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ABsTracT. In this short note, we consider the worst case noise robustness of any phase retrieval algorithm
which aims to reconstruct all nonvanishing vectors x € C¢ (up to a single global phase multiple) from
the magnitudes of shifted local correlation measurements. Examples of such measurements include both
spectrogram measurements of x using locally supported windows and masked Fourier transform intensity
measurements of x using bandlimited masks. As a result, the robustness results considered herein apply to
a wide range of both ptychographic and Fourier ptychographic imaging scenarios. In particular, the main
results imply that the accurate recovery of high-resolution images of extremely large samples using highly
localized probes is likely to require an extremely large number of measurements in order to be robust to worst
case measurement noise, independent of the recovery algorithm employed. Furthermore, recent pushes to
achieve high-speed and high-resolution ptychographic imaging of integrated circuits for process verification
and failure analysis will likely need to carefully balance probe design (e.g., their effective time-frequency
support) against the total number of measurements acquired in order for their imaging techniques to be
stable to measurement noise, no matter what reconstruction algorithms are applied.

1. INTRODUCTION AND STATEMENT OF RESULTS

We consider the robustness of the finite-dimensional phase retrieval problem in which one attempts to
recover a signal x := (x(1),...,x(d))" € C? from one of two nonlinear measurement maps a, 8 : C% — RY
given by

a(x) = {|(x, fi) 121 and B(x) = {I(x. fi) P}y,

where the vectors {f1,...,fx} C C? form a frame (i.e., a spanning set) of C?. This problem is motivated
by inverse problems that arise in several scientific areas including optics [23], astronomy [10], quantum
mechanics [9], and audio signal processing [18, 22]. In particular, we will focus on a special class of frame
vectors fix which have localized support (i.e., all of whose nonzero entries are contained in an interval of length
at most § < d). Such frames are commonly encountered in applications like ptychographic imaging in which
small overlapping regions of a much larger specimen are illuminated one at a time, and a detector captures
the intensities of the resulting local diffraction patterns [20].

It is clear that for any § € R one has a(e?x) = a(x) and 3(e?x) = B(x). Therefore, we can at best hope
to recover x up to the equivalence relation x ~ x/, if x = e?x’ for some 6 € R. Following the work of Balan
et al. [2,[3], we will consider two commonly used metrics on C?/ ~: the natural metric

D / — : _ 10 ./
206, x) = min [ — x|,

and the matrix-norm induced metric

dy (%, %) = [xx™ = x'x [y = D op(xx” — %%,
k

where o (xx* — x'x"*) is the k-th singular value of the (at most rank-two) matrix xx* — x’x"*. In [3], Balan
et al. showed that if a and 3 are injective on C%/ ~, then j is bi-Lipschitz with respect to d;, and « is
bi-Lipschitz with respect to Do, where in both cases RY is equipped with the Euclidean norm.

Motivated by applications such as (Fourier) ptychography [20} [24] and related numerical methods [15] [16],
we will study frames which are constructed as the shifts of a family of locally supported measurement vectors.
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Specifically, we assume that {m;, ma,...,mk} is a family of measurement masks in C? such that for all
1 < k < K the nonzero entries of my are contained in the set [§] := {1,...,d} for some § < ¢ (although all
of our results remain valid if the support of our masks are contained in any interval of length ¢).

Definition 1. Let L be an integer which divides d, such that a :== % < d. We define the quadratic nonlinear
phaseless measurement map Y : C* — REXL by its coordinate functions

Yipo(%) = [(Seamyc, x) 2. (1.1)

Definition 2. Let L be an integer which divides d, such that a = % < 9. We define the first-order nonlinear
phaseless measurement map Z : C¢ — REXL by its coordinate functions

Zke(x) = [(Seami, x)|. (1.2)
In both Definiton [1f and Definition [2} S is the circular shift operator on C? defined for all ¢ € Z by
(Sex)(n) =x((n+£—1) mod d+1).

