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1 Introduction

These notes are about the material I covered in class but can not be found in the text book
[Axler].

2 Fields

Let S be a set. A binary operation on S is a function
x: xS —S, (a,b)—axb

For example both addition and multiplication are binary operations on R, (the set of real
numbers).

You are probably used to various properties of addition and multiplication of real and
complex numbers: commutative, associative and distributive. For most theorems in Linear
Algebra it is just these properties which are important. For this reason we will ( in contrast
to the text book) consider vector spaces over arbitrary fields and not only over R and C.

Definition 2.1 A field is a tuple (F,+,-), where both + and - are binary operation on F

such that

(aa) a+b=>b+a (additive Commutative Law)
for all a,b € F

(ab) (a+b)+c=a+(b+c) (additive Associative Law)
for all a,b,c € F.

(ac) There exists an element Op in F such that
Op+a=a=a+0p (additive Identity )
forallaelF
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(ad) For all a € F there exists an element —a € F' so that

a+(—a) =0 = (—a)+a (additive Inverse )

(ba) a-b=b-a (multiplicative Commutative Law )
for all a,b € F

(bb) (a-b)-c=a-(b-c) (multiplicative Associative Law)

for all a,b,c € F.

(bc) There exists an element 1p in F such that

lpra=a=a-lp (multiplicative Identity )
foralla el
(bd) For all a € F there exists an element + € F so that
a-l=0p=1.q (multiplicative Inverse )
(ca) a-(b+c)=a-b+a-c (Right Distributive Law)
for all a,b,c € F.
(cb) (a+b)-c=a-c+b-c (Left Distributive Law)
for all a,b,c € F.
(d) Op # 1

If (F,+,-) is a field the binary operations ”"+” and ”-” will be called addition and
multiplication, respectively. To simplify notation we will often just write 0 for O and 1 for
1p. But the reader should be aware that now 0 has two different meanings ( depending on
the context) namely the natural number 0 and the identity 0 for the addition in a field.
Similarly 1 now has a double meaning. For example consider the following equation

1+1=0

This is obviously nonsense when 0 and 1 are viewed as natural numbers. But this
equation can be true if 0 and 1 are the additive and multiplicative identities in a field.
Indeed let as consider the following example. Let Fo = {0,1} and define addition and
multiplication by the following charts:

+]0 1 o1
0/0 1 0[0 0
1{1 0 1/0 1

Let us verify that o with this addition and multiplication is indeed a field.

It is obvious from the addition table that addition is commutative. To check that
addition is associative let a, b, c € F. If one of a, b, ¢ is 0, then both (a+b)+c and a+ (b+¢)
are equal to the sum of the other two. If @ = b = ¢ = 1 then both (a+b)+c and a+ (b+¢)
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are equal to 1. So addition is associative. From the addition table we see that 0 is an
additive identity. Also 0 is an additive inverse of 0 and 1 is an additive inverse of 1.

Again from the multiplication table we see that multiplication is commutative. If one
of a, b, cis zero then both (a-b)-cand a- (b-c) are zero. If a = b = ¢ =1 then both (a-b)-c
and a - (b-c) are equal to 1 -1 = 1. From the multiplication table, 1 is a multiplicative
identity. 1 is the only non-zero element and its multiplicative inverse is 1.

Since multiplication is commutative, we only need to verify the right distributive law.
If @ = 0 then both sides are 0. If @ = 1 then both sides are equal to b + c.

Finally 1 # 0 and so all the field axioms hold for Fs.

So we indeed found a field in which 1 +1 = 0.

Let I be field, n a positive integer and a € F. Then na denotes the element

no=a+a+...+a.
—_——
n—times
Similarly a™ denotes the element

a'=a-a-... a.
—_——

n—times
a® is defined as 1y and 0 - a as Op. Further we set (—n)a = n(—a) and if a # 0,
a "= (é)”
Also we will write ny for n - 1y, and, if no confusion is possible, n for ng. So depending
on the context, 3 stands for the integer 3 or for the field element 3y = 1 + 1p + 1j.

3 Polynomials and the field of rational function
Let F be a field. A polynomial over [ is an expression of the form

ao + a1z + asx® + ... + apaz”

where each a;,0 < i € n is an element of FF and n is a non-negative integer.
The degree of a polynomial is the largest ¢ with a; # 0. Two polynomials are defined to
be equal if the have the same degree and the same coefficients. So

ao + a1z + asx® + ...+ apx™ = by + biz + box® + ...+ bpz™

if and only if a; = b; for all 7. Here and in the future we will set a; = 0 for all ¢ > n.
The set of all polynomials over F will be denoted by P(F). Each polynomial p =
> iy aix™ gives rise to a function

F—TF, a—pla):= Zaia"
1=0
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You are probably used to thinking of polynomials as functions. But in the context of
arbitrary fields this is a little dangerous. It can happen that two different polynomials give
rise to the same function:

Consider the field Fy = {0,1} from above. Also consider the two polynomials z and
23 (Here z stands for 1gz). By definition, = and z3 are different polynomials. But their
corresponding functions are the same. Namely if we plug 0 in into  and x> we both times
get 0. And if we plug 1 into z and 23 we both times get 1. Now 0 and 1 are the only field
elements available and the two polynomial functions associated to = and 3 over [y are the
same.

We now define addition and multiplication of polynomials as follows:

n

Zn:aixi + zn:bixi = Z(ari—bi)xi
i=0 i=0

i=0
and
n m n+m 1
Z a;z” - g bzt = Z (Z arb;_p)x’
i=0 i=0 i=0 k=0

It is now easy to verify that almost all of the properties of a field hold for P(F). Indeed
only one fails. Namely polynomials of degree 1 and larger do not have a multiplicative
inverse. To circumvent this problem we introduce the set R(F) of rational functions over
IF. A rational function over [F is an expression of the form % where p and ¢ are polynomials
over F with ¢ # 0. Two such expressions Z—i and Z—; are defined to be equal if p1go = qop1.
Addition and multiplication of rational functions is defined as follows:

p1 P2 _ 192t q1p2

_l’_
q1 q2 q1492
and
p1 P2 _ Pip2
q1 q2 q1q92

A rational function % is different from 0 ( that is from Ogp) = %) if and only p # 0. In

this case it has a multiplicative inverse namely %). It is now straightforward to check that
R(F) is a field.

Notice that we obtain a second example of a field with 2y = Op namely F = R(Fy).

4 Direct sums and linear independency

Definition 4.1 Let (Uy,Us,...U,) be a list of subspaces of V.
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(a) Let W be a subspace of V. We say that W is direct sum of the U;’s, and write

W:@ém,

provided that for every w € W there exist unique u; € U;, 1 < i < n, with
n
i=1
(b) (Uy,Us,...,Uy) is called linearly independent if

n
0=
i=1
with u; € U; (for 1 <i <n) implies u; =0 for all 1 <i < n.

Let V=F% U; = {(z,2) | # € F} and Uy = {(y,—y) | y € F}. It is easy to see that
Uy and Us are subspaces of V. We would like to compute their sum U; + Us. At a first
glance one would guess that U; + Uy = F2. In order to show this we need to verify that
each (a,b) € F? is the sum of an element in U; and an element from Us. That is we have
to find a solution to the equation

(avb) - (JJ,.ZL')-F(y, _y)
That is
a=x+yandb=x—y

Adding and subtracting the two equation we obtain

2c=a+band 2y=a—»
Now we have to distinguish two cases

Case 1: 2# 0 in F.
Then we can divide by 2 to obtain the solution x = “TH’ and y = “be. So if 2 # 0 we
indeed have V = U; + Us.

Case 2: 2=01in F.

Then 2z = 0 = 2y. So the two equations now read 0 = a+b and 0 = a—b. Hence a = b
(which since 2 = 0 and so 1 = —1 is the same as a = —b.) So for 2 = 0 we get U; +Us = Uj.
Actually looking back we observe that for 2 =0, y = —y for all y € F and so U; = Us.

Proposition 4.2 [different ways to recognize direct sums] Let Uy, ... ,U,, be subspaces
of V.and put W =U; + Uy + ...+ U,,. Then the following four statements are equivalent:
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(a) W=U10Us&...0U,,.

(b) Foralll<i<m

Uiﬂ(Ul—&—...Uifl+Ui+1+...—|—Um):O.

(¢) (U1,Us,...,Uy) is linearly independent.

(d) Whenever 1 < iy <ig <...<ir <m and Oy # u;, € U;, (for 1 <1 <k) then

(uil,... ,uik)

is linearly independent.
Proof: We will show that (a) implies (b), that (b) implies (c), that (c) implies (d) and
finally that (d) implies (a).
(a)=> (b):
Let 1 < ¢ < m and suppose u € U; N Zj# U;. We need to show that u = 0. Note that
u € U; and there exists u; € Uj, j # i with

U=ul + ... +U-1+ U1+ ...+ Up

Hence
u=uy+...+u-1+04+u4p1+...+up
and
u=04+...40+u+0+4+...40
are two ways to write u as a sum of elements from Uy, Us,... ,U,,. Recall that we are

assuming that (a) holds, that is W is the direct sum of the U;’s. But this means there is

only one way to write a given element as such a sum. Hence u; = 0 for all i # j and u = 0.
Thus (b) holds.

(b)= (¢):
Suppose that u; € U; for 1 < i < m and that
O=us +us+...+up

Then

—ui =)
J#1
The element on the left hand side of the equation is contained in U;. The element on the
right hand side is in 3, U;. So —u; € U; N 2,4, Uj = {0}
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Thus u; = 0 for all ¢ and (c) holds.
()= (d):

To simplify notation we assume without loss that £k = m and so i; = [.

Suppose that ", a;u; = 0. Since a;u; € U;, the definition of linear independence of
subspaces implies a;u; = 0 for all 7. Since u; # 0 we conclude, a; = 0 and so (uq,... ,Up)
is linearly independent.

(d)= (a):

Let w € W and suppose that w = >, u; and w = ), u for some w;, u; € U;. Let
1§i1<z'2<...<ikSmbesuchthatui;éu;ifanonlyifi:z’lforsomelSlgk.
Subtracting the two equation we obtain

0= (ug—up)+(ug—ub)+...+ (upm—ul,,) = 1-(ui1—ugl)—I—l-(uil—u;2)—|—...—|—1-(uik—u;k)

Since Uj;, is a subspace of V, 0 # w;, — u;l € U;,. Thus from (c) we conclude that & = 0.
Hence u; = u} for all 1 <4 < m and (a) holds. ]

Remark 4.3 [Condition d] If all the U/s in the preceding Proposition 4.2 are non-zero,
condition (d) can be replaced by:

All list (uy,ug, ... ,uy) of non-zero vectors with u; € U; for all 1 < i < m are linearly
independent. O

Here is an examples which shows that linear independency can depend on the charac-
teristic of F. Consider the vectors (1, —1) and (1,2) in F2. Are they linearly independent?
Suppose that a;(1,—1) + a2(1,2) = (0,0).

Then
ay +az =0
and
—a1 +2a2 =0
Adding the two equations we obtain:
3a2 =0

Multiplying the first equation by 2 and subtracting the second gives:
3a1 =0

Case 1: 3#01in F.

Then we can divide by 3 to obtain a; = as = 0 . So the two vectors are linearly
independent.

