Math 828 Midterm 2 Solutions 11/15/2021

1. Let p be a finitely additive measure on a measurable space (X, M). Show that the following
statements are equivalent:

(i) p is a measure.

(ii) For any sequence (fy,)nen of M-measurable satisfying 0 < f,, < f,.1 for all n € N, one has

/ sup f, dp = Sup/ fo dpt
X neN neN J X

(iii) For any sequence (f,,)nen of M-measurable functions satisfying f,, > 0 for all n € N, one has
fn dp = / fn dp.

Proof. (i)=(ii): Note that 0 < f,, < f,+1 implies sup,, f,, = lim,, f,, and that the integrals are likewise increasing. So
by the monotone convergence theorem we have

/ sup [, du :/ lim f, dy = lim / fn dp = sup/ fn dp.
X neN X o n—oo Jx neNJ X

(ii)=(iii): Observe that gy := Zﬁf:l fn defines an increasing sequence of non-negative functions with supy gy =
>0 | fn, and so by (ii) and the linearity of the integral we have

(%S) N 00
/ Z Jn dp = / sup gy dp = sup / gn dp = sup Z / Jn dp = Z / In dp.
X X NeN NeNJx NeN/ T /X X
(iii)= (i): Let E, € M, n € N be a sequence of disjoint subsets. Noting that
o0
Z lE,,, - lEa
n=1

where E =7, E,, (iii) then gives

/L(E):/Xl]; d'u:/XZlE" du:Z

- n=1 n=1

/ lg, dp="Y_ u(En).
X n=1

Hence p is countably additive and therefore a measure. O

2. Let (X, M, ) be a measure space and suppose (f,)nen, (gn)nen are sequences of M-measurable
functions converging in measure to f and g, respectively. Suppose there exists R > 0 so that
|fn(@)], |gn(x)] < R for p-almost every x € X. Show that (f,gn)nen converges in measure to fg.

[Hint: first show |f(z)[, |g(x)| < R for u-almost every z € X ]

Proof. The convergence in measure of (f,)nen to f implies by a result from lecture that there exists a subsequence
(fn,)ken that converges to f p-almost everywhere. Hence for p-almost every x € X we have

f(@)] = Jim [, (@) < R

IFor an M-measurable function f: X — [0, +00], we define its integral with respect to u in exactly the same way as with respect to a measure,
and in particular you may assume integration is linear and monotone.
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Similarly for g.
Now, fix € > 0 and observe that |f,,(2)gn(z) — f(x)g(x)| > € implies

€ < [fn(@)gn(x) — f(2)gn () + f(2)gn(z) — f(2)g(2)] < |fo(x) = f(@)llgn(@)] + [f(@)]lgn(2) — g(z)],

and for p-almost every x € X we further have
€ < [fu(x) = f(2)|R+ Rlgn(x) — g(x)]-

Also note that, in this case at least one of |f,(z) — f(z)|R > § or R|g,(x) — g(x)| > § must be true, since otherwise
we obtain the following contradiction:

€ < |fule) — F@)IR+ Rlga(a) — gla) < 5+ 5 = ¢

These observations imply that

ul{e € X: | fa(@)gu(@) — f@)g(@)] 2 )
<u({oeX: Ifule) — f@IR2 5} U{w € X: Rlga(e) — g(@)| = 5 })

<u({rexilfu@—f@lz55}) +n({re X o) 9@l = 55}).

The last two terms tend to zero as n — oo by the assumed convergence in measure, and consequently (f,gn)nen
converges to fg in measure. ]

3. Let {v,: n € N} is a family of finite signed measures on (X, M) satisfying

D val(x
n=1

Show that v := 3> 1, is a finite signed measure on (X, M).

Proof. First observe v()) = 52> v,(0) = 0. Next, suppose E € M, k € N, is a disjoint collection of subsets with

n=1
union E = |J E). Before showing v is countable additive, we observe that Tonelli’s theorem (applied to the counting

measure) implies

Z|’/ (Ey) |<ZZ|V7, (Ex) =) > wal(Er) = [al(B) < pal(X) < 00
n=1 n=1

k=1n=1 n=1k=1

Consequently Fubini’s theorem (applied to the counting measure) gives

ISUCSES HIACIED B WALIED AT

k=1 k=1n=1 n=1k=1

Additionally, the sum in the first expression is absolutely convergent by the above estimate. Hence v is a signed
measure. To see that v is finite, we observe that

) L)
E) <> uml(B) < al(X) < o0
n=1 n=1

for all £ € M. O
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