOLEV THEOREMS AND YANG-MILLS-HIGGS FIELDS

W.Y. Ding, On a conformally invariant elliptic equation on R", Commun. Math.
Phys. 107 (1986), 331-335.

D. Groisser and T. H. Parker, The Riemannian geometry of the Yang-Mills moduli
space, Commun. Math. Phys. 112 (1987), 663—689.

A. Jaffe and C. H. Taubes, “Vortices and Monopoles,” Birkhauser, Boston,
1980.

S. Kakutani, Topological properties of the unit sphere of a Hilbert space, Proc. Imp.
Acad. Tokyo 19 (1943), 269-271.

J-Lee and T. H. Parker, The Yamabe problem, A.M.S. Bulletin 17 (1987), 37-91.
J- Milnor, “Morse Theory,” Princeton University Press, Princeton, NJ., 1963.
R. S. Palais, Morse Theory on Hilbert manifolds, Topology 2 (1963), 299-340.

» Homotopy theory of infinite dimensional manifolds, Topology 5 (1966),

1-16.

, Lusternik-Schnirelman Theory on Banach manifolds, Topology 5 (1966),
115-132.

, “Foundations of Global Nonlinear Analysis,” Benjamin, New York,

1968.
» The Principle of Symmetric Criticality, Commun. Math. Phys. 69 (1979),

19-30.

T. H. Parker, Gauge theories on Jour-dimensional Riemannian manifolds, Com-
mun. Math. Phys. 85 (1982), 1-40.

, A Morse theory for Equivariant Yang-Mills, Duke Math. Jour. 66 (1992),
337-356.

, Non-minimal Yang-Mills Fields and Dynamics, Invent. Math. 107 (1992),
397-420.

P. H. Rabinowitz, Variational methods Jor non-linear eigenvalue problems, Indiana
Univ. Math. J. 23 (1973), 729-754.

J- T. Schwartz, Generalizing the Lusternik-Schnirelman theory of critical points,
Commun. Pure Appl. Math. 17 (1964), 307-315.

J. P. Serre, Homologie singuliére des espaces fibrés, Annals of Math. 54 (1951),
425-505.

S. Smale, Morse Theory and a Non-linear Generalization of the Dirichlet Problem,
Ann. Math. 80 (1964), 382—-396.

L. Sadun and J. Segert, Non-self-dual Yang-Mills Fields with Quadrapole Symmetry,
Commun. Math. Phys. 145 (1992), 363-392.

L. Sadun and J. Segert, Stationary Points of the Yang-Mills Action, preprint
(1992).

L. Sibner, R. Sibner, and K. Uhlenbeck, Solutions to the Yang-Mills Equations
that are not Self-dual, Proc. Natl. Acad. Sci. USA 86 (1989), 8608-8613.

S. Tachibana and S. Yamaguchi, The first proper space for p-forms in a compact
Riemannian manifolds of positive curvature operator, J. Diff. Geo. 15 (1980),
51-60.

71




THOMAS H. PARKER

[U] K.K.Uhlenbeck, Integrals with Non-degenerate Critical Points, Bull. Amer. Math.

Soc. 76 (1970), 125-128.
[W] H. Y. Wang, The Existence of Non-minimal Solutions to the Yang-Mlls Equation
with Group SU(2) on §% x §% and S' x S3,]. Diff. Geo. 34 (1991), 701-768.

72



