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1 Introduction 

Our primary purpose here is to describe a phenomenon which occurs in 
the bifurcation theory of one-parameter families of diffeomorphisms. This 
is the appearance of infinitely many different topological conjugacy classes 
of structurally stable diffeomorphisms, each class containing a diffeo-
morphism with an infinite nonwandering set, in every neighborhood of 
certain diffeomorphisms in the boundary of the Morse-Smale diffeo-
morphisms. This phenomenon occurs quite frequently in the following 
sense: Any Morse-Smale diffeomorphism (on a manifold of dimension 
greater than one) can be moved through a one-parameter family which 
first exhibits some simple phase portrait changes to a new Morse-Smale 
diffeomorphism, and then has the above behavior near the first subsequent 
unstable diffeomorphism it reaches. The natural place where the phenom-
enon appears is in the construction of a cycle, and we conjecture that it 
occurs in that situation generically. However, the methods given here 
require some additional hypotheses. 

On the other hand, under a reasonably general condition, which we 
also feel is generic, if one approaches the boundary of the Morse-Smale 
diffeomorphisms without creating a cycle, then the only new structurally 
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stable diffeomorphisms one can find nearby will also be Morse-Smale. 
In this case as well, one can encounter an infinite number of topologically 
different Morse-Smale diffeomorphisms. 

It will be shown that all of the conditions assumed for these results are 
true for open subsets of the space of one-parameter families of diffeo-
morphisms. 

The contents of the chapter are as follows: Section 2 contains defi-
nitions, some notation, and detailed statements of the main results. In 
Section 3 we derive conditions for a closed invariant subset of a diffeo-
morphism to be hyperbolic which generalize the conditions in [5]. We 
replace the uniformity assumptions in [5] with pointwise assumptions 
which turn out to be more convenient for our applications. In Sections 
4-6 the main results of the paper are proved. Section 7 contains some 
examples related to the results in the previous sections and a description 
of the fact that the phenomena described earlier may be obtained with 
very simple isotopies beginning with any Morse-Smale diffeomorphism. 

While we are concerned here with diffeomorphisms, one can get similar 
results for flows by analogous methods.+ 

2 

We recall some definitions and fix some terminology and notation. 
Let M be a compact connected C°° manifold without boundary. The 
space &r of Cr diffeomorphisms of M with the Cr topology, is an infinite 
dimensional metrizable C°° Banach manifold for 1 < r < oo, and a 
Frechet manifold for r = oo. Let 0kr = Ck(I,^r) be the space of Ck 

mappings of the unit interval / into ^r with the uniform Ck topology, 
1 < k < oo, 1 < r. This topology is defined as in the finite dimensional 
case with respect to a riemannian (or Finsler) structure on J^r canonically 
induced by one on M (see [1]). An element ξ e <Pkr is called a one-
parameter family of diffeomorphisms of M. * A subset ψ" of 0k>r is called 
residual if it contains a countable intersection of dense open sets. We 
will sometimes use the words "for most f " to mean for ξ in some residual 
set. 

+ We wish to thank Floris Takens and Jorge Sotomayor for several helpful con-
versations during the preparation of this paper. 

ί It will be evident that, if desired, one could suppress the Banach manifold structure 
of &r and state most of the results in this chapter for Cr mappings ξ : I X M -> M such 
that £f : {t} X M -> M is a diffeomorphism for all t. 
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For feJ3$r, let P(f) denote the set of periodic points o f / ; i.e., 
x e P(f) if and only if there is an integer n > 0 such that/n(x) = x. 

Suppose / e &\ r > 5. 
A fixed point x of / is said to be quasi hyperbolic if it has the following 

properties : 

(2.1) (1) All of the eigenvalues of the derivative Txf have multiplicity 
one, and, if λχ and λ2 are distinct eigenvalues such that | λχ \ = \ λ2 | , 
then λχ is the complex conjugate of A2. 

(2) Txf has an eigenvalue λ such that | λ \ = 1. 

(3) If λ = 1 and v is a nonzero eigenvector of Txf corresponding to 
A, then the second derivative o f / a t x on v, Tx

2f(v, v)> is not in the sum 
of the eigenspaces of the other eigenvalues of Txf. 

(4) If λ = — 1 and v is a nonzero eigenvector corresponding to A, 
the third derivative of / 2 at x on v, Tx

Bf2(vy vy v), is not in the sum of 
the eigenspaces of the other eigenvalues of Txf

2. 

(5) If λ = e^y a φ 0, π, then Xk φ 1 for 0 < k < 5, and there are 
coordinates φ : U —► Rm on a neighborhood U oî x such that ç>(#) = 0 
and 

<pf<p-x{yi> · · · j m ) = (fi(yi>yt),fi(y*> · · · , Λ · ) ) e iî2 x i?m~2, 

where (^ , . . . , ym) are coordinates on Rm = R2 X i?w _ 2 and 

(a) /χ is a diffeomorphism of R2 with a fixed point at 0 such that λ 
is an eigenvalue of TQfx, and if φχ : R

2 —► i?2 is the polar coordinate map 
Ψι(τ> 0) — (r c o s 0> r s i n 0)> t n e n 

^rViViir, Θ) = (r + or», 0 + « + *r2) + o(r5), 

where a, «, 6 are constants and a Φ 0 ; 

(b) / 2 is a diffeomorphism of Rm~2 with a hyperbolic fixed point 
at 0. 

A periodic point x such that/n(x) = x butfk(x) φ xy for 0 < k < n, 
is said to be quasi hyperbolic if it is a quasi-hyperbolic fixed point of fn 

(n is called the period of x). 

Definitions (2.1.1)—(2.1.4) above are due to Sotomayor [19]. Defini-
tion (2.1.5) is motivated by Section 7 of the paper of Ruelle and Takens 
[14]. 
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As is well known [5], each hyperbolic periodic point x has a smooth 
stable manifold W*(x) and a smooth unstable manifold Wu(x). It also 
follows from the center manifold theory of [6] that each quasi-hyperbolic 
periodic point x has smooth stable and unstable manifolds defined by 

WB(x) = {y G M :fmn(y) -> x as m -+ oo}, 

Wu(x) = {y e M :f~mn(y) -► x as m -> oo}, 

where w is the period of x. If # is as in (2.1.3), Ws(#) will be diffeomorphic 
to a closed half-space of a euclidean space. Its boundary is the set of those 
points y such that/wn(j>) tends to x exponentially, i.e., 

dW*{x) = {y e M : d(fmn(y), x) < cXm
y m > 0}, 

where c > 0, 0 < λ < 1 are constants, and d is some metric on M. 
If x is as in (2.1.4) or (2.1.5), W\x) is diffeomorphic to a euclidean space, 
and fn | Ws(x) is topologically conjugate to a hyperbolic contraction. 
Similar statements are true for Wu(x). 

Let JP*1, J?w~ni be the euclidean spaces of dimensions nlym — nlf 

and let π: R711 X Rm~n^ -► i?m~wi be the natural projection. Let ç v 
Ni-+M>i= 1,2, be two smooth embeddings into M with dim Λ^ = niy 

dim M = m, and let jy G ^(iV^) n 9^2(̂ 2)· Say that 3; is a quasi-trans-
versal intersection of φ^Ν^ and <ρ2(Ν2) if t n e following statement is 
true : There is a diffeomorphism ψ mapping i?11 X Rm-n* onto a neigh-
borhood U oi y m M such that : 

(1) y>(R>* X 0) c ^(iVO, y((0, 0)) = y ; 

(2) The linear map 

Λ = ΤφΈΐ(ν)πψ-*φ2 - Ä - ^ i 

has rank w — wx — 1, and letting 

% : i?m-ni -► Rm-n*IImage(Ay) ** R 

be the natural projection onto the quotient space; 

(3) (a) The map 

π^ψ-^ Ιφ-uu) 

has φ^(γ) as a nondegenerate critical point, 
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(b) If T/ptUNÙ n Ï>,(2V,) Φ (0), there is a curve y: [ - 1 , 1] 
-*· JV2 such that 9?2y(0) = y, 

is a nonzero vector in Τνφ1(Ν1) π Ty<p2(N2)y and the map 
π1πγ>~1<ρ2)' has a nonzero second derivative at zero. 

Let KS denote the set of Kupka-Smale diffeomorphisms on M which is 
defined b y / e KS if and only if all the periodic points of/are hyperbolic 
and their stable and unstable manifolds meet transversely. 

As a preliminary, we state the following approximation theorem which 
is due to Sotomayor [19]. The paper of Brunovsky [2] also contains results 
related to part (2a) of the theorem, and Robinson proved a fact similar 
to part (1) for Hamiltonian systems. 

(2.2) THEOREM For k > 1, r > 5, there is a residual subset ψ"χ of 
Okr such that if ξ e ^[, then : 

(1) ξ t e KS for all but countably many tel; 
(2) If ξt $ KS, then exactly one of the following occurs : 

(a) ξt has one orbit of quasi-hyperbolic periodic points, the other 
periodic orbits of ξt are hyperbolic, and the stable arid unstable mani-
folds of all the periodic points meet transversely; 
(b) All the periodic orbits of ξt are hyperbolic, there is one orbit 
of quasi-transversal intersections of stable and unstable manifolds 
of periodic points, and all the other intersections of these manifolds 
are transversal; 

(3) The set Q of diffeomorphisms satisfying either (2a) or (2b), but 
not both, is a countable (increasing) union of residual subsets of em-
bedded codimension-one submanifolds Q"1 or &r and ξ is transverse to 
each of these submanifolds. 

We recall the definitions of the manifolds Qn. For / e ^ r , n > 1, 
let Pn(f) be the set of periodic points o f / of period less than n + 1. 
Let Qx

n = {f e ^r : Pn(f) has at most one quasi-hyperbolic orbit and 
the other orbits in Pn(f) are hyperbolic}. Then Q^ is a dense open 
subset of 3>r and Pn(f) is finite for / in Qf. Given x e Pn(f),fe Qx

n, 
let Fn

u(x,f) = {y e Wu(x,f) : dn(y, x) < n) where rfu is the distance 
in Wu(x,f) defined by some riemannian metric on Wu(x>f). Let Fn

n(f) 
= U*6Pn(/> Fn*(x,f). Define Fn*(f) similarly. Let Qf ={fe Qf : Pn(f) 
has one quasi-hyperbolic orbit, the other orbits in Pn(f) are hyperbolic, 
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and Fn»(f) meets Fn*(f) transversely}, and set Q3
n ={fe Q? : Pn(f) 

is hyperbolic, and Fn
B(f) n Fn

u(f) has one orbit of quasi-transversal 
intersections, the other intersections being transversal}. Then Qn 

= Q2
n u ρ3

η· 

(2.3) REMARK Some parts of Theorem 2.2 hold under weaker differenti-
ability assumptions: r > 3 is needed for Definition (2.1.4), and r > 5 
is needed for Definition (2.1.5). 

F o r / e ^ r , let ß ( / ) , L " ( / ) , £ + ( / ) , L(f) denote, respectively, the 
nonwandering set, negative limit set, positive limit set, and limit set of/. 
These are defined as follows : Q(f ) is the set of x in M such that for any 
neighborhood U of x, there is an integer n > 0 such tha t / w ( t / ) n U φ 0, 
L~(f ) is the closure of the set of α-limit points of/, L+(f ) is the closure 
of the set of ω-limit points of/, and L(f) = L~(f) u L+(f). 

It follows from [5] that if L~(f) is hyperbolic, then each point x in 
L~(f) has a smooth stable manifold W*(x) and a smooth unstable 
manifold Wu(x). In this case, we say that/satisfies the strong transversality 
condition if Ws(x) is transverse to Wu(y) for all x and y in L~(f ). 

Let AS be the set of diffeomorphisms / satisfying Axiom A and the 
strong transversality condition (see [17]). It follows from [8] t h a t / e AS 
if and only if ( 1 ) L ~ ( / ) is hyperbolic, and (2) / satisfies the strong 
transversality condition. 

The Morse-Smale diffeomorphisms, denoted MS, are those / e AS 
such that P(f) is finite, or, equivalently, t h o s e / for which L~(f) is 
finite hyperbolic and the strong transversality condition holds. 

For ξ e 0k>r, ξo e AS, let Β(ξ) = {t e I : ξt $ AS}, and let b0 = 60(f ) 
= inf Β(ξ). We call Β(ξ) the bifurcation set of ξ and ο0(ξ) the first 
bifurcation point of ξ. Note that since AS is an open subset of i^ r , 5 ( f ) 
is closed in / . It will always be assumed that ά0(ξ) < 1. 

We are interested in the structure of Β(ξ) near b0 = ά0(ξ) for most ξ. 
Our main considerations will be under the assumption that L-(£&0) is 
finite. The results also apply when L+(f6o) is finite by replacing ξt by 
ξϊ1. It is an important unsolved problem 'whether for most ξ with 
ξ0 e MS> either L_(f bo) or L+(fbo) is finite. The next proposition, which 
is an immediate corollary of results of Brunovsky [2], shows that this prob-
lem is essentially a type of Cr closing lemma for the boundary of MS. 
We remark that even in the C1 case, the technique will have to be different 
from that in Pugh's closing lemma [12] because, as simple examples show, 
there are open sets in the boundary of some elements of MS all of whose 
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difïeomorphisms have infinitely many nonwandering points, but only 
finitely many a and ω limit points (see Example 1 in Section 7). 

(2.4) PROPOSITION For k > 1, r > 2, there is a residual set ψ~ a Φ*·Γ 

such that if | G ψ' and ξ0 e MS, then |&0 has finitely many periodic points. 
On the other hand, if ξ e ψ~, ξ0 e AS, and ξ^ has finitely many periodic 
points, then ξ0 e MS. 

We note that, for &[, Q as in (2.2), if ξ e ^[, ξ0 e AS, and L"(l&0) 
is finite, then Çbo G Q. To see this, observe that since L_(|f to) is finite, 
|fto e KS if and only if f&0 e AS, and ξΗ φ AS, since b0 e Β(ξ). 

For / e Q, choose Qn containing / . A coordinate neighborhood Q1 of 
/ in Qn will be called an intrinsic neighborhood of / in Qn. 

(2.5) THEOREM For r > 5, k > 1, there is a residual set ^ cz Okr 

such that if £ G ΨΙ, ξ0 e MS, and £~(£*>0) is finite, then there are a neigh-
borhood ^ of ξ in Φ*'7', an integer n, and an intrinsic neighborhood Q1 

of £ 6o in Qn such that if 77 e ^ , then η0 e MS, L,-^bo{r))) is finite, ά0(η) 
= inf{t e / : ^ 6 Ox}, and 77^) G £ . 

(2.6) REMARK We emphasize that Theorem (2.5) says that the set 
jzfk.r of I in ^ such that ξ0 G MS and L-(£bo) is finite is an open subset 
of 0k>r for r > 5, k > 1. 

Given an invariant subset F Œ M, set 

W*(F) = {;y G M : ω(3>) c F} , W»(F) = {y e M : a(y) a F}, 

W\F) = W\F) - F, W"{F) = W*(F) - F, 

where co(y) and a(y) are the ω and a limit sets of y, respectively. 
If L~(f) is finite, a /-cycle is a sequence of orbits O(p0), . . . , O(pj) 

such that pi G L ~ ( / ) for 0 < i <j, O(p0) = O(pj), and 

^u(0(PU) Π ^s(0(/>i + 1)) Φ<Ζ) for 0 < ί < j 

(compare with [15]). In this chapter we prove Theorem (2.5) except in 
a certain situation where L_(ff tJ is hyperbolic and has only a 1-cycle. 
The proof in the remaining case will appear elsewhere. 

Using some refinements of (2.2), we obtain 

(2.7) THEOREM Let J*fk>r be as in (2.6). There is a residual set ^ c j*?k>r 

k > 1, r > 5, such that if ξ es/k>r and L-(ffto) has no cycles, then there 
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is a neighborhood U of b0 in / such that ξt e MS for t e U — Β(ξ), 
and: 

(1) If some periodic point of £&0 has 1 as an eigenvalue, or if all the 
periodic points of ξbo are hyperbolic, then U n Β(ξ) is at most countable ; 

(2) If some periodic point of ξbo has — 1 as an eigenvalue, then U n Β(ξ) 

= {K}; 
(3) If some periodic point of f&0 has a nonreal eigenvalue of absolute 
value one, then U n Β(ξ) is zero-dimensional and contains a Cantor 
set K with b0 e K. 

(2.8) REMARKS (1) Some of the local bifurcation theory of periodic 
points used in the proof of (2.7) has been known for some time and is 
contained in the work of Brunovsky [2], Sotomayor [19], Ruelle and 
Takens [14], and others. (Conversations with Sotomayor and Takens on 
that material have been very helpful.) We also refer the reader to the paper 
of Sotomayor [19] for related global questions in bifurcation theory. 

