Geometry Primer

1 Connections and Curvature

This section presents the basics of calculus on vector bundles. It begins with the basic abstract
definitions, then gives some concrete geometric examples.

Let E be a (real or complex) vector bundle over a manifold M. There are three levels of
geometric structures on E:

e Metrics
e Covariant derivatives

e Second covariant derivatives. These decompose into
(i) the covariant Hessian (the symmetric part), and

(ii) the curvature (the skew-symmetric part ).

Definition A metric on a vector bundle E is a smooth choice of a hermitian inner product on
the fibers of E, that is, an h € I'(E* ® E*) such that

(i) h(a,B) = h(B,e) Ve, € I(E),
(ii) h(a,a) >0 Va € I'(E) and h(a,a) =0 iff « = 0.

We will take our hermitian metrics to be conjugate linear in the second variable. When F is a
real vector bundle, (i) simply means that h is symmetric.
A metric on the tangent bundle T'M is called a Riemannian metric on M.

In a local coordinate system {z'} on U C M the vector fields 6?:%’

space T, M at each x € U and the Riemannian metric is given by the symmetric matrix

_ (9 0
91 = I\ oai’ 9z )

by the formula g = 3, g;;(z) da’ @ da’.

Similarly, a local frame of E over U C M is a set {04} of sections of E over U such that the
vectors {04 ()} form a basis of the fiber 771(z) at each x € U. Write {o“} € I'(E*) for the dual
framing (so }_, 0%+ 03 = 6§). In such a framing the metric on E is given by the hermitian matrix

give a basis of the vector

hog = h(0a,03)
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by the formula h =3 _ hapo® @ 08, and for ¢ = > ¢%0, we have h(d, ¢) = > hagw‘qﬁﬂ.

A frame is orthogonal or unitary if {o1,...,04} is an orthonormal basis for F, at each x. Local
unitary frames always exist (start with any frame and apply the Gram-Schmidt process). In a
unitary frame, the metric is simply h = > 0% ® 0@, so the coeflicients h oB = dqp are constant.

An inner product on a vector space V induces inner products on V* on the exterior algebra
A*(V), and on tensor products of these vector spaces. Applying this on each fiber shows that a
metric on F induces metrics on E*; A*(E) and on tensor product bundles. Simple examples:

e A metric h on E gives a metric on £ ® E by the formula

ha ® 6,0® §) = h(a,a) k{8, B) for o, § € T(E)
and one on A%(E) by (using the convention o A 8 = %(a ®B-BRa))

h(a A B,a A B) = hia,a) h(B, B) — [h(a, B)]*.

e A metric h on F gives an identification of E with E*, and hence gives a metric on E*. When
E =TM this identification is given in local coordinates by

0 i -1 .o,
EI — Z gijdz’  and dz’ — Z 6363

The ij component of the induced metric g* on T*M is
g*(d.’L'Z d.%'] Zg 71 ik 0 (g ]f 8 ng@ zk )j@ _ (gfl)ij.
’ Ak’

A useful and standard convention is to write g;; for the metric and g% for the components of
its inverse, and to omit all summation signs, agreeing that repeated indices are summed. If one
uses upper indices on the coordinate 1-forms dz’ and thinks of the coordinate vector fields 9/0z"
as having lower indices, then all formulas are consistent in the sense that all sums are over one
upper and one lower index.

Connections

We would next like to define the “directional derivative” of a section ¢ € I'(E). To specify
the direction we choose a vector field X; the dirctional derivative should compare the value of ¢
at x € M with the value at nearby points z; = exp,(tX). But the naive definition

. P(ar) — 9(x)
0 = lim —————~
x () e n
makes no sense because ¢(z) and ¢(x;) are in different fibers of F and cannot be subtracted. Thus
to define a derivative we need an additional geometric structure on E: an isomorphism between
nearby fibers. Actually, we need this only infinitesimally. This is what a “connection” does.

