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Chapter 5

Groups with MIN

5.1 Basic properties of groups with MIN

Definition 5.1.1. [def:locally d| Let D be a class of groups and G a group.
(a) [a] G is called a D-group if G € D.
(b) [b] G is called a locally D-groups if any finite subset of G is contained in a D-subgroup of G.

Definition 5.1.2. [direct set| A partially ordered set (I,<) is called directed if for alli,j € I there exists
kel withi<k and j<k.

Lemma 5.1.3. [finite directed]| Let (I,<) a non-empty direct partially ordered set and J a finite subset
of I. Then there exists ke I with i<k for all i¢1.

Proof. 1f |J| = 0 we can choose k to be any element of I. So suppose J # @ and let a € J. By induction
there exists b € I with j < b with for all j € J\ {a}. Since I is direct there exists k € I with a <k and b < k,
and since [ is partially ordered j <b and b < k implies j < k. O

Lemma 5.1.4. [construct locally finite] Let H be a non-empty set of groups. Suppose that for all
A, B € H there exists D € H such that A< D and B<D. G. Put G:=UH and for H € H let - be the
binary operation on H Define

R :={(a,b,d) | DeH,a,be D,d=a-pb}.

(a) [a] R is binary operation on G x G.
(b) [b] G is a group under R and each H € H is a subgroup of G.

(c) [c] Any finite subset of G is contained in an member of H. In particular, if each H € H is finite,
then G is locally finite.

(d) [d] If each H € H is a subgroup of a group G, then also G is a subgroup of G.

Proof. @Let a,b € G we need to show that there exists a unique d € G with (a,b,d) € R. Since a,b e G
there exists A, B € H with a,€ A and b € B. By hypothesis there exists D € H with A, B < D. Thus a,be D.
Put d=a-pb. Then (a,b,d) € R. Suppose now that also (a,b,e) € R. Then there exists E € H such that
a,be E and e =a-gb. By hypothesis there exists F' ¢ H with D, EF < F. Thus
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86 CHAPTER 5. GROUPS WITH MIN

d=a-pb=a-pb=a-gb=c¢
Thus d is unique.

@For H € H let let 1y the identity element of H. Let a,b,c € G. Then there exists A, B,C € H with
a€A,be B and ceC. Note that (#,<) is a direct partially ordered set so by there exists D € H with
A,B,C<D. Fora=14 and b=1g we conclude that 14 =1p=1g. Thus 14-b=b=5b-14 and so 14 is an
identity for G. In particular, the inverse of a in A is also an inverse of @ in G. As D is a group, cdotp is
associative and since a, b, c € D the multiplication on G is associative.

(c)Let A be a finite subset of H. The for each a € A there exists H, € H with a € H,. By there
exists K € H with H, < K for all a € A. Then Ac K.

@is obvious. O

Example 5.1.5. [ex:locally finite]
(a) [a] Every finite group is a locally finite group.
(b) [b] Let p be a prime and for n € N let H,, be a cyclic group of order p chosen such that
Ho<H <Hs<...<H,<...
Define Cpe = Upen Hy. Then Cp is an infinite locally finite group.

Example 5.1.6. [fsym m| Recall that for a set M, Sym(M) is symmetric group on M, that is the set
of bijection from M to M with composition as binary operation. Let F be the set finite subsets of M and
for F' € F define

Hp = Csymny(M N F) = {g € Sym(M) | mg = mfor allm e M \ F'}
Observe that Hp 2 Sym(F') and so Hp is a finite subgroups of Sym (/). Define

FSym(M) = |J Hr
FeF

If E,F e¢F, then K:=EUF ¢F and Hg, Hp < Hg. Thus (5.1.4)(d)shows that FSym(M) is a locally
finite subgroup of FSym(M).
For g e FSym (M) define supp(g) = M ~ Cp(g)} = {m € M | mg + m. Observe that

FSym(M) = {g € Sym(M) | supp(g) is finite}
and that FSym (M) is a normal subgroup of Sym(M).

Definition 5.1.7. [def:min] Let G be a group. We say that G fulfills the minimum condition on subgroups
if every non-empty set of subgroups of G has a minimal element. If this is the case we also say that G is
a group with MIN.

Definition 5.1.8. [def:gcirc] Let G be a group. Then G° is the intersection of all the subgroups of finite
index in G.

Lemma 5.1.9. [basic gcirc] Let G be a group and A, B < G with G|B finite.
(a) [a] |AJAn B| is finite.
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(b) [b] If GJA is finite, then also then GJAN B is finite
(c) [c] A°<Ge,
(d) [d] B°=aG".
Proof. (])Just observe that [A/An B|=|AB/B| <|G/B.
([b)Observe that |G/An B| =|G/A|[A/An B and use (a).

[c] Let M be the set of subgroups of finite index of G. Let M € M. By (a)|A/An M]| is finite. The
definition of A° shows that A°<AnM < M. Thus A°<N\M =G°.

[d] Let N be the set of subgroups of finite index of B. Let N € B. Then both B/N and G/B are finite.
Hence G/N =|G/B||B/N] is finite. Thus G° < N and so G° <ON =B°. By (B°<G°,s0o B°=G°. [

Lemma 5.1.10. [gcirc and min] Let G be a group with MIN. Then G° = (G°)° and G° is smallest
subgroup of finite index in G.

Proof. Let M be the set of subgroups of finite index of G. Note that G € M, so M is not empty and thus
has a minimal element B. Let A € M. By A N B has finite index in G. As An B < B the minimal
choice of B gives An B = B. Thus B < A. It follows that B the smallest element of M, so B=NM = G°.
As |G/B] is finite, (5.1.9)(d)shows that B° = G°, that is (G°)° = G°. O

Lemma 5.1.11. [basic min] Let G be a group with MIN.
(a) [a] FEwvery section of G fulfills MIN.
(b) [b] G is periodic, that is every element in G has finite order.

Proof. (a)Let B 9« A < G and M a non-empty set of subgroups of A/B. Let D < G be minimal with
B<D<Aand D/Be M. Then D/B is a minimal element of M.

(O)Let g € G. By (a){g) fulfills MIN and so (g) £ Z. Thus (g) is finite.

5.2 Divisible groups

Definition 5.2.1. [def:divisible] A group A is called divisible of it is abelian and for all a € A and n € Z}
where exists be A with b" = a.

Example 5.2.2. [ex:divisible]
(a) [a] (Q,+) is divisible. Indeed if a € Q and n € Z!, then B := a ¢ Q and na = b.

n

(b) [b] Let p be a prime. Then Cpe is divisible. Indeed recall that Cpe = U2 Hy where H; = Cpr and
Hj, < Hypyi. Let a € Cpo and n € Z!. Then there exists k,l ¢ N and m € Z! with a € Hy,, n = mp'
and p 4+ m. The function « : Hpy — Hpyy,d — ' is a homomorphisn with kernel of order p! and
image of order p'. Thus Ima = Hj, and there exists d € Hy,; with a = @', Since p + m, the function
B:Hpy — Hpy,b— 0™ is a homomorphism with trivial kernel and so is an isomorphism. Thus there
exists b€ Hy, with " =d. Then

b =b™ = d =q

Remark 5.2.3. [rm:divisible| There does not exists a non-trivial, divisible, finite group.
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Proof. Let G be a finite divisible group. Let a € G and n :=|G|. Then a = b" for some be G. As n =|G| we
get b =1,s0a=1and G=1. O

Lemma 5.2.4. [basic divisible] Let A be an abelian group and D a divisible subgroup of A. Then
A=Do K for some K < A.

Proof. Let M ={L<A|LnD}. If £ is a totally ordered subset of M, then UL is an upper bound for £
in M. Hence Zorn’s lemma implies that exists a maximal element K of M. We will show that A = KD.
Since A is abelian we know that KD 9 A and we can consider the group A = A/KD. Let a € A and let
n = [a| be the order of @ in A. We will now prove:

* 1] Suppose (a\K N D #1. ThenneZ' anda”e KD\ K.
() [1] Supp

Let de (a)KnD with d+ 1. Then d=a™k with meZ and ke K. As1#de D and DnK =1 we have
d¢ K. Since d = a™k and k € K we get a™ ¢ K. Note that a™ = dk™' € KD and so @™ = 1. In particular, @
has finite order and m = nl for some I € Z*. Then (a")! = a™ ¢ K and so a™ ¢ K. As n = |a| we have a" = 1,
soa” e KD.

(#%) [2] There exists e € aD with (e)K nD =1.

If (a) KnD =1 we can choose e = a. So suppose (a)KnD # 1. Then (*)shows that n € Z* and ™ = KD.
Hence a" = kd with k € K and d € D. Since D is divisible, there exists b € D with b" = d. Put e = ab™".
Then e € aD, eD = aD and [e| =a| =n. Also

"= (ab ) =a" (V") = (kd)d ' =k e K

The contrapositive of applied to e in place of a now shows that (e) n D =1. Thus holds.

We now can show that a € KD. By (*#there exists e € aD with (e)K n D = 1. The maximality of K
implies that that e € K. Thus a € aD =eD < KD. We proved that a € KD for all a € A. Hence A = KD
and since KnD=1weget A=Ka®D. O

5.3 Locally finite groups with finite involution centralizer

Remark 5.3.1. [rm:equal commutator| Let G be a group, g€ G, H <G and a,be H. Then

[9.a]=[9,0] <= g"=¢" <= ba'eCula) < beCul(gla <= Culg)a=Culg)b
Proof.
[9,a] = [g,b]

— g lg = glgb

— g*=g"

— g =g

— ba™' € Cr(g)

— beCp(g)

< Cpu(g)beCu(g)a
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Proposition 5.3.2. [brauer fowler] Let G be a finite group and t € G~ Z(G) with t> = 1. Then there
exists a non-trivial normal subgroup N of G with N < [G,t] such that G/Ca(N) is isomorphic to a subgroup
of Sym(2|Cq(t)[?). In particular,
G/Ca(N)] < (ACa()P)!
Proof. Put
C:=t% and D:={(x,y)eCxClz+y}

We will count the element of D in two different ways. Put n := |G| and m := |Cg(t). Then
€l =1t = 1G/Ca () = —

and so

TL2 n

(+) WDl = felel -1 = 2 (2 -1) = 2 -2

m2 m

Next we will partition the set D by the value of zy to obtain a second count. Observe that for (z,y) € D
we have zy = zy~! # 1. Let a € G'. Define

D(a) ={z,y)eD|zy=a} and k:= ma>f|D(a)|
aeG
Then D(a), a € GY, is a partition of D. Thus

(*%) 2D = > D(a)|<(n-1)k=nk-k
aeGH

Suppose that k£ =0. Then D =g and so |C|=1 and C = {t}. Hence t =9 for all g € G and so t € Z(G), a
contradiction to the hypothesis. Thus

(% *) 3]k > 1.
From and We get
2
D cnk-k<k
m m
2 1. &9
L <nk+ = =n(k+—) B b k) = 20
m m m
ESQm2
k

Let a € G'. We will now estlmate |D(a)| in terms of |Cg(a)|. Let (z,y) € D(a). Then a = xy. As x and
y have order two this gives a¥ = a™!. Let (&,7) € D(a). Then a¥ = a~! = a¥ and refrm:equal commutator
gives § € Cg(a)y. So there are at most |Cg(a)| choices for §. Since a = 7§ we have & = ag~'. It follows
that = is determined by ¥, so

(+) [4]|D(a)| <[Ca(a)]

Now choose a € G* with [D(a)| = k. Then k < |Cg(a)| and so
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- o160 n
ICala)l ~ kK

Put N := (a®). Note that G/Cg(N) = G/Cg(a®) and so G/Cg(N) is isomorphic to a subgroup
Sym(a®). Since |a®| < 2m? this implies that G/Cg (V) is isomorphic to a subgroup Sym(2m?).

It remains to show that N < [t,G]. Let r,s € G with x =¢" and y = t*. Then

1

a=axy= l’_ly =TS = [t—ljtsyfl r_ [t,tmﬁ ]7"
Since [t,G] € G we conclude that a € [t,G] and also N = (a®) < [t,G]. O

Corollary 5.3.3. [simple bounded centralizer| Let neZ* Then there exist only finitely isomorphism
classes of finite simple groups G with a involution t such that |Cg(t)| = n.

Proof. Suppose first that ¢ € Z(G). Then (t) < G and, since G is simple, G = (t). Thus G = Ca. So
suppose t ¢ Z(G). Then by there exists a 1 # N 4 G such that G/Cg(NN) is isomorphic to a subgroup
of Sym(2n?). Since G is simple we get N = G. Thus Cg(N) = Z(G) and since t ¢ Z(G) we know that
Cg(N) # G. Hence Cg(N) =1 and so G is isomorphic to a subgroup of Sym(2n?). As Sym(2n?) has only
finitely many subgroups, the corollary holds. O

Lemma 5.3.4. [brian] Let K be a finite group, M < K, K = K/M and h e K. Then |C(h)| < |Cx(h)|.
Moreover if |Cz(h)| = [Ck (h)|, then Mh < h'.

Proof. Let A< K with M < A and A/M = Cz(h). Note that Cx (k) < A and so C4(a) = Cx(a). Consider
the function

7: A->H, aw~h®

Since i =T for all a € A we have h® € Ma and so Im7 € Mh.

Let a,be A. By a7 = br if and only if be C4(h)a = Cg(a)bd.

Thus for each d € Im 7, the inverse image dr~! of d in A under 7 has size |Cg (h)|. Since dr~!,d e ImT
is a partition of A we conclude that

Al = |Cx (M)[[Im 7| < [Ck (R)||M 7] = |C (h)| M|
and so
ICx(h)| = 1A/ M] < |Ck (h)]
If |Cz(h)| = |Ck (h)| we conclude that Mh =Im7 = h* c BE. O

Definition 5.3.5. [def:bounded| Let D be a class and f, fi1, fa,... fn be functions from D to N. We say
that f is bounded on D in terms of fi, fo,... fn if there exists a function g : N" - N such that

F(D) <g(f1(D),... fn(D))
for all D e D.