(2) Some parts of (2.7) hold under weaker differentiability assumptions. 
(2.7.1) is true for a residual set for k > 1, r > 2, and (2.7.2) is true re-
sidually for k > 1, r > 3. We have stated the theorem as above in order 
to unify the results. 

(3) The set of ξ in ψ^ satisfying the hypotheses of (2.7) is open in 
0k,r= Ck(Iy&). 

(4) The no-cycle assumption is not necessary under the hypotheses of 
(2.7.2) and (2.7.3). It can be shown using well-known arguments that 
the existence of a cycle under those hypotheses would imply the existence 
of transversal homoclinic points, and, hence, infinitely many periodic 
points for £6Q. 

(5) If £bo is as in the second half of (2.7.1), then ξάο is .Q-stable. 

From Theorem (2.7), it follows that to determine the structure of 
Β(ξ) near b0 for most ξ with Z,~(£feo) finite, it remains to consider the situa-
tion where L_(f&0) has a cycle. We will study this case under some 
additional assumptions. 

Recall that two diffeomorphisms / , g e &r are said to be topologically 
conjugate if there is a homeomorphism h: M —► M such that fh = hg. 
f e ^r is structurally stable if any g e &r which is C1 close to / is topo-
logically conjugate to / . 

Our main result is the following: 
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(2.9) THEOREM Let k > 1, r > 2. There is a residual set ψ[ aJ^k'r 

such that if ξ e ^l, L~(ibo) is hyperbolic and has a cycle, and £&o satisfies 
(4.7) and (5.2), then there is a sequence tn —► 60 in / such that ξ(η e AS, 
Ω{ξ1η) is infinite and zero dimensional, and for ηφιη, ξίη is not topologi-
cally conjugate to ξίιη. 

We remark that for ξ as in (2.9), Β(ξ) is not countable. Also, since 
r > 2, each £,n in (2.9) is structurally stable by Robbin's theorem [13]. 

While (2.9) does not cover the general construction of a cycle even 
when 1,-(ξοο) is finite and hyperbolic, it does describe an open set of 
conditions which can be easily created from any Morse-Smale diffeo-
morphism (see Section 7). Hopefully, in the future, refinements of the 
present techniques will permit the improvement of Theorem 2.9 to the 
result in the following: 

CONJECTURE For a residual set of ξ : / -► Diff(M), if ξ0 e MS, L-(ffte) 
is finite, hyperbolic, and has a cycle, then there is a neighborhood U 
of b0 in / such that Β(ξ) n U is zero dimensional and there are infinitely 
many topologically different structurally stable diffeomorphisms in ξ(ϋ). 

REMARKS (1) In Thorn's theory of mathematical biology, the set of 
sinks (or attractors) of a dynamical system plays a central role (see [20])t 

One can give additional assumptions to (2.7) and (2.9) to obtain that for 
ε > 0, there are fs with b0 < t < b0 -f- ε such that the arc ξι has a sink 
far away from the sinks of £s, b0 — ε < s < b0. We give a brief descrip-
tion of these hypotheses for the case in (2.9). Suppose ξ0 e MS, Σ~(ξοο) 
is finite and hyperbolic, and 0(px) and 0(p2) are periodic points in a cycle 
of L-(ibo) such that Wu(0(p2)) n Ws(0(p1)) consists of one orbit 0(x) 
of quasi-transversal intersections. Assume also that dim Wu(p1) — dim 
Wu(p2) = 1. Let λλ < 1 be the largest absolute value of the contracting 
eigenvalues of TPif, and let λ2 > 1 be the absolute value of the expanding 
eigenvalue of TPif. Suppose λχλ2 < 1. Then, for most ξ, sinks will 
appear near x for some fs with b0 < t < b0 + ε. 

It is interesting to ask whether for most ξ with ξ0 e MS there is a neigh-
borhood U of b0 in / such that ξι has only finitely many sinks for t e U. 
There are indications that this question has a positive answer. However, 
if one only assumes that £0 e AS, then ξt may have infinitely many 
sinks for most t near b0 and greater than b0 (see [7]). 
(2) It will be shown later that the hypotheses of (2.9) guarantee that 
Ω(ξί) for t > b0 is far from Ω{ξί) for t < b0. That is, an ß-explosion is 
created at t = b0. Related ß-explosions were studied in [9]. 
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In view of Theorems (2.7) and (2.9), we pose the following problems. 

(1) Is it true for most ξ with ξ0 e MS that £"(!&0) or £+(l&0) is finite, 
and that L(ibo) has a finite number of orbits ? 
(2) Is Β(ξ) n U zero dimensional, where U is some neighborhood of 
b0 in I for most ξ with ξ0 e MS ? 

3 

Let U be a compact subset of a riemannian manifold M. L e t / : U —► M 
be a C1 embedding. In this section we derive general conditions for Uf 

= C\nezfn(U) to be a hyperbolic set for/. The techniques used are modi-
fications of those in [5]. 

Given x e U, ε > 0, and a direct sum decomposition TXM = Ex® E2, 
define the ε-sector about Ex by E2 to be 

S.(E19E2) = {(vlyv2) e Ex ® E2 : | v2 \ < ε \νχ | } , 

where | · | is the riemannian norm in TXM. When the splitting of TXM 
is understood, we will write SE(E1, E2) as 5ε(£Ί). If S is a subset of TxMy 

we will say that Txfis a A-expansion on S (or Txf\s is a λ-expansion) if 
| Γ*/(*0| >λ\υ\, for all v e S. 

Assume Πηβζ / η ( ^ ) ^ 0 . 
An almost hyperbolic splitting f o r / o n U is a (not necessarily continu-

ous) splitting TXM = Elx 0 E2x, for x e U such that dim E1 and dim Z?2 

are constant and there exist bounded positive nowhere zero functions 
ελ, ε2 on U, a constant A > 1, and an integer m > 0, such that 

(1) Txf
m(Se2{x)(E2x)) c Se2fm{x)(E2fm{x))y 

and 7^/™ | i S ^ , ^ ) is a A-expansion for x e Î7 n / - m ( f / ) , 

(2) Txf-
m(SSiix)(Elx)) cz Seif-m(x)(Elf-m{x)\ 

and ^ / - ^ l ^ ^ ( i 1 ^ ) is a A-expansion for Λ G £/ n / m ( C / ) . 

Note that the existence of an almost hyperbolic splitting for f on U 
is independent of the riemannian metric on M by simply choosing 
different multiples of m if necessary. 

(3.1) THEOREM If U has an almost hyperbolic splitting, then Uf 

= Omzfn(U) is a hyperbolic set fo r / . 
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REMARK Since there is at most one hyperbolic splitting f o r / on a given 
closed invariant subset, we see that all almost hyperbolic splittings for / 
on U give rise to the same hyperbolic structure on Uf. 

To begin the proof of Theorem (3.1), we observe that it suffices to 
prove the result assuming m = 1. For Uf a Ufm and is / ^-invariant. 
Setting g =fm, if UQ is hyperbolic for g, it is easy to show that Uf is 
hyperbolic for / . 

Let V = U nf(U) nf~l{U), and define ε^{χ\ ε2(χ) for x e V so 
that 

Sei'(X)(Elx) = Tf(x) f~\SHS(x)(Einx^)\ 

$62'(χ)(Ε2χ) = Tf-Hx)f(Serf-Hx){E2f-Hx))). 

Then Eqs. (1) and (2), and the uniform continuity of Txf and Txf~
x 

imply that 
sup εχ'(χ) · ε2(χ) < 1. 
xeV 

Otherwise, there would be a nonzero tangent vector at some point of V 
which Tf would expand and contract. In a similar manner, one can show 
that the functions ε^χ), ε2'(χ) above can be chosen to be bounded away 
from zero. Thus, changing U, ε1, and ε2, if necessary, we may assume 
εχ and ε2 are as in Eqs. (1) and (2), 

sup εχ{χ) - ε2(χ) < 1, 
xeU 

and εχ and ε2 are bounded away from zero on U. 
Let A = Uf. To prove Theorem (3.1) we will first show: 

(3) For x e Ay there is a unique subspace Ex
u c 5e2(x)(£'2a.) such that 

Ttf(Et») = Efa. 

The same methods applied to / _ 1 will show there is a unique subspace 
Εχ* c Sei(x)(Eix) such that T ^ / - 1 ^ 8 ) = Ef-Hx). Then we will show that 
Ex

u and Ez* are continuous in x. This, together with the expanding 
properties of Tf\ SH{x){E2x) and Tf-1 \ S6l{x)(Elx), will establish that 
Es 0 Eu gives a hyperbolic splitting for Tf on A. 

The first step of the proof is the following assertion. 
(4) There is an integer m > 0 such that for each x e A there is a unique 
subspace Ex

u cz SH{x)(E2x) such that 

Txf™{Ex«) = Efm{x). 
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Note that (3) follows immediately from (4). We prove (4). For m > 0, 
let 

Fmx— Tfm{x) f-
m(Elfm{x)) C S^^E^). 

Write 

Txf
m=(jimx i H 

with respect to the splitting Fmx 0 E^ = T^M, x e A, i.e., 

-"■mx I rmx—>- Fmfm(x), Cma. : t mx —*· ■ß2/m(ir) , 

-ßwa;: ^ 2 s ~~* Fmfm(x) > ^ m a ; : ^ 2 x ~~* ^2fm(x) · 

Let g^ be the disjoint union (JxçA L(E2x, F ^ ) , where L(E2xyFmx) 
is the space of (bounded) linear maps from 2?^ to Fmx, and let 

§ζ/ = {P : A -+&m | Px e L(£ t e , i ^ ) for all *, and sup || Px \\ < oo}. 
X 

g y is a Banach space with norm \\P || = sup^^ \\PX ||. Let 

&u = {P 6 8*,' : graph P , c S„te)(tfte, Elx)}. 

Since ^ is a closed subset of g^/, it is a complete metric space. Also, 
since 

sup ε^χ) · €2(x) < 1 and jFma. c 5ei(a.)(£liC, 2?te) for all x e A, 
Χ€Λ 

there is a constant Ä > 0 (independent of x and w) such that 

Se^iE^) cz SkiE^yF^), for all x and w. 

Thus, for any integer my if P e &m, then || P^ || < k, for all # e A. 
We seek E^11 = graph Px for some P 6 ^ m . The Txf invariance may be 

expressed as 
ΙΑ^ B^\lPxv\ = (Pf{x)u\ 
[C^ Dj\ v ) \ u ) 

for any v e E2x, where the matrix represents Txf with respect to Fm©E2> 
This equation is equivalent to 

ΑγηχΡχ + Βγ^. = Pf^Kpmx^x + Dmx)· 
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It will be shown that 

(5) for large m> 

\Cmx\k\DJx\ < 1 for all x e Λ. 

Assuming this for the moment, one sees that (CmxPx + An*)-1 exists 
for m large. Letting 

y=f -*(x) and ΓΜ(Ρ)Χ = (AmyPy + Bmy)(CmyPy + Dmy)-\ 

we see that we want a fixed point P of rm. Note that (1) implies that rm 

maps $?m into itself since 

graphCT^P)*) = Ty f(graph Py). 

We will show that for large m, rm : &m —► &m is a contraction. 
Imitating the proof of Lemma (4.3) of [5], we see that, for each x e Λ> 

II Λ . (Λ) , - rm(P2)x || < sjy) || Plv - P2V ||, 

where 

sjy) =(\Am\k\D3,\ 

+ | BmyD-„ty |)(1 - | Cmy \k | D4) - 2 \Cm\\ DÛ \ 

+ \Amy\\DÛ\(l-\Cmy\k\DÛ\)-1. 

We claim that 

(6) there is a constant v < 1 such that if m is large, then 

sup sm(x) < v. 

Once this is shown, it follows that Γη is a contraction, for let ε > 0 
be such that v < ε < 1, and choose χλ e Λ such that 

II rjp^ - rjp2)Xi || > ε || Γ ,ΛΛ) - rOT(P2) y. 

Then, letting yi= f _1(#i), we have 

II rjpj - Λ,(Λ) IK 4 " II Λ,ίΛ)* - rm{P*)Xl || 

< i » ^ l l || p^ _ p2yi || < J L || Pi _ p 2 ||. 
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To prove (5) and (6), it suffices to show: 

(7) 

(8) 

and 

| Amy | | Dm\ | -> 0 uniformly in y as m -> oo, 

| Cmy | | D^y | —► 0 uniformly in y as m —► ex», 

(9) there is a constant &x > 0, such that 

| JSmy D^ty | < £t for all m and all jy. 

Since each Fmy a Seiiy)(Ely, E2y)y the matrix i/m2/ of the identity mapping 
Fmy ® E2y -+ Ely © E2y has the form 

/ft* o\ 

where / is the identity mapping 

£, 2y *^2y y Pmy · -*i my * my £, lyy Pmy · " m j / * 2 /̂ > 

and for v e Fm2/, 

Also 

and for v e Ely, 

A » I < « I C V ) I A » Î 

I <(*>) | < i,(y) I < 4 » I, 

where <5i(j) is a bounded function. 
Note that since ελ, ε2

 a r e bounded away from zero, | ox
my | and | σ^ν \ 

are uniformly bounded functions. Let a1 = sup y m | o\ny | and σ2 

= SUPy,m | <y | · 

Consider the following commutative diagram of matrices: 

Fmy Θ E, my 

H 

mfm(y) ®F, 2f™(y) 

Hmfm(v) 

Ely ® E2y ► Elfm(y) © E2fm(y) 
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where 

φ l^my &my\ φί l^-my ^my\ φ/r _ l^my **my\ 
^my r< r) l> ^my \pr r y I > ^my l pu j\rr l> 

\^my LJmyl \^my 1^myl \^my LJmy' 

are matrices of Tyf
m with respect to the indicated splittings, and Hmyf 

re as above. Thus 

( ^my *-*my\ l^my ^\l**-my **my\ 

^my ^myl \amy *lv^mv ^myi 

Bmy \ 
Ttf I TV I 

^my \ ^myl 

Hmjm{y) are as above. Thus 

ι ι υ ; 

So for (7) we need 

I & my 

\^my 

to show 

A' -^my 
A' 
^■my 

1 ^my^my \ \ 

a1 

umy 

4- C" c2 

i ^my umy 

A»l | ^ 0 . 

to prove (7) it suffices to show that | Dm\ | is uniformly bounded. We 
actually prove | Dm\ | —► 0 uniformly in y as m —► oo. 

We have 

( 1 1 ) (Amy B^A = (amy ®\lAmy Bmy\ Ißmy ° \ 

\^my LJmyl \amy */ \^my ^myl \Pmy *l 

Hence, Dmy = o^B'^y + D'^y. Since σ2^ is the projection of Eifm{y) onto 

Now | σ ^ ^ I < a2 \A'my | < a2À~m
y by the definition of Fmy. Thus 

Fmfm(y) Œ ^ejm^E^m^) y E2fm{y))y 

| < J < £ i / m ( j ) . Also, since 

Tyf
m(E2y) C Se2fm{y)(E2fm{y) y Elfm{y))y 

\BZyD'^\<e2f"(y). 
Hence, letting v1 = supxe/1£i(x) · e2(x)y we have 

| alyB'^D'^ | < 8Yf™{y) · e2f™(y) < vx < 1. 

Now, let ^ G £2;y a n d | ÏJ I = 1. T h e n , 

= | (alvB£v DC? + I)D'^y{v) \ 

>(l-Vl)\D^(v)\, 
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and, for m > 0, 

Xm^\Tyf^(v)\ = \Bgv(v) + D^(v)\ 

= \(BgyD^+I)D-y(v)\ 

< ( l + s u p ^ e 2 / ^ ) ) | Z ) ^ ) | . 

Therefore, | D^v) | -> oo, and, hence, so does | Dmy(v) |. This implies 
that | D^y | —> 0, which proves (7). To prove (8), return to the expres-
sion (10). Note that C'my = 0 since Tyf

m(Fmy) = Elfm(y). Hence Cmy 

= ^myA'my. T h u s 

! Cmy I < I < , I | ̂  I < σ 2 1 ^ I < σ 2 Λ - - 0. 

Then (8) follows, since | Dtfy \ -> 0. 
For (9), returning to (11), we have 

β — σι ßff D = σ2 B" 4- D" = (σ2 B" D"'1 4- AD" 
■'-'my umy±Jmy y 1-Jmy umyJ-'my I 1-7my — \umyIJmy iymy ι ±)LJmy 

So 
n - i _ . Γ)"-ι / / i σ2 ßff 7V/-1 \ - ι 
^my ^my \x I umy±Jmy J-ymy ) 

Hence, 

I BmyD^\ = \ alJBZ,D'£\l + σ ^ f l ^ 1 ) " 1 1 
< ^(sup e , /" (y) ) ( l - n)"1. 

This proves (9). 
As remarked earlier, the methods in the proof of (4) applied t o / - 1 

will give a unique subspace Ex* c: Sei(x)(Elx, E2x) for each x e Λ such 
that Txf-\EX») = E}-Hx) or, equivalent^, Γ , / ( £ / ) = E}(x). 

