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INTRODUCTION

One of the basic problems in the arithmetic theory of Shimura varieties is the construction
of natural models over the ring of integers Op of the reflex field £. One would like to
construct models which are flat and have mild singularities. Such models should be useful
in various arithmetic applications. In particular, they should allow one to use the Lefschetz
fixed point formula for the complex of nearby cycles to calculate the semi-simple zeta
function at a non-archimedean prime of F.

When the Shimura varieties is the moduli space over Spec (F) of abelian varieties with
additional polarization, endomorphisms and level structure (a Shimura variety of PEL type),
versions of the moduli problem sometimes make sense over Spec (Og). In this case the
corresponding moduli schemes define models over O, and one may ask whether they satisfy
the requirements spelled out above.

Let us fix a prime number p and consider a level structure of parahoric type in p. In this
case one can expect that the problem of defining a natural integral model has a positive
solution. When the parahoric is hyperspecial, and the group G defining the Shimura variety
has as simple factors only groups of type A or C, Kottwitz [Ko| has shown that the model
defined by the natural extension of the moduli problem has good reduction (at least when
p # 2). When the parahoric is defined in an elementary way as the stabilizer of a selfdual
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periodic lattice chain in a p-adic vector space, integral models of the above type were defined
in [RZ]. When the group G only involves types A and C' and splits over an unramified
extension of Q,), all parahorics can be described in this way and Gértz [Gol, Go2| has
shown in this case that the models defined in [RZ] are indeed flat with reduced special fiber
and with irreducible components which are normal and with rational singularities. This
follows earlier work by Deligne and Pappas [DP], by Chai and Norman [CN], and by de
Jong [J]. In a few cases, these singularities can be resolved to construct semi-stable models
or at least models with toroidal singularities. Here we mention work by Genestier [Gel],
by Faltings [Fal-2], and by Gortz [G63]. When the group G is of type A or C and is split
over Q,, Haines and Ngo [HN] have calculated the semi-simple trace of Frobenius on the
sheaves of nearby cycles at any point in the reduction of the natural model at any prime
ideal of OF of residue characteristic p. Indeed, they give a group-theoretical expression for
this semi-simple trace that had been conjectured earlier by Kottwitz.

In [P1] the case of a unitary group that corresponds at p to a ramified quadratic extension
of Q, was considered. The parahoric subgroup considered in [P1] is the stabilizer of a
selfdual lattice. In this case, it was shown in loc. cit. that the models proposed in [RZ] are
not flat in general. Furthermore, a closed subscheme of this model was defined and it was
conjectured that this closed subscheme is flat and has other good properties. This conjecture
is still open, although it is proved in [P1] for signature type (r,1). In the intervening years
it became clear that more generally, when the group G splits over a ramified extension of
Q. the models defined in [RZ], which were subsequently renamed naive models, are not
the correct ones. Also, as was pointed out by Genestier to one of the authors several years
ago, the naive models have pathological properties in the case of even orthogonal groups,
even those that split over Q.

There are two ways to overcome the shortcomings of the naive models. The first one
is to force flatness by taking the flat closure of the generic fiber in the naive model, and
to investigate the properties of the models obtained in this way. The second one is to
strengthen the naive formulation of the moduli problem in order to obtain closed subschemes
of the naive models and to show that these models have good properties, like flatness. In
the case that the parahoric subgroup is the stabilizer of a self-dual periodic lattice chain,
there is a well-known procedure ([DP], [RZ]) to reduce these questions to problems of the
corresponding naive local models. The advantage of this approach is that we are then
dealing with varieties that can be defined in terms of linear algebra. Furthermore, the
second approach sometimes leads in this way to very explicit problems on the structure of
varieties given by matrix identities.

In [PR1] and [PR2] we considered groups G which after localization over Q, are of the
form Resp/q, G’, where G’ is the general linear group or the group of symplectic similitudes,
and where F' is a ramified extension of Q,. We gave three ways of defining good models
in this case, which are all in the spirit of the first approach. The first one is in terms of a
splitting model which in turn is defined in terms of the naive local model for the group G'.
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The second one is by flat closure. The third one is by flat closure for the maximal parahorics,
and then by taking intersections inside the naive local model for G. It was shown in [PR2]
that all three methods lead to the same models. The approach through a strengthening of
the moduli problem turned out to be very complicated in the case of G’ = GL,. In the
case G' = GSpan, we conjectured that the naive model is flat. This conjecture is still open,
but Gortz [Go4] has at least proved that the naive model is topologically flat in this case.
Furthermore, we gave in [PR2| a partial calculation of the semi-simple trace of Frobenius
on the sheaves of nearby cycles for these cases, by reduction to the theorem of Haines and
Ngo (here ‘partial’ means that we only compute these traces after a ramified base change).
Note that in the cases considered in [PR2], all parahorics are stabilizers of selfdual periodic
lattice chains.

In the present paper we deal with the other typical case of a group GG which splits over
a ramified extension of Q,, namely the group of unitary similitudes corresponding to a
quadratic extension of Q which is ramified at p. At the end we also comment on the case of
an even orthogonal group since this case is closely intertwined with the case of the ramified
unitary group when one approaches the construction problem in the second way.

To explain our results, we need to introduce some notation. We consider the group G of
unitary similitudes for a hermitian vector space (W, ¢) of dimension n > 3 over an imaginary
quadratic field K C C, and fix a conjugacy class of homomorphisms % : Resc/ RGm — Gr
corresponding to a Shimura datum (G, X},) of signature (r,s) with s <r. We assume that
K/Q is ramified over p and that p # 2. Let F = K ® Q, and V = W ®q Q,. We assume
that the hermitian form on V is split, i.e that there is a basis eq, ..., e, such that

Plei,en—jr1) = 0ij , Vi,j=1,...,n.
We fix a square root m of p. For t =0,...,n — 1, set
A =5 ~1 1.
i =spang {7 e1,..., T €,€ir1,. ., €n} -

We complete this into a selfdual periodic lattice chain by setting Ajyp, = 7 FA;. Let
n =2m + 1 when n is odd and n = 2m when n is even.

It turns out that when n = 2m + 1 is odd, the stabilizer of a partial selfdual periodic
lattice chain is always a parahoric. The conjugacy classes of parahoric subgroups of G(Q,)
correspond in this way to non-empty subsets I of {0,...,m} (stabilizer of the lattices A;,
where j = £i+kn for some i € I and some k € Z). When n = 2m is even, the situation is a
little more complicated, since the stabilizer groups sometimes contain a parahoric subgroup
with index 2. Also, the conjugacy classes of parahoric subgroups correspond in this case
to subsets I of {0,...,m} with the property that if m — 1 € I then also m € I. Let us
denote by MPVe the naive local model in the sense of [RZ], cf. further below. This is a
projective scheme over Spec (Og). We also introduce the local model, the flat closure M}OC
of the generic fiber in MP¥e, In all cases we construct (naive resp. flat) models of the
Shimura variety Shc (G, Xp,), where C' is an open compact subroup of the finite adele group
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with parahoric p-component, which is étale locally around each point isomorphic to the
naive local model resp. the local model for suitable I. To understand the structure of these
models of the Shimura variety it therefore suffices to study their local versions.

The main tool towards this goal is, as already in Gortz’ paper [G6l], the embedding of
the geometric special fiber of the naive local model in a partial affine flag variety over the
algebraic closure k of the residue field. In our case, we have to employ the affine flag varieties
for non-split groups whose theory is developed in [PR3]. More precisely, let H be the quasi-
split unitary group over k((t)) which corresponds to a ramified quadratic extension of k((t))
and let F be the affine flag variety of H. We then obtain a closed embedding of the special
fiber of M™Ve in F. Here M"@® denotes the naive local model for I = {0,...,m}. This
embedding is equivariant for the action of the Iwahori subgroup, and hence its image is a
union of Schubert varieties. These Schubert varieties are enumerated by certain elements
of the affine Weyl group W, of H. To describe this subset of W,, recall that the Shimura
datum (G, X},) defines a minuscule coweight p@ = 1, s of H, and that to a coweight p there
is associated a finite subset Adm(u) of Wy, the p-admissible set [R]. One of the main results
of the present paper is the following theorem.

Theorem 0.1. The union of Schubert varieties over the u-admissible set
Alp) =

is contained in M'"°, the special fiber of the local model. If the coherence conjecture of

weAdm(p) v

[PR3] is true, then this containment is in fact an equality and M'° is reduced and all its
1rreducible components are normal and with rational singularities.

The coherence conjecture of [PR3] is an explicit formula for the dimension of the space of
global sections on A(y) of the natural ample line bundle £ on F. The conjecture is proved
in the cases of GL, and of GSps,, but is open in general for ramified unitary groups.

Something analogous is proved here also for local models M}OC

for proper subsets I of
{0,...,m}. In various special cases we can however dispense with the coherence conjecture

of [PR3]. We prove the following result.

Theorem 0.2. Let I = {0} if n is odd, and I = {m} if n = 2m is even. The special fiber
of the local model M}OC 1s 1rreductble and reduced and is normal, Frobenius split and with
only rational singularities.

We note that the parahoric subgroups corresponding to the subsets I in this theorem
are special in the sense of Bruhat-Tits theory, but that when n is odd, there are special
parahorics which are not conjugate to the parahoric subgroup for I = {0}.

For the case of Picard surfaces, we have a complete result for all parahorics.
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Theorem 0.3. Let n = 3.

a) M{ng}i"e is normal and Cohen-Macaulay. Furthermore, Mfg]%"e is flat over Spec (Og)
and is smooth outside a single point of the special fiber. Blowing up this point yields a
semi-stable model with special fiber consisting of two smooth surfaces meeting transversely
along a smooth curve.

b) Mﬁ‘i is smooth over Spec (Og), with special fiber isomorphic to P2,

c) M%(())?l} is normal and Cohen-Macaulay, with reduced special fiber. Its special fiber has
two irreducible components which are normal and with only rational singularities. These
two irreducible components meet along two smooth curves which intersect transversally in a

single point.

It is an interesting question whether local models can be defined by first forming the
flat closure for maximal parahorics, i.e for subsets I consisting of a single element, and
then taking intersections of their inverse images in the naive local model. This leads to the
combinatorial question whether the pu-admissible set can be defined vertex-wise. Figures 1
and 2 show that this is indeed the case for the cases of relative rank 2.

Let us briefly explain these figures. The ambient tesselation by alcoves corresponds to
the affine Weyl group associated to a finite root system 3 of type Bs in the case of figure
1, resp. of type C5 in the case of figure 2. The dots in these figures indicate the translation
subgroup Q(XV) of Wy; the vertices of the simplices correspond to the elements in the
coweight lattice P(XV). The base alcove is marked in bold face, and the extreme alcoves
in Adm(u) are shaded in darker gray. They are translates of the fundamental alcove under
the four translation elements ), s in the Iwahori Weyl group associated to the coweight

it = pir.s. The other elements of Adm(y) are shaded in lighter gray.

KPKPKEK

FIGURE 1. The admissible sets for U(2,2) (left) and U(3,1) (right)
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FIGURE 2. The admissible sets for U(3,2) (left) and U(4,1) (right)

In this paper we also pursue the approach of defining flat models through a strengthening
of the moduli problem. Recall from [RZ] the definition of the naive local model MPaive. We
change the notation slightly by now denoting by E the localization at p of the Shimura
field,ie E = Qpifr =s,and F = F = K®Q, if r # s. The naive local model represents a
moduli problem over Spec (Og). A point of M}‘ai"e with values in an Op-scheme S is given
by a O ® Og-submodule

F; CAj®0Og
for each j € Z of the form j = +i + kn for some k € Z and some i € I. The following
conditions a)-d) are imposed.
a) As an Og-module, F; is locally on S a direct summand of rank n.
b) For each j < j, there is a commutative diagram

Aj®OS — Aj’®OS
U U
fj — fj/
where the top horizontal map is induced by the inclusion A; C A/, and for each j,
the isomorphism 7 : A; — A;_,, induces an isomorphism of F; with F;_,.
c) We have F_; = F ]L where F f is the orthogonal complement of F; under the natural
perfect pairing
(A ®Os) x (Aj ® Og) — Os .
d) For each j, the characteristic polynomial equals
det((T-id—m) | Fj) = (T —m)* - (T +7)" € Op[T]
Here 7 denotes a uniformizer of F with 72 = p.
In [P1] a closed subscheme of M?#V¢ was defined by imposing an additional condition.

e) If r # s, we have

(0.1) N = B | F) =0,
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(0.2) N m+ P | Fj) =0

Denote by M} the corresponding closed subscheme of M}‘ai"e. It has the same generic
fiber. In [P1] it is conjectured that M} is flat over Spec (Og) when I = {0}, i.e that
condition e) above cuts out the local model in Mfg]f"e . The conjecture for I = {0} is then
reduced to a question about schemes defined by explicit matrix identities. It turns out that
something similar can be done for I = {m} when n = 2m. Let us state here these questions.

Consider the scheme of matrices X in My, over Spec (k) described by
X?=0, X'=HXH, charx(T)=T", A*"'X=0 ATX=0,
resp.
X?2=0, X'=-JXJ, charx(T)=T", (and AN°*T' X =0, A"T'X =0, whenr # s),

if both n and s are even.

Is this scheme reduced (in which case it is normal, with rational singularities)?

Here H = H,, denotes the antidiagonal unit matrix, and J = Jy,, the skew-symmetric
matrix with square blocks 0,, on the diagonal and H,,, resp. —H,,, above the diagonal,
resp. below the diagonal. Varieties given by similar matrix equations were also considered
by Faltings [Fal]. However, it does not seem that his results can be used to answer the
above question. Indeed, the schemes he considers are the special fibers of the (normaliza-
tions) of the flat closures of mixed characteristic schemes closely related to MPve, We can
only see, after the fact, that if the answer to our question is positive, then our schemes
coincide with the ones considered in [Fal]. (Regardless, the results of [Fal] establish a con-
nection between the singularities of the normalization of the local models and the complete
symmetric varieties of de Concini-Procesi; see also [P2].)

We give examples which show that for more general I the condition e) is not enough to
define the local model. To treat a general index set I we propose in the present paper an
additional condition.

f) (Spin condition) The line A"F; C A"(A; ® Og) is contained in the subspace
(/\nAj (%9 OE):I: Rog Og with + = (—1)5.

We refer to the body of the text for the definition of (A"A; ® Op)+ ®p, Os. We denote
by M7 the closed subscheme of M}laive defined by the conditions a)—f). Then M; has again
the same generic fiber and we conjecture that My is flat over Op. Unfortunately, this
seems very difficult to prove, although the computer evidence seems quite convincing. It is
remarkable that, in contrast to the unramified cases of type A or C, one seems to need in
these ramified cases and also for type D higher tensors to describe the local model.

We now give an overview of the paper. In §1 we define the unitary Shimura varieties and
reduce our structure problem to the case of local models. In §2 we recall some facts about
affine Weyl groups and about the p-admissible set and make these explicit in the case of
unitary groups. In §3 we recall results from [PR3] on affine flag varieties, and state the
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coherence conjecture. We also prove in this section that the points in Schubert varieties
corresponding to elements in Adm(u) can be lifted to the generic fiber of M"Ve i e the first
statement of Theorem 0.1. In §4 we give our general results. As pointed out above, they
depend on some conjectures of a combinatorial nature. In §5 we consider cases we can treat
unconditionally. In particular, we relate the special fibers in the cases addressed in Theorem
0.2 to nilpotent orbits for the symmetric pairs (gl(n),o0(n)) resp. (gl(n),sp(n)), and recover
in this way some of Ohta’s results about them [Oh], even in positive characteristics. We also
treat in §6 the case of Picard surfaces. In §7 we explain the spin condition and the evidence
we have that it is sufficient to cut out the flat closure. In §8 we give remarks on local models
for even orthogonal groups and explain on examples how the spin condition also seems to
eliminate the pathological points in the naive models for them found by Genestier.

It should be pointed out that local models for ramified unitary groups are still quite
mysterious. Many questions on them remain open. This also explains why in the present
paper we have made abstract concepts as explicit as possible for the case at hand and why
we have given many concrete examples. We hope that this will be useful for future work.
One major open problem is that of calculating the semi-simple trace of the Frobenius on
the complex of nearby cycles. Besides the special case treated by Kramer [Kr| nothing is
known.

The present paper should be viewed as a follow-up to [PR3]. The results in [PR3] on
affine flag varieties for non-split groups over k((t)) are crucial to several of our results in
this paper.