(The + 1 is needed because we are indexing our vectors from one.) For notational convenience, we will
assume that d is even, although our results remain valid, with similar proofs, when d is odd.

The purpose of this paper is to provide lower bounds on the Lipschitz constants of any maps, A and B,
which reconstruct x from Y and Z, respectively. With such lower bounds in hand, one would be better
equipped to, e.g., judge the optimality of theoretical noisy reconstruction guarantees for phase retrieval
algorithms which utilize locally supported measurements (see, e.g., [15], [16]). Unfortunately, Y and Z are
not injective on all of C?/ ~. For example, if two vectors x* € C¢ are defined by

1<n<g-4§

)

0, d_s<n<d
xE(n) = 2 2 (1.3)

0, d—o6<n<d

then x* « x~, but Y(x¥) = Y(x™) and Z(x") = Z(x™). (If d were odd, we could add an extra entry of 1
to xT.) However, it can be shown [15] that Y and Z are injective when restricted to the subset of C? such
that x(n) # 0 for all 1 < n < d, for certain choices of masks in the case where L = d. Given this, we will
consider the maps Y and Z restricted to the subset

Cpq = {x€C% ~ such that p < [x(n)| < ¢ for all 1 <n <d},

for some fixed 0 < p < ¢, and provide lower bounds on the Lipschitz constants of A and B which grow
linearly with respect to the ratio %.

1.1. Related Work and Implications. Our local measurement maps, defined in and , are
closely related to several practical measurement models that have been explored in the phase retrieval
literature including, for example, Short-Time Fourier Transform (STFT) magnitude measurements (see,
e.g., [0l 17, 19, 2I]). In particular, suppose that our STFT magnitude measurements are generated by a
compactly supported window w € C? whose n*t-entry w(n) is nonzero only if n € [§]. In this setting, we
can use one locally supported mask my to represent each measured frequency wy € Q C [d] :=={1,...,d} by
letting my, := W, w for each frequency index k, where W, is the modulation operator defined on C? by

w(n).

27i(n—1)(wp—1)
(We,w)(n) :==e d
In this case, we have
2mila(wp —1)
[(Srammie, x)| = 1% StaWor,w)| = |(x,07 T W Staw))| =[x, Wo, Staw)|
for all k and ¢. Therefore, one can see that the main results below yield lower Lipschitz bounds for any such
STFT magnitude measurements in terms of the total number of shifts L, the number of measured frequencies
K, and the window w’s support size ¢.
Another common model considered in the phase retrieval literature concerns masked Fourier measurements
of the form
|F Diag(wy) x|?, (1.4)
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where F' is the d x d discrete Fourier transform matrix whose entries are defined by
Fypim o2 (j—1>d<k—1>’

and {wy,...,wy} C C?is a family of measurement vectors (see, e.g., [4,[7,[8,[13]). In this setting one can ask
what effect, if any, requiring each wy to be bandlimited (i.e., to have support size § < d in the Fourier basis)
might have on the stability of these measurements. Furthermore, one might also consider subsampling each
of the masked Fourier measurements in frequency instead of acquiring measurements for all d frequencies.
(This may even be a necessity due to, for example, detector limitations.) We will show that our results may
also be applied to these types of measurements as a special case.

Suppose for example that each measurement vector wy has wi(n) .= (Fwy)(n) =0foralln ¢ {1} U{d—
0+2,..., d}E| For a vector u € C%, let 1 € C? be the vector obtained by reflecting the entries of u about its
first entry so that

a(n):=u((l—n) modd+1).
In this case, we see that the measurements ([1.4) are given by the quadratic measurement map defined in

(1.1) applied to X with the locally supported measurement masks my := év/ﬁ{. Indeed,

~ = 1
(rsu)| =4

d
> % (n) Wi (1 —La—n) mod d+ 1)
n=1

d

SR (1) Seawik ()

n=1

ISR

[(Sramy, X)| =

(Wi % %) (—fa mod d + 1)], (1.5)

SHE_SESHNS

where * is circular convolution given by

d
(x*y)(m) = > x(n)y((m —n) mod d+1).