There are many definitions of connections. We will start by defining a connection as an
operator on sections with the properties expected of a directional derivative.



Definition 1.1 A covariant derivative (or connection) on E is a bilinear map
V:I'(TM)®T'(E) — T'(E)

that assigns to each vector field X and each ¢ € T'(E) a “covariant directional derivative” V x ¢
satisfying, for each f € C*°(M),

(i) Vix¢=[fVxe

(i) Vx(fo)=(X-flo+ fVxe (product rule).

Given connections on vector bundles £ and F' we get one on E ® F' by the product rule:
V(@@ d) = VEs@v+ o0 VY, ¢ eT(E),¢ € I(F).

Similarly, a connection on F induces one on E*: for ¢ € I'(E),a € I'(E*), the derivative of the
function a(¢) is, according to the product rule, X - a(¢) = (VE a)é + a(VFs), so VF" is defined
by

(VFa)p = X-a(g) — a(VF9).

In particular, the metric h can be considered a section of the bundle £E* ® E*. Then for
o, € T'(E), h(o,1) is the trace of a section of E* ® E* ® F ® E so, again applying the product
rule, for any vector field X

X (o, ¢) = (Vxh)(d,¢) + h(Vx e, ¥) + h(e, Vx¢)). (1.1)

Definition 1.2 A connection V is compatible with the metric h on E if Vh = 0.

Each vector bundle with metric admits a compatible connection (see below). The difference
of two connections is an End(E)-values 1-form (from the definition (V — V') x ¢ is C*°(M)-linear
in X and ¢). Conversely, given a compatible connection V and A € I'(T*M ® End(FE)),

V=V+A4

is a connection, which is compatible iff A € I'(T*M ® SkewEnd(FE)). Thus the space of all
compatible connections is an infinite-dimensional affine space.

Henceforth we will always assume that the connection is compatible with the metric, and will
write the metric h(«, 8) as («, 5). Then (1.1) becomes

X (o, 8) = (Vxa, ) + (o, Vx B).

In a local framing {o,} over a coordinate patch {z'}, the covariant derivative determines
connection forms wgi by

vaiz‘ ¢* = ngi ¢ﬁ'




For a general section ¢ = Y ¢%0,, and vector field X = _ X! 8‘22- we then have
Vxp=)» X'V oga) = 3 x1 (99 1 1.2
x6 =) X'V.a (6°0a) =Y X' (55 +w§id” ) oo (1.2)

Thus the connection forms give the difference between the covariant derivative and the ordinary

derivative in the framing. Note that it is the covariant derivative that is intrinsic; when we change

framings the operators 8?52' and the connection forms both change.

We can now prove existence. Let {U,, py} be a partition of unity where each U, is a local
coordinate chart over which F is trivialized by a local frame {o,}. For vector fields X = > X* a(zi
supported in one U, set

X' —= U.
Vxd= D X' gm only
0 outside U,

and for general vector fields set Vx¢ = 3V, ¢. It is easily verified that this defines a connection.
If the frame {o,} is unitary, then the coefficients of the metric H are constant on each U,.
Consequently Vh = 0, so the connections is compatible with h.

In the special case where E is the tangent bundle we can impose an additional requirement
on the connection. A connection V on T'M is called torsion-free or symmetric if

VxY —VyX =[X,Y] forall X,Y € I(TM).

The following fact, often called the Fundamental Lemma of Riemannian Geometry, shows that
these two conditions determine a connection.

Lemma 1.3 On a manifold with Riemannian metric g, there is a unique connection V on T M,
the “Levi-Clivita connection”, that is (a) compatible with the metric, and (b) torsion free.

Proof. For any three vector fields X, Y, Z, condition (a) requires that
X-g(Y,2) =9(VxY,Z2) + g(Y,VxZ).
Computing X - g(Y,Z2)+Y - 9(Z,X) — Z - g(X,Y) using this formula and condition (b) yields

29(VxY.Z) = X -g(Y,2)+Y g(Z,X)-Z- g(X.Y) (1.3)
—g(X,[Y,Z])—g(Y,[X,Z])—g(ZJX,Y]).