We thank A. Genestier, U. Gortz and T. Wedhorn for helpful discussions. We are espe-
cially indebted to C. Kaiser and J.-L.. Waldspurger for their explanations on Bruhat-Tits
theory. We are grateful to the Institute for Advanced Study and the Université de Paris-Sud
for their support during our collaboration.

1. UNITARY SHIMURA VARIETIES AND MODULI PROBLEMS

l.a. Unitary Shimura varieties. Let K be an imaginary quadratic field with an em-
bedding € : K — C. Denote by O the ring of integers of K. Denote by a +— a the non
trivial automorphism of K. Let W = K™ be a n-dimensional K-vector space, and suppose
that ¢ : W x W — K is a non-degenerate hermitian form. We assume n > 3. Now set
Wc = W ®g, C. Choosing a suitable isomorphism W¢ ~ C", we may write ¢ on W in
a normal form ¢(wq,ws) = wy Hws where

H = diag(—1,...,—1,1,...,1)

We denote by s (resp. r) the number of places, where —1, (resp. 1) appears in H. We
will say that ¢ has signature (r,s). By replacing ¢ by —¢ if needed, we can make sure
that s < r. We will assume that s < r throughout the paper. Let J : Wo — W be the
endomorphism given by the matrix —/—1H. We have J? = —id and so the endomorphism
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J gives an R-algebra homomorphism kg : C — Endr (W ®q R) with h¢(v/—1) = J and
hence a complex structure on W ®q R = W. For this complex structure we have

Tro(a; W @ R) =s-€(a) +7-€(a), a € K.

Denote by E the subfield of C which is generated by the traces above (the ‘reflex field’).
This is equal to Q if r = s and to K if r # s. The representation of K on W ®q R with the
above trace is defined over F, i.e there is an n-dimensional F-vector space Wy on which K
acts such that

(1.1) Tre(a;Wh)=s-a+r-a

and such that Wy ® g C together with the above K-action is isomorphic to W ®q R with
the K-action induced by € : K — C and the above complex structure.
Now let let us fix a non-zero element o« € K with & = —a. Set

(12) w(%y) = TrK/Q(ail(b(mvy))
which is a non-degenerate alternating form W ®q W — Q. This satisfies
(1.3) Y(av,w) = YP(v,aw), foralla e K, v,w e W.

By replacing a by —a, we can make sure that the symmetric R-bilinear form on W¢ given
by ¢ (x, Jy) for x, y € W is positive definite.
Let G = GU(¢) be the unitary similitude group of the form ¢,

G =GU(¢) ={g € GLx(W) | ¢(gv, gw) = c(g)d(v,w), c(g) € Gm} .
Set
GU(r,s) :={A € GL,(C) | "AHA = ¢(A)H, c(A) € R*}

By the above discussion, the embedding € : K < C induces an isomorphism G(R) ~
GU(r,s). The group G is a reductive group over Q which is also given by

G(Q) = {g € GLk(W) | ¥(gv,gw) = c(g)¥(v,w), c(g) € Q™} .

We define a homomorphism A : Resc/rGm,c — Gr by restricting hg to C*. Then
h(a) for a € R* acts on W ®q R by multiplication by a and h(y/—1) acts as J. Consider
hc(z,1) : C* — G(C) ~ GL,(C) x C*. Up to conjugation hc(z,1) is given by

(1.4) frs(2) = (diag( 21, 1), 2);

this is a cocharacter of G defined over the number field E. (Here and in the rest of the
paper, we write a(™ to denote a list of m copies of a).

Denote by Xj;, = X, s the conjugation orbit of h(i) under G(R). The pair (G,h) gives
rise to a Shimura variety Sh(G, h) which is defined over the reflex field E. In particular, if
c=1[,CC G(A{Q), with C, C G(Qy), is an open compact subgroup of the finite adelic
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points of G, we can consider Shc (G, h); this is a quasi-projective variety over E whose set
of complex points is identified with

She (G, h)(C) = G(Q\Xrs x G(AR)/C .

Suppose now that p is an odd rational prime which ramifies in . We denote by Op,, the
ring of integers of the completion of E at the unique place above (p). We are interested in
the construction of models of Sh(G,h)c over Of, and in the reductions of these models
when the “level subgroup at p”, C, C G(Qp), is a parahoric subgroup of G(Q,). (We will
also assume that the level “away from p”, i.e the subgroup C? = [], 4p C,, is sufficiently
small, i.e it is contained in the principal congruence subgroup for some N > 3 relatively
prime to the discriminant of K).

1.b. Parahoric subgroups of the unitary similitude group. It turns out that the
parahoric subgroups are the neutral components of the subgroups of the unitary similitude
group over the local field that stabilize certain sets of lattices. In this paragraph, we will
explain this statement in a slightly more general context.

1.b.1. Let Fy be a complete discretely valued field with ring of integers O = Op, and
perfect residue field k of characteristic # 2 and uniformizer my. Let F/Fy be a ramified
quadratic extension and let 7 € F be a uniformizer with 72 = mp, so that @ = —=m. Set
I' = Gal(F/Fp). Let V be a F-vector space of dimension n > 3 and let

¢: VXV —F

be a F'/Fy-hermitian form. We assume that ¢ is split. This means that there exists a basis
e1,...,e, of V such that

qb(ei,en_jﬂ):éij y Vi,jzl,...,n .
Set
GU(V,¢) = {g € GLp(V) | d(gz, gy) = c(g)d(z,y), clg) € Fy'}.

We have an exact sequence of algebraic groups over Fj
(1.5) 1— SUV,¢) — GU(V,¢p) — D — 1.

Here SU(V, ¢) is also the derived group of GU(V, ¢) and D is the torus D = T/(TNSU(V, ¢))
with T the standard (diagonal) maximal torus of GU(V, ¢).

1.b.2.  We have two associated Fy-bilinear forms,
1 1 _
(z,y) = ETTF/FO(QZ)(may)) , (@, y) = §TTF/F0(7T L o(z,y))
The form (, ) is symmetric while ( , ) is alternating. They satisfy the identities,

(1.6) (z,my) = —(72,y), (2, 7y) = —(m2,Y) .
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For any Op-lattice A in V' we set,
A={veV|éwA) cOr}={veV|(vA) cO}.
Similarly, we set
AN={veV|(v,A)CO},
so that As = 7~ 1. A. Fori=0,...,n—1, set
A= SpanOF{ﬂ'flel, T e €ty én} -

The lattice Ag is self-dual for the alternating form ( , ).

1.b.3. We now distinguish two cases:
a) n=2m+ 1> 3is odd. Then we have

T = diag (al, .. ,am,a,aaa;f, .. ,aaal‘l) ,
TNSU(V, ) :{diag(al,...,am,da_l,&;ll,...,afl) la=aj- -ap} .
We can see that
(1.7) D=T/(TNSUV,¢)) = Resp/py (Gm) -

with the isomorphism given by sending an element of T' as above to a™'-(aja; ') - - - (ama;;!).

Now let I be a non-empty subset of {0, ..., m} and consider the subgroup
Pr={geGU(V,¢)|g-Ni=N; Viel}.

of GU(V, ¢) that preserves the lattice set A;, i € I. The following statement can be shown
as in [PR3]. Notice that in this case X.(D)r ~ Z and so the Kottwitz invariant of each
element of Py is trivial.

The subgroup Py is a parahoric subgroup of GU(V, ¢). Any parahoric subgroup of GU(V, ¢)
is conjugate to a subgroup Pr for a unique subset I. The sets I = {0} and I = {m} corre-
spond to the special maximal parahoric subgroups.

In fact, Pyg,.. ) is an Iwahori subgroup and its choice allows us to identify {0,...,m} with
the local Dynkin diagram A(GU (V, ¢)); the index ¢ corresponds to the vertex associated to

b) n = 2m > 4. Then we have

T = {diag (al,...,am,ca;f, . .,cc_zl_l) | ce FJ}
TNSU(V,¢) = {diag (a1, ...,am.ay,',...,a7") | a1+ am € Fy} .

We can see that
(1.8) D =T/(TNSUV,$)) = G x ker(Resp g, (Gm) ~22 Gyy,)
with the isomorphism given by sending an element of 1" as above to

(C, alamal_la;}) .
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(Here of course we use Hilbert’s theorem 90.) We can now see that X, (D)r ~ Z & Z/2Z
and that the Kottwitz invariant of an element t € T'(Fp) as above is given by

(1.9) k(t) = (valg,(c),valp(ag - - - ay) mod 2) .

This shows that in this case the Kottwitz invariant x(g) of g € GU(V, ¢)(Fp) can be obtained
as follows: Consider d(g) := c(g) ™ detp(g) € F*; this has norm 1 and so we can write
d(g) = z - 271, Then k(g) = (valg,(c(g)), valp(r) mod2). Notice that if g stabilizes a
maximal ¢-isotropic F-subspace L C V, then the second component of x(g) is the valuation
modulo 2 of the determinant det(g | L). Also note that if g preserves a lattice, then the first
component of k(g) is zero.

Now consider non-empty subsets I C {0,...,m}. As above, consider the subgroup

Pr={gecGU(V,9) | ghi=N\;, ViecI}.

of GU(V, ¢) that preserves the lattices A;, i € I. We also consider the kernel of the Kottwitz
homomorphism, i.e.,
P ={g€Pr|rulg)=1}.
: 0 _ po

We can see that if m — 1 € I, then P} = PIU{m}'

In fact, in this case the following statement holds:

The subgroup P? is a parahoric subgroup of GU(V, $). Any parahoric subgroup of GU(V, $)
s conjugate to a subgroup PIO for a unique subset I with the property that if m — 1 is in I,
then m s also in I. For such a subset I, we have P}J = P; exactly when I contains m. The
set I = {m} corresponds to a special maximal parahoric subgroup.

This follows from the results on parahoric subgroups of SU(V,¢) in [PR3]. To explain
this, we also introduce

-1 -1 -1
Apy =spanp, {77 €1,. .., T €m_1,8m, T €mil;€mi2, .- En} -

Then both A,, and A, are self-dual for the symmetric form (, ). Now consider non-empty
subsets J of {0,...,m — 2,m,m'}. Consider the subgroups

P;={geGU(V.¢) | gAj =Aj, VjeJ}, Pj={g€Ps|rulg)=1}.

Notice that if both m and m’ are in J then Aj, j € J, is not a lattice chain.

As in [PR3] we can see that Py is parahoric exactly when J contains at least one of the
two elements {m,m'}. Then PY = P;. When J contains neither m nor m/, the kernel P}
is a parahoric subgroup and P;/PY% ~ Z/2Z. Now recall that [PR3] gives a description
of the parahoric subgroups of SU(V, ¢) via P; = P; N SU(V,¢). In fact, Pig . m—2mm’}
is an Iwahori subgroup and its choice allows us to identify {0,...,m — 2, m,m’} with the
set of vertices of the local Dynkin diagram A := A(GU(V, ¢)) = A(SU(V, ¢)); the index j
corresponds to the vertex associated to the subgroup Pyj;.

For J C {0,...,m — 2,;m,m’} let J* be the subset obtained by replacing m by m/
and vice versa. Observe that if 7 is the unitary automorphism defined by e, — eni1,
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emtl — €m, € — e, for 0 < i <m —2, then 7- Ay, = A, 7 Ay = Ay, 7 Ay = Ay,
for 0 < i < m — 2. This shows that 7P;7~! = Pj«. By [T] 2.5 we can see that the action
of GU(V,¢) on the local Dynkin diagram A = {0,...,m — 2, m, m'} factors through the
Kottwitz homomorphism « : GU(V, ¢) — Z/2Z; now k(7) = —1 and as we have seen 7
fixes 0 < i < m — 2 and exchanges m and m’. It follows that the conjugacy classes of
parahoric subgroups of GU(V, ¢) are parametrized by the orbits of J — J* on the set of
non-empty subsets J C {0,...,m—2,m,m’'}. These are in turn parametrized by non-empty
subsets I C {0,...,m — 1,m} with the property that if m — 1 is in I, then m is also in I:
The set I = J* = (J*)* that corresponds to {.J, J*} is obtained by the following recipe: If
both m and m’ belong to J, put J* to be the set which is obtained from J by replacing
m/ by m—1. If m' & J, set J* = J. Finally, if m’ € J but m ¢ J, let J* = J*. Observe
now that for all J, we have Py = Py if m € J and Py = TPl = TPJW*1 if m" € J.
Therefore our statements on the parahoric subgroups of GU(V,¢) now follow from these
observations and the results on parahoric subgroups of SU(V, ¢) in §4 of [PR3].

1.c. Reduction to level subgroups that are lattice chain stabilizers. We return to
the set up of §1.a, so G = GU (W, ¢) is a unitary similitude group over Q, and X = X, ;. We
will assume s > 0. (When s = 0 the corresponding Shimura varieties are zero-dimensional.)
Let p be an odd rational prime which ramifies in K. Assume that the form ¢ is split on
V =W ®q Q, so that the set-up of §1.b applies. Let C' = C, - C? with C, = P C G(Q,)
a parahoric subgroup as in §1.b and where CP? C G(A/P) contains the principal congruence
subgroup for some N > 3 relatively prime to the discriminant of K. Set C’[’) =PrCc G(Qp)
for the corresponding stabilizer of the set of lattices; we have either PY = P; or P; /PI0 ~
Z/2Z. Set C = C, - CP. Our first observation is that the Shimura varieties Sho(G, X)
and Sher (G, X)) have isomorphic geometric connected components. This follows essentially
from the fact that C' N Gaer(AT) = C' N Gaer(AS) (see below). Therefore, from the point
of view of constructing reasonable integral models over Of, , we may restrict our attention
to Sher (G, X); since CI’, corresponds to a lattice set stabilizer, this Shimura variety is given
by a simpler moduli problem.
Denote by
v:G— D=G/Gye
the maximal torus quotient of G. We can see ([Ko], §7) that
(1.10) D ~Resg/q(Gm), D =~ Gmxker(ResK/Q(Gm) — Gm), if n is odd, resp. even.

Since Gyer is simply connected, the set of connected components of the complex Shimura
variety She (G, X)(C) can be identified with the double coset

D(Q)\Y x D(A)/v(C)

where Y = D(R)/Im(Z(R) — D(R)), provided that r > 0,s > 0, comp. [M], §5, p.311.
(Notice that D(R) = C* if n is odd, resp. D(R) = R* x U; if n is even, with U; the
complex unit circle. The image of the real points of the center Z(R) is C*, resp. R~o x Uj.
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Therefore, Y = {1} if n is odd, and Y = {£1} if n is even.) The action of the Galois group
Gal(E/FE) on the set of connected components factors through Gal(E*/E) and is given as
follows: Consider the composition v oy, s : Gy — G — Dpg which is defined over F,
and set

p=Normg,qgovours : Gung — Dq .
If o € Gal(E®"/E) corresponds to the idele z, € A} via Artin reciprocity, then

(1.11) o-ly,d = p(zs) - [y.d] ,

with p : A%, — D(Aq) given as above. (Here we normalize the reciprocity isomorphism
by asking that the local uniformizer corresponds to the inverse of the Frobenius).

The conjugacy class of the cocharacter j, s of Gg defines a conjugacy class of a local
cocharacter (i, : Gyp, — Gp,. Suppose first that » = s. Then F,, = Q, and we can
assume that p, s is given by

(1.12) a — diag(a®,17) € T(Q,) C G(Q,)
in the notation of §1.b. If r # s then F,, = K, and and we can assume that u, , is given by
(1.13) a — (diag(a®,10),a)) € GL,(K,) x KX ~ G(K,).

Note that the isomorphism GL, (K,) x K¢ ~ G(K,) takes the conjugation action on G(K,)
to the involution (A4, ¢) + (¢(A*)~!, &) where (A*)~! is the inverse of the hermitian adjoint.
Therefore, we have

(1.14) Normp, /q, (kns)(a) = diag((aa)®,a""9,1%)) € T(Q,) € G(Q,).
Under the identification of D(Q,) as in §1.b.3 this gives

I g m—s ] )
(1.15) pE,(a) =a (a) , if n is odd,

(1.16) pE,(a) = (aa, <g> ) ) , ifniseven and r # s,
(1.17) pPE,(a) = (a,1), if niseven and r = s.

Consider now the morphism between the corresponding Shimura varieties,
Tc,cr t Shc(G, X) — ShC/(G,X) .

Recall that if n is odd, we always have C' = C’ and so we may restrict our attention to the
case when n = 2m is even.