Case 23=0inF.
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We no longer are able to conclude that a; = as = 0. a3 = 1 and az = —1 is a solution
of the above equations. We double check:

(1,-1)—-(1,2) = (0,—-3) = (0,0)

So if charF = 3, the two vectors are linearly dependent.

Lemma 4.4 [decomposing direct sums| Let U, W, X andY be subspaces of V' such that
V=UdW and W=X]Y. Then

V=UsXaY.

Proof: Since V=U+Wand W =X+Y wehave V=U+(X+Y)=U+X+Y. Now
suppose that u e Uz € X and y € Y withu+2x+y=0. Thenuw e U and x +y € W. So
since V' is the direct sum of U and W we get v = 0 and x + y = 0. Now W is the direct
sum of X and Y and so z = 0 and y = 0. Hence by 4.2

V=UsXaY.

Proposition 4.5 [different ways to recognize linear independence| Let (v1, vo, ... v,)
be a list of vectors in V. Then the following statements are equivalent:

(a) (v1,v2,...,vy,) is linearly independent.
(b) v; #0 for all1 <i<n and

Span(vy,va, ... ,vy) = Fvy @ Foe @ ... 3 Fo,

(¢) For each w € Span(vi,va,... ,v,) there exist unique a; € F, 1 < i < n, with

w = a1v1 + agvy + ...+ apvy,

Proof: (a)= (b):

Here we assume that (v, ve,...v,) is linearly independent and need to show that each
v; # Oy and that the span of the v; is the direct sum of the subspaces Fv;. So suppose that
v; = 0 for some 1 < ¢ < n. Then

0=0-v14+0-v9+...0-v1+1-v;+0-viy1+...0-v,

But this contradicts the linear independence of the v;’s.
To verify that Span(v; | 1 <i <n) = ;. Fv; we use condition (c) of Proposition 4.2
So suppose u; € Fv; with
O=ui+us+...+un



5 BASES AND DIMENSIONS 9

Since u; € Fv; there exists a; € ' with u; = a;v;. So we get
0=ajuy + asus + ...a,v,

The linear independence of the v; gives a; = 0 for all . Hence u; = a;v; = 0-v; = 0. So by
4.2 (b) holds.
(b)= (c):

By definition of ”Span” any element in Span(v; | 1 < i < n) is a linear combination of
the v;’s. Hence we just need to verify the uniqueness.

So suppose that
n n
> o= ain
i=1 i=1

for some a;,a; € F. Put u; = a;v; and v, = afv;. Then both w; and u} are in Fv; and

n n
/

D ui= D

1=1 i=1

Thus by the definition of "direct sum” u; = u} for all 1 <4 < n. Hence a;v; = a,v; and
(a; — a})v; = 0. By assumption v; # 0 and so by a homework problem a; — a; = 0. Hence
a; = a; and (c) holds.

(c)= (a):

Suppose that 0 = a1v1+...asv2+. ..+ a,vy,. Since also0 =0-v1+0-v2+...+0-v, the
uniqueness assertion in (c¢) implies a; = 0 for all 1 < i <n. Thus (vy,vs,... ,v,) is linearly
independent and (a) holds. O

5 Bases and Dimensions

The main goal in this section is to prove that every linear independent list is contained in
a basis and every spanning list contains a basis. The theorems and proofs presented here
differ from the ones in the book and also from the once in class.

Let v = (v1,v2,...0y) and u = (ug,ug, ... ,uy,) be list of vectors in V. We say that u is
spanning list for if Span(v) = V.

We say that v is a sublist of u (or that u is contained in v) if there exists positive integers
1<i1 <ig<...< i, <msuch that u; = v;,us = vj,,...u, = u;,. For example (ve,v4)
is a sublist of (v, ve,v3,v4,v5). If uis a sublist of v and u # v , v is called a proper sublist
of u. The set {i1,12,... ,ix} is denoted by I(u).

Lemma 5.1 [linear independence of sublists| Let v be a list of vectors in V and u a
sublist of v.

(a) Span(u) < Span(v)
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(b) If v is linearly independent, so is u.
(¢) If u is a spanning list for V', so is v.

Proof: Let v =}, /) aiv; be a linear combination of u. Define a; = 0 for all i & I(u).
Then v is also a linear combination of v, namely v = Y | a;v;.

In particular, (a) holds.

Suppose now that v is linearly independent and v = 0. Then a; =0 forall 1 <i <n
and so also a; = 0 for all ¢ € I(u)). Hence u is linearly independent and (b) is proved.

Suppose next that Span(u) = V. Then by (a)

V = Span(u) < Span(v) <V
and so V = Span(v) and (c) holds. O

Lemma 5.2 [sublists and linear independence] Let v = (v1,va,...,v,) a list of vec-
tors in V.. Then v is linear independent if and only if Span(u) # Span(v) for all proper
sublists u of v.

Proof: —:

Suppose that v is linearly independent. Let u be a proper sublist of v. Then there exists
1 <i<nwithi¢I(u). By 4.5 and 4.2 Fo; N}, Fv; = 0. Since Span(u) < 3., Fv; we
conclude v; ¢ Span(u) and so Span(u) # Span(v).

—

Suppose that Span(u) # Span(v) for all proper sublists u of v. We need to show that v
is linearly independent. If not, there exist a; € F,1 < i < n, not all zero with >_" ;| a;v; = 0.
Pick j with a; # 0. Then

vj = Z —%vi € Span(u)

it )
where u = (vi,v2... ,0j-1,Vj41,... ,V,). But then Span(u) is a subspace of V' containing
all the elements of v and so Span(v) < Span(u) < Span(v) and Span(u) = Span(v). This
contradiction shows that v is linearly independent. O

Given lists of vectors u and v in V.
We say that u is a maximal linearly independent sublist of v provided that

(a) u is a sublist of v,
(b) u is linearly independent, and
(¢) no other sublist of v which contains u is linearly independent.

For example ((1,0,0),(0,1,0)) is a maximal linearly independent sublist of

((1,0,0), (1,—1,0), (0,1,0)).
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We say that u is a minimal spanning sublist of v provided that

(a) u is a sublist of v,
(b) u is a spanning list for V, and
(c) no other sublist of u is a spanning list for V.

For example ((1,0),(0,1)) is a minimal spanning sublist of

((1,0),(0,1),(1,1)).

Proposition 5.3 [characterizing bases] Let o = (w1, ws, ... ,wy,) be a spanning list for
V and v = (v1,v2,... ,0m) be a sublist of w. Then the following are equivalent:

(a) v is a basis for V.
(b) v is a mazimal linearly independent sublist of v.

(c) v is a minimal spanning subset of w.

Proof: (a)= (b):

Suppose that v is a basis for V. Then by definition of a basis v is linearly independent
and a spanning set. Now let u be a sublist of v containing v with u # v. Then V =
Span(v) < Span(u) < V and so Span(u) = Span(v). Hence 5.2 implies that u is linearly
dependent. So v is a maximal linearly independent sublist of to. That is (b) holds.

(b)= (c):

Let 1 < i < n. By maximality of v, (w;,v1,va,... ,vy) is linearly dependent. So there
exists a;,0 <4 <nin F, not all 0, such that

agw; + a1v1 + ... amUy, =0

Suppose that ag = 0. Then

aiv1+ ...amU;, =0

and the linear independence of v forces a1 = as...a, =0

a contradiction. Thus ag # 0 and

w; = —Z—évl — Z—ﬁm . ‘;—’gvm and so w; € Span(v).

Since this is true for all 1 < ¢ < n we get V = Span(tw) < Span(v) C V and so v is a
spanning list.

Since v is linearly independent, 5.2 implies that Span(u) # Span(v) for all proper sublists
u of v. Hence v is a minimal spanning sublists of o and (c) holds.

(¢)= (a):

By assumption v is a spanning list and no proper sublist of v spans V' = Span(v). Thus
by 5.2 v is also linearly independent and hence a basis. O
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Proposition 5.4 [Existence of bases| Let v = (v1,... ,vy) be a linearly independent list
of vectors in V and o = (wy, ... ,wy) a spanning list of V. Then m < n and there exists a
sublists u = (uq, ... ,ux) of w with k < n —m such that

(U,U) = (1}1,... yUm, Uy ,’U,k)

is a basis for V.

Proof: Replacing v by a minimal spanning sublist, we may assume that no proper sublist
of w spans V. Then by 5.3 w is a basis for W.

We prove the proposition by induction on m. If m = 0 the proposition holds with u = 1o.
So suppose m # 0 and that proposition holds for m — 1. Let v~ = (v1,v2... ,Um—1). Then
by the induction assumption there exists a sublist u™ of v of length at most n— (m—1) such
that (v=,u™) is a basis for V. Since (v~,u™) spans V so does (v,u™). Let u be a sublist of
u™ such that (v,u) is a maximal linearly independent subset of (v,u™). We conclude from
5.3 that (v,u) is basis for V. It remains to show that u has length not exceeding n — m.
Otherwise, since u™ has length at most n — m + 1 we get u = ut. But then (v, u") is
contained in (v,u), a contradiction to 5.2 since (v, u) is linearly independent and both (o, u)
and (b~,u™) span V. 0

Theorem 5.5 [dimensions] Let V' be a finite dimensional vector space.
FEvery spanning list contains a basis for V.

(a
(b

Every linearly independent list of vectors in V is contained in a basis for V.

(¢) V has a basis.

)
)
)
(d) Any two bases of V' have the same length.

Proof: (a) Just choose a minimal spanning sublist. It’s a basis by 5.3.

(b) Let v be a linearly independent list of vectors. Since V is finite dimensional it has
(by definition) a spanning list to. Now (b) follows from 5.4

(c) Follows from (a). (and also from (b) applied to the empty list of vectors)

(d) Let v and to be bases for V. In particular, v is linearly independent and w is a
spanning set. So by 5.4 the length of v does not exceed the length of . But we can also
apply 5.4 with the roles of v and v interchanged. So also the length of v does to exceed to
length of v and (d) holds. O
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6 Quotient Spaces And The Isomorphism Theorem
Let V be a vector space over F and W a subspace of V. For v € V' define
v+W={v+w|weW}

v+ W is called the coset of W containing v.
We also define

V/W={v+W|veV}

Lemma 6.1 [cosets| Let v,u € V and W < V. Then the following are equivalent:

Proof: (a)= (b):

If u e v+ W then u=v+ 2z for some x € W. Let we W. Then u+w = (v+z)+w=
v+ (x+w). Since W is a subspace x +w € W and so u+w € v+W. Hence u+W C v+ W.
Now v =u+ (—z) € u+ W and so by symmetry v + W C u+ W and (b) holds .

(b)= (¢):
fu+W =v+W thenv € (u+ W) N (v+ W) and (c) holds.
()= (d):

Let z € (u+W)N (v+W). Then 2 = u+ w = v+ w' for some w,w’ € W. Thus
u—v=w —wéeW and (d) holds.

(d)= (a):
Let w = u —v. Then by assumption w € W and sou=v+w e v+ W. a

We will now define an addition and scalar multiplication which makes V//W into a vector
space over . For u,v € V and a € I we define

(W+EW)+(u+W):=@w+u) +W
and
a-(v+W):=av+W

Before we continue we need to verify that the above definitions are well defined, namely
that the definitions only depend on v + W, u + W and a, and not on the particular choice
of u and v. For this we leave it as an exercise to verify that
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(w+u)+W={"+d v ev+Wu €ut+ W}

and if a # 0,
av+W ={a' | v e v+ W}

Also Ov+ W =W for any v € V.