Thus we may assume there are an integer m0 > 0 and a splitting 
TXM = £ / © £ / for each * e A such that 

(12a) £ / <= S. l t e )(£t o, £ t e ) , Γ , / ί ^ · ) = E}{x), 

and 

(12b) £,» <= ^ „ ( Ä * , £ l x ) , Γ , / ( ^ » ) = Ef{x), 

\Txf-«»\E*\ < λ - > < 1 . 

We now prove that Ex
a is continuous in x. A similar method works 

for Ex
u, so this will complete the proof of Theorem 4.1. 
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We first claim 
(13) Given ε > 0 and λχ > 1, there is an integer m1 > 0 such that 
if m > mx, x e Λ, and v $ SB(E£, Ex

u)> then 

| T , / « ( t O | > J i | t ; | . 

Let < , > denote the riemannian inner product on TxMy x e A. Write 
v = (v1, v2) with vx e Ex

s, v2 e Ex
u, and \υ2\ > ε \ νλ | , and write 

Txf » = Amvx + Dmv2, where Am : E* -* E}(x) and Z>m : E* - E?te). 
Then 

I Txf»(v) |2 = I Dm(v2) I« + | Λ > χ ) I« + 2<Z>>2), ^»(rO) 
> ( | Du(vt)\ -\Am{vx)\ )2 

> (*» | *, | - A-» | Wl | )2 

by (12). On the other hand, 

I » I2 < K I2 + I »,I2 + 2 I ^ I I v21 < - i - 1 vt |2 + | z>2|2 + -^-1 », I2, 

so 

ΚΙ2>(ΐ + 4τ + 4 Γ Μ 8 · 
Hence, 

I T,f*(v) i2 > (a«(i - ^ ) ) 2 ( i + 4" + ̂ -)_11 « I2-

from which (13) follows. 
Now let d denote the metric induced by < , > on the Grassmann bundle 

of s-planes over U. 
Let x e A, and assume xn —► x in A as n —► oo. If £Ίη does not approach 

2?/, then there are a δ > 0 and a subsequence (yn) of (#n) such that 
d(E*n, Ex

a) > ô for all n. Let ([/, φ) be a coordinate chart about x in 
M, with φ : U —► 2?m a difFeomorphism such that ç?(#) = 0. For y e U9 

let yy be the translation of Rm taking 0 to φ(γ), and let 

F* = Τχφ-ι o Wy o φ(Εχ"), Ff = Τχφ-ΐ o Wy o φ{Εχ*). 

There are a positive integer n0 and a positive real number ε > 0 such that 
for w > n09 yn e U, and if vn e E*n, vn φ 0, then υη £ SU(F*U, F*u). 
Choose m1 as in (13) for λχ = 2. 

Let (vnjc) be a subsequence of (vn) such that vnJ \ vnjc | converges to a 
unit vector w in TXM as Λ -► oo. Then w <£ Se(Ex

s, Ex
u), so letting 



320 S. NEWHOUSE AND J. PALIS 

m2 = m0m1 it follows that | Txf
m2(w) | > 2. Hence, if ynjc is close to x9 

This contradicts (12) since 

»«* e Elnk 

and completes the proof of the continuity of Ex*. 

4 

Here we prove Proposition (2.4), Theorem (2.5), and Theorem (2.7). 
For the proof of Proposition (2.4), we note that the methods of [2] 
can be used to show there is a residual s e t ^ " cz Ok>r such that for ξ e ψ^ 
the periodic points of !;t lie in one-parameter families in 7 X M. More 
precisely, for ξ e ^~, n > 0, the set 

Χη(ξ) = {(t, x) : x is a periodic point of ξι of period n) 

is a one-dimensional submanifold of 7 X M. 
Also: 

(4.1) (1) if Xn = Χη(ξ) is not closed in I X M, then n is even, 
X n — Xn a Xn/2, and if (£, #) e Xn — X n , then Τχξf2 has — 1 as an 
eigenvalue ; 
(2) if Τ{ίχ)π \ταχ)χη(ξ) fails t o t>e surjective where π:Ιχ Μ—>Ι is 
the natural projection, then 1 is an eigenvalue of Τχξιη; 

(3) for any tel, there is at most one periodic point x of ξ t with an eigen-
value of absolute value 1. 

Now assume ξ e ^ " and ξ0 e MS. Let 0(p1)9 . . . , 0(/>w) be the distinct 
periodic orbits of ξ0, and let Xni, . . . , Xnm be the one-dimensional 
submanifolds of I X M such that for/) e 0(pi)y (t>p) e Χηχ, i = 1, . . . , 
m. Then, (4.1), and the definition of ο0(ξ), show that there is at most one 
of the Xni which fails to meet ο0(ξ) X M. Also (4.1.2) shows if some X5 

meets ft0(|) X M with Χ5φΧηοί= 1, . . . , w, then X,· n ft0(f) X ^ 
consists of one periodic orbit of ί&ο(|), and it has 1 as an eigenvalue. 
This case corresponds to the introduction of a new periodic orbit far from 
the others. Thus, in fact, the number of periodic orbits of f 6Q differs from 
that of £0 by at most one. The same argument proves the second stat-
ement of Proposition (2.4). 

We prove (2.7) before (2.5) because its proof is shorter. 
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Let &[ be as in Theorem (2.2). Suppose ξ e $Tl9 ξ0β MS, £"(Ι&0) 
is finite, and £~(£&0) has no cycles. L e t / = £&o, and let 0(p1)9 . . . , 0(pn) 
be the distinct orbits of L~(f). Using obvious modifications of the 
methods in [8] (and, if necessary, relabeling the 0(pi))9 one may construct 
a filtration Mn => Mn_x => · · · => Mx 3 M0 = 0 for / such that, for 
0 < ί < n, 

(4.2) (1) /(M<) c in tM„ Ofo) c int(M, - M^); 

(2) n / j W - ^ - i ) = O(/>0. 

It follows from (4.2) that L~(f) = L(f) = Q(f). 

Proof of (2.7.1) First assume L~(f) is hyperbolic. 
Then it follows that / i s ß-stable, for there is a neighborhood ^ of f 

in &r such that for g e J^y O(g) is finite, hyperbolic, and has no cycles. 
Also, g e MS if and only if g e KS. Then, choosing U such that t e U 
implies that ξ( e ^9 U n Β(ξ) is at most countable by Theorem (2.2). 

Suppose now that 0(pi) is a periodic orbit with 1 as an eigenvalue. 
Thus, if n0 is the period of pi, then 1 is an eigenvalue of TPif

n°. Applying 
results of Brunovsky and Sotomayor, there are neighborhoods V of O(pi) 
and U of b0 such that for t in one component ofU— {b0}, £t has no 
invariant subset in V> and for t in the other component ofU— {b0}> ξ( 

has two hyperbolic orbits 0(q1)9 0(q2) in V of the same period as/^ such 
that ffîn(0{qx)) n ffîa(0(q2)) φ 0 , and the intersections are transversal. 
Now using the above filtration, one can show that if U is small enough, 
then L-(Çt) is finite and has no cycles for t e U, and L~(it) is hyperbolic 
for t e U — {b0}. Hence, 

υηΒ(ξ)= {b0}u {teU:St*KS}, 

which is at most countable. 

Proof of (2.7.2) Let O(pi) be the periodic orbit with — 1 as an eigenvalue. 
Again by results of Brunovsky and Sotomayor, there are neighborhoods 
V of O(pi) and U of b0 such that for t in one component of U — {b0}9 

there is one hyperbolic periodic orbit 0(pi(t)) of ξί in V of the same period 
as pi, and for t in the other component ofU— {b0}, there are two hyper-
bolic periodic orbits 0(qx(t))y 0(q2(t)) in V, one having the same period 
as pi, the other having twice the period of pi, such that 

^u(O(?i(0) n ^9(O(?2(0)) Ψ 0 . 

In either of the above cases, the indicated periodic orbits will be the 
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only ξrinvariant subsets of V. In the latter case, the intersections of 

^ ( ° ( ? ι ( 0 ) ) a n d ^8(°(?2(*))) a r e transversal. 
Using the above filtration, one can show that for U small, £"(£*) is 

finite and hyperbolic for t e U — {b0}. Moreover, since the stable and 
unstable manifolds of ξbo are transverse, one can show ξ( e MS forteU 
— {b0} with arguments similar to those used in [10] to prove that MS 
is open in §}f. 

Proof of (2.7.3) Let ψ^ c &[ be the set of ξ e &[ such that for any ty 

no periodic point of ξt has a nonreal root of unity as an eigenvalue. 
Assume ξ e ψ"ζ and f&0 has a periodic orbit O(pi) of period n0, with 

a nonreal eigenvalue λ such that | λ \ = 1. By the implicit function theo-
rem, there is a neighborhood U of b0 such that for each t e U, there is 
a unique periodic orbit 0(pi(t)) near 0(ρ{) of the same period as pi9 

and there is a unique eigenvalue Xt oip^t) near λ = A&o. Also, the mapping 
t \-> Xt is Cf - 1 , and we may assume it is transverse to the unit circle at 
t = b0. We suppose that | Xt | < 1 for t < b0y t e U. Then ξοο is to-
pologically conjugate to ξί for t < b0, and O(pi(b0)) is a "weak" attrac-
tor of 

£δ0 I W*(O(Pi(b0))) · 

The case | Λ̂  | > 1 for ί < 60 is handled similarly. 

Now, as we verified with Takens, the methods of [14] can be gen-
eralized to show that for each t > b0 near b0, ξf° has a unique invariant 
circle Zt* near pi(t0), and the fixed point pi(£t) *s hyperbolic. Also, 
ξ}° will be normally hyperbolic to Ej- in the sense of [6]. Takens also told 
us that the differentiability assumption in [14], that ξ:Ι X M^»M is 
Oy r > 5, can be weakened to ξ: I —>&r is C1, r > 5, which is exactly 
our setting. 

We claim that if t is near b0, f, G M5. Indeed, an application of 
Peixoto's theorem shows that we may find a Cr approximation g of ξί 

such that£((J 2V) = (J ^ À £ I U Σ} is Morse-Smale, and L(^) - (J -*V 
= Ρ(ίί). Since ξι is normally hyperbolic to (J 27/, £ can be chosen so that 
L(g) n (U <£?") consists of a finite set of hyperbolic periodic points. 
Also, g will not have cycles, so it is ß-stable. Now, by a small approxima-
tion, one can make the stable and unstable manifolds of g meet trans-
versely. 

Evidently, the facts above remain true for η in a neighborhood ^ o f ξ 
in ψζ using the same U. For t > b0(rf, let Σι

η denote the invariant circle 
of η?° near Zt

l. 
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Now using a trick employed in [18], one may complete the proof of 
(2.7.3). 

Choose a countable dense set {a{} in U, and let SSai (ξ) = {η e ^ : 
ηαί G MS}. Then^ a i ( f ) is dense and open in^T. Let ^f = Cia^a^)-
Then, for η e $^9 let Κη be the closure of the set of t in U such 
that the rotation number of η?° \Σ}, is irrational for some (and hence 
all) i= 1, . . . , w 0 . Clearly, Κη is a perfect, nowhere dense set, and 
b0(V) e Κη. 

We have shown that there is a residual set ψ^ a 0k*r such that if 
ξ e ΨΙ and satisfies the hypothesis of (2.6.3), then there is a neighbor-
hood JT of ξ in Ψζ and a residual subset ψ^ <z jr n ψ^ for which 
the conclusion or (2.7.3) holds. From this (2.7.3) follows easily. 

We now begin the proof of Theorem (2.5). 
Suppose ξ e ^*, ξ0 e MS> and L~(f&0) is finite. More conditions, each 

true for a residual subset of 0k>r will be imposed on ξοο until the desired 
conclusions are obtained. 

Case 1 Some periodic point of ξοο has an eigenvalue λ such that | λ \ = 1 
and λφ\. 

Let O(pi) be the periodic orbit having λ as an eigenvalue. Assume 
\Xt | < 1 for t <b0. The other case is similar. Then ^b0\w^O(Pi)y ls 

topologically conjugate to ξt \wncHviU))) f°r t < K (i.e., O(pi) is a "weak" 
attractor for ξοο \w*(0(pi)) if A ^ —1 or if A = —1 and there is only one 
periodic orbit of ξt near 0(ρ{) for t < b0). If λ = — 1 and, for t < b0, 
there are two periodic orbits of ξί near 0(ρ{), then ffto |ÏPU(O(P4)) is topo-
logically conjugate to ξι \wHO(ViU))) f°r t>K n e a r V I n a n y event, 
using the strong transversality condition and the fact that P(^b0)

ls finite, 
one sees that L~(fÔQ) has no cycles. Hence, one can construct a filtration 
for !&o as in the proof of (2.7). Now, it is easy to see that one can find 
an intrinsic neighborhood Qx of £&0 in some Qn, and a neighborhood^of 
ξ such that for η e ^ Ω(η() remains finite and hyperbolic until ηι reaches 
Ql9 and Σ~(η(ο) is finite where t0 = inf{t : ^ G j^J. Moreover, an 
appropriate version of the A-lemma [10] will ensure that the strong trans-
versality condition holds also until r\t reaches Q± which proves (2.5) for 
Case 1. 

From now on, as remarked earlier, we only need r > 2. 

Case 2 Some periodic orbit O(pi) of f&0 has 1 as an eigenvalue. 
First suppose £~(f&0) has no cycles. Choose small neighborhoods U 

of b0 and V of 0(p{) as in the proof of (2.7.1). Using a filtration for f&0, 
one can find a neighborhood ^ of ξ and an intrinsic neighborhood Qx 

file:///wncHviU
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of ξÖQ in some Qn such that if η e J^y &(yt) is finite and hyperbolic for 
t < ί0(η\ where ί0(η) = inf{t e I : r\t e Qx}. Let Uly U2 be the two 
components of U — {b0} with sx < s2 for s1 e Uly s2e U2. If ξ( has no 
periodic orbits for t e Uly then, assuming V is small enough, any stable 
and unstable manifolds of periodic points of ξι which meet V actually 
must have nonempty transversal intersections in V, If this were not 
true, there would exist fs in Ul such that nontransversal intersections 
would occur between stable and unstable manifolds of ξ(. This cannot 
happen by the definition of b0. Now appropriate applications of the 
A-lemma show that for η near £, η( will satisfy the strong transversality 
condition for t < ΐ0(η). If ξί has two periodic orbits in V for t e ΙΙλ, 
it may happen that there are stable and unstable manifolds of periodic 
points of ξί, arbitrarily close to 0{pi) which do not intersect. How-
ever, if n0 is the period of pi9 and 0(q1(t))y 0(q2(t)) are the periodic 
orbits of ξΐ9 a suitable version of the tubular family construction in 
[11] shows there are ff°-invariant codimension one topological disks 
^it y ^it tangent to the hyperbolic parts of Τξ?° at the points in the 
orbits of 5Ί(^)> ?2(0> respectively. If V and U are small enough, for each 
i9 both E[t and E\t will separate the component of V which contains them. 
Further, Z\t and E\t can be chosen so that they will coalesce into one ξοο-
invariant manifold as t arrives at b0. Such Z[ty E\t will exist with similar 
properties for η near ξ. Using this, one sees for η near ξ that no new 
intersections of the stable and unstable manifolds can be created for 
t < ί0(η) and, hence, as before, the strong transversality condition will 
hold for t < ΐ0(η). 

Now suppose L~(ibo) has cycles. We first remark that if U and V are 
as above, then we may assume Ux is the component of U — {b0} in which 
the periodic orbits 0(q1(t))y 0(q2(t)) appear. For if this were not the case, 
one could show that (restricting to a smaller residual set of ξ if necessary) 
arbitrarily near O(pi) there would exist periodic points not in 0{pi) of 
some St's with t e U1. Since b0 is the first bifurcation point of ξ, this 
would imply that Ρ(ξb ) is infinite, for none of these periodic points could 
disappear before t passes b0. More details on this appearance of periodic 
points will appear elsewhere. 

Since L~(ffeo) has cycles and all the stable and unstable manifolds meet 
transversely, it follows that every cycle contains 0{pi). For, since all 
the other periodic orbits are hyperbolic and their stable and unstable 
manifolds meet transversely, the existence of a cycle not containing 
O(pi) would imply the existence of transversal homoclinic points which 
would contradict the assumption that L~(f fto) is finite. The same argument 
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shows that if 0(q) φ O(pi) is in a cycle, then 

W*{0(q)) n dW^OiPi)) = 0 and W"(0{q)) n dW*(0(pi)) = 0 . 

