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classical infinite divisibility (de Finetti, Kolmogorov,
Lévy, Hinčin, 1928-1937(∗))

I X real random variable,

I ϕ(t) = E(eitX) characteristic function
I X is infinitely divisible if for all n there exist X1, . . . , Xn

independent and identically distributed such that

X
D
∼ X1 + · · ·+ Xn

I X is infinitely divisible⇔ ∃ α ∈ R and σ pos. measure s.t.

log(ϕ(t)) = αt +
∫ (

eitx − 1 −
itx

1 + x2

)1 + x2

x2 dσ(t)

such an X is ‘manifestly’ infinite divisible
(∗) according to Steutel & van Harn, 2004
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free version, Bercovici-Voiculescu (1993)

Compactly supported case

I R(z) = κ1 + κ2z + κ3z2 + · · · is the R-transform of a
compactly supported measure on R

I X is freely infinitely divisible⇔ ∃ and σ pos. measure s.t.

R(z) = κ1 +

∫
z

1 − tz
dσ(t)

⇔ R can be extended to C+ and maps C+ to C+

⇔ other equivalences . . .

such an X is ‘manifestly’ infinite divisible
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Triangular Arrays (Nica-Speicher, 2006)
I suppose that for each N,

aN,1, . . . , aN,N ∈ (AN,ϕN) free and identically dist.

I aN,1 + · · ·+ aN,N
dist−→ b ∈ (A,ϕ)

⇔ lim
N

NϕN(an
N,1) exists (and = κn(b, . . . , b) if limit exists)

(use moment-cumulant formula and find leading order terms)

this condition implies

I {κn}n (cumulants of b) are conditionally positive, which
means∑

m,n>1

αmαnκm+n = lim
N

NϕN

((∑
m

αmam)(∑
n

αnan)∗) > 0

I which implies that ∃ a finite pos. measure σ s.t.

κn+2 =

∫
tn dσ(t)
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conditionally positive sequences

I if the cumulants of b satisfy

κn+2 =

∫
tn dσ(t)

I then the R-transform of b can be written

R(z) =
∑
n>0

κn+1zn = κ1 + z
∑
n>0

κn+2zn = κ1 +

∫ ∑
n>0

(tz)n dσ(t)

= κ1 +

∫
z

1 − tz
dσ(t)

I also such a {κn}n produces an inner product on C0[X] =
poly. variable X without constant term, let H be the
corresponding Hilbert space and F(H) the full Fock space
over H
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Fock space

I H a Hilbert space,

I ξ ∈ H, `(ξ) = left creation operator and

I `(ξ)∗ = left annihilation operator

I T ∈ B(H), Λ(T)Ω = 0,
Λ(T)(ξ1 ⊗ · · · ⊗ ξn) = T(ξ1)⊗ · · · ⊗ ξn

I for Y1 = `(ξ), Y2 = `(η)∗, Y3 = Λ(T∗), Y4 = αI then the
only non-vanishing cumulant of κn(Yi1 , . . . , Yin) is
κn(`(η)

∗,Λ(T1), . . . ,Λ(Tn−2), `(ξ)) = 〈T1 · · ·Tn−1ξ,η〉
(use limit theorem from 2 pages back)
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circle closed
I if {tn}n is conditionally positive and H the Hilbert space

obtained from C0[X] we let X be the operator of left
multiplication on H (bounded because of growth
assumptions on {tn}n), also we let

b = `(X) + `(X)∗ +Λ(X) + t1 ∈ B(F(H))

then κn(b, . . . , b) = tn so {tn}n is the cumulant sequence of a
bounded self-adjoint operator

I operators of the form `(X) + `(X)∗ +Λ(X) + t1 are
‘manifestly’ freely infinitely divisible(∗):

`
(X ⊕ 0⊕ · · · 0√

N

)
+ `

(X ⊕ 0⊕ · · · 0√
N

)∗
+Λ(X ⊕ 0⊕ · · · 0) + t1

N
...

`
(0⊕ 0⊕ · · ·X√

N

)
+ `

(0⊕ 0⊕ · · ·X√
N

)∗
+Λ(0⊕ 0⊕ · · ·X) +

t1

N
(∗) because Hilbert space is infinitely divisible
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bi-freeness (slightly simplified)

I Xi = Cξi ⊕ X̊i vector spaces with distinguished subspace of
co-dimension 1

I (X, X̊, ξ) = ∗i(Xi, X̊i, ξi) = Cξ⊕
∑
n>1

∑
i1,···,in

⊕
X̊i1 ⊗ · · · ⊗ X̊in

I lr, ri : L(Xi) −→ L(X) “left” and “right” actions

I (Ai,Bi) ⊂ L(Xi), a pair of faces, act on X via li and ri

I 〈 · ξ, ξ〉 gives a state on the pairs (li(Ai), ri(Bi))

I the pairs of faces (algebras) are bi-free by construction
I ∃? a description of bi-freeness without explicit use of free

products, a challenge no cumulantologist can resist
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bi-free cumulants (Mastnak-Nica)

I given χ : [n]→ {l, r} let χ−1(l) = {i1 < · · · < ip} and
χ−1(r) = {j1 < · · · < jn−p}

I usual non-crossing partitions are with respect to the order
(1, 2, 3, . . . , n)

I NCχ(n) are non-crossing with respect to
(i1, . . . , ip, jn−p, . . . , ji)