Lemma 5.3.6. [h1l bounded] Let G be group acting on the group H. Then |H|Cy(G)| is bounded in
terms of |G/Cq(H)| and |[H,G]|.
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Proof. Replacing G be G/Cq(H) we may assume that Co(H) = 1. Consider the function

a: H/CH(G)—> >é[H,G:|, hCH(G) — ([h,g])geG
ge

Let a,be H. Then
aCp(G) =bCy(G)

— ba' e Cy(G)
— ba ' eCy(g) forallgeG
— [a,g] =[b,g] forallge -E31]

The forward direction shows that « is well-defined and the backward direction shows that « is injective.
It follows that
|H/C(G)| = |Tmal < |[H,G][“
O
Recall from last semester: A prime is a positive prime integer. Let 7 be a set of primes. Then 7’ is the
set of primes not contained in 7. For n € Z, w(n) is the set of prime divisors of n. Let G be a group and
g € G. Then g is called a m-element if g has finite order and m(|g|) € 7. The group G is called a 7-group if

all elements of G are m-elements. Recall that if G is finite group and p € 7(G), then G has a element of
order p. In particular, a finite group G is a m-group if and only if 7(|G]) ¢ =.

Lemma 5.3.7. [more coprime] Let P be a finite p-group acting on a finite p'-group Q.
(a) [a] Let R4S <Q be P-invariant subgroups of Q. Then Cg/r(P) = Cs(P)R/R.

(b) [c] Q=[Q,P]Cq(P). In particular, [Q,P]=[Q,P;n] for allneZ".

Recall here that
[A,B;n]=[[...[[4,B],B],...], B]
(S —
n—times

(c) [b] Let 1=Qo2Q1<Q24...4Qy =Q be a P-invariant subnormal series of Q. Then
ICo(P)| =T1ICq./q. . (P)
i=1

Proof. @: Clearly Cs(P)R/R < Cg/p(P). Let 5 € Cg/r(P) and pick s € S with 5 = sR. Then sR is
an P invariant subset of S. Note |sR| = |R| and |R| divides |@|. Thus p does not divided |sR|. Since all
non-trivial orbits of P on sR have size divisible by p we conclude that there an orbit {¢} of P on Rs of
length 1. Then t € Cg(P) and s=tR e Cg(P)R.

([): Observe that P centralizes Q/[Q, P]. So (b)follows from (al).
: This clearly holds for n = 1. Suppose n > 1 and put k =n—1. Then

Co(P)| = [Ca(P)/Cau(P)ICau(P)| = [Ca(P)/Ca(P)nQxlCay(P)]
- Ce(PQ/@liCa (P B [Chj0.(P)ICa(P)]

Ind n
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Definition 5.3.8. [defioupg| Let G be a finite group and w a set of primes. Then
O™(G) =(x € G| x is a 7'-element)

Lemma 5.3.9. [basic oupg| Let G be a finite group and 7 a set of primes.

(a) [a] Let N 4G. Then G/N s a w-group if an only if O"(G) < N.

(b) [b] O7(G)=(S|per,seSyl,(G)).

(c) [c] Suppose G acts on the finite w-group Q. Then

[Q,07(G)] =[Q,07(G);n]
for alln e 7.

Proof. (d): Suppose first that O"(G) < N and let T € G/N. Then Tz = Nz for some z € G. Note that
x = yz where y is a 7’-element and z is p-element. Then y € O"(G) < N and so So T = Nx = Nyz = Nz.
Since z is a m element in G, we know that Nz is a m-element in G/N. Thus G/N is a m-group.

Suppose next that G is a G/N is a m-group. Let x € G be a n’-element. Then £ N/N is a w and a 7’
elements. So *N = 1g/y and thus z € N. Thus O"(G) < N.

Put H:= (S |pen’,SeSyl,(G)). Let pen’and S € Syl,(G). Then S is a p-group and so a 7'-group.
Thus S < O™(G) and so H < O™(G).
Next let x € G be a 7’-element. Then z = [Tperr Tp where xp is a p-element in G. The z; € S}, for some
Sp € Syl,(G), so v € H and thus O™(G) < H.

Let pen’ and S €Syl,(G). Then S is a p-group and Q a p'-group. So (5.3.7) gives
(@, 5] =[Q,5;n] <[Q,07(G);n]

Using @We get

[Q.07(G)] = [Q.(S|pen’,SeSyl,(G))] =([Q.S]|pen’ S eSyl,(G))] <[Q,07(G);n] < [Q,07(G)]
Thus [Q, 07(G)] = [Q, O7(G);n]. 0
Let G be a group and n € N. Recall that Z,(G) is inductively defined by Zo(G) = 1 and

Zn1(G)[2n(G) = L(G]Zn(G))

G is nilpotent if G = Z,,(G) for some n € N. This holds if and only if [G;G;n] = 1. A finite group is
nilpotent if and only its is the direct product of p-groups. For finite G, Z+(G) := Z,,(G) where m € N with
Zm(G) = Zm+1(G). If N is a nontrivial normal subgroup of G contained in Z.(G) then N nZ,(G) # 1.

Lemma 5.3.10. [coprime action]| Letp be a prime and G a finite group acting a finite p-group P. Then
the following three statement are equivalent:

(a) [a] There exists n € Z* with [P,G;n] = 1.
(b) [b] [P,O"(G)]=1.

(c) [c] G/Cq(P) is a p-group.
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Proof. @: : Suppose [P,G;n] =1 for neZ".
[P, 0°(G)] = [P,O"(G);n] <[P,G;in] =

So @holds.

()= (d): Suppose [P,O”(G)] =1. Then OP(G) < C(P) and (5.3.9)(b)shows that P/Cq(P) is a
p-group.

()= (@): Suppose G/Cq(P) is a p-group. Replacing G by G/Cg(P) we may assume that G is
p-group. Let H := P x G be the semidirect product of P by G. Then H is a finite p-group and so H is
nilpotent. It follows that [H, H;n] =1 for some n € Z*, so also [P,G;n] = 1. O

Definition 5.3.11. [def:invert] Let G be a group acting on a group H, t € G and A< H. Then t inverts
Aifa'=a™! forallac H.

Lemma 5.3.12. [invert abelian| Let G be a group acting on a group H and t € G.
(a) [a] Ift? e Cq(H) and a€ H, then t inverts [a,t].
(b) [b] Ift inverts H, then H is abelian and both t*> and [t,G] centralizes H.

(c) [c] If H is finite and Cg(t) =1, then t inverts H.

Proo Let a be H. ,
(a—lat)t (a—l)t te _ (at) 1CL— (a—lat) 1 [CL t]
(]EI) a7l = (ab)™ = (ab)! = a'b’ = a7 'b7! and so H is abelian. Also

atz _ (at)t _ (a—l)t _ (a—l)—l _

and

L= (@)Y = (@) = (@) =a =
Thus both t? and [t, g] centralize H.
(dPSince Cu(t) =1, shows that the function
a: H-H, a~a,t]

is injective. Since H is finite, this implies that « is surjective. Hence every element of H is the form [a,t]
and @implies that ¢ inverts every element of H.
O

Definition 5.3.13. [defign| Let (G,-) be a group and neZ".
(a) [a] G"=(g"|geG) and Gn:=(g9eG|g" =1)
(b) [b] Suppose G is p-group, where p is a prime. Then Q,(G) =G
(c) [c] rank(G)=min{|I| |I<G,G=(I)}.
Lemma 5.3.14. [abelian p] Let p be a prime and G a finite abelian p-group.
(a) [a] G=@]_,G; , wherereN and G; <G with G; 2 Cpni, n; € Z*.
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(b) [b] U (G) =@ N (G;) and 0 (G;) 2 Cp. In particular, | (G)| =p".

(c
(d

(e
Proof. @Any finite abelian groups is the direct sum of cyclic groups, so holds.

@and follow from @

(dBy @2.10)(p)@,(G) = @,(G). By definition ®,(G) == ([#,y],2" | #,y,z € G) and since G is
abelian we get ®,(G) = G?. By [2.2.11 G/®(G) = C’;, where k = rank(G). On the otherhand by ,
|G/®(G)|=|G/GP|=p". Sor=k.

(e)is obvious. ]
(%)

le] G?=@]_, G} and G;/G} =C,. In particular, |G/GP|=p".
c

)
)
) [c] ®(G) =GP and r =rank(G).
)

[d] If meZ* with G™ =1, then p™

m for all1<i<n and |G| <m'.

Proposition 5.3.15. [g mod zl| Let G be a finite group and t € G with t* = 1. Put L := [t,G]. Then
|G/Z.(L)| is bounded in terms of |Cq(t)|

Proof. The proof is by induction on |Cg(t)|]. Put G = G/Z*(L). Then [L,t] = [L,7], Z(L) = 1 and by
|C&(1)| < |Cq(t)]- So replacing G be G/Z.(L) we may assume that Z(L) = 1 and we need to bound G in
terms of Cg ()|

If t € Z(G), then |G| = |Cg(t)|- So we may assume that ¢ ¢ Z(G).

By there exist a non-trvial normal subgroup N of G such that N < L and |G/Cg(N)| is bounded
in terms of |C(¢)]-bounded. Without loss N is a minimal normal subgroup of G.

Suppose that ¢ inverts N. By[5.3.12|we get [t, G] < C(IN). Since N < L = [¢t,G] this gives N < Z(L) = 1,
a contradiction.

Hence there exists n € N with n #n7!. Since n = (nt)t we conclude that (nt) does not have order two.
In particular,

nt ¢ t¢

Put G := G/N. By we have [Cz(t)| < |Cq(t)| and since nt ¢ t even |CH(t)| < |[C(t)|. Induction
on |Cg(t)| now shows that G/Z.(L) is bounded in terms of |C(), and so also in terms of |Ce(t).

Let Z < L with N < L and Z/N :=Z,(L)). Then |G/Z| is bounded in terms of |Cg(t)|, and we need to
bound |Z|.

Put D:=Cz(N). Then |Z/D|=Z]|ZnCq(N) =|ZCa(N)/Ca(N)| <|G/Ca(N)|. It follows that |Z/D|
and so also |G/D| are bounded in terms of |[C(1)|.

It remains to bound the order of D. So suppose that D # 1 and let M be any non-trivial normal
subgroup of G contained in D.

Assume for a contradiction that M n N =1. Then

1#Mx2M/MnanN=zMN/N=M<Z=17,(L)

and so Cq7(L) = M nZ(L) # 1. Since M = M, this gives Cps(L) # 1. As M < L we conclude that Z(L) # 1,
a contradiction.

Thus M n N # 1. Since N is a minimal normal subgroup of G this gives N=NnM <M. For M =D
we conclude that N < D =Cz(N). Hence N <Z(D), so N is abelian.

Thus (nn')! = (ntntQ) =n'n = nn! and since nn~! # 1 we get Cy(t) # 1. So we can choose a prime p
dividing Cy(t) and an element m of order p in Cy(t). Since N is a minimal normal subgroup of G this
implies N = (m®).
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Recall that Z/N = Z, (L) and so Z/N is nilpotent. Since N < Z(D), also D is nilpotent. It follows that
D = Dy x Dy, where Dy is p-group and Ds is a p’-group. Note that Dy consist of all p-elements and Dy of
all the p’-elements of D. As D 9 G we conclude Dy and D, are both normal in G. Since m? = 1 we have
m e Dy and so N = (m%) < D;. Hence NnDy < DynDy=1. As Nn M # 1 for any non-trivial normal
subgroup M of G contained in M get D; = 1. Thus D = D1 Dy = Dy and D is a p-group. In particular,
N is an abelian p-group. Note that n € Q;(N) and so also N = (m®) < Q;(N). Thus N = Q;(N).
Im%| = |G/Cq(m)| <|G/Cq(N), we have rank(N) < |G/Cq(N)|. Now @shows that

[N] = 9 (V)] = ) < pl9/Ca < (O (1)) OO,

Thus |G/Cq(N)| is bounded, we conclude that also |N| is |Cg(t)]-bounded.

Since D < Z < Z,(L) know that [D,L;k] = 1 for some k € Z*. Since D is p-group, shows
that [D,0P(L)] = 1. Thus [D,0P(L)] < N. Put E = Cp(OP(L)). By (5.3.9)()[£,07(L);1] =1 for some
leZ*. Thus E<Z.(L)=1.

Note that

[[OP(L),D],D]<[N,D]<1, and [[D,0OP(L)],D]=1.

The Three Subgroup Lemma now shows that [[D, D],OP(L)] = 1. Thus D' =[D, D] < Cp(OP(L)) =1,
so D is abelian. In particular, D < C(D) and

[OP(L)/Cor(1)(D)| <|G/Ca(D)| < |G/ D

So, since |G/D| is bounded in terms of |[Cg(t), the same is true for |[OP(L)/Cop(ry(D)|- Recall that
[D,0P(L)] < N and since |N| is bounded, we see that [D,OP(L) is bounded in terms of |Cg(t)]. By
5.3.6: |D/Cp(OP(L)| is bounded in terms of [OP(L)/Cop(ry(D)| and |[D,0P(L)]|. As Cp(OP(L)) =1 we
conclude that D is bounded in terms of |Cq()]. O

Lemma 5.3.16. [action on abelian i] Let G be a group acting on the abelian group A. Let t € G.

(a) [a] The function
a: A->A, awe[a,t]

is a homomorphism with Keraw = C4(t) and Ima = {[a,t] |a e A} = [A,t].
(b) [b] A/Ca(t) 2 [A,t]. In particular, |A| =|Ca(t)|-|[A,t]|
(c) [c] Ift?=2, thent inverts [A,t].
(d) [d] Ift*=1 and A% =1, then [A,t] < Ca(t) and |A| < |Ca(t)].
Proof. @Let a,be A. Since A is abelian,
[a,t][b,t] = a ta'd™'0" = (ab) ™ (ab)! = [ab, t]

and so « is homomorphism. Clearly Kerav = C4(¢) and Imav = {[a,t] | a € A}. Since « is a homomorphism,
we know that Im « is a subgroup of A, and so Ima = ({[a,t] |a € A}) =[A,t].
@Sinee « is homomorphism, A/Kera ~ Im «, so @holds.

Since t? = 1 we know that t inverts [a,t] for each a € A. By @[A,t] ={[a,t] | a € A}, so t inverts
[A,t].