Continuing from (1.5)), we see by the convolution theorem
[(Seemy,X)| = |F (wgox)((—fa mod d) +1)| = |F (Diag (wy)x) ((—fa mod d) + 1),

where o represents the Hadamard (componentwise) product.

As a result, we see that recovering a vector x from masked Fourier measurements of the form with
bandlimited measurement vectors wy is equivalent to recovering X from the quadratic measurements ((1.1)
with locally supported measurement masks my. Therefore, the main results below also yield lower Lipschitz
bounds for any such masked Fourier magnitude measurements in terms of the total number of frequencies
L collected per measurement vector, the total number K of measurement vectors used, and the maximum
Fourier support size § of each bandlimited measurement vector.

1.2. Main Results. The main results of this paper are the following two theorems which provide lower
bounds for the Lipschitz constants of any maps A and B for which A(Y(x)) = x and B(Z(x)) = x for all
x €Cpg-

Theorem 1. Let 0 < p < q, and consider the map Z, defined as in , restricted to the subset C, 4 C
C?/ ~ . Assume that § < % and that d = aL for some integer 1 < a < §. Then if B is any Lipschitz map
(with respect to Ds) such that B(Z(x)) = x for all x € Cp 4, we have that

1 qVda 1 qd

Cp > = - - , 1.6
B2 S VR ml|072 8 py/ KL |m]wd?? (16)

where Cp is the Lipschitz constant of B, and |m|o = maxi<p<x ||mMkloo-

INote that this particular support interval (modulo d) is not particularly special. The same arguments below can be extended
to apply to any interval of support of size < ¢ in a straightforward fashion.
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Theorem 2. Let 0 < p < q, and consider the map Y, defined as in , restricted to the subset Cp, ;, C Cé/ ~.
Assume that 6 < % and that d = aL for some integer 1 < a < 0. Then if A is any Lipschitz map (with respect
to di) such that A(Y (x)) = x for all x € C,, 4, we have that

1 3/2
16 pV'K||lm||2,65/2 16 pv/KL|m||%,55/>

where C4 is the Lipschitz constant of A, and ||m| s = maxi<p<k |Mk||co-

Ideally, we would like a stable phase retrieval algorithm to have have Cy = O(1) (or Cp = O(1)) while
using only KL = O(d) total measurements, i.e., while having the frame redundancy £t = £ = O(1).
Unfortunately, Theorems [1| and [2| demonstrate that this is impossible when 9, the support size of the masks,
is very small. At best, a phase retrieval algorithm that uses only KL = O(d) local correlation measurements

can have global Lipschitz constants that are of size O (65%) in the case of the quadratic Y-measurements, and

O (%) in the case of the first-order Z-measurements. This implies that extremely large samples x (i.e., with

d large) cannot be stably recovered from measurements which are noisy and extremely localized (i.e., with §
small) in the worst case using only O(d) total measurements. To contextualize this in an application setting,
one may consider recent research initiatives aimed at achieving the ability to rapidly obtain detailed images
of relatively large circuit boards [14]. One approach to solving this problem involves using ptychographic
imaging and taking STFT magnitude measurements of the circuit board using a probe (i.e., an STFT
window function) with a comparably small effective support size §. In this context, Theorem [2[ implies that
the probe’s effective support size should not be taken to be too small unless additional measurements are
taken in order to help ensure stability to noise.

Algorithms for inverting the quadratic measurements were presented in [I5] and [I6] along with
upper bounds for the stability of these algorithms to noise. In particular, in [16], it was shown, in the case
that L = d, and K = 2§ — 1, that

Dyex) < Ol (D) 1V 00 = Y () + VAT~V
2(xx) < On (5) 160~ ¥ ()l + €tV VG (1)

where k is the condition number of a certain linear system which arises in the proposed algorithm. [16]
considers two examples of well-conditioned families of masks, and shows that in both cases x can be bounded
as a function of §. In particular, for the masks considered in section it is shown that x < 44. These upper
bounds are not directly comparable to the main results of this paper because, in general, the quadratic
measurements are not Lipschitz with respect to Ds. However, like Theorems (1| and shows that
the stability of the measurements detioriates when d is much larger than § or when ¢ is much larger than p.