(Recall from Section 2 that W s (0 (^ ) ) and Wu(0(pi)) are manifolds with 
boundaries.) A standard argument will show that if 

^ u ( 0 ( 9 l ) ) n ^ 8 ( 0 ( ? 2 ) ) Φ 0 

for some periodic orbits 0(q1)y 0(q2)y then there is a sequence # / , . . . , §*' 
of periodic points such that #/ G O(^ ) , j 8 ' G 0(q2), and H^u(<7/) Π ^8(?ί+ι) 
7^0, for z = 1, . . . , s — 1. Since the intersections are transversal, 

W«{0{qi)) n tf*(0(?,)) ^ 0 -

Thus the £-loop class of 0{pi) (defined as in [8]) consists of exactly 
the periodic orbits in the cycles containing 0{pi)y and the other c-loop 
classes are single periodic orbits. Now construct a filtration for f6o, 

Mn z) Mn^ z) . . . z> M 0 = 0 , 

separating the r-loop classes of L~(ffto). Let O(^ ) , . . . , 0(92) be the 
periodic points in the c-loop class of 0(p.j) with 0(qx) = 0(q2) = O(pi) 
and the other orbits distinct, and let A = (JÎ=I 0(?i)· 

We first prove that L(f&0) = L-(Sbo). One can actually prove in this 
case that ß(f&0) is finite, but we do not need this. Assume A a Mj 
- Mj_ly and let A' = ()n £ ( M , - M3.x). 

First suppose x e WU(A) — W8(yl). We show that ω(χ) c M ^ . 
Indeed, suppose, by way of contradiction, that x e Wu(qii) — WS(A) 
for some qix e A and ω(χ) φ Mj_t. 

Then, ω(χ) <z WU(A) n /Γ and there is a point qH e A such that 
ω(χ) Π ^ufe2) ^ 0. 

An easy version of [8, Lemma (3.9)] shows that there is a point 
x1 G ω(χ) n Ws(qi2). Also, ^ 2 cannot be in 0(pi)y for then one could 
find xx in dW\qi2) - {qh}y and, since dW*(q2) ~ {q2} n H^u(/l) = 0 , 
this would give a contradiction. Let gia e A be such that Λ?Χ G Wu(qi3). 
As before, ω(#) n ^s(#i3) ^ 0 , so ^ 3 $ 0(pi)y and we may find aq^eA 
such that ω(#) n ^s(#i3) Π W^u(<7*4) 7^ 0 . Continuing this process would 
eventually yield a cycle not involving 0(pi) which is impossible. Thus 
ω(χ) c Mj_x. 

Now if a? G M and ω(χ) η (M, — Μ ^ ) = 0 , then x G W*(q) for 
some periodic point qy since the £-loop classes in M — (M, — M ^ ) 
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are single periodic orbits. If ω(χ) n (Mj — Mj_t) φ 0 , then ω(χ) c Mj 
— Mj_l9 and we assert that ω(χ) = 0(q{) for some q{ e Mj — Mj_x. 
If this were not true, then there would exist a point xx in ω(χ) n ( WU(A) 
— W8(A)). By the previous argument, x1 e W^Mj^). But, since 
Ws(Mj_1) is a £fto-invariant open subset of M, this implies that 
x e Wa(Mj_1)y which is a contradiction. 

Since L(Sbo) is finite, it follows that 

W*(A) n W\A) = Λ' = Π ebo(Mj - Mj-J. 
n 

For each t < b0 near i 0 , let ^(1,) be the set of periodic points of £, 
in Mj — Mj_x. One easily sees that 

W*{A{èt)) n ίΡμ( ί , ) ) = Π f Î " W - ^ - i ) · 
n 

For ?y near f, let ί0(η) be the real number such that η^η) has a quasi-
hyperbolic periodic orbit 0(Ρι(η)) near 0(pi). Using tubular family 
techniques, one can show that for η near f, 

»*(Λ(ι,,)) Π W u ( ^ ) ) = Π Vt'Wi - Mj-J for f < ί0(η), 
n 

where Α(η() is the set of ^-periodic points in Mj — Mj_x, L^t) is finite 
and hyperbolic for t < ί0(η), and the strong transversality condition 
holds for t < ί0(η). Thus ί0(η) = έοί^)» which proves (2.5) for this 
case. 

REMARK Using tubular family techniques one can actually show that 
ξοο is semistable in the following sense. For t < b0, there is a continuous 
mapping ht: M —► M such that %\>ht — ht^t. This mapping ht can be 
taken to be a homeomorphism off the orbit of a small neighborhood 
of 0(Pi). 

Case 3 L-( | 6 o) is hyperbolic. 
This case will require some more notation and some preliminary 

results. Let 0(p1)J 0(p2) be the periodic orbits of ξ0 such that 
ffiu(0(p2)) n W^Ofot)) has an orbit of quasi-transversal intersections. 
In what follows, here as well as in Section 5 and 6, we make the as-
sumption that px and p2 are fixed points. This simplifies notation and 
makes the essential ideas more transparent. The general case may be 
obtained with straightforward modifications. 
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Let x e ffîu(p2) n ffi*(px) be a point of quasi-transversal intersection, 
and let 

sx = dim W\px\ s2 = dim Ws(p2), 

ux = dim \νη(ρχ\ and u2 = dim Wu(p2). 

Let Dw be the closed unit n-disk in the euclidean space Rn. We note that 
p1 may equal p2. 

We may choose neighborhoods Ux, U2 oipx, p2 such that, for t = 1,2, 
there are diffeomorphisms 9̂  mapping Ui onto Z)S1 X DUi such that 

and 
* e C/x n ^u(/>2) n ^8(/>i). 

Let &Q = / . We will identify ç? /^ 1 with / | [/< and U{ with Z>< X Z)u*. 
Write 

Z).» = ^ ( D * x 0) and D* = ^ ( O X J9U<) 

so that, with our identifications, Ut = D? X Dfy i = 1,2, Let nf denote 
the projection 

Ui = Df x D»-+Df for i = l , 2 , a = s,u. 

If we choose # close enough to />!, then, since x is a quasi-transversal 
intersection of Wu(p2), W^{px\ 

Similarly, for m large, / ~m(x) e U2 and 

dimiTy-rn^n^iTy-rn^W^P,))) = St - 1. 

Let λ be the weakest expanding eigenvalue of Tp f, and let μ be the 
weakest contracting eigenvalue of TPtf. Thus if λχ{μχ) is an eigenvalue of 
Τνιί\τνιΏΑΤν%ί\τρ%Ό%*) such that if λ1φλ>λ (μχ Φμ,μ\ then | λχ \ 
> \λ I ( I μι I <: I μ |). Write TPiZV = # ι Θ / ι , and T^Df = H2 ®J2, 
where H1 (H2) is the eigenspace corresponding to the eigenvalue λ(μ), 
a n d / i (Λ) is the sum of the other eigenspaces of TPlf\TpiDl*(Tp%f\TpnDtB). 
For y e Uly denote by TyD^ = Hly ®Jlyy the translate of H1 ©7Ί 
to y via cply and for z e U29 denote the translate of H2 ®J2 to z via 
φ2 by i/22 ®J2z. Using invariant manifold theory [6], one sees that for " 
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y e Z>!U, z e Z>2
8, the coordinates 

<px(y) = (ylyy2) G Ä d i m ^ i X i?ui-dim^ s 

φ2(ζ) = (zlyZ2) G RaimH* X R^~dimH2 

may be chosen so that φϊ1^2 = 0)), ^ iHÎJi = 0)) are/ - 1-invariant and 
tangent at pl to Hly Jly respectively, and <p2

1((z2 = 0)), <p2~1(C2'i = 0)) 
are /-invariant and tangent at p2 to H2, / 2 , respectively. Here it may 
only be possible to choose the coordinates φχ, φ2 to be C1. Previously, 
they could have been taken to be Cr. When convenient, we identify Hx 

with ^ ( ( y a = 0)), Jx with « ^ ( Ο Ί = 0)), etc. 
Let 

π η : />!»-► i f i , nl2:Dl
n-^Jly π21: D2*->H2y π2 2: Z)2

S-►/<>, 

be the natural projections. Note that if ZV1 = Hx, then π η is the identity 
and Jx = 0. A similar statement holds for π21 and / 2 . 

Assume M is furnished with a riemannian metric whose norm reduces 
to the usual euclidean norms on U1 and U2 via the coordinates φ1 and <p2. 

If dim H1= iy let i / 1 + = {j> e Hx : yx > 0} and define a half-sector 
S1+ about i / 1 + in Z)^ by 

S1+ = {y e Dx" : | y2 | < e y j , if Ml > 1, 

S1+ = H1+, if ux = 1. 

Similarly, let 

ffi-iyeflp^^O}, S ^ = { j e ö ^ : | y . I < - c y i } , if MX > 1 
S1_ = Hl_y if «! = 1. 

Let 
Ζ)ϊ+ = πΓί(^ι+) and Z)»_ = πΐ\{Ηλ_). 

Define H2+, H2_, S 2 + , 5 2 _ , D2+, Z)2_ in Z)2
S in an analogous manner if 

dim H2 = 1. For instance, i/2+ — {z e H2 : #x > 0}, Z)|+ = n2{(H2+)y 

etc. 
Figure 4.1 gives a typical picture of these structures in a three-dimen-

sional manifold with dim Ws(px) = dim Wu(p2) = 1. The following ob-
servation will be of fundamental importance. 

(4.3) For g nea r / , we may define all of the structures 99^,/>;(#), λα, 
Hi{g)y x(g)y etc., so that the new structures satisfy properties analogous 
to those of the structures defined for/. Further, these structures will vary 
continuously with g in the naturally associated topologies. 
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Figure 4.1 

When convenient we will refer to the above structures for g as ^-struc-
tures, and we will occasionally suppress notation and use the same letters 
for ^-structures as for /-structures. 

As in Section 3, given a direct sum decomposition of a normed vector 
space F = Ex © E2 and a constant ε > 0, let 

S.(Et) = Se(El9E2) = {(vlyv2) G F : | υ2 \ < ε \ vx | } . 

Let k > 0 be a constant. Define 

Cfci^i) = {y G Ζ)^ : there is a periodic point qz£px of / such that 
j G W\q) n ZV and η,(Η*(?) Π ZV) n Sk{HlyJly) does 
not contain a subspace with the same dimension as H^, 
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and define 

^(^2) — {y e ^ 2 S : there is a periodic point q Φρ2 of / such that 
y e W»(q) n ö 2

9 and Ty{W"{q) n ö2
8) n Sk(H2yJ2y) does 

not contain a subspace with the same dimension as H2). 

For a subset G Œ M9 let 

^ G = Π {^ : F <= G and G — F is compact}. 

(4.4) LEMMA There is a residual subset ^ c ^ such that if ξ e ^ 
and £&o = / is as above, the coordinates φ1, ç?2 may be chosen so that the 
following statements are true. 

For m large: 

(1) the (ux — l)-dimensional subspace 

Tfm{x)n^{Tfm{x)W-{p2)) 

of TViD^ contains a subspace arbitrarily close to J1 ; and 

(2) the (s2 — 1 )-dimensional subspace 

Tf-m(x)n2\ Tf-m{x) W\px)) 

of TV2D2
a contains a subspace arbitrarily close to J2. 

Also, there is a constant k > 0 such that 

(3) if Ch(<px) Φ 0 , then 

(a) λ is real and positive, 
(b) there is a half-sector *S1+ about H1+ in D^ such that C^±) 
cz S1+ and 

W»(p2) n πΐ-Η«^) = 0(*) η ZV, 

(c) W ^ n ^ c ö , . ; 

(4) if Ch(<pt) Φ 0 , then 

(a) μ is real and positive, 
(b) there is a half-sector S2+ about //2+ in D2

S such that Ck{(p2) 
cz S2+ and 

Ws(/>i) n ^ - 1 (5 2 + ) = 0(*) n Α Λ 

(c) dxWHpx) nD2* CÖJ. . 
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Proof Choose an intrinsic neighborhood Qx off in some Qn and a neigh-
borhood ^ o f ξ in 0k'r such that if η e ^Γ, then there is a unique number 
t0 near b0 such that η1ο e Qly η(ο has a quasi-transversal intersection of 
stable and unstable manifolds near x, and η is transverse to Qx at t0. To 
prove (4.4), it is sufficient to find a residual subset SSV c: Qx such that 
if η e J^ and ηοο(η) = g e &l9 then £ satisfies the conclusions in (4.4). 

Since λ and μ are the weakest eigenvalues, it follows easily that if the 
.conclusions of (4.4) hold for / = ξÖQ, the will hold for η near ξ with 
ηύο near/. Thus to prove (4.4), it remains to show that the properties 
may be obtained densely. 

For density of (4.4.1), by Sternberg's linearization theorem [3], given 
gi e Qi> w e maY find a C°° approximation g of g1 in Qx such that g is 
linear in some coordinates φί9 near pi(g), the point x(g) of quasi-trans-
versal intersection for g is in the domain of <plg, and 

T^trt, I ̂ «„»"•(p.te)) 

is transverse to Hlg. Then (4.4.1) for g follows immediately using the 
linearity of cplg og οφ£. 

The proof of (4.4.2) is the same. 
To prove density of (4.4.3), one shows again that it is true for most η 

with g = ηοο e Qx and linear in some C°° coordinates (plg. 
Supposing g = ηοο is C°° and linear in the coordinates φΐ9 on Ulg, 

let Ο^ζφ^) be the set of points y in D\g such that the linear map 

T^ixg \Ty(WB{y)nD*g)' 

is not onto Hlg. If C^fag) = 0 , by linearity, there is a constant k 
= k(<Pig) > 0, such that Cki(<plg) = 0 for k < kx. 

Thus we may suppose Ο^φ^) Φ 0 . Assume, by may of contradiction, 
that dim Hlg = 2. By approximating, we may assume Xg = gei€> where 
Θ/2π is not rational. 

For each t near Β0(η), there is a unique critical point of 

near the point x(g) of quasi-transversal intersection of Wu(p2(g)) and 
W*(pi(g))· The coordinates <plg induce complex coordinates on the two-
dimensional subspace Hlg in which g \Hig has the form z κ> Xgz = ρβίΘζ. 
We may assume that Tx(g)n\g \ Tx{g)W

u(p2(g)) is transverse to Hlg. Now 
since Θβπ is irrational and Ο^φ^) Φ 0 , there exist fs less than bQ 
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for which ηι has a nontransversal intersection of stable and unstable mani-
folds of periodic points. This contradicts the assumption that b0 was the 
first bifurcation point of η. Continuing with the assumption that Ο^φ^) 
Φ 0, a similar argument will show that Kg is real and positive. 

Using more approximations, we may arrange for the critical points in 
Cooi^ij/) to be nondegenerate, and then that C^fag) n Jlg = 0 . 

Now it is clear that one can find a half-sector about a half-line in Hlg 

which contains C^fag). If not, the definition of b0 would again be con-
tradicted. Also, the coordinates may be chosen so that C^fag) cz S1+. 
By linearity, there is a constant k > 0 such that Ck((plg) c= S1+. Using 
the definition of b0 again, one sees that the remaining properties in (4.4.3) 
will also hold for g. 

The proof of (4.4.4) is similar. 
We now prove (2.5) when Z,-(£feo) is finite, hyperbolic, and has no 

cycles. 
Construct a filtration separating the periodic orbits of ξοο as in the 

previous cases. Using this, one sees that £bo is ß-stable and each g near 
ibo has O(g) finite hyperbolic with no cycles. Assume ξ e ψ^, where 
ΨΙ is as in (4.4). Choose an intrinsic neighborhood J^ of ξ in 0kj such 
that for η e Jf^ ί0(η) = inf{t : r\t e Qx) is the first point where Wn{p2^t)) 
has a quasi-transversal intersection with W8(p1^t)) near x. Then, using 
tubular family techniques and the A-lemma, one sees that for J"* small 
and t close to b0, the only stable and unstable manifolds of ηι which could 
have nontransversal intersections are those which have transversal inter-
sections with Wu(p1^t)) and Ws(p2^t)), respectively. Also, the orbit 
of a nontransversal intersection has to have some point near x. 

Now, there are neighborhoods Ux of ZV and U2 of D2
U such that 

for any periodic points J i ( ^ ) , q^iVt) °f Vt: 

(4.5) (1) If y e W\qx^t)) Π Ulf then Ws{q^t)) contains an ix-disk 
through y near Dx

a ; and 
(2) If y e Wu(q2^t)) n U2> then Wu(q2^t)) contains a w2-disk 

through y near D2
U. 