That V/W is a vector space over F now follows more or less immediately from the
definitions and the fact that V' is a vector space. Note that Oy, = 0+ W = W. The
vector space V/W is called the quotient space of V' by W.

Lemma 6.2 [linear combinations in quotient spaces| Let W be a subspace of V, and
v; € Viand a; €F for1 <i<n. Then

n

Z ai(vi + W) = (Z CLﬂ)Z’) + W.
=1

=1

Proof: This follows immediately by induction on n using the definition of the vector
addition and scalar multiplication on V/W. o

Lemma 6.3 [Quotients and bases| Let W be a finite dimensional subspace of V', let
(w1, ... wy) be basis for W and let (v1,...vx) be a list of vectors in V.. Then the following
three statements are equivalent:

(a) (vi+W,vea+W,... v+ W) is a basis for V/W.
(b) (w1, wa,... , Wy, v1,02,...,0) 1S a basis for V.
(c) (v1,v2,...,v) is a basis for U := Span(vi,ve,...v) and V=W @ U.

Proof: (a)= (b):
Let v € V. Then by (a) there exists by, ...bx € F with

k
v+ W = bi(vi +W).
=1

Put
k
U= Z b;v;.
i=1

By 6.2v+ W =u+ W. Thus by 6.1 w:=v—u € W. Since W = Span(wi, ... ,wy),

m
w = E a;W;
i=1
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for some a — i € F. Since v = w + v we conclude that

m k
V= Zauwi + wai
i=1 i=1

Hence v € Span(wsi, ..., wpy,v1,...,0k). Since v € V was arbitrary we conclude that
(wi, ..., Wpy,v1,...,0) spans V. To show it is also linearly independent suppose that
0=ajwi +...+amwy +bjvr +...+ v (1)

Since ajwi + ... + apw, € W, a1w1+...+amwm+W:W:0V/W and so

Oyyw = bi(vr + W) + ... 4 be(vp + W)
The linear independence of the (v; + W)’s implies by = by = ... = b = 0. Hence (1) yields

0=aiwy +...a,wn
and the linear independence of the w]s gives a; = az = ... = a,, = 0. So (b) holds.
(b)= (¢):

Clearly (b) implies that (vq, ve,...v) is linearly independent and so a basis for U. Since
W + U is a subspace of V and contains all w; and v;’s, (b) implies that V' =W + X. Let
v e WNU. Since the w;’s span W, v = ZZ’;I a;w; for some a; € F. Since the v;’s span U,
v = Zle b;v; for some b; € F. Hence

m k
O:U—U:Zaiwi—i—Z(—
i=1 i=1
The linear independence of (w1, ... , W, v1,... ,vx) implies that all a; and b; are zero. Thus
v=0and WNU =0. Thusby 42V =W oU.
(c)= (a):

Let ve W. Then v = v+ w with w € W and w € U. Then u = Z?Zl b;v;. Hence
v+W=u+W = Zl 1 (vZ + W) and so (vi +W,... ,vp + W) spans V/W. Suppose now
that

W =0yw = Zb (vi+ W)

and put u = Zle biv;i. Then w € WNU = {0} and the linear independence of the v;
implies b; = 0 for all 1 <14 < k. So (a) holds. O
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Lemma 6.4 [Dimension of quotient spaces| Let V' be a finite dimensional vector space
and W a subspace of V.

(a)
dimV =dim W + dim V/W.

(b) There ezists a subspace U of V with V=W @ U.
(c) Let U be any subspace of V- with V=W & U. Then dimU = dim V/W and
dimV =dim W + dim U

Proof: (a) & (b) Choose a basis (wy,... ,wy,) of W and extend it to a basis

(Wi, ..., W, V1, .., UE).

Put U = Span(vy,...,vg). Then dimV = m + k and dimU = k. Moreover, by 6.3
dimV/W =kand V=W @ U. So dimV = m + k = dim W + dim V/W.

(¢) Suppose that U is a subspace of V with V.= W @ U. Then by 6.3 a basis of
W combined with a basis for U gives a basis for V. Thus dimV = dimW + dim U and
dimU = k = dim V/W. 0

Theorem 6.5 [The Isomorphism Theorem| Let T' : V. — W be a linear map. Then
the map

T:V/nullT — rangeT, v +nullT — T(v)

15 a well defined isomorphism.

Proof: We first need to show that the map is well defined. Suppose that v + nullT =
u~+null7. Then v =v +x with T'(z) = 0 and so T(u) =T (v) + T'(z) = T'(v) + 0 = T'(v).
Thus T is well defined.

That T is linear we leave as a routine exercise to the reader.

To show that T is injective, let # + null7 € nullT. Then T(x) = 0, z € nullT and
2+ nullT = null T = Oy yu7- Thus T is injective.

To show that T is surjective let w € rangeT. Then w = T'(v) for some v € V and so
w = T(v+nullT). Hence T is also surjective and thus an isomorphism. O

Proposition 6.6 [linear maps and dimensions| Let V' be a finite dimensional vector
space and T : V. — W a linear map. Then

dimV = dimnull T + dim range T

Proof: By 6.4(a) dimV = dimnull7 + dim(V/nullT). By the Isomorphism Theorem 6.5
dim(V/nullT) = dimrangeT. ( Note here that isomorphic spaces have the same dimension)
g
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7 Polynomials, the division algorithm and algebraically closed
field

Proposition 7.1 [division algorithm| Let p,q € P(F) with p # 0. Then there exist
uniquely determined polynomials s,r € P(F) such that

q=sp—+r

and
degr < degp.

Proof: Existence of p and ¢:

We prove this by induction on degq. If deg ¢ < deg p, we can choose s =0 and r = q.

Suppose now that the existence has been proved for all polynomials of degree less than
deg g and that degp < degq. Let n = degp, m = degq and let @ and b be the leading
coefficients of p and ¢ respectively. That is

p=ax" + terms of degree less than n

and
q = bx™ + terms of degree less than m

Then both ¢ and %xm*”p have leading term bz™. Thus
b

G:=q——x""p
a
has degree less than m = degq. So by the induction assumption there exists § and 7 in
P(F) such that
G=sp+7
and
degr < degp.

Put s = gxm_" + S and r = 7. Then

b b
q:axmfnp—i—q:gmmfnp—#—ép—i—f:sp—i—r

and
degr = deg 7 < degp.

Uniqueness of p and g:

Suppose that ¢ = sp+r = sp+ 7 with degr < degp and deg7 < degp. Then sp — sp =
7 — 1 and so

(s—=8)p=(F—r)

The right hand side is a polynomial of degree less then degp. The left hand side has degree
larger or equal to degp, unless s — § = 0. We conclude that s = § and r = 7. O
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Lemma 7.2 [dividing polynomials in extension fields| Let p,q € P(F) with p # 0.
Suppose that K is a field with F < K and q € P(K) with ¢ = sp. Then s € P(F), and s is
uniquely determined by p and g

Proof: By 7.1 there exists 3,7 € P(F) with ¢ = $p + 7 and deg 7 < degp. Put r = 0.
Then
q=sp+r=3sp+r

By the uniqueness assertion in 7.1 (applied to the field K in place of F) we get s = § and
r=r.Sos=35¢cP(F). O

We denote the uniquely determined s of the preceding lemma by %. Note that this is
consisted out notations for the field of rational function R(F).

We say that a € F is a root of the polynomial p € P(F) if p(a) = 0.

Corollary 7.3 [roots and factorizations| Let p € P(F) and a € F. Then a is a root of
p if and only if p=s- (x — a) for some s € P(F).

Proof: Suppose that p(a) =0. By 7.1 ¢ = s- (x — a) + r with s,r € P(F) and degr <
deg(x —a) = 1. Thus r = b for some b € F and 0 = p(a) = s(a)(a —a) +r(a) = b. So
g=s-(r—a).

Conversely if p = s - (z — a) then p(a) = s(a)(a —a) = 0. O
Lemma 7.4 [factorizing polynomials] Let 0 # p € P(F) and m = degp.

(a) There exist k € N with k <m, aj,as,...ar € F and g € P(F) such that

(aa) p=(z —a1)(x —az2) ... - (x — ag)q
(ab) ¢ has no root in F.

(b) a € F is a root of p if and only if a = a; for some 1 <i <k.
(¢) q, k and (a1, as,... ,a) are unique (up to the order of the a;’s).

(d) p has at most m distinct roots.
Proof: (a) Suppose that
(x) p=(@—a)(z—a)-...- (z —ak)q

with k € N, a; € I and ¢ € P. Then degp = k + degq and so k£ < m. Also p = ¢ is such
a factorization with £ = 0. Thus we can choose k, a;’s and ¢ as in (*) with £ maximal. In
particular, (aa) holds. Suppose that g has a root b € F. Then by 7.3 ¢ = s (z — b) with
s € P(F). But then
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p=(r—a1)(x—a2)...(x—ar)g=(x —a1)(z —az)...(x —ag)(x — b)s

a contradiction to the maximal choice of k. So (ab) holds.
(b) Clearly each a; is a root of p. Conversely let a be any root of p. Then by (aa)

0=(a—a1)(a—az)- ... -(a—ag)q(a)

By (ab) g(a) # 0. Since the product of non-zero elements in a field is non-zero, a — a; = 0
for some 7. Thus a = a; and (b) holds.

(¢) Suppose that p = (x — b1)(z — be) ... (x — by)r such that r € P(F) has no root. If
[ =0, then p = r has no root, k = 0 and p = ¢ and (c) holds in this case. So suppose that
[ > 1. Then by is a root of p and so by (b), by = a; for some 1 < ¢ < k. Reordering the a;
we may assume that by = a;. Hence by 7.2

P __ P
T — a T — b

(x—ag) ...-(r—a) = =(x—"bg)-...-(x—"0byr

(¢) now follows by induction on deg p.
(d) follows from (b) and k < m. O

Definition 7.5 (a) A field is called algebraically closed if every non-constant polynomial
in P(F) has a root in F.

(b) An algebraic closure of the field F is a field F such that

(ba) F<TF.
(bb) T is algebraically closed.

(bc) Every element in F is the root of a non-zero polynomial in P(IF)

The next two theorems can be proved using advanced techniques from analysis and field
theory. We state them without proof.

Theorem 7.6 [fundamental theorem of algebra| The field C of complex numbers is
algebraically closed. O

Theorem 7.7 [existence of an algebraically closure| Every field has an algebraic clo-
sure. O

For example C is an algebraic closure of R.
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Proposition 7.8 [factorizing polynomials over algebraically closed fields| Let p be
a non-zero polynomial over the algebraically closed field F. Then p has a unique ( up to the
order of the factors) factorization of the form

p=clz—a)(x—a2) ... - (x—ay)
where n = degp and c,a1,a2... ,a, €F.

Proof: Since F is algebraically closed, every polynomial without roots is a constant. Hence
the proposition follows from 7.4 O

A monic polynomial is a polynomial of the form
2" + lower degree terms.

Lemma 7.9 [factorizing polynomials over the reals| Let 0 # p € P(R). Then there
exists a unique (up to order) c € R, k € N and q1,q2, ...q € P(R) such that

(a) p=cqqz---qx
(b) For each 1 <i <k, q; is monic and ¢; < 2.

(¢) If 1 <i <k and degq; = 2, then q; has not root in R.

Proof: Existence:

If p is a constant we can choose ¢ = p and k£ = 0.

