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1 Introduction

Our primary purpose here is to describe a phenomenon which occurs in
the bifurcation theory of one-parameter families of diffeomorphisms. This
is the appearance of infinitely many different topological conjugacy classes
of structurally stable diffeomorphisms, each class containing a diffeo-
morphism with an infinite nonwandering set, in every neighborhood of
certain diffeomorphisms in the boundary of the Morse-Smale diffeo-
morphisms. This phenomenon occurs quite frequently in the following
sense: Any Morse-Smale diffeomorphism (on a manifold of dimension
greater than one) can be moved through a one-parameter family which
first exhibits some simple phase portrait changes to a new Morse—Smale
diffeomorphism, and then has the above behavior near the first subsequent
unstable diffeomorphism it reaches. The natural place where the phenom-
enon appears is in the construction of a cycle, and we conjecture that it
occurs in that situation generically. However, the methods given here
require some additional hypotheses.

On the other hand, under a reasonably general condition, which we
also feel is generic, if one approaches the boundary of the Morse-Smale
diffeomorphisms without creating a cycle, then the only new structurally
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stable diffeomorphisms one can find nearby will also be Morse—Smale.
In this case as well, one can encounter an infinite number of topologically
different Morse—Smale diffeomorphisms.

It will be shown that all of the conditions assumed for these results are
true for open subsets of the space of one-parameter families of diffeo-
morphisms.

The contents of the chapter are as follows: Section 2 contains defi-
nitions, some notation, and detailed statements of the main results. In
Section 3 we derive conditions for a closed invariant subset of a diffeo-
morphism to be hyperbolic which generalize the conditions in [5]. We
replace the uniformity assumptions in [5] with pointwise assumptions
which turn out to be more convenient for our applications. In Sections
4-6 the main results of the paper are proved. Section 7 contains some
examples related to the results in the previous sections and a description
of the fact that the phenomena described earlier may be obtained with
very simple isotopies beginning with any Morse~Smale diffeomorphism.

While we are concerned here with diffeomorphisms, one can get similar
results for flows by analogous methods.!

2

We recall some definitions and fix some terminology and notation.
Let M be a compact connected C* manifold without boundary. The
space 27 of Cr diffeomorphisms of M with the C” topology, is an infinite
dimensional metrizable C*= Banach manifold for 1 <7 << o0, and a
Frechet manifold for » = oco. Let &% = C*¥(I, 2") be the space of C*
mappings of the unit interval I into 27 with the uniform C* topology,
1 < k < o0, 1 < r. This topology is defined as in the finite dimensional
case with respect to a riemannian (or Finsler) structure on 2" canonically
induced by one on M (see [1]). An element & € @%7 is called a one-
parameter family of diffeomorphisms of M.* A subset & of @* is called
residual if it contains a countable intersection of dense open sets. We
will sometimes use the words “‘for most £’ to mean for £ in some residual
set.

t We wish to thank Floris Takens and Jorge Sotomayor for several helpful con-
versations during the preparation of this paper.

t It will be evident that, if desired, one could suppress the Banach manifold structure
of P" and state most of the results in this chapter for C" mappings § : I X M - M such
that & : {t} X M - M is a diffeomorphism for all ¢.
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For fe 27, let P(f) denote the set of periodic points of f; i.e.,
x € P(f) if and only if there is an integer # > 0 such that f*(x) = .

Suppose f € 27, r > 5.

A fixed point x of f is said to be quasi hyperbolic if it has the following
properties:

(2.1) (1) Al of the eigenvalues of the derivative T, f have multiplicity
one, and, if 4, and 1, are distinct eigenvalues such that | 4, | = | 4,],
then 4, is the complex conjugate of 1,.

(2) T,f has an eigenvalue 1 such that | 1| =1.

(3) If A= 1 and v is a nonzero eigenvector of T, f corresponding to
2, then the second derivative of f at x on v, T,%f(v, v), is not in the sum
of the eigenspaces of the other eigenvalues of T, f.

(4) If A= —1 and v is a nonzero eigenvector corresponding to A,
the third derivative of f2 at x on v, T,%f %(v, 9, v), is not in the sum of
the eigenspaces of the other eigenvalues of T, f2.

(5) If A=e", a #0,n, then A* 41 for 0 < B <5, and there are
coordinates ¢: U — R™ on a neighborhood U of x such that p(x) =0
and

(pf‘p_l(yl’ s vym) = (fl(yl’y2)»f2(y3a cee ,ym)) € R? X Rm-2,

where (y;, ..., ¥n) are coordinates on R™ = R?* X R™-% and

(a) f, is a diffeomorphism of R? with a fixed point at 0 such that A
is an eigenvalue of T f,, and if ¢,: R? — R? is the polar coordinate map
@1(r, ) = (r cos 0, r sin 6), then

o1Vfipi(r, 8) = (r + ar®, 0 + o + br?) 4 o(r®),

where a, a, b are constants and a % 0;

(b) f; is a diffeomorphism of R™-? with a hyperbolic fixed point
at 0.

A periodic point x such that f*(x) = x but f ¥(x) % x, for 0 < k < n,
is said to be quasi hyperbolic if it is a quasi-hyperbolic fixed point of f»
(n is called the period of x).

Definitions (2.1.1)-(2.1.4) above are due to Sotomayor [19]. Defini-
tion (2.1.5) is motivated by Section 7 of the paper of Ruelle and Takens
[14].
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As is well known [5], each hyperbolic periodic point x has a smooth
stable manifold W*(x) and a smooth unstable manifold W¥(x). It also
follows from the center manifold theory of [6] that each quasi-hyperbolic
periodic point x has smooth stable and unstable manifolds defined by

Wi(x) = {y e M : frr(y) - x as m — oo},
Wix)={yeM :fm™(y) > x as m — oo},

where n is the period of x. If x is as in (2.1.3), W*(x) will be diffeomorphic
to a closed half-space of a euclidean space. Its boundary is the set of those
points y such that f ™(y) tends to x exponentially, i.e.,

OWs(x) = {y € M :d(f™(y), x) < cA™, m > 0},

where ¢ > 0, 0 < A < 1 are constants, and d is some metric on M.
If x is as in (2.1.4) or (2.1.5), W*(x) is diffeomorphic to a euclidean space,
and f*| W5(x) is topologically conjugate to a hyperbolic contraction.
Similar statements are true for W9(x).

Let R™, Rm—m be the euclidean spaces of dimensions 7,,m — n,,
and let m: Rm X R™™ — R™™ be the natural projection. Let ¢;:
N; — M, i =1, 2, be two smooth embeddings into M with dim N, = #;,
dim M = m, and let y € ¢,(IV;) N @;(N,). Say that y is a quasi-trans-
versal intersection of ¢,(NV;) and ¢,(N,) if the following statement is
true: There is a diffeomorphism  mapping R™ X R™™ onto a neigh-
borhood U of y in M such that:

(1) p(R™ X 0) = @(N1), 9((0, 0)) = y;
(2) The linear map

4, = Ty gy — R™™
has rank m — n, — 1, and letting
7 : Rm—™ — Rm™-m[Image(4,) =~ R

be the natural projection onto the quotient space;
(3) (a) The map

—1
T P lqz;l(U)

has ¢z(y) as a nondegenerate critical point,
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(b) If T,p,(Ny) N T,ps(N,) # (0), there is a curve y: [—1, 1]
— N, such that @,y(0) =y,

Torr92(v'(0))

is a nonzero vector in T,p,(N,) N T,p,(N,), and the map
7y 'p,y has a nonzero second derivative at zero.

Let KS denote the set of Kupka—Smale diffeomorphisms on M which is
defined by f € K. if and only if all the periodic points of f are hyperbolic
and their stable and unstable manifolds meet transversely.

As a preliminary, we state the following approximation theorem which
is due to Sotomayor [19]. The paper of Brunovsky [2] also contains results
related to part (2a) of the theorem, and Robinson proved a fact similar
to part (1) for Hamiltonian systems.

(2.2) Tueorem For k>1, r > 5, there is a residual subset & of
@%r such that if £ € &, then:

(1) &, € KS for all but countably many ¢ € I;

(2) If & ¢ KS, then exactly one of the following occurs:
(a) &, has one orbit of quasi-hyperbolic periodic points, the other
periodic orbits of &, are hyperbolic, and the stable arid unstable mani-
folds of all the periodic points meet transversely;
(b) All the periodic orbits of &, are hyperbolic, there is one orbit
of quasi-transversal intersections of stable and unstable manifolds
of periodic points, and all the other intersections of these manifolds
are transversal;

(3) The set Q of diffeomorphisms satisfying either (2a) or (2b), but
not both, is a countable (increasing) union of residual subsets of em-
bedded codimension-one submanifolds Q" or 27 and £ is transverse to
each of these submanifolds.

We recall the definitions of the manifolds Q. For fe 27, n>1,
let P,(f) be the set of periodic points of f of period less than #n 4 1.
Let Q" = {fe 27 : P,(f) has at most one quasi-hyperbolic orbit and
the other orbits in P,(f) are hyperbolic}. Then Q" is a dense open
subset of &7 and P,( f) is finite for f in O,". Given x € P,(f), f€ Oy"
let F,%(x, f)= {y € W¥x,f) : du(y, x) < n} where d, is the distance
in W%, f) defined by some riemannian metric on W¥%(x, f). Let F,*( f)
= Usepyn Fo(, ). Define F,e( f) similarly. Let 0" = { fe Oy : Pu(f)
has one quasi-hyperbolic orbit, the other orbits in P,( f) are hyperbolic,
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and F*( f) meets F,*( f) transversely}, and set Q," = {fe Q" : P,(f)
is hyperbolic, and F,*(f) N F,*(f) has one orbit of quasi-transversal
intersections, the other intersections being transversal}. Then Or

= 0" U Q5"

(2.3) REMARK Some parts of Theorem 2.2 hold under weaker differenti-
ability assumptions: r > 3 is needed for Definition (2.1.4), and r > 5
is needed for Definition (2.1.5).

For fe 21, let Q(f), L~(f), L*(f), L(f) denote, respectively, the
nonwandering set, negative limit set, positive limit set, and limit set of f.
These are defined as follows: 2( f) is the set of x in M such that for any
neighborhood U of x, there is an integer n > O such that f»(U) n U # 6,
L~(f) is the closure of the set of a-limit points of f, L+( f ) is the closure
of the set of w-limit points of f, and L(f )= L-(f) U L*(f).

It follows from [5] that if L-(f) is hyperbolic, then each point x in
L-(f) has a smooth stable manifold W*(x) and a smooth unstable
manifold Wu(x). In this case, we say that f satisfies the strong transversality
condition if W*(x) is transverse to W4(y) for all x and y in L-(f).

Let AS be the set of diffeomorphisms f satisfying Axiom A and the
strong transversality condition (see [17]). It follows from [8] that f € AS
if and only if (1) L-(f) is hyperbolic, and (2) f satisfies the strong
transversality condition.

The Morse-Smale diffeomorphisms, denoted MS, are those f € AS
such that P(f) is finite, or, equivalently, those f for which L—(f) is
finite hyperbolic and the strong transversality condition holds.

For & € @%r, & € AS,let B(§) = {t €I : £, ¢ AS}, and let by = by(&)
= inf B(£). We call B(&) the bifurcation set of & and by(&) the first
bifurcation point of & Note that since A4S is an open subset of 27, B(£)
is closed in I. It will always be assumed that b,(&) < 1.

We are interested in the structure of B(£) near b, = by(&) for most &.
Our main considerations will be under the assumption that L=(§, ) is
finite. The results also apply when L*(§, ) is finite by replacing &, by
&'. It is an important unsolved problem whether for most & with
&, € MS, either L-(&,,) or L+(&,,) is finite. The next proposition, which
is an immediate corollary of results of Brunovsky [2], shows that this prob-
lem is essentially a type of C” closing lemma for the boundary of MS.
We remark that even in the C? case, the technique will have to be different
from that in Pugh’s closing lemma [12] because, as simple examples show,
there are open sets in the boundary of some elements of M.S all of whose
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diffeomorphisms have infinitely many nonwandering points, but only
finitely many « and w limit points (see Example 1 in Section 7).

(2.4) ProposITION For & > 1, r > 2, there is a residual set & < @k~
such that if § € & and &, € MS, then &, has finitely many periodic points.
On the other hand, if & € &, &, € AS, and &, has finitely many periodic
points, then &, € MS.

We note that, for &7, Q as in (2.2), if £ € &, & € A4S, and L-(&,,))
is finite, then &, € Q. To see this, observe that since L=(&;,) is finite,
&, € KS if and only if &, € AS, and &, ¢ AS, since b, € B(&).

For f € Q, choose Q" containing f. A coordinate neighborhood Q, of
f in Q" will be called an intrinsic neighborhood of f in Q™.

(2.5) TueoreM For r > 5, k > 1, there is a residual set &, < Obr
such that if £ € %, &, € MS, and L=(;,) is finite, then there are a neigh-
borhood .#” of £ in @%7, an integer n, and an intrinsic neighborhood Q,
of &, in Q" such that if 5 € ./ then 7, € MS, L=(n, (,,)) is finite, by(%)

— inf{t € I :n,€ 01}, and yyep € O.

(2.6) ReMarRk We emphasize that Theorem (2.5) says that the set
&k of £ in & such that & € MS and L—(&,,) is finite is an open subset
of @7 for r > 5, k> 1.

Given an invariant subset F < M, set

WiF)={yeM:0(y) < F}, W(F)={yeM:a(y)<F},
Ws(F) = W(F) — F, Wo(F) = W(F) —

where w(y) and a(y) are the o and « limit sets of y, respectively.
If L-(f) is finite, a j-cycle is a sequence of orbits O(p,), - .., O(p;)
such that p; € L=(f) for 0 <7 <j, O(p,) = O(p;), and

W (O(ps)) O WHO(piny)) #@  for 0<i<j

(compare with [15]). In this chapter we prove Theorem (2.5) except in
a certain situation where L-(&,) is hyperbolic and has only a 1-cycle.
The proof in the remaining case will appear elsewhere.

Using some refinements of (2.2), we obtain

(2.7) TreorEM Let.&”%7 be as in (2.6). There is a residual set &%, < %"
k > 1,7 =5, such that if & € &% and L-(&, ) has no cycles, then there
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is a neighborhood U of b, in I such that &, € MS for t € U — B(&),
and:

(1) If some periodic point of £, has 1 as an eigenvalue, or if all the
periodic points of &, are hyperbolic, then U N B(&) is at most countable;;

(2) If some periodic point of &, has —1 as an eigenvalue, then U N B(§)
= {bo};
(3) If some periodic point of &, has a nonreal eigenvalue of absolute

value one, then U N B(£) is zero-dimensional and contains a Cantor
set K with b, € K.

(2.8) REMaRKs (1) Some of the local bifurcation theory of periodic
points used in the proof of (2.7) has been known for some time and is
contained in the work of Brunovsky [2], Sotomayor [19], Ruelle and
Takens [14], and others. (Conversations with Sotomayor and Takens on
that material have been very helpful.) We also refer the reader to the paper
of Sotomayor [19] for related global questions in bifurcation theory.