Both sides are linear in Z and g is non-degenerate. Uniqueness follows because the righthand
side depends only on g. Conversely, requiring that this hold for all Z defines VxY. One checks
directly that this defines a torsion free connection with Vg =0. 0O

In local coordinates on a Riemannian manifold we can write the metric as {g;;}. Taking

coordinate vector fields X = 8‘; and Y = % , we have [X,Y] = 0 and, from (1.3)
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where Féj are the Christoffel symbols
1 9gjk | Ogi  0gij
Fl~ — = lk ]' z' . ij .
* Z 29 < 0z " 0xd  Ouh

For general vector fields X = Y X* 621- and Y =) Yj% we have, as in (1.2),

vXY:ZXi<

Again, the Christoffel symbols and the operators
derivative does not.

A connection (on any vector bundle) gives a way of parallel transporting sections along curves.
Fix a smooth curve v : [a,b] — M from x = 7, to y = 9, and a vector £ in the fiber E, at x. We
can then solve the initial value problem

oys i\ 0
axi+yrik>8xi'

8 -
oxt

depend on the coordinates, but the covariant

Vr& =0 with & =¢ (1.4)

where T' = 7 is the tangent vector to v(¢). Evaluating the solution at ¢ = b yields a vector &, € E,.
This process defines a linear map
P,:E, - E,

called the parallel transport of & along ~.
Remark 1.4 To show the existence and uniqueness of solutions of (1.4), cover  with finitely

many coordinate patches {U;} on which E is trivialized. In the trivialization on U; the above
equation has the form

S (gia + f%gi) =0. (1.5)

Hence in each patch we can begin at v. € U;_1 N U; and, by the fundamental theorem of ODEs,
find a unique solution for ¢ € [c, d] where v4 € U; N Uj41.

Having integrated, we can differentiate again and see that the connection is infinitestimal
parallel transport

6ty o)~ €0)

t—0 t (1'6)

where P_; denotes parallel transport along the path x; = exp(tX) from p; back to p.

Proof. Along v(t) = exp(tX) the solution to the parallel transport equation (1.4) can be written
in local frame around p € M as £ = > £%(t)o,. The Taylor series of the coefficients is

« _ iQ 2
£5(t) = €7(0) + X" 22 + O(t?)

and, since ¢ satisfies the parallel transport equation (1.5), we have

P(n®) = n™(0) — tX'win’ + O(t*).



Replacing t by —t and 1 by £%(t), we see that the RHS of (1.6) is

1 L OEY , T
i 1 (€200 40055 xuge - 00) = X (G5 +use”) o = (7x0),.

Caution While the limit (1.6) looks very similar to the limit defining the Lie derivative LxY,
the two are unrelated. In particular, parallel transport is dependent on the choice a Riemannian
metric, while the Lie derivative is defined solely in terms of the vector fields X and Y.

The definition of compatibility has the following two important consequences.

Lemma 1.5 When the connection is compatible with the metric,
1. Parallel transport is an isometry, and

2. We have the pointwise inequality

|dI€]] < [VE].

Proof. (1) Given a path ~(t) and vectors &, np in the fiber of E at (0), extend &g, np to vector
fields &, n; that are parallel along «. Then for all ¢ we have

d
$<§tﬂ7t> = T-(&,m) = (V& ¥y) + (&, V) = 0.

Thus inner products are preserved by parallel transport.

(2) For a quick proof, note that the equation df? = 2fdf gives d|¢|? = 2|¢|d|¢|, while compatibility
with the metric gives |d|¢|?| = |2(&, VE)| < 2/¢||VE|. Combining these gives the inequality in (2).