So suppose degp > 1. Let A be a root for p € C.

If A € R, put ¢ = x — A. Note that by refroots and factorizations p = (x — A) - ¢ for
some g € P(R). By induction ¢ and so also p has the appropriate factorization.

So suppose A € R. Then ( see [Axler, 4.10]) also X is a oot of p. Hence p = (z—\)(z—\)q
for some ¢ € P(C). Put ¢; = (x — A\)(x — A). Then ¢; € P(R). By 7.2 ¢ € P(R). Also ¢
has no real roots and so we are again done by induction.

Uniqueness:

Let A be a root of p in R. Then A is a root of some g;. It follows that ¢; =z — A if A
is real and ¢; = (x — A)(z — \) if X is not real. So any two factorization have at least one
common factor. The uniqueness now follows by induction. O

8 Eigenspaces

Definition 8.1 Let T : V — V be an operator and W a subspace in V. Then W is called
T-invariant if T(W) < W, that is T(w) € W for allw € W.
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Lemma 8.2 [decomposing operators| Let T : V. — V be an operator and W a T-
tmvariant subspace.

(a) The map T\w: W — W, w — T(w) is an operator on W.

(b) The map Tlyyw: V/W — V/W v+ W — T(v) + W is a well-defined operator on
V/W.

(c) Suppose that (w1, ... ,wy) s basis for W and (vi + W,... ,up + W) is a basis for
V/W. Let A and B be the matrices of T|w and Ty, respectively. The there erists
an m X k matriz C so that the matriz of T with respect to (w1, ... , W, v1,...0k) is

A C
0 B
Proof: (a) is obvious.

(b) Let ve Vand w € W. Then T'(w) € W and so T'(v+w)+W =T (v)+T(w)+W =
T(v) +W. So T|yw is well defined. Obviously Ty y is linear and so (b) holds.

To simplify notation we will often write T'(v + W) instead of T |y (v + W). So
T+ W)=T(v)+W.

For (c) note first that

m k k
T(wj) = Zaijwi = Zaijwi + ZO - ;.
i=1 i=1 j=1

Also i i
T(vj) + W =T(v; + W) =Y bi(vi + W) = (O _bijvy) + W
i=1 i=1
and so
k
T(’Uj) =x;+ Z bijvk
i=1
for some x; € W. Since (w1,... ,wy,) is a basis for W there exists ¢;; € F with
m
l’j = z cijwi
i=1
Hence

m
T(Uj) = Z CijWj + E bijvi
i=1 j=1

Thus (c) holds with C' = (c¢y). O
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Let T : V — V be an operator and A € F. We say that A is an eigenvalue for T if there
exists a non-zero vector v € V with

T(v) = \v

If A is an eigenvalue for T, then any vector with T'(v) = Av is called an eigenvector of T'
corresponding to A. The set of all the eigenvectors of T' corresponding to 1" is called the
eigenspace of T' corresponding to A and is denoted by Vr ). Note that

Twv)=M <<= (T'—Xid)(v)=0

So
Vi = null(T — Nid)

and Vr is a subspace of V. A generalized eigenvector for T' is vector v € V such that
(T — Aid)™(v) = 0 for some n € N. The height ht v of a generalized eigenvector is the
smallest n € N with (7" — X\)"(v) = 0. So Oy is the only generalized eigenvector of height
0 and the generalized eigenvectors of height 1 are exactly the non-zero eigenvectors. Let
Vran be the set of all generalized eigenvector of height at most n.Then

Vian = null(T — Aid)™.

Let V7 ) o is be set of all generalized eigenvectors of 1" corresponding to A\. Then

00
VT,/\,oo = U VT,)\,n
n=1

VT 00 is called a generalized eigenspace.

We claim that generalized eigenspaces are subspaces of V. Indeed, let v, w be generalized
eigenvectors and a € F. Let n = ht v and m = ht w. Put k¥ = max(n, m). Then both v and
w are in the subspace V7 ; of V. Hence also kv and v + w are in V7 ), and so in V7 ) .

For ease of notation will often write just A for the operator Aidy. So T' = 0 means
T(v) =0 for all v —inV and T — X is stands for the operator T — Aidy .

If p=>Y",a;z' € P(F) and T is an operator on V we define p(T) = > 1", a;T". Note
that p(T') is again an operator on V. Let S and T be operators. We say that S and T
commute if SoT =T o S.

Lemma 8.3 [commuting algebra]

(a) R,S and T be operators on V and a € F. Suppose that R and S commute with T.
Then R+ S,Ro S and aS all commute with T.

(b) Let T' be an operator on V and p,q € P(F). Then over F. Then p(T) commutes with
q(T).
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Proof: (a)
(R+S)oT=RoT+SoT=ToR+ToS=To(R+Y5)

(RoS)oT'=Ro(SoT)=Ro(ToS)=(RoT)oS=(ToR)oS=To(RoS)
(aS)oT = a( T)=a(ToS)=To(al)
(b) p(T) 0 ¢(T) = (pa)(T) = (gp)(T) = q(T’) o p(T). O

Lemma 8.4 [commuting operators and eigenspaces]
(a) Let S and T be operators on V. Then nullS and range S are T-invariant.

(b) Let T be an operator, A € F, n € NU {oo} and p € P(T). Then Vry, is p(T)
invariant. That is, if v is an generalized eigenvector of height at most n, then also
p(T)(v) is a generalized eigenvector of height at most n.

Proof: (a) Let v € nullS. Then S(T'(v)) = T(S(v)) = T(0) = 0 and so T'(v) € nullT.
Hence null ' is T-invariant.

Let v € range S. Then v = S(w) for some w € V. Thus T'(v) = T(S(w)) = S(T(w) €
range S. Hence range .S is T-invariant.

(b) Suppose first that n € N. By 8.3 p(T') commutes with (7' — X\)”. Hence by (a)
null(T" — A)™ is T-invariant. But null(T" — )" = V75 ,, and so (b) holds in this case.

Now let v € V75 oo and let h be the height of v. Then by the "n € N” case, p(T)(v) is
a generalized eigenvector ( of height at most k). So p(T)(v) € Vi co- O

Lemma 8.5 [quotients of eigenvectors| Let T be an operator on'V and W a T -invariant

subspaces. Let X € F on V,and h a generalized eigenvector of height h with respect to T and
A

(a) For allm € NU{oo}, Vran, NW < Wra,
(b) v+ W is a generalized eigenvector of height at most h with respect to Ty and .

(€) If Viam < W for some m < h then v+ W has height at most h —m.

Proof: (a) is obvious. (b) follow from (c) applied with m = 0. So we only need to prove
(c). Let z € Vprp, + W/W. Then x = v+ W for some v € Vp,. Put k = ht v. Then
k<n. Ifk<mthenveVp Am<Wandsox=W = Ov/w- So suppose k > m. Then

(T = N)™(T = N)""(0)) = (T = N)*w) =0
Thus

(T —N""() € Vam <W
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and
(T = NF (@) = (T = N (0) + W = W = Oy

Hence
€ (V/IW)rak-m < (V/W)Txn—m-

Lemma 8.6 [polynomials and eigenvectors] Let T € L(V), g € P(F), A € F and v an
etgenvector of T in V' corresponding to A. Then

Proof: By induction on deggq. If ¢ = 0, both sides equal Oy. So suppose ¢ # 0 and
let ¢ = rx + b with degr < degq and b € F. Then ¢(T) = r(T) o T + b. By induction,
r(T)(v) = r(\)v and

q(T)(v) =r(T)(T(v)) + bv =r(T)(Iv) + bv =
= Ar(T)(v) + bv = Ar(A)v+bv = (r(A)A + b)v = ¢(T)v

Lemma 8.7 [Eigenspaces are linearly independent| Let T' be a linear operator on V
and (A1,...,Am) a list of distinct eigenvalues for T on V. Then the corresponding list of
generalized eigenspaces

(VT,/\i,oo | 1<:< ’I?’L)

1s linearly independent.

Proof: Let u; € V00 with > u; = 0. Let h; = ht w; and h = >, h;. The proof is
by induction on h. If h = 0, then h; = 0 for all ¢ and so u; = 0. So we may assume that
h > 0. Pick 1 < j <m with h; # 0 and let W = V7,,,. By 8.4, W is T invariant. By 8.5
u; + W is a generalized eigenvector corresponding to A; of height at most h;. Moreover u;
has height at most i; — 1. Thus by induction u; + W = Oy for all 1 <i <n. So u; € W
for all 1 <7 <n and wu; is an eigenvector of T corresponding to A;. Using 8.6 we compute

0= (T — Al)h’ (ul) = ()\j — )\l)h’uz

Let ¢ # j. Then A\; — \; # 0 and thus u; = 0.
Thus 0 =>"",u; =ujand sou; =0 forall 1 <i<m |

Corollary 8.8 [Eigenvectors are linearly independent)|
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(a) Let T be a linear operator on V', Ai,... , Ay distinct eigenvalues and v; a non-zeros
etgenvector for T' corresponding to \;. Then

(v1,V2, ... ,Um)
is linearly independent.

(b) Let T be a linear operator on' V and suppose that n = dimV is finite. Then T has at
most n distinct eigenvalues.

Proof: (a) Follows from 8.7 and 4.2.

(b) Let A;, 1 < i < m be distinct eigenvalues for T'. By definition of an eigenvalue there
exists an non-zero eigenvector v; for T' corresponding to A;. By (a) (vi,...,vy,) is linearly
independent. Thus by 5.4 m <n O

Definition 8.9 T € L(T) is called nilpotent if there exists m € N with T™ = 0. If T is
nilpotent the minimal such m is called the height of T

Lemma 8.10 [Eigenvalues of nilpotent operators| Let T be a nilpotent operator on
the non-zero V. Then 0 is the unique eigenvalue for T'. The height of T is the mazximal
height of a generalized eigenvector in V with respect to T and 0.

Proof: Let m be the height of . Then 7" (v) = Oy for all v € V and so Vg, = V. In
particular, 0 is an eigenvalue. Let 0 # A € F. By 8.7

0=Vr0m N Vrre =VNVr)oc = Vrico

So T has no non-zero eigenvalues. Let h be the maximal height of a vector in V. Also let
v be a vector of height h. Since T = Oidy, T™(v) = 0 and so h < m. Let w be any
vector in V. Then w has height less or equal to h and so T"(w) = 0 for all w € V. Thus
Th = 0idy and m < h. So m = h. O

Theorem 8.11 [Jordan Canonical Form for nilpotent operators| Let T' be a nilpo-
tent operator of height m on the finite dimensional vector space V.

(a) There exists non negative integer n;,1 <1i < m and a basis
b= (v |1<i<m1<j<n;,1<k<i)

for v such that

Vijk—1 fk#1
T(vijx) = {0 ! k=1
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(b) For1 <i<mand1 <j<mn;putv,j = (vijr|1<k<i)andU;; = Span(v; ;).

Then U;; is a T-invariant subspace of V' and

v=PDu.,

i=1 j=1

(c) The matriz of T' |y,; with respect to the basis v, j is the i x i matrix

0 1
0 0
0 0
J@E) = . .
0 O
0 0
0 O

(d) Let J(i"™) be the matriz ni X ni matriz

J (i)

where J(i) appears n-times.

