501.0 T(ONS

Math 309 §2 Name

Fall 2018
Exam 2

Directions: Do all problems (100 points total). You must show all steps and explain your reasoning to receive
full credit. No books, notes, or electronic devices are allowed.

1.(20 points) Let V and W be vector spaces. Complete the definitions as briefly as possible:

(a) A collection of vectors {vy,Vva,...,Vi} are linearly independent if ...
n
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(b) We say that the dimension of V is n if ...

A« ‘Bc\s;‘s \,_{.-H\ n e\ervnea\s .

(c) A mapping L : V — W between vector spaces is a linear transformation if ...
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(d) The kernel of a linear transformation L : V — W is defined by

kerlL = {\1"(—1\[ \ LV':D}-

(e) For an n x n matrice A and B, one has:
o det(AB) = _det A-dt B

e A is non-singular < det A+0

2. (14 points) Circle @ for TRUE, circle @ for FALSE.

! z\ _ (2z+1 : i ) y ™2 9
(a) For any a,b,c € R, L(y) == <r + y) defines a linear transformation L : R* — R=. T@

e L( 0) #0
(b) If L : R® — R™ is a linear transformation and Lx = Ly, then the vectors x and y must be equal. T@
e-‘é’- 'Hr\e_ _/wz‘, Lk =20 W% s \inear
(c) Every set of 3 vectors in R® can be expanded to a basis. T @

A\r\ \“f\e r\ A Aw\'\’ s‘\ W, N, NV, Caa be JW&A 4—0 C l)as\s . \50'\'
N \ 2 I & $ €n < Yy 2y 73 S cr
IT-;“(,E; ; % (d) ‘{\l', -7_\1,\35\; % C’zév\‘;\‘ q(l,z_e\j @F

Any set {v1, Vs, vs,v4} of four linearly independent vectors in R? is a basis of R*.

Yes, \>2'3 e “Twe - ~One * Levmma .



(e) The range of a linear map T : R5 — R? has dimension at least 5. T @ Ao}q N ConsS ‘ée _r(-ﬁ) =0
™ Nx.

(f) For every m x n matrix 4, det(34) =3detA. T @
i [ 3 3 i fab o jifed
B dt (50 3a) = 2t (é(_ ) = 9 det(ed)
(g) If the row echelon form of an n x n matrix A has a pivot in every column then det(A) # 0.@ F

3.(2+4+4+4 points) Quick answers:

= A c‘ cchumn s
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(b) Let R: R? — R? be reflection through the line y = z. By drawing a picture, one sees that

 d = :
R(é) = ((\)) and R(?) = C)\ . Hence the matrix of R is (o‘ \ >

(a) Ifad x 7Tmatrix A= | | has rank 2, then its nullity is

(c) Do the polynomials {p1,ps, P3} = {2® +z, 22 — 22, z} span P4? Why or why not?

No, c‘\‘mr'—‘a = L‘ ) So e V\m?;.\ L“ \le(’\?hs 'I‘c S?cw'\’P,’,

(d) Are the functions {f, o, f3} = {z, 22, €®} linearly independent in C[0,1]? Why or why not?
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4.(16 points) Let L : R® — R* be the linear transformation given by the matrix A = (1) (1) g
-2 3 0

1 3 9 1 3 9 39 139 o3
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(a) Put in RRE form: é (1J g ~ 8 13 26 ~ [0 \ L e R - ) _

2 3 0 0 9 18 2\ 2 : oo 6 0o

(b) Write down a basis {v1, va} for the column space of A (Caution: the column space is NOT preserved

by row operations:
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(d) Using the Rank-Nullity Theorem, what is nullity(A)? Show your computation.
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(e) Write down a basis for the null space N(A): S}qu A)’Z =0 . OS\\'é H RRE w3 xy
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5.(10 points) Let A = 0 -1 1 6 | One can find det A using row operations.
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(b) Are the column vectors of the matrix A linearly independent?@ NO.
S dt A £D.
6.(12 points) Complete the following proof:

Lemma 0.1. If L:V — W is a linear transformation, then image(L) is a vector subspace of W.

Proof. For any x,y € image(L) there are vectors v,w € V with Lv=_X_ and Lw = % . Then for
any a, 8 € R,
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Therefore D{V-ll[)’\l\fis in _M L so image(L) is a vector subspace. [



7.(14 points) Let L : R? — R? be the linear transformation

z\ _ [(2z—y
i(5) - (%)
. . L 2 1
and let B = {vy,va} be the basis consisting of v; = (7>, Vg = (4>

(a) What is the matrix of L in the standard basis?
2 =1
A=I[L =

(b) What is the matrix [L]gp of L from the B-basis to the standard basis? (This is the easy case). ( - >
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(c) What is the transition matrix Ugp from the B-basis to the standard basis?

Vg = G‘D

(d) What is Ugg?
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(e) What is the matrix [L]gp of L in the A-basis?

Ll = Uy kxw
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