@)Let a € [A,t]. Then a? = 1 and so a”! = a. By at =a!soa =aand aeCy(t). Thus
[A,t] < CA(t). In particular, |[A,t]| <|C4(t)| and so gives |A| = |CA(t)||[A,t]] < |Ca(t)]?. O
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Definition 5.3.17. [def:FSG] Let G be a group. Then SG(G) is the set of subgroups of G and FSG(G)
is the set of finitely generated subgroups.

Definition 5.3.18. [def:locally determined]| Let G be a group and D : SG(G) - SG(G) a function.

(a) [a] D has the union property if
D(H)= U D(F)
FeFSG(H)

for all H<@G.

(b) [b] D has the intersection property if

D(H)= () D)
FeFSG(H)

for all H < G.
(¢c) [c] D is locally determined if for all F €e FSG(G) and L € SG(G) exists H €e FSG(L) such that
FnD(L) = FnD(K)
for all K < L with H< K.
(d) [d] D is increasing if G(H) < D(K) for all H< K <G.

Remark 5.3.19. [rm:union property| Let G be a group and D : SG(G) - SG(G) be a function with
the union property. Then D 1is increasing.

Lemma 5.3.20. [generation local] Let G be a group and (13)qep a family of subsets of G. For E € D
define Xp = (X, |ee€ E}. Let D be the set of finite subsets of D. Then

Xp=J Xg
EeD

Proof. Define H={Xg | E€D}. Let E,F € D. Then EnF €D and both Xp and Xg in Xp,r. Now
shows that U#H is a subgroup of G. If de D, the de {d} € D and X, € X4y. Also Xg € Xp for £ €D and
SO

UXdEUHEXD:<Xd|dED)=<UXd>
deD deD

Since UH is a subgroup of G this implies Xp = (H). O
Example 5.3.21. [ex:union] Let G be a group.
1) [a] The function H — H' has union property.

2) [b] Let neN. Then the function H - H™ has the unions property,

(1)
(2)
(3) [c] Let T € G. Then H — [H,T] has the union property.
(4) [d] H - Cg(H) has the intersection property.

Proof. : Let H <. Let H be the set of finite subsets of H.
Note first that
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(+) (1]

[H,T]=([ht]|heHteT) - Definition of [H,T]
:([h,t]|teT) ‘ heH)
=([h,T]| he H) — Definition of [h,T]
and so
[H,T]=([h,T]| heH)
c ([~ T]|heE) ~E3.20
EeH
c U([nT]he(E))
EeH
c U ([MT]|heF) -Definition of FSG(H)
FeFSG(H)
c U [FT] — (+)applied to F' in place ofH
FeFSG(H)
c[H,T]
So [H,T]=Upersc(m)[F,T] and holds. O

Lemma 5.3.22. [union determined| Let G be locally finite groups and D : SG(G) - SG(G) function
with the union property. Then D 1is locally determined.

Proof. Let F,L <G with F finite. Let a € FnD(L). Since D has the union property we know that

D(L)= U D(H)
HeFSG(L)
and so there exists a finite subgroup H, of L with a € D(H,). Since L is locally finite there exists finite
subgroup H of L with

U H.cH
acFnD(L)

Let K <L with H < L. Then H, < H < K <L and so
aeD(H,) <D(K)<D(L)

Hence
FnD(L)<FnD(K)<FnD(L)

and FnD(L) = F nD(K). 0

Lemma 5.3.23. [determined and bounded]| Let G be a group and D : SG(G) - SG(G) a locally
determined functions. Suppose there exists n € Z* and H € FSG(G) such that

|F/FnD(F)|<n
for all F € FSG(G) with H < F. Then |G/D(G)| < n.
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Proof. Put A:=D(G) and let £ be a finite subset of G/A. We just need to show that |£| < n.
For E € £ choose gy € G with = Agy. Put
F:=(gp|Ec€&)
and note that F' e FSG(G). Since D is locally determined there exists L €e FSG(G) such that

FnA=FnD(G)=FnD(K)
for all K <G with L< K.
Define
K:=(F,H,L)

Since F, H and L are finitely generated, so is K. Since H < K we have |[K/K nD(K)|<n and since L < K
we have FnA=FnD(K).
Note also that gz € F' for all E € £. Thus

€] = {Ags | E e} < [{Ae|ee F}| = [AF[A[ = |F/Fn Al = |[F/F nD(K)|
= [FD(K)/D(K)| < |[KD(K)/D(K)| = |[K/K nD(K)| < n

O]

Lemma 5.3.24. [d circ €] Let G be group and D, E : S(G) - S(G) be locally determined function.
Suppose that E is increasing. Then also D o E is locally determined.

Proof. Let F,L <G with F finitely generated. Since D is locally determined there exists H € FSG(E(L))
such that

(%) [1]F nD(E(L)) = FnD(K)

for all K <E(L) with H < K. Since E is locally determined there exists H € FSG(L) such that

(%) [2]H nE(L) = HnE(K)

for all K < L with H < K.
Let K ¢ L with H < K. By choice of H we have H <E(L). So HE(L) = H and (x*)gives H < E(K).
Since K < L and E is increasing, E(K) < E(L). Thus
H<E(K)<E(L)
and (+)applied with K = E(K) shows that
FnD(E(L)) = FnD(E(K)
O

Recall from 2.1.15} Let G be a nilpotent group and A a maximal abelian normal subgroup of G. Then
Ca(A) < A.
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Lemma 5.3.25. [2-group with small centralizer] Let P be a locally finite 2-group and t € P such
that t* = 1 and Cp(t) is finite. Then there exists n € 7+ such that t inverts P™, |P/P™| is finite and n,
rank(P™) and |P/P"| all are bounded in terms of |Cp(t)|

Proof. Suppose the lemma holds for finite groups. Then there exists an n € Z* such that, for all finite
subgroups F' of P with Cp(t) < F, t inverts F'™ and both n and |[F"| are bounded in terms of [Cr(t)|. As

Cp(t) < F we have Cp(t) = Cp(t). By [5.3.21] the function
D: SG(P)-SG(P), H—-H"

as the union property. So by 5 is locally determined. As |F'/F™| is bounded, now shows that
|P/P™| is bounded. Let g € P™. Since D has the union property, there exists finite subgroup A of G with
g€ A™. Choose a finite subgroup F' of G with A™ < F and Cg(t) < F. Then t inverts F'™ and so ¢ inverts
g and P™". We proved, that if the theorem holds for finite groups it also holds for locally finite groups. So
we may assume now that P is finite.

Let m := |Cp(t)|. Since P is a 2-group, m = 2* for some k € N. Let A be a maximal normal abelian
subgroup. Our main goal is the bounded the order of P/A. Since A = Cp(A) this amounts to bounding
|P/Cp(A). Put

H:=Cp(A/A™) and E:=Cg(A™)

We will bound |P/H|, |H/E| and |E/Cg(A)|. Note that P/H is isomorphic to a subgroup of Aut(A/A™),
so to bound |P/H| it suffices to bound |A/A™|.

By (5.3.16) ()[4 = [[A,t]|-|Ca(t)], so |[A/[A,t]| = |Ca(t). Since Ca(t) < Cp(t) we conclude that
|A/[A,t]] divides m. It follows that @™ =1 for all @€ A/C4(t), thus

A™ < [At]

As t? =1 5.3.16@ shows that ¢ inverts [A,t]. Hence t also inverts A™. Note that b? = 1 for all
beQi(A). Thus (5.3.16) (d)shows that

[21(A)] < [Cq, 4y (D < [Cp(1)* = m® = 2**
Put 7 = rankA. By (5.3.14) (b) |21 (A)| = 2", so r < 2k and r is bounded.
By (5.3.14) (¢
|AJA™ | <m”

Thus |A/A™| is bounded in terms of m. As mentioned above, this implies that |P/H| is bounded in terms
of m.
Note that ¢ centralizes H/[H,t]. Hence by

[H/TH, t]] = [Crya (D] < [Ca () <[Cp(H)] <m
Since t inverts A™ we know that [H,t] <Cy(A™) = E, see5.3.12| Thus

|H/E|<[H/[H,t][<m
Let a€ A and ec E. Then

[a,e]™ =[a",e] -since a+ [a,e] is a homomorphism
1 —since ee £ =Cgx(A™)
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It follows that a™ =1 for all a € [A, E]. Now (El)gives I[A, E]| < m™»kUAE]l < 7 Thus |[A, F|
is bound in terms of m. Since E = Cy(A™) we have A" < C4(F), so
|A/Ca(E)| < |AJA™] <m”

We proved that |A/C4(E)| and |[A, E]| are bounded in terms of m. By [5.3.6]|E/Cg(A)] is bounded in
terms |A/C4(E)| and |[A, E]|, so |E/CE(A)| is bounded in terms of m.
We proved that |P/H|, |H/E| and |E/Cg(A)| all are bounded. Hence |P/Cp(A)| is bounded. Put
[ =|P/A| and n = Im. Since A = Cp(A) we conclude that | and n are bounded terms of m. Note that
Pl< A SoP"=(P!')™< A™. Thus t inverts P™ . Observe that A™ < P™ and by (EI)|A/A"| <n?k,
Thus |P/P™| < n?. We bounded |P/A| and |A/P™|, so |[P/P™| is bounded in terms of m.
O

Lemma 5.3.26. [zn for locally finite] Let G be a locally finite group and n € N. Then the function
Zn: SG(G) - SG(G), Kw~Zy(K)

1s locally determined.

Proof. Let F be a finite subgroup of G and L < G. We need a finite subgroup H of L such that

FAZn(L) = FnZy(K)
for all K < L with H < K.
Forae (FNL)~N (FnZy1(L)) choose I, € L with [a,l,] ¢ Z,,(L). Since L is locally finite there exists
a finite subgroup D of L with FNL < D and l, € D for all a € (Fn L)~ (FnZy+1(L)). By induction there
exists a finite subgroup H of L such that
DAZn(L) = DnZn(K)
for all K < L with H < L. As L is locally finite we can choose a finite H < L such that D, H < H.
It remains to show that F'nZy.1(L) = F N Zy41 (K) for any K <G with H < K. By (2.1.12) (a)) we have
Kn Zn+1(L) < Zn+1(K)
In particular, since FNnL< D < H<K,

FnZpa(L)=(FnL)nZp (L)< Fn(KnZp(Ly < FnZps(K)

Let ae (FNL)N(FnZpi1(L)). Then [a,l,] ¢ Zn(L). Recall that a e FNL € DnL and l, €e LnD < LnK.
Thus [a,ly] € D~Zy(L) and a,l, € K. As H < H < K we have

DAZn(L) = DnZp(K)
and so [a,l] ¢ Z,(K). Since a,l, € K this gives a ¢ Z,.1(K). We proved
(FNL)N(FNZp (L) SEN(FNL)N(FnZp)(K)
Thus

Fn Zn+1(K) <Fn Zn+1(L)

and the lemma, is proved. O
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Lemma 5.3.27. [bound nilpotency| Let L be finite group and B < L with B < Z.(L). let r € N be
minimal with B <Z,(B). For i €N define B; := BnZ;(L). Let i € N.

(a) [a] Then Bi+1 = CB/Bi (L)
(b) [b] Ifl <r, then B;,1 # B;.
(¢) [e] |B|=2". In particular, r < |log, |B]].

Proof. @and @Put L:=L/Z;(L) and note that

Ziv1 =7Z(L)

We compute

Bi+1 = Bz+1Zz/ZZ =Bn Zz+1)Zz/Zz = (BZZ) N Zi+1/Zi = Eﬂ Zi+1 = Eﬁ Z(f) = CE(L)

Using the the isomorphism

B/BZ :B/BOZZ‘ = BZZ/ZZ :E

we conclude that

Bi1/B; = Cpp,(L))
Ifi <7, then B; #+ Bandso B #1. Also B< Z,(L) < Z.(L) and [2.1.10|shows that BnZ(L) # 1. Hence

B;i1 #1 and so B;;1 # B;.
Note that B = B, and so |B| = [1;-o7 - 1|Bi+1/Bi|- By Bi+1 # B;. Hence |B;;1/B;| > 2 and
holds ]

Proposition 5.3.28. [nilpotent by finite] Let G be a locally finite group and t € G with t*> = 1. Then
there exists a postive integer n such that n and |G[Z,([G,t])| are bounded in terms of |Ca(t)|. In particular,
G is nilpotent by finite.

Proof. Suppose the proposition holds for finite groups. Then there exists integers n and m such, for all
finite subgroups F' of G with C(t) < G, both n and |F/Z,([F,t])| are bounded in terms of |C(t)|. By
the function D : H — [H,t] has the union property. So byE is increasing and byE
is locally determined. By [5.3.26also Z,, : H - Z,(H) is locally determined. Hence by[5.3.24 H - Z,([H, ]
is locally determined. As |F'/Z,([F,t]|) is bounded for all F' of G with Cq(t) < F, now shows that
also |G/Zy, ([ F,t])| is bounded in terms of |Cg(t).

So we may assume that G is finite. Put L :=[¢,G] and Z := Z,(L). Let n be minimal with Z, (L) = Z.
By |G/Z| is bounded in terms of |[Cg(t)]. So we just need to show that n is bounded. Since Z is
nilpotent, there exists a unique 2-group A and a unique 2’-group B with Z = A x B.

