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Math 108 - Section 1, Summer Session I, 2010
Name: )

Midterm

1. State the definition of each of the following terms:

a. [3 pts.] A proposition.
A proposition is o senttnee that is either fru OF fulse.

b. [3 pts.] A denial of a given proposition.

A denial £ a ,m,,os.v‘im P 5 any |7f°}>0f}{i°h eztuivqlmf’ to ~P.

2. Determine whether each of the following is a tautology, a contradiction, or neither. Justify

your response.

a. [5pts.] [(P=Q)= P]= P. | ,
Pial| Pea | (pra)>p | [@>)SP]SP
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b. [5 pts.] (P = Q) <= (PA~Q).
(P>a) & (PA~Q) Ths is o [Contradiction |

B (QunrP) @ (PArY)
(P AN) D (PANG)
3. Which of the following are denials of (3lx)P(x)? Justify your response.
a. [5 pts.] (Ya)(~ P(2)) v (3y)(32)(y # = A Ply) A P(2)). ' ;

~ (Aly) P)  i8E ~[(ANP6) A (Vy)ve) (P 2 Pe) S 4=% ﬂ
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h. 5 pts.) (V) [P(z) = (Fy)(P(y) A # y)l.
This siabtnge 13 Heve withee whin  th Yoot seb for P s e"‘?’}f o when
and  there st two distiact alemeals i th +roth

Fhe tooth sk o P non‘wr*(
s, This 5 eyatly wha e senline »G!,y)}’(y) |t
$ina dhis geadtnce iy 2evivaliat 12 ~ (3'%) P(,‘)’ i+ ‘\ ok (3’04) P(x).
(5 pts.] ~ (Vo YV [(P(e) A P(y) = o =y
o D]~ I AP = v th A unIVeISe whaie P s neve/"}/v(/

"’(VQ(V?) ( Px) »\P(?) 2)' M‘—? )) Fhis senltna ool be false, bt
ff (3&)(33)"’ (P APHY D N(afat) Plxc) wotd be Frue-

 4F (-:)41)(3?) (P(M)/\ P(?\ 4 Mi?), Hince, thy senlence }“”' A_dinid
l @) Px).
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4. (15 pts.] Prove that for every pair of positive real numbers . and y where @ <y, there exists

a natural number A such that if 1 is a natural number and n > M, then £ < (y — ).
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5. a. [15 pts.] For and y real numbers, show that if 4y is irrational, then either x is irrational

or y is irrational. (Do not assume that Q is closed under addition, but you may assume that Z

is.)
We prove +his \71 Can‘}mrosf‘“\/f,
Ld» A fmd «a bl fe a‘ nvm ') Q[S_

art ?//aham’,

v? post '”\A.+ ne[“H\Qr “  nof
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Then et @eish inteps? ;)r,f{ ,
v > % and ] S
I A [ & S 54: = PstTh
Tha 233 % ¢ +3 = 5 45 s -
$inee Z 8 cosed onder addition and mih‘p‘(%fimy Vj“rfxi, and r are «‘Ahju;'
L L I o £0. Ths, xt% 5 rakiona
Thes, by Condrapusition, il w4y s frranLl‘on/J, Hon eifher % i vwetiond or ? b?fr*“'"""‘ii-

b. [5 pts. Is the converse of the Statement in 5.a. true? Justify your response.
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6. a. [15 pts.] For sets 4, B, and C, prove that it A C B, then AUC C BUC.
[ A B, and C e sts, and qppose A S B
Now, suppsse & € /4 V(.
Tha neA o nel.

Tf 2eC, fla g€ BVC.
T4 x€A, tha sina ACB, xell, and x € BUC .

Eithe wey, & € BUC.
Ths, AvCc < BVC.

b. [5 pts.] Is the converse to the statement in 6.a. true? Justify your response.
The convese 75 {alse | |
Comsidtr fle sefs A= $13 B=038 ad C= ¢, 25
Then AvcC & BVC, gince AVC =BOC = {),23.
Howevrr, A Q L.

7. 120 pts.] For A and B sets, prove that A C B iff A — B = {.
L+ A =k B sets .
Suppose, igt, thet ASB.
Now, i§ g €AB, Tho ged o4 vdB. Theeelore, ASE (0 A-8=¢.
B sine ASB €A D xeb.
Theebre, A~R =p.
Now, svppose A~B =g
Tf €A wd 44D, fln e AB.
B AB = Thy G cny ke xéB alo,
Ths | ACB.
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8. Assign a grade of A (correct

), C (partially correct), or F (failure) to each. Justity your
assignments of grades.

a. [7 pts] Claim. AN A=0.

«Proof”. By Theorem 2.1(a), 0 is a subset of every set. Thus p c An A Now, suppose
reANA Thenz € Aandx € A Thus = = A and ~ (& € A). Therefore, & # . Hence, by

the definition of 9, © € §. Therefore, AN A 0. Since the two sets are subsets of each other,
AnA=0.

C ~-lr‘\'\S P{‘OD‘[’ I'\'U ‘H‘Q rial«‘* \GC,QQ) 5\1“' H’ ‘pﬂ'fQ,x’ c'qimj
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H».+ N E 4 N ,A?- why Mi)fﬂkln , and A /\’A’ has %ﬂ no Q’@men‘fj,

b. {7 pts.] Claim. BrBds o tnd= ['—'(—”}—-l—)r for all natural mumbers 7.

“Proof’. 1’ =1=

(141 .
—(——.3'—) , so the statement holds for 1.
Assume the statement holds for some natural number n. Then,

, : D(n+2)]°
13+‘23+---+(n+l)3=[&j—%('—’—t—)] , 8O

2 ,
1342840+ (0t 1) =+ 1) [E—i—i'—lﬁ] ; SO
n(n + 117 3 o [n?
— +(n+ 1)’ =n+1) [T-HH—l} .

So the statement holds for n -+ 1. Thus, by the Principle of Mathematical Induction, it is true
for all natural numbers.:
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9, For cach n € N, let D, = (—n, %) C R, and let D = {D, :n € N}.
a. {5 pts.] What is {J, ey Dn?

U D, = (-—90) l-)

nelN

b. [5 pts.] What is (pep D7

n D = (’\) Oj.

Ded

10. [20 pts.] Let » be a real number ditferert from 1. Prove that for all natural numbers n,

n—1
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