Proposition 1.1. Assume C # C'. Then the morphism wc ¢ is an étale Z/2Z-cover which
splits after base changing by an extension E'/E which is of degree 1 or 2 and is unramified
over p. If m — s is odd, then the cover is not trivial, [E' : E] = 2 and w remains prime in
E'. If either r = s or more generally m — s is even, then either E' = E or [E': E] =2 and

w splits in F'.
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PrOOF. It is clear that m¢ v is an étale cover of degree 1 or 2. Let us consider the
corresponding map between geometric connected components:

(1.18) D(Q)\Y x D(AN)/v(C) — D(Q)\Y x D(A)/v(C") .

Obviously, this is a surjective group homomorphism with kernel either trivial or of order
2. We will show that the kernel is actually of order 2; this will imply that the cover m¢ ¢
becomes trivial after base changing to the algebraic closure E. Consider the element o
in Y x D(AY) which is 1 at each place except at p where it is equal to a,, = (1,—1) €
Q, x ker(Norm(K* — Q,f)). From §1.b, we can see that a, is in v(C;,) but not in v(C,).
We claim that « gives a non-trivial element of D(Q)\Y x D(A7)/v(C) whose image under
(1.18) is trivial: Indeed, suppose there is d € D(Q) such that d -« € v(C). Since « is in
v(C") we obtain that d is in the intersection D(Q)Nwv(C"); this is given by pairs of a unit of
Q and a unit of K which are both congruent to 1 modulo N. We can see that the only such
pair is (1,1); this implies o € v(C) which contradicts our choice. It remains to show that
the cover becomes trivial after base changing by an extension E'/E as in the statement.
By the formula for the Galois action on the set of connected components and the above we
see that the cover m¢ o ® g Ey, is described via local class field theory by the map

pE, modv(Cy) : Ey — D(Qp)/v(Cy) — Z/2Z .

Here the last map is given by (a, b/b) + val(h) mod 2. The result now follows using (1.16),
(1.17). 0

Corollary 1.2. Assume C # C'. Let M¢r be a model of Shei (G, X) over Spec (O, ).
Then there exists a unique model M¢ of She(G, X) over Spec (Og,, ), such that the following

diagram is commutative

She(G, X)) ®p By — Mc
l l
ShC/ (G, X) ®E Ew — MC/

in which the vertical arrows are finite etale. O

1.d. Unitary moduli problems. Here we follow [RZ] to define moduli schemes over O,
whose generic fiber agrees with She (G, X) ®p E, when C' = C}, - CP with C}, one of
the lattice set stabilizer subgroups of §1.b. More precisely, we consider non-empty subsets
I  {0,...,m} where m = [n/2] with the requirement that for n = 2m even, if m — 1
is in I, then m is in I too. We will use the notations of §1.b with Fy = Q,, F' = K,,
V =W ®k K,. We can extend A;, i € I, given as in 1.b.2, to a periodic self-dual lattice
chain by first including the duals Af = A,_; for i # 0, and then all the w-multiples of our
lattices: For j € Z of the form j =k -n 4+ ¢ with ¢ € I we put

Aj:Tr_k-Ai.
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Then {A;}; form a periodic lattice chain A; (with - A; = A;_,,) which satisfies A; = A_;.

We set Cj, = P;. We will use the construction of Chapter 6 of [RZ] applied to the current
situation. In the notation of loc. cit. we take B = K, x = the conjugation of K/Q,
V =K"= Q> (x,y) = ¥(x,y). Then G is the unitary similitude group as before. We
take the selfdual multichain £ of lattices to be A;, j = kn i with ¢ € I. For simplicity, set
R=0g,.

We consider the moduli functor Ags over Spec (R) given in [RZ] Definition 6.9:

A point of Ags with values in the Spec (R)-scheme S is the isomorphism class of the
following set of data (A, \,7):

1. An L-set of abelian schemes A = {A;}, j = kn + ¢ with ¢ € I, over S (terminology
of loc. cit.). By definition, this amounts to the data of abelian schemes A; over S up
to prime-to-p-isogeny for each j, isogenies A; — Aj of height log,(A; /A;) for each pair
J < j', and periodicity isomorphisms % : A; ~ Aj_nval(a) for each a € Ox ® Z,). These
should satisfy the conditions of loc. cit.

2. A Q-homogeneous principal polarization X of the L-set A;

3. A CP-level structure

- Hi(4,A7) = (T]1(4))) © Q= W @ A} mod €7
I#p
that respects the bilinear forms of both sides up to a constant in (AI})X (see loc. cit. for
details).

The set A should satisfy the determinant condition (i) of loc. cit.

Recall that we assume that CP is sufficiently small, i.e that it is contained in the principal
congruence subgroup of level N for some N > 3 relatively prime to the discriminant of K.
Then Agr is representable by a quasi-projective scheme over Spec (R) which we will also
denote by A¢r. Since the Hasse principle is satisfied for the unitary group, we can see as in
loc. cit. that there is a natural isomorphism

(119) Acr @r By = ShC/(G,X) Rp Ey

l.e. Local models for GU. We fix non-negative integers r, s with n = r + s and consider
F/Fy as in §1.b. We set E = F if r # s and E = Fy if r = s (this is the reflex field of
the local model we are about to define). As in §1.d, we will consider non-empty subsets
I c{0,...,m} where m = [n/2] with the requirement that for n even, if m — 1 is in I, then
m is in I too.

l.e.l. First consider I = {0,...,m} which gives as above a complete lattice chain Aj,
j € Z. We define as follows a functor M™¢ on the category of Op-schemes. A point of
M Ve with values in an Og-scheme S is given by a Op R0, Og-submodule

Fj C Aj ®(’)F0 OS
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for each j € Z. The following conditions are imposed.

a) as an Og-module, Fj is locally on S a direct summand of rank n.
b) for each j < j’, there is a commutative diagram

Aj ®(9F0 Og —> Aj/ ®(9FO Og
U U
Fj — Fjr
where the top horizontal map is induced by the inclusion A; C Ay, and for each j,
the isomorphism 7 : A; — A;_,, induces an isomorphism of F; with F;_,.
c) we have F_; = .7-"% where ]-']4- is the orthogonal complement of F; under the perfect
pairing
(A—j ®op, Os) x (Aj @0, Os) — Os
induced by (, ) Q0 Og.
Next note that F; is an O Q0pr, Og-module, hence Op and O act on it. We require

further that

d) for each j, the characteristic polynomial equals
det((T-id—m) | Fj) = (T —m)* - (T +7)" € Op[T]

This concludes the definition of the functor M™*Ve which is obviously representable by
a projective scheme over Spec (Og). We call M™@¢ the naive local model associated to the
group GU(V, ¢), the signature type (r,s) and for the complete lattice chain Aj, j € Z.

1l.e.2. We can generalize this definition to incomplete selfdual periodic lattice chains, i.e
to all subsets I as above. For each such I, we obtain a functor M}lai"e by only giving
the submodules F; for j € Z of the form j = k-n £+ with ¢ € I. Therefore Mraive —
Mfg“’em} Denote by Pr the (smooth) group scheme of automorphisms (up to similitude) of
the polarized chain £ over OF,; then Pr(OFr,) = Pr; the group scheme P; has GU(V, ¢) as
its generic fiber. Then P; X Fo R acts on M}lai"e. We have forgetful morphisms of projective
schemes

(120) Mnaive _ Mjl_laive 7 and M;llaive _ M}laive for I' 57T .

l.e.3. Note that the map {F;}; — ker(m — \/my | F;) gives an isomorphism between
M }lai"e ®oy F and the Grassmannian Gr(s,n)r of s-dimensional spaces in the n-dimensional
space Vp = ker(m — /w0 | V ®F, F).

Led. Asis explained in [RZ], [P1], [PR2], when C}, = Py, for Fy = Q, and I = K),, the
(naive) local model is connected to the moduli scheme via a diagram

(1.21) Apr & Ao 25 ppaive
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where the morphism 7 is a P; ®z, R-torsor and ¢ is a smooth morphism of relative dimen-
sion dim(G) which is Pr ®z, R-equivariant. Therefore, there is a relatively representable
morphism of algebraic stacks

(1.22) Acr — [M}*™°/(P1 @z, R)]
which is smooth of relative dimension dim(G). (See [P1], [PR2] §15 for some more details.)

l.e.5. As was observed in [P1], the schemes M}lai"e are almost never flat over R; by the
above, the same is true for A¢c. In the present paper, we will examine the flat closure .A%?t
of She (G, X) g, = Ac ®r Ey, in Acr. By the above, we can reduce certain local questions
about .Ag?}t to similar questions about the flat closure of M}lai"e ®@p E, in M™ve This last
flat closure is, by definition, the local model M}OC. We can see that M}OC supports an action
of P; ®z, R and there is a relatively representable smooth morphism of relative dimension

dim(G),
(1.23) At — [M°°/(P; ®z, R)].

This of course implies that each closed point of .Ag%t has an étale neighborhood which is

isomorphic to an étale neighborhood of some corresponding point of M}OC.
Since the generic fibers M}lai"e ®r E, are, for the various choices of I, all identical, we
obtain for I’ D I commutative diagrams of projective morphisms, resp. closed embeddings,

M}?C SN M}l/aive
! L

loc naive
My — Mj}

whose generic fibers are all the identity morphism. We can see that these correspond to
similar diagrams between the schemes AﬂC%t and A¢r for the choices C}’, = Py or Py.

l.e.6. Let again F/Fy be as in §1.b. We can also define a subfunctor M}* of M}lai"e by
specifying that a point of M} with values in an Og-scheme S is given by an Op ®0g, Og-
submodule F; C A; ®0p, Og for each j = k-n=+1, i € I, that in addition to the conditions
(a)—(d) above also satisfies:

e) If r # s, for each j = k-n=+1i, 1 € I, we have

(1.24) NH(m — /o | Fj) =0,
(1.25) N+ mo | Fj) =0,

where we have set r=7® 1, /mg=1® 7 € Op ®0p, Orp =0p ®0g, Op.

Denote also by M} the corresponding moduli scheme which is a closed subscheme of
MPaive . Suppose that S is an E-scheme. Then conditions (d) and (e) are equivalent since the
action of 7 on Fj is semisimple. Therefore, the generic fibers M} ®o,, E and M}lai"e ®oy E
agree. It turns out that M} is in some cases flat; then M}OC = M. This was shown when
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I ={0} and n = 3 in [P1]; when I = {0} it is conjectured in [P1] that Mﬁ)} is flat. However,
M7} is not flat in general (see Remark 5.3.)

In the sequel we will pursue two goals. The first goal is to understand the structure
of M}OC. The second goal is to define M }OC as a closed subscheme of MP¥® by imposing
conditions similar to those defining M.

2. AFFINE WEYL GROUPS AND AFFINE FLAG VARIETIES; THE u-ADMISSIBLE SET.

In this section, G will be a (connected) reductive group over a local field L with perfect
residue field. We assume that G is residually split and hence quasi-split ([T1] 1.10).

2.a. Affine Weyl groups. We start by recalling some facts on affine Weyl groups ([HR],
[R]).

2.a.1. Let S be a maximal split torus in G and let T" be its centralizer. Since G is quasi-
split, 7" is a maximal torus in G. Let N = N(T) be the normalizer of T'; denote by T'(L); the
kernel of the Kottwitz homomorphism xp : T(L) — X.(T)r; then T(L); = T°(O1) where
79 the connected Neron model of the torus T' over Or. By definition, the Iwahori-Weyl
group associated to S is the quotient group

W = N(L)/T(L); .
Since ry is surjective, the Iwahori-Weyl group W is an extension of the relative Weyl group
Wo = N(L)/T(L) by X.(T);:
(2.1) 0— X (T — W — Wy — 1.
We have ([HR], comp. also [R], §2)
Proposition 2.1. Let By be the Iwahori subgroup of G(L) associated to an alcove contained

in the apartment associated to the mazimal split torus S. Then G(L) = By - N(L) - By and
the map By -n - By — n € W induces a bijection

Bo\G(L)/By = W .

If P is the parahoric subgroup of G(L) associated to a facet contained in the apartment
corresponding to S, then

(2.2) P\G(L)/P = wP\W/WF  where W! .= (N(L)nP)/T(L); .

In fact, if P is the (special) parahoric subgroup P, that corresponds to a special vertex x
in the apartment corresponding to S, then the subgroup W¥ C W maps isomorphically to
W, under the quotient W — Wy and the exact sequence (2.1) represents the Iwahori-Weyl
group as a semidirect product

(2.3) W =W x X.(T)r ,
see [HRJ.
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2.a.2. Now let Sg¢, Ty, resp. Ng. be the inverse images of SNGyer, T'NGyer, resp. N NGger
in the simply connected covering G, of the derived group Gger. Then Sy is a maximal split
torus of Gg. and Ty, resp. Ny is its centralizer, resp. normalizer. Hence

W, = SC(L)/TSC(L)l

is the Iwahori-Weyl group of Gg.. This group is also called the affine Weyl group associated
to S and is a Coxeter group. Indeed, we can recover W, in the following way: Let N(L);
be the intersection of N(L) with the kernel G(L); of the Kottwitz homomorphism k¢ :
G(L) — m1(G)1. Then one can see ([HR]) that the natural homomorphism

(2.4) Wy = Nso(L)/Tue(L)1 = N(L)1/T(L);
is an isomorphism and that there is an exact sequence
(2.5) 1 — W, — W2 (@) — 1,

where 7(G); = X (T)1/X«(Tc)r. Now let By be the Iwahori subgroup of G(L) associated
to an alcove C in the apartment corresponding to S and let S be the set of reflections about
the walls of C. Then by [BTII], 5.2.12 the quadruple (G(L)1, Bo, N(L)1,S) is a double Tits
system and W, = N(L);/T(L); is the affine Weyl group of the affine root system @, of S.
The affine Weyl group W, acts simply transitively on the set of alcoves in the apartment
of S. Since W acts transitively on the set of these chambers, W is the semi-direct product
of W, with the normalizer Q of the base alcove C, i.e., the subgroup of W which preserves
the alcove,

(2.6) W=W,xQ.

We can identify Q with m1(G);.

Let us write S = {s;}ic; C W, for the finite set of reflections about the walls of C' that
generate the Coxeter group W,. For each w € W, its length [(w) is the minimal number
of factors in a product of s;’s representing w. Any such product realizing the minimum is
called a reduced decomposition of w. We will denote by < the corresponding Bruhat order.
Recall its definition. Fix a reduced decomposition of w € W,. The elements w’ < w are
obtained by replacing some factors in it by 1. (This set of such w’’s is independent of the
choice of the reduced decomposition of w.) We extend the Bruhat order from W, to W using
the semi-direct product decomposition (2.6): for w = wy - 7, with w; € W, and 7 € 11(G)7,
the elements smaller than w are the w’ of the form v’ = w) - 7 with w} < w; € W,.

Let us denote by a; € @, the unique affine root with corresponding affine reflection equal
to s; (since the group is residually split %ai ¢ ®,, cf. [T1], 1.8). We will denote by A = Ag
the (local) Dynkin diagram of the affine root system ®, (this can be obtained from the set
{a;}ier; see [BTI], 1.4 and [T1], 1.8). For a subset Y C S, we denote by Wy C W, the
subgroup generated by s; with ¢ € Y; we set Py = By - Wy - By. By general properties
of Tits systems these are subgroups of G(L); C G(L); by [BTII], 5.2.12 (i) they are the
parahoric subgroups of G(L) that contain B. Using [BTI], 1.3.5 we see that we can identify
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Py with the parahoric subgroup Pc, , where Cy is the facet consisting of a € C for which
Y is exactly the set of reflections s € S which fix a.

Finally, let us recall that there exists a reduced root system ¥ such that the semi-direct
product (2.3) (for G instead of G) presents W, as the affine Weyl group associated (in the
sense of Bourbaki) to X,

(2.7) Wa = W(2) x Q'(%),

(cf. [BTI], 1.3.8, [T], 1.7, 1.9). In other words, we have identifications Wy ~ W (%),
X (Tse)r = QV(X) compatible with the semidirect product decompositions (2.3) and (2.7).

2.b. The p-admissible set. We next recall the definition of the pu-admissible set.

2.b.1. To p € X.(T) we attach its image A in the coinvariants X,(7T");. By (2.1) we can
consider \ as an element in the Iwahori-Weyl group W of G. The admissible subset of W
associated to the coweight 1 is defined as

(2.8) Adm(p) = {w € W | w < wo(N) for somewy € Wo}.