Let r and s in N be minimal with A < Z,(L) and B < Zs(L), respectively. Then n = max(r,s). Put
P := A(t). Observe that observe P is a 2-group. By there exists an integer m such that P™ is
inverted by ¢ and both |P/P™| and rank(P™) are bounded in terms of |Cp(¢)|. As P™ has bounded rank
and by @|P'm/P'2m| < 2rank(P™) “also |[P/P?™| is bounded in terms of Cp(t). Since |P/A| <2 we
have P2 < A and so P?™ < (P2)™ < A™ < P™. Tt follows that ¢ inverts A and that |A/A™| is bounded in
terms of |C(t)|. Note that L, Z, A and A™ all are normal subgroups of G. As t inverts A" we conclude
from that L (= [G,t]) centralizes A™. Thus A™ < Z(L). Put [ := [logy|A/A™|] and L := L/Z(L).
Then
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[A| = |AZ(L)JZ(L)| = |AJAn Z(L)| < |AJA™| and A<Z=7.(L)

Thus shows that A < 7;(L) and so A < Z;,1(L). Thus 7 <1 +1, and r is bounded in terms of |Cg(t)|.
For i € N define B; := BnZ;(L). Then by (5.3.27) ()

Bi.1/B; = Cpp,(L)
Let s =2u+¢e with e=0,1. Let i € B with ¢ < u. By 5.3.27@32”2 # Bg;, 0. Thus

Canz/Bzi(L) = CBzi+1/BQi(L) = B2i+1/BQi * BQi+2/B2i
Thus L does not centralizes Ba;io/Ba;. It follows that ¢ does not inverts Bs;/Ba;—2 and 5.3.12sh0ws

that CB2i+2/B2i (t) + 1. By "

CBZi+2/B2i(t) = CB21’+2 (t)BQi/BQi
and so Cp,, ,(t) £ Bair1. Thus

0< CBQ(t) < CB4(t) <...< CB2u(t) < Cg(t)

Thus 2" < |C¢(t)| and we conclude that s is bounded in terms of [C(1)].
O

Corollary 5.3.29. [infinite centralizer| Let H be an infinite locally finite simple group and t an invo-
lution in H. Then Cg(t) is infinite.

Proof. This follows immediately from [5.3.28 O

5.4 Locally finite groups with MIN

Definition 5.4.1. [def:kegel cover| Let H be locally finite group. Then a Kegel cover K for H is a set
of pairs of subgroup of H such that

(i) @] If (K,M)eK then M <K <H, K is finite and K[M is simple.
(ii) [2] If F is a finite subgroup of H, then there exists (K, M) e K with F < K and FnM =1.
Theorem 5.4.2. [kegel| Every locally finite simple group has a Kegel cover.

Proof. Let H be a locally finite group. Define K to be the set of all pairs (K, M) such that M 4 K < H,
K is finite and K /M is simple. Let F' be any non-trivial finite subgroup of H. Let 1 # f € F. Since H is
simple H = (f¥) and so there exists a finite subset I; of H with F < (f/F). Put F* = (F,I; | f € F!) and
note that F < (ff7) for all f e F!. Put K = (FF"). Since 1 # F ¢ F* we have F* < (FI"") < K. Let N
be the intersection of the maximal normal subgroups of K. Then N is characteristic subgroup of K and
N # K. Since F** normalizes K it also normalizes N. If F < N we get K = (F'"*) < N, a contradiction.
Thus F £ N and there exists a maximal normal subgroup M of K with F' ¢ M. Note that (K, M) € K and
F < K. Suppose that F n M # 1 and pick f e F*n M. The F < (fF") < (M%) = M, a contradiction. Thus
FnM=1and K is a Kegel cover. O

Lemma 5.4.3. [locally solvable] Let G be a locally solvable, locally finite, simple group. Then G = C,,
P a prime.
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Proof. Fix 1 + H < G and let g € G. Since G is locally finite there exists a finite subgroup F' of G with
F<HandgeF. By G has a Kegel cover K and so there exists K < L and M < K such that K is
finite, K /M is simple, H < K and Hn M =1. Since K is finite and G is locally finite K is solvable. Hence
also K/M is solvable and since K/M is simple we conclude that K/M = Cp, p a prime. Note that

l1#FzF[1=F|FnM=zF|M<F|M=C,

It follows that F'= C, and since 1 #+ H < I we get I'= H = C,,. In particular, g € F' and so F' = G. O

Lemma 5.4.4. [periodic by periodic|
(a) [a] A periodic by periodic group is periodic.
(b) [b] A locally finite by locally finite group is locally finite.

Proof. Let G be a group and H < G such that both H and G/H are periodic (in the proof of (a)) and
locally finite (in the proof of ([b))).

@Let g € G. Since G/H is periodic there exists m € Z*with ¢" € H. As H is periodic there exists
neZ*" with (¢")" = 1. Thus ¢"™" = *¢g™)" = 1.

(O)Let I be a finite subset of G and put F = (I). We need to show that F is contained in a finite
subgroup of G. Since G/H is locally finite, we know that F'H/H is contained in a finite subgroup of G/H
and so there exists a finite subset .J of F' with F ¢ JH. Put K:=InJnI'uJ™! and for n € N define K*"
inductively by K*? =1 and K*"*! = KK*". Note that

(k)= U
neN

Define

S:=(abc|a,b,ce K |abce H) = K**n H

Then S is a finitely generated subgroup of the locally finite group H and so S is finite. We will now
shows that K*" ¢ K.S for all n € N. For n = 0,1 this is obvious. Let b,c € K. Observe that K < FF ¢ JH
and so there exists a € K with bec € cH. Note that a™! € J™' ¢ K and a™'bc € H. Hence a 'bc € S and so
beSaS. Thus K2 ¢ KS. Suppose inductively that K*n < KS. Then

K*(n+l) =KK*™c K(KS) = (KK)SSKS

We proved that K*™ ¢ KS for all n e N. So also (K) < KS. Note that KS is a finite,and so (K) is a
finite subgroup of G containing F'. O

Definition 5.4.5. [def:cernikov]| A Cernikov group is an abelian by finite group which fulfills MIN.
Lemma 5.4.6. [abelian periodic]
(a) [a] Let G be an abelian by locally finite group. Then G is locally finite if and only G is periodic.

(b) [b] Cernikov groups are locally finite.
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Proof. @Any locally finite group is clearly periodic. So suppose that G is periodic. Let A be an abelian
normal subgroup of G such that G/A is locally finite. Let I be a finite subset of A. Since A is periodic
each i € I has finite order and so (i) is finite. Since A is abelian we have

iel

and (I) is finite. Thus A is locally finite. Since also G/A is locally finite we conclude from (5.4.4) (b that
also G is locally finite.

@Let G be a Cernikov group. Then G fulfills MIN and so G is periodic (see 5.1.11@). G is also
abelian by finite and so @)Shows that G is locally finite. O

Lemma 5.4.7. [abelian powers| Let A be an abelian group.
(a) [a] Let meN. Then the function
am: A->A a-ad"
is a homomorphism with Kerayy, = {ae€ A|a™ =1} = A, and Im oy, = {@™ |a € A} = A™.
(b) [b] A is divisible if and only if A=A™ for allmeZ".

(c) [c] Any subgroup of A generated by divisible subgroups is divisible. In particular, A a largest divisible
subgroup Div(A).

(d) [d] There exists K < A with A =Div(A)® K and Div(K) =0.

Proof. @is obvious and @follows immediately from the definition of divisible.

Let D be a set of divisible subgroups of A. Since v, is a homomorphism we get

(D | D € D)am = (Dam | DeD) = (D | D eD)

and so (D) is divisible.
(d)Since Div(A) is divisible and A is abelian, shows that A = Div(A) @ K for some K < A. Note
that Div(K) < K nDiv(A) =1 and so Div(K) = 1. O

Lemma 5.4.8. [min and direct sum| Let G be a group with MIN and H < G such that H = @;c; H;
where 1 # H; < H. Then |I| is finite.

Proof. Suppose [ is infinite. Then we may assume that I = N. For n € N define

Kn = @ Gz
1eN
>n
Then
Ko2Ki2Ko2...2Kn2Kni12...
and so {K,, | n € N} has no minimal element, a contradiction. O

Lemma 5.4.9. [finite exponent] Cernikov groups of finite exponent are finite.



5.4. LOCALLY FINITE GROUPS WITH MIN 105

Proof. Let D be a Cernikov group of finite exponent e. Since D fulfills MIN we may assume that all proper
subgroups of D are finite. Since D abelian by finite there exists A < D such that A is abelian and D/A is
finite.

Assume that A # GG, then A is finite and so also G is finite.

Assume next that D = A. Then D is abelian.

Suppose that e is not a prime. Choose a,b € Z* with e =ab, a >1 and b>1. Then D®# 1 and D?® = 1.
As (D)’ = D¢ = 1 this gives D® # D. Put Dy = {de D |d* =1}. The also D, # D and so both D and
D, are finite. By @we know that D/D, = D'* and we conclude that D is finite in the case.

Suppose next that e is a prime. Then D is an elementary abelian p-group and so @shows that

D=@C..
iel
Since G fulfills MIN, shows I is finite. So again G is finite. O

Lemma 5.4.10. [basic cernikov| Let G be a Cernikov group.
(a) [a] G°=(G°)° and G|G" is finite.
(b) [b] G° is the largest divisible subgroup of G.
(c) [c] Let A be any divisible subgroup of G. Then there exist n € N such that
A=@A; and A;= Cpee
where A; < A and p; is a prime.

(d) [d] Let A be any divisible subgroup of G, w a set of primes and A, the set of w-elements in A. Then
A=A, ® Ay In particular, Ay is divisible, and A/ Ay is a '-group.

Proof. (ial): Since G fulfill MIN, shows that G° = (G°)° and G/G" is finite.

(]E[): Since G is abelian by finite, there exists a abelian normal subgroup A of G with G/A finite. Then
G° < A and so G° is abelian. Let m € Z*. Then (G°)/(G°)™ is a Cernikov group of finite exponent, so
implies that (G°)/(G°)™ is finite. As G° = (G°)° this gives G°) = (G°)™ and so G° is divisible by
EL0E.

Let A be any divisible subgroup of G. Since G/G° is finite also AG°/G° and A/AnG® are finite. Thus
AJ/ANG?" is a finite divisible group, and so is trivial (see . Thus A= AnG° < G° and G° is the largest
divisible subgroup of G.

Since A is divisible, Exercise 1 on Homework 1 shows that
A= A
iel
where A; < A and either A; = Cp;o, p; a prime or A; 2 Q. Since G is periodic we have A; £ Q. Also
shows that |I| is finite. So (d)holds.

@follows from Exercise 1 on Homework 1. O

Recall that a Sylow p-subgroup of a groups G is maximal p-subgroup of G. Also Sylp(G) is the set of
Sylow p-subgroups of G.

Lemma 5.4.11. [sylow for cernikov| Let G be periodic, abelian by finite group, Then G acts transitively
on Syl,(G),that is any two Sylow p-subgroups of G are conjugate in G.
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Proof. Let A 4 G such that G/A is finite. Let i € {1,2} and let S; € Syl,(G). Since A is periodic and
abelian, A has a largest p-subgroup F and A/F is a p’-group. Note that £ 94 G and so ES; is p-groups.
Since S; is a maximal p-subgroup of G this gives S; = ES; and so F < S;. Thus, replacing G by G/E we
may assume that F = 1, so A is a abelian p’-group. Put G = G/A and let T be a Sylow p-subgroup of G.

Note that G is finite and S; is a p-subgroup of G. Hence Sylow’s Theorem shows that S < T for some
gi € G. Replacing S; by S7' we may assume that S; <T. Let H<G with A< H and T = A/H. Then
S; < H. Since A is a p’ group, the function A - A,a — a? is a bijection. Also H/A is a p-group and so
shows that there exists a complement 7" to A in H. Thus

H=AT, AnT=1, and Tz2T/1=T/(TnA)=TAJ/A=H|A=T
So T is p-group. Define T; = AS; nT. Since A< AS; < H = AT we get

AS; = A(AS;nT) = AT;

Since S; is a p-group and A is p’ we know that AnS; =1. Also AnT; < AnT =1 and both S; and T;
are complements to A in AS;. now shows that Szh ¢ =T; for some h; € AS;. Replacing S; by Sih ¢ we
may assume that S; =T;. Thus S; <T and since S; is maximal p-subgroup we conclude that S; =T. Hence
S1 =T =955 and so S; and So are indeed conjugate in G. ]

Lemma 5.4.12. [involution on divisible| Let G be a group acting on an divisible group D and lett € G.
Suppose that t> centralizes D and Cp(t) is finite. Then t inverts D.

Proof. Observe that the function

a: D-D, d-dd

is a homomorphism with Im o < Cp(t). Thus Im «v is finite. Since D/Kera = Im «@ we conclude that D/Kera
is a finite. As D is divisible also D/Kera is divisible. Thus shows that D/Kera = 1, so D = Kera.
Thus dd’ =1 for all d e D. This gives d’ = d™! and so t inverts D. O

Recall that H £ Ng(H) whenever G is a nilpotent group and H 5 G.

Lemma 5.4.13. [inverts and transitive| Let G be a group and a,g € G.

(a) [a]

@=at = ag=gat = aga=g = (9a)’ =g’ = (a7 =a = g"=gd’
(b) [c] Suppose g*> =1. Then g inverts a if and only if (ga)? = 1.
(c) [b] Let A< G and suppose g inverts A. Then g* = gA? and if A= A? then g” = gA.
Proof. @

ad=at

— glag=a"' < ag=ga' < aga=g — agag=gg — — (ag)* =g’

Also

=a! = (@) '=a <= (¢)=a = alg=ga < alga=gaa = ¢°=ga?

@By @ag =a! if and only if (ag)? = ¢, that is (ag)? = 1.
Since g inverts A we know that A is abelian, see ([5.3.12)) (]ED It follows that

A% ={d®|ac A}
and so follows from (]ED O
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Lemma 5.4.14. [basic locally nilpotent] Let G be a locally nilpotent group and H a proper, finitely
generated subgroup of G. Then H $ Ng(H).

Proof. Since H # G we can choose g € G\ H. Put K = (H,g). Then H £ K. Since H is finitely generated
also K is finitely generated. It follows that K is nilpotent and so H $ Ng(H) < Ng(H). O

Lemma 5.4.15. [fg bounded] Let G be a group and n € Z*. Suppose that |H| < n for all finitely generated
subgroups of G. Then |G| < n.

Proof. Note that we can choose a finitely generated subgroups H of G with |H| maximal. Then H = (H, g)
for all g € G and so H = G. Thus |G| < n. O

Lemma 5.4.16. [finite sylow] Let G be locally finite group, p a prime and S € Syl,,(G). Suppose that S
is finite. Then Syl,(G) ={T <G [|T|=|S|} and G act transitively on Syl,(G).