Fix k as in (4.4). Using (4.4.1), choose integers nlf n2 such that 

Tfn^n^Tfn^W-ip,)) 

has a subspaceyy c= Sk/2(Jly Hx) such that dim/ = d i m / x , and 

Tf-n2{x)n2*( Tf-n2ix) W*(px ) ) 
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has a subspace J2 a Sk/2(J2, H2). If t is close to b0, and y is near x9 

VViv) and V^iy) Wl^ n a v e similar properties. 
Suppose Ck(Vl) = 0 . Then, by (4.5.1), and (4.5.2), if y e W»(q2(Vt)) 

Π W*{qx^t)) is near η^ι{χ), then Wu(q2tyt)) is transverse to Ws(#i(^)) 
at y. Similarly, if Ck(<p2) = 0 and y e Wu(q2^t)) n W8(?iO?«)) i s n e a r 

ηΊ™2(χ), then ^ " ( ^ ( ^ ) ) *s transverse to W8(q1^t)) at j \ 
Now suppose C^x) φ 0 and Ck(<p2) φ 0 . Let S1 + and S2+ be as in 

(4.4.3) and (4.4.4). If y is a point of nontransversal intersection of 
■W\qx{r\^) and Wu(q2tyt)) near ηγ1(χ)9 the previous arguments show that 
there exist an ^-disk 27g1 c Ws(<7i(^)) a w2"disk 27£2 in W^u(?2(^<)) such 
that y e Σ*ι n 2J» and such that 2 # n S1 + 7 ^ 0 , Σ* is C1 near Z)8^, 
2Ç« Π 5 2 + 7^ 0 , and 2J« is C1 near vp*"*(D%t). 

It follows from (4.4.3b) and (4.4.4b) that if J^is small enough, and t 
is close enough to b0i the existence of such a j> implies that t > i0(^)· 
This completes the proof. 

We proceed to prove (2.5) when L~(Sbo) is finite, hyperbolic, and has 
a r0-cycle, v0 > 1. It will be indicated that the proof also works if there is 
a 1-cycle and Condition (4.7) below is satisfied. The proof of (2.5.) in 
the remaining 1-cycle cases will appear elsewhere. 

It is interesting to note that the assumptions made in the cases consid-
ered here actually imply that the limit set L(Sb) will be finite and hyper-
bolic. However, we will give an example at the end of Section 7 to show 
that there are open sets of ξ's for which L~(f ft ) is finite, hyperbolic, and 
has a 1-cycle, but L+(£fto) is infinite and not hyperbolic. 

Assume ^ is as in (4.4), ξ e ^ , f &o = / , and : 

(4.6) ξοο = / a n d L~(f) is finite, hyperbolic, and has a i>0-cycle, v0 > 1. 

We continue with the previous notation so that Wu(p2) has a quasi-
transversal intersection x with Ws(p1) in Ul9 px and p2 are fixed, etc. 
As before, one may show that the only c-loop class of L~{ f ) which has 
more than one orbit consists of cycles containing px and p2. Moreover, 
letting jx = ply q2, . . . , qv = p2 be the periodic points in the cycles, 
and qi{t) be the corresponding periodic points for t near b0, one has 
that 

0*(Pi(O) Π Λ*(?<(0) Φ 0 for / > 1 , 

^ ( î i ( 0 ) Π tf*(p2(0) ^ 0 for i < v-

Also, these intersections are transversal. 
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It follows from (4.4) that if / is as in (4.6), then: 

(4.7) (a) λ and μ are real and positive; 
(b) d^Wvipj) n 2 V c Z)?_, and ^ ( W ^ ) ) n ß 2

s <= Dl_; 

(4.8) the coordinates φΐ9 φ2 may be chosen such that 

(1) (a) the {ux — 1 )-dimensional subspaces Tfm{x)n1
u(Tfm{x)W

u(p2)) of 
TVJ)^ converge to Jl as m —► oo, 

(b) the (i2 — 1 )-dimensional subspaces Tf-m{x)n2
s(Tf-m{x)W

s(p1)) 
of TP2D2

S converge to J2 as m -> oo. 

(2) there are a constant k > 0 and half-sectors 5 1 + , 5 2 + as in Lemma 
4.4, parts 3 and 4 such that 

(a) for any qx in a cycle of/, 

IF8(9i) n ZV c S1 + and »^( j i ) Π ZV c S 2 + , 

(b) 9 1 ( U ^ 0 / - ^ r 1 ( ^ i + ) ) Π Ö2
S c= £>§_, 

(c) W ^ o / " ^ - 1 ^ . * ) ) η ZV c Z)?_. 

To prove this, first note that, since \^η{ρΎ) has a nonempty transversal 
intersection with W9(p2), and x is a point of quasi-transversal intersection 
of Wu(p2) and W8(p1)f either u2 = uY or u2 = ux — I. Thus, u± -f- i2 

< dim M + 1, and, by (4.4.3) and (4.4.4), this implies dim Hx = dim 
H2=\. 

Now (4.8.1) follows immediately from (4.4.1) and (4.4.2). If u2 = uly 

(4.7) and (4.8.2a) follow immediately from (4.4.3) and (4.4.4) since 

dim(W"(p2) n W\px)) = 0. 

If u2 = Wj — 1 and either of (4.7) and (4.8.2a) were not true, (4.4.3) 
would imply the existence of transversal intersections of Wu(p2) and 
Ws(p1) in πϊ-1(Ζ)^_) which would contradict the assumption that L~(f) 
is finite. 

It remains to prove (4.8.2b) and (4.8.2c). Observe that shrinking C/j 
and U2, the half-sectors S1+ and S2+ in (4.4) may be taken arbitrarily 
close to H1+ and H2+y respectively. Also it follows from (4.4) that for 
U1 small, 

3 i (U / - " ( # ! + ) ) Π D2
3 c Ζ)|_, and ^ ( ( J /»(ff a +)) Π ZV <r Z)J_. 

n >0 « >0 

Now (4.8.2b) and (4.8.2c) are obtained by choosing S1+ near H1+ and 
S2+ near i / 2 + . 
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As before, let Mn = ) · · · = ) M0 = 0 b e a filtration for / , and for t 
near b0) let 0{qi{t)) be the periodic orbit near O(^) , for i = 1, . . . , v. 
Choose j such that O(^) <= Mj — Mj_x. Let 

A=\J 0(qt). and Λ' = f ) / " W ~ ^ - 0 -

At this point, one can prove [assuming/is as in (4.6)] that L(f) is 
finite and û ( / ) = L{f) u 0(#) . Also, there is a neighborhood V οί χ 
in M such that if there are integers nx < n2 and a point y e M such 
that /n i( ;y) and fn*(y) are in F, then fni(y) e ^ - 1 ( 5 1 + ) and there is 
an integer n^ between nx and n2 such that/n i '(j>) e tt|-1(S2+)· The argu-
ment to be used is a slight modification of the one used to prove that 
L(f) is finite if L~( / ) is finite, has a cycle, and has some periodic point 
with one as an eigenvalue. For instance, to prove L+(f) is finite, one 
first shows that if y e Wn(A) — W*(A), then co(y) c M5_x. This is 
proved as follows : Assuming the contrary, one obtains a point in 

œ(y) n W*{px) n W\A) n (^-1(^i+) - #i8)· 

Using (4.8.2b) one then gets a point in 

œ(y) n W»(A) n (Da· - S2+) 

which contradicts (4.8.2a). Then, using the fact that Ws(Mj_1) is open, it 
follows as before that L+(f) is finite. The other assertions at the begin-
ning of this paragraph are proved similarly. 

Now if η is near ξ and ΐ0(η) is the first time for which ηι has a quasi-
transversal intersection of Wn(p2^t)) and W8(p1^t)) near xy then for 
* < h{n\ 

W*(pM) c π^(Ζ) ϊ_) - ZV c= W(M^). 

It follows that Z,(iyf) is finite and hyperbolic for t < £0(?7) and L^t) 
has no cycles for t < ΐ0(η). On the other hand, it follows from (4.8) for η 
that the strong transversality condition also holds for t < ί0(η). This 
proves (2.5) when / satisfies (4.6). 

Continuing with the assumptions that ξ e ^ and f &o = / , suppose 
L~(f) is finite hyperbolic, has only a 1-cycle, and (4.7) holds with 
Pi= p2- Then it can be shown that (4.8) also holds. Moreover, arguments 
similar to the ones just given will prove (2.5) for this case as well. One 
proves that L(f) is finite, Q(f) = L(f) u 0(x)9 etc. 
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This completes the proof of (2.5) except when L~{f) is finite hyper-
bolic, has a 1-cycle, and fails to satisfy (4.7). As has been mentioned, 
the proof in this remaining case will appear elsewhere. 

5 

In this section, we prove Theorem (2.9). We also show that the assump-
tions in this theorem are satisfied by an open set of ξ in Φ*»Γ, k > 1, 
r > 2 . 

Continuing with the notation of Section 4, let ^ be as in (4.4), and 
suppose ξ e ^l and ξbo = / . Assume also that : 

(5.1) L~(f) is finite, hyperbolic, has a cycle, and/satisfies (4.7). 

Then, the results of Section 4 show that / satisfies (4.8) as well, and 
that L(f) is finite and hyperbolic. The assumption that / satisfies (4.7) 
will be needed, since we are not necessarily assuming there is a /-cycle 
with 7 > 1. 

Let λ0 be the minimum of the absolute values of the eigenvalues of 
TPif\ T^D^ which are different from Λ, and let μ0 be the maximum of 
the absolute values of the eigenvalues of Tv%f \ TP2D2* which are different 
from μ. 

The main assumption we need is 

(5.2) (1) λ*<λ0,μ*>μ0; 

(2) there is a constant k > 0 such that given ε > 0, there are intervals 
Bi Œ H1+, B2 cz H2+ such that 

(a) dist(B1,p1) < ε, d is t (52 , p2) < ε, 
(b) CM n πϊΙ{Βλ) = 0 , 
(c) Ck((p2) n π21{Β2) = 0 , 

(d) fffl . ffl > (1 + h) min{A, μ-ΐ}, v } d i s t ^ ! , ^ ) dist(B2,/>2) - v -r ^ \ »f /» 

where 1{B^) is the length of Biyi= 1,2; 
(3) dim W^{px) = dim H^u(/>2). 

To give some feeling for the meaning of (5.2.2), we mention that if there 
are periodic points q'y q" o f / s u c h that ^η{ρλ) c W*(q')y dim Ws(q') 
= dim M, W\p2) c Wu(q")y and dim flTu(?") = dim M, then (5.2.2) is 
implied by the condition μ + A-1 < 1. 
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It follows from (5.2.1) and the invariant manifold theory in [6] that 
we may assume the coordinates φί and φ2 chosen such that they satisfy 
all the properties of Section 4, are of class C2, and such that 

f-l(nl-\H2) Π/ (£ / , ) ) <= n%-\H%)). 

Moreover, (4.3) is still valid using the C2 topology for φ1 and <p2. The 
present technique seems to require these facts for (2.9) to hold. If one 
moves to C°° maps with the C°° topology, then using linearization theo-
rems, one can get these properties to be satisfied for a dense open set of 
/ ' s , so assumption (5.2.1) can be omitted. On the other hand, it may be 
possible to obtain Theorem (2.9) even in the C2 topology without 
assuming (5.2.1). 

(5.3) PROPOSITION The set of ξ in ΨΙ such that ξοο satisfies (5.1) 
and (5.2) is open in Φ*»', k > 1, r > 2. 

Proof The openness of (5.1) is contained in Section 4, so we need only 
consider (5.2). We show (5.2) is an open condition on / in i^r , from 
which (5.3) follows using Theorem (2.5). 

It is clear that (5.2.1) and (5.2.3) are open conditions. 
Now note that the methods of Section 4 show that if / is close to g 

which is C°° and ψ{ is near a linearization of g> then (5.2.2b) and (5.2.2c) 
are true for / with some constant, k > 0. Therefore, it remains to examine 
(5.2.2d). 

Let Bx and B2 satisfy (5.2.2d). Recall that for g near / , Blg and B2g 

will be defined as in (4.3). 
We claim that if Bx, B2 are close enough to px, p2, there is a neigh-

borhood J^ of / in S>r such that for g e J^ and any integers m > 0, 
n > 0, (5.2.2d) holds for g with Blg and B2g replaced by g~n(Blg) and 
gm(B2g), respectively. From this, since g~n(Blg) -^ρχ and gm(B2g) -> p2 

as min(/w, n) —► oo, (5.2.2d) for g follows. Hence (5.3) will be proved. 
To prove the claim, we first show that if Bx is close to px, then for 

7) ' A. y - y ^ Λ is close to '<*> 
dist(f-"(B^pJ dist(BlyPl)' 

Since the estimates in the proof will be preserved under small perturba-
tion, it will follow that the analogous statement for g near / and Blg 

will be true. Then, similar methods will yield the corresponding results 
for g near / and B2g. 
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Let J5n be the interval in H1+ from px to the point of Bx nearest px. 
First note that, for n > 0, 

l(f-n(B1)) _ / ( / -W) = « . Ijf-**-»(Bi)) 
dtst( /-»(51) , / ' i ) Kf-n(Bu)) ßn / ( / " < - » ( * „ ) ) ' 

where αη is the derivative o f / - 1 |ff at some point in/~(n_1)(J51) and ft 
is the derivative o f / - 1 |H i at some point in/~(n~1)(Z?11). 

Thus, 

Kf-n(Bl)) ^ « , «n-l «1 TO 
dlSt(/ " T O ^ l ) ft ' ft_! ■"' ft / ( * „ ) ' 

and (1) will follow if we show that S i close to px implies Π?=ι «i/ft is 
close to 1 for any n > 0. 

Let 

*! = sup | T/f -11 and Ç = 1{βχ υ B u ) 

The mean value theorem gives that for 1 < j < w, 

If ε > 0 is small, and Bj is close to />!, then 

/ ( / - y - » ^ u B u ) ) < (A-> + ey-»ζ, and ft· > (A~* - e) 

for 1 <j<n. 

Thus 

I a, - A I < W 1 + e)*-1 

I «j I ^ i i I "ji - A I 
I A I - I A I 

< 1 + Λ, ίμ - 1 + «y-1, where k2 = kj(i~l - e). 

(2) Therefore, 

n-f-^na + wi^ + ey-1). 
Now C —► 0 as Bx —► px, so given εχ > 0 we may find ε small enough 
and Bx close enough to px so that 

(3) g w - x + «y-1 < βι· 
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Further, for ε2 > 0, we may choose εχ small enough so that (2) and 
(3) imply that for any n > 0, Π/=ι ajlßj < 1 + «2- Similarly, one shows 
for Bx close topx and n > 0, Π?=ι ßjlaj < 1 + £2 > which proves Π?=ι «i/A? 
is close to 1, and hence proves (1). 

The proof of Theorem (2.9) is contained in the next result. 

(5.4) There is an open dense set ψ^ czs/k>r, k > 1, r > 2, such that 
if ξ G ^ β , and £6o satisfies (5.1) and (5.2), then given ε > 0, there is a ^ 
with b0 < tx < b0 -f ε such that f fi G ̂ 45 and Ω(ξ(ι) is infinite and zero-
dimensional. Moreover, the minimum period of the periodic points which 
are not isolated points of Ω(ξ(ι) goes to infinity as ε approaches zero. 

REMARK Recall that a basic set for ξίχ is a maximal closed invariant 
subset of Ω(ξίι) with a dense orbit. It will be shown that the Ω(ξ(ι) in 
(5.4) has one infinite basic set. Under assumptions (5.1), (5.2.1), and 
(5.2.2), if one replaces (5.2.3) with the assumption that dim Wu(p2) 
= dim Wu(p1) + 1 (the only other possibility), then appropriate modifi-
cations of the proof of (5.4) show that for ε > 0, there is a t1 such that 
b0 < t1 < b0 -\- ε and ξtl e AS. This tx is to be chosen so that the prop-
erty analogous to the one in statement (2) of the proof of Lemma (6.4) 
below holds. However, for this tx, Q(£t) will not necessarily be infinite, 
and, even if it is, there may be two infinite basic sets. More precisely, 
let A be the set of periodic orbits in the cycles of/ containing px and p2. 
If 

W*{A) n n\l{Bx) = 0 and W"(A) n π2{{Β2) = 0 , 

then ξh e MS. If 

W*{A) n %i (ß i ) = 0 , but W*{A) n π2\{Β2) φ 0 , 

then Ω(ξ(ι) will have one infinite basic set containing pii^tj- If 

W*(A) n %i (£ i ) Φ 0 , but W\A) n π2}(Β2) = 0 , 

Ω(ξ^) will have one infinite basic set containing p2(Stl)' Finally, if 

W\A) n iql(Bx) φ 0 , and W\A) n π2\(Β2) φ 0 , 

then Ω(ξ(ι) will have two disjoint infinite basic sets one of which contains 
pi(£tl)

 a n d the other of which contains ρ2(ξti). (See Example 4 of Sec-
tion 7.) 