Note that all elements of Adm(p) have the same image in W /W, = Q, namely the image of
w in 71 (G) . Furthermore, the set Adm(u) only depends on the geometric conjugacy class
of the one-parameter subgroup p, cf. [R], §3.

2.b.2. In the present paper we find it more convenient to pass to the adjoint group. Let T4
denote the image of 7" in the adjoint group G.q. To p we associate its image fiaq in X (Taq)
and its image Ayg in X, (Taq)r. Now the set Adm(u) is mapped bijectively to Adm(paq)
under the homomorphism W — W,q, so that it suffices to consider the latter set, which
we sometimes also denote by Adm(u). We have a commutative diagram

We = W(E)xQ¥(X)

(2.9) l l
Waa — W(Z)x PY(X)

Here all arrows are injective and QY (X), resp. PY(X), is the group of coroots, resp. of
coweights, of the finite root system ¥, cf. [R], §3. We have \,q € PY(X), cf. the proof of
Lemma 3.1 in [R]. In the sequel we write W} for the finite Weyl group W ().

Denoting by 7,q the common image of all elements of Adm(u) or Adm(paq) in Qaq =
Waa /W, we can define the subset Adm(u)° of W, by

Adm®(p) ={w € W, | w - Taq € Adm(paq) }-

For a non-empty subset Y of the set of simple affine roots, let Y° C S be the subset that
corresponds to the set of simple reflections of the form {7,q-s; - Ta_dl | i € Y} where s; is the
reflection corresponding to the simple affine root parametrized by i € Y.

We may define the subset AdmY (1) of Waq by WY - Adm(paq) - WY and the subset
AdmY (p)° of W, by

AdmY ()° .= WY - Adm(p)° - WY .
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. Y -1 Y° .. Y Y -1
Since Toq - W' -7 ;- = W' this is also equal to (W" - Adm(paq) - W) - 7,4 -

2.c. Calculation of the affine root system. The following recipe for obtaining the affine
root system ®, was explained to us by Waldspurger. We may assume for this that the
derived group G e, is simply connected. Let L'/L be a finite Galois extension which splits G.
Since G is residually split, the extension L’/L is totally ramified. We extend the normalized
valuation val : L — Z to a valuation val : L' — 1Z, where e = |L’ : L| is the ramification
degree of L'/L. We identify X,(S) with X,(T)! and X*(S) with X*(T);/torsion, and
denote by ¢ the natural map,

(2.10) o : X*(T) — X*(T)r/torsion = X*(S) .

Let ®* ¢ X*(T) be the set of (absolute) roots. The relative root system @ is the image
of ®2P5 under ¢. Let ®, be the affine root system, which is a set of affine functions on
V = X.(S) @ R of the form 8+ r, for § € ® and r € R. There is a unique action of
N(L) on V by affine transformations such that the elements t € T'(L) act by translations
by ord(t) € V. Here ord(t) is uniquely defined by

(ord(t),x) = —valx(t), xe€X*(T).

Let
(2.11) Ig=|p H(B)NO™|, Bcd.
Let for g € @,
1
—7, if é g P
lﬁ 2
(2.12) Rg =
1 1
— + —7Z, if é cd.
2l g 2

Proposition 2.2. The affine root system ®, equals
S, ={B+7r|Be€PreRs}.

Proof. For any a € ®*", we denote by U, the corresponding root subgroup and by aV €
X.(T) the corresponding coroot. Similarly, for 3 € ® we have Ug and ¥ € X,(S) (in case
23 € @, we have Uyg C Up).

Let 8 € ®. For u € Ug(L)\{1}, the intersection U_g(L) - u-U_g(L) " N(L) consists of a
single element, denoted by n(u), with image in Wy equal to the reflection sg. The action of
n(u) on V is an affine reflection about a hyperplane parallel to Ker(3). Let r3(u) € R be
the real number such that this hyperplane is defined by the equation

Bw)+rg(u)y=0 , veV.
We also set r3(1) = co. For r € R, define
(2.13) Upyr ={u e Ug(L) | rg(u) >}, Ugppr = {ucUg(L) | rg(u) >r}.
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Then the affine roots in ® are defined to be the affine functions 3 + r such that

(2.14) U/3+T/UB+T‘+ Uspyor # {1},

cf. [T], 1.6. Here we set Usgyo, = {1}, if 20 & ®.

Let 6 € ®. Assume first that 26 ¢ ® and g Z @, (i.e., O of type I). There exists
a sub-extension L C Lg C L’ such that lg = |Lg : L| and such that the subgroup of
G(L) generated by Ug(L) and U_g(L) is isomorphic to SLa(Lg) (here the fact that Gye is
simply connected, enters). We choose this isomorphism such that Ug(L) becomes identified
with the upper unipotent matrices, and U_g(L) with the lower unipotent matrices and
the intersection of S(L) with this subgroup with the diagonal torus. For b € Lg\{0} and

0

(1 o0\ (1 o) (b o0
mW=A 1) o o1) e 1) Tlo er) e T

The action of n(u) on V' is given by

1
u= ( i), one calculates ([BT II], p. 80)

|
VR
=)
[
[
~_

(2.15) v s5(v) — val(b) - 8¥(v) .

Here s denotes the reflection about the hyperplane Ker 3. It follows that r3(u) = val(b).
Hence +r € ® if and only if » € val(Lg). Since Lg/L is totally ramified, val(Lg) = i - 7.
This proves the claim for affine functions of type v — [(v) + r, for 8 of Type L.

Now let 8 € ® be of type 1, i.e., such that 26 € ® or g € ®. Then there is a tower of
subextensions L C Lg C Lz C L' such that |Lj : Lg[ = 2 and such that

[

g, if 28 € @
|Lg: L| = &

lﬁ, if§€q).

The subgroup of G(L) generated by Ug(L) and Ug(L) (= {1} if g ¢ ®) and U_g(L)
and U_p (L) is isomorphic to SU3(Lg), the special unitary group relative to the quadratic
extensioQH L’ﬂ /Lg and the hermitian form with anti-diagonal unit matrix. We again choose
this isomorphism in the evident way. Let 3y resp. [ the root resp. coroot of SUs(Lg),
given by

t t2

1 — t t— 1

)

t=t t=2
The identification is chosen such that if 23 € ®, then Ug is identified with

10
Usp, =<0 1 | c+e=bby,
0 0

= SO



24 G. PAPPAS AND M. RAPOPORT

and if g € ®, then Up is identified with

1
Usg, = 0
0

S = O

C
0| | c+e=0
1

Here = — T denotes Galois automorphism of L’ﬁ /Lg. For u € Ug,, written as above, one
has, [BT II}, p. 84,

c
n(u) = cct w,
Eil
where
1
w = —1
1
Hence the action of n(u) on V' is given by
1
(2.16) v — sg(v) — "az(c) By
It follows that
valle) 95
(2.17) rg(u) =4 2 3

val(e), if 5 € .

Hence the condition that Ugy,/Usi,+ - Uzgror # {1} is equivalent to

3be Lj withr = tmax{val(c) | ¢ +¢ = bb}, if 26 € ®

(2.18) 3
Jc€ Ly with c+¢=0, and r = val(c), if§€§>.
Since p # 2, and L'/L is totally ramified, this is equivalent to
r e %Z, if 20€®
(2.19) O
re —+ —7Z, iféecb.
203 g 2

O

2.d. The case of a unitary group. We now take G to be the (quasi-split) unitary simil-
itude group over L = F{ corresponding to a tame ramified quadratic extension F'/Fy (as in
1.b). Set I' = Gal(F/F,) = (r) and notice that we can take L' = F in the notation of the
previous paragraph. As in §1.b.3 we denote by T the standard maximal torus of G and by
S the maximal split subtorus of T'. Our first purpose is to calculate explicitly the inclusion

W, C Wad .
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Here W, = X, (Ts.)r x Wy (as in (2.3), after the choice of a special vertex) is the Coxeter
group generated by the reflections in the root hyperplanes in ®,. The group Waq is obtained
from W, by the push-out via the inclusion X, (Ts.)r < Xi(Tad)r-

Recall the definition of the cocharacter p, ¢ € X, (T') in §1.1. Using G(F') ~ GL,(F)x F*
we identify X, (T) with Z" x Z ; then s = ((1%,009),1). Our second purpose is to
determine the image A = A\, 5 of u = p, s € Xou(T) in X, (Toq)r and the set

Adm (p) = {w € Wag | w < wo()), some wy € Wy} .

Let Admg(p) be the image of Wy - Adm(p) in Wy \ Waq/Wo. Our third purpose is to
determine Admg ().

2.d.1. The case Aéi)%l (corresponding to GUay, (F/Fy)) for m > 2. Let n = 2m. In this
case, X.(5) can be identified with the subgroup of X, (7T') ~ Z" x Z formed by the elements
of the form (z1,...,%m, —Zm, ..., —1;y). The relative roots 3 are of the form +x; +z; for
i # j and of the form +2x;, for 4,5 € {1,...,m}. For the first kind of 3 we have [z = 2,
and for the second kind lg = 1. Therefore the affine root system ®, consists of the affine
functions +x; £ x; + %Z and +2z; + Z. Hence the set of root hyperplanes is the zero sets
of the affine functions {+z; + =; + %Z; +x; + %Z} It follows that the root system ¥ is of
type By, (i.e. XV is of type C,) and we have

Wo=0Q" x Wy C Waq =P %W,

with
Wo = Spx{£1}™
Q¥ = {zeZ™|%(z)=0(2)}
PV = 7" .
The map
X(T) — X.(Tpa)r == 2"
is given by

(1, Tom, Y) — (X1 — Tom, T2 — T2n—1y- -+, Ty — Tpt1) -
The image A = g of pi,s = (16,0075 1) in X, (Toq)r = Z™ is equal to (1(5),00m=9)).
Let us identify Wo \ Waa/Wo = PV/Wy with
P'NC={z€Z™|z1>29>...> 1 >0} .
The induced order from the Bruhat order is the dominance order. The positive coroots are
(Bourbaki, table C,)
€ — €5, €+ €j, 2e; (’L<]) .
The only possibility of subtracting a positive coroot from A4 and stay inside C' is by e5_1 +es.
Hence we see inductively that

Admg(prs) ={A=As > As—2 > ...},
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with the chain ending in A; if s is odd and in g if s is even.

Note that A is minuscule if and only if s =0 or s = 1.

2.d.2. The case Agﬁi (corresponding to GUapmi1(F/Fp)) for m > 1. Set n = 2m + 1. In
this case, X.(S) can be identified with the subgroup of X,.(T) ~ Z" x Z formed by the
elements of the form (z1,...,2m,0, =2y, ..., —z1;y). The relative roots 3 are of the form
+x; £ x; for i # j and of the form +z; and of the form +2z;, for i,j € {1,...,m}. For
the first and second kind of 3 we have lg = 2, and for the third kind l3 = 1. Therefore
the affine root system ®, consists of the affine functions +x; & x; + %Z and +x; + %Z and
+2x; + % + Z. Hence the set of root hyperplanes is the zero sets of the affine functions
{xzitx;+ %Z; +2z; + %Z} In this case, the root system X is of type C,,, and we obtain

Wa:QVNWOZWad .
Here
Wo = Spx{£1}™

Q\/:Zm

(whereas PV =Z™ + 7 <§ > ei> ). The map
i=1

Xi(T) — Xi(Taa)r — 2™
is given by
(T1,- s Tomt1,Y) — (T1 — Toams1, T2 — T2m, -« - s T — Tint2)
The image of i, s is As = (1(3)7 O(m*“")). Again we identify Wy \ W, /Wy with
Q'NC={z€Z™|z1>29>...> 1 >0} .
In this case the positive coroots are
ei—ej, ei+ei, e (1<j),

and
Admo(lﬁr,s) = {)\ =XAs > A1 > ... > A > A= 0} .
Note that As is minuscule if and only if s = 0.
2.e. Cases of small rank. Below we give the complete information for the cases of small

rank. Note that here, in order to simplify the notation, we are switching to the unitary
group from the unitary similitude group; the group over F' is GL,, etc.
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2.e.1. The case Ai(f) (corresponds to Uy(F/Ep)).

a) Apartment over F: (z1,79,73,24) € R?
Affine roots: o + %Z
Fundamental alcove: x4 + % >x1 > X9 > T3 > Ty
Simple affine roots: 1,2, a3 and ag(x) = z4 — 21 —|—% = —0 —|—% with 8 =
a1 + a2 + ag

b) Action of 7 on apartment: (x1,x9,23,24) — (—z4, —x3, —T2, —21)
Apartment over Fy: (11,22, —%2, —21)
Positive roots: ai,as, as, a1 + ag, s + g, 0
Relative roots:

res(a) = res(ag) r1—x2 (lg=2)
res(ag + ag) = res(ag + a3) r1+z2 (lg=2)
res(ag) 2x9 (lg=1)
res(6) 211 (lg=1)

Affine relative roots:
xr1 — To + %Z
T1 + T + 17
2x9 + 7
201 + 7

Fundamental alcove: % —T9>x1>x9>0

Simple affine roots:

xT] — X9 . res(ag) =res(as)
2x9 o res(ag)
% —x —x9 : —res(ag + ag) + %

¢) Xu(Ty) = {z € Z* | B(x) = 0}
Xi(Too)r = Xa(Tie) [ Xa(Tie) N Xo(Tie) g — 27, via @+ (21 — 24,22 — 3)
(acts by translation by % on apartment). Here X, (TSC)@ denotes the —1-eigenspace.
Image = {z € Z* | ©(x) = 0(2)}.

X, (Toq)r — 72 surjective.

2.e.2. The case Aég) (corresponds to Us(F/Ey)).

a) apartment over F: (x1,z2,73) € R?
fundamental alcove: z3 + % >x1 > X9 > T3
Simple affine roots: aj,as, and ap(x) = 3 —x1 + % = -0+ %, with 0 = a1 + as.

b) action of 7 on apartment: (x1,x2,x3) — (—x3, —x2, —x1)
apartment over Fy: (1,0, —x1)
Positive roots: aq,as, a1 + as
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Relative roots:

res(ag) =res(az) : a1 (lg=2)

res(ag + ag) D 2x (lg=1)
Affine relative roots:
xr1 + %Z
201+ 5+ Z

Fundamental alcove: —z; + % >x1 >0
Simple affine roots:

x] : res(a)
—271 43 ¢ —res(oq + ) + 3

¢) Xu(Ty) ={z € Z3 | B(x) = 0}
Xu(Toe)r = {z € Z3 | B(x) = 0} /{z | B(x) = 0,21 = 23} — Z, via z +— 71 — 3.
X*(Tad)F — Z .

2.e.3. The case Af) (corresponds to Us(F/Ep)).

a) apartment over F: (x1,%2,23,24,25) € R®
fundamental alcove: x5 + % >x1 > 29> ... > T5

Simple affine roots: ai,...,a4, and ap(z) = x5 — 21 + % = —0+ %, with 8 =
a1+ ...+ ay.
b) action of 7 on apartment: (zi,...,25) — (—x5,...,—21)

apartment over Fy: (z1,x2,0, —x2, —1)
Positive roots: a,...,aq4, 1 + a9, a0 + a3, a3 + aq, a1 + as + ag, as + as + ayq, 0
Relative roots:

res(ag) = res(ay) cxp—x2 (lg=2)
res(a; +as +a3) =res(ap +az+aq) : z1+z2 (lg=2)
res(ag) = res(ag) ) Iz =2)
res(ay + ag) = res(ag + ay) Do Iz =2)
res(ag + az) = 2 res(az) = 2 res(as) D 2x9 (lg=1)
res(f) = 2res(ay + o) = 2res(ag + aq) @ 23 (lg=1)

Affine relative roots:

xr1 — T2 + %Z (mult 2)
1 +22+3Z  (mult 2)
z1 + 37Z (mult 2)
Ty + 17 (mult 2)
201+ 3+ Z (mult 1)
29+ 3 +7Z (mult 1)

Fundamental alcove: —x; + % >x1>x9>0
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Simple affine roots:

T1 — T . res(aq)
x9 . res(ag)
—2214+3 @ —res(d) + 3

0) Xo(T) = {2 € Z° | () = 0}
Xo(Ts)r = {2 € Z° | B(x) = 0}/{z | B(x) = 0,21 = x5,22 = 24} — Z2, via
x— (x1 — x5, T2 — 14).
X (Toa)r — Z* .