Proof. Let T be a finite p-subgroup of G and put H = (T, S). Since G is locally finite, H is finite. Choose
T,S ¢ Syl,(G) with T' < T and S < S. Since S is maximal p-subgroup of G we get S = S. By Sylow’s
Theorem there exists h € H with 79 = § = S and so T < §9. In particular, |T| < |S|. If |T| = |S| we get
T =59 and so T € Syl,(G). Let R € Syl,(G). Then |T'| <|S| for all finite subgroups 7" of R and so
shows that |R| < [S|. Thus R < S9 for some g € G and since R € Syl,(G) we get R =59. Hence |R| = |S]| and
G acts transitively on Syl,(G). O

Definition 5.4.17. [def:strongly p-embedded| Let H be a locally finite group, p a prime and M a
subgroup of H. Then M is called strongly p-embedded if

(i) [i] M is not a p’'-group and M # G.
(ii) [if] M n MY is p'-group for all ge H~ M.

Proposition 5.4.18. [char strongly p-embedded]| Let G be a locally finite group, p a prime and
M < H. Suppose that

(i) [i] M is not a p'- group and M + G.

(i) [ii] Cg(z) <M for all x € M with |z| = p.

(iii) [iii] If ReSyl,(M) and ge G~ M, then R+ R9 and Rn M?Y is finite.
Then M 1is a strongly p-embedded subgroup of H.

Proof. Suppose not. Then there exists g € G\ M such that M nM?Y is not a p’ group. Let T € Sylp(MmMg).
Since M n MYis not a p’ group, we know that T'# 1. Choose R € Syl,(M) and S € Syl,(M7) with T'< R
and T'< S. Then T < Rn MY. By (fii) R n MY is finite, so T is finite.

Suppose that T' # S. Since S is locally finite p-group, S is locally nilpotent. Thus shows that
T ¢ Ng(T'). Hence there exists a finite subgroup P of Ng(7T') with T'$ P. Then P is nilpotent and
1+#+T < P. Thus TnZ(P) + 1, see In particular, there exists x € T nZ(P) with |z| = p. Then
P < Cg(x). Note that x € T'c M and so (fi)shows that Cg(z) < M. Thus P < M and since P < .S < M9 we
get

TsP<MnMY

a contradiction, since T" € Syl,(M n M?) (and so T' is a maximal p-subgroup of G).
Thus T' = S € Syl,(M?). As T is finite, [5.4.16| shows that MY acts transitively on Syl,(M¢) and any
subgroup of order |T| in MY is a Sylow p-subgroup of MY. Since T'< M we have T9 < M9. Also |T9| =|T.
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So T € Syl,,(M?) and T9" =T for some h e M9. As TY ¢ Syl,(M?) we have T' € Syl,,(M ). Hence shows
that T = T" for ke G~ M. Tt follows that gh € M. From gh € M and h e M9 we get

M=M= (MH"=MI, heMI=M, and g=(gh)hteM
a contradiction to the choice of g. O

Remark 5.4.19. [bar and normalizer| Let G be a group, H <G and B <G with H < G. Put G = G/H.
Then G acts on G via @’ = a9 for all a,g € G. Moreover,

Na(B) =Ng(B), Na(B)=Ng(B), and Cg(B)=Cg(B)

Lemma 5.4.20. [mod center| Let G be a finite group, Z <Z(G) and B < G with Z <G. Put G:=G|Z
and suppose that gcd(|Z],|B|) = 1. The there exist a unique A < B with B = A x Z. Moreover,

Cz(B) = Ca(A) and Nz(B) = Ng(A)

Proof. Note that Z is abelian and ged(|B/Z],|Z]) = 1. Hence Gaschiitz” Theorem [1.3.11] shows that there
exists complement A to Z in B. Since Z < Z(G) we get B = Ax Z. As ged(|B/A|,|A])| = ged(|Z],B) =1
we see that A is the unique subgroup of order |B/Z of B, so A is unique. It follows that

Ne(B) <Ng(A) <Ng(AZ) =Ng(B)

and so Ng(B) = Ng(A). Since Z < B this gives Ng(B) = Ng(B) = Ng(A).
Note that C((B) < Ng(B) = Ng(B) = Ng(A) and [B,Cq(B)] < Z. Hence
(A, Cg(F)] <AnZ-=1

and so o o
Ca(B) <Cg(A) <Cq(AZ) = Ca(B) < Ca(B)
Hence C(B) = Cg(A) and so C5(B) = Cq(B) = Ca(A) O
Definition 5.4.21. [def:glng| Let K be a field and V' a K-space (that is a vector space over K. )

(a) [a] GLx (V) is the groups of K-linear isomorphism of V.
(b) [b] ZGLk(V) = {\idy | A e K},

(c)

)

d

[c] PGLg(V)=GLk(V)/ZGLk(V).,

[d] Suppose V is finite dimensional over K. Then SLx (V') = {g e GLg(V') | det(g) =1}, ZSLg(V) =
SLx (V) nZGLg(V) and PSLx (V') = SLg(V)/ZSLk (V).

(e) [f] Let neN and q a power of a prime. Suppose dimgV =n and |[K| = gq. Then we write GL,(q),
SL.(q), PGLy(q) and PSL,(q) for GLx(V), SLx(V'), PGLk(V) and PSLg (V') respectively.

Lemma 5.4.22. [order glnqg] Let n €N and q a power of a prime.
() [a] |GLa(q)] = ¢TI, (4" - 1).
(b) [b] [SLn(q)| =[PGLx(q) = q(g) ?:2((]1' -1).

(c) [c] [PSLu(ql=q() [Ty(g" ~ 1) /ged(q - 1,n).
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Proof. Let K be a field of order ¢ and V' an n-dimensional K-space.

(@)Fix an (ordered) basis A of V. The for each basis B = (vg,...,v,-1) of V there exists a unique
g € GLg (V) with Ag = B. Hence |GLg (V)| is the number of basis of V. For 0 < ¢ <n ler V; be the K-space
generated by g, ...,v;_1. Then dimV; =i and so |V;| = ¢°. Note that v; is an arbitray element of V \ V;. So
there are ¢" — ¢* choices for v;. Thus

n-1 )
IGLn(9)| = [[¢" - ¢
=0

n-1 )
-Td@ -1
=0

@Observe that ZGLx(V) = [K¥ = ¢ -1 and so [PGLg(V)| = |GLx(V)|/(g - 1). Also the function

det: GLg(V) - (K'.), g~ detg
is a surjective homomorphism and so GLg(V)/SLk (V)| = |K!| = ¢ - 1. Together with @this gives (]EI)

Note that det(Aidy) = A" and so |ZSLg (V)| = {\ e K} | A" = 1}. Since K is a finite field we know
that the multiplicative group (K!,-) is cyclic of order ¢ — 1. Thus {\ € K | A" = 1} is a cyclic subgroup of
K of order ged(q —1,n). Together with @this gives (). O

Lemma 5.4.23. [sylow structure of psl2] Let p be a prime and k € Z*. Put ¢ = p*, G = GLa(q),
L =PSLa(q), H =SLa(q) and e = ged(q - 1,2).

e )1 ifp=2
(a) [a] |LI=q(q"-1)/€ and e= {2 i pe2
(b) [b] Let T eSyl,(L) andte T, Then T = C’;, Cr(t) =CL(T) =T and Ng(T)/CL(T) = Cg-1)/e-

(¢) [¢] Let R be a nontrivial cyclic p'-subgroup of L. Let R < H with Z < R and R=R/Z. Then

] G=Ca(R)H
d] If|R|>2, then CL(R) = Cr(R).
e] If|R| =2 and CL(R) =N (R).

T e =%

(d) [d] Letr be a prime with v + p and r # 2, and let R be a nontrivial r-subgroup of L. Then R is
cyclic.
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Proof. @follows from
Let K be a field of order q. Put G = GLa(q), H = SLa(q) and Z = ZSLa(q). Then L = H/Z. Consider

1 0
S e seKyc@
s 1

1 0ff1 O 1 0

Observe that

s 1|t 1 s+t 1

and so S is a subgroup of G isomorphic to (K, +). Since pa = 0 for all a € K we know that K is an elementary
abelian p-group of order ¢ and so S 2K 2 Cp.

Observe that S < H and SNnZ =1. Put T=SZ/Z. Then S =T and T is a subgroup of order q of L.
By @q is the largest power of p dividing L. Hence SZ/Z is a Sylow p-subgroup of L. We now compute
Cu([L9]) for se Kk

a+sb c 1 0fla b a b

c+sd d s 1lle d sa+c sb+d

So[‘;g]eCH( 1) if and only if sb =0 and sa = sd and so if and only if b=0 and a = d. Thus

1 0 a O 9 1 0 a O
Cy = a,ceK,a”=1} = ceK
s 1 c a c 1 0 a

This holds for all s € K¥, so Cy(S) =S5Z. Let t e TH. Then t = [ (] for some s € K. Since |Z| divides
g -1 and |S| = ¢ we have ged(]|Z],|S]) = 1. Now [5.4.20| shows that

aeK,a21}5’Z

CL(t) = CoL(T) = Cy(S)/Z = SZ]Z =T

Put W = Cy(S) and note that W = K(1,0) is a 1 dimensional subspace of V. Also S = Cyg(W)n
Cy(V/W). Thus

Ny (S) <Ng(Cy(S)) =Ng(W) <Ny (Cyg(W)nCu(V/W)) =Ng(S)

and

a 0
Ng(S)=Ng(W) = acK' ceK
¢ at

It follows that Ny (S)/S =2 K = C,_1. Since Zn S =1 and Z is has order ¢ have |SZ/Z| = ¢. Any
quotient of a cyclic group is cyclic, thus

NH(S)/Z/SZ/Z = C(q—l)/e

By NL(T) = NH(S)/Z, thus



5.4. LOCALLY FINITE GROUPS WITH MIN 111

NL(T)/T =Nu(8)/Z[SZ]Z = C (g1,
and @is proved.

.Observe that |Z||2 and so Z is cyclic. Since Z < Z(R) and R is cyclic, R is abelian. If 2 4 |R| we
conclude that also R is cyclic and |R| > |R| > 2. So suppose 2||R|. Then p # 2 and so |Z| =2 and R| > |Z| =
Since R is cyclic we can choose a € R with R = (a)Z. Then a has even order. By Exercise 4a on Homework

2, all elements of order 2 in H are contained in Z. It follows that Z < (a) and so R= (a). Note that either
pisodd or Z=1. So since p 4+ R, alsoerRand so R is a p’-group.

(c:b)and By R is cyclic. g € R with R = (g). Then |g| = |R| and (c:a)mplies |g| > 3 and p + |g].

Case 1. [g-1] There exists a non-zero eigenvector v for g in V.

Extended v to a K-basis (v,w) of V. The corresponding matrix of g is of the form

with a,c,d € K. Since det(g) =1 we have d = a™. Suppose that a = d. Then a® =1 and and so g? = [ . {].

Thus (g?)? = 1 and since p + |g| we get g° = 1, a contradiction to |g| > 2.

Thus a # d Hence we can choose w to be an eigenvector of g with eigenvalue d. It follows that Kv and
Kw are the eigenspaces of g on V' with eigenvalues a and d respectively. In particular Kv and Kw are the
only g-invariant 1-dimensional K-subspaces of V.

Let h e Cy(g). Then vg and wg are eigenvectors of g with eigenvalues a and ad respectively.

It follows that vg = Kv and wg € Kw. Thus

e O
Cru(g) < eeK!
0 1

e

Note that the group on the right side is cyclic for order ¢ — 1 and so contain in Cg(g). Thus

Cu(R)=Cu(9)2Cq-1 and Cp(9)/Z = Cryye

Note that Kv and Kw are the only are the only R-invariant 1-dimensional K-subspaces of V. Thus
N#(R) acts on {Kv,Kw} and Cy({Kv,Kw}) = Cx(g) = Cx(R). Thus [Ng(A)/Cr(A)| < 2. Consider
h=[9 4] Then he H, h* = -idy € Z and Kvh = Kw and Kwh = Kv. It follows that h™! [8 691] = [661 g]
Thus h inverts Cg(R). In particular, h € Ny (R) and so Ng(R) = Cg(R)(h). We proved that hZ has

order 2 in L, hZ inverts Cr(R) and CL(R) = C(g-1)/e- Thus

NL(R) =Ng(R)/Z = Cu(E){h)/Z = Dy(y1))c

Let k € Kf. Then []S kgl] has determinant k and centralizes R. It follows hat G = Cg(R)H and so
(c:b)and hold in this case.

Case 2. [q+1] There does not exist a nonzero eigenvector for g on V.
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Then there also does not exists a proper, non-zero g-invariant K-subspace of V. Put

D :={d ¢ Endg (V) | dg = gd} = {d e Endg (V) | dh = hd for all he R}

By Schur’s Lemma D is a division ring. Note that

Cru(R)=Cu(g)=DnH={deD|det(d) =1}

Also,
2= dimK V= dlmKD . dimD 1%

and so dimg D = 2 and dimp V = 1. Identifying e € K with eidy € D we may assume that K <D. Observe
that g e DNK . Tt follows that D = K[g] and so D is commutative. Note that [Autg(D)| < dimgD = 2.
Define

oc: D->D, d-d?

Let d,e € D. Then pd = 0 and since g = p* we have (d +€)9 = d? + e?. Thus ¢ € Aut(D). Observe that

d’=d <= d=0ord’'=1 <= deK
Thus o is the non-trivial element of Autg(D) and |o] = 2. We will now show that det(d) = dd?. If
deK! then
det(d) = det(didy) = d* = d?d = d™.

So suppose d €e D\ K. Put a = d +do and 8 := dd? = d?*!. Since |o| = 2 we have a? = « and 9 = 3, so
a, B € K. Thus
m:=(z-d)(z-d?) =2°+azx+ 6 e K[z]

Note that m(d) = 0, so d?> = - — ad. Fix v € V!. Since d has no non-zero eigenvectors, we know that
dv ¢ Kv. Thus (v,dv) is K-basis of V. As dv = dv and d(dv) = d*>v = —v — a(dv), the matrix of d with
respect to this basis is

Thus detd = 5 = d9*1.
It follows that d € H if and only of d4*! = 1. Thus
Cr(R)={deD!|dr =1}
Since DF = Cg2-1 this implies that

CH(R) = Cq+1 and CL(R) = CH(R)/Z = C(q+1)/€.