As we shall see, the proofs of both Theorems [1] and [2] will depend on signals modeled along the lines of
whose support sets are composed of two disjoint components separated from one another by at least
d zeroes. In [I5] it was noted that phase retrieval of such signals using locally supported masks my of
the type proposed herein was impossible, and that recovery of signals with more than § consecutive small
entries appeared to be unstable. Interestingly enough, subsequent work in the infinite-dimensional setting
has independently identified such disjointly supported signals as being the principal cause of instability in
phase retrieval problems using continuous Gabor measurements as well because they lead to measurements
which are supported on disjoint subsets of the time-frequency plane [, [12]. Similarly, we will use (essentially)
disjointly supported signals similar to those in to provide lower bounds on the Lipschitz constants of
our maps A and B using the fact that they (i) are far apart with respect to the Dy and d; metrics defined
above and (i) produce measurements with respect to our maps ¥ and Z which are (nearly) identical. While
we do not prove that our bounds are sharp, we do note that the signals signals considered below are as close
as possible, among elements of C, ,, to those in . Therefore, we believe our bounds are likely quite close
to being sharp, although this remains a conjecture at this point.

2. THE PROOFS oF THEOREM [Il AND THEOREM
We are now prepared to prove our main results.

Proof of Theorem[]l First observe that for any x,x’ € C, ,,
Dy (x,x') = D2(B(Z(x)), B(Z(x))) < Cpl Z(x) = Z(x') |-
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Therefore,
DQ(X7X,)
Cp > sup ; (2.1)
1Z(x) = Z(x') |2
where the supremum is taken over all x %% x’ € C, 4. Define x™ and x~ € C? by
d
xT(n) = b, 5_5<HS§.
+q, % <n<d-9
D, d—d<n<d
Note that Dy(xT,x~) > ¢/d since § < 4 and for all 6 € R,
dj2—s
Ix* — e3> Z (1 —e*)ql* + Z |(1+e*)qf?
n=d/2+1
d : d .
— (2 ) q2|1 _®n9|2 + <2 —6) q2|1 _|_<Bn6|2
d oi0)2 102 2
> 20" (1= +[1+ ") = dg?,
since |1 — @i?|? 4 |1 +@'|2 = 4 for all 0. Let Z* := Z(x¥). We will show that
53/2
12+ = 27|12 < 8VEp|ml| (2:2)

%.
Since B(Z*) = x*, combining this with will complete the proof.
Observe that for all k, the support of Sy, my is contained in [1 + fa, § + fa]. Therefore, Zz;‘—,e = Zy, 4 except
when 1 + fa < % <d+laorl+rla <d—9 <+ La since if the support of Sp,my does not intersect
( d — 4], we have that (Sgmy,x) = (Sgemy,x ), and if the support of Sy, my is contained in (%,d — 4],
then (Sgamy, x1) = —(Sgemy, x7).
We will obtain a bound for |le,l — Zy.,| in the the case where 1 + fa < d — 0 < 0 + la. The case where

1+ /la < % < § + fa can be bounded in a similar fashion. For fixed £ such that 1+ fa < d — 6 < 6 + fa, let
j=la+26—d

so that the last j nonzero entries of Sy, my are located in positions greater than d — § and the first § — j
nonzero entries are located in positions less than or equal to d — d. (Note that 1 < j < ¢ — 1.) Then,

5 5
(Seamie,x™) = —¢ Y mi(n) +p > m(n) = —(Seamme,xT) +2p Y my(n)
= n=0—j+1 n=0—j+1
Therefore,
Zy - 2] < 2jplm]|c. (2.3)
Since 1 < j < ¢ — 1, summing over the set of £ such that 1+ ¢a < d — ¢ < § + fa, corresponds to summing
over j = a,2a,... L5 La if a divides d — 2§, or summing over j = jo, jo + a, jo + 2a,. .., j0 + L‘s%:*lja for

some 0 < jgp < a 0therw1se Therefore, summing over both the terms corresponding to 14+/4a < d—9 < §+4a
and to 1+ fa < g < 6§+ la,

