Math 828 Homework 3 Solutions 9/20/2023

Exercises: (Sections 1.4-5)

1. Let A be an algebra on X, let po be a premeasure on (X, .4), and let u* be the outer measure defined
by

o0 oo
w*(E) := inf {Z to(Ap): A, € Afor eachn € Nand E C U An} .
n=1 n=1
We will call p* the outer measure induced by pyg.
(a) Let A, denote the collection of all countable unions of sets in .A. For E C X and e > 0 show that
there exists A € A, satisfying E C A and pu*(A) < u*(E) +e.

(b) Let A,s denote the collection of all countable intersections of sets in A,. For E C X with
w*(E) < oo, show that F is p*-measurable if and only if there exists B € Ay satisfying E C B
and p*(B\ E) = 0.

(¢) Suppose (g is o-finite. Show that E is p*-measurable if and only if there exists B € A4 satisfying
E C Band p*(B\ E)=0.

2. Let A be an algebra on X, let po be a finite premeasure on (X,.A), and let u* be the outer measure
induced by po. The inner measure induced by p is the map defined by p.(E) := po(X) — pu*(E°)
for E C X. Show that A C X is p*-measurable if and only if p*(A) = p.(4).

[Hint: use Exercise 1.(b).]
3. Let (X, M, u) be a o-finite measure space and let ©* be the outer measure induced by pu.
(a) Show that the o-algebra M* of p*-measurable sets equals M, the completion of M.

[Hint: use Exercise 1.(c).]
(b) Show that u*|sp+ = T, the completion of .
4. Let A be the collection of finite disjoint unions of sets of the form (a,b] N Q with —oo < a < b < 0.
(a) Show A is an algebra on Q by showing £ := {0} U{(a,b]NQ: —oo < a < b < b} is an elementary
family.
(b) Show that M(A) = P(Q).

(c) Define pp on A by uo(d) = 0 and pg(A) = oo for all nonempty A € A. Show that yg is a
premeasure.

(d) Show that there exists more than one measure on (Q, P(Q)) extending fi.

5. Let F': R — R be increasing and right-continuous, and let ur be the associated Borel measure on R.
For —0o < a < b < oo, prove the following equalities:

Solutions:
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1. (a)

By definition of p* there exists {A,: n € N} C A which covers E and satisfies

Z ,UO(An) < .U*(E) + e
n=1

Recall from Proposition 1.13 in lecture that p*| 4 = po and so po(A,) = p*(A,) for each n € N.
Define A :=|J A,,, which contains E and lies in A,. By countable subadditivity we have

SZH* Z/Lo w*(E) + e.

n=1

(=) : Suppose F is p*-measurable. Then for any superset F' O E we have
W (F) = 1" (F 0 E) + " (F 0 E°) = i (E) + p*(F \ ),

and so pu*(F \ E) = p*(F) — p*(E). (Note that we have used p*(F) < oo to make sense of the
preceding expression.) Now, for each n € N let A,, € A, be such that E C A, and pu*(A4,) <
p*(E) + L, which exists by part (a). Then B := (4, contains in F and lies in A,s. Moreover,
monotonicity implies

W (E) < i (B) < ™ (An) < 1*(B) + ©

for all n € N, and hence p*(B) = p*(E). Therefore pu*(B\ E) = p*(B) — p*(E) = 0 by the above
discussion.

(<) : Let F C X. We must show p*(F) > p*(FNE)+ u*(FNE®). Let B € A,s with E C B
and p*(B\ E) = 0. Note that A,s C M(A) and this latter set is contained in the collection of
all p*-measurable sets. Thus B is p*-measurable and so

W (F) = p*(F 0 B) + u*(F 1 B°).

Now p*(F N B) > p*(F N E) by monotonicity. We also claim p*(F N B¢) = p*(F N E€), which
will complete the proof. Indeed, observe that E¢ = B¢ U (B \ E) and so by subadditivity and
monotonicity we have

p(FNE) <p™(FNBY)+p (FN(B\E)) <p*(FNBY)+0< p(FNES).

Thus p*(F N B¢) = u*(FNE°). |
Assume pg is o-finite: X = U;:o:l A, with A, € A and po(4,) < co. By replacing A, with
A\ (A1 U---UA,_1) we may assume the A,’s are disjoint.

Suppose FE is p*-measurable. Since A is contained in the p*-measurable sets—a o-algebra—it
follows that E N A, is p*-measurable for each n € N. Additionally, p*(E N A,) < p*(4,) =
to(Ap) < 0o so by part (b) we can find B,, € Ay containing EN A, with p*(B, \ (ENA,)) =0
Note that B,NA,, € A,s since this collection is closed under (countable) intersections and contains
A. Since this intersection also contains E N A, and satisfies p*((B, N A4,) \ (ENAy)) = 0 by
monotonicity, we may assume B,, C A,, by replacing it with B, N A,, if necessary. Now, consider
B :=J,, Bn. This contains E and by countable subadditivity we have

oo

W(B\E) S 304 (Ba\B) = 3w (Bu\ (BN ) =0

Thus if B € Ays, then it is our desired set. Each B,, =, C’,in) for C’,(Cn) € A,. We claim

=N Uel

k=1n=1
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2.