Also {det(d) |d e D!} = {d9" | d e D}} = Cyoy. As det(d) € K and K! = |g - 1] we conclude that for each
k e K! there exists d € D! with det(d) = k. Then d € Cg(R) and we conclude that G = Co(R)H.
Let h e Ng(R). Then the function
D-D, d- d"

is an element of Autg (D). It follows that

N3 (A)/Crr(A)] < N1 (A)/Crr (D) < |Autye (D) = 2
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Define
0:D->V, v->uvd

Since D is commutative, ¢ is a D-linear isomorphism. In particular,
p=06tocodeGLg(V)

Let d,e € D. Then (vd)p = (dd)p = (do)p=v(do) =vd? and so

(vd?)e? = ((((vd)p)p")e)p = ((vd)e)p = (v(de))p = v(de)” = (vd?)e?

and so e” = 9. Thus p € Ng(R). Note that |p| = |o| = 2 and so p # idy. Thus det(p) = —1. As seen above,
we can choose e € D with det(e) = —1.
Put h =ep. Then det(h) = det(e)det(p) =-1--1=1 and so h € Ng(R). We compute

h? = epep = ee” = ee? = 1! = det(e) = -1

Let d ¢ Cy(R). Then d e D and d?*!' = 1. So d?=d™' and d" =d* =d’ =d? =d™'. As in (Case 1)we
now see that Ny (R) = Cy(R)(h), hZ as order 2 in L, hZ inverts Cr(R)/Z. Thus

NL(R) == N(R) =Nu()/Z = Cu(R)/Z - (W) Z]Z = Dygn)
This completes the treatment of (Case 2| and SO and are proved.

(c:d)and (c:e)Observe that Cr(R) < Cr(R) < Ng(R) = Ni(R). By (c:a)Ny(R)/Cr(R)| = 2. More-
over, let h e Ny (R)/Cr(R), then h inverts R. Hence h also inverts R. Recall that R is cyclic. If |R| > 2,
then h does not centralizes R and if |R| = 2 then h centralizes R. In the first case we get Cr(R) = Cr(R)
and the second case Cr(R) = N.(R).

@Let r be a prime with r # p and r # 2 and R a nontrivial r-subgroup of G. Then Z(R) # 1 and we
can choose non-trivial cyclic subgroup U < Z(R). Since r # 2 we have |U| > 2 and so (jc:d))shows that shows
that Cr(U) = Cr(U). By CL(U) = Cy(g«1)/e- Thus Cr(U) is cyclic. Note that R < Cr(U), so also R
is cyclic. O

Lemma 5.4.24. [sl3] Let L be a finite group and t € L with |t| = 2. Suppose that L = PSLs(q) or
L = PSU3(q) where q is a power of prime. Then |L| < ¢*® and Cr(t) has a normal subgroups isomorphic
to SLa(q).

Proof. We treat the case L 2 PSL3(q) and leave the PSU3(g)-case to the reader. Let K be a finite field of
order ¢, V' a 3-dimensional K-space, G = GLK(V) H =SLg(V) and Z = ZSLg (V). Then L 2 H/Z and we
may assume L= H/Z. Bym |H| = ¢(¢® - 1)(q - 1) and so certainly |L| < q18 Also |Z] = ged(3,¢-1)
and so ged(|Z],2) = 1. Put T = (t) and let T = T/Z, where T < H w1th Z<T. ByﬁT Z x S for
some S < T and Cp(t) = CL(T) = Cy(S)/Z. Let 1 #seS. Then s> =1 and dets = 1. Observe that the
minimal polynomial of s divides 2 — 1. As 22 —1 = (# - 1)(x + 1) we conclude that ¢ has basis consisting
of eigenvectors with eigenvalues 1 and —1. Also det(s) =1. So s has matrix

-1 0 0
0 -1 0
0 0 1

It follows that
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a b 0
Cu(s)={lc d of]|ab,cdeecK, (ad-bc)e=1
0 0 e
Put

a b 0
K:=3|¢ d 0]||abcdeK,ad-bc=1
0 01

Then K = SLs(¢), K <Cpg(s) and KnZ =1. Thus

SLao(q) 2 K 2 K)(KnZ) 2 KZ]Z 4 Cy(s)]Z = C(S)]Z = Cy(t)
OJ

Reminder: Let G = H x K where n € Z* with n > 2, H = (h) 2 Cyp, K = (k) 2 C2 and K acts on H via
h¥ = h?»1. Then G is denoted by QDyg,,. Any group isomorphic to QDyg,, is called an quasidihedral group
of order 8n.

Lemma 5.4.25. [basic quasidihedral| Let G be a quasidihedral group of order 8n, n > 2, and let D be
the subgroup G generated by the involutions in G. Then D is a dihedral goup of order 4n and D is the
largest dihedral subgroup of G.

Proof. Since any dihedral group is generated by involutions, the first statement implies the second. Ac-
cording to the definition of quasidihedral group we can choose H = (h) 9 G and K = (k) < G such that
G=HK,HnK =1, h* =h?""! |h| =4n and |k| = 2.

Let g € G. Then either g € H or g = h™k with m € N. Since H is cyclic of order 4n, H has a unique
involution, namely h%". Since k% =1, @shows that A"k is an involutions if and only if k inverts
h™. We have

(hm)k:(hm)—l — (hkh)m=1 — (h2n—1h)m:1 — h2nm:1.

Since |h| = 4n, this holds if and only if 4n|2nm and so if and only if 2jm. Thus the involutions in G are
h® and h?k, 1 € Z. Thus D = (h?)(k) = (h®k, k). Note that both A%k and k have order 2, and (h%k)k has
order 2n so D is a dihedral group of order 4n. O

Lemma 5.4.26. [char quasidihedral] Let P be a finite 2-group and A < P. Suppose that A = Cy x Cy
and Cp(A) = A. Then P is a dihedral or quasidihedral group.

Proof. Observe that 1 # Z(P) < Cp(A) = A. Hence either Z(P) = A or |Z(P)| =2
Suppose first that Z(P) = A. Then

P-= CP(Z(P)) = CP(A) =A=z C2 X CQ = D4
So suppose |Z(P)| =2. Choose 1 # z € Z(P) and a € ANZ(P). Then A = (a,z) and Cp(a) = Cp({a, z)) =

Cp(A) = A.
Choose D < P maximal subject to A< D and D is a dihedral group of order, say, 4n.
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If P = D we are done. So suppose D £ P and put Q) = Np(D). Since P is nilpotent we get D s Q). Since
z € Z(D) and D is a dihedral group where exists a cyclic subgroup X < D such that z € X and |D/Z| = 2.
Then X = Cyy,, a inverts X, D\ X|=2n and all elements in D \ X have order 2. We claim that X Q. If
n=1, X =(2)1Q. If n+ 1, then X is the unique cyclic subgroup of order 2n in D and since D < @ we
again get X < Q.

So indeed X < Q. In particular, @ acts on D~ X by conjugation. As |[D/X| =2 we have D\ X = Xa.
Thus a® ¢ XaD ~ X and so

4
2n = |X| = [Xa| > | 2 |a% = |Q/Cq(a)| = |Q/A| = |Q/DI|D/A| = IQ/DIZn =1Q/D|-n

As Q # D we have |Q/D| > 2. Tt follows that |Q/D| = 2 and Xa = a¥. Let z ¢ X with (z) = X. Put
b:=za and choose t € Q with a’ = b. Note that (a,b) = D. Consider Q = Q/X2. Then D = (@, b) = Cy x Cs.
Since @ = b and f centralizes 7 we conclude that 7> = T or £* = 7. Suppose #* = 1. Note that  does not
inverts @. Thus at does not have order 2. Hence, replacing t by at if neceassy we may assume that (A"
Hence £ = . Tt follows that 2 = 2! for some odd integer . As |z[is a power of 2 we conclude that [t = |x|.
Hence [t| = 2|x| = 4n and 2 = t>™ for some odd integer m with 1 <m < 2n. We compute

t = a—1ta = ata = t+ 'ata = tala = tzaa = tx = t>™ = 21

and so
t= (ta)a _ (t2m+1)2m+1 _ t(2m+1)1 _ t4m(m+1)+1

Thus t*™(™*1) = 1. As t has order 4n this shows that 4n|4m(m +1). Hence n|m(m +1). Since m is odd
and n is a power of 2, this gives njm + 1. Since 0 < m < 2n we get m+1 =n or m+ 1 = 2n. Note that
2 = ¢2m+l = 20m+ D)1 504 so either

(m +1=m and t* = tzn_l) or (m+ 1=2nand t*=¢""1 = t_l)

Note that @ = (t){a). If t* =t~ we conclude that @ is a dihedral group, a contradiction the maximality
of D. Thus m+1=n and t* =t>""'. As m >1 we have n >2 and so Q is a quasidihedral group.

Put E = (DN? (Q)). Then D < F < @ and FE is generated by involutions. Q@ is not generated
by involutions. Since |Q/D| < 2 this gives E = D and so D < Np(Q). Thus Np(Q) < Np(D) = @ and so
Q-=P. 0

Definition 5.4.27. [def:char| Let G be a group and H < G. Then H is called a characteristic subgroup
of G and we write H charG if H = H* for all € Aut(H).

Remark 5.4.28. [rm:char] Let G be a group, N <G and H char N. Then H < G.
Proof. Let g € G. Then the function N - N,a — a9 is an automorphism of G. O
Lemma 5.4.29. [divisible and char| Let D be a divisible Chernikov group.

(a) [a] Let meZ*. Then D., is finite.

(b) [b] Any finite subset of D is contained in a finite characteristic subgroup of D.

Proof. @: Observe that D.p, is a Chernikov group of finite exponent and so by D, is finite.

(]E[)Let A be a finite subset of D and put m = lcmgyey |a|. Then D., is a characteristic subgroup of G
containing A. By @D.m is finite. O

Lemma 5.4.30. [finite on finite] Let H be a non-trivial Cernikov p-group
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(a) [a] Let G be a group on group H. If G|Ca(H) is a finite p-group then Cy(G) # 1.
(b) [b] Z(H) #1.

Proof. (a)Suppose first that H is finite. Then K := H x G/Cg(H) is a finite p-group Since H 4 K we get
HnZ(K)+1adsoCyg(G)+1..

(O)If H is finite then certainly Z(H) # 1. So suppose H is infinite. Then H® # 1 and since H° is abelian,
H/Cy)H®) is finite. Thus (a))shows that Ce(H) # 1. So also Z(H) # 1. O

Lemma 5.4.31. [action on abelian ii] Let G be group acting on the abelian group A.
(a) [a] Let ge G and ne€Z* with a™ € Cg(A). Then [A,g] nCa(g) < A.,.
(b) [b] Suppose A is a divisible p-group and G is periodic. Then Cg(Q2(A)) = Ca(A).

Proof. (a)Let be[A,g]nCa(g). Since A is abelian there exists a € A with b = [a,g]. Then [b,g] € Ca(g)
and hence b = [a,g]" = [a",g] = 1.

(b)) Otherwise we can choose g € C(€22(A)) and a prime r such that g" € C(A) but g ¢ Cz(A). Then
Ca(g) # A and since [A, g] 2 A/Ca(g) we conclude that [A, g] is a non-trivial divisible p-group. It follows
that [A, g] has elements of order p. But

Q([A,g]) < Cale) n[A,9] D 4,

a contradiction ]

Definition 5.4.32. [def:mp| Let G be a group. Then
m,(G) =sup{k||A<G,A=C}}

Lemma 5.4.33. [order of sz] Letp be a prime, k€ Z* and G = PSLa(q), PSU3(q) of Sz(q) (where p =2
in the last case). Then m,(G) =k and |G| < ¢'® = p'8*.

Assumed Theorem 5.4.34 (Brauer). [brauer triple] Let G be a finite simple group, S € Syly(G) and

xg,x1, T2 € S with |x1| = |z2| = 2. Suppose there do not exist y; € SN :L',L-G, 0 <1 <2 such that yy = y1y. and

Cs(yo) € Syla(Ca(yo)). Then |G| is bounded in terms of the triple

(ICa(@:)/0x(Cata))| [0<i<2)
Assumed Theorem 5.4.35 (Feit-Thompson). [odd order| Ewvery finite group of odd order is solvable.
Recall that for a finite group G, O« (G) is largest normal subgroup of odd order of G

Assumed Theorem 5.4.36 (Bender). [strongly 2] Let G be a finite groups with a strongly 2-embedded
subgroup. Suppose that ma(G) > 2. Then

G/O2(G) = PSLa(q),S2(q), PSUs(q)
where q is a power of 2 and q > 2.

Assumed Theorem 5.4.37 (Glauberman). [z*| Let G be a finite group and t € G with [t| = 2. Suppose
that t% 0 Cg(t) = {t} and put G = G/O9(G). Thent e Z(G).

Assumed Theorem 5.4.38. [d and qd] Let G be a finite simple group and S € Syly(G).
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(a) [a] Suppose that S is a dihedral group. Then G = PSLa(q) or Alt(7), where q is a power of an odd
prime and q > 3.

(b) [b] Suppose that S is a quasidihedral group of order at least 16. Then G = PSL3(q),PSUs(q) or
Matq1, where q is a power of an odd prime.

Theorem 5.4.39. [If with min] Every locally finite group with MIN is a Cernikov group.

Proof. Suppose the theorem is false. Then there exists locally finite group Gg with MIN which is not
Cernikodv. Since Gy fulfills MIN the set of all subgroups of Gy which are not Cernikov has a minimal
element G. It follows that

(Step 1.) [1] G is not Cernikov, but all proper subgroup of G are Cernikov.
Next we show
(Step 2.) [2] G=G".

Suppose for a contradiction that G° # G. Then G° is Cernikov, and so G° is abelian by finite. Thus
G” is abelian. Since G fulfills MIN, [5.1.11| shows that G°° = G° and G/G" is finite. Thus G is abelian by
finite. But then G is a Cernikov group, a contradiction.

(Step 3.) [3] G/Z(G) is infinite.
Otherwise G is abelian by finite and so G is Cernikov.

(Step 4.) [4] Let A,B 4 G. Put G = G/B and suppose that A is finite or that [a,G] is finite for all
a€A. Then A<Z(G) and [A,G] < B.