Before continuing, we state the final open dense conditions needed for 
(5.4). Notice that by (4.4.1), the subspace T^^TJV^p^) may be taken 
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to be transverse to Hly so the manifold π^_ 1(ϋ1) is transverse to Wu(p2) 
at x. Thus, since dim Wu(p2) = dim Wn(px\ π ϊ " 1 ^ ) η Wu(p2) is a 
one-dimensional manifold near x. The first additional condition needed 
for (5.4) is the following: 

(5.5) If v is a nonzero tangent vector in TxW
n(p2) Π TxW

8(p1)y there 
is a C2 curve 

y : [ - l , l ] - ^ u ( / » 2 ) n ^ - H / / i ) 

such that y(0) = #, y'(0) = z>, and π ^ / has a nonzero second derivative 
at zero. 

Now let n be the least positive integer such that for n > nyf ~n(x) e U2. 
We may assume/~n{x) e int U2. For each y e Uiy let Z)^ be the coor-
dinate w-disk in Ui parallel to Df which contains y, i = 1,2. Define 
D»iy similarly. If z e D% for y ef-n{Ux) n U2y set D\\ =f(D%y). By 
(5.5), if z is close to p2y 

has one nondegenerate critical point ρ(ζ) near x. Standard results about 
nondegenerate critical points give that ρ is a C1 function on a neigh-
borhood of p2 in M. 

The final condition needed for (5.4) is 

(5.6) The function π^ρ is a C1 diffeomorphism from a neighborhood 
of p2 in H2 onto a neighborhood of px in i / x . 

Observe that the methods in the proof of (4.4) show that if y is as in 
(5.5), the second derivative of π^γ at zero is negative, and if ρ is as 
in (5.6), the mapping π^ρ is orientation reversing on the small neigh-
borhood of p2 in H2. Also (5.5) and (5.6) are open dense conditions 
o n / = f v 

We begin the proof of (5.4). 
Continuing with the notation above, assume f f t o = / satisfies (5.1), 

(5.2), (5.5), and (5.6), and that all the necessary auxiliary structures are 
defined as before. In particular, px = qly . . . , qv = p2 are the periodic 
points in the cycles, px and p2 are fixed, Wn{p2) n f^s(/>i) = 0(x) in 
the cycles, px and p2 are fixed, Wn(p2) n ffi*{p\) = 0(x) is an orbit of 
quasi-transversal intersections, x e Uly and if pi^p29 [)%=l ^u(Çi) *s 

transverse to (Jî=i W\qx). 
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Let 

Λι = ( 0 Wu(?*)) Π ( 0 »*(*)) - 0(χ)9 

Λ2 = W*{AX) η W*(AX) = Λ,υ 0(x). 

Using filtration techniques, we may find compact neighborhoods Vx of 
Ax and Vz of x such that 

(5.7) (i) v1nvt = 9,vZd(f-Kvi)-v1)n(f{yi)-v1y, 
(2) Λ = n „ / B ( ^ i u V3) = £>(/) n (Vt u F,); 

(3) Fx r> (Ui.i ^8(?i)) n C/x and V, r> (\JU W\gi)) n £/,; 

(4) n « o / * ( ^ i ) = WU(A), nreao/-"(^i) «= ^ 9 ( A ) , 
Π - ο ο < η < ο ο / Μ ( ^ ) = Λ · 

Put V2 = Vx u F3. Then, if £ is close to / , J2(£) c Q^g) u A t e ) . 
where ßi(^) is a finite hyperbolic set near P(f)— V2 and A ( £ ) = ruw 

We will prove 

(5.8) There are f/s arbitrarily close to 60 such that: 

(1) A2(Stl) is a hyperbolic set; 

(2) ξ1χ satisfies the strong transversality condition. 

Once (5.8) is proved, one shows with direct arguments similar to 
those in [16] that dim A2(Çtl) = 0 ana* t n e homoclinic points of px are 
dense in Λ2(ξ(ι). Then it follows from [8] that Α2(ξ(ι) is topologically 
transitive with periodic points dense. Further, it will follow from the 
proof of (5.8) that the minimum period of the periodic points in Α2(ξ1χ) 
goes to infinity as tx approaches b0. This will prove (5.4). 

We remark in passing that it follows immediately from (5.8) and the 
results in [8] that ξ(ι e AS, so if one is not interested in the zero-di-
mensionality of 0(Sti), the corresponding arguments in [16] may be 
avoided. 

We proceed to prove (5.8.1). 
Assume dim Wn(px) = dim Wu(p2) = w, and dim W\px) = s. Setting 

E* = T2W*{z\ Ez» = TzW"{z) for zeAl9 

one can show easily that Ax is a hyperbolic set for/. Assume Ux and U2 

and the riemannian metric on M are chosen so that the metric is adapted to 
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Ax (see [5] for the definition). When convenient, we will write 

TyD? = TyDl and TJ)? = TyD\y, 

where D\y and Dfy are the coordinate disks defined before (5.6), i = 1,2. 
Given a splitting TyM = Ey

s © Ey
u and ß > 0, the sectors Sß(E/)y 

Sß(Ey
u) will be defined as in Section 3. 

We may assume Ux and U2 are small enough so that there are constants 
ßi > ß* > 0» λ' > 1 such that 

(5.9) (1) ft A < 1 ; 

(2) F o r y e ^ n / - 1 ^ ) , 

Tyf(Sß2(TyD^)) <= Sß2{Tny)D?\ and Γ , / L · 

is a λ'-expansion, i = 1,2; 
(3) For j y e ^ n / ( £ / < ) , 

V " W W ) ) c S^Tf-toM), and ^ / - M e f t c r ^ ) 

is a A'-expansion, / = 1,2. 

Further, we may assume Fx is chosen small enough such that the splitting 
E* 0 Eu of ΤΛιΜ extends to a (not necessarily invariant) splitting 
Ey

s 0 Ey
u, for j ; e F j , so that the following is true. If we define 

Ely = Ey* for yeV1-(U1u C/2), 

Ely= TyDf for ye Ui9 ι = - 1 , 2 , 

and 
£2y = JE/ for yeV1-(Ulu t/2), 

£ 2 2 ,= 7 y V for ye Ui9 i= 1,2, 

then Ely 0 £"22, is a splitting of TyM, for j e Vx u t/χ u f/2, and there 
are positive functions ax, a2 defined on Vx U Z/χ U t/2

 a n d a constant 
λλ > 1 such that 

(5.10) (1) For * = 1, 2, ο̂  is continuous and bounded away from zero 
on Vx — (Vx u t/2), and a^y) = β for y eV%\ 

(2) (a) F o r ^ e ^ n / " 1 ^ ) , 

TV f{S«2iV){E2v)) Œ S*2nv>(E2nv)) a n d ^/UaKW^y) 

is a ^-expansion, 
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(b) For y eV.nfiV^ 

Tvf~\SH(v)(Elv)) Œ S*if-Hy)(Elf-My)) a n d Tyî~X \sauy)Œly) 

is a Ai-expansion. 

One sees this by first obtaining the splitting Ey
s 0 Ey

u on Vx and con-
tinuous functions a{ on Vx satisfying properties similar to (5.10.2), and 
then defining a^y) to be oci(y) or ßi at the appropriate points. 

Remark (4.3) applies equally well to all the structures in (5.10). We 
will occasionally suppress notation and use the same letters for structures 
associated to g near / . 

Next we state the fundamental lemma needed for the proof of 
(5.8.1). 

(5.11) LEMMA For ε > 0 and λ2 > λχ > 1, there exist tx with b0 < tx 

< b0 + ε, integers n0f n0\ nly n2y with n0 > n0' > n± + n2, and a real 
number e > 0 such that if g = ξΗ and y e V3 n Π-η0<;<ηο g~j(V2)> 
then : 

(1) g*(y)t Vzy for 0 < | n | <n0
f; 

(2) Tyg"*(Se(E2y)) c Sa2gn2(y)(E2gn2iy)); 

(3) T 1 ^ 2 is a A2-expansion on Se(E2y); 

(4) Tyg-^(TyM - Se(E2y)) a Saig-n1{y)(Elg-n1{y)) ; 
(5) T1^"711 is a A2-expansion °n Tykf — Se(E2y). 

The proof of Lemma (5.11) will be deferred to Section 6. Note that 
(5.11.1) implies that gj(y) e Vx for — nx <j < n2. 

Let 
V? =V3n 0 * " W 

-n0<j<n0 

For 
yeV2- (J ^ ( ^ o ) 

-fti <i <n2 

let ^ (y) = a^y), i = 1, 2. For y e^ - n i (F§° ) , define ε ^ ) so that 

^B2(y)(E2y) = Tg-){y)g
j(Se2g-)(y){E2g-)(y)))y 

and 
Se^yAEly) = Tgrl(y)g~ri(Seigrl{y){Elgrl{y)))y 

where rx = nx + n2 — j . 
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With these definitions, we claim 

(5.12) There is an integer n3 > n0 such that if y e Π - η , ^ ^ η , ^ ' ί ^ ) » 
then 

(1) ^ySn3(^e2(V)(^2y)) Œ S62gnZ(y)(E2gnz(y))\ 

(2) Tyg
n* is a ^-expansion on Se2(y)(E2y)\ 

(3) Τνβ-η*(8ει(ν)(Ε1ν)) a Seig-nz{y){El{rnz(y))\ 

(4) Tyg-n* is a ^-expansion on Sei{y)(Ely). 

Once (5.12) is proved, the hyperbolicity Theorem (3.1) applies to 
prove (5.8.1). We only prove (5.12.1) and (5.12.2) since the other proofs 
are similar. 

Given an integer n, a point y e M, and a subset F cz TyM, define 

*{Tyf I F) = i n f { I Tytip) \l\v\:veFyv^0}. 

Let 

kx = mi{m{Tygn | Se2(y)(E2y)) :ye f) rj(V*)> -*!<"< n2}, 

and let £ = \ m i n ^ , kx). 
For m > w0, define 

—m<j<m —m<j^m 

and for y G ^ , write S2y = Se2(y)(E2y). 
Note that if 

yeVm-( (J £> (*» ) , m>n2y 
0<j<n2 

then 7 ^ | S2y is a ^-expansion since e2(y) < a2(j;) except on 
Oo^<n2gwn 

Let ^! > 0 be a positive integer such that Xv^k2 > λλ, and let n3 > n0 

+ max(«!, n2) be large enough so that {nz — v^)\n2 — 1 > νλ. We claim 
that this «g satisfies the conditions of (5.12). 

Let y G Vn. We make some observations. 

(5.13) (1) If s > 0 is such that n3 — sn2 < vx, then s — 1 > vx, 

(2) If £ % ) $ V%\ for 0 < j < n < /z3, then 
(a) Tygn(S2y) c S2an(2/), and 
(b) m ( r ^ | 5 2 2 / ) > A r ^ ; 
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(3) If y e V%° and gj(y) $ V%° for 0 <j < ny n2 < n < n3, then 

MTuf I S2y) > λ\-^λ2 > AÏ—+1. 

(5.13.1) follows from the definition of n3. For (5.13.2a), first note that 
since nz > n0 + max^j , n2), 

K3n( U gi{Va)) = Vn% n ( U *>(*»). 

Now suppose y e Vnz and g*(y) Φ V%Q for 0 <j < n < w3. If 

^6 U *TO = U **(*». 

then (5.13.2a) follows easily from the definition of e2. Observe that, 
by (5.11.4), the fact that S^z){Elz) n SH{z)(E2z) = (0), for z e g-^{V^), 
and the definition of ε2, it follows that Se%{z){E2z) <= Se(E2z)y for 2: e F30. 
Thus, if 3; e F£°, then 

Tygn2(S2y) C *5α2(2/)(£
,
2α

η2(2/)) = S2gn2(y)i 

by (5.11.2). Also, by the definition of ε2% if 

j e U i?W= U *W), 

then (5.13.2a) holds. Assume now that j> £ U-^si^nt^i^s)· If 

i"(y)e U * W ) . 
—nx <j<0 

then 
t2gj(y) = «^' ( j ) for 0 < / < w, 

so (5.13.2a) holds. On the other hand, if there is a first integer m < n 
such that gm(y) G g-ni(V%°), then Tyg

m{S2y) a S2gmiy) as in the previous 
case, and 

Tvg
n{S2y) = 7>(ί/)^-™ o 7 ^ ( 5 * ) c ^ ^ - - ( S ^ , ) c= S2gHy) 

by the definition of e2(y). 
To prove (5.13.2b), first recall that if y φ \J0<j<n2g

j(Vs0)> t n e n 

m(Tyg I 52ΐ/) > λΐ9 and if 3; e gj(V%>)> for some 0 < / < n2, then 
m(Tygn2~j\ S2V) > *. Thus, under the assumption of (5.13.2), if 
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y € Sj(^3°) f°r some 0 < / < n2> then 

m(Tygn I S2y) > m(ran2-%)r-^-'> | S2„n2-%)) · « (Γ^«· - ' | S2y) 

On the other hand, if y φ Uo<;<n2^W)> then e2g*{y) = atf*(y), for 
o < y < w, so 

(5.13.3) is obvious using (5.11.3), and the above mentioned facts that 
for y e V%°> 

S2y^Se(E2u) and τη(Τ^ \ S*) > λχ for z φ (J g*(V*·). 
0<j<n2 

Now we indicate how (5.12.1) and (5.12.2) follow from (5.13). For 
ye Vnz, if gm(y) Φ V%°y for 0 < m < n3, let m1 = n3. Otherwise, let 
0 = m0 < mx < · · · < ms <n3 be the successive integers such that 
gm(y) e νψ. Then gn(y) £ V%0, for mi<n < mi+ly and (5.13.2a) gives 
that for i > 1, 

Tgmuy)(S2gmi{y)) CZ 02ί»»4+ι (2 /), 

from which (5.12.1) follows easily. 
Now, if y e V%° n Vn^ then£n(y) $ J^°, for 0 < n < n0' and w0' > n2, 

so, for i > 2, mi — m ^ > n2. Thus, by (5.13.2b) and (5.13.3), 

m(Tyg
n* I S2y) > ^ i - ^ / ^ - m x - ^ + l . . . ^me-me-i-n2+l^n3-m^ 

Now, w3 — sn2 > (i — 1)«2 > 0 and s — 1 > 0, so 

^3-^2+5-1^2 > max{A?3-^2/j2> 4j-i£2} > ^ 2 > ^ 

This proves (5.12.2) and hence (5.12). 
Thus, to complete the proof of (5.8.1), it remains to prove Lemma 

(5.11). This and (5.8.2) will be proved in Section 6. 

6 

Here the technical Lemma (5.11) and the strong transversality condi-
tion of (5.8.2) are proved. This completes the proof of (5.8). 

Continuing with the notation of Section 5, we may assume Vz is such 
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thatf~n(V3) c= int U2, that the critical point ρ(ζ) of 

is in Vz, and that the w-disk ΐ)\\ contains ù\\ n Vz in its interior. 
Using the techniques in [11], we may construct surjective invariant 

tubular family retractions r1 : C/n —► Dx
u> r2 : U21 —► D2* on compact 

neighborhoods C/n o f / " 1 ^ 8 ) and U21 of/(Z)2
u), so that 

(1) (a) for y e r^U^), r~\y) is a Cr i-disk, 
(b) r1f~

1 =f~1r1 on a neighborhood £/12 cz Un of ZV, 
(c) the map z ι-> ^VT^iC^)) *s continuous into the Grassmann 
bundle of ^-planes over Uu; and 

(2) (a) for y e r2(U2l), r2\y) is a Cr w-disk, 
(b) r2f = fr2 on a neighborhood £/22 <= C/2i of D2

U> 
(c) the map z\-+ Tzr2

x(r2(z)) is continuous into the Grassmann 
bundle of «-planes over U21. 

Also, rx may be taken so that r\\H^) n Ux = n\-x{Hx). Note that 
£1

β = πϊ-1(£1) = Γϊ1(ρ1) n C/!. Recall that n11:Dl*-+H1 and ^21· 
Z)2

S ~* ^2 a r e t n e natural projections. Let 

V11 = ^ n r i I U\: ^ 1 ~* # 1 a n ( l Wi = ^21^2 I U2: U2^ H2. 

A pair (̂ 4, B) of closed intervals in Hl will be called a linked pair in i/j 
if 4̂ lies to the left of B in H1 (with respect to the real coordinates defined 
by φχ) and A n B is a single point. Similarly, one defines linked pairs 
in H2. A pair of intervals (^ ,I2) cz Hx will be called overlapping if/x n 72 

is an interval of positive length whose endpoints belong to int Ix u int I2. 
If A is a closed interval in Z/x (H2)> int 4̂ means its interior in Ηλ (Η2). 
Let k be as in (4.4). Define 

WB,t ={yeU1: TyW»{y) c SiV2(/i„ Θ W , #i„)} , 

Wu.t ={yeU2: T„W»(y) <r S m ( / 2 ) / 0 TyD2\ H2v)}. 