(2) Some parts of (2.7) hold under weaker differentiability assumptions.
(2.7.1) is true for a residual set for 2 > 1, r > 2, and (2.7.2) is true re-
sidually for £ = 1, r = 3. We have stated the theorem as above in order
to unify the results.

(3) The set of & in Z% satisfying the hypotheses of (2.7) is open in
ok = C¥I, 27).

(4) The no-cycle assumption is not necessary under the hypotheses of
(2.7.2) and (2.7.3). It can be shown using well-known arguments that
the existence of a cycle under those hypotheses would imply the existence
of transversal homoclinic points, and, hence, infinitely many periodic
points for &, .

(5) If &, is as in the second half of (2.7.1), then &, is £2-stable.

From Theorem (2.7), it follows that to determine the structure of
B(£) near b, for most & with L-(&,,) finite, it remains to consider the situa-
tion where L—(£,) has a cycle. We will study this case under some
additional assumptions.

Recall that two diffeomorphisms f, g € 2 are said to be topologically
conjugate if there is a homeomorphism 4: M — M such that fh = hg.
f € 27 is structurally stable if any g € 27 which is C* close to f is topo-
logically conjugate to f.

Our main result is the following:
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(2.9) Tueorem Let k> 1, r > 2. There is a residual set &, < W%
such that if £ € 2%, L=(&,,) is hyperbolic and has a cycle, and &, satisfies
(4.7) and (5.2), then there is a sequence ¢, — b, in I such that &, € A4S,
Q(&,,) is infinite and zero dimensional, and for n - m, &, is not topologi-
cally conjugate to &, .

We remark that for & as in (2.9), B() is not countable. Also, since
r > 2, each &, in (2.9) is structurally stable by Robbin’s theorem [13].

While (2.9) does not cover the general construction of a cycle even
when L—(&,,) is finite and hyperbolic, it does describe an open set of
conditions which can be easily created from any Morse-Smale diffeo-
morphism (see Section 7). Hopefully, in the future, refinements of the
present techniques will permit the improvement of Theorem 2.9 to the
result in the following:

ConJECTURE  For a residual set of &: 1 — Dift(M), if & € MS, L-(&,,)
is finite, hyperbolic, and has a cycle, then there is a neighborhood U
of b, in I such that B(&) N U is zero dimensional and there are infinitely
many topologically different structurally stable diffeomorphisms in £(U).

Remarks (1) In Thom’s theory of mathematical biology, the set of
sinks (or attractors) of a dynamical system plays a central role (see [20]).
One can give additional assumptions to (2.7) and (2.9) to obtain that for
e > 0, there are £’s with b, <<t < b, + & such that the arc &, has a sink
far away from the sinks of &, b, — ¢ < s << b,. We give a brief descrip-
tion of these hypotheses for the case in (2.9). Suppose &, € MS, L~(&,,)
is finite and hyperbolic, and O(p,) and O(p,) are periodic points in a cycle
of L~(&,,) such that W4(O(p,)) N W*(O(p,)) consists of one orbit O(x)
of quasi-transversal intersections. Assume also that dim W¥(p,) = dim
Wu(p,) = 1. Let 4; < 1 be the largest absolute value of the contracting
eigenvalues of T, f, and let 4, > 1 be the absolute value of the expanding
eigenvalue of T, f. Suppose 1,4, < 1. Then, for most &, sinks will
appear near x for some #’s with b, < ¢t < b, + .

It is interesting to ask whether for most & with &, € JM.S there is a neigh-
borhood U of b, in I such that &, has only finitely many sinks for ¢ € U.
There are indications that this question has a positive answer. However,
if one only assumes that &, € A4S, then £, may have infinitely many
sinks for most ¢ near b, and greater than b, (see [7]).

(2) It will be shown later that the hypotheses of (2.9) guarantee that
Q(&,) for t > b, is far from 2(&,) for t < b,. That is, an Q-explosion is
created at t = b,. Related Q2-explosions were studied in [9].
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In view of Theorems (2.7) and (2.9), we pose the following problems.

(1) Is it true for most & with & € M.S that L—(&, ) or L*(&,) is finite,
and that L(&,) has a finite number of orbits ?

(2) Is B(§¢) n U zero dimensional, where U is some neighborhood of
by in I for most & with &, € MS?

3

Let U be a compact subset of a riemannian manifold M. Let f: U - M
be a C* embedding. In this section we derive general conditions for Uy
= Nnez f™(U) to be a hyperbolic set for f. The techniques used are modi-
fications of those in [5].

Givenx € U, ¢ > 0, and a direct sum decomposition T, M = E, @ E,,
define the e-sector about E; by E; to be

S(Ey, E)) = {(v1,0) € E, D E, : | v | < o[},

where | - | is the riemannian norm in 7M. When the splitting of T, M
is understood, we will write S,(E,, E,) as S.(E,). If S is a subset of T, M,
we will say that T, f is a A-expansionon S (or T, f |¢ is a A-expansion) if
| T, f(v)| = A|v ], for all v € S.

Assume (V,ez f"(U) #= .

An almost hyperbolic splitting for f on U is a (not necessarily continu-
ous) splitting T,M = E,, ® E,,, for x € U such that dim E, and dim £,
are constant and there exist bounded positive nowhere zero functions
£, & on U, a constant 1 > 1, and an integer m > 0, such that

(1) Tzfm(Sez(x)(Ezz)) < Segf’”(z)(EZf'”(x))’
and T, f™| S, (Ey) is a A-expansion for x € U N f-m(U),
(2) Tfom(Ssl(z)(Elz)) < Salf‘"‘(x)(Elf—'”(z))’

and T,f ™| S, (Ey) is a A-expansion for x € U n f™(U).

Note that the existence of an almost hyperbolic splitting for f on U
is independent of the riemannian metric on M by simply choosing
different multiples of m if necessary.

(3.1) TueoreM If U has an almost hyperbolic splitting, then U;
= Nz f™(U) is a hyperbolic set for f.



BIFURCATIONS OF MORSE-SMALE DYNAMICAL SYSTEMS 313

REMARK Since there is at most one hyperbolic splitting for f on a given
closed invariant subset, we see that all almost hyperbolic splittings for f
on U give rise to the same hyperbolic structure on Uy.

To begin the proof of Theorem (3.1), we observe that it suffices to
prove the result assuming m = 1. For U; < Uy and is f ™-invariant.
Setting g = f™, if U, is hyperbolic for g, it is easy to show that U, is
hyperbolic for f.

Let V= U n f(U) n f~Y(U), and define &’(x), &’(x) for x € V' so
that

Sev(Brz) = T 7 (Seysimr(Erpar) s

Ss,'(x)(sz) = Tf-l(z)f (Se,,f-l(z)(Ez -l(z)))-

Then Egs. (1) and (2), and the uniform continuity of T, f and T, f~!
imply that

sup &/(x) - &'(x) < 1.

zeV

Otherwise, there would be a nonzero tangent vector at some point of V
which Tf would expand and contract. In a similar manner, one can show
that the functions &,’(x), &,’(x) above can be chosen to be bounded away
from zero. Thus, changing U, ¢,, and &¢,, if necessary, we may assume
¢, and ¢, are as in Eqgs. (1) and (2),

sup &(x) - g(x) < 1,
zelU

and ¢, and ¢, are bounded away from zero on U.
Let A = U;. To prove Theorem (3.1) we will first show:

(3) For x € A, there is a unique subspace E," < §,,(,)(E,;) such that
T, f(E,") = Ejs.

The same methods applied to f — will show there is a unique subspace
Ep < S, (Ey;) such that T, f “(E,*) = Ef-i(,). Then we will show that
E," and E.;® are continuous in x. This, together with the expanding
properties of Tf| S, (Ey,) and Tf 1| S, ,W(Ey,), will establish that
E®* @ E" gives a hyperbolic splitting for 7f on A.

The first step of the proof is the following assertion.

(4) There is an integer m > 0 such that for each x € A there is a unique
subspace E,* < S, (E,) such that

T:cfm(Ezu) = E}Xm(z)'
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Note that (3) follows immediately from (4). We prove (4). For m > 0,
let

Fm = Tf”‘(z)f_m(Elf"'(z)) < Sel(z)(Elz)'

Write

A4 B
Tz m ( mzr mx)
7" =\Coe Do
with respect to the splitting F,,, @ E,, = T,M,x € 4, i.e,
Amz: Fm:v - Fm_f"‘(z) ’ sz: sz - Ezf'"(:c) ’

Bmx: Ezz g mem(z) ’ sz: E2z - E2f’"(z) .

Let &, be the disjoint union U,.4 L(E,,, F,;), where L(E,,, F,;)
is the space of (bounded) linear maps from E,, to F,,,, and let

8, ={P:4-8,| P, e L(E,, F,;) for all x, and sup || P, | < oo}.

&, is a Banach space with norm || P || = sup4 || P; ||. Let
g, ={Pe&, :graph P, c Sey(EBoz» Erz)}-

Since &, is a closed subset of &, it is a complete metric space. Also,
since

sup £,(x) - &5(x) <1 and F,, © S, )(Ew, Ex;) for all xe 4,

zed

there is a constant 2 > 0 (independent of x and m) such that

Sey)(Baz) < Si(Eazy Fruz), for all x and m.

Thus, for any integer m, if P€ &, then || P, || <k, for all x € A.
We seek E,* = graph P, for some P € &,,. The T, f invariance may be

expressed as
Am Bm> P-.L ) _ (Pf(,,)u)
(Cm D,, ( v ) u

for any v € E,,, where the matrix represents T, f with respect to F,, @ E,.
This equation is equivalent to

Am.sz + Bma: = Pf(z)(cmzpz + Dm)
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It will be shown that
(5) for large m,
| Coz | k| D | < 1 for all x € 4.

Assuming this for the moment, one sees that (C,,,P, + D,,)" exists
for m large. Letting

y=rf"(x) and I, (P), = (AmPy + Buy)(CpyPy + Dpy)7,

we see that we want a fixed point P of I',,. Note that (1) implies that I,
maps &, into itself since

graph(I',(P),) = T, f(graph P,).

We will show that for large m, I',: ¥, — &, is a contraction.
Imitating the proof of Lemma (4.3) of [5], we see that, for each x € 4,

“ Pm(Pl)z_ Fm(Pz)z “ Ssm(y) ” Ply - P21/ ”»

where
sm(y) = (lAmyI le;tH
+ | BuyDry N1 —| Cony | k| D)2 | Cony | | Dy |
+ I Amyl I Dr_nlul(l - l Cmy l k I D;l}l l)_l'
We claim that

(6) there is a constant » < 1 such that if m is large, then

sup s,(x) < ».

xed

Once this is shown, it follows that I, is a contraction, for let ¢ > 0
be such that ¥ < ¢ < 1, and choose x, € 4 such that

“ Fm(Pl')zl - Fm(PZ)zl | > &l Fm(Pl) - Fm(Pz) I

Then, letting y, = f ~(x,), we have

| Tn(Py) — T(Pa) | < —— | Tn(P)s, — Tu(Pa), |

sm
<520y p, P, <2 P — P,

- &
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To prove (5) and (6), it suffices to show:

(7) | Apy | | Duty| >0 uniformly in y as m — oo,
8) | Coy | | Dy | =0 uniformly in y as m — oo,
and

(9) there is a constant k, > 0, such that

| Byy Dy | <k, for all m and all y.

Since each F,,, < S, ,,(E,,, E,), the matrix H,,, of the identity mapping
F,, ® E,, -~ E,, ® E,, has the form

(ﬂ}m, 0)
ﬂ%ﬂl/ I
where I is the identity mapping
Ezy'—’E2y: ﬁ'}ny:me—’Elyv ﬂ?ny:me—'Ewr

and for v e F,,,

[ Boy(@) | < &d(») | Brus(o) |-
Also

and for v € E,,

| 0%y(0) | < 04() | oy (@) [

where 6,(y) i1s a bounded function.

Note that since ¢,, ¢, are bounded away from zero, | o}, | and | 6%, |
are uniformly bounded functions. Let ¢'=sup,, | ok, | and o?
= Sup,,, | Oy E

Consider the following commutative diagram of matrices:

¢m”
me @ E2y me”‘(y) @ F2f'”(:l/)
Hmy] Py [Hr_nlf"'w)

L

Ey @ Eyy—— Eyny) © Eypmy



BIFURCATIONS OF MORSE-SMALE DYNAMICAL SYSTEMS 317

where

_ (4w Bum v (A Bim,) v (Amy B;ly)
@my - (C D )’ djmy - (Cylny D;ny ) ¢my - (C;':y DH ’

my my my

are matrices of T, f ™ with respect to the indicated splittings, and H,,,,
H.}lm, are as above. Thus

A, B,,,_,,)_ <o‘,,1w 0) A, B;,,l,)
(c D,,) ~ \ez, I(C' D,

my my
1 4 1 4
_ (Gmy Ay Omy By )
- 7 7 ’ ’
0%, An,+ Chn, 0% Bn,+ D,

my

(10)

So for (7) we need to show
| oy Amy | | Dy | — 0.

Now | ok, Am, | < 02 |A4p, | < 624-™, by the definition of F,,. Thus
to prove (7) it suffices to show that | D} | is uniformly bounded. We

actually prove | D} | — 0 uniformly in y as m — co.
We have

o (e - 0 B
Cow Duy)  \ohy I/ \Chy Dyl \Biy 1)

Hence, D,,, = o%,B:,, + Dy, . Since 0%, is the projection of E,;m,, onto
Esfm, along F, im,, and

me’"(}/) < Sel_f”‘(y)(Elj'"(y) ’ E2f'"(7/))’
[ 0%, ] < & f™(y). Also, since
T, f™Es,) < Seypmon(Eagmap s Evpman),

| By D' | < &2/ ™()-
Hence, letting v, = sup,.4&,(x) - €(x), we have

| 0%yBoy D | < erf ™) - eaf ™) <n < L
Now, let v € E,, and | v | = 1. Then,
I Dmy(v) , = , (O'?nyB;r:y + D;rlm)v |

= | (0 By Ding* +- DDy, (0) |
= (1 —»)| Diy() |,
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and, for m > 0,

A <| T, f™(@) | = | Buy(v) + Diny(0) |
= | (Buy Dy + 1)Diay () |
< (1 + supyea &/ ™(¥)) | Dimy(©) |-

Therefore, | D;, (v) ] — oo, and, hence, so does | D,,,(v)|. This implies
that | D3} | — 0, which proves (7). To prove (8), return to the expres-
sion (10). Note that Cy, = 0 since T, f™(F,,) = E,sm,. Hence C,,
= omyAm,. Thus

| Cos | < | 0ty || Ay | < 0° [ Ay | < 0?27 — 0.

Then (8) follows, since | Dy}, | — 0.
For (9), returning to (11), we have

Bmll = U}nyB;r’ly) Dmy = a'myB;r’ty + D;,’,y (meB;y,‘y D”_'l -+ I)D

So
-1 — 2 -1 \—
Dyt = Dyt (I + o2, By, Dyt )L

Hence,
| By Doy | = | Oy By Dy (I 4 03 Bray D)™
< GI(SUE g ™1 — )™
ye

This proves (9).

