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Cantor sets and bounded orbits in certain “tent”
maps

For a subset F in a metric space, let OF denote the boundary of E. This is
defined to by

OFE = Closure(E) \ Interior(E).

A subset E in a metric space X is called totally disconnected if for each
x € FE, and each neighborhood U of x there is an open set V with = €
V C U such that 9V = (). A subset E is perfect if each point z € F is an
accumulation point of F. That is, for x € F and any neighborhood V' of z
there is a point y € V' \ {z} N E.

A Cantor set E C X is a compact, perfect, totally disconnected set.

Fact. Any two Cantor sets are homeomorphic. For instance, if C' is a
Cantor set, then so is C' x C, so C'is, in fact, homeomorphic to C' x C.

Example. The set of numbers z € [0, 1] such that

i:lg

where a; = 0 or a; = 2 for all ¢ is a Cantor set. (It is the middle third
set).

Let 0 < @ < 1. One can define the middle a—set F(«) in the interval
I =10, 1] as follows.

Let
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F o= I\NG:-=,-
1 \(2 272 2

1
= I\ (interval of length « centered at 5)

= 1 U I, = two disjoint closed intervals

Next, remove the center interval in I of length «| I; | to get two re-
maining closed subintervals I1, I15. Proceed similarly in I to get two closed
subintervals I, Iy in I5.

Let

Fy = U Iaoal
ag=1,2
a] = 1, 2



January 20, 2005 5-2

e fo3 e9d B Fs

This is a union of four closed intervals in I, and F5 C F.
Continue in this way defining /,4, .4, such that, for all k,

a;=1or 2

[aoalmak—hl and Ia0a1---ak—172

are disjoint closed intervals in I,, ,,_, obtained by removing the central
interval in I,, ,,_, whose length is a| I,
Let

0--Qk—1 |

Fr = U Iao...ak>
ag...ag
and let F(a) = Ng>1 Fr.
Observe that F'(«) is a Cantor set in I.
Now, we consider the tent map fa(z) = A(1 —2| 5 —z|) for A > 1.
This map is piecewise linear, symmetric about %, has slope equal to | 24 |
at each point of differentiability, and has the value 0 at z =0, 1.

Proposition 0.1 For A > 1, the set of bounded orbits for the tent map
fa(z) =A(1 = 2|z — 5 |) is a Cantor set in [0,1].

Proof. Let us consider the branches fi, fo of the inverse map defined on
[0, 1] by the formulas
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and

x 1
folz) = 51t

The maps fi, fo are affine contractions (i.e. affine maps with derivative of
absolute value less than 1). Also, f; maps [0, 1] bijectively onto the interval
[0, 551, and f> maps [0, 1] bijectively onto [1 — 55, 1].

The images fi(I) and fo(I) are disjoint.

Define I,y4y..a, = fagar..ar (). It follows easily by induction that if a =
(apay ...ag) # b = (boby ...bg), then La,. a, N Loghy..o, = 0. Moreover, the

length of Ipp,. b, 1S (i)k“.
Let
Fr =Jag...an-
Then,
F=F
k

is a Cantor set.
Let B denote the set of points x whose forward orbits are bounded.
We claim

B=F (1)

If z € F, then f5™(z) € I for each k > 0,50 F C B.
Now, we prove the converse: B C F.

Figure 1: f(z) =A(1—-2[i—z|), A>1
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Write f = f4.
Note that if = is any point which is not in 7, then f"(z) — —ooc.

So, any x € B must lie in .
Let

J=1\(L{JD)

Then, if any forward iterate f*(z) of x gets into J, then f*+1(z) is not
in I, so f*(x) — oo.

Now, let x be a point whose forward orbit is bounded. Then, first z € I.
If x ¢ F, then it is in some interval in the complement of F' in .

Any such interval must have the form f, 4, 4, (J) for some finite sequence
ofa; =1 or 2.

If follows that f¥+1(z) € J. Hence, f"(z) — —oc as n — oo.

This proves that B C F' as required. QED.