K [6/a]+1 3 53
7t - 775 <227 ? t]* < 8Ka? 1) <64Kp?|ml|2, — 2.4
I 13 |[mlf3.p Z Z |at| a®||ml|3,p + < 64Kp mllS—,  (2.4)
. 5 .
since ¢ > 1. This proves 2.2 and therefore completes the proof. (I

Proof of Theorem[4 Similarly to the proof of Theorem

dy (x,x")
Y (x) =Y (x)|]2"

Ca > sup (2.5)
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where the supremum is again taken over all x % x’ € Cp 4. Let x* be in as in the proof of Theorem [1} and
let Y+ := Y (x*). By the same reasoning as in the previous proof, Y, =Y, unless 1+ fa < 4 < §+Laor
14+la<d—06<6+/La.

We will obtain a bound for |Y,:7“€ — Y| in the case where 1+ fa < d — ¢ < § + fa. As in the proof of

Theorem |1, a similar bound can be obtained in the case where 1 + fa < % < § + La. Let £ be such that

14+4a <d-— 6 <d+ fa, and again let j := fa + 26 — d. Since for all k and ¢, we have
|Zisl < gllml|ood,

we see
Y, =Yl = |(le,e)2 - (le,z)2| =1Z 0+ 22 = Z | < 4||ml|%,gdpj,
by (2.3). Therefore, by the same reasoning as in (2.4),

K [d/a]+1 5 3 5
- 2
YT =Y 5 <320mlliq%p?* > Y et < 32K |ml|% ¢*0%p%a’ <a + 1> = 256K ml|% g
k=1 t=1

Thus, the proof will follow from once we show dy (xT,x7) > d¢®.
For n,m € N, let 0%, and 1,,«,, denote the n x m matrices of all zeros and of all ones respectively.
With this notation we see that
x* = (q]llxn;p]llxéaiq]llxmp]llxé)T;
and
qz]]-nxn qp]—nx& iqzlnxn qp]—nxé
++* qplsxy p2]15><5 +qplsxy p2]l5><6
iqQ]lnxn iqp]lnxé q2]l77><n iqp]lnxé
aplsxy  Ploxs  taplsxy  P*lsxs

where 7 = % — 0. Therefore,

0n><77 07]><5 q]lnxn 0n><6
T oxx =g Osxy  Osxs  Plsxy  Osxs
q]]-nxn p]]-n><6 Onxn p]lnxé
Osxn  Osxs Plsxn Osxs
is a rank-two Hermitian matrix. One may use the identity 1,,xnlnxr = nlyxk, to verify that

(1qL15n NPL1x6, £/ 20092 + 02¢2 L1, npLins)”

are linearly independent eigenvectors with corresponding eigenvalues +2q+/n2¢? + 2ndp2. Therefore, the
singular values of x*xt" —x~x~" are given by

o1 = 02 = 2q\/1*q* + 2ndp2.

Since n > 4, this implies d; (x,x7) = 4¢1/n2¢? + 2nép? > dg* as desired and therefore completes the proof.
O

3. EXAMPLES: LOWER BOUNDS FOR SPECIFIC MEASUREMENT MASKS

In this section, we will see that the estimates of Theorems [I] and [2| can be improved for specific choices of
well-conditioned measurement masks.

3.1. Windowed Fourier Measurement Masks. In this subsection, we consider a family of masks {my }2°7*,

defined by
e /b omi(k—1)(n—1)/(26—1)
my(n) = @7 ® l<n<é ,
0 0<n<d
for some fixed parameter b > 4. Masks of this form are closely related to those used in ptychographic imaging
(see, for example, [I5], Section 1.3 and the references provided therein). In [15] it was shown that, with this
choice of masks, that the condition number « of the linear system considered there satisfies

Kk < C8°.