(6.1) LEMMA If U1 and i/2 are small enough, there are constants 0 < cx 

< 1, c2 > 0, c3 > 0; linked pairs ( l? n , Bx) a Hly (B2l, B2) a H2\ a 
neighborhood [// of Βλ1 u Äj in U1, and a neighborhood U2 oi B21 u J52, 
with the following property : Given ε > 0 and w4 > 0, there are integers 
n', m' > n4 and a pair of overlapping intervals (I2,I2i) <= Hx such that 

(1) Βλ and 5 2 satisfy (5.2.2); 

(2) px e int( / -» # (B u ) n / 2 1 ) , />2 e int( / - ' (ß 2 1 ) ) i 
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(3) /(/„) < cJif-'iB,)), /(/- '(£„)) < cj(l2 - /„); 
(4) 1(/-«'(Β1))>α2(λ-ε)-"'; 

(5) 1(/«{Β,))>€,(μ-ε)<*'; 

(6) / ( / -» '(Bu)) < c3l(f-«·^)), l(fm'(Bn)) < i , / ( / »'(Ä,)) ; 
(7) /(/-»'(fix))"1 '2 < ^ ( / " W ) - 1 ' 2 ; 
(8) rlQ(nZ(f<»'(B21)) nf»'(Ut')) <r In,rie(f»'(Ut')) => / t u / „ ; 
(9) (a) d i s t ( ^ M n ΨΊΪ(/-η'(Βη u £ 0 ) , y i i ( / ^ ' ( 5 0 ) 

> C 2 / ( / - » ' ( ß 1 ) ) . 
(b) dist(WUii n y>ä(fm'(B21 u 5,)) , v ï i ( / m ' ( 5 2 ) ) 

> * , / ( / » ' ( £ , ) ) ; 
(10) (a) y>ïî(f-«'(Bn u 5 0 ) Π fT.it = : / - « ' ( [ / / ) , 

(b) « ? ( / " ' ( * « U ^ 0 ) Π Wu.t c / » ' ( t V ) . 

Proo/ Choose Bj and £ 2 as in (5.2.2). At first, we let Z?n be the interval 
in i / 1 + fromp! to the point of ß j nearestpx (i.e., the connected component 
of H1+ — int Bx containing px), and let B21 be the interval in H2+ from 
/>2 to the point of B2 nearest p2. This is convenient for the estimates below. 
At the end of the proof, we will stretch BX1 and B2l slightly so that (6.1.2) 
will hold. By the proof of (5.3), if Bx and B2 are close enough to px and 
p2y respectively, then (5.2.2) is still satisfied if one replaces Bx by f~n{B1) 
and B2 by fm(B2), for any n, m > 0. 

Let ρ = rxQ. We will find integers n', m' > w4 so that, setting I2 

= Qfm'{B2)y I21 = Qf™'(B2X\ (6.1.2)-(6.1.7) and (6.1.9) are satisfied. 
Then we will move the lower endpoint of I21 into I2 so that (6.1.3) is 
still satisfied. After this, t / / and U2 can be chosen so that (6.1.8) and 
(6.1.10) will hold. 

Let Fly = T^T^iCy))» f°T y e ^ l i · Since H1 is the weakest expanding 
eigenspace of Tp f and dim H1 = 1, one can use a modification of the 
proof of Theorem (6.3b) of [5] and methods in [4] to show that, for υχ 

small, Fx \ Ux is partially C1 in the following sense. There is a real number 
à > 0 such that if γ : [0, 1] —► υχ is a C1 curve such that 

y'(s) G Sd(Hly{8) ® T^D^J^) for all s, 

then the curve Fxy is C1. 
For ô > 0, call an arc γ : [0, 1] —► Dx

u a à-arc if 

/ ( * ) G Sd(Hlyi8)Jlyis)) for all i, 

Since f\ is partially C1, rx I ^ - 1 ^ ) is a C1 fibration, and there are constants 
0, τ > 0 such that 
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(6.2) (1) If y is a <5-arc in ZV, then 

diet(rrMO), τ?γ{\)) > * dist(y(0), y ( l ) ) ; 

(2) if j>, # e i7x are such that rx(y) can be joined to rx{z) by a (5-arc, 
then 

(3) if y and # are such that z e D^y (i.e., nx*{y) = π^(ζ)) and rx{y) 
can be joined to rx{z) by a (5-arc, then 

dist(Fl2,, Fl2) < τ-1 dist^n^uy, v ^ ) , 

where the first distance is in the Grassmann bundle of s-planes over Ux. 

Of course Hly{s) above is to be understood as the one-dimensional 
subspace of Τγ{8)υχ parallel to H1. 

Assume min(A, μ_1) = μ-1. The other case may be treated replacing 
/ b y / - 1 · 

Now pick 0 < cx < 1, e small, and Bly B2 as in (5.2.2) such that: 

< l a ' Cl disti/-«^),^) dist(/-(52),/>2) ~μ + Ζ ε 

for ny m > 0, 

(lb) Α - β < | η / | Η ι | < λ + ε for yeH.nU,, 

(lc) Λ·-1 J- < | TV/""1 | Ä . I < Λ·"1+ «I» for yeH2nU2. 

Now, q{p2) = ply and by (5.9.2), and the fact that rx \ n\~\H^) is a 
C1 fibration, one has that ρ | H2+ is a C1 diffeomorphism of a neighborhood 
of p2 in i / 2

 o n t o a neighborhood of px in i / l e Thus for m large, 

W W ) _ l(Qfm(B2)) Kfm(B2)) 
dist(ef-(£,) , l>i) /(e/ro(ß2i)) / ( / m ( ß n ) ) 

Therefore, we may choose m0 large enough so that 

* ' * d i s t ( / - (B 1 ) , / ' i ) dist(ëf-(*,) , p 0 - ^ + ε ' 

for w > 0, m >m0. 
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Choose n such that 

cAf-n(Bi)) < dist(g/*o(fia),M 

and let m > m0 be the least integer such that 

(3) dist(Qf»(B2),Pl) < cJV-^B,)). 

Then, 
* , / ( / - (* , ) ) < d i e t ( g / - i ( £ t ) . Λ) 

< dist(çf'»(Β^,ρ^Μμ-1 + e/2), 

where kx = | Τ^ρ |Ha | and A2 = | TyJ}-1 \Hi |, for some points y^ 

6 / " ( f i i ) j . f ë / " ( B · ) · 
lî m > m0 is large, A ^ is near 1, so we may assume (taking w larger 

also) that 
d i s t f ê / - 1 ^ ) , ^ ) < (,ι-ι + e) dist(g/*(Ba)»ii)-

Hence, 
cÄf~n{Bi)) < t> 

(/u-1 + e)dist(ë/'»(B2),/>1) 

SO 

K > dist(f-»(B^pj > dist(/ -»(£,)» Λ) 

1. ( /i-1+e)dist(e/'»(ß2))/)1) 
by (2). 

Now (3) and (4) give (6.1.3) for I21 = Qfm(B21), I2 = ρ/">(Β2), and 
w' = n,m' = m. 

Also, (6.1.4) and (6.1.5) follow from (lb) and (lc). 
(6.1.6) follows from an argument similar to one used in the proof of 

(5.3). One shows that 

and 

for some constant £3 and ε small enough for the product to converge. 
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For (6.1.7), note that the method of proof of (6.1.6) will also show 
l(fm'(B21)) > c2l(f

m'(B2)) for c2 small, since/1 H2 is a diffeomorphism. 
Thus, 

l(f-n>{B1))>-Ll(In) 
Cl 

= -7- Wm'(B*i)) > -7- kl(fm'(Bn)) > -7 s - / ( / m W ) 
6 1 6 1 c l 

where k = inf{ | Τνρ
_1 \ : y is in the domain of ρ - 1 } . 

Observe that the ri and w' needed for the above properties can be 
chosen arbitrarily large. This will be true below also, so we can satisfy 
the condition n\ w! > w4. 

To prove (6.1.8), enlarge I21 slightly by setting it equal to £(/m '(B£i)) , 
where B21 ZD B21 is obtained by sliding the left endpoint of B21 into B2. 
This can be done so that (6.1.3) still holds. Now choosing U2 so that 
fm(U2) n D2* is very close to fm(B21 u B2)y for all m > 0, one may 
obtain (6.1.8). 

We proceed to prove (6.1.9a) and (6.1.10a). The other proofs are 
similar. 

Fix k as in (4.4) and (5.2). 
Then dist^iiOBx), W%th n ZV) > 0. Also, by (4.4(3b)), WSfJc n Df is 

in a half-sector about H1+ in Dx
u, so f~j(W8k n Z)ju) approaches H1+ 

as j—► 00 (i.e., f~j(W8k n ö i u ) gets in arbitrarily small half-sectors 
about i / 1 + ) . 

Assuming C/χ is small enough, the methods of the proof of (5.3) can 
be used to show there are neighborhoods 0 of Bl9 Ϋ of WBtk Π τζϊ}(Β1 

U ß n ) in M such that Ü n P = 0, and 

dist(/-^(C7 n D?)J-i{Y n ZV)) > cl{f-^Bx)) for y > 0, 

where r is a constant independent of l{f-i{Bx)). 
Also, we may pick t?, P so that r1(Ü)=Ü n Z)/1 and rx(V) = P n ZV· 

Then, 
(a) / - > ( # n ZV) =f->(Ü) n Df = r x / - > ( # ) , and 
(b) Γ Γ 1 / - ί ( ^ η Ζ ) 1 - ) = ΓΓ1/-'Γ1(Γ) 

= ΤΗ'Ίί^η n/->(P))) = t/u η/->(Γ). 
Since /-i(WB,jfc Π Oiu) approaches Z/1+, we may assume 

(c) dist(Wa>k n wïîf-^B, u 5 „ ) , WTif-}(Bi)) 

> dist(W.,t n raU-'ißi u £„)), ^ Κ ί Ζ - ^ ι ) n/->(#)]). 
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By (6.2.1), there is a constant c2 > 0 so that 

dist(rry-*(Ü n ZV), rr1/->(P n ZV)) > c,l{f-i{Bx)) for ; > 0. 

Thus, by (a) and (b), we have 

(d) dist(rr'( / - i (0) n />!»), I / u n / - ' ( P ) ) > cJlf-HBJ), for/ > 0. 

It is easily checked that for U1 small and y large, 

Un nf-i{WKt n P) => W.>t n r^ni\f-^B1 n fi„), 
so, 

(e) Uu nf-H?) => W.,t n r^nTif-'iB, u ß „ ) . 

Now, using (c)-(e), and the obvious fact that 

*ίί(/- '(*ι)) n/->(#) = /->(0) n ZV, 
we get 

dist(Wift n rîWif-j(Bi U fi„), r-^nilf-^B,)) > c2l{f-^Bx)) 

for large / , 

which is (6.1.9a). Similarly, it is clear from (e) that £// may be chosen 
to satisfy (6.1.10a). 

Recall that V2 = V1 u V3 is a neighborhood of Λ2 such that Ç\nfn{V2) 
= Λ2. 

Let M = Mri z> Mri_! => · · · => Mx z> 0 be a filtration for / such 
that V2 a int(Mio - MiQ_x). Note that / ( M ^ ) cz int M ^ and 
f-i(M-Mio)czmt(M-Mio). 

(6.3) LEMMA If L^ and U2 are small enough, and £// and C/2' are as in 
(6.1), there is an integer m1 > 0 such that for n > 0, 

(la) / m > + > 7 i / - " ( ß i U (# ,_ - 5 η ) ) <= int M ^ , , 
(lb) / - " V t e i / ^ i Ä i u Ä u ) n / - » ( t V ) ) <= intMi o_ i ; 

and 

(2a) f-m*-y£f-n(Bz u (tf,_ - fiM)) <= int(M - Mio), 
(2b) / - » • - V t e ï / · ^ , U Ä.0 n /»( f / 2 ' ) ) c i n t ( M - M<0). 

Proo/ We prove the first part of (6.3.1a); that is, there is an integer 
m1 > 0 such that for n > 0, 

/ » ' * V ï î / - " ( B 0 c i n t M ^ j . 

The rest of the proof is similar. 
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Let Wx* = Uï=2 W8(?i)· S i n c e d i m Wu(Pi) = d i m Wu(p2)> it follows 
that dim W*(qi) = dim W8(/>i) for i = 1, . . . , v. By the A-lemma, if 
Ux is small, Wf Γλ Ux a Ws>k. 

Using the methods of the proof of (6.1.9), one can show that if Βλ and 
BX1 are close enough to p1 and £// is small enough, the following is true. 
There is an interval B3 cz H1+ such that B3 => B1 and 

(1) for w > 0 , /»(yri/^(Äi)n/-(£/1 '))cVi;}(Ä,)nt/1 ' , 
(2) for Q<j<n, fi

VTÎf-n(B1)'=fîîfJ-n(B3)'=Wl1
1(U1'nH1), 

(3) foKÄ,) u (νΓί(£/ι' n ffx) - t//)] n » ? = 0. 
Now recall that a proper fundamental domain for Wu(p1) is a compact 

set G c »*(/>!) such that/)! $ Gyf
2(G) n (5 = 0 , and {ft} u l U z / n ( £ ) 

= W^u(/>i). Given such a (5, let G be a compact neighborhood of G in M 
such t h a t / 2 ( G ) n G = 0 ( G is a proper fundamental neighborhood for 
wHPi))- W e m aY assume B1 cz int G, ^ B n G c £//, and G I D / " ™ 0 

CDiu — / _ 1 ( £ \ u ) ) , for some integer m0. Let G' be a compact subset 
of G such that G' n Wx* = 0 , and y>li(ß3) U (y l i ( tY n # i ) - C/,') 
cz G'. For each y e G', the ω-limit set co(y) cz M i o_x , so there is an 
integer wx > 0 such that fn{G') cz ί η ^ Μ ^ ) , for n>m^. 

Now the choice of G' and Eq. (1) show that for n > 0, 

fn(fl\f-n(Bl) n / - « ( [ / / ) ) cz yriC^a) U t/ i ' c tf}(fi.) <= G'. 

Suppose jv e vTi /~"(Ä i ) — / ~ " W ) > a n d let 0 < j < » be such that 
/ ^ ( y ) e IV, b u t / % ) ί C//. Then 

/ ' Ü 0 e / > T i / - " ( £ i ) - I V <= VnWi ' n # 0 - £V, 

by (2), so f>(y) e G'. Hence fm'+n(y) e int M ^ , for n > 0. 
Therefore, for any M > 0, 

u / ^ + ^ n 1 / - " ^ ) -f-n{Ui')) c intM i o_x . 

For « > 0 and £ near / , put 

fV(*)=F,n Π *TO· 
—n < j <n 

Recall that / ~n(x) e int U2, for w > w. The structures in Lemma (6.4) 
are to be understood as the ^-structures corresponding to the associated 
/-structures as indicated in (4.3). 
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(6.4) LEMMA Let c2y c3 be as in (6.1). There are two more constants 
c4, c5 > 0 such that for ε > 0 and w4 > 0, there exist b0 < t1 < b0 -{- ε 
and integers nQy n0', n\ m! such that, putting g = ξ(ι> 

(la) n0 > max(«o', n! + m'), min(n0', ri> m') > #4, 
( lb) dist(B1)p1) < ε, dist(B2,p2) < ε, 
(2) /ΟΤ ' (βΟ) > *,(* - *)"»', l(g*'(Bt)) > ε2(μ - β )* ' , 
(3) lUT'(Bn)) < cJlg^'iBJ), l(gm'(B21)) < cJ(g»'(Bt)), 

(4) if y e V?(g), then 
(a) gi{y)$ V3 for 0 < | ; | <n0', 

( b ) Ty(D%,) C Scj{g-n>(Bl))-i,2(E2y\ 

(C) Tyg-n(TyM — 52Csi(i/-n'(jBl))-i/2(£ ,23y)) ^ ^c6l(gm'(B2))-^(Elg-n(y))y 

(d) ye Π r W ) , i-*Cv)e f) * W 
0<j<n' 0<?<m' 

Proo/ Fix Μ ΐ ο ,Μ ί ο _! , and wx as in (6.3). Examining the proofs of 
(6.1) and (6.3), one sees that for g near / , the facts in (6.1) and (6.3) 
remain true for the corresponding ^-structures. Thus, given ε > 0 and 
«4 > ml9 if we choose n' and m' as in (6.1), then (6.3.1b), (6.3.2), and 
(6.3.3) are true for ξ1γ = g near / . 

From (4.8.1a), it follows that there are a neighborhood V4 of x and an 
integer m0 > 0 such that if z e V4 and g is close to / , TZD^Z contains a 
subspace J'lz of dimension u — \ such that 

(i) V t / U ) c s«4«^Ä)· 
It follows from [19] that, since ξ is transverse to the codimension-one 

submanifolds Qn a j§?r at b0, the parameter t moves Wu(p2) through 
\¥*(ρχ) at x so that, for b0 < t < b0 + ε, Wu(p2(Çt)) has two points 
of transversal intersection with Ws(/>i(f t)) near #, and rltQt(D2p^t)) > 0 
in the real coordinate in Hx{^t). 