Then the matriz of T with respect to the basis v is

J(1mM)
0

0
1
0

s}

0 0 O
0 0
0 0
0 1
0 0 1
0 0
0 0
0 0
J@) 0
0 J(i)
0
0

Proof: (a) We will first show that there exist lists of vectors

o; = (wi,lawi,27 e

such that for all 1 <7< m
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(10,041, ... ,10,,) is a basis for range T Anull 7. (1)

The proof is by downwards induction on i. Suppose we already found lists of vectors
41, .., 0, such that (1) holds for all [ +1 < i < m.
Note that range 7' = T'"1(T(V)) < range T'~'. Hence

range 7' Nnull T < range T'~' N null 7.

Since (1) holds for I 4 1, (10,41, 1042, ... ,10,,) is basis for range 7' Nnull 7. So it is also a
set of linearly independent vectors in range T'~! NnullT. So by 5.5 it can be extended to
a basis

(107, 1041, 10742, ... ,10p)

of range T'~! Nnull 7. Thus (1) also holds for [ and so by induction for all 1 <1 < m.
Since w;,; € range T~! we can choose v;j € V with
T Y (vig) = wiy

For all 1 < k < i we define '
vigk =T *(vij)

Then
viga =T (vig) = wi
and
viga = T°(vig) = vi

If £ > 1 then

T(vijx) = T(T *(viy) = T V(v 5) = vijp (2)

and as w; ; € nullT

T(vija) = T(wiz) =0 3)
So to complete the proof of (a) it remains to show that

b= (vijr|l<i<m,1<j<n;,1<k<i)

is a basis for V. That is we need to verify that v is linearly independent and a spanning
set.
From (2), (3) and induction we get
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v ip—y 1<k
Tl /UZ . — 5T 4
(v055) {OV e (@
In particular,
T (vin) = wig (5)

To show linear independence let a; ; € F with

> dijkvigr =0 (6)

Suppose that ay j » # 0 for some 7', j', k’. We choose such an a; j i with k" maximal.
Then a; j, = 0 for all (4,7, k) with k& > k.
In particular,

Tk,_l(ai7j7kvi7j7k) =0y for all k > k' (7)

By (4) T¥~'(v; ;1) = Oy if k¥’ — 1 > k, that is for k < k. Thus

T "a; jxvijx) = Oy for all k < k' (8)

Tkl_l(ai’j’k'l)id"k) = ai,j,k/wi’j fOI" k= k/ (9)

Applying T~ to both sides of (6) and using (7),(8) and (9) we get

Oy = § :az',j,k/wz',j
irj

The linear independence of the w; ;’s implies a; j» = 0 for all 4, j. But this contradicts
ay j 1 7 0. Hence v is linearly independent.

Let U = Span(v) and v € V. To show that v is a spanning set we need to show that
v € U. We do this by induction on the height h of v. If h =0, v = 0 and so v € U. Suppose
now that h > 1 and U contains all vectors of height less than h. The strategy is to find
a vector u € U so that v — u has height less than h. Then v —u € U be induction, and
so also v = (v —u) + u is in U. To find u note first that T(T" (v)) = T"(v) = 0 and so
T'=1(v) € range T"~! N null 7. Thus by (1)
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m  n;

Th_l(v) = Z Z Q4 jWi

i=h j=1

for some a;; € F. Put

m ng
U= E :E :ai,jvi,y}h

i—h j—1
Then by (5)
m  n;
Th ) =0 aijwi
i=h j=1

Thus 7" (v) = T"!(u), T"'(v —u) = 0 and so v — u has height at most h — 1. So v —u
has height less than h and as observed above, v € U. So v is a spanning sets and all parts
of (a) are proved.

(b) That V is the direct sum follows from exercise 1 from Homework set 4. So it remains
to verify that U; j is T' invariant. Let u € U; ;. Since U;; is spanned by (v;;x | 1 < k < 4)
we have u = Zle a;v; j i for some aj € F. Then by (2) and (3):

k
T(u) = Zaivi,j,kfl
i=2

Hence T'(u) € U; j and U, ; is T-invariant.
(c) Fix 4,7 with 1 <47 <m and 1 < j < n;. Put up = v; 5. Then v;; = {ur,ua,... ,u}
and by (2) and (3)
T(u1) =0y, T(u2) = w1, T(uz) = uz... , T(u;) = uj—1

Thus (c) holds.
(d) follows form (b) and (c). O

Lemma 8.12 [Existence of the minimal polynomial| Let T' be an operator on the fi-
nite dimensional vector space V. Then there ezists a non-zero polynomials q with q(T') = 0.

Proof: Let n=dimV. Then £(V) = M, (F) and has dimension m := n?. It follows that
the list
T, 1, 71%,... ) T"

cannot be linearly independent. Hence there exists a; € F, (0 <17 < m) with

m
Z aZ-Ti =0
1=0
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Put ¢ = > 1" a;a". Then g # 0 and ¢(T) = 0. O

Definition 8.13 Let V' be finite dimensional and T € L(V). The minimal degree of a
constant polynomial q with q(T) = 0 is denoted by degT. A minimal polynomial of T is a
monic polynomial ¢ with q(T) and degq = degT.

Lemma 8.14 [roots of p(T)| Let T be an operator of V, p € P(F) and A € FF.

(a) Let v be non-zero generalized eigenvector of T' corresponding X. If p(T)(v) = 0 then
p(A) = 0.

(b) If X is not a root of p, then Vr ) oo Nnullp(T) = 0.

Proof: (a) Let h be the height of v. The proof is by induction on h. Since v # 0, h # 0.
If h =1 then v is an eigenvector, so by 8.6 p(T")(v) = p(\)v. Since v # 0, but p(T)(v) =0
we get p(A) = 0.

So suppose that h > 1 and that the lemma is true for all non-zero vectors of height
smaller than h. Let w = (T'— A)(v). Since h > 1, w # 0. Also w is a generalized eigenvector
of height h — 1. By 84 nullp(T) is T — X invariant. Since v € nullp(T") we conclude
w € nullp(T"). So w fulfils all the assumption on v and so by induction p(\) = 0.

(b) Otherwise there exists 0 # v € V5 oo Nnullp(T"). Then v is a non-zero generalized
eigenvector and p(7T)(v) = 0. But then by (a) p(A) = 0. O

Theorem 8.15 [Uniqueness of the minimal polynomial] Let T be an operator on the
finite dimensional vector V.

(a) T has a unique minimal polynomial q.

(b) Letp € P(F). Then p(T) = 0 if and only if q divides p.

Proof: Let ¢ be a non constant polynomial of minimal degree with respect to ¢(7') = 0.
Let b be the leading coefficient of ¢ and q = %cj. Then ¢(T) = %Q(T) = 0 and degq =
deg § = degT'. Thus ¢ is a minimal polynomial for 7'
Before proving the uniqueness we will show that (b) holds. Let p = sq 4 r with degs <
deg g. Then
p(T) = s(T)q(T) + r(T) = r(T).

Suppose first that ¢ divides p. Then r» = 0 and so p(T") = 0.

Suppose next that p(7) = 0. Then r(T') = 0. Since degr < deggq, the minimality of
deg ¢ implies that » = 0. Thus ¢ divides p and (b) holds.

Now suppose that also ¢* is a minimal polynomial. Then by (b), ¢* = sq for some
s € P(F). Since g and ¢* have the same degree, s is a constant. And since ¢ and ¢* are
monic we conclude that s = 1. Thus ¢ = ¢* and ¢ is the unique minimal polynomial for 7.
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Proposition 8.16 [eigenvalues are the roots of the minimal polynomial] Let V' be
finite dimensional, T € L(V), A\ € F and q the minimal polynomials of T. Let m be the
multiplicity of X\ as a root of q. Then

(a) m equals is the mazimal height of a generalized eigenvector corresponding to

(b) A is an eigenvalue for T if and only if \ is a root of q

Proof: (a) Let ¢ = (x — A")p with p € P(F). Then A is not a root of p.
Let v be a generalized eigenvector of T' with respect to A and define w = (T — A\)"(v).
Then

P(T)(w) = p(T)((T — N™)(v)) = ¢(T)(v) = 0.

Note also that w is a generalized eigenvector corresponding to A. So by 8.14 w = 0. Thus
v has height at most m. It remains to show that there exists a generalized eigenvector of
height m.

If m = 0, Oy has height m. So suppose that m > 0 a put r(T) = (z — A\)™ !p. Since
g has minimal degree with respect to ¢(T") = 0, r(T") # 0. Hence there exists w € V with
r(T)(w) # 0. But v = p(T")(w). Then

(T = N)"" ) = (T = N (p(T)(w)) = r(T)(w) #0

and
(T = )™(v) = (T =XN)"p(T)(w)) = q(T)(w)0

thus v is a generalized eigenvector of height m and (a) is proved.
(b) Ais aroot if and only if m > 1. X is an eigenvalue if and only if 7" has a generalized
eigenvector of height at least 1. So (b) follows from (a). ]

Proposition 8.17 [decomposing V] Let V be finite dimensional,T € L(V), A € F and q
the minimal polynomials of T. Let p € P(F) and m € N with ¢ = (x — \)™p and p(\) # 0.
Then

(a) V =null (T — \)™ @ null p(T)

(b)
null (T — \)™ =range p(T) and nullp(T) = range (T — )™

(c) p is the minimal polynomial of the restriction of T to null p(T).

Proof:
Since ¢(T) =0, (T'— N\)™(p(T)(v)) = 0 for all v € V. Thus rangep(T) < null(T" — \)™.
By 8.14
null(7— A)" Nnullp(T) # 0
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Hence dimnull(7" — )™ 4 dimnullp(7") < dimV But rangep(7") < rangenull(7" — A\)™
implies

dim V' = dimrange p(T) + dimnull p(7) < dimnull(T" — A\)™ + dimnullp(7") < dim V'
Hence equality must hold. It follows that
range p(T') = null(7' — X\)™ V = nullrange null(T" — \)"™ @ nullgq
Since ¢(T") = 0 we also get range(T" — X\)™ < null p(T") Since
dimrange(7T — )" = dim V — dimnull(7" — A\)™ = dim V' — dimrange p(7") = dim null p(7")

we conclude that
range(T — \)™ = nullp(T)

Thus (a) and (b) hold.
Let W = nullT and let r be the minimal polynomial for T'|y. Put s = (x — A\)™r and
let v € V. By (b) (T'— A\)™(v) € range(T — \)"™ < W and so

0=r(T)(T = A)m(v) = s(T)(v)
Thus s(7') = 0 and so deg s > deg q. Hence degr = degs —m > degq — m = degp.

Also p(T|w) = p(T)|w= 0. Thus the minimality of degr implies degr = degp and p is
the minimal polynomial of Ty . O

Theorem 8.18 [decomposing V when q splits| Let V' be finite dimensional, T € L(V)
and q the minimal polynomials of T. Suppose that there exists distinct A\, Ao,... , A\ € F
and positive integers my, ma, ... ,my such that

q = (ZL‘ - )\1)m1 : (:L' - )\2)m2 T ($ - )\k)mk

(Note that such a factorization always exists if F is algebraically closed) Then

k
V= @ VI i mi
=1

Proof: By induction on k. If £ = 1 then ¢ = (z — A\;)™ and ¢(7") = 0 implies V =
null¢(T) = Vi, m, -

Suppose now that &k > 1 and let p = Hfzz(x —X\i)™. Then ¢ = (z — \1)™p and
p(A1) # 0. So by 8.17

V =null(T — \)™ @ null p(T).
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Put W = nullp(7T'). Since null(T" — A\1)™ = Vp , m, we have

V = VT,)q,m1 ew

Then 8.17 (c) says that p is the minimal polynomial of T'|y. Thus by induction

k

W =P Wra,m,
1=2

Let 2 <i<kand v € Vpy, m,- Then p=r(x— \;)™ for r € P(F) and thus

p(T)(v) = r(T)((T = Xi)™ (v)) = r(T)(0) =0
Thus v € nullp(T') = W and we conclude that

VT,)\i,mi = WT,Ammi

The theorem now follows from (1),(2) and (3).