(3.1)
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Combining this with (1.8]) shows
Dy(x,x') < C[%dzlly(x) —Y(X)[l2 + CdV*5\/[[Y (x) = Y (x) - (3.2)

Therefore, the map Y, restricted to the subset of C? where x(n) # 0 for all 1 < n < d, can be inverted by an
algorithm which is both efficient and numerically stable in the case where L = d.

We will prove two corollaries to Theorems |I| and EL which show that the lower bounds for C'g and C4 can
be improved for this choice of masks.

Corollary 1. Let 0 < p < q, and consider the map Z, defined as in , restricted to the subset C,, C
Ce/ ~ . Assume that § < % and that d = al for some integer a < 0. Then if {mk}ii_ll is the family of
masks given by and B is any Lipschitz map (with respect to D) such B(Z(x)) = x for all x € Cp 4,

then
qVda 1 qd

1
K. = K ,
2v2 bp(Q(; —1)1/4§1/2 T 92 bp\@(% —1)1/451/2
where K, == &'/ — 1, and Cg is the Lipschitz constant of B.

Cp >

(3.3)

Corollary 2. Let 0 < p < q, and consider the map Y, defined as in , restricted to the subset C, 4 C
C?/ ~ . Assume that § < % and that d = alL for some integer a < . Then if {mk}ii_ll is the family of
masks given by and A is any Lipschitz map (with respect to di) such A(Y (x)) = x, for all x € Cp, 4,
then

1 5qdva 1, qd®?
CA 2 b = b )
42 7 pVs o A2 TpVING

where K, == &'/ — 1, and C is the Lipschitz constant of A.

(3.4)

Remark 1. For this choice of masks, K = 25 — 1 and |m| s = e~ /*(25 — 1)~'/%. Therefore, the constants
obtained in Corollaries [1] and [3 have the same asymptotic behavior with respect to a and d, but are larger
with respect to § than those obtained by directly applying Theorems [1] and [Z to this choice of masks.

Remark 2. Similar lower bounds can be derived for any choice of masks along the lines of (3.1) whose
nonzero entries have magnitudes that form a truncated geometric progression.

Proof of Corollary[i} Let x* and Z* be as in the proofs of Theorems [1] and As before, note that
Z,j,z = 7., except when either 1+ fa < % <d+laorl+¥la <d—3F5 <6+ la. We will again restrict
attention to the case where 1 +/fa < d— 06 < é + la.

Fix £ such that 14+ f4a < d—§ < d + fa, and as in the proof of the preceding theorems, let j := fa+ 20 —d
so that the last j nonzero entries of Sy, my are located in positions greater than d — § and the first § — j
nonzero entries are located in positions less than or equal to d — §. We have seen that

5—j 5
Zif, = |2qY m(n)+p > mu(n)|.
n=1 n=5—j+1
Therefore,
d 5
G ad <] 3 mo < X mo o
=0—j+1 n=06—j+1
To estimate the above sum, we note that |my(n)| = (26 — 1)71/45717 where s == e~ 1/%. Since 0 < s < 1,
s 5 .
> Imum) < @o-1TY st < @20 -1
n=0—j+1 n—1

For each 1 < k < 2§ — 1, there are at most g choices of ¢ such that 1 +/4a <d—6 < § +/la and g choices of
¢ such that 1+ la < % < § + La. Therefore,

2
2% 271 < 825 - )P - 1) ()

a 1—
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5 e /b
= 8(26 - 1)1/2ap2 (1 — @1/17)

5 1\
_ 29 of L
8(20 — 1) P <(Bl/b - 1) .