As remarked earlier, the methods in the proof of (4) applied to f !
will give a unique subspace E;* < S, (,)(E,;, E,,) for each x € A such
that T, f ~'(E,*) = Ef-y, or, equivalently, T, f(E;S) = E} -

Thus we may assume there are an integer m, > 0 and a splitting
T,M = E* @ E," for each x € A such that

(123) Ep < Sz,(z)(Elz) Ezz)$ Ta‘f(EzS) = E;(x)’
| Tof™ | Ef| <A<,

and

(12b) Exu < Sea(a:)(szv Ela:)v Txf(Exu) = E}l(a:) y

| T,f ™ | Ep| < At < 1.

We now prove that E,® is continuous in x. A similar method works
for E,% so this will complete the proof of Theorem 4.1.
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We first claim
(13) Given ¢ > 0 and 1, > 1, there is an integer m, > 0 such that
if m>m,,xed, and v ¢ S,(ES E;*), then
| Tf (@) | = 4] o]

Let ¢, ) denote the riemannian inner product on T,M, x € A. Write
v = (v,,7,) with v, € Ej®, v, € E" and |v,]| > ¢|v,|, and write
T,f ™(v) = A,v, + D,v,, where 4,,: E;* - E},, and D,,: E;* — E},,.
Then
| T.f™@) |* = | Du(22) |* + | Au(®1) |* + 2¢D(e)s Am(21)>
= (| Du(wa) | — | Am(w1) | )?
= (Ao — A vy | )

by (12). On the other hand,

1 2
l”|2§|‘vl|2+|‘vz|2+2|7)11IvzlS?lvzlz‘*‘l”zp‘i‘—;"vzlzx

SO

1 2
|”2|22(1+?+—8‘) | v |2
Hence,

| T, f™(v) I = (l"'(l _ A ))2(1 + —817 + _28_)-1 lo 2,

&

from which (13) follows.

Now let d denote the metric induced by <, > on the Grassmann bundle
of s-planes over U.

Let x € A, and assume x, — x in 4 as n — oo. If E} does not approach
E.*, then there are a 6 > 0 and a subsequence (y,) of (x,) such that
d(E; , E;f) > ¢ for all n. Let (U, ¢) be a coordinate chart about x in
M, with ¢: U — R™ a diffeomorphism such that ¢(x) = 0. For y € U,
let y, be the translation of R™ taking 0 to ¢(y), and let

Fr= Tt oy, o p(E), Fp = T,p7 oy, o p(ES).

There are a positive integer 7, and a positive real number ¢ > 0 such that
for n>n,, y,€ U, and if v, € Ej ,v, 50, then v, ¢ S,(F§, Fi.).
Choose m, as in (13) for 2, = 2.

Let (v,,) be a subsequence of (v,) such that v, /| v,, | converges to a
unit vector w in T,M as k — oo. Then w¢ S,(ES? E,*), so letting

n?
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my = mym, it follows that | T, f ™(w) | > 2. Hence, if y,, is close to x,
| Ty f™(00,) | = %1 0y |-

This contradicts (12) since
Uy, € Ej

and completes the proof of the continuity of E,*.

4

Here we prove Proposition (2.4), Theorem (2.5), and Theorem (2.7).
For the proof of Proposition (2.4), we note that the methods of [2]
can be used to show there is a residual set % < @%" such that for £ € &7,
the periodic points of &, lie in one-parameter families in I X M. More
precisely, for £ €%, n > 0, the set

X, (&) = {(t, ®) : x is a periodic point of &, of period n}

is a one-dimensional submanifold of I x M.
Also:

4.1y (1) if X, = X, (&) is not closed in I X M, then n is even,
X, — X, © X, and if (¢, x) € X, — X,,, then T,&"2 has —1 as an
eigenvalue;

(2) if Ty |7,z fails to be surjective where n:1 X M —1 is
the natural projection, then 1 is an eigenvalue of T,£/;

(3) foranyt € I, there is at most one periodic point x of &, with an eigen-
value of absolute value 1.

Now assume & € & and &, € MS. Let O(p,), ..., O(py,) be the distinct
periodic orbits of &, and let X,, ..., X, be the one-dimensional
submanifolds of I X M such that for p € O(p;), (t,p) € X,,i=1, ...,
m. Then, (4.1), and the definition of by(£), show that there is at most one
of the X, which fails to meet b,(§) X M. Also (4.1.2) shows if some X;
meets by(&) X M with X; # X,,,i=1, ..., m, then X; N by(§) X M
consists of one periodic orbit of &, (,, and it has 1 as an eigenvalue.
This case corresponds to the introduction of a new periodic orbit far from
the others. Thus, in fact, the number of periodic orbits of &, differs from
that of &, by at most one. The same argument proves the second stat-
ement of Proposition (2.4).
We prove (2.7) before (2.5) because its proof is shorter.
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Let & be as in Theorem (2.2). Suppose & € &, & € MS, L~(&,)
is finite, and L-(&,,) has no cycles. Let f = &, and let O(p,), - .., O(p,)
be the distinct orbits of L—(f). Using obvious modifications of the
methods in [8] (and, if necessary, relabeling the O(p;)), one may construct
a filtration M, > M,_, > --- > M, > My, = @ for f such that, for
D<i<n,

(42) (1) f(M) < int M, O(py) < int(M; — M_y);
@) ()M~ Mics) = O(p)).

It follows from (4.2) that L-(f) = L(f) = Q(f).

Proof of (2.7.1) First assume L~(f) is hyperbolic.

Then it follows that f is £2-stable, for there is a neighborhood .#” of f
in 27 such that for g € ./, 2(g) is finite, hyperbolic, and has no cycles.
Also, g € MS if and only if g € KS. Then, choosing U such that t € U
implies that &, € 47, U N B(&) is at most countable by Theorem (2.2).

Suppose now that O(p;) is a periodic orbit with 1 as an eigenvalue.
Thus, if n, is the period of p;, then 1 is an eigenvalue of T, f™. Applying
results of Brunovsky and Sotomayor, there are neighborhoods ¥ of O(p;)
and U of b, such that for ¢ in one component of U — {b,}, & has no
invariant subset in V, and for ¢ in the other component of U — {b,}, &,
has two hyperbolic orbits O(g,), O(g,) in V of the same period as p; such
that W(O(q,)) N W*(O(g.)) # CJ, and the intersections are transversal.
Now using the above filtration, one can show that if U is small enough,
then L-(¢,) is finite and has no cycles for ¢ € U, and L—(&,) is hyperbolic
for t € U — {b,}. Hence,

UnB()= {b} U {te U:é&¢ KS},
which is at most countable.

Proof of (2.7.2) Let O(p;) be the periodic orbit with —1 as an eigenvalue.
Again by results of Brunovsky and Sotomayor, there are neighborhoods
V of O(p;) and U of b, such that for ¢ in one component of U — {by},
there is one hyperbolic periodic orbit O(p,(t)) of &,in V of the same period
as p;, and for ¢ in the other component of U — {b,}, there are two hyper-
bolic periodic orbits O(g,(t)), O(g.(t)) in V, one having the same period
as p;, the other having twice the period of p;, such that

W (O(q:(t)) N WH(O(gx(1))) # O

In either of the above cases, the indicated periodic orbits will be the
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only £-invariant subsets of V. In the latter case, the intersections of
We(O(¢,(t))) and W*(O(gy(t))) are transversal.

Using the above filtration, one can show that for U small, L-(£,) is
finite and hyperbolic for ¢t € U — {b,}. Moreover, since the stable and
unstable manifolds of £, are transverse, one can show &, € MSfort e U
— {b,} with arguments similar to those used in [10] to prove that MS

is open in 2.

Proof of (2.7.3) Let &; < P be the set of £ € P such that for any ¢,
no periodic point of &, has a nonreal root of unity as an eigenvalue.

Assume £ € % and £, has a periodic orbit O(p;) of period n,, with
a nonreal eigenvalue 4 such that | 2| = 1. By the implicit function theo-
rem, there is a neighborhood U of b, such that for each ¢t € U, there is
a unique periodic orbit O(p;(¢)) near O(p;) of the same period as p;,
and there is a unique eigenvalue 1, of p;(¢) near A = 1, . Also, the mapping
t— A, is C!, and we may assume it is transverse to the unit circle at
t = b,. We suppose that | 4,| <1 for t < b,, t € U. Then §, is to-
pologically conjugate to &, for ¢ < by, and O(p,(b,)) is a “weak’ attrac-
tor of

Ep, | Wy -

The case | 4,| > 1 for t < b, is handled similarly.

Now, as we verified with Takens, the methods of [14] can be gen-
eralized to show that for each t > b, near b,, £ has a unique invariant
circle X near p(t,), and the fixed point p;(£,) is hyperbolic. Also,
& will be normally hyperbolic to 2 in the sense of [6]. Takens also told
us that the differentiability assumption in [14], that §: I X M — M is
Cr, r > 5, can be weakened to &: 1 — 27 is C1, r > 5, which is exactly
our setting.

We claim that if ¢t is near b,, & € MS. Indeed, an application of
Peixoto’s theorem shows that we may find a C* approximation g of &,
such that g({) 2}) = U £, g| U 2 is Morse-Smale, and L(g) — U &}
= P(&,). Since &, is normally hyperbolic to () 2%, g can be chosen so that
L(g) n (U 2 consists of a finite set of hyperbolic periodic points.
Also, g will not have cycles, so it is £2-stable. Now, by a small approxima-
tion, one can make the stable and unstable manifolds of g meet trans-
versely.

Evidently, the facts above remain true for 7 in a neighborhood .#" of &
in &% using the same U. For ¢ > by(7), let 2} denote the invariant circle
of 7o near X%
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Now using a trick employed in [18], one may complete the proof of
(2.7.3).

Choose a countable dense set {a;} in U, and let &, (§) = {n € A" :
N, € MS}. Then &, (&) is dense and open in.#". Let & = 1, %, ().
Then, for n € &7, let K, be the closure of the set of ¢ in U such
that the rotation number of 7} |zf is irrational for some (and hence
all) i=1, ...,n,. Clearly, K, is a perfect, nowhere dense set, and
bo(n) € K,,.

We have shown that there is a residual set & < @*%7 such that if
¢ € &, and satisfies the hypothesis of (2.6.3), then there is a neighbor-
hood .#" of ¢ in & and a residual subset ¥ < 4" N F; for which
the conclusion or (2.7.3) holds. From this (2.7.3) follows easily.

We now begin the proof of Theorem (2.5).

Suppose & € &, &, € MS, and L~(&,,) is finite. More conditions, each
true for a residual subset of @* will be imposed on &, until the desired
conclusions are obtained.

Case 1 Some periodic point of £, hasan eigenvalue Asuchthat [ 4| =1
and A% 1.

Let O(p;) be the periodic orbit having A as an eigenvalue. Assume
|A;| <1 for t < b,. The other case is similar. Then &, |wsio(p) i8
topologically conjugate to &, |wsowp,u for t < b, (i.e., O(p;)is a “weak”
attractor for &, |wso(p if A 75 —1 or if A = —1 and there is only one
periodic orbit of &, near O(p;) for t < b,). If 1 = —1 and, for t < b,,
there are two periodic orbits of &, near O(p;), then &, |guo(p, is topo-
logically conjugate to &, [puoepny for t > b, near b,. In any event,
using the strong transversality condition and the fact that P(&,) is finite,
one sees that L—(£, ) has no cycles. Hence, one can construct a filtration
for &, as in the proof of (2.7). Now, it is easy to see that one can find
an intrinsic neighborhood Q, of &, in some Q”, and a neighborhood .#”of
& such that for n € .4, £2(#,) remains finite and hyperbolic until #, reaches
Q,, and L-(n,,) is finite where ¢, = inf{t : , € O,}. Moreover, an
appropriate version of the A-lemma [10] will ensure that the strong trans-
versality condition holds also until 7, reaches Q; which proves (2.5) for
Case 1.

From now on, as remarked earlier, we only need » > 2.

Case 2 Some periodic orbit O(p;) of &, has 1 as an eigenvalue.
First suppose L~(£;,) has no cycles. Choose small neighborhoods U

of b, and V of O(p;) as in the proof of (2.7.1). Using a filtration for &, ,

one can find a neighborhood .#” of £ and an intrinsic neighborhood Q,
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of &, in some Q" such that if € ./ 2(»,) is finite and hyperbolic for
t < ty(n), where to(n) =inf{tel:n, € Q,}. Let U,, U, be the two
components of U — {b,} with s, <s, for s, € Uy, s, € U,. If & has no
periodic orbits for £ € U,, then, assuming ¥V is small enough, any stable
and unstable manifolds of periodic points of &, which meet V actually
must have nonempty transversal intersections in V. If this were not
true, there would exist #s in U, such that nontransversal intersections
would occur between stable and unstable manifolds of &,. This cannot
happen by the definition of b,. Now appropriate applications of the
A-lemma show that for # near &, 5, will satisfy the strong transversality
condition for t < ty(n). If & has two periodic orbits in V for t € U,,
it may happen that there are stable and unstable manifolds of periodic
points of &;, arbitrarily close to O(p;) which do not intersect. How-
ever, if n, is the period of p;, and O(g,(?)), O(g:(¢)) are the periodic
orbits of £,, a suitable version of the tubular family construction in
[11] shows there are &Po-invariant codimension one topological disks
2%, 2%, tangent to the hyperbolic parts of T¢Jo at the points in the
orbits of g,(t), g.(2), respectively. If 7 and U are small enough, for each
1, both 2%, and 2%, will separate the component of ¥ which contains them.
Further, X%, and X%, can be chosen so that they will coalesce into one &, -
invariant manifold as ¢ arrives at b,. Such 2%,, 2%, will exist with similar
properties for 5 near £ Using this, one sees for % near & that no new
intersections of the stable and unstable manifolds can be created for
t < to(n) and, hence, as before, the strong transversality condition will
hold for t < to(n).

Now suppose L—(&;,) has cycles. We first remark that if U and V" are
as above, then we may assume U, is the component of U — {b,} in which
the periodic orbits O(q,(t)), O(g,(t)) appear. For if this were not the case,
one could show that (restricting to a smaller residual set of £ if necessary)
arbitrarily near O(p;) there would exist periodic points not in O(p;) of
some &’s with ¢ € U,. Since b, is the first bifurcation point of &, this
would imply that P(£, ) is infinite, for none of these periodic points could
disappear before ¢ passes b,. More details on this appearance of periodic
points will appear elsewhere.

Since L~(&p,) has cycles and all the stable and unstable manifolds meet
transversely, it follows that every cycle contains O(p;). For, since all
the other periodic orbits are hyperbolic and their stable and unstable
manifolds meet transversely, the existence of a cycle not containing
O(p;) would imply the existence of transversal homoclinic points which
would contradict the assumption that L—(&, ) is finite. The same argument
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shows that if O(q) % O(p;) is in a cycle, then
WHO(q)) N OW™(O(p))) = & and W(O(q)) N IWXO(py)) = &

(Recall from Section 2 that W*(O(p,)) and W*(O(p,)) are manifolds with
boundaries.) A standard argument will show that if

Wu(O(q,)) N W¥(O(gs)) # @

for some periodic orbits O(g,), O(g;), then there is a sequence ¢,’, ..., g,
of periodic points such that ¢, € O(q,), ¢,' € O(g,), and W*(q;') N W5(qi.1)
# 0, fori=1, ...,s — 1. Since the intersections are transversal,

W (0(g,)) N W(O(gs)) # .