3. AFFINE FLAG VARIETIES

3.a. Affine flag varieties and the coherence conjecture. Let k& be an algebraically
closed field. We denote by K = k((t)) the field of Laurent power series with coefficients in
k. Let G be a reductive algebraic group over K. We will assume for simplicity that the
derived group of G is simply connected and absolutely simple, and also that G splits over
a tamely ramified extension of K.

Let S be a maximal split torus in G. We fix an alcove C' in the apartment corresponding
to S, and denote by B the associated Iwahori subgroup of G(K). Let S be the set of
reflections about the walls of C. The parahoric subgroups containing B correspond to the
non-empty subsets Y of S. More precisely, we associate to Y the unique parahoric subgroup
containing B such that the associated subgroup WY = WF " in the sense of (2.1) is equal
to the subgroup of W, generated by the simple reflections for the simple affine roots a; with
i ¢ Y. In particular, PS = B.

Let LG be the loop group associated to G, cf. [PR3]. This is the ind-group scheme
over k which represents the functor R — G(R((t))) on the category of k-algebras. To any
parahoric subgroup P there is associated a smooth affine group scheme with connected
fibers over Ok and with generic fiber equal to G. We will again denote this group scheme
by P and let LTP be the associated group scheme over k. Recall that LT P represents
the functor R — P(R[[t]]) on the category of k-algebras. Let F(G) = LG/LT B, resp.
FY(G) = LG/L*PY be the affine flag variety of G, resp. the partial affine flag variety of
G corresponding to Y. These fpqc quotients are representable by ind-schemes.

By [PR3], §10, there is a canonical isomomorphism

(3.1) Pic(F" (Gaer)) —— €D, Z €

given by sending a line bundle £ to the degrees of its restrictions to the projective lines Py,
corresponding to the simple affine roots o, for ¢ € Y. Put k(i) = 1, unless the vector part
of the simple affine root «; is a multipliable root, in which case we set k(i) = 2 (this last
case only arises when G is of type Ag}l) Let £'(Y) be the line bundle on FY (Gge;) which
is sent to Y. k(i)e; under (3.1). Then L£'(Y) is ample, i.e., the restriction of £'(Y') to any
Schubert variety S, is ample, for any w € WY \W,/WY.
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Let 4 be a cocharacter of Gaq. Recall from §2.b.2 the subset AdmY (1)° of W,. More
precisely, in the notation of loc. cit. we take I = S\ Y and I° = Ta_dl (I) =S\ Y°, with
Ve =7 (Y); then Adm" (11)° = Admy(u)°. We define the subset AY (1)° of F¥* (G er) as
a reduced union of LT B-orbits

(3.2) AY (n)° = LtB-n, .

UwEAde (p)°

Note that the union of Schubert varieties in FY (Gaq) defined by AY (1) = Upepdm” () Sw
is the translation by 7 of AY (1)°.

We recall the coherence conjecture from [PR3], §10. It concerns the dimensions hgff ) =
dim HO(AY (1)°, £'(Y)®F), as Y ranges over the non-empty subsets of S. For any minuscule
coweight p of G,q we introduce the polynomial

(3.3) RO (k) = dim HO(X (), £(n)®) .

Here e = [K' : K] is the degree of the splitting field K’ of G, and X () = Gg//P(u) is
the homogeneous projective variety associated to p, and L(u) is the ample generator of
the Picard group of X (u). If u = p1 + ... 4+ pr is a sum of minuscule coweights, we set

) = plm) ..o h(#) . The conjecture then states that
(34) B (k) = B (Y] - k)

provided that g is a sum of minuscule coweights for G,q. In [PR3] this conjecture is
proved for G = GL,, and for G = GSpa,. In the present paper we need the conjecture for
G = GU(V, ¢), in which case it is an open question.

3.b. Unitary affine flag varieties. Assume char(k) # 2. We consider the unitary simil-
itude group described in §1.b in the special case when Fy = K = k((t)) with uniformizer
7o =t, and F = K’ = k((u)) with uniformizer u with u? = t. We also have the hermitian
vector space (V) ¢) of dimension n > 3 over K', which we assume split, with distinguished
basis eq,...,e,. In this case, we will denote the standard lattice chain by Ag, ..., Ap—1. As
in §1.d, we can complete this into a periodic self-dual lattice chain A in V' = K™, We denote
by G = GU(V, ¢) the group of unitary similitudes, which is an algebraic group over K, of
the type considered in §3.a. The simultaneous stabilizer of all the lattices in the lattice
chain A is an Iwahori subgroup B as before. As in §1.b we set m = [n/2].

Let I C {0,...,m} be a non-empty subset. We also require as usual for n = 2m that if
m —1 € I, then also m € I, cf. §1.b. Let us write I = {ip < i3 < --- < ix}. We consider
the part of the “standard” lattice chain

Nig CAiy Coo-C iy, Cu by,

We can complete this to a periodic self-dual lattice chain A\ = {);}; in V = K™ as in
§1.d. (Recall that here j is of the form k-n+i, i € I, k € Z, and A\gp—; = n k. 5\1-,
)\k.nJri =g k. AZ)
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Let us now consider the functor F; which to a k-algebra R associates the set of pairs of
R[[u]]-lattice chains
Lio - Lil Cc---C Lik C Uile‘o
in V&R = R((u))"™ together with an invertible element o € R((¢))* which satisfy the
following conditions:
a) For any ¢ € {0,...,k}, we have

-1_-17% —1
Li,Cua Lj, Cu "L, ,

b) The quotients L;,,,/L;,, w*a~'L; /L, wLiy/Li,.,
rank equal to the rank of the corresponding quotients for the standard chain (when ¢ = k,

are projective R-modules of

these conditions have to be interpreted in the obvious way).

Here, we may think of o as a “similitude” that modifies the hermitian form ¢®x+R to
bo = a - (p@x'R). Notice that the dual of L; with respect to the new form ¢, is a 1L,
The ind-group scheme LG over k acts naturally on F; by g- ({L;}, ) — ({g-Li},c(9) "1 a).
By following the arguments of [PR], §4 (which deals with the case of the unitary group,
i.e when a = 1), we see that there is an LG-equivariant isomorphism LG/LTP; ~ F; of
sheaves for the fpqc topology. Note, however, that if n = 2m, F7 is not always a partial flag
variety associated to G, since the stabilizer group Pr is not always a parahoric subgroup.
In fact, this happens if and only if m ¢ I, cf. §1.b. In this case the parahoric subgroup P})
has index 2 in P; and the partial flag variety LG/ L*’PI0 is isomorphic to the disjoint sum
of two copies of Fj.

Recall from §1.b.3 that we identified the local Dynkin diagram of SU(V, ¢) with {0, ..., m}
when n = 2m + 1 is odd, and with {0,...,m — 2, m,m'} when n = 2m is even. Using the
general notation for affine flag varieties introduced in §3.a, we have LG/LT P = F Y Here
Y = I when n is odd or n is even and m — 1 ¢ I. If n is even and m — 1 € I, then

Y=(I\{m-1})Uu{m'}.

3.c. Embedding of the special fibers of local models in partial affine flag varieties.
We now return to the set-up of §l.e. In particular, we fix integers r, s with » + s = n and
denote by F the reflex field for (F/Fy,r,s). Let k denote an algebraic closure of the residue
field of Op. Similarly to [PR3] we construct a natural embedding of the geometric special
fibers MPaive = MPaive @p L into a partial affine flag variety associated to the unitary
similitude group G. For this we fix identifications compatible with the actions of 7 resp. u,

Aj ®(9F0 k= )\j ®k[[t]] k

which sends the natural bases of each side to one another. We therefore also obtain a
K[[u]]/(u?)-module chain isomorphism

Ao ®(9F0 k>~ Ao k(1] k,
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which is in fact an isomorphism of polarized periodic module chains [RZ]. Let R be a
k-algebra. For an R-valued point of M™V¢ we have

Fj CA;j ®0g, R=(\; Ok[[]] k) @k R .
Let Lj := Lx; C Aj @) RI[t]] be the inverse image of F; under the canonical projection
A e BRI — Aj @y B -
Also set a = —t~ 1. Then for this choice of a,
LyCLiC--CLyCu'Lo=1Ly

is a lattice chain in R((u))™ which satisfies conditions a) and b) in §3.b. This gives a
well-defined point in F(R) = (LG/L*B)(R). We obtain in this way a morphism

L MPaive ®op k — F
which is a closed immersion (of ind-schemes).

In the case of incomplete lattice chains, one can proceed in a similar way and obtain an

embedding

Ly M}laive Rog k— Fr.
For I' D I, the following diagram is commutative,

M;l/aive ®OE k< ]:I’

l l

Mpave @0,k —  Fp.

The horizontal morphisms are equivariant for the actions of L* Py resp. L™ Py, in the sense
of [PR2], section 6.

Note that in [PR3], we have set L; := uflLf]. to produce an embedding of MV @4k
into LU, /L* P;(Uy), where P;(U,,) is the stabilizer of our lattice chain in the unitary group.

Observe that the similitude of scalar multiplication by u~! is our choice of & = —t~! here.
Hence, we obtain a commutative diagram
. fjb—)’lL_l'L}‘j
M7 @0, k LU, /LT P(U,)
iy
Fr=LG/LTPr.

Let 4 = prs denote the cocharacter of G given under the isomorphism G @k K’ =~
GL, x Gy, by

(3.5) prs(2) = (diag( 2,107, 2) .

Let A(1) = Uypeadm(y) Sw- This is a closed reduced subset of the full flag variety F =
LG/L* B. Similarly, for I C {0,...,m}, we denote by A(x) the image of A(u) in F;.

Proposition 3.1. Al(u) is contained in the image of M1°° @0, k under ;.
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It obviously suffices to prove this in the case of the full flag variety, i.e., for I = {0,...,m}.
This is done in the next subsection.

3.d. Lifting of points in u-strata to the generic fiber. Recall that we are treating the

Iwahori case of signature (r,s) with s <. Recall our notation of the standard lattices A;;

these come with distinguished Op-generators. For example, for Ay these are eq,...,e,. For
A, if n = 2m is even, these are fi := —m ler,... frn i= =7 lem, frnil i= €matls .- s frn =
en. We have

(mei, enti—j) = 0ij
and (for n = 2m)
(fis 7 fnt1-5) = £dij
where (, ), resp. (, ) is the alternating, resp. symmetric form associated to the hermitian
form ¢, as in §1.b.2. In particular, Ay, resp. A, is self-dual for (, ), resp. (, ). In general,
if
A= SpanOF{Wflel, oo e e, en ),
we will set
flA = —nleg,. .., fZA = 771'_161‘,‘][1-/}’_1 = it 1, ,ff? =e,
If T is a subset of {1,...,n} = [1,n], we will set T* = {n+1—a | a € T'}. We denote by
S a subset of [1,n] of cardinality s; then R = Rg will denote the complement of S*. Note
that R has cardinality 7 = n — s and that if S = [1,s], then R = [1,7]. We will consider
subsets S of cardinality s for which SN S* =0, i.e S C Rg.
Set
7?:7T®1—1®7r60F®0F0 OrF

We will write this as @ = 7 — /7. For such a subset S we will consider
F& =< fg, nf§, Ffpg > C Aoy, OF

where f& = {f}ier and where <,> denotes the Op,-module generated by these vectors
(not to be confused with the notation for the alternating form). Notice that R\ S =
[1,n] \ (SUS*). We claim this corresponds to an Op-point of the naive local model for
signature (r, s) and the complete lattice chain. Note the following identity,

7+ (7v) = —v/7g - (70)

so that v is an eigenvector for the action of m with eigenvalue —,/my = —1 ®w. This shows
that F g is stable for the action of 7 = 7 ® 1 and the characteristic polynomial is

det(T-I -7 | F&) = (T% = mo)*(T — Vi)™ = (T + V)" (T - y/7o)" .

Now we explain why ]—'é\ is an isotropic sequence of flags. Since this is a closed condition it
is enough to check it over F'. Since A ®0p, F=Ag ®0op, F' it is enough to check that

< FLOFR >=0



34 G. PAPPAS AND M. RAPOPORT

for all such S. Recall that fj{\o = ¢; for all j. Since SN S* = 0, we have (e;, me;) = 0 if
1,7 € S*. We also have

(fv, fw) = (mv — /Tov, TW — VTew) = 0.
Also (ej,ej) = 0 for all 4, j and (e;,7e;) = 0if i € S*, j € R\ S. Similarly (me;, 7e;) =0

forie S*,jeR\S.
This shows that F é} gives an Op-point of M"Ve, Denote by

F§ CA®oy, (Op/(T) ®0, /) k) = A Qo k

the reduction of the subspaces fé\ modulo the maximal ideal of Op. Denote by Lg, the
lattice chain that corresponds to the subspaces F g as in §3.b. Then

u?Xe C Lge C Ao

(We also think of Lg, as giving a point of the affine flag variety F = LG/L*B for the
unitary similitude group G.)

Recall from §2.d.1, 2.d.2, that Wy = S,,, x {£1}™, no matter whether n is even or odd.
For each w € Wy, and each subset S C [1,n] of cardinality s < m with SNS* =0, w- S is
of this type again and this action is transitive.

Lemma 3.2. The relative position inv(\e, Lgs) in the Twahori-Weyl group W of G is ws()).
Here X\ is as in §2.0.2 the image of p € X, (T) in the coinvariants X (T); and wg € Wy
has the property that wg - [1,s] = S.

PROOF. Here we may think of the Iwahori-Weyl group W of the unitary similitude group
G C Resp/p,(GLn X Gy) as a subgroup of the Iwahori-Weyl group for GL,, X Gp,. This
follows easily when we we represent these groups as quotients of normalizer groups; on the

translation part this induces the injection given by the norm
(3.6) X.(T) — X (T)=Z" X Z .
(Note here that X, (T"); is torsion-free.) Under this map the element X is sent to
Norm(uhs) = ((257 17’—3’ 05)7 2) .
Set
s = diag(—t®), w9 1())
for a corresponding torus element in the unitary similitude group.

Set A = Ag if n is odd and A = A,,, if n = 2m is even (this amounts to choosing a special
vertex for 7). Similarly, set A for \g or \,,,, and Lg for the lattices Lgq or Lg,, respectively.
Then

L[l,s]. = 7'7»’5 . )\. .
This shows that the claim is true for S = [1, s] and w4 the identity; the same is true for
any other choice of wy 4 since each such choice centralizes 7, . Now write \; = ¢; - A where
tj is a (diagonal) translation element for GL,,. Then we also have (Lg); = t; - Lg for any j.
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Now we think of elements of W as permutation matrices in GL,, in the standard basis fiA
of A. We can see that the permutation wg takes the k[[u]]-basis

O AR Ty SR TY R PR T oy PR
of Ly 4 to the basis
A A 2 ¢A
{fs+,ufr_g,u"fs}

of Lg. This shows that Lg = wg - L1 ;) which combined with the above gives
(3.7) (Ls)j = tjiws Ly g = tjwsTr s\ = tngTr,swgl)\ = tjwsTr,swgltjfl)\j .
This amounts to (Lg)e = wST,ﬂyswglA. which proves the claim. D

The claim shows that the Op-points of M!°¢ that we constructed above (one for each
subset S) reduce to points lying in the Schubert varieties that correspond to the extreme
elements of the set Adm(u); all these extreme elements are then obtained by this construc-
tion. Since Adm(u) is closed under the Bruhat order, the set A(u) is closed in F, and is
contained in the closed subset ((M'°¢ ®¢,, k). This proves Proposition 3.1.

4. THE STRUCTURE OF LOCAL MODELS

4.a. Consequences of the coherence conjecture. It is shown in [PR3] §11, that as a

consequence of Proposition 3.1, we have the following statement.

Theorem 4.1. Assume the wvalidity of the coherence conjecture for the pair (G,u) =
(GU(V,¢), irs). Then the geometric special fiber of MC is reduced and is isomorphic
to Al(u). Its irreducible components are normal and with rational singularities.

4.b. Vertex-wise admissibility. Recall that we are assuming s < r. By the previous
section, all the extreme elements of the set Adm’ (ftr,s) correspond to sequences of subspaces
F; for which the rank of (7|F;) is maximal, i.e equal to s, for all i € I.

Conjecture 4.2. The converse is true: given a sequence of subspaces F; (in the special
fiber of the naive local model M?V®) for which the rank of (n|F;) is equal to s for alli € I,
then the corresponding stratum is admissible and extreme, i.e of the form wy(X) for some
wy € Wy (or rather its image in WI\W /WT).