Recalling that Dy(xt,x~) > ¢v/d as shown in the proof of Theorem [1| and applying (2.1) completes the
proof. O

Proof of Corollary[3 Let x* and Y+ be as in the proofs of Theorems [I] and 2} Note that for all &, ¢,

§
S
p|<qZ|mk N <q(26 —1)74Y 8" <q(20-1)" 1/41 , (3.6)

— S

2

n=1
where s = e~/% as in the proof of Corollary We again note that Y,:’“e = Y}, except when either

1+4a < ‘2{ < 5+€a or 1+€a < d—§ < d+fa and again restrict attention to the case where 14+4a < d—§ < d+/a.

Combining ({3.5)) and (| gives
Yile = Yidl =120 + 212, — 2
2
<dgp(25 — 1) V2 (2 |
< dgp( ) T
As in the proof of Corollary for each 1 < k < 26 — 1, there are at most g choices of ¢ such that
1+4la<d—9<d§+la and g choices of ¢ such that 1 + fa < % < § + La. Therefore,

4
Y+ -V < 32(26 — 1)§q2p2(25 1! ( 5 )
a 1—s
§ 5 o (B_l/b
S 32-q°p <1 o i/b

§ 5y 1 4
_325qp (el/b—l) .

Recalling d; (x*,x7) > dg?, as shown in the proof of Theorem [2, completes the proof. O

4

3.2. Two-Shot Measurement Masks. Consider the family of masks {my }2°7" defined by
m; = e;
maj == €1 + €ji1 (3.7)
majyq = €1 +1iejq
for 1 < j < 6 — 1, where {e1,...,eq} is the standard orthonormal basis for R%. This family of masks is
closely related to the pure-state informationally complete measurements considered by Finklestein in [I1].

Similarly to the previous example, in [I5] it was shown that the condition number x of the relevant linear
system satisfies

Kk < 46.
Inserting this into (1.8)) yields
d2
Da(x,x) < O LNV () = Y ()l + Ca /A FV )~ Vi (59

Thus, the map Y, restricted to the subset of C¢ where x(n) # 0 for all 1 < n < d, can be inverted by an
algorithm which is both efficient and numerically stable in the case where L = d.

As in the previous subsection, we will prove two corollaries which improve upon our lower bounds for C'p
and Cy for this specific choice of masks.

Corollary 3. Fiz 0 < p < q, and consider the map Z, defined as in , restricted to the subset Cp, 4 C
Ce/ ~ . Assume that § § and that d = aL for some integer a < §. Then zf {mk}% s the family of masks
defined by and B is any Lipschitz map (with respect to Ds) such that B(Z(x )) =x for allx € Cp, 4,
then
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S 1 q\/%_ 1 qd
P=9va ps  2v2VIps

where Cp is the Lipschitz constant of B.

Corollary 4. Let 0 < p < q, and consider the map Y, defined as in , restricted to the subset C, , C
C?/ ~ . Assume that 0 < 2 and that d = aL for some integer a < 6. Then zf {mk}z‘; L is the family of masks
defined by (-) and A is any Lipschitz map (with respect to dy) such that A(Y (x)) = x for all x € Cp, 4, then

> 1 gdya 1 qd3/?
8v2 p6  8vV2Lps'

Ca

where C4 is the Lipschitz constant of A.

Remark 3. Note that for this choice of masks K = 20 — 1. Therefore, the constants obtained in Corollaries
[3 and[4 exhibit the same asympotic behavior with respect to d and are asymptotically larger with respect to &
than those obtained by applying Theorems[I] and |3 to this choice of masks.

Proof of Corollary[3 Let x* be as in the proof of Theorems [1] and Note that for all 1 < n < d,
|x*(n)| =[x~ (n)|. Therefore, it is clear that for all ¢,

[(Seamy, x7)| = [xF(la+ 1)] =[x~ (fa+ 1)] = [(Seamy,x7)|,
and
|<Sgam2j+1,x+>| =xt(la+1)+ixT(la+j+1)|=|x (la+1)+ix (la+j+ 1) = (Seamajy1,x7)|

since the real and imaginary parts of (Seamgjy1,x") and (Sgema;y1,x) have the same absolute values.