For a more enlightening proof, use polar coordinates in the fiber: on the set Q2 where ¢ # 0,
set ¢ = ﬁ Then ¢ = |¢| ¢ and differentiating the equation |¢|?> = 1 shows that 2(¢, V#) = 0.
Hence

IVEP = V(o) = [diglo+ 1€ Vo | |dI€]1? [8]* + 2[¢] dI€] (8, V) + €2Vl
|dIE]]* + [€]*| Vo |?

€|,

A%

0 (2) holds on © and hence everywhere. [



Covariant Second Derivatives

A connection on F
I'(E) L T(T*M ® E)

together with the Levi-Civita connection on T*M gives a connection on T*M ® E. The compo-
sition

I'E) L T(T*M @ E) 5 T(T*M @ T*M © E)
is the covariant second derivative. Since

Vx(Vy€) = Vx(VE(Y))) = (VxVE(Y)+ VE(VxY)
(VZE)(X,Y) + (VE)(VxY)

the covariant second derivative is given by
(V2)(X,Y) =VxVy{—Vy,vé  for X,Y eT(TM), £ €T(E).
This expression is C°°(M )-bilinear in both X and Y.

Taking minus the trace of the covariant second derivative (in analogy with d*d = — > 0;0; in
euclidean space) gives a second order operator

—trV2: T(E) - I'(E)

called the trace Laplacian. It is the same as the composition of V with its adjoint V* (exercise),
and is given in a local orthonormal frame {e;} by

—tr V¢ = —Z (Ve; Ve, — Vv, ) €.

Unlike second derivatives in euclidean space, covariant second derivatives do not commute.
The expression that measures the failure to commute

(VZ)(X,Y) — (V2)(Y,X) =VxVy€—Vyyvé— VyVxé+ Vy, x&
= VxVy{ - VyVx{—Vixy)

C°(M)- linear in X,Y and . This last fact, which is easily verified, means that the difference
of these second order operators is a zeroth order operator, i.e. a tensor.

Definition The curvature of a connection V is the tensor F' € I'(T"M @ T*M ® End(FE)) given,
for X, Y e I'(TM), by

F(X,)Y)=VxVy —VyVx — V[va] (1.7)

When V is the Levi-Civita connection of a Riemannian metric g, the curvature is denoted R(X,Y)
and is called the Riemannian curvature of (M, g).



Proposition 1.6 (Symmetries of the curvature) Let V be a connection on E — M compat-
ible with a metric { , ). Then for all vector fields X,Y,Z and sections §,n € I'(E),

(a) F(X,Y) = —-F(Y, X)
(c) (VxF)Y,Z)+ (VyF)(Z,X)+ (VzF)(X,Y)=0
When E=TM, the Riemannian curvature R has an additional symmetry:
(d) R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y =0
Properties (a) and (b) show that the curvature can be considered as a 2-form with values in
the bundle of skew-hermitian (skew-symmetric in the real case) endomorphisms of E, that is
F € T(A*(T*M) ® SkewEnd(E))

In (c) we are using the connection on this bundle obtained from the Levi-Civita connection on
T*M and the given one on E. Properties (c¢) and (d) are called, respectively, the second and first
Bianchi identities.

Proof. Symmetry (a) is obvious from the definition of F'. For (b), note that
(VxVy¢§,6) = X (Vv ) — (Vv VxE)
Hence
(FX,Y)§,6) = (VxVy =VyVx = Vixy))§:§)
= (X Y-Y - X-[X,Y]) (£ + (£ (VyVx — VxVy — Viy x))§)-
Then (b) follows after noting that [X,Y]f = XY f—YXf for f € C(M).

The remaining two symmetries follow from the Jacobi identity:
X[V, Z)) + [V, [Z,X]] + [Z,[X, Y]] =0 ¥X,Y,Z € D(TM).

