Math 309-003 Sample Final Exam Fall, 2018
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1. (20 pts, 4 pts each) State clearly and concisely the following definitions.
(a) Ann x n matrix A is nonsingular. |
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(¢) Vectors vy,...,Vv, in a vector space V are linearly independent.

The equochon  dVixdalbr - tdaVn =Q  hag +he
C)Yleé S ; ,L;l’\o\(\ Qk\ :01.2_: e i)(n = O )

(d) A set of vectors x in R" is the orthogonal complement of a subspace Y of R®
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(e) An operation (, ) is an inner product on a vector space V.
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2. (15 pts) Let a and b be real numbers and consider the following linear system:

1 + dzy + 223 = b
Ty + 31‘3 = b2
23)2 + axrs = 4

(a) Find all values of a and b such that the system has no solutions.
(b) Find all values of a and b such that the system has a unique solution.

(c) Find all values of a and b such that the system has infinitely many solutions.
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3. (15 pts, 5 pts each) Determine whether the set S given below is a subspace of a vector
space V. '

(a) S is a set of all skew-symmetric n x n matrices A (that is AT = —A) in the set

V of all n x n matrices. LET A‘l}_ -A ANVD BT‘: -B -
L+AS BT e A B = Y ) -
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(b) S is a set of all orthogonal n x n matrices @ (that is QT = Q') in the set V of
all n X n matrices.
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(c) S is a set of all continuous functions f(z) € C[0,1] = V such that f(0) > 0.
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4. (15 pts) Let A = _g —g _2 (1) . Use row operations to find the basis in the

3 -3 4 -1
row-vector space R[AT], column-vector space R[A], and the basis in N[A]. What
is the interrelation between R[AT] and N[A]?
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5. (15pts) Let L : Py — P; be a mapping defined by

L(p(z)) = 2p(x) + a:2p’(a:)_

(a) verify that L is a linear transformation
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Find the matrix representation of L with respect to the ordered bases [1+ z,1 — z| of
P, and [z?, z, 1] of P3.
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6. (20pt) The linear operator T' : R? — R? is given by its action in the standard basis:
T(e) = %el - %eg, T(ey) = %el + %eg. Find the matrix representation of this operator

in the standard basis and in the bésis of orthonormal vectors v; = { i;?] nd
vy = 1/ V2

T T[] T3 ]

= F’é 2/3\
'MZ \[1
S B . o
% Q\Elg\——v 55\623 V2 ); Vrz iz I dot\/ = -

TV . | J/ Ya

TV L N |

JVVK “\—-’{\J N vV :._L[wz :/h} L &
-l g W L1

f

\ \/:L[ ‘3> 2/5]
VIV PG

e ii“é’? -%[5‘;‘,’:'1:[ e

CHEDK TwaT et T = gk T det(V'TV
W

e e o ]

4 (
6 ¢ ¢ /A

(@]



— O O

2 1 |
7.Let A=|1 2 0.
2 2

2 L
(a) (6pts) Find all eigenvalues of A & — = B=-h Y(a«h D
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(b) (8pts) for each of the eigenvalue find the corresponding eigenvectors.
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8. (15pts) Let L : V' — W be a linear transformation from a vector space V' to a vector
space W and let vi,vo,..., v,, be vectors in V. Prove that if the vectors wy; = L(v),
wy = L(vy), ..., W, = L(v,) are linearly independent, then vi,vs,..., v, must be
linearly independent.
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9. (15pts) Consider the vector space R™ with the inner product (x,y) = xTy and an n x n
matrix A.

(a) Prove that for any x in R, (x, ATAx) = || Ax||%.
(b) Prove that if A is an eigenvalue of the matrix ATA, then \ > 0.
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(a) (6pts) Let A be a real number. Prove by induction that for any n > 1,
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11. (a) (6pts) Find the projection of the function

C|[—m, w] with the inner product (p, q) =

z on the function sin(kz) in the space
" p(z)q(z)dz
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(b) (6pts) Find the dimension of the null space of AT if A is a 7 x 9 matrix whose =
rank is 4.

NIATT = RIATE dim R (A7 - dinRLAT =rank A
| L ..m
A= invh modavy =7, neg  RIPGRAT=IR

dum R(A1 + dim RCAY = m cso oo NEAT = 7—%:3j
tl FT L g s
walA N .

4

(c) Let A be a defective 3 x 3 matrix with two distinct eigenvalues \; and )y. Find

dim N[A — ;7] and dim N[A — \,1]
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SCRATCH PAPER

Do not write in the area below. (For recording YOUR SCORES only.)
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OUT OF 20
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OUT OF 10

7. OUT OF 10

8. OUT OF 15

9. OUT OF 15

10. OUT OF 12

11. (bonus) OUT OF 15
TOTAL: OUT OF 150
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