In particular, we conjecture that admissibility has a vertex by vertex characterization.

Remark 4.3. For Resp/p GLy, (here again F'/Fy is ramified quadratic extension) this
statement is true; this follows from [PR1]. In fact, in this case, an element of the naive
local model lies in a Schubert cell for an element of Adm? (1) if and only if the rank of 7 on
each subspace is < s and the extreme elements are the ones for which the rank is s. This
stronger statement is false in the case of a ramified unitary group. For example, let n = 2m
be even and let I = {m}. Then the subspace F = wA,,/moAn of A, /7oA, has rank of
7|F equal to zero, but does not belong to A!(p) if s is odd, cf. 2.d.1.
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In the global context of §1.d U. Gortz and T. Wedhorn ask whether the points in the
special fiber of A¢v, for which the stronger statement fails, are all supersingular.

Proposition 4.4. Assume the validity of Conjecture 4.2. Then
Al = (., 7y (AP )

(intersection inside F; = LG/L" Pr). Assuming in addition the coherence conjecture (for
the paz’r (Ga :u) = (GU(V’ d)), ,U'T,s))}

loc __ —1 loc
M =), i (M)
(intersection inside MP21ve),

Proof. In either case, it is clear that the left hand side is contained in the right hand side.
It suffices to prove the second identity for the special fibers, in which case it follows from
the first identity since we are assuming the coherence conjecture. For the first identity, it
suffices to see that any extreme stratum of the right hand side is contained in the left hand
side. This follows from the following identity which is a consequence of conjecture 4.2,

Adu! (1) = (), 77 by (Adm (1))

(intersection in WI\W /W1). O

5. SPECIAL PARAHORICS

In the beginning of this section, we give affine charts for the local models M}‘aive and M}
in the cases I = {0} when n is odd and I = {m} when n = 2m is even. For simplicity, we
will omit the subscript {0} or {m} and write simply M™V¢ M" etc.

The corresponding parahoric subgroups PP are then special in the sense of Bruhat-Tits
([T]). As we will see, the reduced special fibers of these charts are the closures of certain

nilpotent orbits for the “classical symmetric pairs” (gl(n),o(n)), resp. (gl(n),sp(n)).

5.a. An affine chart. We distinguish two cases:

A. Assume that n = 2m + 1 is odd; then we take I = {0}. Recall that A := Ag is
equipped with the perfect alternating form ( , ) which satisfies (we;, enq1—j) = ;5. The
corresponding Op,-basis is

{e1,...,en,meL, ..., TeH}

and the matrix of (, ) in this basis is

0 -—-H,
J2n = )
H, 0

where H,, is the unit antidiagonal matrix (of size n). Let £ = (ey,...,en) be the standard
Lagrangian Op,-direct summand of A, and denote by @ the Siegel parabolic subgroup of
Sp(A, (,)) that preserves L.
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B. Assume that n = 2m is even; then we take I = {m}. Recall that A := A,, is equipped
with the perfect symmetric form (, ). Set f; = —7m le;, for 1 < i < m, fi = e;, for
m + 1 < i <n. Consider the Op,-basis of A,, given by

{fiye oy frs—Tf1ye ooy =T oy Tty oo, Tfn}

The matrix of ( , ) in this basis is Ha,. Here we let @ be the parabolic subgroup of
O(Am, (,)) that preserves the totally isotropic Op,-direct summand £ = (fi,..., fn).

In each case, the Lie algebra Lie(Q) consists of the Op,-endomorphisms A of A that
satisfy A(L) C £ and
(5.1) (Av,w) + (v, Aw) =0, resp. (Av,w)+ (v, Aw) =0.

For simplicity, denote by X the restriction of A to £. Now let N, be the scheme of
endomorphisms A in the Lie algebra Lie(Q) ®op, O that satisfy the equations

A2 = T 'Ign y and

charx () = (T = /o) (T + v/7o)" -

Also, denote by NA\S the closed subscheme of N, ¢ given by A which when r # s satisfy
in addition:

(5.2) NTYX — V- 1) =0, ANTHX 4+ my-1)=0.

As in [PR1] (1.3), we see that there is a diagram

(5.3) Jynaive [T Mnaive _f_) Ny

where 7 is a Q-torsor, and where ¢ is a smooth morphism. Here
Me(S) = {(F C A®o,, Os, )}

where F gives a point of M"v¢(S) and « is a choice of basis vy, . .., v, of A R0, Og with
matrix Jo,, resp. Ho, for the bilinear form on A R0, Og and such that the subspace F is

generated by v1,...,v,. Here ¢((F,a)) is given by the endomorphism o ~*

-7 -« (which we
can express by a matrix A using {v;}). Similarly, by restriction along the closed immersions
MM C Mraive, NA\S C N, we also obtain
A — A

(5.4) MM I M2 N
with 7" a Q-torsor and ¢” smooth again. Notice that the morphisms ¢, ¢" are not surjec-
tive; for example, the closed fiber of their image lies in the open subset where the rank of
A is exactly n.



38 G. PAPPAS AND M. RAPOPORT

5.b. The odd case. Assume we are in case A. For each signature (r,s), we can consider
the point of M (k) C M™Ve(k) given by

Fo=m- (Ao Q0g, k) C Ao ®0g, k.

To obtain an affine chart of the naive local model around this point consider the subspaces
F which are of the form

F={mr-v+X -v|veOs},

with v a column vector in O% = Og -e; @ --- @ Og - e,. Then we can see as in [P1], p.
596, that the corresponding open subscheme U,. s of the local model M naive js the scheme
of n X n-matrices X which satisfy

(5.5) X?=my-1I, X'=HXH, charx(T)= (T — 7o) (T + m)" .

Here H = H,,. Similarly, the corresponding open subscheme UA\S of the wedge local model
M™ is the scheme of n x n-matrices X which satisfy the equations (5.5) above together with
the equations of minors (5.2).

To connect this with the previous picture, notice that over U,, we can split the Q-
torsor 7 by picking the symplectic basis {v;} of Ag ®op, Os to be me1 + Xey, ..., men +
Xep,—e1,...,—en. Then U, ¢ can be identified with a subscheme of the scheme of matrices

A of N, of the form
A= 1Y)
0 —-X

5.c. The even case. Assume now that we are in case B. We can see as above that an open
affine chart U, 5 of M™V around the point Fy = m(Ap, ®0p, k) C Ap, ®0y, k is given by
the scheme of n x n-matrices X which satisfy

Similarly for UY.

(5.6) X?=my-1I, X'=—-JXJ, charx(T)= (T — 7)) (T + v7)* .

Here J = J,,. Similarly, the corresponding open subscheme Ué\s of M” is the scheme of X
which satisfy the equations (5.6) above together with the equations of minors (5.2).
Suppose s # 0. It is then also useful to consider affine charts 1U, s, 1U7f>s of Mmaive, MQS

around the point
‘7:1 = <f1777f177rf2a s 77Tfn71> - Am ®(9F0 k
of M"(k) C M™¥V¢(k) (especially when s is odd). Set
A/ = SpanOFO <fla 7Tf1,7Tf2, cee )an—1>7
A// = SpanOFO <fn7 ana f27 cevy fn—1>
so that A, = A’ ® A”. Notice that the matrix of the form (, ) in the basis

(57) {flvﬂfhﬂ—f%' . '77rfn—17fn77rfnaf27~ . -afn—l}
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0 S
St 0
where S is the skew matrix of size n,

S = B0 .
0 Jn—2

Now we can find an affine chart 1U, , around the point 7 by looking at graphs of linear
maps f: A’ — A" so that

is

F={v+fw)|veN®0Og}.

Write the map f by an n X n matrix

()

by using the basis (5.7) above. Here T is a 2 x 2 matrix and Y an (n — 2) X (n — 2) matrix;
the matrices B and C are of sizes 2 x (n —2) and (n — 2) x 2 respectively. We can see that
the condition that F is isotropic is given by

(5.8) SXt=XS.

This translates to Jo - Tt =T - Jo, Jp_o-Y! =Y - J,_5 and C - J§ = J,_o - Bt. The first
condition implies that 7' is diagonal and scalar, T = diag(x, z); the last condition shows
that C is determined by B. The condition that F is m-stable translates to

Y2=ny-In_9a, Bi=By Y
where B; is the i-th row of B; therefore Bj is determined by Bo. We can see that the action
0
of m on F is now given by the block sum of the matrices ) 7;0 and Y. This allows us to

translate the characteristic polynomial and exterior power conditions to conditions about
the matrix Y. We obtain

(59) chary (T) = (T — 7)™ (T + /)™,
and for M

(5'10) /\S(Y + \/FO dn2) =0, A"(Y — \/7?0 L) =0.

We conclude that in this case, the affine chart (U, s is the product of the affine scheme
Ur—1,s—1 with an affine space of dimension n — 1 over Op (which corresponds to the free
coordinates x, By = (b21,...b2p—2)). In particular, we can see that if s or r is 1, then U, 4
is smooth.



40 G. PAPPAS AND M. RAPOPORT

5.d. Symmetric pairs. Let g be a reductive Lie algebra over a field k£ of odd characteristic.
Let 6 be a non-trivial involution of g. Let g = f + p be the Cartan decomposition so that
f={Xe€g:0X)=X},p={Xe€g:0(X)=—-X}. Then (g,f) form a “symmetric
pair”; we will call p the associated vector space (we can think of it as an infinitesimal
version of a symmetric space). Now let G be the adjoint group of g and let H = G? be
the subgroup of elements of G fixed by the involution. The group H acts on p (via the
adjoint action). The orbits of H on p, and in particular the orbits of elements of p which
are nilpotent in g, have been studied by several people starting with Kostant and Rallis
(see [KR1], [KR2], [Oh], etc.). When k = R, g is semi-simple and 6§ is a Cartan involution,
then H(R) is compact and one has the so-called Kostant-Sekiguchi correspondence [S2]:
this is a bijective correspondence between the nilpotent Hg orbits of pc and the nilpotent
orbits of H(R) on the real Lie algebra g(R). (This plays no role in what follows). Here we
consider two “classical cases”:

Let V be a vector space over k of dimension n with a non-degenerate bilinear form
h:V xV — k which is either symmetric or alternating. If X € End(V) the adjoint X*
is defined as usual by h(Xv,w) = h(v, X*w). Then §(X) = —X™* gives an involution of the
Lie algebra End(V') ~ gl(n).

A. The form is symmetric given by the antidiagonal matrix H = H,. Then (g,f) =
(gl(n),0(n)); the vector space p is {X € Mat,xn(k) | X! = HXH} and the orbits are for
the action of the (split) orthogonal group. The nilpotent orbits in p are parametrized by
partitions P(n) of n: For A € P(n), the corresponding orbit is py = p N Oy with O, the
G Ly-orbit of a nilpotent matrix with Jordan blocks given by A.

B. The form is alternating given by the skew-symmetric matrix J = Jo,, where n = 2m.
Then (g,f) = (gl(n),sp(n)); the vector space p is {X € Mat,xn(k) | X! = —JXJ}. The or-
bits are for the action of the symplectic group and are parametrized by partitions of m; if A =
(a1,a2,...,as) is a partition of m then py = pN O, with A = (a1,a1,a9,0a9,...,as, as)
a partition of n = 2m.

(Note that the parametrization of the nilpotent orbits p) stated above is shown by
Sekiguchi [S1], see also [Oh], when k = C. This result extends to any k of odd charac-
teristic.)

5.e. Generic smoothness. Here we show that our results so far allow us to deduce that
the special fiber M'°¢ is irreducible and generically smooth in these special cases (when
n=2m+1and I = {0}, or n=2m and I = {m}).

By §3.c, M'"° is connected and projective and is a union of left orbits for P; in the
affine Grassmannian for GU,,. We can see that there is a unique closed Pr-orbit in M'°°.
This closed orbit has to be contained in A’(x). From the description of Admg(j.s) in
§2.d.1 and §2.d.2 we see that the closed orbit is the point {Fp} if n = 2m + 1, or if
n = 2m and s is even. If n = 2m and s is odd, then the closed orbit is the orbit of
F1 = spang { f1,7f1,7f2,...,Tfn_1}. By the above, we can now obtain a description of



LOCAL MODELS III 41

an affine chart of M'°° that contains a point from the closed orbit: In each case, such a
chart is given by the flat closure UMl of U/\, resp. (UMl of 1U},. (This is the same as the
flat closure of U, s resp. 1Uys .)

Now consider the flat closure Wflﬁt of the scheme V, ; of n x n matrices X over Op that
satisfy

X2 =my-I, charx(T) = (T — Vmp) (T + /7)*
NTHX —/my- 1) =0, NTHX +/my-1) =0, when r # s.
By [PR1], we see that the scheme ngt has relative dimension 2rs. Its special fiber is
reduced, irreducible and is the union of the nilpotent orbits O, for GL,, that correspond to
partitions p of n with p < (25,1") = (r,s)" (the partition dual to (r,s)). Its smooth locus
VS is the complement of Ogs-1 3r+1y. The involution o given by X — H X t H when n is
odd, resp. X + —J X' .J when n is even, acts on V;.s, V22 and on O(gs 1.

Suppose first that either n is odd, or that both n and s are even. Then, by definition, U,QS
is the fixed point scheme (V. 5)7?; over the generic fiber E this scheme has dimension rs. In
this case, by Prop. 1 of [Oh], we can see that there is at least one o-fixed point on O(gs iry;
since the action is tame, the fixed point scheme (O(ys 1r))7 is smooth. In fact, it follows
from [KR2|, Prop. 5 and its proof (they deal with the case k = C but their proof is valid
for every algebraically closed field of odd characteristic) that each component of (Ogs 1r))°
has dimension half of the dimension of the corresponding nilpotent orbit Oys ). Hence,
this dimension is dim((Ogs 1ry)7) = 7s. We can now deduce that (V;*#*)? C U/ is smooth
over Of of relative dimension rs and provides an open subscheme of UE";‘t with (smooth)
special fiber (O(gs1))?. In fact, by Prop. 1 of [Oh], (O(9sr))? is connected, hence we
can see that (O(gs 1r))? coincides with a nilpotent orbit for the associated symmetric pair,
equal to p(s 1y in the notation of the previous paragraph. It follows that the inclusion
Ullat C U\, = B(zs 17 is an equality on points. It now follows that the special fiber of U1t
is irreducible and generically smooth. We also deduce that M is irreducible.

Suppose now that n is even and s is odd. (Note that in this case, (O(or 15))” = 0.) Then
we can reduce to the smaller case where n = r + s is replaced by n — 2 partitioned by
(r —1,s — 1); indeed, by our work in the last part of §5.c and the above, we can see that
the special fiber of the flat closure 1U,£§t is generically the product of an affine space with
(O(gs-1,17-1y)7 and hence it is generically smooth and irreducible.

As a corollary of the main result of [PR3] we can now show:

Theorem 5.1. Let I = {0} if n is odd, and I = {m} if n = 2m is even. The special fiber
of the local model M}OC 1s irreducible and reduced and is normal, Frobenius split and with

only rational singularities.

Proof. By the previous considerations the underlying reduced scheme (M}Oc)red is a Schubert
variety equal to A’(x). By the main result of [PR3] we deduce that (M1°°),.q is normal,
Frobenius split and has only rational singularities. On the other hand, we saw that the
special fiber M}OC contains an open dense subset which is reduced. By Hironaka’s Lemma
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(EGA 1IV.5.12.8) we deduce that M is reduced, which proves the claim, comp. also [PR3],
Remark 11.4. D

Conjecture 5.2. Let n be odd, or both n and s be even. Then the scheme of matrices UQS
is flat over Spec Og. FEquivalently, consider the space of matrices X in M, over Spec k with

X2=0, X'=HXH, charx(T)=T", AT'X=0, ATX=0,
if n is odd, resp.
X?2=0, X'=—JXJ, charx(T)=T", and N°T' X =0, AT'X =0, whenr #s,

if n and s are even.

Then this scheme is reduced (in which case it is normal, with rational singularities).