(The proof is straightforward: using [X,Y] = XY —Y X the lefthand side expands to a sum of 12
terms, which cancel.) For (d) we expand R(X,Y)Z + R(Y,Z)X + R(Z, X)Y using the definition
(1.7) of curvature and the fact that the Levi-Civita connection is torsion-free. The result is
(vayZ— VyVxZ — V[X,Y]Z> -+ (VyVZX —VzVy X — V[Y7Z]X)
+(VzVxY = VxVzY — V[Z,X]Y)
= (Vx([Y, Z]) = Vy,21X) + (Vv ([Z, X]) = Vizv)Y) + (Vz([X,Y]) = V[xy]2)
=[X, [V, Z]| +[Y,[Z,X]] + [Z,[X, Y]] = 0.

The proof of (c) is similar. [

Notice that each of the equations in Proposition 1.6 is tensorial, that is, linear over C*° (M)
in each of their variables. To prove tensorial formulas, it is sufficient to fix an (arbitary) point p



and verify the formula at p for the basis vectors of some trivialization. Often, the proof can be
considerably shortened by a clever choice of trivialization. As an example, here is a second proof
of formula (d) of Proposition 1.6.

Proof. Fix p € M and local coodinates {z°} around p. It suffices to verify (d) for the basis

vector fields X = %, Y = % and Z = %. For these, we have [X,Y] = [X,Z] =Y, Z] =0, so
(d) is

by the definition of curvature, expression
VxVyvZ - VyVxZ+VyVzX —-VzVy X +VzVxY —VxVzY.

But the connection is torsion-free, so the fact that [X, Y] = 0 implies that VxY = Vy X; similarly
VxZ =VzX and VyZ = VY. Hence the 6 terms above cancel in pairs, leaving 0. [

Exercises

(1.1) Use a partition of unity to prove that the set
Metric(M) = {all Riemannian metrics on the manifold M}

is a non-empty convex cone (without vertex) in the vector space I'(Sym?(T*M)).

(1.2) Let V and V' be connections compatible with a metric (, ) on a vector bundle E. Prove:

(a) Forany f € C*(M), V' = fV 4+ (1 — f)V’ is a connection compatible with the metric.

(b) V=V’ = Ais an End(E)-valued 1-form (i.e., an element of I'(T*M @ End(FE)) that is skew-
hermitian when FE is complex and skew-symmetric when E is real.

(¢) Conversely, with V and A as in (b), show that V' = V 4+ A is a connection compatible with
the metric.

Note that (b) and (c) show that
A = {all compatible connections on E'}

is an infinite-dimensional affine space modeled on I'(T* M & SkewEnd(FE)) where SkewEnd(FE) is the
bundle of skew-hermitian endomorphisms of E.

Hint: For (b), use the fact that any C°°(M)-linear map ® : I'(E) — I'(F) arises in this way from a
bundle map ¢ : E — F by composition: ®(f&) = f®(&) Vf € C°(M).

(1.3) Let V be the Levi-Civita connection of a Riemannian manifold (M, g). In a local coordinate system
{z'}, we write the metric as

and define the Christoffel symbols by

B L0
Vi s~ 2 Diger




(a) Show that V; = 9; + I'Y;, i.e. for vector fields X = > X'-2 and Y = 3 V72

ij7 oxt

i 9 ki 9
VY =) X (&Ei +rijw) 5aF

(b) Show that the torsion-free condition implies that I'}; = T';.

The components of the Riemannian curvature tensor R are defined by

.0 o 0 0
D Bingy =F (axk axe) a7
(c) Derive the classical expression R}y, = > (9, — 9eTy;) + (T7Th,,, — TiiT,)
(14) Let V and V' be two connections on a vector bundle E — M. Write V' = V + A where A is an
End(E)-valued 1-form. Show that the curvatures of V and V' are related by
FV' = FY +dVA+ A, A
where dV : T(T*M) ® End(E) — T'(A’T*M ® End(FE)) is the covariant exterior derivative defined

by
dVA(X,Y) = (VxA)(Y) = (Vy A)(X),

and [A, A] is the End(E)-valued 2-form given by [A4, A](X,Y) = A(X)A(Y) — A(Y)A(X).

(1.5) Prove the second Bianchi identity: the curvature satisfies (c) of Proposition 1.6.