33

Theorem 8.19 [Jordan canonical form|Let V' be finite dimensional, T € L(V) and q
the minimal polynomials of T. Suppose that there exists distinct A\, Ao, ... , A\p € F and

positive integers mi,ma, ... ,my such that

g=(z—X\)"™ - (z—X)™ ... (2 — A",

(Note that such a factorization always exists if F is algebraically closed) Then there exists a
basis b for V', positive integers ni,na ... ,ns and (not necessarily distinct) pi, po ... , s € F

such that the matrix for T with respect to b has the form

J(p1,n1) 0 0 0
0 J(p2,n2) - 0 0
J(p1,mas o, mas .o s, ) =: : ' ' :
0 0 o J(ps—1,ns-1) 0
0 0 0 (s, ms)

where J(u,n) = J(n) + pl, denotes the matriz
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L 1 0 0 0 0
0 I 0 0
00 p 1 0 0
J(u,n): :
o o o0 - 0 1 0
00 0 ... 0 p 1
0 0 0 ... 0 0 u

Proof: Suppose first that V = Vi @& V5 for some non-zero T-invariant subspaces Vi, Vs in
V. Then by induction there exists a basis b; for T' so that the matrix for Ty, is

A = T (i1, 16,15 162, M523 - - 5 Mis; s Tls; )

Let b = (b1, b2). Then b is a basis for V' and the matrix for T" with respect to to T is

A 0
= J(H1,0, 015 5 sy sy 2,15 02,15 -+« 3 12,50, Tlss ) )
0 A

and so we are done in this case.
So we may assume that no such decomposition of V' exists. By 8.18

k
V= Vrrm
=1

By 8.4b, each of the V7 y, ,, is T-invariant. Since we assume that V' cannot be decomposed
we conclude that k£ = 1. So ¢ = (z — \)™ where A\ = A\; and m = my. It follows that
(T — X\)™ =0 and so T'— X is nilpotent. In particular we can apply 8.11 to T"— X. Hence
by part (b) of 8.11

V=U,
.3

where each U;; is T'— A invariant. Then U;; is T-invariant and our assumption that V'
cannot be decomposed implies that V = U; ; for some ,j. Thus by 8.11(c) there exists a
basis for V' = U; ; so that the matrix of T'— A is J(n). Since T'= A+ (T'— ) we conclude
that the matrix for T is A\, + J(n) = J(\, n). O

Lemma 8.20 [diagonal form| Suppose that V is finite dimensional and T € L(V'). Then
the following are equivalent:
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(a) With respect to some basis of V' the matriz of T is diagonal, that is of the form

0 pe - 0 0

0 0 " pp1 O

0O 0 ... 0 U,
for some not necessarily distinct 1, ...,y in F.

(b) There exists a basis consisting of basis eigenvectors of T'.

(¢) A1, A2, A be the distinct eigenvalues for T. Then
!
V=DV
i=1

(d) Let q be the minimal polynomial for T. Then
g=(x—X)-...-(x— M)
for some, distinct A1, Aa, ..., A € IF.

Proof: (a)< (b):

Let (v1,v9,...,v,) be a basis for V. The matrix for T" with respect to this basis is
diagonal if and only if T'(v;) = d,;v; for some d; € F and all 1 < i < n. That is its diagonal
if and only if each v; is an eigenvector. So (a) and (b) are equivalent.

(b)= (o):

Suppose that (v;, 1 <i < n) is a basis of eigenvectors. Let v € V we will first show that
V= Z;?:l u; where u; is eigenvector of T' corresponding to A;. By assumption v = " | a;v;
for some a; € F. For 1 < j <k let

I; = {1 <i < n|uwv; is an eigenvector corresponding to\;
and
Uj = Z ;U5
i€l
Since each ¢ lies in exactly one I;

k

n J
v = E a;v; — E E a;V; — E ’LLj
i=1 j=1

j=1i€el;
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Also since eigenspaces are subspaces u; € Vry;.
Hence V = Z;?:l Vr, By 8.8 and 4.2 we conclude that V' = @;?:1 Vroa, -
(c)= (b):

Just choose a basis for each Vr,. Then problem # 1 on Homework set 4 gives us a
basis of V' consisting of eigenvectors.
()= (d):

Let p = [[_y(x — X\i). Let v € V. Then V = Y%, u; with u; € Vp,. By 8.6
p(T)(ui) = p(Ai)u; = 0. Hence

l

p(T)(w) = 3 p(T) () = 0

i=1
Thus p(T) = 0. From 8.15(b), ¢ divides p. By 8.16 each \; is a root of q. Hence also p

divides ¢g. Since both ¢ and p are monic we conclude that p = q.
(d)= (0):

This follows directly from 8.18 O

9 Hermitian Forms

Throughout this section we assume:

Hypothesis 9.1 (a) F is a field.
(b) V wector space over FF.
(¢) = :F — T is a function such that

(ca) a+b=a+b foralla,beF
(cb) ab=ab for all a,b € F
(cb) a=a foralla €F.

Q

I @‘

(d) K={keF|k=Fk}.

Note that (cb) implies that ~ is a bijection. We will refer to ~ as conjugation. @ is
called the conjugate of a.

For example if [ = C we can choose a + ib = a — ib for all a,b € R.

If F is an arbitrary field with char F' # 2 we can choose ~ = idp.

Let T : V — W be a function. We say that T is semilinear of T'(v + w) = T'(v) + T'(w)
and T'(av) = aT'(v) for all v,w € W,a € F.

For example T : F2 — F, (a,b) — (2@ + 3b) is semilinear.
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Definition 9.2 Let V' be a vector space. An hermitian form on V is a function
(,):VxV->F (u,v)— (u,v)
such that
(a) (u+v,w) = (u,v) + (v,w) for all u,v,w eV
(b) (av,w) = a(v,w) for alla € F, v,w € W.

(¢) (v,w) = (w,v) for all v,w € V.

For example ((ai,...,an), (b1,...,by)) = a1by +asgbs ... ayby, is a hermitian form on F™.
An hermitian space is a vector space V together with an hermitian form (-,-) From now
on (V,(-,-)) is an hermitian space.

Lemma 9.3 [hermitian=sesquilinear| Let V' be an hermitian space.
(a) (-,-) is linear in the first coordinate, that is for all w € V the function:
(Lw): V—-TF, v— (v,w)
is linear.
(b) (-,-) is semilinear in the second coordinate, that is for all v € V the function
(v,):V—=TF, w— (v,w)
is semilinear.

Proof: (a) follows immediately from the definition of a hermitian form.
(b)
(v,u4w) = (u+ w,v) = (u,v) + (w,v) = (u,v) + (w,v) = (v,u) + (v, w)

and

(v, aw) = (aw,v) = a{w,v) = a{w,v) = a{v,w)

a

We say that v, w are orthogonal (or perpendicular) if (v, w) = 0. We also write v L w in
this case. Note that v L w if and only w L v. For v € V let v the set of vectors orthogonal
to v. Note that v is a subspace of v. Indeed v* is the null space of the linear map (-, v).
More generally for U C V' define

Ut={veV|(uv)=0YuecU}=[)u"
uelU
Since intersections of subspaces are subspaces U~ is a subspace of V.

For v € V define the (square) norm of v to be ||v||* = (v,v). Note that (v,v) = (v,v) so
the square norm of a vector is always fixed by ~. That is ||v||? € K for all v € V. It might
be interesting to observe that K is a subfield of F. Also K = [F id and only if = = idy. For
A € F we define ||A||2 = A\. Note that ||Av|? = | \||?[|v]*
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Lemma 9.4 [Pythagorean Theorem| Let u,v be orthogonal vectors in V.. Then
lu+ol* = [|ul® + [Jo]|*.
Proof:

lu+ol? = (u+v,u+v) = (u,u) + (u,0) + (v, u) + () = (u,u) + (v,0) = [uf]* + o]

a
Lemma 9.5 [orthogonal projection] Let v € V with ||v|? # 0.
(a) Letuw eV and put w =u — Tﬁ)ﬁgv. Then
v1lw
and
{u,v)
U= Wu +w
(b) V=Fv@ot
Proof: (a)
(w,v) = (u,v) — <\ﬁ;]v2> (v,v) = (u,v) — (u,v) =0
Thus v L w. The second statement follows directly from the definition of w.
(b) By (a) V = Fv + v*. Suppose that av € v* for some a € F. Then
0 = {av, v) = aljv||?
Since [|v]|? # 0 we conclude that a = 0 and so Fv Nv* = 0 and (b) holds. O

Tﬁ)ﬁgv is called the orthogonal projection of w onto Fv. w is called the orthogonal

projection of u onto vr.

Lemma 9.6 [Cauchy Schwarz] Let u,v € V with ||v||* # 0. Let w be the projection of u
onto v*. Then
(a0} + llwl*[fol® = [l [lo]|?

~

u7v>

oz Y + w. Thus by the

Proof: Let w be as in 9.5(a). Then we have v L w and u =
Pythagorean Theorem

I {u, v)
]|

I

{u, v)
lull* =1l
]|

Multiplying both sides with of this equation with ||v

ol + [lw]|* = + Jwl®

we get the result. 0.
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Definition 9.7 A inner product space is an hermitian space such that
(a) PEither F = C and ~ is complex conjugation, or F =R and -~ = idg.
(b) ||v]|? >0 for allv e V.
(c) ||v||> = 0 if and only if v = 0.

Note that given (a) we have K = R and so |[v]|?> € R for all v € V. So (b) makes sense. In
view of (b) we can define |[v|| = \/||v[|?. We also define ||\ = v/||A]|%.

Theorem 9.8 [Cauchy Schwarz inequality| Let V' be an inner product space and u,v €
V. Then
[[{w, )| < flull[[v]]-

Equality holds if and only if (u,v) is linearly dependent.

Proof: If ||v]|> = 0 then v = 0 and both side of the equality are 0. Note also that (u,v)
is linearly dependent in this case.
So suppose that ||v]|? # 0. Then by 9.6

{at, 0)I1Z + Nfwl*[foll® = [l [lo]|?

But [|w|/?||v]|> > 0. So |[{u,v)]|> <= ||u||?||v]|?>. Taking square roots gives the Cauchy
Schwarz inequality.

Equality holds if and only if ||w||?> = 0. That is if w = 0. By 9.5 this is equivalent to
u € Fo. O

Lemma 9.9 [Triangle inequality| Suppose V' is an inner product space and let u,v € V.
Then
lu+ ol < flull +lv]l.

Equality holds if and only if one of u and v is a non-negative real multiple of the other.