Thus the c-loop class of O(p;) (defined as in [8]) consists of exactly
the periodic orbits in the cycles containing O(p;), and the other c¢-loop
classes are single periodic orbits. Now construct a filtration for &, ,

M,>M, > - >M,=(,

separating the c-loop classes of L~(&,). Let O(qy), --., O(g.) be the
periodic points in the c-loop class of O(p;) with O(g,) = O(g,) = O(p;)
and the other orbits distinct, and let A = )i, O(q;)-

We first prove that L(&, ) = L=(&,,). One can actually prove in this
case that (&, ) is finite, but we do not need this. Assume A < M;
— M;_,, and let A" = (), & (M; — M;_,).

First suppose x € W¥(A) — W5(A). We show that w(x) « M,_
Indeed, suppose, by way of contradiction, that x € W¥(g; ) — W*(A)
for some ¢; € A and w(x) ¢ M;_,

Then, w(x) = W¥(A4) n A" and there is a point g;, € A such that
o) N W(g,) # .

An easy version of [8, Lemma (3.9)] shows that there is a point
%; € o(x) N W¥(g,,). Also, g;, cannot be in O(p;), for then one could
find x, in dW*(q,,) — {g;,}, and, since IW*(q,) — {g,} N W(A) = ),
this would give a contradiction. Let g;, € A be such that x, € W“(q,s)
As before, o(x) N Ws(qts) # (), 50 ¢;, ¢ O(p;), and we may findag;, € 4
such that w(x) N W*(g;)) N W(g;,) # &. Continuing this process would
eventually yield a cycle not involving O(p;) which is impossible. Thus
ox) e M;_,.

Now if x € M and w(x) N (M; — M;_,) = (), then x € W*(q) for
some periodic point g, since the c-loop classes in M — (M; — M;_,)
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are single-periodic orbits. If w(x) N (M; — M;_,) # &, then w(x) = M;
— M;_,, and we assert that w(x) = O(g;) for some ¢, € M; — M;_,.
If this were not true, then there would exist a point x, in w(x) N (WY(A)
— W5(A)). By the previous argument, x, € W%(M,_,). But, since
W#(M;_,) is a & -invariant open subset of A, this implies that
x € W5M,_,), which is a contradiction.

Since L(&,,) is finite, it follows that

WH(A) A W) = A' = () 8,(M; — M;.,).

For each t < b, near by, let A(£,) be the set of periodic points of &,
in M; — M;_,. One easily sees that

We(A(E)) N WH(A(E)) = Q §M(M; — M;_y)-

For 7 near &, let ,(n) be the real number such that #,, has a quasi-
hyperbolic periodic orbit O(p;(n)) near O(p;). Using tubular family
techniques, one can show that for # near §,

Wi (A(n,)) N WH(A(ny)) = Q n(M; — M;)  for t <to(n),

where A(7,) is the set of 7,-periodic points in M; — M;_,, L(n,) is finite
and hyperbolic for ¢ < ty(%), and the strong transversality condition
holds for t << ty(n). Thus t4(n) = bs(7n), which proves (2.5) for this
case.

REmMARK Using tubular family techniques one can actually show that
&, is semistable in the following sense. For ¢t < b,, there is a continuous
mapping k,: M — M such that & h, = h,&,. This mapping %, can be
taken to be a homeomorphism off the orbit of a small neighborhood

of O(p:).

Case 3 L—(&,,) is hyperbolic.

This case will require some more notation and some preliminary
results. Let O(p,), O(p.) be the periodic orbits of &, such that
Wu(O(p,)) N W3(O(o,)) has an orbit of quasi-transversal intersections.
In what follows, here as well as in Section 5 and 6, we make the as-
sumption that p, and p, are fixed points. This simplifies notation and
makes the essential ideas more transparent. The general case may be
obtained with straightforward modifications.
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Let x € Wu(p,) N W*(p,) be a point of quasi-transversal intersection,
and let
s; = dim W(p,), s, = dim W(p,),

u, = dim W(p,), and u, = dim WY(p,).

Let D" be the closed unit n-disk in the euclidean space R*. We note that

P, may equal p,.
We may choose neighborhoods U, , U, of p,, p, such that, fori =1, 2,
there are diffeomorphisms ¢; mapping U, onto D% X D% such that

ei(p) =0,  @'(D%) = W(ps),  @i'(D™) = WO(p),

and

xe U n Wu(P2) N WS(PI)'

Let &, = f. We will identify ¢fo;! with f| U; and U; with D% x D%.
Write
D@ = g7 (D% x 0) and DyP = ¢7*(0 x Dw)

so that, with our identifications, U; = D# X D3®,i = 1,2, Let n denote
the projection

U;‘f = D,’s X Dv,;“ - Did for = 1, 2, o =3, UuU.

If we choose x close enough to p,, then, since x is a quasi-transversal

intersection of WY(p,), W*(p,),
dim(Tm, (T W (p,))) = w, — 1.
Similarly, for m large, f —™(x) € U, and
dim(Ty-myme*(Tp-ma(Wo($1))) = 52 — 1.

Let 4 be the weakest expanding eigenvalue of T, f, and let u be the
weakest contracting eigenvalue of T, f. Thus if 4,(u,) is an eigenvalue of
Ty, flr,0,2(Tp, fl1,,0,e) such that if 1, # 2, 2 (1 # uy f), then | 4|
>|A[ (| p]| <|p]|) Write T, D;* = H, ® J,,and T, D,* = H, ® J,,
where H, (H,) is the eigenspace corresponding to the eigenvalue A(u),
and /, (/,) is the sum of the other eigenspaces of T, f |z, p,u(Ty, f |7,,0,)-
For y € U,, denote by T,D," = H,, ® J,,, the translate of H; ® J,
to y via ¢,, and for 2 € U,, denote the translate of H, @ J, to z via
@, by Hy, @ J,,. Using invariant manifold theory [6], one sees that for
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y € D%, 2 € Dy% the coordinates

(pl(y) = (yl,y2) € RAmH: Rul—dimHl’

@s(2) = (2, 2,) € RYMHz % Rs:-dimH,

may be chosen so that ¢7{((y, = 0)), ¢7((y, = 0)) are f~'-invariant and
tangent at p, to H,, J,, respectively, and ¢3'((2, = 0)), ¢3'((z, = 0))
are f-invariant and tangent at p, to H,, J,, respectively. Here it may
only be possible to choose the coordinates ¢,, ¢, to be C'. Previously,
they could have been taken to be C7. When convenient, we identify H,
with g7((y = 0), /1 with g7*((3, = 0), ete.

Let

7y D — Hy, ﬂlzleu—’JU 7y, 1 Dy — H,, n22:D2s—>jz,

be the natural projections. Note that if D,* = H,, then =,, is the identity
and J, = 0. A similar statement holds for z,, and J,.
Assume M is furnished with a riemannian metric whose norm reduces
to the usual euclidean norms on U, and U, via the coordinates ¢, and ¢,.
If dmH, =1, let H, = {y € H, : y, > 0} and define a half-sector
S,, about H,, in D" by

Sy ={yeDV:|y| <ey} if u >1,
Sy =H,,, if u, =1
Similarly, let

H_={yeH <0}, Si_={yeD":|y|<—e} ifu;>1
S,.=H,_, if w, =1
Let
D3, = mi(Hy,) and DY = mi(H,).

Define H,,, H, ., Sy, Ss_, Ds,, D,_ in D,® in an analogous manner if
dim H, = 1. For instance, H,, = {¢ € H, : 2, > 0}, D3, = m3}(H,,),
etc.

Figure 4.1 gives a typical picture of these structures in a three-dimen-
sional manifold with dim W%(p,) = dim W¥(p,) = 1. The following ob-

servation will be of fundamental importance.

(4.3) For g near f, we may define all of the structures ¢,;, p;(2), 4,
H(g), x(g), etc., so that the new structures satisfy properties analogous
to those of the structures defined for f. Further, these structures will vary
continuously with g in the naturally associated topologies.
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Figure 4.1

When convenient we will refer to the above structures for g as g-struc-
tures, and we will occasionally suppress notation and use the same letters
for g-structures as for f-structures.

As in Section 3, given a direct sum decomposition of a normed vector
space F = E, @ E, and a constant ¢ > 0, let

S(E,) = S(Ey, E;) = {(v,,v,) € F :|v,| < e| v |}
Let 2 > 0 be a constant. Define

Ci(p) = {y € D,® : there is a periodic point ¢ £ p, of f such that
y € Wiq) n D" and T,(W%(q) N D,*) N Si(Hy,, Jy,) does
not contain a subspace with the same dimension as H,},
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and define

Ci(ps) = {y € D,® : there is a periodic point ¢ 7~ p, of f such that
y € Wi(g) n Dy* and T,(Wi(g) N Dy*) N Si(Hyy, Jy) does

not contain a subspace with the same dimension as H,}.

For a subset G = M, let
0,G=N{F:F c G and G — F is compact}.

(4.4) Lemma There is a residual subset &% < &7 such that if & € &
and &, = f is as above, the coordinates ¢,, ¢, may be chosen so that the
following statements are true.

For m large:

(1) the (u, — 1)-dimensional subspace
Tymzmr*(Tymny WH(p2))

of T, D," contains a subspace arbitrarily close to /;; and

(2) the (s, — 1)-dimensional subspace
Ty-nme®(Ty-my We(P1))
of T, D,® contains a subspace arbitrarily close to J,.

Also, there is a constant & > 0 such that
3) if Ci(e,) # O, then

(a) A is real and positive,
(b) there is a half-sector S;, about H,, in D," such that Ci(¢,)
< 8y, and

Wu(ps) N a1(S14) = O(x) N Dy,

(c) o,We(p:) " D" < Dy_;

(4) if Ci(gs) # O, then
(a) u is real and positive,
(b) there is a half-sector S,, about H,, in D,* such that Cy(g,)
< S,, and

WH(p,) N 737(S,s,) = O(x) N D",

(c) W (p) N Dy = Dj_.
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Proof Choose an intrinsic neighborhood Q, of f in some Q" and a neigh-
borhood .#"of & in @*%7 such that if € ./ then there is a unique number
t, near b, such that n, € Q,, 7, has a quasi-transversal intersection of
stable and unstable manifolds near x, and # is transverse to Q, at ,. To
prove (4.4), it is sufficient to find a residual subset &, < Q, such that
if n € 4" and 9, = g € &), then g satisfies the conclusions in (4.4).

Since 4 and p are the weakest eigenvalues, it follows easily that if the
conclusions of (4.4) hold for f = &, , the will hold for # near & with
7y, near f. Thus to prove (4.4), it remains to show that the properties
may be obtained densely.

For density of (4.4.1), by Sternberg’s linearization theorem [3], given
g1 € 0,, we may find a C* approximation g of g, in Q, such that g is
linear in some coordinates ¢,, near p,(g), the point x(g) of quasi-trans-
versal intersection for g is in the domain of ¢,,, and

Tz(a)ﬂlllq l Tz(a)Wu(P2(g))

is transverse to H,;,. Then (4.4.1) for g follows immediately using the
linearity of ¢, 0 g o ¢y}.

The proof of (4.4.2) is the same.

To prove density of (4.4.3), one shows again that it is true for most 7
with g = #n, € O, and linear in some C* coordinates @,,.

Supposing g = #,, is C* and linear in the coordinates ¢,, on U,,,
let C,(¢,,) be the set of points y in DY, such that the linear map

Ty IT,,(Ws(y) ADyy -

is not onto H,,. If C(p,;,) = &, by linearity, there is a constant k
= k(pyy) > 0, such that C; (¢,,) = & for k < k.

Thus we may suppose C_(¢,,) 7 . Assume, by may of contradiction,
that dim H,, = 2. By approximating, we may assume A, = ge’® where
©/2xn is not rational.

For each ¢ near b,(7), there is a unique critical point of

u
110V, | W g tme»

near the point x(g) of quasi-transversal intersection of W9(p,(g)) and
W*(p:(g)). The coordinates ¢,, induce complex coordinates on the two-
dimensional subspace H,, in which g |z, has the form z > 4,3 = ge®®z.
We may assume that 7,74, | Typ) Wo(p2(g)) is transverse to H;,. Now
since ©/2n is irrational and C.(g,,) # O, there exist #’s less than b,
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for which 7, has a nontransversal intersection of stable and unstable mani-
folds of periodic points. This contradicts the assumption that b, was the
first bifurcation point of 7. Continuing with the assumption that C(p,,)
# 0, a similar argument will show that 4, is real and positive.

Using more approximations, we may arrange for the critical points in
C.(¢;;) to be nondegenerate, and then that C.(g,) N Ji, = &.

Now it is clear that one can find a half-sector about a half-line in H,,
which contains C_(¢,,). If not, the definition of 4, would again be con-
tradicted. Also, the coordinates may be chosen so that C(py,) < S, .
By linearity, there is a constant £ > 0 such that Ci(¢,,) < S,;. Using
the definition of b, again, one sees that the remaining properties in (4.4.3)
will also hold for g.

The proof of (4.4.4) is similar.

We now prove (2.5) when L—(&, ) is finite, hyperbolic, and has no
cycles.

Construct a filtration separating the periodic orbits of &, as in the
previous cases. Using this, one sees that &, is £-stable and each g near
&y, has Q(g) finite hyperbolic with no cycles. Assume £ € @5, where
7 is as in (4.4). Choose an intrinsic neighborhood .#” of £ in @* such
that for 5 € A, t(n) = inf{t : 5, € O, }1s the first point where W¥(p,(7,))
has a quasi-transversal intersection with W5(p,(#,)) near x. Then, using
tubular family techniques and the 1-lemma, one sees that for .#” small
and ¢ close to by, the only stable and unstable manifolds of #, which could
have nontransversal intersections are those which have transversal inter-
sections with W2(p,(n,)) and W*(p,(n,)), respectively. Also, the orbit
of a nontransversal intersection has to have some point near x.

Now, there are neighborhoods U, of D;® and U, of D," such that

for any periodic points ¢,(7,), ¢.(7;) of #,:

(4.5) (1) Ify e W¥q,(n,)) n U,, then W3(q,(n,)) contains an s,-disk
through y near D,*; and

(2) If y e Wqy(n,)) N U,, then W3%(gy(n,)) contains a wu,-disk
through y near D,".

Fix k as in (4.4). Using (4.4.1), choose integers n,, n, such that
Tinimi™( Ty WH(P2))
has a subspace J,' = Sy,.(J:, H,) such that dim,’ = dim J,, and

T-na (T oy W(D1))
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has a subspace J,' < S;(Ja, H,). If t is close to by, and y is near x,
7™(y) and 7;™2(y) will have similar properties.