Thus, we may choose tx with b0 < tY < b0 + ε such that (1) holds 
and the intervals I2,121 (for g) are such that 

721 c= i n t * - » ' ^ ) . ^ ' ( ^ n ) <= int(/2 - 721), 

d i s t ( / 2 1 , ^ ( ß n ) ) > ±^l(g-n>{Bl)). 

Suppose n0 > m1 + m' + w'. It follows from Lemma (6.3) for g that 

(3a) F3. <= r?teîg-*'(Bu) n £-"'(£/,'))> 

(3b) * - * ( * » <= r ^ K i r ' i ^ , ) n r W ) ) · 
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Now from (2), (3), and (6.1.8) for^, one sees that there is a constant 

c > 0 such that for y e V%°y there is a C2 curve γν\ [0, 1] —► ΐ)\\ near 

tyy Π π ? " 1 ^ ) s u c h t h a t : 

(4a) the second derivative of πλλπ^γν at $ is less than — c for all s in 
the domain of γυ\ 
(4b) π^^, is a ό-arc connecting rx{y) with r^(j) , where δ is as in Con-
dition (6.2); 
(4c) dist^r^jy) , rlQ(y)) > cl^^B^) ; 
(4d) Γ Λ 0 Λ = Γ Α . 

From (4b), (4c), and (6.2.2) for gy it follows that 

(5) d i s t f o ^ O O , π^ρΟΟ) > Tclig-n'iBJ). 

Now (4a), (4d), and (5) imply that there is a constant c5 > 0 such that 
(6.4.4b) will be satisfied for y e V%° and n0 > m1 + rri + ri. Further, 
(6.4.4c) follows from (6.4.4b) using (6.1.7) for gy and (6.4.4d) follows 
from (3). Finally, one chooses n0' to be the smallest integer such that 
either gn°'.(V%°) n F 3 ^ 0 o r g~no'(V%°) n V3 φ 0 . It is clear that one 
may arrange for n0' to be larger than w4. This proves (6.4). 

Using Lemmas (6.3) and (6.4), we complete the proof of Lemma 
(5.11) by proving 

(6.5) Given ε > 0 and λ2 > λλ > 1, we may choose n0y ri, rri and 
g = ξΗ as in (6.4) so that, for y e V%° = V%°(g)y 

(la) Tyg
n'(S^Ug-n'iB^-wiEîy)) <= Sa2gn>{y)(E2gn'{y))'y 

(lb) V kC5i(,-»<(Bl))-.Ä) 

is a A2-expansion ; 

(2a) Tg-n{y)g~m (SCBi{gm'{B2))-i/2(Elg-n{y))) CI S<Xxg-n-m'{y){Elg-n-m'{y))\ 

(2b) Tg-n(y)g ™ \sceHgTn'{B2))-V2(Elg-n{y))y 

is a A2-expansion. 

Once this is proved, (5.11) follows taking nx = riyn2 = n + #*', and 

* = 2c5/(^-'(fi1))-1/2· 
We prove (6.5.1) and leave the similar proof of (6.5.2) to the reader. 
Let £/,', rx: £/n-► ZV, and Fl y = Ϊ ^ Ο Ί Ο Ο ) be the ^-structures 

corresponding to those in the proof of (6.1). Let y e V%°. Then 

^r^Mr'(ßii)nr'(yi')) 
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by (3a) in the proof of (6.4). If n' is large, (6.2.3) and (6.1.6) for g imply 
there is a constant c7 > 0 such that 

Fly Œ Sc^t{g-n'(Bl)}Pl){Ely,E2y) 
Œ *$.7l<0-n'<Bii»(2?ly> E2y) 

Œ SClCzi(g-n'{Bl)){ElyyE2y), 

Hence, for some constant c6 > 0, 

S2c5l{g-n,(B1))-^(E2y, Ely) <= SC6i{g-n>(Bl))-i/2(E2y , Fly). 

So, if 

we may write v = vx -f- v2, with z;x G F l y , ^2 6 Ä2 y , and 

I vt | < α^'^ο)-1 7 21 », I < 9̂(A - ey* \v2\, 

for a constant c9. 
Since jy G F§0, gj(y) G t / l f for 0 < / < w', by (6.4.4d). 
Thus, for w' large, the A-lemma and the fact that the function a2 is 

bounded away from zero give 

Tyg
n'(v2) G Sa2gn'{y)/2(E2gn'{y)y Elgn>{y)). 

Also, since λ = Xg is the weakest expanding eigenvalue of TPlg \ Dx
u
y 

I Tyg
n'{v2) | > c(X — ε)Λ' | v21 for some constant c. 

Now, let ^ = supzef7l | Γ ^ | F121 < 1. Then, 

V(«0 = V K ) + VK) , 
and 

I Tvg
n'(vi) I < # ' * · ( * - e)n'/21 ». I 

< μ*' -^ - (λ - εΥ'\λ - e ) - ' | Trf-'fa) | 

< < - ^ ( Α - β ) ^ ' Λ ΐ η * » ' ( « , ) | . 

Hence, for ;ζ' large, 

Tyg
n'{v) CZ SHgn<(y)(E2gn'(y) , Elgn'(y))y 

as required since i^ remains bounded away from Z?2. 
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Similarly, for constants cy c9 > 0 as above, 

I Tyg-\v) | = I Tygn\vx) + Tyg-\v2) I 

> c(X - ef \v2\- μ?€9(λ - ε)»'/2 | v2 \ 

> ε9(λ - β)»''» I v2 | ( ^ - (λ - eft* - μή 

> 2λ2 I v2 | for ri large. 

But for ri large, | v1 | < £ | v2 | , so | v2 | > £1 v | , and, hence, 
| Tyg

n'(v) \>λ2\ν\. This proves (6.5.1). 

Proof of (5.8.2) Let tly ri, and rri be as in (6.4). We first claim if q0, qx 

are periodic points of g = ξ1χ outside of V2 such that Wn{qQ) n ^s(/>2) 
φ 0 and W*{px) n J0(?!) φ 0 , then 

(a) Wu(£0) is transverse to Ws(?i) in y\\g-n\Blx n Αχ) ; 
(b) Wu(q0) is transverse to Z)^, for y in ipïig~n,(Bn) ; 
(c) Ws(?i) is transverse to D^y, for j in ip2{gm(^21)· 

This follows from (6.1.8)-(6.1.10) and the proof of (6.4). 
Now for tx near b0y each manifold in WT8(/l2(^)) n y>ng~n'(Bu U 5X) 

is sufficiently near some Z)|y, for y in y>ri£~w'(^ii)> that if q0 is as above, 
then Wu(q0) is transverse to Ws(/12(£)) in y>ïig~n'(Bn u 5χ). Hence 
Wu(q0) is transverse to Ws(/l2(£)) everywhere, since if y e Wu(q0) 
Π W*{A2{g))> the orbit of y eventually gets in y>ng~n'(Bn u -Βχ). Simi-
larly, if qx is as above, Ws(qi) is transverse to each manifold in Wu(A2(g)). 
Further, since Wu(A2(g)) n W\A2{g)) = A2(g)y these intersections are 
transverse. If V2 is taken small enough and tx is near b0t then any point 
y whose orbit enters V2 will be in the above-mentioned stable and un-
stable manifolds, so Wu(y) is transverse to W8(y) at y. On the other hand, 
tubular family techniques show, for t near b0, points whose orbits never 
enter V2 satisfy the condition as well. Hence (5.8.2) is proved. 

7 

In this section some examples will be presented to illustrate Theorems 
(2.7) and (2.9). Also, it will be shown that the conditions in Theorem 
(2.9) can be obtained by the evolution of any Morse-Smale diffeomor-
phism through a one-parameter family after some simple preliminary 
bifurcations. Finally, examples will be given of open subsets of 0k>r 
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each of whose elements are such that their first bifurcation maps have 
finitely many «-limit points but infinitely many ω-limit points. 

(7.1) Start with the diffeomorphism ξ0 on S2 pictured in Figure 7.1.a. 
There are two sources q0 and q2, two sinks q1 and q3y and two saddle 
points pt and p2. Also Wu(px) n Ws(p2) Φ 0 . One can choose a point 

V (b) 
Figure 7.1 
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xx in one component of Wu(p2) and a point x2 in one component of W\px) 
and connect them with an arc ρ : [0, 1] -> S2 such that Q(S) e W*{qx\ 
for 0 < s < 1, and Q(S) e Wu(q2), for 0 < s < 1, as in Figure 7.1.a. 

Then one can find a one parameter family ξ t, 0 < t < 1 such that 
ξ( = ξ0 off a small neighborhood of lö 1 ^) and f i ^ i l o 1 ^ ) ) = 2̂> a s m 

Figure 7.1b. Then è0( |) = | , and L(ibo) is finite, hyperbolic, and has 
a 2-cycle. 

(7.2) This is an example with £(f&0) finite hyperbolic having a 1-cycle 
on the projective plane. Start with one source, one sink, and one saddle 
point px as indicated in Figure 7.2.a. 

Then connect a point xx in one component of Wu(/>i) with a point x2 

in one component of Ws(p1) as indicated and perform an isotopy as in 
Example 1. The final diffeomorphism is depicted in Figure 7.2.b. 

Figure 7.2 
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(7.3) Let fx(x) be a diffeomorphism of R1 such that fx(x) = x — x2, 
for x < i , and / i(#) = x, for # > f. The one parameter family ξ((χ) 
= / i (x) + t — \ is such that £0(£ ) = J , ξί has no fixed point for t < b0, 
ξάο has zero as a fixed point with eigenvalue 1, and ξ( has two hyperbolic 
fixed points for t > b0. 

Now, let (x, yy z) denote coordinates on R1+a+u
y and consider the one 

parameter family of diflfeomorphisms 

£t(x,y, *) = (fi(x) + t - hAyf Bz), 

where A is an s x s matrix whose eigenvalues have absolute value less 
than 1, and B is a u X u matrix whose eigenvalues have absolute value 
bigger than 1. It is easily checked that Β0(ξ) = \y ξι has no fixed point 
for t < | , f1/2 has the origin as a fixed point with 1 as an eigenvalue, 
and for t > \ , ξt has two hyperbolic fixed points pi(t), p2(t), such that 
Wu(p1(t)) Π W»(p2(t)) φ 0. Also, 

dim W\px{ij) = u + 1 = 1 + dim Wu(p2(t)). 

This is a local bifurcation corresponding to the second part of 
(2.7.1). 

The reader will be able to easily construct examples of local bifurca-
tions corresponding to (2.7.2) and (2.7.3). 

(7.4) On the w-sphere Sn> let / be a Morse-Smale diffeomorphism 
such that O(f) consists of two fixed points one of which is a source 
q0 (i.e., dim Wu(q0) = n) and the other of which is a sink q1 (i.e., dim 
W * ^ ) = n). Choose a disk D c Sn such that/(Z)) nD^0 but fn(D) 
Π D = 0 , for n > 2, and let γ : [0, 1] —► int D be a smooth embedded 
arc such that /y(0) = y(l) . Now given 0 < u < n> one can take an iso-
topy <pt of Sn such that: 

(1) φ0(χ) = x, xe Sn\ 

(2) <pt(x) = xy xe Sn — D, 0 < t < 1 ; 

(3) 9 W y ( i ) ) = y(0); 
(4) If ξt = q>tff then 

(a) L{£t) = {q0, q±}, for t < è , 
(b) L(£1/2) has γ(0) as a fixed point with 1 as an eigenvalue and 

L{Sm)= M0)}u{ ? 0 , ? 1 } , 
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(c) for J < t < 1, ξι has two hyperbolic fixed points px{t)y p2(t) 
near y(0) such that 

W»(Pl(t))nWs(p2(t))^0, 

L(£t)= {/>i(0>/>2(0>?o,?i}, 
dim W^p^t)) = u + 1 = 1 + dim Wu(/>2(0)· 

Observe that for \ < t < 1, s = n — u — 1, 27s = W8(/>i(0) U {#0} is 
an ί-sphere, Ση = Wu(p2(t)) u {#1} is a «-sphere, and Σ* generates the 
i-homology Hs(S

n — Ση). Figure 7.3 indicates the above situation on *S3, 
with u = 1. 

Now, if n > 2 and 1 < u < n — 2, it is clear that one can create several 
types of cycles from the diffeomorphism ξλ. Let χλ e ffiu(pi) and x2 

e W\px). Connect xx to x2 by an arc ρ: [0, 1] —► 5W such that ρ(ί) 
e W*\qx) for 0 < s < 1 and ρ(ί) e Wu(?0) for 0 < s < 1. Then it is 
possible to take an isotopy ÇtJ t > 1, with ξι = ξχ outside a small neigh-
borhood of ρ for all t such that ξ2/3(χι) = £i(#2)· This produces a 1-cycle. 
f ί > 0 < t < 2, may be chosen so that ξ3/2 satisfies the conditions in Sec-
tion 5, so (5.4) holds. Alternatively, if xx e Wu{p2) and x2 e ^8(/>i), 
one may choose ρ connecting xx and #2 in an appropriate way, and, by 
isotoping ξλ, obtain a 2-cycle. In this case it also can be arranged for 
(5.4) to hold using the methods indicated in the remark following (5.4). 

Proceeding similarly, one can create periodic points of period n from 
ξ0= f above as follows : Choose a disk D such that fn(D) n D φ 0 , 
bu t / ^Z) ) n D = 0 , f o r / -φ 0, w. Then define φι as above satisfying (1)-
(3), so that ξ( = (ptf

n has the properties in (4). Then lt = q>tf will have 
similar properties, except that the periodic points near y(0) will have 
period ny since 

L(<Ptf)= U / * ( W ) ) for all t. 
0<k<n 

Now let M be any compact manifold with dimension greater than one, 
and l e t / e MS(M). Let q0 and qx be periodic points of /such that ffîu(q0) 
Π i^s(?i) Φ 0 a n d d i m ^u(?o) = dim M = dim W^ft). Let w be the 
period of qx. Choose a disk D cz ^ u ( c 0 ) Π W\qx) such t ha t / n (D) n Z)) 
Φ 0 and />(£>) n f l = 0 , for ; φ 0, w. 

If dim M > 2, using the previously described methods, one may find 
a one-parameter family of difFeomorphisms of My φ(, 0 < t < £, such 
that «poC*) = x for all x, cpt{x) = x for x e M — D and all *, and £t = (Ptf 
has the following properties. There is a number tx, 0 < fx < \ , such that 
fi 6 M S for * φ tl9L(St) = L ( / ) u {0(/>!)}, where ^ is a periodic 
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Figure 7.3 
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point of period n having 1 as an eigenvalue, and for t > tly 

L(f() = L(f) u {0(Pl(t))} u {0(pt(t)))t 

where pi(t)yp2(t) are periodic points of period n such that Wn(px{t)) 
Π »^(pi(0) ^ 0 and 0 < dim »^(p^i)) = dim »^(pa(i)) + 1 < dim 
M. Then one can create cycles, as was done in Example 4. 

Now suppose dim M = 2. One first creates a saddle point/)! and a sink 
p2 as in Figure 7.4a. Next one introduces a saddle p3 and a source p4 

Figure 7.4 
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Figure 7.4 (continued) 

as in Figure 7.4b. Then one introduces a transversal intersection be-
tween one component of Wu(p3) and one component of Ws(px) and a 
quasi-transversal intersection between the other components to produce 
a 2-cycle as in Figure 7.4c. 

Now we give a simple example of an open subset J^ of 0k*r(S2) such 
that for ξ e ^ , Z,-(f&o) is finite, hyperbolic, and has a 1-cycle, but 
L+(£fto) is infinite. This phenomenon can be obtained on any manifold 
using the previously explained methods. 

Let ξ0 e MS be the difïeomorphism on S2 in Figure 7.5a. There are 
four fixed points. ρλ and p2 are sources, p3 is a saddle, and />4 is a sink. 
Also ffiu(pi) <= ffî*(pt). Let λλ,λ2 be the eigenvalues of TpJ0f with 
λλ < 1 < λ2. Assume λχλ2 < 1. 

Now bring ffî*(ps) Π Wn(p2) around p2 with ξι so that an orbit 0(x) 
of quasi-transversal intersections with Wu(p3) is introduced. (See Figure 
7.5b.) Using the fact that λχλ2 < 1, it can be seen that this can be done 
so that 

L~(£b0) = {Pi>p2>ps,p4}· 

We leave it to the reader to verify the following assertions. If y e Wu(p3) 

— W*(pz\ then co(y)=pé. Also, W\p3) — W*(p3) is nonempty. If 
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(a) 

(b) 

Figure 7.5 

y e W*(p3) - W*(p3), then 

œ(y) cz W»(p3) Π W*{pz) = 0(x) U {ps}. 

co(y) φ {p3}y since y $ W8(p3)y so œ(y) = 0(x) u {p3}. Moreover, if 
one perturbs ξ in <Pk>r

y k > 1, r > 2, the same phenomena persist. 
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