Remark 5.3. a) Conjecture 5.2 implies that, under the assumptions n is odd, or both
n = 2m and s even, M{AO} = M%%C}, resp. M{/\m} = M%‘;‘;}

b) Suppose that n is even and s is odd. Recall that we denote by UA\S the affine chart
around the point Fy of M (k) = Mf\m}(k) By the above, we have U, = (V,/\)?. However,
we can see that in this case the generic fiber U{}S ®op E is empty. (Indeed, when 7 is
invertible, if X*J = JX and X? = m, then the matrix (/7o) ' X belongs to the symplectic
group and hence has determinant 1. Therefore, both eigenvalues /7, —/mg of X have to
appear with even multiplicity.) In fact, in this case (O, ))? is empty and an argument as
above shows that dim(Uﬁs) < rs. It follows that the point Fy does not lift to characteristic
zero. Hence M f\m} and also ijge are not flat over Op.

5.f. Normality of some nilpotent orbits. In the proof of the previous theorem we used
some facts about nilpotent orbits for symmetric pairs. Conversely, we can use the results
on local models (which ultimately rely on structure theorems for affine flag varieties) to
deduce results on nilpotent orbits.

Theorem 5.4. a) Suppose that n is odd. Then the Zariski closure of the nilpotent orbit
P(2s1my for the symmetric pair (gl(n),0(n)) is normal.

b) Suppose that n and s are both even. Then the Zariski closure of the nilpotent orbit
p(2s,1r) for the symmetric pair (gl(n),sp(n)) is normal.

(When k = C this result is a very special case of the results of Ohta [Oh]; his methods are
particular to characteristic 0. Note that Ohta shows that the Zariski closure of any nilpotent
orbit for the pair (gl(n),sp(n)) is normal, but exhibits examples for pairs (gi(n),0(n)) of

non-normal orbit closures.)

PROOF. By Theorem 5.1 the special fiber M'°¢ is reduced and normal. By our discussion
above, the Zariski closure of the nilpotent orbit p(zs 1) can be identified with an open affine
subscheme of M'°°, The result follows. O
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6. THE LOCAL MODELS OF PICARD SURFACES

In this case (G = GU(2,1)), there are three conjugacy classes of parahoric subgroups. In
what follows we will show Theorem 0.3 of the introduction.

A) Let I = {0}. Then, by [P1], Theorem 4.5 and Remark 4.15., we have the following

statement.

Proposition 6.1. Mfg}i"e is normal and Cohen-Macaulay. Furthermore, M{n(?}f"e is flat over
Spec (OF) and is smooth outside the special point Fy of the special fiber. Blowing up this
special point yields a semi-stable model with special fiber consisting of two smooth surfaces

meeting transversely along a smooth curve.

We note that in [Kr] it is shown that the blow-up scheme represents a moduli problem
analogous to the Demazure resolution of a Schubert variety in the Grassmannian.
B) Let I = {1}. In this case we have the following statement.

Proposition 6.2. MEC} is smooth over Spec (OF).

Proof. The dual A‘{ of A1 with respect to the symmetric bilinear form ( , ) is Ay. More pre-
cisely, the matrix of this bilinear form with respect to the OF,-basis e3, ntey, eq, mes, €1, meo

D K H ,
'H —noK

(in this order) is equal to

where
0 0O 0O 1 0
K=|000)], H=]|-1 0 0
0 0 1 0O 0 O

We describe an open neighborhood of the point Fy in the special fiber. As in 5.b, we find
that it can be given as a subscheme of the space of matrices A of the form

where [ is the unit matrix of size 3, and where X is a square matrix of size 3 with indeter-
minates as entries. The following conditions are imposed (the first condition corresponds
to the isotropy condition imposed on F = Image(A), the second one to the m-invariance of

F):
(i)tA-D-A=0,
(i) X2 =mg - I.
Now condition (i) comes to
(6.1) XKX+(HX +'XH) —7m-K=0.

Write X in the form

v (X1 X
X3 X4



44 G. PAPPAS AND M. RAPOPORT

where X7 is a square matrix of size 2 and X4 a square matrix of size 1. Also let

(%)

be the left upper corner of H. Let us write

a b
X1:< ) ) ng(m,y)
c d

Then equation (6.1) becomes the matrix equation

C&& Wﬁﬁ <m&+wU'U&>

6.2
( ) X4X3 XZ tXQJ —T0

=0,

2
where X3 X3 means v $Z2J .
ry Y
The condition (ii) becomes

X2+ XoX3 X1Xo+ XoX
X2—< 1+ X243 1X2 + A2 4)_%_1.

(6.3) ;
X3 X1+ Xy X3 X3Xo + X}

From the left lower corner we get ‘X = X4 - (y, —z). From the left upper corner of (6.2) we
obtain the identity

—2¢c a—d z2 xy
(6.4) — = 5] -
a—d 2b Ty Yy
On the other hand, for the characteristic polynomial we are imposing the condition

charx (T) = (T + /7o) (T — \/7g) -
In particular tr(X) = — /7o, i.e. a+d+X4 = —,/m. Taken together with (6.4), we see that
X is uniquely determined by (z,y) and X, with X? = 7o. In the generic fiber of our scheme
of matrices X we see that we have Xy = —,/m. (Use (6.3), (6.4) and the characteristic
polynomial condition.) Therefore, the identity X, = —,/7 persists in the flat closure: We
conclude that the intersection of the flat closure M%‘i:{ with an open neighborhood of Fy
can be identified with a closed subscheme of the affine space in (z,y) over Spec (Op). It
therefore has to coincide with this affine space. Hence M?ﬁ is smooth in a neighborhood of
Fo. But then the singular locus is empty since otherwise, as a closed subset in the special
fiber invariant under the parahoric subgroup, it would have to contain Fy. O

Remarks 6.3. (i) One can see that M ?f}i"e and even M f\l} are not flat; computer calculations
indicate that they have non-reduced special fibers, cf. Remark 7.4, (iv).

(ii) The special fiber M of Mﬁi is isomorphic to P2. To see this, let V = V/R, where
V=AN®0o "o k, and where R = (mwes) is the one-dimensional radical of the symmetric bilinear
form on V. Then V is a non-degenerate quadratic space of dimension 5, and the image of TA

in V is a two-dimensional isotropic subspace V5. Now any F corresponding to a point in M
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2 0 2

) ]
{0} {1}

FIGURE 3. The admissible set for U(2,1).

contains R, and hence defines a two-dimensional isotropic subspace F in V. The fact that F
is m-stable implies that the intersection F N V3 is non-trivial. We see that M is contained in
the Schubert variety of isotropic planes in V' which have a non-trivial intersection with the
fixed isotropic plane V,. However, the Grassmannian of isotropic planes in V' is isomorphic
to the Grassmannian of (isotropic) lines in a 4-dimensional symplectic space (W, ( , )).
Indeed, V may be identified with a natural subspace of A2W, and a line [ in W is mapped
to I A+, If L is mapped to V5 under this map, then the Schubert variety in question is
identified with the set of lines in W which are contained in the 3-dimensional space L.
Hence this Schubert variety is isomorphic to P2. It follows that M,.q is contained in P2,
and therefore by Proposition 6.2, Mﬁ‘i ®op k is isomorphic to P2

C) Let I = {0,1}. In this case we have the following statement.

Proposition 6.4. The local model M%%‘:l} is normal and Cohen-Macaulay and has reduced
special fiber. It has two irreducible components which are normal and with only rational sin-
gularities. These two irreducible components meet along two smooth curves which intersect
transversally in a single point.

Proof. For the special fiber ]\7[%‘(’)‘:1} there is a chain of closed immersions, where u = (3 1),

(65) AP (u) € NIfyy © mih (VIf) O (BI1S5) = migh (A1) () 1 3 (AT )
For the p-admissible set we have
Admf®1 ) = ) (A} ) 1 (A )

This is shown by Figure 3. Indeed, in the picture, the extreme simplices of Adm{o’l}(u)
(w.r.t. the Bruhat order) are translates of the base simplex by the translation elements {+2}
which have length 2, and the other simplices in Adm{o’l}(u) correspond to the elements
smaller than either of these two elements in the affine Weyl group. On the other hand,
77{01} (Adm{% (1)) is the set of simplices A such that the distance from the vertex labeled
{0} in the picture to the vertex of the same type in A is < 2, and 7r{_11} (Adm{' (1)) is the
set of simplices A such that the distance from the vertex labeled {1} in the picture to the
vertex of the same type in A is < 2. It is visibly true that the set of simplices A satisfying
both conditions is the set of simplices marked in the picture, i.e. is equal to Adm{o’l}(,u).

Hence the above inclusions are bijections on the sets of closed points. By Frobenius
splitness of Schubert varieties in the flag variety of the unitary group proved in [PR3] , the
intersection on the RHS of (6.5) is reduced. Hence all inclusions in (6.5) are equalities. It

follows that M%%"l} is reduced and that all its irreducible components are Schubert varieties,
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hence by [PR3] are normal and with rational singularities. From Figure 3 we deduce that
there are two irreducible components corresponding to the extreme elements of Adm(u).
They intersect in the two Schubert varieties corresponding to the elements of length one in
Adm(u) and these are normal curves which intersect in a single reduced point corresponding

to the element of length zero in Adm(u). We still need to prove that M%%CI} is Cohen-

Macaulay. However, both irreducible components X and Y are Cohen-Macaulay, and the
intersection X NY is Cohen-Macaulay and of codimension 1 in both X and Y. Hence XUY
is Cohen-Macaulay, comp. [G61], Lemma 4.22. O

7. FUNCTOR DESCRIPTION; THE SPIN CONDITION

7.a. Generalities on symmetric forms of even dimension. Let F' be a field of char-
acteristic # 2. Fix a separable closure F*°P of F. Let V be a vector space over F' of even
dimension 2n. We will denote F-duals by *, so that V* := Homp(V, F) is the F-dual of V.
There is a perfect, F-bilinear pairing

(7.1) AV x AV — AV
defined by (v1A---Avp, V] A+ AvL) = v A- - Avy AUS A« - - Avl,. This gives an isomorphism
(7.2) c: NV @p (A"V)* — A"V
with inverse given by
’Ui/\"-/\U%H (vl/\'--/\vnb—>v1/\~-/\vn/\v'1/\---/\%) .
7.a.1. Now suppose that V supports a perfect symmetric F-bilinear form
h:VxV —F.

The form A induces an F-linear isomorphism b = by, : V — V*. For simplicity, let us set
D for the determinant F-line A2*V. Then b induces an isomorphism (“the discriminant”)

d:D%* =L F .
Notice that if e =e; A -+ A eg, € £ with {e1, -+ ,e2,} an F-basis of V then
(7.3) dle®e) =D := (—1)" det((h(e;, €j))1<i,j<2n)

is the discriminant of the form A in the basis {e;};.
Define an F-algebra structure on A := F & D by setting

(a,e)-(d',e) = (ad' +d(e®¢€),ae’ +d'e) .

We call A the discriminant algebra of h. A choice of a non-zero element e in the F-line D
gives an isomorphism

(7.4) Flz]/(z* —d(e®e)) = A,

and A is either isomorphic to F' x F, resp. a quadratic extension of F', if the discriminant
is a square, resp. not a square, in F'.
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7.a.2. We will consider the composition
(7.5) a:=c-(id®p A"b) : DRp A"V — A"V.

where A"b : A"V — AM(V*) = (A"V)* is given by b = by,. A choice of a non-zero element
e € D provides us with an F-linear map:

(7.6) ae =ale® —) : A"V — A"V .
For A € F*, we have ay.. = A\de.

Proposition 7.1. The map a : DQrp A"V — A"V provides an A = F®D-module structure

which extends the F-vector space structure on A"V .

PrROOF. In view of the above, it is enough to show that if e = e; A --- A ey, with

{e1, - ,ean} an orthonormal F-basis of V', then
a? =D -Tdpny
with
2m
D= (-1)" H h(ei, e;)
i=1

For a subset S = {i1,...,in} C{1,...,2n} with i3 <--- < i, set

es =¢ey N---Neg,, € NV | Dg = h(e;,,e;,) - -hle,,ei,) € F* .
Denote by A" the symmetric form on A"V given by the map A"b : A"V — (A"V)* =
A'W* If S # T, then h\"(eg,er) = 0. If S =T, then h"\"(eg,es) = Dg. Therefore, as S

runs over all subsets of {1,...,2n} of order n, the elements eg form an orthogonal basis of
A"V for the form A" and the map A"b is given by

es=¢ejy N---Neg, — Dg-eg=ej N---Nej .
On the other hand, the map c sends e§ to ng - ege where S¢ = {1,...,2n} \ S is the
complement of S and ng = +1 is such that
esNege =1g-¢€.

Note that ng - nse = (—1)" (indeed, the form (7.1) is symmetric when n is even, and
alternating when n is odd). We conclude that the map a. sends eg to Dgng - ege. Hence,
the square ag maps eg to DgDgengnge - eg and the result follows. 0

Now suppose that R is an A-algebra. Then the base change A"V @p R = AN"(V ®F R)
supports an A® rp R—module structure where the first factor acts via the A-module structure
of Proposition 7.1. Hence, it splits into a direct sum of two R-modules

(7.7) A"V @p R=(AN"V @p R)+ & (A"V ®p R)_

where the +, resp. —, part is where a ® 1 acts as 1 ® a, resp. as 1 ® 7(a), and 7: A — A

is the non-trivial involution over F'.
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7.a.3. Suppose now that the form h is split; i.e the vector space V has a basis {e1,...,e2,}
with h(e;, e2n+1—5) = 0i;. In this case, D =1, A = F' x F, and Proposition 7.1 implies that
for e=e; A--- A egy, we have

(7.8) a2 = Idny .
The element e gives the structure of an A-algebra to F' by sending e to 1 and we have
A"V = (A"V) @ (A"V)_

where (A"V')4, resp. (A"V)_ is the eigenspace of A"V where a. has eigenvalue +1, resp.
—1. The subspaces (A"V)y, (A"V)_, depend on the choice of (split) basis but the two
element set {(A"V )1, (A"V)_} does not. We can see that the action of the special oth-
ogonal group SO(V,h) on A"V preserves the subspaces (A"V )y, (A"V)_. The element of
determinant —1 in O(V, h) permutes the two subspaces.

In this case, we can easily obtain an explicit description of the subspaces (A"V)i, as
follows: For each subset S of {1,...,2n} of order n we set

m4+1-S:={t|t=2n+1—-s,s€S}.
Define a permutation
os:{l,...,2n} — {1,...,2n}

by sending {1,...,n} to the elements of 2n + 1 — S in decreasing order and sending the
remaining {n + 1,...,2n} to the elements of the complement (2n + 1 — S)¢ in increasing
order.

Lemma 7.2. The subspace (N"V)1 of A"V is generated by the elements

es *sign(os)e@nii-s)e -

for S running over all subsets of {1,...,2n} of order n.
PrOOF. A straightfoward calculation from the definitions gives that

ae(es) = sign(os)e@nr1-s)e -

Hence, since a2 = Idny, we have sign(og) = sign(o(2n+1-5)c). The result now follows. D

7.a.4. We continue to assume that the form h on V is split with a basis {ei,...,ea,}
such that h(e;, eany1—j) = ;5. If W is an totally isotropic subspace of V' of dimension n,
then the line A"W is either contained in (A"V)4 or in (A"V)_. From the above we can
see that e; A+ Ae, C (A"V); while e; A+ Aepg Aeppr C (A"V)_. Now any basis
of an n-dimensional isotropic subspace of V' can be completed to form a split basis of V.
Hence, using induction, we can conclude that if W, W' are arbitrary isotropic n-dimensional
subspaces of V' then A"W and A"W' are contained in the same eigenspace (A"V)y if and
only if

(7.9) dim(WNW’)=n mod?2 .
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7.b. The spin correction. We now return to the notation of §1.b. In particular, F'/Fj is
a tamely ramified quadratic extension with automorphism a — a, and ¢ : VxV — Fisa
perfect hermitian form on the F-vector space V of dimension n > 3. Suppose {e1,...,e,}
is a basis of V' with ¢(e;,ent1—j) = ;5. We will apply the constructions of §7.a to V
considered as a 2n-dimensional Fy-vector space with the symmetric form

1
h(v,w) = §TTF/FO(¢(U,1U)) .
Write m = [n/2] and consider the Fy-basis
{—71'_161, =TT ey €Ly s €1y €15y €y T« - - s Ten}

of V. The Op,-lattice spanned by this basis is invariant for the action of O = Op,[r] and
is equal to A,,.

There are two cases:

(I) n =2m + 1 is odd. Then the discriminant D of h in this basis is equal to mp and the
discriminant algebra A is isomorphic to F'. Hence, the form h is not split over Fy. However,
after base changing to F' we can replace in this list the vectors e;,+1, T€m+1, by

Tem+1 1 Tem+1
€m+1 — 5 <€m+1 + .