Suppose Ci(p;) = . Then, by (4.5.1), and (4.5.2), if y € W(q,(7,))
N W(q.(n,)) is near nPt(x), then W3(q,(n,)) is transverse to W*(q,(7,))
at y. Similarly, if Ci(p,) = & and y € W¥(qy(n,)) N W3(q:(%,)) is near
ny™(x), then Wu(gy(7,)) is transverse to W(q,(n,)) at y.

Now suppose Ci(p,) 7% ) and Ci(@,) 7= . Let Sy, and S,, be as in
(44.3) and (4.4.4). If y is a point of nontransversal intersection of
W(q:(n,)) and W¥(gy(n,)) near n1(x), the previous arguments show that
there exist an s;-disk 2% < W5(q,(n,)) a u,-disk 22 in W(q,(7,)) such
that y € X3t N X} and such that 25 N .S, # O, 23 is C* near Dy,

o NSy, A D, and 2y is C! near 1;;“+"2(D“2)

It follows from (4.4. 3b) and (4.4.4b) that if A"is small enough, and ¢
is close enough to b,, the existence of such a y implies that ¢ > #4(7).
This completes the proof.

We proceed to prove (2.5) when L=(&, ) is finite, hyperbolic, and has
a vy-cycle, v, > 1. It will be indicated that the proof also works if there is
a l-cycle and Condition (4.7) below is satisfied. The proof of (2.5.) in
the remaining 1-cycle cases will appear elsewhere.

It is interesting to note that the assumptions made in the cases consid-
ered here actually imply that the limit set L(&, ) will be finite and hyper-
bolic. However, we will give an example at the end of Section 7 to show
that there are open sets of &’s for which L—(&, ) is finite, hyperbolic, and
has a l-cycle, but L+(£, ) is infinite and not hyperbolic.

Assume & is as in (4.4), £ € F5, &, = f, and:

(4.6) &, = fand L=(f) is finite, hyperbolic, and has a v,-cycle, v, > 1.

We continue with the previous notation so that W2(p,) has a quasi-
transversal intersection x with W(p,) in U,, p, and p, are fixed, etc.
As before, one may show that the only ¢-loop class of L=( f) which has
more than one orbit consists of cycles containing p, and p,. Moreover,
letting ¢, = p,, g5, ..., g, = p, be the periodic points in the cycles,
and g;(t) be the corresponding periodic points for ¢ near b,, one has
that

Wu(pu(t)) 0 We(gi(t)) # @ for i>1,

We(gi(2)) N W (py(t)) # & for i< .

Also, these intersections are transversal.
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It follows from (4.4) that if f is as in (4.6), then:

(4.7) (a) 4 and p are real and positive;
(b) 9(Wu(p.)) N D" < Dy, and 9,(W*(p;)) N Dy* < Dj_;

(4.8) the coordinates ¢,, g, may be chosen such that

(1) (a) the (u, — 1)-dimensional subspaces T'gm )7, (Tymimy WU(ps)) of
T,,D," converge to J, as m — oo,
(b) the (s, — 1)-dimensional subspaces Ty-m ;7o (Ts-my W(p1))
of T,,D,* converge to ], as m — oco.

(2) there are a constant & > 0 and half-sectors S,,, S,, as in Lemma
4.4, parts 3 and 4 such that
(a) for any g¢; in a cycle of f,

Wi g;) n D < S, and  W¥g) N Dg < Sy,

(b)  9:(Unzo f 171(S14)) N Dg* < Di_,
(€) 0:(Upso f"757%(Ss4)) N Dy < DY_.

To prove this, first note that, since W*(p,) has a nonempty transversal
intersection with W*(p,), and « is a point of quasi-transversal intersection
of W¥(p,) and W*(p,), either u, = u; or u, = u; — 1. Thus, u, + s,
< dim M + 1, and, by (4.4.3) and (4.4.4), this implies dim H; = dim
H,=1.

Now (4.8.1) follows immediately from (4.4.1) and (4.4.2). If u, = u,,
(4.7) and (4.8.2a) follow immediately from (4.4.3) and (4.4.4) since

dim(W(p,) N Wo(py)) = 0.

If uy = u; — 1 and either of (4.7) and (4.8.2a) were not true, (4.4.3)
would imply the existence of transversal intersections of Wu(p,) and
Ws(p,) in n3-1(D%_) which would contradict the assumption that L—( f)
is finite.

It remains to prove (4.8.2b) and (4.8.2c). Observe that shrinking U,
and U,, the half-sectors Sy, and S,, in (4.4) may be taken arbitrarily
close to H,, and H,,, respectively. Also it follows from (4.4) that for
U, small,

(U f"H ) nDp =Dy, and 0,(1) f*(H,,)) n D" < DY_.

n=0

Now (4.8.2b) and (4.8.2c) are obtained by choosing S,, near H,, and
S, near H,,.
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As before, let M, > --- > My= be a filtration for f, and for ¢
near by, let O(g;(¢)) be the periodic orbit near O(g;), for i =1, ...,
Choose j such that O(q;) <« M; — M,_,. Let

A= Q O(g). and A =(\foM; — M,,).

At this point, one can prove [assuming f is as in (4.6)] that L(f) is
finite and Q(f) = L(f) U O(x). Also, there is a neighborhood V of x
in M such that if there are integers n, < n, and a point y € M such
that f™(y) and f"(y) are in V, then f™(y) € #a%-Y(S,,) and there is
an integer n,’ between 7, and 7, such that f™’(y) € n§-(.S,,). The argu-
ment to be used is a slight modification of the one used to prove that
L(f) is finite if L-(f) is finite, has a cycle, and has some periodic point
with one as an eigenvalue. For instance, to prove L+(f) is finite, one
first shows that if y € W¥(4) — W5(A), then w(y) < M;_,. This is

proved as follows: Assuming the contrary, one obtains a point in
w(y) N Wi(p,) N WH(A) 0 (#171(Sy) — D).
Using (4.8.2b) one then gets a point in
o(y) N WiA) 0 (Dy* — Syy)

which contradicts (4.8.2a). Then, using the fact that W*(M;_,) is open, it
follows as before that L+( f ) is finite. The other assertions at the begin-
ning of this paragraph are proved similarly.

Now if 7 is near & and #,(7) is the first time for which 7, has a quasi-
transversal intersection of W9(p,(n;)) and W3(p,(n,)) near x, then for
t < to(n),

Wi(pa(n))) < 73 (Di-) — Dy* = Wi(M;_y).

It follows that L(#,) is finite and hyperbolic for ¢ < ty() and L(z,)
has no cycles for ¢ < £,(5). On the other hand, it follows from (4.8) for 5
that the strong transversality condition also holds for ¢ < #y(n). This
proves (2.5) when f satisfies (4.6).

Continuing with the assumptions that & € &% and &, = f, suppose
L-(f) is finite hyperbolic, has only a 1-cycle, and (4.7) holds with
P1 = Pa- Then it can be shown that (4.8) also holds. Moreover, arguments
similar to the ones just given will prove (2.5) for this case as well. One

proves that L(f) is finite, 2(f) = L(f) U O(x), etc.
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This completes the proof of (2.5) except when L-(f) is finite hyper-
bolic, has a 1-cycle, and fails to satisfy (4.7). As has been mentioned,
the proof in this remaining case will appear elsewhere.

5

In this section, we prove Theorem (2.9). We also show that the assump-
tions in this theorem are satisfied by an open set of & in &%7, k > 1,
r > 2.

Continuing with the notation of Section 4, let & be as in (4.4), and
suppose £ € Z; and £, = f. Assume also that:

(5.1) L-(f) is finite, hyperbolic, has a cycle, and f satisfies (4.7).

Then, the results of Section 4 show that f satisfies (4.8) as well, and
that L( f) is finite and hyperbolic. The assumption that f satisfies (4.7)
will be needed, since we are not necessarily assuming there is a j-cycle
with j > 1.

Let 4, be the minimum of the absolute values of the eigenvalues of
T,, f| T,,D* which are different from 1, and let u, be the maximum of
the absolute values of the eigenvalues of T, f| T}, D,* which are different
from u.

The main assumption we need is

(5.2) (1) 22 < Ao, 4 > pio;
(2) thereis a constant & > 0 such that given ¢ > 0, there are intervals
B, < H,,, B, c H,, such that
(a) dist(By, p1) < &, dist(B;, ps) < &,
(b) Cilpr) N 7 (By) = &,
(©) Culgs) N7 (B,) = D,
dist(B,, p,)  dist(B,, p,)

> (1+ k) min{4, w1},

where [(B;) i1s the length of B;,7 =1, 2;
(3) dim W(p,) = dim Wu(p,).

To give some feeling for the meaning of (5.2.2), we mention that if there
are periodic points ¢', ¢’ of f such that Wu(p,) = We(q'), dim W*(q')
= dim M, W(p,) < Wi(q"'), and dim W¥(g"’) = dim M, then (5.2.2) is
implied by the condition g 4+ 4! < 1.



BIFURCATIONS OF MORSE-SMALE DYNAMICAL SYSTEMS 337

It follows from (5.2.1) and the invariant manifold theory in [6] that
we may assume the coordinates ¢, and @, chosen such that they satisfy
all the properties of Section 4, are of class C2, and such that

[\ Hy) N f () < 717 (H)y),
[ (He) 0 f(U)) < m37(Hy))-

Moreover, (4.3) is still valid using the C? topology for ¢, and ¢,. The
present technique seems to require these facts for (2.9) to hold. If one
moves to C* maps with the C*> topology, then using linearization theo-
rems, one can get these properties to be satisfied for a dense open set of
f’s, so assumption (5.2.1) can be omitted. On the other hand, it may be
possible to obtain Theorem (2.9) even in the C? topology without
assuming (5.2.1).

(5.3) ProrosiTioN The set of & in @ such that &, satisfies (5.1)
and (5.2) is open in Q%7 k> 1,r = 2.

Proof The openness of (5.1) is contained in Section 4, so we need only
consider (5.2). We show (5.2) is an open condition on f in 2", from
which (5.3) follows using Theorem (2.5).

It is clear that (5.2.1) and (5.2.3) are open conditions.

Now note that the methods of Section 4 show that if f is close to g
which is C* and g, is near a linearization of g, then (5.2.2b) and (5.2.2c)
are true for f with some constant, 2 > 0. Therefore, it remains to examine
(5.2.2d).

Let B, and B, satisfy (5.2.2d). Recall that for g near f, B, and B,,
will be defined as in (4.3).

We claim that if B,, B, are close enough to p,, p,, there is a neigh-
borhood .#” of f in & such that for g € 4" and any integers m > 0,
n >0, (5.2.2d) holds for g with B,; and B,, replaced by g—(B,,) and
&™(By,), respectively. From this, since g(B,;) — p; and g™(B,;) — p,
as min(m, n) — oo, (5.2.2d) for g follows. Hence (5.3) will be proved.

To prove the claim, we first show that if B, is close to p,, then for
n >0,

I(f™B4)) - I(By)
M) Gt B) P O GeeBy

Since the estimates in the proof will be preserved under small perturba-
tion, it will follow that the analogous statement for g near f and B,,
will be true. Then, similar methods will yield the corresponding results
for g near f and B,,.
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Let B,, be the interval in H,, from p, to the point of B, nearest p,.
First note that, for n > 0,

Kf™By) _ Kf™By)) _ o Uf-"N(By))
dist(f ™(B1),p1) WS ™(Bu)) Bu USf~"P(Bu))’

where «, is the derivative of f ! |, at some point in f ~*~(B,) and 8,
is the derivative of f ~! | at some point in f ~*~V(B,,).
Thus,

I(f ™B4)) _ % Op—1 a, I(By)

dist(f (B1), £1)  Bn  Bu py 1(Bn)’

and (1) will follow if we show that B, close to p, implies [T, @;/B; is
close to 1 for any n > 0.
Let

ky= sup |T2f"| and {=1I(B, U By)

ye DN H,
The mean value theorem gives that for 1 <j <n,

| aj — B;| < Rd(f~97(B, U By)).
If £ > 0 is small, and B, is close to p,, then

(f-9(B, U By) < (I + ey, and B> (b1 — )
for 1 <j<n.

Thus
la; — B <k L(A + ey
ol _ g, L= 5]
B0 =TT
<14 k(A + ey, where k, = k /(A" — ¢).

(2) Therefore,

n n

.7];! ﬂ] ];[ kzg(l_l + S)j—l).

Now ¢ — 0 as B, — p,, so given ¢ > 0 we may find ¢ small enough
and B, close enough to p, so that

(3) T k(A + ep1 < e,

Jj=1
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Further, for ¢, > 0, we may choose ¢, small enough so that (2) and
(3) imply that for any #n > 0, [Tk, «;/f; < 1 4 &,. Similarly, one shows
for B, close to p, and n > 0, [Tk, B;/u; < 1 + &,, which proves [T}, «;/8;
is close to 1, and hence proves (1).

The proof of Theorem (2.9) is contained in the next result.

(5.4) There is an open dense set & < %7, k> 1, r > 2, such that
if £ € &, and §, satisfies (5.1) and (5.2), then given ¢ > 0, there isa ¢,
with b, < t; < b, + &such that &, € AS and 2(&,)) is infinite and zero-
dimensional. Moreover, the minimum period of the periodic points which
are not isolated points of 2(&,) goes to infinity as & approaches zero.

REMARK Recall that a basic set for &, is a maximal closed invariant
subset of £(£,) with a dense orbit. It will be shown that the 2(&,) in
(5.4) has one infinite basic set. Under assumptions (5.1), (5.2.1), and
(5.2.2), if one replaces (5.2.3) with the assumption that dim Wu(p,)
= dim W9(p,) 4+ 1 (the only other possibility), then appropriate modifi-
cations of the proof of (5.4) show that for ¢ > 0, there is a ¢, such that
by < t; < b, + eand & € AS. This ¢, is to be chosen so that the prop-
erty analogous to the one in statement (2) of the proof of Lemma (6.4)
below holds. However, for this ¢,, (&, ) will not necessarily be infinite,
and, even if it is, there may be two infinite basic sets. More precisely,
let A be the set of periodic orbits in the cycles of f containing p, and p,.
If
Wi 4) nmi(B)) =  and  WY(A) N mi(B,) = O,

then &, € MS. If
W) A mi(B) = @, but  WeA) A (By) # O,
then Q(&,) will have one infinite basic set containing p,(&, ). If
W) A 7al(By) £ @, but  WHA) A m(By) = @,
£(&,,) will have one infinite basic set containing p,(&, ). Finally, if
WHA) nml(B) =&, and  WA) N mi(B,) # O,

then 2(&, ) will have two disjoint infinite basic sets one of which contains
pi(&,,) and the other of which contains p,(&, ). (See Example 4 of Sec-
tion 7.)