Proof: Note first that the following are equivalent:

lw + ol < flull + [|vl
lu+ol|* < (Jlull + [lv])?

lull® + (u, v) + (v, ) + (ol < [lull + 2lfullllo] + [lo]

(u, v) + (u,v) < 2ullv]| (1)
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Let a =2 + iy € C. Then

a+a=2r<2vz2+y?>=2|ad|

with equality if and only if @ = z is a non-negative real number. Together with the Cauchy
Schwarz inequality we obtain

(u, 0) + (u,v) < 2[[{w, 0)]| < 2l[u]v]

This proves the triangle inequality. Moreover, equality holds if and only if (u,v) is a
non-negative real number and (u,v) is linearly dependent. Note that (Av,v) = M|jv|? is
non-negative if and only if v = 0 or A > 0. So equality holds if and only if v =0 or u is a
non-negative real multiple of v. O

Lemma 9.10 perp of a span Let V' be an hermitian space.
(a) IfUCW CV, then Wt <U*.
(b) IfU CV then U+ = (SpanU)-= .

Proof: (a) is obvious. For (b) note that UL+ is a subspace of V containing U. So

SpanU < UL+, Thus
Ut < (SpanU)*

Since U C SpanU we also have
(SpanU)*+ < U+

|

We say that V is non-degenerate if V- = {0y}. Note that V is non-degenerate if and
only if for each 0 # v € V there exists w € V with (v, w) # 0.

Lemma 9.11 [u=v]| Let V be a non-degenerate hermitian space and u,v € V. Then u = v
if and only if
(u,w) = (v,w) YweV.
Proof: The one direction is obvious. Suppose now that (u,w) = (v,w) =0 for all w € V.
Then (u —v,w) =0 for all w € V and since V is non-degenerate u — v = 0. Hence v = v.0
Definition 9.12 A list of vectors (vi,va, ... ,v,) is called orthogonal if for all 1 <i,j <n
<1)Z‘,Uj> :0<:>Z7éj

Lemma 9.13 [orthogonal lists are linearly independent]| Any orthogonal list of vec-
tors is linearly independent.
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Proof: Let (v1,...,v,) be an orthogonal list of vectors and suppose that ) a;v; = 0 for
some a; € F. Then
0=1(0,v;) = O aivi,vj) = a;{vj, v;)
i
By the definition of an orthogonal list (v;,v;) # 0. Thus a; = 0 for all j and (v1,... ,vy,) is
linearly independent. O

Lemma 9.14 [symplectic forms in char 2| Suppose that V is a non-zero, non-degenerate
hermitian space such that ||v]|> = 0 for all v € V.. Then either (-,-) = 0 or char F = 2 and
T = idp.

Proof: We may assume that (-,-) # 0. Then there exist v,w € V with (w,v) # 0.
Replacing w by (w,v) 'w we may assume that (w,v) = 1. Then also {(v,w) = 1. Let
a € F. Since all vectors have square norm 0 we compute

0= (aw+v,aw+v)=a+a

Thus @ = —a for all a € F. Choosing a = 1 we see that charlf = 2. Thus @ = a for all
a € Fandso - =idp. O

In view of the preceding lemma we call an hermitian space an hermitian+ space if either
charF # 2 or = # idg. The proceeding lemma now reads:

Corollary 9.15 [non-singular vectors| Let V be a hermitian+ space with (-,-) # 0.
Then there exists v € V with ||v||* # 0.

Corollary 9.16 [equality of hermitian forms]| Let (-,-);, i = 1,2 be hermitian+ forms
on V. Then (-,-)1 = (-,-)2 if and only if || - ||? = -2.

Proof: Define (-,-) = (-,-)1 — (*,-)2. The is is readily verified that (-,-) is an hermitian
plus form and || - |2 = |- |2 = || - 3. By 9.15, (-,-) = 0 if and only if || - ||> = 0. But this
implies the desired result. o

Theorem 9.17 [orthogonal basis| Fvery finite dimensional, non-degenerate hermitian+
space has an orthogonal basis.

Proof: The proof is by induction on dim V. If dim V' = 0 the empty list is an orthogonal
basis. So suppose that dim V > 0. By 9.15 there exists v € V with ||v]|? # 0. Let W = v*.
By 9.5 V =Fv ® W. We claim that W is non-degenerate. Indeed let 0 #£ w € W. Since V/
is non-degenerate, (u,w) # 0 for some v € V. Then u = av + x for some a € F and x € W.
Since v L w we get

<x7w> = <u7w> #0
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and so W is non-degenerate. By induction, W has an orthogonal basis w. Then (v, ) is
an orthogonal basis for V. a

A list of vectors is called orthonormal if its orthogonal and all vectors in the list have
square norm 1.

Corollary 9.18 [orthonormal basis| Every finite dimensional inner product space has
an orthonormal basis

Proof: Note that every inner product space is an non-degenerate hermitian+ space. So by
9.17 V has an orthogonal basis (u1, ... ,u,). Let v; = ﬁ Then ||v;]|2 = 1 and (v, ... ,v,)
is an orthonormal basis. O

A list of subspaces (X7, Xo, ..., X,,) of V is called orthogonal if each X; is non-degenerate
and X; L Xj for all i # j. If this is the case we will write

for @, X;.

Theorem 9.19 [orthogonal decomposition]| Let V' be a non-degenerate hermitian+ space
and U a finite dimensional, non-degenerate subspace. Then

V=UQU".

Proof: By 9.17 U has an orthogonal basis (u1,...,un). Let v € V. Let z; be the
orthogonal projection of v onto Fw;. Put = """ | #; and w = v — 2. Then

w:(v—mi)—ij
J#i

Note that u; is orthogonal to v —x; and to x; € Fu;. Thus u; € wt. Since wt is a subspace
and U is spanned by (u1, ... ,u,) we conclude that U < wr. Thusw € UL. Alsov = z4w
and so V = U + U™t. Since U is non-degenerate, UNUL- =0 andso V =U @ UL. It
remains to show that U~ is non-degenerate.

For this let w € UL. Then (v,w) # 0 for some v € V. Write v = u + y with u € U,
y €Y. Since u L w we get

{y,w) = (v,w) #0

and U+ is non-degenerate. O
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10 The dual space, adjoint operators and the Spectral The-
orem

Let V' be a vector space. Define V* = L(V,F). V* is called the dual space of V. The
elements of V* are called linear functional. So a linear functional ¢ on V' is a linear map

¢o:V —F.

Lemma 10.1 [dual basis| Suppose that v = (v1,...,v,) is a basis for the finite dimen-
sional vector space V. Define v; € V* by

v;(z a;v;) = aj.
i

(a)

o= {1 ifi=j
V0 it

(b) Let ¢ € V*, then

(c) v* = (v],v3,...,v}) is a basis for V*.

Proof: (a) follows immediately from the definition of v}.
(b)& (c) Let a; € F for 1 < i < n. Then using that v spans V' and using (a) the following
are equivalent:

¢ = >;av;

¢lvi) = (ja05)(vi) Vi<i<n
d(vi) = Zjajv]*(vi) Vi<i<n
o(v;)

(vi) = q Vi<i<n

So (b) holds. Also each ¢ is a unique linear combination of v* and so (c) holds. O

The basis v* of V is called the basis dual to nv. Note that ( for finite dimensional V')

the map
E a;v; — E a;v;
i i

is an isomorphism form V to V*. But the reader should realize that this isomorphism
depends on the choice of the basis v. In contrast the next lemma shows that ( for finite
dimensional V') there exists a canonical isomorphism between V and V** = (V*)*  the
double dual of V.



10 THE DUAL SPACE, ADJOINT OPERATORS AND THE SPECTRAL THEOREM44

Lemma 10.2 [embedding of V in V**] Forv € V define v € V** by

() = ¢(v)

forallp eV,
Then the map
SV SV —90

s linear.
If V is finite dimensional = 1is an isomorphism.

Proof: We first need to verify that ¢ is indeed a linear functional on V*. Let S,T € V*
and a € F. Then

(T +8)=(T+9S)(v)=Tw)+ S(v) =0(T) +0(S)
0(aT) = (aT)(v) = aT (v) = ad(T)
So ¥ is a linear functional. To show that ~ is linear, let u,v € V,a € Fand T € V*.
Then
m(T) =Tu+v)=Tw) +TwW)=a(T)+0(T) = (a+0)(T)
Since this holds for all T" € V*, the linear functionals u+ v and @ + 0 are equal.
av(T) = T(av) = aT(v) = ad(T) = (ad)(T)

and so av = a®. So " is indeed linear.
Suppose now that V is finite dimensional. To show that the map is an isomorphism we

explicitly compute it in terms of a basis v = (v1,... ,v,). Then
1 ifi=j
Ui(v¥) = v (v;) =
It follows that (v1,vs,...,v,) is the basis of V** dual to v*. In particular, ~ sends a
basis of V' to a basis of V** and so is an isomorphism. O
We remark that for infinite dimensional W, ~ is still one to one but no longer onto.

But since the proof depends on the axiom of choice it is not presented.

Lemma 10.3 [V*perp=0] Let V be a finite dimensional vector space and U C 'V with
U # V. Then there exists 0 # ¢ € V* with ¢|y= 0.

Proof: Since a basis of U extends to a basis for V' we can choose a basis (vi,... ,vy,) of V
such that (vi,...,vpn) is a basis for U. Let ¢ = v}. Since U # V, n # m. Thus ¢(v;) =0
for all 1 <i < m and ¢|y= 0. O

If Ais a matrix then AT denotes the transpose of A, that is the (i,7) coefficient of AT
is the (j,1) coefficient of A.
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Lemma 10.4 [dual of a linear map| Let S € L(V,W). Define
S*W*—=V* T-—-ToS
The S* is a well defined linear map. Moreover, the map
LL(V,W) - LW V), S —8F
s linear.

Proof: Since compositions of linear maps are linear, T o S is indeed a linear map from
V —-TFandsoToS € V* So S*is well defined. The rest of the proof is very similar to
the proof of 10.2 and we leave the details to the reader. O

Let v = (v1,... ,v,). We denote the dual basis for V* by v* = (v],...,v}). We observe

Lemma 10.5 [matrix of the dual map| Let T : V — W be linear and suppose that v
and 1w are bases for V. and W, respectively. Let A be the matrixz of T with respect to v and
o and B the matriz of T* with respect to w* and v*. Then B = AT

Proof: T"(wj)(v;) = (w} o T)(vi) = wj(T'(vi)) = wj(3_y, akiwk) = aji Thus by 10.1(b)

T*(wj) =Y ajiv}.
7
Hence bij = Qjj- O

The next lemma allows to apply most of our proposition about linear maps to semilinear
maps.

Lemma 10.6 [turning semilinear maps into linear maps| Let V be a wvector space
over IF.

(a) Define a new scalar multiplication
o:FxV -V, (av)—aocv:=av
Then Vo, = (V,+,0) is a vector space over .

(b) Let
T -W-—->V

be semilinear. Then

T-W —=1V,
s linear.

(¢) Let U CV. Then U is a subspace of V if and only if U is a subspace of Vs
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(d) Let v be a list of vectors in V. Then v is a basis for V if and only if v is a basis for
Ve

(e) IfV is finite dimensional, V and Vi are isomorphic.
Proof: Let a,b€F and v,w e V.