I ϕ(a1 · · · an) =
∑

π∈NCχ(n)

κχπ(a1, . . . , an)

(moment-cumulant formula)
I bi-freeness⇔ vanishing of mixed bi-free cumulants

(Charlesworth, Nelson & Skoufranis)
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bi-variate case: [a, b] = 0

I suppose a and b are commuting self-adjoint operators in a
C∗-algebra with a state ϕ

I get µ ∈M(R2) a compactly supported probability measure
I given χ : [n]→ {l, r} let c1, . . . , cn be defined by ci = a if
χi = l and ci = b if χi = r

I κ
χ
n (c1, . . . , cn) only depends on #(χ−1(l)) and #(χ−1(r))

I κm,n(a, b) means m occurrences of a and n occurrences of b

Ra,b(z, w) =
∑

m,n>0
m+n>1

κm,nzmwn, G(z, w) = ϕ((z − a)−1(w − b)−1)

I Ra,b(z, w) = zRa(z) + wRb(w) + 1 −
zw

G(Ka(z), Kb(w))

I µ1 � �µ2 is the distribution of the pair (a1 + a2, b1 + b2)
where (a1, b1) and (a2, b2) are bi-free
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bi-free infinite divisibility

I if for every N we can find µN such that µ = µ��N
N then µ is

bi-freely infinitely divisible
thm: t.f.a.e.

1. µ bi-freely infinitely divisible
2. {κm,n}m,n are conditionally positive and conditionally

bounded 2-sequences (to be explained)
3. Ra,b has the integral representation

Ra,b(z, w) = zR1(z) + wR2(w) +

∫
z

1 − zs
w

1 − wt
dρ(s, t)

with R1(z) = κ1,0 +
∫ z

1−zs dρ1(s, t), R2(w) = κ0,1 +
∫ w

1−wt dρ2(s, t)
ρ1 and ρ2 compactly supported, ρ a signed Borel measure with
compact support and

|ρ({0, 0})|2 6 ρ1({0, 0})ρ2({0, 0}), tdρ1(s, t) = sdρ(s, t), sdρ2(s, t) = tdρ(s, t)
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conditionally positive and cond. bounded
I C0[x, y] polynomials in commuting variables without

constant term
I 〈xm1yn1 , xm2yn2〉 = κm1+m2,n1+n2 is a positive semi-def. inner

product (conditionally positive)
I ∃ L > 0 s.t. |〈xmynp, p〉| 6 Lm+n〈p, p〉 (conditionally bounded)
I inner product on C0[x, y] gives Hilbert space H and two

multiplication operators T1 (by x) and T2 (by y) with
spectral measures E1 and E2 (note T1(y) = T2(x))

I ρ([c1, d1]× [c2, d2]) := 〈E1([c1, d1])x, E2([c2, d2])y〉

I
∑

m,n>1

κm,nzmwn (∗)
=

∫
z

1 − zs
w

1 − wt
dρ(s, t) (by calculation)

I θ
(1)
m,n = κm+2,n, θ(2)

m,n = κm,n+2 give positive finite compactly
supported measures ρ1 and ρ2

I
∫
(smtn)t dρ1(s, t) = κm+2,n+1 =

∫
(smtn)s dρ(s, t) (by (∗))
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bi-partite infinitely divisible operators
I H a Hilbert space, F(H) the full Fock space over H
I f , g ∈ H, T1 = T∗1 , T2 = T∗2 ∈ B(H)

I a = `(f ) + `(f )∗ +Λl(T1) + λ1 ∈ B(F(H))

I b = r(g) + r(g)∗ +Λr(T2) + λ2 ∈ B(F(H))

I a, b commute iff [T1, T2] = 0, T1(g) = T2(f ), 〈f , g〉 ∈ R

I aN,1 = `
( f ⊕ 0⊕ · · · ⊕ 0√

N

)
+ `

( f ⊕ 0⊕ · · · ⊕ 0√
N

)∗
+Λl(T1 ⊕

0⊕ · · · ⊕ 0) +
λ1

N

I bN,1 = r
(g⊕ 0⊕ · · · ⊕ 0√

N

)
+ r

(g⊕ 0⊕ · · · ⊕ 0√
N

)∗
+Λr(T2 ⊕

0⊕ · · · ⊕ 0) +
λ2

N
I (a, b) bi-freely infinite divisible
I κm,n(a, b) = 〈Tm−1

1 f , Tn−1
2 g〉, κm,0 = 〈Tm−2

1 f , f 〉, κ1,0 = λ1
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example: bi-free Poisson

I (α,β) ∈ R2, λ > 0
I µN =

(
1 − λ

N

)
δ(0,0) +

λ
Nδ(α,β)

I µ = lim
N
µ��N

N is bi-freely infinite divisible

I has bi-free cumulants κm,n = λαmβn (use limit theorem)

I and R(z, w) =
∑

m,n>0
m+n>1

κm,nzmwn =
∑

m,n>0
m+n>1

λ(αz)m(βw)n

= λz
(
α+ α2z

1−αz

)
+ λw

(
β+ β2w

1−βw

)
+ λαzβw

(1−αz)(1−βw)

ρ1(s, t) = λs2δ(α,β), ρ2(s, t) = λt2δ(α,β), ρ(s, t) = λstδ(α,β)

(ρ positive when αβ > 0)
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