Before continuing, we state the final open dense conditions needed for
(5.4). Notice that by (4.4.1), the subspace T,7v,"( T, W"(p,)) may be taken
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to be transverse to H,, so the manifold n}~1(H,) is transverse to WY(p,)
at x. Thus, since dim W¥(p,) = dim W(p,), a4~Y(H,) N Wi(p,) is a
one-dimensional manifold near x. The first additional condition needed
for (5.4) is the following:

(5.5) If v is a nonzero tangent vector in T, We(p,) N T, W*(p,), there
is a C? curve :

y: [=1, 1] = W¥(pa) N 2y (H,)

such that (0) = x, '(0) = v, and ="y has a nonzero second derivative
at zero.

Now let 7 be the least positive integer such that for n > #, f "(x) € U,.
We may assume f ~#(x) € int U,. For each y € U;, let D}, be the coor-
dinate u#-disk in U, parallel to D* which contains y,7 = 1, 2. Define
Dy, similarly. If z € DY, for y € f~#(U,) N U,, set Dy = f*(Dy,). By
(5.5), if = is close to p,,

u
Ty |D‘,¥znn‘1‘-‘(H1)-

has one nondegenerate critical point g(z) near x. Standard results about
nondegenerate critical points give that ¢ is a C* function on a neigh-
borhood of p, in M.

The final condition needed for (5.4) is

(5.6) The function ;% is a C* diffeomorphism from a neighborhood
of p, in H, onto a neighborhood of p, in H,.

Observe that the methods in the proof of (4.4) show that if y is as in
(5.5), the second derivative of 7,y at zero is negative, and if g is as
in (5.6), the mapping =,% is orientation reversing on the small neigh-
borhood of p, in H,. Also (5.5) and (5.6) are open dense conditions
on f= §&,.

We begin the proof of (5.4).

Continuing with the notation above, assume &, = f satisfies (5.1),
(5.2), (5.5), and (5.6), and that all the necessary auxiliary structures are
defined as before. In particular, p, = ¢,, ..., g = p, are the periodic
points in the cycles, p, and p, are fixed, Wu(p,) N W*(p,) = O(x) in
the cycles, p, and p, are fixed, W3(p,) N W*(p,) = O(x) is an orbit of
quasi-transversal intersections, x € U, and if p, # p,, Uiz} W¥(q;) is
transverse to (Ji.; W*(qy).
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Let

4= (0 @) n (U W) — o),
A, = WH(Ay) 0 W(A,) = 4, U O(x).

Using filtration techniques, we may find compact neighborhoods V; of
A, and V; of x such that

57) 1) VinVy=0, Vs (f1 (V1) —V) n (f(V)—Vi);
(2) A= f VLU Vs)=2(f) (ViU Vs);
(3) Vi> (Uiea WHgi)) N U, and V; o (Ui, W¥(qi)) N Us;
(4) Dz fM (V1) © WAL, DNazo f (V1) = W¥(Ay),
n—oo<n<oofn(V1) = A;.

Put V, =V, U V5. Then, if g is close to f, 2(g) < 2,(g) U 4,(g),
where 2,(g) is a finite hyperbolic set near P(f)— V, and A,(g)

We will prove

(5.8) There are t,’s arbitrarily close to b, such that:

(1) A,(&,) is a hyperbolic set;
(2) &, satisfies the strong transversality condition.

Once (5.8) is proved, one shows with direct arguments similar to
those in [16] that dim A4,(&,) = 0 and the homoclinic points of p, are
dense in A,(§,). Then it follows from [8] that A,(&,) is topologically
transitive with periodic points dense. Further, it will follow from the
proof of (5.8) that the minimum period of the periodic points in A,(&,)
goes to infinity as ¢, approaches b,. This will prove (5.4).

We remark in passing that it follows immediately from (5.8) and the
results in [8] that & € AS, so if one is not interested in the zero-di-
mensionality of (£,), the corresponding arguments in [16] may be
avoided.

We proceed to prove (5.8.1).

Assume dim Wi(p,) = dim W¥(p,) = u, and dim W2:(p,) = s. Setting

Ep = T,We(z), Er = T, Wi (2) for ze4,,

one can show easily that A, is a hyperbolic set for f. Assume U, and U,
and the riemannian metric on M are chosen so that the metric is adapted to
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A, (see [5] for the definition). When convenient, we will write
T,D = T,DY  and T,.D# = T,D3,

where D§, and D}, are the coordinate disks defined before (5.6), 7 = 1, 2.
Given a splitting T)M = E* @ E,* and f > 0, the sectors Ss(E,®),
Sg(E,") will be defined as in Section 3.

We may assume U, and U, are small enough so that there are constants
Bi, B2 >0, ' > 1 such that

(5:9) (1) Ap. <1;
(2) ForyeU;nf-(Uy),

T, f(Sp,(T,D:*)) < Sp(TypD:"),  and T, f | sgyer,pe)
is a A'-expansion, i =1, 2;
(3) For y e U; n f(Uy),
T, f ~(Ss(T,Ds)) = Sp,(Ty-1nD2), and T,f ,sﬂlw,,z),a)
is a A’-expansion, 7 =1, 2.

Further, we may assume V is chosen small enough such that the splitting
E* D E" of Ty M extends to a (not necessarily invariant) splitting
E ® E> for y € V;, so that the following is true. If we define
Ey,=E} for yeV,— (U, uUy),
E, = T,DD¢ for yelU;, i=1,2

and
E, = E}" for yeV,— (U, u U,),

E, =T,Dp? for yeU,;, i=1,2,
then E,, ® E,, is a splitting of T,M, for y € V, U U, U U,, and there

are positive functions «,, @, defined on ¥V, U U, U U, and a constant
Ay > 1 such that

(5.10) (1) Fori= 1,2, a; is continuous and bounded away from zero
on V, — (U, u U,), and a,(y) = ; for y € U,;
(2) (a) ForyeV,nf-YV,),

T, f(Seyn(Exy)) = Suprini(Easan) and T,f ,Sa,(,,,(E,,,)

is a A,-expansion,
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(b) For y e Vy nf(Vy),

Tyf_l(Sal(y)(Ely)) < Salf‘l(y)(Elf‘l(y)) and Tuf_l ]Salw)(Ew)

1s a A,-expansion.

One sees this by first obtaining the splitting E,* ® E," on ¥V, and con-
tinuous functions «;' on V| satisfying properties similar to (5.10.2), and
then defining «;(y) to be «;(y) or B; at the appropriate points.

Remark (4.3) applies equally well to all the structures in (5.10). We
will occasionally suppress notation and use the same letters for structures
associated to g near f.

Next we state the fundamental lemma needed for the proof of
(5.8.1).

(5.11) Lemma For ¢ > 0 and 4, > A, > 1, there exist ¢, with &, < ¢,
< by + ¢, integers n,, ny, n,, n,, with ny, > n,’ > n, + n,, and a real
number e > 0 such that if g =&, and y e VN _,cjcn, £7(V2),
then:

(1) guy)¢ Vs, for 0 < |n| <mny;

(2) Tygm(Se(E%)) < Saganzw,(Ew"z(z/));

(3) T,g™ is a A,-expansion on S,(E);

(4) Ty (T,M — S(Ey)) < Sag-ma(Ergma) s

(5) T,g™ is a Ay,-expansion on T, M — S,(E,,).

The proof of Lemma (5.11) will be deferred to Section 6. Note that
(5.11.1) implies that gi(y) € V, for —n, <j < n,.
Let
Vie=V;nN _nQ_(n g7 (V).
For
yeVo— U gm)
—ny <i<ny

let e,(y) = a;(y), i =1, 2. For y € gi-m(V), define ¢(y) so that

S (Bay) = Ty-1008" (Sepg-100(Ergsn))s
and
Se(Eyy) = Tori& ™ (Se,man(Ergrian) )

where r, = n, + n, — .
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With these definitions, we claim

(5.12) There is an integer ny > n, such that if y € V_,<jcn, &7 (Vs),
then

(1) Tygna(Sea(u)(Ew)) < Ss,g"s(y)(Eza"a(y));

(2) Tygm™ is a A-expansion on S, )(Ey,);

(3) Tyg_ns(Sel(y)(Ely)) < Ssla—"a(y)(Ela—"s(y));

(4) T,g™ is a A;-expansion on S, (,)(Ey,).

Once (5.12) is proved, the hyperbolicity Theorem (3.1) applies to
prove (5.8.1). We only prove (5.12.1) and (5.12.2) since the other proofs
are similar.

Given an integer n, a point y € M, and a subset F < T,M, define

m(T,g"| F) = inf{| T)g"(v)| /| v|:v e F,v#0}.
Let
by = inf{m(T,e" | Soyp(Bn)) i€ () g7(Va), —m <n <my},

—n,<j<ng
and let 2 = } min(4,, &,).
For m > n,, define

Va= () &7(Ve)= () g3(ViuVy),

-m<j<m -m<j<m

and for y € V,,, write S,, = S,,,)(Ey,)-
Note that if

yeVy—( U gj(Vrsl"))’ m>n,,

0<j<ny

then T,g|S,, is a A-expansion since & (y) << ay(y) except on
Uosj<n, gVy).

Let v, > 0 be a positive integer such that Ajtk2 > 1,, and let n; > n,
-+ max(n,, n,) be large enough so that (n; — »,)/n, — 1 > »,. We claim
that this #; satisfies the conditions of (5.12).

Let y € V,,. We make some observations.

(5.13) (1) If s > 0is such that n; — sn, < »,, thens — 1 > »,,
(2) If gi(y) ¢ Vo, for 0 <j < n < my, then

(@) T,g"(Sy) < Sepny, and
(b) m(T,g"| Sy) = Xi™k;
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(3) Ifye Vioand gi(y) ¢ Vi for 0 <j < m, n, < n < ny, then
m(Tllgn, S2y) = }-'1‘—”").2 = l’l‘—ﬂn+l'

(5.13.1) follows from the definition of n;. For (5.13.2a), first note that
since ng > n, + max(n,, n,),

Vi, 0 (U W=V, n (U g(VD)).

—ny<j<n, —ny Si<n,
Now suppose y € V,, and gi(y) ¢ Vi for 0 <j <n <m,. If

ye U gV)= U &y,
—ny <7 <0 —n; <7 <0

then (5.13.2a) follows easily from the definition of ¢,. Observe that,

by (5.11.4), the fact that S, (,)(E}.) N Say)(Esz) = (0), for z € g™ (Vo),

and the definition of ¢,, it follows that S, (,(E,,) = S,(Ey,), for z € V.

Thus, if y € V%, then

T,8™(Sy) < Seyur(Bagraay) = Sagrar»
by (5.11.2). Also, by the definition of &,, if

ye U gW)= U gy

0<j<ng 0<j<n,
then (5.13.2a) holds. Assume now that y ¢ U_,, <j<a, &(V3). If
gme U gVp),
—n,y <j<0

then
68(y) = axgi(y) for 0<j<m,

so (5.13.2a) holds. On the other hand, if there is a first integer m << n
such that g™(y) € g="(V%), then T,g™(S,,) < Syym(, as in the previous
case, and

T,g(Ss,) = Tyngpg™™ o T,g™(Sy) < Tympg™ ™(Sagmapy) < Segnan

by the definition of &,(y).

To prove (5.13.2b), first recall that if y¢ Upgjcn, £(Vi°), then
m(T,g| Sy) =>4, and if y e gi(Vw), for some 0 <j < m,, then
m(T,g7| S,) >k Thus, under the assumption of (5.13.2), if
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y € gi(V®) for some 0 <j < n,, then

m(T,g" | Sy) = m(Ta"z"(y)gn_(na_j) | Sagna-1qn) + m(T,g7 | Syy)
> Mp-me-dp > Jn-nap, ’

On the other hand, if y ¢ Us<j<n, £(V%), then &g/(y) = a,g%(y), for
0<j<m so
m(T,g" | Sy,) = A > A"k

(5.13.3) is obvious using (5.11.3), and the above mentioned facts that
for y € Vo,

Soyy < S,(Eyy) and  m(Tg|Sy) =24 for z¢ |J gi(Vm).

0<j<ny

Now we indicate how (5.12.1) and (5.12.2) follow from (5.13). For
yeV,, if gn(y)¢ Vio, for 0 <m <y, let m; = n;. Otherwise, let
O0=my <my < --- < m <ny; be the successive integers such that
g™(y) € Vio. Then g*(y) ¢ Vi, for m; < n < m;,,, and (5.13.2a) gives
that for i > 1,

Tamuy)(szgmuy)) < S2am£+1(y))

from which (5.12.1) follows easily.
Now,ify € V* N V,,,, thengn(y) ¢ Vi, for 0 < n < ny and ny' > n,,
so, for i > 2, m; — m;_, > n,. Thus, by (5.13.2b) and (5.13.3),

M(Tygm ] S2y) > linl—nak}]lnn—mr-ﬂ:+1 v A;na—mc—l—"!+1,{i‘a—mak
— Z1;3—Mg+s—lk2-
Now, ng —sn, > (s — 1)n, >0 and s — 1 =0, so
Ape—enets=1k2 > max {As—onsk2, A3-1k%} > Apk > 4.

This proves (5.12.2) and hence (5.12).
Thus, to complete the proof of (5.8.1), it remains to prove Lemma
(5.11). This and (5.8.2) will be proved in Section 6.

6

Here the technical Lemma (5.11) and the strong transversality condi-
tion of (5.8.2) are proved. This completes the proof of (5.8).
Continuing with the notation of Section 5, we may assume Vj is such
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that f ~#(V,;) < int U,, that the critical point p(2) of
" |D§,nn{‘_'(H1)

is in V;, and that the u-disk DY, contains D% N V, in its interior.
Using the techniques in [11], we may construct surjective invariant

tubular family retractions r,: U, - D%, r,: U,y — D,® on compact

neighborhoods Uy, of f ~1(D*) and U,, of f(D,"), so that

(1) (a) for y € ri(Uy), riY(y) is a C7 s-disk,
(b) r,f*=f"'r, on a neighborhood U, < Uy, of Dy,
(c) the map z+> T,r7)(r,(2)) is continuous into the Grassmann
bundle of s-planes over U,,; and

(2) (a) for y € ry(Uy), ri*(y) is a C" u-disk,
(b) 7, f = fr, on a neighborhood U,, < U, of D,",
(c) the map z+> T,r;'(r,(z)) is continuous into the Grassmann
bundle of u-planes over U,,.

Also, 7, may be taken so that r7!(H;) N U, = n}~}(H,). Note that
Dy = ay-(p,) = r7}(py) N U;. Recall that x,: D" — H, and wyy:
D,* — H, are the natural projections. Let

1/’11:”11"1| U,:U,—H, and 'l’zi:7‘21'2| U,: U, — H,.

