Exercises—Set 3, Math 848, Fall 2011

1. Find the general real solution to the differential equation © = Ax for
each of the following matrices A. Also, draw a rough sketch of the
orbits in each case.

(a)

01
=]

(b)
2 1
5]

(c)
11
=]

(d)
-1 20
A=|-2 -1 0
0 01

In the following exercises, we let X1(R") denote the set of complete
(autonomous) C' vector fields on R". Thus, an element X € X' (R")
is a C! map from R" into itself such that the domain of each integral
curve of X is the entire real line R.

For X € X!(R") with flow {¢,} and z € R", we define the w—limit
set of x to be the set of points y € R™ such that there is a sequence
t; <ty < ...with t; — 00 as i — oo such that

Jim ¢, (z) =y
Similarly, we define the a—limit set of x to be the set of points y € R”

such that there is a sequence t; >ty > ... with {;, - —o0 as 7 — o
such that
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lim ¢tz(a7) =Yy

t;——o00

We denote these sets by w(z) = wx(x) and a(x) = ax(z), respectively.

For X € R", we define the positive limit set of X to be the closure
of the set of all w—limit points of X. This set is denoted by L*(X).
Similarly, we define the negative limit set of X to be the closure of the
set of all a—limit points of X. This is denoted by L~ (X).

The limit set L(X) is defined to be LT (X)U L™ (X).
By definition, this is a closed subset of R" (which may be empty).
. Let X € X!(R") and let z € R™ be a point such that the forward orbit

O, (z) is bounded. Prove that w(z) is a non-empty, compact, invariant,
connected subset of R™.

. Let X € X!(R), and let z € R. Prove that if w(z) is non-empty, then
it consists of a critical point.

. Give an example of and element X in X'(R?) plane such that L(X)
is the union of the unit circle and the origin. (Hint: Use polar coordi-
nates)

. Let X and Y be elements of X'(R™) with flows {¢,}, {11}, respectively.
A topological conjugacy from X toY is a homeomorphism A : R — R”
such that

h(¢,(x)) = Ye(h(z)) (1)
for every t € R and x € R".
When such an h exists, we say that X and Y are topologically conjugate.

(a) Prove that the relation of topological conjugacy is an equivalence
relation in X'(R™).

(b) Say that X € X'(R"™) is globally stable if L*(X) is a single point.
Prove that if X and Y are globally stable vector fields on R, then
they are topologically conjugate. (This is also true in R")