Therefore, to estimate ||[Zt — Z~||2 we only need to consider the terms Z;jl — Zy; - Furthermore, it is
clear that Z;M will equal Z;j,z, unless / is chosen in such a way that either fa +1 < ¢ < fa+j + 1 or

2
la+1<d-—0§ </la—+j+ 1. In either of these cases,

2350 = 23541 = 2p. (3.9)
Therefore, we will be able to compute [|Z1t — Z~||2 once we estimate the number of ¢ such that fa + 1 <
4 <la+j+1lorla+1<d—3d</la+j+ 1, which we will do in the following lemma.

Lemma 3. For fized j, the number of ¢ such that la+1 < ¢ § <la+j+1 is less than or equal to L. Likewise,
the number of ¢ such that la+1<d—§ <fla+j+1 is less than or equal to %

Proof. If la+1 < % < fla+j+1, then % —7</la< g — 1, and any set of j consecutive integers can contain
at most £ multiples of a. Likewise, if fa +1<d—-d <la+j+1,thend—¢6—j<la<d—-J—1. O

Combining (3.9) and Lemma [3] gives

5 .
B 2] p252 Lp252
Zt—Z73<y Z(2p)t<8t— =38 :
|| N
Therefore, recalling the fact that Dy(x,x~) > v/dg, as shown in the proof of Theorem [1} the proof follows
from ([2.1)). O

Proof of Corollary[j] Since each my has at most two nonzero entries, |Z1j,z + Z,;Z\ < 4q for all k£ and /.
Therefore, by (3.9) each nonzero entry of Y+ — Y~ satisfies

|Yk+,£ - ij@| < ‘sz,z + ZI;EHZ;F,Z - Z;;A < 8gp.

Furthermore, similarly to the proof of Corollary Y,:é — Y, , is nonzero if and only if & = 2j for some
1<j<déd—landla+1< g <fla+j+1lorla+1<d—§<la+ j+ 1. Therefore, byLemma
S o 262 252
_ 2j ] Lq?p?6
Yt-v = (8pq)* < 128 =128———.
| I3 < _EZ - (8pa) . y

Finally, recalling from the proof of Theorem |2 I that di(x",x7) > dg?, the result follows from (2.5). O
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4. Di1scussiON AND FUTURE WORK

We believe that this initial work opens up several interesting corridors for further research. First and
perhaps most obvious among these is the development of algorithms together with optimal STFT windows,
etc., that have Lipschitz upper bounds which match these lower bounds to the extent possible (keeping in
mind, of course, that the lower bounds developed here may be gross underestimates). Existing algorithms
for local correlation measurements such as [I5] [16] yield upper bounds for the measurements Y considered
above with respect to the Do-metric, a metric with respect to which an inverse of Y will not generally
be Lipschitz [3]. As a result, the upper bounds they provide are not quite appropriate to compare to the
lower bounds considered here. Nonetheless, the Lipschitz lower bounds developed here do seem to at least
heuristically justify the necessity of, e.g., the d-dependence present in those existing worst case upper bounds.

Another interesting avenue of research would be to explore the extension of the related infinite-dimensional
results developed by Alaifari et al. [Il [12] to the finite-dimensional discrete setting. The resulting theory
would potentially provide more fine-grained insights into the recovery of samples x from discrete STFT
magnitude measurements, and could also possibly be extended to results concerning general local correlation
measurement maps of the type we consider here in a way that would allow for the relaxation of the support
assumptions currently made on the masks {m, ms, ..., mg}. Finally, one could also consider local Lipschitz
and Holder lower bounds as opposed to global lower bounds. Though perhaps more difficult to analyze, such
lower bounds may be more likely to correspond to achievable upper bounds.

We also remark that in [15], it was shown that the requirement that p < x(n) < g can be relaxed slightly.
The authors instead consider so-called "m-flat vectors" which essentially require that there be at least one
large entry in each each block of consecutive L%J entries. It is likely that our analysis can be extended to
this case. Alternatively, one might be also able to use an interpolation argument similar to [6] to remove the
assumption that the x(n) are non-vanishing.
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