A pair (4, B) of closed intervals in H, will be called a hnked pair in H,
if A lies to the left of B in H, (with respect to the real coordinates defined
by ¢,) and A N B is a single point. Similarly, one defines linked pairs
in H,. A pair of intervals (I, I,) < H, will be called overlapping if I, N I,
is an interval of positive length whose endpoints belong to int I, U int I,.
If 4 is a closed interval in H, (H,), int A means its interior in H, (H,).
Let & be as in (4.4). Define

Weir={yeU : T,W(y) < Sip(Jyy @ T,Dy’ Hy)},
Wu,k = {y € U2 : Tqu(y) < Sk/2(]21/ @ T1/D2u’ H2u)}'

(6.1) Lemma If U, and U, are small enough, there are constants 0 < ¢,
<1, ¢ > 0, ¢ > 0; linked pairs (By,, B,) < Hy, (By, B;) =« H,; a
neighborhood U, of B,; U B, in U,, and a neighborhood U,' of B,; U B,,
with the following property: Given ¢ > 0 and n, > 0, there are integers
n',m' > ny and a pair of overlapping intervals (I,, I,,) < H, such that
(1) B, and B, satisfy (5.2.2);

(2) py e int(f ™(By) N 1y), py € int(f ™ (By));
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() Uly) < &l(f(By)), I f ™ (Bu)) < eIy — Iy);
(#) Uf™(By) > cx(A — &)™
(5) USf™(Bs)) > ca(p — &)™
(6) Uf ™ (Bu)) < cl(f™(B), I f™(Bn)) < el(f™(Bs));
(7) U S ™(B)) ™2 < el(f™(Bs))?;
() mo(ml(f™(Ba)) Nf™(Uy')) < Ly, rio(f™(Uy')) 2 I U Iy
9) (a) dist(W, . Ny (f (B U By)), il (f ™(B1))
> 6l(f (By)),
(b) dist(Wy1 N el (f™ (B U By)), vl (f ™ (By))
> 6l(f™(B,));
(10) (@) 9l (f ™(Bu v By)) 0 W, < f(UY),
(b) val(f ™ (B U By)) N Wy = f™(UY).

Proof Choose B, and B; as in (5.2.2). At first, we let By, be the interval
in H,, from p, to the point of B, nearest p, (i.e., the connected component
of H,, — int B, containing p,), and let B,; be the interval in H,, from
D, to the point of B, nearest p,. This is convenient for the estimates below.
At the end of the proof, we will stretch B;, and B,, slightly so that (6.1.2)
will hold. By the proof of (5.3), if B, and B, are close enough to p, and
ps, respectively, then (5.2.2) is still satisfied if one replaces B, by f —(B,)
and B, by f™(B,), for any n, m > 0.

Let g = r,0. We will find integers n', m' > n; so that, setting I,
= pf™(Bs), Iy, = 0 f™(By), (6.1.2)-(6.1.7) and (6.1.9) are satisfied.
Then we will move the lower endpoint of I, into I, so that (6.1.3) is
still satisfied. After this, U,’ and U, can be chosen so that (6.1.8) and
(6.1.10) will hold.

Let Fy, = T,r1*(r.(y)), for y € U,,. Since H, is the weakest expanding
eigenspace of T, f and dim H; = 1, one can use a modification of the
proof of Theorem (6.3b) of [5] and methods in [4] to show that, for U,
small, F, | U, is partially C* in the following sense. There is a real number
6 > 0 such that if y: [0, 1] — U, is a C* curve such that

y,(s) € Sd(Hly(s) @ Ty(s)Dls’ .]l'y(a)) fOI‘ all 5

then the curve F,y is CL.
For 6 > 0, call an arc y: [0, 1] — D,* a é-arc if

Y'(s) € Se(Hiypiers J1y) for all s,

Since F, is partially C%, 7, |.y-2(,, is a C* fibration, and there are constants
d, T > 0 such that
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(6.2) (1) If yis a d-arc in DY, then
dist(r71y(0), 77¥(1)) = 7 dist(y(0), (1));

(2) 1if y, 2 € U, are such that r,(y) can be joined to r,(z) by a d-arc,
then
dist(7,,70,%y, 77, 02) = v dist(my, 7, y, ®y,712) 5

(3) if y and 2 are such that 2 € DY, (i.e., n*(y) = m,°(2)) and 7,(y)
can be joined to 7,(z) by a d-arc, then

dist(Fy,, Fy,) < v~ dist(m, 7, %Y, 7,,7,%2),

where the first distance is in the Grassmann bundle of s-planes over Uj.

Of course H,, above is to be understood as the one-dimensional
subspace of T, U, parallel to H,.
Assume min(4, g~!) = u~!. The other case may be treated replacing

f by f
Now pick 0 << ¢; < 1, ¢ small, and B,, B, as in (5.2.2) such that:
I(f ™(By)) I(f ™(B,)) _
1 2 C >put4 2
1) &G r=@) 0 (@) = T

for n,m >0,

(1b) A—e<|Tfla|<A+e for yeH, U,

(1c) u“—%ﬁl T,f g, | S,u“—{—% for ye H, N U,.

Now, g(p,;) = p;, and by (5.9.2), and the fact that r, | n4~-'(H,) is a
C"* fibration, one has that g | H,, is a C! diffeomorphism of a neighborhood
of p, in H, onto a neighborhood of p, in H,. Thus for m large,

Kof"(By) _ _ Kef"(Bw) . .. _U/™(BY)
Jst(af™(Bo) 20y Haf ™(Bar)) K f™(Bw))

Therefore, we may choose m, large enough so that

L KB Kgfn(By) L
@) o FR (B By Este B 5y = T

for n>0, m>m,.
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Choose 7 such that
cld(f (By)) < dist(g f ™(Bs), p1),
and let m > m, be the least integer such that
) dist(@ f ™(Bz), p1) < &:l(f ™(B))-
Then,
al(f~(By)) < dist(@ f "'(B,), p1)
< dist(g f ™(Bs), pr)kiko(ut + ¢/2),

where k, =|T,0|g,| and k, =|T,57'|n, |, for some points y,
€ f™(By), 2 € 8f ™(By).

If m > m, is large, k;k, is near 1, so we may assume (taking n larger
also) that

dist(g f ™1(B,), p1) < (w7 + &) dist(2 f ™(B,), p1)-

Hence,
al(f ™By))
(w= + &) dist(af ™(B,), p1)

<1,

SO
(4_) Cll(éfm(B2)) > cll(éfm(Bz))
dist(f ~(By), p1) ~ dist(f~(B,), p1)
. al(f ™(B1)) ~>1
(w7t + &) dist(af ™(Bs), p1) —

by (2).
Now (3) and (4) give (6.1.3) for I,, = p f ™(By,), I, = 8 f ™(B.), and
n =mn,m = m.
Also, (6.1.4) and (6.1.5) follow from (1b) and (1c).
(6.1.6) follows from an argument similar to one used in the proof of
(5.3). One shows that
k

(B _ = o) = oo
@y = [ (1 ey G o) <

and

(f™(By) _ = B, S e
1™ (Ba)) S e BT ) <

for some constant k; and & small enough for the product to converge.
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For (6.1.7), note that the method of proof of (6.1.6) will also show
I(f™(By)) > ¢, f ™ (B,)) for ¢, small, since f | H, is a diffeomorphism.
Thus,

I f(B) > —— UT)

= c% lef ™ (Ba)) = % RI(f™ (By)) > —2 I(f ™(By))

ke,
5
where & = inf{| yg—l | :y is in the domain of p—1}.

Observe that the »n' and m’ needed for the above properties can be
chosen arbitrarily large. This will be true below also, so we can satisfy
the condition #', m' > n,.

To prove (6.1.8), enlarge I, slightly by setting it equal to g( f ™ (B3,)),
where B}, > B,, is obtained by sliding the left endpoint of B,, into B,.
This can be done so that (6.1.3) still holds. Now choosing U,’ so that
JF™(U,") N Dy is very close to f™(By U B,), for all m > 0, one may
obtain (6.1.8).

We proceed to prove (6.1.9a) and (6.1.10a). The other proofs are
similar.

Fix k as in (4.4) and (5.2).

Then dist(n;}(B,), Wi N D) > 0. Also, by (4.4(3b)), W, ;, N D," is
in a half-sector about H,, in D% so f~%(W;; n D,*) approaches H,,
as j —> oo (ie., f7(Ws; N D*) gets in arbitrarily small half-sectors
about H,.).

Assuming U, is small enough, the methods of the proof of (5.3) can
be used to show there are neighborhoods U of B,, V of W, ; n a7}(B,
U By;) in M such that U n V¥ = 0, and

dist(f (0 N D), f (P N D)) > cl(f #(B,)) for j=>0,

where ¢ is a constant mdependent of I(f —7(B ).
Also, we may pick U, ¥ so that r,(0)=U N D," and r,(V) = V n D™
Then,

(a) [0 N D) =f~0) A Dy = r,f¥0), and
(b) riif F(V D) = 17 (V)
= r'(n(Un N f (V) = Un 0 f(P).
Since f (W ; N D,*) approaches H,,, we may assume
(c) dist(Wsr 0 yil f (B U Bu), il f 7(By))
= dist(Wox 0yl (f ~(By U By)), ri[nit f 7(By) N f (D).
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By (6.2.1), there is a constant ¢, > 0 so that
dist(r7'f (U N D), ri'f F(V n D")) > cl(f~#(B,)) for j=0.

Thus, by (a) and (b), we have
(d) dist(riX( f (O) N D), Uy N f (V) > eo(f 7(B,)), forj > 0.
It is easily checked that for U, small and j large,

Uy N5 (Wei 0 V) > Woy 0 'l f (B, N Byy),

s,
() Un nf~(V)> Wy nrital f (B, U By).

Now, using (c)-(e), and the obvious fact that

ad(f7(B)) N f(0) = f7(U) A Dy,
we get
dist(Ws,. 0 't f (By U By), ritml f 7(By)) > el f 7(By))
for large j,

which is (6.1.9a). Similarly, it is clear from (e) that U,’ may be chosen
to satisfy (6.1.10a).

Recall that V, = V, U V, is a neighborhood of 4, such that (), f»(V,)
=4,.

Let M=M, oM, _,> --- >M, > be a filtration for f such

that V, < int(M; — M, _,). Note that f(M,_,) < intM,_, and
7'M —M,) cint(M — M,).

(6.3) Lemma If U, and U, are small enough, and U," and U,’ are as in
(6.1), there is an integer m, > 0 such that for n > 0,

(ta) fmimyd f (B, U (H,_ — By;)) < int M _,,

(Ib) frmrrri(aad f 7By U By) 0 f (UY')) = int M _y;

and

(2a) f ™l f (B, U (Hyo — Byy)) < int(M — M),
(2b) fmgN (gt fM(B: U By) N fMU,')) < int(M — M,).

Proof We prove the first part of (6.3.1a); that is, there is an integer
m,; > 0 such that for n > 0,

frmd f (By) < int My,

The rest of the proof is similar,
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Let W = i, W¥(q;). Since dim W¥(p,) = dim Wu(p,), it follows
that dim W*(g;) = dim Ws(p,) for i =1, ..., ». By the A-lemma, if
U, is small, W& N U, ¢ W,;.

Using the methods of the proof of (6.1.9), one can show that if B, and
By, are close enough to p, and U,’ is small enough, the following is true.
There is an interval B; < H,, such that B, > B, and
() for =0,  f*yilf(B) Nnf™U)) = yil(Bs) N UY,

(2) for 0<j=<m  fi]f(B)) < yil f77"(Bs) < vl (U) N Hy),
(3) [yd(Bs) U (vil(Uy n Hy) = U)| n Wy = 0.

Now recall that a proper fundamental domain for W4(p,) is a compact
set G < Wu(p,)suchthatp, ¢ G,f%(G) N G =, and {p,} U Upez f*(G)
= Wu(p,). Given such a G, let G be a compact neighborhood of G in M
such that f2(G) N G = (G is a proper fundamental neighborhood for
Wu(p,)). We may assume B, cint G, W NG < U/, and G o f—™
(D" — f~Y(DyY)), for some integer my. Let G' be a compact subset
of G such that G' N W, = @, and yii(B;) v (yii (U, n H,) — Uy')
c G'. For each y € (', the w-limit set w(y) = M, _,, so there is an
integer m, > 0 such that f*(G') < int(M,; _,), for n > m,.

Now the choice of G' and Eq. (1) show that for » = 0,

it f (By) N f™UY)) < vil(Bs) v Uy < 91i(B;) = G

Suppose y € il f (B,) — f (U,'), and let 0 < j < 7 be such that
f77'(y) e U/, but fi(y) ¢ U,". Then

FI) e fryilf7(B) — Uy < wil(U) n Hy) — Uy,
by (2), so f/(y) € G'. Hence f™+*(y) € int M, _,, for n > 0.
Therefore, for any n > 0,

Frmpnd f (By) = iyl f 7By 0 f (UY))
U f men(yil f-2(B,y) — f (Uy')) < int M, _,.

For n > 0 and g near f, put

Vig)=Vann () g(Ve)
—n<j<n
Recall that f (x) € int U,, for n > 7. The structures in Lemma (6.4)
are to be understood as the g-structures corresponding to the associated
f-structures as indicated in (4.3).
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(6.4) LemMMa Let ¢,, ¢; be as in (6.1). There are two more constants
¢4, ¢; > 0 such that for ¢ > 0 and n, > 0, there exist b, < t, << by + ¢
and integers n,, n,’, n', m' such that, putting g = &,,
(1a) ny > max(ny, n' + m'), min{ny, n', m') > n,,
(1b) dist(B,, p;) < ¢, dist(B,, p,) < &,
(2) Ug™(By)) > ex(A — &)™, Ug™(By)) > ol — &)™,
() Ug™(Bu)) <ealg™(B1),  Ug™(Bu)) < &l(g™(B2)),
(4) if yeVi(g), then

(a) gy)eV, for 0<|j|<n,,

(b) T,(Dy) = Seqqrzn-12(Es),

(C) Tyg"_‘(T,yM - S2c5l(a‘"’(B1))—1/2(E2y)) < Sc,;l(g’"'(Bg))‘llz(Ela—'-‘(y))’

(d) ye . N g3U), g e \ N &(Us).

<j<n’ <j=m’
Proof Fix My, M;_,, and m, as in (6.3). Examining the proofs of
(6.1) and (6.3), one sees that for g near f, the facts in (6.1) and (6.3)
remain true for the corresponding g-structures. Thus, given ¢ > 0 and
ny, > m,, if we choose »’' and m' as in (6.1), then (6.3.1b), (6.3.2), and
(6.3.3) are true for &, = g near f.
From (4.8.1a), it follows that there are a neighborhood V, of x and an

integer m, > 0 such that if = € V, and g is close to f, T,DY, contains a
subspace J;, of dimension # — 1 such that

(1) Tg™(J12) = Sxygmocr(En)-

It follows from [19] that, since £ is transverse to the codimension-one
submanifolds Q" = 27 at b,, the parameter t moves W4(p,) through
Ws(p,) at x so that, for b, <t < by + & W1 (py(4,)) has two points
of transversal intersection with W*(p,(&,)) near x, and r,,g,(ﬁzpa(.{-‘ ) >0
in the real coordinate in H,(&,).