3.

Indeed, a point x in the set in the right belongs to A, for exactly one n € N, say ng. So
zel, C,g") necessarily implies x € C,(cn") for all £ € N, hence « € By, C B. The reverse inclusion
is immediate. Thus B € A,s since (J,, C,i") € A, for each k € N.

The other implication follows by the same proof as in part (b), since this never used the hypothesis
w*(E) < 0. |

Recall from Proposition 1.13 in lecture that p*| 4 = po, and hence po(X) = p*(X). Now, suppose A
is p*-measurable. Then

pt(X) = pr (X NA) + p" (X NA%) = p*(A) + p(A°),
and hence 1, (A) = po(X) — p*(A°) = p*(X) — p*(A%) = p*(A).
Conversely, suppose p*(A) = u.(A). Let B = (A, € Ays where A, € A, contains A and satisfies
1 (An) < p*(A) + +. It follows that A C B and p*(B) = p*(A). Now, since Ays C M(A) we know
B is p*-measurable by Proposition 1.13 and hence p*(B) + p*(B¢) = p*(X). On the other hand,
w*(A) = pe(A) implies
W (X) = () + p(A°) = " (B) + " (4.
Thus p*(B€) = p*(A°€) and using the p*-measurability of B yields
w*(BY) = 1" (4° 1 B) 4+ " (A° 0 B°) = (B \ A) + i (B).
Consequently p*(B\ A) =0, and therefore A is p*-measurable by Exercise 1.(b). O

(a) Let G € M with pu(G) = 0. Then by Proposition 1.13, G € M* and p*(G) = 0. Since p*|rq+ is a
complete measure by Carathéodory’s Theorem, it follows that P(G) C M*. Thus

M={EUF: E€ M, F C G where u(G) =0} C M*.

Conversely, let E € M*. By Exercise 1.(c) there exists B € M5 containing E with p*(B\ E) = 0.
Denote F := B\ E so that E = B\ F. To see that E € M it suffices to show B, F C M since it
is a o-algebra. Since M is a o-algebra, we have B C My,5 C M C M. Next, applying Exercise
1.(c) to F we obtain a By € M,s C M containing F so that p*(By \ F) = 0. But then

1(Bo) = 1" (By) < " (F) + " (B\ F) = 0,

That is, By is pu-null set. Since M contains all subsets of y-null sets, it contains F' C By. |

(b) By part (a), a set in M* can be written as E U F where E € M and F is a subset of p-null set
G. Since p* |pm= p by Proposition 1.13, we know p*(G) = 0 and so p*(F) = 0 by monotonicity.
Using this we see that

pH(EUF) <p*(E)+p"(F) = w(E) +0 < p*(EUF).
Thus p*(EUF) = u(E) =u(EUF). O
(a) We have ) € £ by assumption. From

(max{a,c},d] ifa<d<b
(a,b)N (¢, d) =< (¢,min{b,d}] ifa<c<b,
0 otherwise

it follows that £ is closed under (finite) intersections. From

(—o0,a] U (b,0) if —o0 < a,b< oo

(a,b° = (b, 0) %fa:foo,b<oo
(=00, 4] it —oo<a,b=00
0 otherwise

it follows that the complement of a set in £ is a finite union of sets in £. Hence & is an elementary
family and Proposition 1.12 from lecture implies A is an algebra on Q. |
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(b) For each x € Q,

~ 1
= - — N .
{z} g(x ] NQ e M(A)
Thus M(A) contains all singleton subsets of Q. This implies M(A) = P(Q), since every subset
of Q is the countable union of the singleton sets of its elements. O

(c) Let By, Es, ... € Abe disjoint sets with | J,, E,, € A. If E,, = () for all n € N, we have po(U,, En) =
0=>", to(Ey). Otherwise at least one F,, is nonempty, which in turn makes the union nonempty.
Consequently po(lJEn) = oo = >, po(En). Thus po is countably additive and therefore a
premeasure. O

(d) One such measure is the induced outer measure p*|pq(4) = p*. Observe that p*(E) = oo unless
E = (. Indeed, if E is non-empty, then any countable cover by elements from A will include a
nonempty set, in which case the sum of the measures of the cover will be infinite. In particular, p*
does not equal the counting measure on Q, which we claim also extends pg. Indeed, the density
of the rationals implies (a, b)) NQ will always be infinite and so the counting measure gives infinite

mass to any nonempty set in A, which is precisely how po was defined. O
5. Note that
~ 1
{a} = ﬂ (CL - 7aa]7
n=1

and so by continuity from above we have

pr(fa}) = T pur((a— —a]) = lim [F(a) ~ F(a— )] = F(a) - lin F(a).

n—oo n z,a

Using this we next have

pr(ent]) = ee({a)) + () = (Fl@) = lip F)) + F0) = Fla) = F() - lim Flo)

and

pur(0,0) = el (0, 8) = e (8)) = ) = Fla) — (F0) = iy F(@)) = liny Fi) = Fla)

Finally, combining the above equalities we have

pra,0) = pe({ah) + pir(@.D) = F(a) = lmn Fly) + lnn F(a) ~ F(a) = lin F(@) - lin F(y)
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