(a) We only need to verify the axioms of a vector space which involve scalar multiplica-
tion:

(ab) o v = (ab)v = (@b)v = a(bv) = a < (bov)

(a+b)ov=(a+bv=@+bv=av+bv=aov+bov

S|
<
<

(

+w)=alv+w)=av+aw=aov+bov
Notethat 1=1-1= 1

=

-1 and so

|

lov=1lv=1lv=v

(b) T(aw) = aT(w) = aoT(v)
(c) Since " is a bijection the following are equivalent:

au € U YaeF,uelU
au€elU VaecF,uelU
aou€elU VaeF,uelU

Thus (c) holds.
(d) Let v = (v1,... ,v,) and v € V. Then

v = E AV <= UV = E a; © v;
i i

Hence v is a unique linear combination of v in V' if and only if v is a unique linear combination
of v in V.

(e) By (d) V and Vi, have the same dimension and so are isomorphic. Just for fun let
us determine an isomorphism explicitly:

Let (v1,v2,...v,) be a basis. Then

g a;v; — E a;;
i 7

is an isomorphism from V to V,. Note though that this isomorphism depends an the choice
of the basis. O
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We noted above that there does not exist a canonical isomorphism between V and V*.
The next proposition says that in the case of non-degenerate hermitian space there does
exists a canonical semilinear isomorphism.

Lemma 10.7 [semilinear isomorphism]| Let V' be a finite dimensional, non-degenerate
hermitian space.

(a) Define
OV -V 5 v—(,v).

Then ®(v)(u) = (u,v) and ® is a semilinear isomorphism.

(b) For each ¢ € V* there exists a unique v € V with

$(u) = (u,v)
forallueV.

Proof: (a) By 9.3 (-,v) is indeed in V*. That ® is semilinear follows easily from the fact
that (-,-) is semilinear in the second coordinate. Let v € null®. Then (-,v) is the zero
functional on V, that is (u,v) = 0 for all u € V. Since V is non degenerate we conclude
v =0. So null® = {0y }. Hence ® is one to one. Since V is finite dimensional we conclude
that ® is a (semilinear) isomorphism.

(c) Note that we can rephrase (c) as: There exists a unique v € V with ®(v) = ¢. But
this is true since ® is a bijection. O

We denote the map ® from the previous theorem by ®y,.

Lemma 10.8 [adjoint] Let V, W be a finite dimensional, non-degenerate hermitian spaces
and T € L(V,W). Then there exists a unique T** € L(W, V) with

(T(v), w) = (v, T°4(w))
for allv e V,w e W. Moreover,
Tad — (D;/l OT* o (PW

Proof: Note that the following statements are equivalent ( if they hold for all v € V,w €
W)

(T(v),w) = (v,T*(w))

Dy (w)(T(v)) = Sy (T*(w))(v)

(Pw(w) o T)(v) = (Py oT*)(w)(v)
Oy (w)oT = (ByoT)(w)
T*(®w(w)) = (v oT*)(w)

(T* o Dy )(w) = (P o T (w)

I
i
<
o
N~
&

T" o (IDW
(P‘—/l 1o T* o @W — Tad
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Also note that as a composition of (semi)-linear map, CI>‘_/1 o T* o @y is linear. So

T2d = <I>‘71 o T* o @y is the unique linear map from W — V which fulfils the lemma. O
724 is called the adjoint of T

Lemma 10.9 [Tadad] Let V' be a finite dimensional, non-degenerate hermitian space.
(a) If T € L(V) then T?d2d =T
(b) If A € F then \2d = X

Proof: (a)

(b)

If A= (a;;) is a matrix, then A denotes the matrix (ag;).

Lemma 10.10 [matrix for the adjoint] Let V, W be a finite dimensional, non-degenerate
hermitian space, T € L(V) and v and to orthonormal bases for V. and W, respectively. Let
A be the matriz for T and B the matriz of T1. Then

B=4"
Proof:
(T(vj), w;) = <Z AjWh, Wi) = A
k
and _
(05, T* (wi)) = (v, Y brive) = bji.
k
So by the definition of the adjoint a;; = bj; O

Lemma 10.11 [composition of dual maps]

(a) LetT:V — W and S : U — V be linear maps. Then

(To8) =S 0T

(b) Let U,V,W be non-degenerate, finite dimensional hermitian spaces and T : V. — W
and S : U — V linear maps. Then

(T o S)ad _ Sad o Tad
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Proof: (a) Let ¢ € W*. Then
(S0 T7)(¢) = 5™(T7(¢)) = S*(¢poT) = (poT)o S =¢o(ToS) =(ToS5)(e).
(b)
(T0S8)™ = & o(ToS) oy = O oS 0T oby, = (P 0S5 0y )o(Dy 0T obyy) = ST

|

Lemma 10.12 [Uperp| Let V be a non-degenerate, hermitian space and U a finite dimen-
sional subspace of V.

(a) dimU = dim(V/U4).
(b) U+ =U.
Proof: (a) Consider the map
U:V-Uv— (0y

Then V is semilinear and ¥(v) = 0 if and only if (u,v) = 0 for all w € U. So null¥ = U+,
Suppose that ¥ is not onto. Then by 10.3 there exists 0 # o € U™ with a|rangew= 0. By
10.2 there exists 0 # u € U with o = 4. Then for all v € V.
0= a(¥(v)) = a(¥(v)) = ¥(v)(u) = (u,v)
But this is impossible as V' is non-degenerate and u # 0.
Thus ¥ is onto. Hence by the isomorphism theorem U and V/U" are (semilinearly)
isomorphic. Thus (a) holds.

(b) Note that U < U+, Let x € U' L and put W = U 4 Fz. Then W is finite
dimensional and dim W > dim U. Since W < U“‘, UL+ < W+, Thus by (a) applied to W:
dim W = dim(V/W+) < dim(V/Ut) = dimU < dim W

Hence dim W = dimU and so U = W. Thus z € U and so U+ < U. a

Lemma 10.13 [null and range for Tad| Let V., W be finite dimensional, non-degenerate
hermitian spaces and T : V — W be linear. Then

(a) null T = (range 724)+
(b) null 724 = (range T)*

(c) rangeT = (null 729)+
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(d) rangeT® = (null 7))+

Proof: (a) Let v € V. Using that V is non-degenerate we see that the following are
equivalent for

v € nullT
T(v)=0
(T(v),w) =0 Yw e W
(v, T*(w)) = 0 Yw e W
(v,u) =0 Yu € range T4
v € (range T*4)*+

So (a) holds.
(d) By (a) and 10.12

range T%! = (range 7°4)* = (null 7)*

(b) apply (a) to 72! in place of T and use 72424 = T,
(c) apply (d) to T® in place of T and use 724 = T,

Lemma 10.14 [invariant subspaces for Tad] Let V be a finite dimensional, non-degenerate
hermitian space and T € L(V'). Let U be subspace of V.. Then U is T-invariant if and only
if UL is T*-invariant.

Proof: The following are equivalent:

U is T-invariant
T(u)eU Yu e U
T(u) e U+ Vu e U
(T(u),w) =0 YucUweUt
(u, T*(w)) =0 YuecUwe U+
T*(w) e U+ Vw e U+

U+ is T®invariant

Definition 10.15 Let T be an operator on the finite-dimensional, non-degenerate hermi-
tian space V.

(a) T is called self-adjoint if T = T4, that is if

(T(v),w) = (v, T(w)), Yv,weV
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(b) T is called normal of T commutes with T4, that is if T o T* = T2 o T
(©) (u,v)r = (T(u),v)
(d) [lvl7 = (v, )7 = (T (v),v)

Note that since T' commutes with itself, every self-adjoint operator is normal.

Lemma 10.16 [alternative definition of self adjoint] Let R, S and T be operators on
the finite-dimensional, non-degenerate hermitian space V.

(a) T is self-adjoint if and only if (-, )r is a hermitian form on V.
(b) R and S on'V are equal, if and only if (-,-)r = (-,")s.

Proof: (a) Since compositions of linear maps are linear (-, )7 is linear in the first coordi-
nate. Let u,v € V. Then

(v, uyr = (T(v),u) = (v, T*(u)) = (T*(u), v)

and

(u, v)7 = (T(u),v)

Hence (using 9.11) the following are equivalent

(-, )7 is hermitian
(T (u),v) = (T (u),v) Yu,veV
T ) =T(u) YueV
T =T,

(b) Follows from 9.11. O

Lemma 10.17 [equality of self-adjoint operators] Let R and S be self-adjoint opera-
tors on the finite-dimensional, non-degenerate hermitian+ space V.. Then R = S if and

only if | - I = Il - [I%-

Proof: By 10.16, (-,-)g and (-,-) are hermitian forms and R and S are equal if and only
if their forms are. By 9.16 this is the case if and only if || - |% = || - ||2. O

Lemma 10.18 [another alternative definition of normal] LetT" be an operator on the
finite-dimensional, non-degenerate hermitian space V.. Then T is normal and if and only if

(T(v), T(w)) = (T*(v), T*(w))

for allv,weV.
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Proof: Since (7724)3d = adadpad — ppad prad anq 73T are self adjoint. Now

svwpraa = (T(T*(v)),w) = (T (v), T (w))

and
sowpaar = (T°Y(T(v)), w) = (T'(v), T(w))

So the lemma follows from 10.16(b) O

Lemma 10.19 [alternative definition of normal] Let T' be an operator on the finite-
dimensional, non-degenerate hermitian+ space V. Then T is normal and if and only if

IT(w)|[> = |72 ()]
forallveV.

Proof: By the proof of 10.18 we have |[v||2...c = [7%(v)||* and ||v||2..q, = |T(v)||*>. The
lemma now follows from 10.17 O

Definition 10.20 An hermitian space is called definite, if ||v||? # O for all non-zero vectors
velV.

Note that a definite hermitian space is non-degenerate.

Lemma 10.21 [eigenvectors for Tad] Let T be a normal operator on the finite-dimensional,
definite hermitian space V. Let v € V be an eigenvector of T with eigenvalue A. Then v is
an etgenvector with eigenvalue A

Proof: Note that (T — \)ad = 72d — X; In particular, 7" — A is normal. Since ||T —
A(v)|)? = 10]|2 == 0, 10.18implies ||(T*? — X)(v)||> = 0. Since V is definite we conclude that

(T2 — X)(v) = 0. Hence v is an eigenvector with eigenvalue A for 729, O

Theorem 10.22 [The Spectral Theorem)| Let T be a operator on the finite-dimensional,
definite hermitian space V. Suppose that F is algebraically closed. Then T is normal if and
only if V' has an orthogonal basis consisting of eigenvectors of T'.

Proof: —:

Suppose that (vi,...,v,) is an orthogonal basis for V' consisting of eigenvectors of T
Then

v = Span(v;, j # i) and so v;" is T-invariant. Thus by 10.14 Fv; = vi-+ is T*-invariant.
It follows that v; is an eigenvector for 7. Thus the matrices for 7' and for 724 are both
diagonal. So T and T2 commute and T is normal.
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By induction on dim V. If dim V' = 0 there is nothing to prove. So suppose dim V' # 0.
Since [F is algebraically closed, there exists a non -zero eigenvector v for 1. By 10.21 v is
also an eigenvector for T2, Hence Fv is T® invariant. Put W = v+ = (Fv)*. Then by
10.14 W is T-invariant. Since ||v[|? # 0, 9.5 implies

V =Fo@QW

Note that 7% |y = (T|w)2!. Thus T|w is normal. Hence by induction there exists a
orthogonal basis tv of W consisting of eigenvectors of 7. Then (v, tv) is an orthogonal basis
for V' consisting of eigenvectors of T'. O
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