Thus, we may choose #; with b, < t, < by, 4 ¢ such that (1) holds
and the intervals I,, I,, (for g) are such that

I, < intg""(Bl), g‘"'(Bu) < int(l, — Iy),

1 —¢

L g (BY)

(2)

dist(Zy,, g (By)) >

Suppose n, > m; + m’' + n'. It follows from Lemma (6.3) for g that
(3a) Vi < ri'(7adg™ (Bu) 0 g™ (UY)),
(3b) gHVE) < ry'(mlg™ (Ba) N g™ (Uy))-
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Now from (2), (3), and (6.1.8) for g, one sees that there is a constant
¢ > 0 such that for y € V3o, there is a C? curve y,: [0, 1] — D3, near
Dy, N a3-Y(H,) such that:

(4a) the second derivative of 7;,7,%y, at s is less than —c for all s in
the domain of y,;

(4b) =m,%y, is a d-arc connecting 7,(y) with 7,0(y), where 0 is as in Con-
dition (6.2);

(4c)  dist(myri(y), r10(¥)) > cl(g™(By));

(4d) Ty, ®Jy= TyDlzly'

From (4b), (4c), and (6.2.2) for g, it follows that
(5)  dist(mm,*(y), mte(y)) > (g™ (By)).

Now (4a), (4d), and (5) imply that there is a constant ¢; > 0 such that
(6.4.4b) will be satisfied for y € V% and n, > m, + m' + n'. Further,
(6.4.4c) follows from (6.4.4b) using (6.1.7) for g, and (6.4.4d) follows
from (3). Finally, one chooses n,’ to be the smallest integer such that
either gn’ . (Vi) N Vy £ Q@ or g’ (V) N Vy# . It is clear that one
may arrange for n,’ to be larger than »n,. This proves (6.4).

Using Lemmas (6.3) and (6.4), we complete the proof of Lemma
(5.11) by proving

(6.5) Given ¢ >0 and A, > 4, > 1, we may choose n,,n,m and
g = &, as in (6.4) so that, for y € Vi = Vie(g),

(1a) Tygn'(Szcsl(g-"'(Bl))—llz(Ezy)) < Sa.a"’(u)(Ezgn’w));
(1b) T-’/gn' ISacslw‘”'(ﬂm‘”z(EW)

is a A,-expansion;

(2a) Ta—ﬁ(mg_'"'(Sc.,ua'»’(B,,))—I/Z(Ela—"'(m)) < Sa,a-ﬁ-'"’<y>(E1rﬁ-""(y));
(2b) T

a—"'(y)g_m, IScal(,m'(Ba,)—ll2(Elr’_'(zl))’
is a A,-expansion.

Once this is proved, (5.11) follows taking n, = »', n, = # + m’, and
e = 2¢l(g™'(B,)) V2

We prove (6.5.1) and leave the similar proof of (6.5.2) to the reader.

Let U), r,: Uy; - Dy% and F,, = T,r7'(r,(y)) be the g-structures
corresponding to those in the proof of (6.1). Let y € V3. Then

y € ri'(mig ™ (Bu) N g™(UY))
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by (3a) in the proof of (6.4). If n’ is large, (6.2.3) and (6.1.6) for g imply
there is a constant ¢; > 0 such that

Fly < Sc,dist(g—"'(Bl),m)(Ely9 Ezy)
< 07“0—”1(311))(E1U’ E21/)

< c,cal(a—"'(Bl))(Ely ’ Ezy)-
Hence, for some constant ¢; > 0,
S2651(a_"'(81))_1/2(E2ya Ely) < Scsl(r"'(Bl))‘l/z(E%: Fly)'

So, if
v € Szc51<a—"’(B,))-1/2(E2y» Ely)’

we may write v = v, + v,, with v, € F,, v, € E,,, and
| 01| < cl(g™(B1)) ™2 | w2 | < co(4 — €)"2| vy,

for a constant ¢,.

Since y € Vo, gi(y) € Uy, for 0 <j < n', by (6.4.4d).

Thus, for n' large, the A-lemma and the fact that the function «, is
bounded away from zero give

Tygn'('”z) € Saza"’wm(Eza"'(m’ Elo"’(w)-

Also, since A = 1, is the weakest expanding eigenvalue of T, g| D,",
| T,8™ (v2) | = ¢(2 — &)* | v, | for some constant c.
Now, let u, = sup,.y, | Tg| F.| < 1. Then,

Tygnl(v) = yg”'('l)l) + Tygnl(%)r
and
| Tyg™' (vy) | < ulco(A — e)¥'2 | v, |

<y (= ey — &)™ | T (w) |
’ c ’ ’
<w S (2= | T () |
Hence, for n' large,

T,g%(v) = Saggn'in(Eegnny » Eygvan)s

as required since F, remains bounded away from E,.
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Similarly, for constants ¢, ¢, > 0 as above,

| Tg"'(0) | = | Tyg" (v1) + To8" () |
= (A — &) | v | — pf'cy(d — e)"? | vy |

> cy(A — &))" | v, | (_CC_ (A —em? — ;u;u)
9
> 22| v, | for n' large.

But for n' large, |v,| < }|v.|, so |vy| = 4| 2|, and, hence,
| T,g”(v)| = 4, ] v|. This proves (6.5.1).

Proof of (5.8.2) Lett,, n’, and m' be as in (6.4). We first claim if g,, ¢,
are periodic points of g = £, outside of V, such that W(g,) N W*(ps)
# @ and Wi(py) 0 W(g,) # O, then

(a) W9(qo) is transverse to W=(q;) in yilg~™(B); N By);

(b) Wu(q,) is transverse to D5, for y in yiig™(By,);

(c) WH(gq,) is transverse to D}, , for y in y3ig™ (By,).

This follows from (6.1.8)—(6.1.10) and the proof of (6.4).

Now for t, near b,, each manifold in W*(A,(g)) N yiig™(By v By)
is sufficiently near some D3, for y in yiig—'(By,), that if ¢, is as above,
then Wu(q,) is transverse to W3(A,(g)) in yilg™'(B,; U B;). Hence
Wu(q,) 1s transverse to W5(A,(g)) everywhere, since if y € W¥(g,)
N W5(A,(g)), the orbit of y eventually gets in yijg—(By; U B,). Simi-
larly, if g, is as above, W*(q,) is transverse to each manifold in W¥(A,(g)).
Further, since W¥(4,(g)) N W3(A,(g)) = A,(g), these intersections are
transverse. If V, is taken small enough and ¢, is near b,, then any point
y whose orbit enters 1/, will be in the above-mentioned stable and un-
stable manifolds, so WU(y) is transverse to W*(y) at y. On the other hand,
tubular family techniques show, for ¢ near b,, points whose orbits never
enter V, satisfy the condition as well. Hence (5.8.2) is proved.

7

In this section some examples will be presented to illustrate Theorems
(2.7) and (2.9). Also, it will be shown that the conditions in Theorem
(2.9) can be obtained by the evolution of any Morse-Smale diffeomor-
phism through a one-parameter family after some simple preliminary
bifurcations. Finally, examples will be given of open subsets of &%’
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each of whose elements are such that their first bifurcation maps have
finitely many «-limit points but infinitely many w-limit points.

(7.1) Start with the diffeomorphism &, on S2 pictured in Figure 7.1.a.
There are two sources g, and ¢,, two sinks ¢, and ¢;, and two saddle

points p; and p,. Also W¥p,) N W3(p,) % (J. One can choose a point

aj (b)
Figure 7.1
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x, in one component of W¥(p,) and a point x, in one component of W*(p,)
and connect them with an arc ¢ : [0, 1] — S2 such that o(s) € W¥(g,),
for 0 <s <1, and p(s) € W¥g,), for 0 <s <1, as in Figure 7.1.a.

Then one can find a one parameter family &,, 0 << ¢ << 1 such that
&, = &, off a small neighborhood of &'(¢) and &,,,(&"(x,)) = x,, as in
Figure 7.1b. Then by(£) = %, and L(&,,) is finite, hyperbolic, and has
a 2-cycle.

(7.2) This is an example with L(&, ) finite hyperbolic having a 1-cycle
on the projective plane. Start with one source, one sink, and one saddle
point p, as indicated in Figure 7.2.a.

Then connect a point x, in one component of W(p,) with a point x,
in one component of W*(p,) as indicated and perform an isotopy as in
Example 1. The final diffeomorphism is depicted in Figure 7.2.b.

]
|
(b)

Figure 7.2

»
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(7.3) Let fi(x) be a diffeomorphism of R' such that f,(x) = x — «2,
for x < %, and f(x) = x, for x > §. The one parameter family &,(x)
= fi(x) 4+ t — } is such that by(£) = %, &, has no fixed point for ¢ < b,,
&, has zero as a fixed point with eigenvalue 1, and &, has two hyperbolic
fixed points for ¢ > b,.

Now, let (x, y, 2) denote coordinates on R!'**t% and consider the one
parameter family of diffeomorphisms

o, v, z) = (filx) +t — %}, 4y, Bz),

where A is an s X s matrix whose eigenvalues have absolute value less
than 1, and B is a # X u matrix whose eigenvalues have absolute value
bigger than 1. It is easily checked that b,(¢) = %, &, has no fixed point
for t < %, &, has the origin as a fixed point with 1 as an eigenvalue,
and for ¢t > 4, &, has two hyperbolic fixed points p,(t), p.(2), such that

Wi(pa(2)) N Wo(py(2)) 7 9. Also,
dim Wo(p,(t) = u + 1 = 1 + dim Wa(pa(t))-

This is a local bifurcation corresponding to the second part of

(2.7.1).

The reader will be able to easily construct examples of local bifurca-
tions corresponding to (2.7.2) and (2.7.3).

(74) On the n-sphere S, let f be a Morse—Smale diffeomorphism
such that 2(f) consists of two fixed points one of which is a source
g, (i.e., dim W¥(¢q,) = n) and the other of which is a sink ¢, (i.e., dim
W*(q,) = n). Choose a disk D < 8" such that f(D) N D #~ ¢ but f*(D)
N D = @,for n > 2, and let y: [0, 1] — int D be a smooth embedded
arc such that fy(0) = y(1). Now given 0 < u < n, one can take an iso-
topy ¢, of S™ such that:

(1) golx) = %, x € 5"}
(2) pfx)=%x,xeS*—D,0<t<1;
) @ua(r(1)) = »(0);
4) If & = ¢.f, then
@) L&) = {90, ¢1}, for t < 4,

(b) L(&,);) has y(0) as a fixed point with 1 as an eigenvalue and
L&) = (7(0)} U {905 01}
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(c) for + <t <1, & has two hyperbolic fixed points p,(t), p,(t)
near y(0) such that

We(pi(t)) N Wo(pa(2)) #= O,
L(&) = {p:1(t), P2(2), Qo> 01 }
dim Wo(py(2)) = u + 1 =1 + dim W3(p,(2)).

Observe that for 3 <t <1, s=n—u—1, 2= W5p,(t)) U {go} is
an s-sphere, X% = W3(p,(t)) U {¢,} is a u-sphere, and 2*® generates the
s-homology H (S — Z%). Figure 7.3 indicates the above situation on S3,
with u == 1.

Now,ifn > 2and 1 << u <C n — 2, it is clear that one can create several
types of cycles from the diffeomorphism &,. Let x, € W3(p,) and «x,
€ Ws(p,). Connect x, to x, by an arc g: [0, 1] — S* such that o(s)
€ Ws(q;) for 0 <s <1 and ¢(s) € W¥q,) for 0 < s < 1. Then it is
possible to take an isotopy &,, t > 1, with &, = &, outside a small neigh-
borhood of p for all £ such that &,,5(x;) = &,(x,). This produces a 1-cycle.
&,, 0 <t < 2, may be chosen so that &,, satisfies the conditions in Sec-
tion 5, so (5.4) holds. Alternatively, if x, € W¥(p,) and x, € W*(p,),
one may choose ¢ connecting ¥, and x, in an appropriate way, and, by
isotoping &, obtain a 2-cycle. In this case it also can be arranged for
(5.4) to hold using the methods indicated in the remark following (5.4).

Proceeding similarly, one can create periodic points of period # from
&, = f above as follows: Choose a disk D such that f*(D) N D # &,
but f/(D) N D = PJ,for j 7 0, n. Then define ¢, as above satisfying (1)-
(3), so that &, = @,f" has the properties in (4). Then &, = ¢, f will have
similar properties, except that the periodic points near y(0) will have
period =, since

L(pf) = , U A Llpf™) for all 2.

<k<n

Now let M be any compact manifold with dimension greater than one,
and let f € MS(M). Let g, and ¢, be periodic points of f such that 17?(g,)
N We(q,) # @ and dim W9(g,) = dim M = dim W(q,). Let n be the
period of ¢,. Choose a disk D = Wy(q,) N W*(q,) such that f»(D) N D)
# & and fi(D) N D =, for j #~ 0, n.

If dim M > 2, using the previously described methods, one may find
a one-parameter family of diffeomorphisms of M, ¢,, 0 <t < %, such
that @y(x) = x for all x, p,(x) =xforx € M — Dand all ¢, and &, = ¢, f
has the following properties. There is a number ¢,, 0 < ¢, < #, such that
& € MS for t #£t,, L(&,) = L(f) U {O(p,)}, where p, is a periodic
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Figure 7.3
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point of period 7# having 1 as an eigenvalue, and for ¢ > ¢,
L&) = L(f) v {O(#:(1))} U {O(:(2))}s

where p,(t), p,(t) are periodic points of period n such that W(p,(t))
N WE(pa(t)) # & and 0 < dim Wi(p,(t)) = dim Wu(p,(t)) + 1 <dim
M. Then one can create cycles, as was done in Example 4.

Now suppose dim M = 2. One first creates a saddle point p, and a sink
p. as in Figure 7.4a. Next one introduces a saddle p; and a source p,

(a) 9

90

(b)

9,

Figure 7.4
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Figure 7.4 (continued)

as in Figure 7.4b. Then one introduces a transversal intersection be-
tween one component of WY(p;) and one component of W*(p,) and a
quasi-transversal intersection between the other components to produce
a 2-cycle as in Figure 7.4c.

Now we give a simple example of an open subset ./~ of @*7(S?) such
that for & € 4, L~(&,) is finite, hyperbolic, and has a 1-cycle, but
L*(&,,) 1s infinite. This phenomenon can be obtained on any manifold
using the previously explained methods.

Let &, € MS be the diffeomorphism on S® in Figure 7.5a. There are
four fixed points. p, and p, are sources, p, is a saddle, and p, is a sink.
Also W(p,) = We(p,). Let A;, 4, be the eigenvalues of T, &,, with
Ay <1 < 4,. Assume A4, << 1.

Now bring W#(p;) N W¥(p,) around p, with &, so that an orbit O(x)
of quasi-transversal intersections with W4(p,) is introduced. (See Figure
7.5b.) Using the fact that 4,4, < 1, it can be seen that this can be done
so that

L—(Ebo) = {Pl » P2 Ps3» P4}

We leave it to the reader to verify the following assertions. If y € W¥(p;)
— W*(ps), then w(y) =p,. Also, W5(p;) — W:(p;) is nonempty. If
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(a)

(b)

Figure 7.5

Y € Wi(ps) — W(p,), then
w(y) = Wi(ps) 0 Wi(ps) = O(x) U {ps}-

o(y) 7= {ps}, since y ¢ W5(p;), so w(y) = O(x) U {ps;}. Moreover, if
one perturbs £ in @%7, k> 1,7 > 2, the same phenomena persist.
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