Vs 2 Ve
The resulting new (ordered) basis splits the form h®@g, F. We can consider the corresponding
eigenspaces (A"V ®@p, F)1 of A"V ®@p, F.
(IT) n = 2m is even. Then the above basis splits the form h and we can consider the

eigenspaces (A"V)y of A"V,

Now consider a choice of (7, s) with n = r + s. Recall our definition of the reflex field E.
We have E = Fy, if r = s, and E = F if r # s. Note that if » = s, then n is even and so we
can always make sense of the eigenspaces (A\"V ®@p, E)4 of A"V. (If n is even and r # s,
we set (A"V @p, E)+ = (A"V)4+ ®p, F.) If A is one of the Op-lattices A; of V' defined in
§1.b, we set

(7.10) (A"A @0y OF)+ = (N"A B0, Op) N (A"V ©F, E)s .

7.b.1. Now let I be a subset of {0,...,m} asin §1.d and recall the definition of the “naive”
unitary local models MIHaive of §1.e corresponding to I and (7, s). Recall also the definition
of the closed subscheme M} of M}lai"e defined by requiring the additional exterior power
condition (e) of (1.e.6).

We define a subfunctor My of M}lai"e by specifying that a point of M; with values in an
Op-scheme S is given by an O R0, Og-submodule F; C A; R0, Og for each j = k-n+ti,
i € I, that in addition to the conditions (a)-(e) also satisfies

f) (Spin condition) For each j = k-n x4, ¢ € I, the line A"F; C N"(A; ®o,, Os) is
contained in the subspace (A"A; ®0p, Og)+ ®o, Os with £ = (—1)".

It follows from the definition that M; is represented by a closed subscheme of M}lai"e
which is contained in M}'; we also denote this subscheme by M;.
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7.b.2.  We claim that the generic fibers of M and M}lai"e are equal. Suppose that S is an F-
scheme. Then, we can see that condition (f) is open and closed on S. Recall that the generic
fiber M1V @, F is isomorphic to the Grassmannian Gr(r,n)p. Hence, MPaV¢ @0 E is
connected and so it is enough to show that (f) is satisfied at some point of the generic fiber.
It is enough to check this for one choice of signature: Indeed, we can easily find subspaces
F;, ]:j'-, for signatures (r, s) and (r — 1, s + 1) whose intersection has dimension n — 1; using
(7.9) we can inductively reduce to the case of a single signature choice. Let us take this to
be (m+1,m) if n =2m + 1 and (m, m) if n = 2m. The subspaces given by

odd -1 -1
Fol =(m""e1,...,T €m,€1,..,Cm, Temi1l — /T0€m+1) , and,
-1 -1
FVR = (€1, ey T €y €1y ey €m )

respectively, give points of M}lai"e@)@E FE for these signatures. We can now see, by calculating
the dimension of the intersection of F°4, resp. F°V°" with the standard isotropic subspace
spanned by the first n-basis vectors of our chosen split basis of V ®p, F', that these satisfy
condition (f). To recap, we have closed immersions

(7.11) M C My € M} C Mpaive
which are isomorphisms on the generic fiber.
Conjecture 7.3. The scheme M7 is flat over Og. Equivalently, we have M}OC = Mj.

Remarks 7.4. i) The definition of M; and the above conjecture are also motivated by a
similar construction that we have found to be effective in the case of even orthogonal groups
(see §8).

ii) This conjecture is supported by some computational evidence that we obtained with
the help of Macaulay 2. In particular, we verified the conjecture for the local models of
unitary groups in 3 and 4 variables when Fy = F,((t)), F = Fp((u)) with u? = ¢, for various
(small) primes p > 2.

iii) Recall from Remark 5.3 that the moduli scheme M/, in which we omit condition (f),
is not flat over Of in general: Indeed, for n = 2m, I = {m} and signature (r,s) with s
odd the subspace 7(Ap ®op k) C Apm @0, k gives a point of the special fiber of M/\m}
which does not lift to the generic fiber. We can see that this point does not satisfy the spin
condition (f).

iv) Another interesting example is provided by the case n = 3, (r,s) = (2,1). Then we

can see that both M{Al} and Mf\

0,1} are not flat while our computer calculations suggest that

M{l} and M{O,l} are flat.

8. REMARKS ON THE CASE OF (EVEN) ORTHOGONAL GROUPS

Here we will discuss a particular type of orthogonal local model that controls the singu-
larities of certain PEL Shimura varieties; we will concentrate on the algebraic definition of
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these models and leave the connection to group theory and loop groups for another occasion.
Also for the connection to the reduction of Shimura varieties we will refer to [RZ].

We continue with the notations of §7.a. In addition, assume that F' is local with ring of
integers Op, uniformizer 7 and residue field k of characteristic # 2. If A is an Op-lattice in
the F-vector space V', we denote by A its dual lattice, i.e the image of A* := Homp,. (A, OF)
under the map

-1
AN — N e, F=V*1oV .
The restriction of the form h gives a perfect Op-bilinear pairing

hpy:AxA— Op.

In what follows we will adhere to the terminology of [RZ] (note however, that in their set-up
F = Q). Let L = {A} be a self-dual periodic chain of Op-lattices in V. Recall that a
lattice chain in V' is by definition a (non-empty) collection of lattices such that if A, A’ are
in the chain then either A C A’ or A’ C A. A lattice chain defines a category with objects
the lattices and morphisms given by inclusions. “Periodic” means that A € £ implies that
al € L for every a € F*; “self-dual” means that A € £ implies that A € L.

8.a. The naive local models. Let us formulate a moduli problem M™#V¢ on the category
of Op-schemes. A point of MV with values in an Op-scheme S is given by functors from
the category given by the lattice chain £ to the category of Og-modules

(8.1) A Fp
together with a morphism of functors given by injections
(8.2) JA : FA — A®o, Og

such that:

a) via ja, Fa identifies with an Og-locally direct summand of rank n of A ®p,. Os;

b) if A’ = wA, the isomorphism A ®p, Os — 7A ®p, Os = AN ®p, Og given by
multiplication by the uniformizer 7 induces an isomorphism between Fp and Fas;

c) we have Fj = F, [{, where F k is the orthogonal complement of 7y C A ®0, Os under
the perfect pairing

(8.3) (A®o, 0s) x (A®o, O5) — Og

given by hp ®o, Os.

We can see that the functor MV is represented by a projective scheme over Spec Op
which we will also denote by M @®; this is the naive local model defined in [RZ]. If S is
an F-scheme, then the conditions above imply that W := Fp C V ®p Og is independent
of the choice of A € £. We can see that generic fiber M;ai"e of the naive local model is the
orthogonal Grassmannian of isotropic subspaces W of V' of dimension n.
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8.b. The corrected local models. It was observed by Genestier ([Ge2]), that the naive
local models are not flat in general. In this paragraph, we suggest a correction in their
definition that should address this problem. We continue with the notations of the previous
paragraph.

Recall A = F @ D is the discriminant algebra of h. By (7.7) we have

AW @p A= (A"V @p A)L ® (A"V @p A)_ |

where the +, resp. —, part is where a ® 1 acts as 1 ® a, resp. as 1 @ 7(a), and 7: A — A
is the non-trivial involution over F'.

Now let O4 denote the integral closure of Op in A. For any Op-lattice A as above
consider the O 4-lattice Ap, := A ®p, Oa. We have A"(Ap,) C A" (V ®@F A). Let us set

(A"Ao,)+ = A"(Ao,) N(A"V @p A)+.

This is an O4-lattice in (A"V ®@p A)+.

Denote by M the closed subscheme of the base change M/™aive ®o, Oa whose S-points
for an O4-scheme S are given by S-points Fy C A ®p, Og of Mmaive ®o Oa which satisfy
Nog(Fa) C (A"Ao,)+ ®o, Os (for all A). The corrected local model is by definition M
regarded as a scheme over Spec (Op). By its construction M comes with a morphism

(8.4) M — Spec (04) — Spec (Op).

There is a natural morphism of Op-schemes q : M — M"V¢, We will see below that
q induces an isomorphism on the generic fibers. However, ¢ is not a closed immersion in
general.

Conjecture 8.1. The scheme M 1is flat over Spec Of.

In addition to the examples of the following paragraphs, there is a fair amount of com-
putational evidence for this (when n <8, F' = F,((t)), with p a small prime.)

8.b.1. To understand this construction a little better, let us consider the situation over F,
i.e the generic fibers. Suppose that W is an S-valued point of M}}ai"e with S an F-scheme
(i.e a totally isotropic subbundle of V ®r Og); the short exact sequence

1
0—>W%V®F05—>(V®F05)/Wb’: W* — 0

induces an isomorphism Og ~ A"W & A"(W*) ~ det(V) ®p Os ~ D @r Og. We can
see that this in turns equips Og with an A-algebra structure. We deduce that M}}ai"e has
a natural structure of an A-scheme: This structure has the property that if W gives an
S-valued point of M;aive, then the homomorphism A @ A"W — A™W induced by § —
Spec (A) is obtained by restricting the homomorphism A ® p A"V — A™V of Proposition
7.1. Therefore, we have

MpEve = Mp
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Now denote by F*°P a separable closure of F'; we fix an F-homomorphism A — F®P, The
Pliicker map W +— A"™W gives an embedding in projective space

MFsep — P(/\nVFsep) .
We can deduce that the image of Mpsep under the Pliicker embedding
MFsep — P(/\nVFsep) = P((/\nVFsep>+ @ (/\nVFSeP)—)

lies in the (disjoint) union of the two linear subspaces P((A"Vpser)1) and P((A™Visep)_)
where the decomposition is obtained as above. Since the form h splits over F*P we can
choose a basis for Vgsep as in 7.a.3. Since SO(Vpsep, hpsep) is connected, from 7.a.3 and the
above, we conclude that Mpgsep has exactly two connected components each isomorphic to
the special orthogonal Grassmannian SO(Vgsep, hpsep )/ P; they are separated by asking that
the top exterior power of the isotropic subspace is contained in (A" Vgsep )4, or (A" Visep )
respectively. In fact, it is well-known that both of these components are of dimension (g)

8.c. The split case; examples. Assume that the form h is split and choose a basis
{e1,...,e2,} as in §7.a.3. Set Ag = (e1,...,e2,) and let II : V. — V be the linear
map defined by Il(e1) = 7 eay, I(e;) = €;_1, 1 < i < 2n. We have I1>" = 7. Now let us
set A_; = II*Ag; We can see that A; = A_; so that the form induces perfect Op-bilinear
pairings

Now if I C {0,...,n} is a non-empty subset,
Lr={n"Ay; |keZ, icl}.

is a self-dual periodic lattice chain in V. We will denote by M}lai"e the “naive” local model
associated to V', h and the lattice chain £;. As it was observed by Genestier ([Ge2]), when
{0,n} C I the scheme M}‘ai"c — Spec O is not flat; he pointed out that the problem is
created by the existence of two connected components in the (isomorphic) generic fibers
(M?gi"e) r ~ OGr(n,2n)r, i € I. Roughly speaking, the closures of several pairs of these
components appear in the special fiber of the scheme Mp*¥ C [[c;,_; Gr(n,2n)o,. (See
the examples below). His observation motivated our work in these sections.

Example 1: Let us consider the case of the orthogonal group Oz over Q,, i.e take n =1,
F =Q,, m=p,and I = {0,1}. In this case we have Ag = (e1,e2), A_1 = IIAg = (e1, pea).
For a Z,-scheme S the S-points of the naive local model M naive are given by diagrams

Ay ®z,Os 2 A ®z, Os Ay, ®z, Os
(8.6) U U U
Fa — Fo — F_1

such that Fy, F_; are locally direct summands of rank 1, Fjy is isotropic for h, and F_; is
isotropic for the perfect form on A_; ®z, Og given by p~'h. In these diagrams, the map ¢
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is given by base changing the inclusion A_; C Ag while the map 1) is given by base changing
the map Ag — A_1 given by multiplication by p.
Setting
Fo = (ae1 + bes) , F_1 = {cer + dpes) ,

we see that the orthogonality conditions give the (homogeneous) equations:
ab=0, cd=0.

If p is invertible in Og, the submodule F_; is determined by Fy. We can see that there
are two possibilities for Fy: either Fy = (e1), or Fy = (e2) and so the generic fiber Maii"e
consists of a disjoint union of two copies of Spec Q,. Let us now consider the special fiber,
i.e assume that p = 0 in Og. Taking into account that ¢(F_1) = (ce1) C Fo = (ae1 + bes),
P(Fo) = (bpea) C F_1 = (ce1 + dpea), we see that there are three possibilities:

Fo1=(e1), Fo = (e1) , or,
F_1 = (pes) , Fo = (e2) , or,
F_1 = (pea) , Fo = (e1) .
Therefore, the special fiber consists of three copies of Spec F), and so M}lai"e is not flat over

SpecZ,. The point corresponding to the third possibility above does not lift to the generic
fiber. Notice that in this case

(N'V)g =(er),  (A"V)- = (e2) .
We can now readily see that M = SpecZ, U Spec Z,, which is of course flat.

Example 2: In this example, we take n = 2 (which corresponds to Oy4), F' = Q,, ™ = p,
and I = {1}. We have

(/\QV)_;,_ = <€1 Neg,ez3 Neg,e1 Neg+ e N 63>
The lattices are A_1 = IIAg = (e1, e, e3,peq), Ay = I 1Ag = (e1/p, e, e3,e4), p1A_1 =
p~'IAg = (e1/p, e2/p, e3/p, e4) and the naive local model is given by diagrams

@ P
(e1,e2,e3,pe4)s — (e1/p,e2,e3,e4)s — (e1/p,ea/p,e3/p,es)s
U @] U
F

F_1 — F1 —

with F; of rank 2 such that F; = (F_1)*.
In this case

(/\2A71)+ = (e1 Neg, e3 A\ peq, €1 Apes+p-(ez ANe3)) ,

(N’Av)y = (e1/pNea, es Apes, p-(e1/pAes)+eaNes) .

Our additional spin conditions amount to

(8.7) NF ., C (e1 Nea, e3 Apeq, e1 Apes+p-(ea Aes))s ,
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(8.8) A2F1 C (er/p ez, esNes, p-(e1/pAes) +eaAes)s

We will examine the special fiber; thus we assume p = 0 in Og. If (F_1, F1) corresponds
to a Fp—valued point of M, we can see that either es or ez is in F;. When ey € Fi, then
Fi1 = (eg,ae1/p + bes), F_1 = (e1, —aeay + bpey), where (a;b) € PL. If e3 € Fy, then
F1 = (es,ces + dey), F_1 = (peq, —ce1 + des), with (c;d) € P'. Those two projective
lines intersect at the point F; = (e2,e3) (at which F_; = (e1,pes)). This describes the
(reduced) special fiber of the corrected local model. It is not hard to see that both irreducible
components lift to characteristic zero. For example, the point F1 = (es3,eq), F_1 = (e3,pea)
is a smooth point on the second component that lifts; similarly the point F; = (e1/p, e2),
F_1 = (e1,e2) is a smooth point of the first component that lifts.

Now on to a “scheme theoretic” calculation. We will calculate an affine chart of the
special fiber at the singular point F_1 = (e1,pey), F1 = (e, e3). Set

F_1 = (e1+x2e2 + x3€3, pea+yoez + yzes) ,
Then we can see that
Fi= (Fo)t = (e2 — y3=> — wzeq, €3 —yar — waes) .
p p

The condition ¢(F_1) C F; translates to
(8.9) ToT3 = Y2ys = Tay3 + x3y2 =0,
while (Fy) C ]:Ell/p) translates to
(8.10) ToYs = T3y3 = Tayz + T3y2 = 0 .
The spin conditions (8.7), (8.8) give

ys=22=0, x2y3 —yox3 =0.
These equations together with (8.9), (8.10) amount to

ro=y3 =0, yaw3=0.

This together with the “set-theoretic” arguments above imply that the special fiber is
reduced and is the union of two P!’s intersecting transversely at a point. Since, both
of these PV’s lift, we also conclude that M; is flat over Z,.

Notice that if we omit the spin conditions, we obtain

ToT3 = Y2y3 = Toy2 = X3y3 = Tay3 +x3y2 =0 .

These are then the equations for an affine chart of the special fiber of the naive local model,;
this scheme has four irreducible components and is non-reduced at the origin. We can see
that M}‘ai"e cannot be flat over Z,.
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