Let a € A. Note that [@,G] < A. So if A is finite, also [@, G] is finite. Also |G/Cg(a@)| < [@,G] and so
G/Cg(@) is finite. Thus G°Cg(a). By (Step 2)we know that G = G°, so G < Cg(a). Hence [a,G] < B,
[A,G] < B and A<Z(G).

(Step 5.) [5] Z(G) is the largest proper normal subgroup of G. In particular, G|Z(G) is simple.

By Z(G) is a proper subgroup of GG. Let M be any proper normal subgroup of G. Then G is
Cernikov. Thus @shows that M° is divisible. Let a € M°. Then by @a is contained in a
finite characteristic subgroup A of M°. Then A < G and since A is finite,we can apply with B=1.
Thus A < Z(G) and so M° < Z(G). By (5.4.10) (a) we know that M /M°® is finite. So (Step 3)applied with
A =M and B = M° shows that [M,G] < M° <Z(G). Let a,be M and g € G. Then

[ab, g] = [a,9]°[a,b] = [a,b][b, g]

and so with m = |a|

[a,b]™ =[a™,g] =1
Thus [a, G] < (M®).,,. Since M° is a divisible Cernikov-group (5.4.29) (a)shows that (M°).n, is finite. Thus
[a,G] is finite and (Step 4)applied that A = M and B =1 shows that M < Z(G).

(Step 6.) [6] G/Z(G) is a infinite simple locally finite group with MIN, G/Z(G) is not Cernikov and
proper subgroup of G/Z(G) are Cernikov.
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By G/Z(G) is infinite. By G/Z(G) is simple. Since G is a locally finite group with
MIN, also G/Z(@G) is a locally finite group with MIN. As every proper subgroup of G is Cernikov, also
every proper subgroup of G/Z(G) is Cernikov. An infinite simple group cannot have a abelian normal
subgroup of finite index, so G/Z(G) is not Cernikov.

In view of (Step 6))G/Z(G) has the same properties as G, so replacing G by G/Z(G) we may assume
that

(Step 7.) [7] G is simple.

Next we show that:
Step 8. step 2| G is not a 2'-group.
( g

Otherwise the Odd Order Theorem implies that all finite subgroups of G are solvable. So G is locally
solvable and shows that G = C,, p a prime. But G is infinite, a contradiction.

NOTATION: Let P be the set of all positive primes and w € P. Let D be the set of D, be the set of
divisible a w-subgroups of GG, and D := Dp. So D is the set of maximal divisible subgroups of G. For H £ G
let

H,={xeH°|zisam-element}.

(Step 9.) [step 3| Let H $ G. Then Hy is the largest divisible w-subgroup of H divisible abelian -
subgroup of H and H; contained in every maximal w-subgroup of H.

Since H° is divisible, H; is a divisible 7w subgroup of H. Let D be any divisible m-subgroup of H. Then
D=D°<H°andsoD<H,.

Let M be maximal m-subgroup of H. Note that H, is normal in H and so H;M is m-subgroup of G.
Thus M = H; M by maximality of M and so H; < M.

(Step 10.) [step 4] Let D € D and H $ G with D < H. Suppose that D #+ 1. Then D = H. and
H < Ng(D). In particular, Ng(D) is the largest proper subgroup of containing D, and Ng(D) is a
mazximal subgroup of G.

By (Step 9)we have D < H; and so the maximality of D gives D = H,. Since H, < H this implies
H< Ng(D).

(Step 11.) [step 5] Let D € D, and E a divisible w subgroup of G. Then E<D or EnD =1.

Assume that EnD # 1. Then D # 1. Put H = Cq(EnD). Since G is simple, EnD 4G and so H # G.
Since both E and D are abelian, both E and D are contained in H. Hence (Step 10)gives D = H,, thus

E <D be (Step 9).

(Step 12.) [step 6] Let A be a non-trivial divisible subgroup of G. Then there exists largest divisible
subgroup A of G containing A. If, in addition A is a w-group, then Ay is the largest divisible m-subgroup
of G containing A and Ay € Dy.

Note that the union of a totally ordered set of divisible subgroups of G is a divisible subgroup of G.
Thus Zorn’s Lemma shows that A is contained in a maximal divisible subgroup A of G. Let E be any
divisible subgroup of G with A< E. Then 1# A< AnFE and shows that E < A.

Suppose now in addition that A is a m-group and let F' be divisible m-subgroup of G with A < F'. Then
F < A, and since F is a m-group we get F < A;.

(Step 13.) [step 7] Let D be non-trivial divisible abelian subgroup of G. Then Ng(D) < Ng(D) and if
D €Dy, then Ng(D) = Ng(D).
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Note that_ﬁ is uniquely determined by D, so Ng(D) < Ng(ﬁ_). Suppose that D € D,. Then (Step
12) gives D < Dy, thus D = Dr by maximality of D. Note that D, is characteristic subgroup of G, so

D =D, 4Ng(D). Thus Ng(D) < Ng(D) and (Step 13))is proved.
(Step 14.) [step 19|
(a) [19:a] FEvery maximal subgroup of G is infinite.

(b) [19:b] Let R be proper infinite subgroup G. Then there exists a largest proper subgroup R of G
containing R, namely R = Ng(R°).

(c) [19:c] If My and My are maximal subgroups of G with My n My infinite, then My = M.
(d) [19:d] Let M be a mazimal subgroup of G and H <G with M n H infinite. Then H < M.

@Suppose I be a finite subgroup of G. Since G is infinite, there exists g € G N F. As G is locally
finite, (F, g) is finite. Thus F' s (F,g) $ G and so F' is not a maximal subgroup of G.

@Let M £ G with R < M. Since R is infinite, R° # 1. Thus R°is a the largest divisible subgroup of
G containing R°. Note that R° < M* and since M® is divisible we get M* < R°. This implies B° < M*° and
then R° = M°. Thus M <Ng(R°).

By @Ml N M> is contained in a unique maximal subgroup and so M; = Ma.

@By (]EI)H lies in a maximal subgroup H of G. Then H n M < M n H and so by , M = H. Thus
H<M.

(Step 15.) [char max] Let M < G. Then following are equivalent.
(a) [char max:a] M is a mazimal subgroup of G.
(b) [char max:b] 1+ M°eD and M =Ng(M°®).
(c) [char max:c] M = Ng(D) for some set of prime m and some 1 # D € D.

@: (]EI): Suppose M is maximal in G. By (al) M is infinite and so M° # 1. Since M < Ng(M°)
the maximality of M gives M = Ng(M?). In particular, M° < M and thus M° = M° € D.
[O)= (d): Just set ¥ =P and D = M°.

()= (a):  Just recall from (Step 10)that Nu(D) is a maximal subgroup of G.

(Step 16.) [step 10] Let p be a prime and 1 # D € Dy,. Let T' be p-subgroup of G with Qa(D) <T'. Then
T <Ng(D) and |TJT 0 D| < |N(D)/Dl,.

Since D < Ng(Q22(D)), (Step 10)implies Ng(Q22(D)) < Ng(D). Since T is a Cernikov-p-group we
know that 1 # Z(T) (see (5.4.30)(b)). Since Q2(D) < T we have [Q(D),Z(T)] = 1 and so Z(T) <
Ng(22(D)) < Ng(D). Thus Z(T) is a periodic group acting on the divisible p group D. As Z(T)
centralizes 22(D), we conclude from @that [D,Z(T)] = 1. Hence D < Cg(Z(T)) $ G and
10)gives Cq(Z(T)) < Ng(D). Thus also T < Ng(D). Since D € D, we know that D = (D), and so
(5.4.10) @implies that D/D,, is p’-group. It follows that T n' D < D and so

T/TnD=T/TnD=TD/D<Ng(D)/D

Hence |T/T n D| < [Ng(D)/D|, and (Step 16)is proved.
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(Step 17.) [scirc] Let S € Syl (G). Then S° = (5°), and S° € D,,.

Suppose first that S is finite and let be any divisible p-subgroup of G. Then D is contained a Sylow
p-subgroup T of G. As S is finite [5.4.16| shows that |T| = |S|. So D is finite and this D = 1. It follows that
S°, (S°),=1and A=1 for all AeD,. Thus (Step 17)holds in this case.

Since S is infinite, S° is a non-trivial divisible p-goup. It follows that S° < §p. Note that S normalizes
§p and so Sﬁp is a p-group. Since S is a maximal p-subgroup of G we conclude that ﬁp < S and so also

ﬁp < 5° Thus S° = §p. By ﬁp € D, and so 1) is proved.

(Step 18.) [transitive on syl] Let H < G. Then H acts transitively on Syl,(H). In particular, if P is
a p-subgroup of H and T € Syl,,(H), then R <T for some h e H.

We first show that H is transitively on Syl,(H). If H # G, then H is a Cernikoévgroup an this holds
by

So suppose G = H and let S; and S3 be Sylow p-subgroups of G. If S; or S5 is finite we are done by
So we may assume that S7 # 1 for i = 1 and 2. Put E; = Q2(S;) and L = (Ey, E2). Then L is a
finite group. Choose T; € Syl,(L) with E; < S;. Then there exists g € L with TY = Ty. By We have
S5 € Dy, and since Ey = Q3(55) < T we conclude from ShOWS that 7o < Ng(S5). In particular, Tb
is contained in a Sylow 2-subgroup Ra of N (S5). Note that also Sz € Syly(Ng(.S5) and since Ng(.S5) is
Cernikov, there exists h € Ng(S5) with RS = S5. Then

EM < - <RE-S,

As above, as S9 € D, and Q2((59")°) = EY" < S5 conclude from that Sy < Ng(S7"). Hence
both th and Sy are Sylow p-subgroups of N(;(S;gh)
Ne(S99") with $9"F = Sy,

We proved that H acts transitively on Syl,(H). Note that P is contained in Sylow p-subgroup R of

H. Then R" =T for some he H and so P" <RI =T.

. The latter group is Cernikov, so there exist k

(Step 19.) [step 9] Let p be a prime. Let D € D, and S € Syl,(G) with D < S. Then D = S°. In
particular, Dy = {S° | S € Syl (G)} and G acts transitively on D,.

By (Step 10)we have D = S,. Since S is a p-group, we know that S, = 5°, so D = S°. By (Step
L7)T° € D), for all T'€ Syl (G). Thus Dy, = {S°[ S € Syl,(G). As G acts transitively in Syl (G) (see (Step
18])) we conclude that G acts transitively on D,,.

(Step 20.) [step 12] Let p be prime. Then m,(G) is finite.

Fix S €Syl (G). Let A <G with A= C}. Then A <T for some T € Syl,(G). By (Step 18)there exists
geG with T9<S. Thus A< S

Since S is Cernikov, both §/S° and €;(S°) are finite (see (5.4.10) (a))and and Note that A9nS° <
2;(S5°) and so

p" = |A] = |A9] = |AT 0 5°)|A95°/5°| < [Qu(S°)]|S/S°]

Thus
my, (@) < log, (21(S°)[S/5°))

(Step 21.) [step 14| There exists a finite subgroup Q of G such that M =1 for all finite subgroups M
of G with Q < Ng(M) and Qn M =1.
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Suppose not. Then for each finite subgroup @ of G we can choose a non-trivial finite subgroup Q™ of
G such that Q < Ng(Q*) and QnQ* = 1. Put Lp:=1 and for i € Z* define M; and L; inductively by
Ml' = L;—l and Lz = Li—lMi' For n € Z* define
H,=(M;|ieZ" i>n)

Then clearly

Hi >Hs>Hs>...

Fix n > 2. We will now show that L,,-.1nH,, =1. Let z € L,,_1 n H,,. For m > n define
Ry =(M;|n<i<m)

Note that R, < Rp:1 <... < Ry < Ryy1 and so
Hn = U Rm
m=n

Thus = € R,, for some m € Z* with m > n. Choose a minimal such m. Suppose that m > n. Then
Ry, = (Rp-1, M,,). Since M; < L; < L;y1 we have that R, < L1 < Ng(M,,). Thus Ry, = Ryo1 My,
Since x € L1 < Lypy—1 and Ryy—1 < Lyy—1 we get

r€Ly1NRy =Ly 1N Ry M, = Rmfl(mel N Mn) = Rp-1,

a contradiction to the minimal choice of m. Thus m =n. Hence x € R,, = M,, and so x € L,,_.1 nM,, = 1.
Thus shows that L, 1n H, =1. As M,,_1 < L, this gives M,,_1 n H,, — 1. Note that 1 + M,,_1 < H, 1
and we conclude H,, #+ H,_1. We proved that

a contradiction since G fulfills MIN.

(Step 22.) [simple cover| Let F' be a finite subgroup of G and m € Z*. Then there exists a finite simple
subgroup K of G with F < K and |K| > m.

Let @ be as in (Step 21). Since G is infinite there exists I € G with |I| =m. Put H := (I, F, Q). Then
H is finite subgroup of G, F < H, Q < H and |H| > m. Since G is a locally finite simple group, shows
that there exists Kegel cover K. Hence we can choose (K, M) € K with H < K and HnM = 1. By definition
of a Kegel cover, K is a finite subgroup of G, M 4 K and K/M is simple. Hence @ < H << Ng(M) and
QnNM <HnM=1. Thus (Step 21)gives M = 1. Hence K = K/M and so K is simple. Note F < H < K

and |K| > |H| >m. So (Step 22)holds.
From now on S is a Sylow 2-subgroup of G.
(Step 23.) [s is not dihedral] S £ Dyx for ke Z" u oo with k > 2.

Suppose that S = Dyx for some k € Z* U co with k& > 2. Then there exists A < S with A 2 Cy x Ca. By
(Step 22))we an choose finite simple subgroups H; < G such that

RSH1§H2§H3§...§HH§HTL+1%...

and |H;| > 7\
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Let S; € Syly(H;) with A < S;. Then S; € T; for some T; € Syl,(G;). By there exists g € G
with S; = T7". Hence T; 2 Dyr and since A < S; < T; we conclude that S; is a Dihedral group. Hence
@implies that H; 2 Alt(7) or Lg(pf"), p; an odd prime. Since |H;| > |7! we have H; # Alt(7) and
pfi > 5.

Let p = p1 and choose R € Syl,(H1). Then by (5.4.23 @)implies INg, /Crx, (R)| = pk;_l > 21 =2, Hence
also [N, (R)/Cr, (R)| > 2. Suppose that p # p; for some i. Then (5.4.23)(c)implies that [Ng,/Cr,(A)| = 2,
a contradiction.

Thus p; = p and so H; = PSLy(p"). Since H; $ Hi1 we get k; < kijy1. Note that my(G) > my,(H;) = k;
and we conclude m,(G) = o a contradiction to (Step 20))

(Step 24.) [step 13| G has no proper strongly 2-embedded subgroup.

Suppose for a contradiction that M is a strongly 2 embedded subgroup of G. Then M # G, M is not a
2'-group and M n MY is a 2'-group for all g € G\ M. In particular we can choose # € G\ M and a 2-element

y in M'. By (Step 20)ms(G) is finite and so by (Step 22)we can choose a finite simple subgroup K of G
with (z,y) < K and |K]| > 2'%™2(%) 4 1. Since x € K we have K ¢ M and since y € K n M, K n M is not

a 2'-group. Let ke K~ (K nM). Then k ¢ M and so M n M* is a 2" group. Hence M n K is a strongly
2-embedded subgroup of K.

Note that K has even order and since K is simple we conclude that O (K) = 1.

Let a € K with |a| = 2. Suppose that Cx(a) na® = {a}. Then Glauberman’s Z*- Theorem shows that
a € Z(K) where K = K/Ox(K). As Oy (K) =1, this gives a € Z(K). Hence (a) 9 K, contradiction, since
K is simple and |K| > 2 = [(a)|.

Thus there exists b € a’* with a # b. Then (a,b) = C x C3 and so ma(K) > 2. Then Bender’s strongly
2-embeded theorem shows that

K 2 K[O2(K) =PSLy(q),Sz(q), or PSUs(q),

where ¢ = 2% for some k € Z*. Now [5.4.33| shows that k = mp(K) and |K| < 2'8. Observe that my(K) <
my(G) and thus |K| < 2'8™2(%) | 4 contradiction to the choice of K.

(Step 25.) [hz] Let z € G with |z| =2. Then Cg(z) is infinite. In particular, there exists a largest proper
subgroup H, of G containing Cg(z).

Since G is an infinite, locally finite, simple group, |5.3.29 shows that Cg/(2) is infinite. The existence of
H, now follows from (Step 14@.

(Step 26.) [step 15] Let z € G with |2| =2 and M £ G with z € M and M £ H,. Then Cyre(z) is finite
and z inverts M°.

Suppose that Cyo(2) is infinite. As Cppe(2) < H, n M we see that M n H, is infinite. Note that H, is
a maximal subgroup of G and so (Step 14@gives M<H,.
Thus Cpye(z) is finite. Since M° is divisible we concluded from [5.4.12| z inverts M°.

(Step 27.) |[step 16] Let A< G with A= Cy x Ca.
(a) [16:a] Let M a proper infinite subgroup of G containing A. Then M < H, for some x € A¥.

(b) [16:b] Suppose that Cq(A) is infinite and let v,y € AY. Then H, = H, and H, is the unique mazimal
subgroup of G containing A.
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@): Assume for a contradiction that M ¢ H, for all z € A'. Let z € A'. Then (Step 25)shows that
Cae(2) is finite and z inverts M°. Let a,b e A with a # b. Then a and b inverts M° and so ab centralizes
M?°. Thus M° = Cpse(ab) and so M° is finite. But then also M is finite, a contradiction.

(b)Note that Cg(A) < Ca(2)nCa(y) < Hyn Hy, and so H,n Hy is infinite. As H, and H, are maximal
subgroups of G, this gives H, = H,, see (Step 14) . Let M be any maximal subgroup of G containing A.
Then A is infinite and ShOWS that M < H, for some z € A'. Since M is maximal subgroup of G' we get
M =H,. Also H, = H, and so @holds.

(Step 28.) [bhz] Let M be a maximal subgroup of G.
(a) [bhz:a] Ng(M)=M
(b) [bhz:b] Let ge GN M. Then M # M9 and M n MY is finite.

(c) [bhz:c] Let T € Syly(M) and suppose that Na(T') < M. Then there exists a € T with |a| = 2 and
Ca(a) £ M.

@)Since G is simple and 1 # M $ G we have M ¢ G. Thus M <Ng(M) s M and since M is a maximal
subgroup we get M =Ng(H,).

@By @We have g ¢ M = Mg(M) and so M # M9. As both M and M9 are maximal subgroups of G
(Step 14) ()shows that M n MY is finite.

(c)Suppose for a contradiction that C(a) < M for all a € T with |a| = 2. Let be M with [b| = 2. Since
M acts transitively on Syl,(M) we get b e T™ for some m € M and so Cg(b) = Cg(a)™ < M™ = M. Let
ge G~ M. Let R e Syly(M). Since Ng(T') < M and M acts transitively on Syl, (M) we get Ng(R) < M
and so R # RY. By (b)M n MY is finite, so also Rn M?Y is finite. Since Ng(T') < M we know that T # 1, so
M is not a 2'-group. Now shows that M is a strongly 2-embedded subgroups of GG, a contradiction

to (Step 24)).

(Step 29.) [cga not in hz] Let S € Syly(G) and z € Z(S) with |z| = 2. There exists a € S such that
la| =2, a# z, Cq(a) £ H, and Hy, + H,.

Suppose first that Ng(S) £ H, and pick g € Ng(S) \ H,. By (Step 28)H, # HY. Put a = z9. Then
a€S9=Sand H, = HY # H,. In particular, a # z. By (Step 25)Cg(a) is the unique maximal subgroup of
G containing a, so Cg(a) £ H,.

Suppose next that Ng(S) < H,. Note that S < Cg(z) < H, and so S € Syly(H,). Then
ShOWS that there exists a € S with |a| = 2 and Cg(a) £ H,. As Cg(a) < H, we have H, +# H, and
since Cg(z) < H, we get a # z.

(Step 30.) [rank less than 2] my(S°) < 1.

Suppose for a contradiction that mo(S°) > 1. Then there exists A < S° with A 2 Cy x Cy. Put
M = Ng(S5°). By S"innDp and so by 1| is maximal subgroup of G. Note that
S € Syly(M) and Ng(S) < Ng(S°) < M. Thus (Step 28)(c)show that there exists y € S with |y| = 2 and
Ca(y) ¢ M. If M < H, we get M = Hy, and Cg(y) < M. Thus M ¢ H, and (Step 26)shows that y inverts
M°. Let ae A. Then a®* =1 and a € A< S° < M°. Thus a¥ =a ! =a and so 4 < Cg(y) < H,. Note
that S° # 1 and S° is divisible. Thus S° is infinite. Also S° < Cg(A), so Ci(A) is infinite. Thus
ShOWS that A is contained in a unique maximal subgroup of G,a contradiction since A < M n H, and
M=+H,.

(Step 31.) [step 18] Define T:{x e G | 2? =1,(H,)s # 1}. Suppose my(S°) > 1. Then my(S°) = 1,
T+ @ and G acts transitively on I.
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By (Step 30)we know that m»(S°) < 1. Thus my(S°) = 1 and so S° has a unique involution z. Since S°
is abelian, we have S° < C¢(z) < H,. By (Step 17)S° € D, and so (Step 10)gives S° = (Hy)2. In particular,
(Hz)2#1. Thus x € Z and so Z # 1.

Suppose for a contradiction that G does not act transitively on Z. Then we can chose y € 7 with y ¢ 2.
Since G is simple and Hy # 1 we know that Ny Hy = 1. Hence there exists g € G with « ¢ Hj = Hy. .
Replacing y by y9 we may assume that « ¢ H,. Put D = (z,y). Then D = Dy, for some m € Z*. Since
y ¢ 2% we have y ¢ . So Homework 1 shows that m is even, u := (zy)2 € Z(D) and |u| = 2. Then
u < Cg(y) < Hy. By (Step 18)G acts transitively on Syl,(G) and so (Hy)2 < S” for some h € G. By
H; € D and so (Step 12)shows that (H,)z € Da. Now implies that (H,)s = (S")° = $°". In
particular, 2" is the unique involution in (H,)2 and so " € Z(H,). Note that (u,y) < Ce(y) < H, and so
both u and y centralizes z”. Put A := (y,2"). Since y ¢ 2% we have y # 2". As [y,2"] = 1 this implies that
A = CyxCy. By Cg(y) is infinite and since H,/H, is finite we conclude that Cpe(y) is infinite. As
ah e (Hy)s < Hy and H, is abelian, we know that z" centralizes Cpo(y). Tt follows that Cpo(y) < Cq(A),
and so Cg(A) is infinite. Thus by , A lies in a unique maximal subgroup of G. Note that A < H,
and A < Cg(u) < Hy,. Thus H, = H, and « < Cy(u) < H, = Hy, a contradiction to the choice of y.

(Step 32.) [s is finite| S is finite.

Suppose S is infinite. Then S° # 1 and so my(S°) > 1. Thus (Step 31))shows that my(S°) = 1, so
S° = C5°. We will show that S = DS°, which will be a contradiction to (Step 23)). Let x € S° with |z| = 2.

Assume that Cg(S°) # S°. Then there exists T'< Cg(S°) with S° < T and |T'/S°| = 2. Then T'/Z(T)| <2
and so T is abelian. Hence shows that 7' = S° x K for some K <T. Let y € K with |[y| = 2. Then

S° < Hyn Hy. By (Step 10)S° € Dy and so (Step 10)shows that 1 # S° = (H;)2 = (Hy)2. In particular,
xz,y € Z. By (Step 31))acts transitively on Z, so y = 9 for some g € G. But then

y=a?e(5%) = ((He)2)? = (Hy)2 = 5°
and contradiction to 1 #+ y € K and K n.S° =1.
Hence Cg(S°) = S5°. Put Sy =Q22(S5°) =2 Cy. (5.4.31) (b)), Cs(So) = Cs(S°) =S° and since |Aut(Sp)| =2
we conclude that [S/S°| < 2. Note that z € Z(S). By (Step 29)there exists a € S with a # x and H, # H..
By (Step 26)a inverts Hy. In particular, a inverts S°. It follows that a ¢ S° and so S = S°(a) = Do, a
contradiction to (Step 23).

tep 33. mcirc o -subgroups o are finite. In particular, 18 a 2"-group for a .
S i dd] All 2-sub f G fi I lar, K° 2 forall K <G

By (Step 32)all Sylow 2-subgroups of G are finite. Any 2-subgroup of G is contained in Sylow 2-
subgroup of G and so is finite. In particular, K» is finite. As K5 is divisible this implies K2 = 1. Hence K°
is a 2'-group.

NoTATION Fix z € Z(S) with |z| = 2.

(Step 34.) [brauer step| For all 1 # 29 € S there exists y1,y2 € SN 2% and yo € SN y((]; with y1y2 = Yo
and Cs(yo) € Syla(Ce(yo))-

Put z; = z for i = 1,2 and for 0 < i < 2 define t; = Cg(z;)/Cq(x;)°|. By [5.4.34] there exists m € Z such
that |H| < m whenever H is a finite simple group such that

(i) [br:i] SeSyly,(H);
(ii) [br:ii] |Cm,/O2(Cr(xi)))| < ti;and

(iii) [br:iii] There do not existy; € x; N H, 0 < ¢ < 2 such that yp = y1y2 and Cg(yo) € Syly(Cr(yo)).-
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Pick T € Syly(Cg (o). By (Step 33)7 and S are finite.. So also (S,T) is finite. Thus by (Step 22)we
can choose finite simple subgroup H of G with (S,T) < H and |H| > m + 1. Since S € Syl,(G) and S <G

we have S € Syl(2).
Put s; = |Cp(2i)/O2(Cr(xi)). By (Step 33)Cq(x:)° is a 2'-group and so Cp(2;) n Ca(wi)® <
O2/(Cp(x;)). Hence

si = [Cr(2:)/O2 (C (2:))| < |Crr (2:)/Crr (2:)nC(wi)°| = |Crr (1) Cr(w:)° /Ca(i)°| < |Ca (i) [Ca )| <t

We proved that ({)and (ii)hold for H. If also (iil)would hold, then |H| < m, a contradiction to H| > m+1.
Thus fails and so there exists y; € S Nz such that y192 = yo and Cs(yo) € Syly(Cr(yo)). Since
T € Syly(Cg (o) and T < Cg(xo) < Ca(zo) we know that T € Syly(Cr(wo)). Let h € H with af = yo.
Then T" € Syl,(Ca(yo)) and so T = Cg(yo) for some I € Cy(yo). Note that zhl = ) = yo and since

T € Syl,(Ca(z0)) we conclude that Cg(yo) = T € Cq(yo. Thus (Step 34)is proved.
(Step 35.) [2 central fours group] There exists E < S such that E = Cyx Cy, z€ E and E' € 2.

By applied with 2o = 2, there exists y; € 2% NS with y1y2 = yo. Put F := (y1,y2). Since
lyil = |2] = 2 we have F = Dy = Cy x Cy and so F' = {yo,y1,92} € 2. Let g € G with yJ = 2. Then
z=1y] € z€ F9 < Cq(z). Note that S < Cg(2) and since S € Syly,(G) we conclude that S € Syl,(Cg(2)) -
By there exists h € Cg(z) with E:= F9" < S. Then Ex F 2 CyxCy and z = 2" ¢ F9" = E.

(Step 36.) [centralizer of hyper planes| Let B be non-trivial finite elementary abelian p group acting
on a periodic p'-group D. Then D =(Cp(X) | X < B,|B/X|=p).

Let e:= %‘. By Exercise 2 on Homework 2 we have

D*=(Cp(Y)|Y < B,BJY is cyclic}

Note that e is a power of p. As D is a p’-groups we conclude that D = D*. Let Y < B such that B/Y
is cyclic. As B is elementary abelian p-group we have a? = 1 for all a € B/X. It follows that B/Y =1 or
|B/Y|=p. If | BlY|=plet X =Y. If B/Y =1 and we can choose X <Y with |B/X| = p. In either case
|B/X|=pand Cp(X)<Cp(Y). Thus

D=D*¢=(Cp(Y)|Y <B,BJY is cyclic) < (Cp(X) | X < B,|B/X| =p).

(Step 37.) [CGA] Let A < S with A = Cy x Cy. Suppose that A is contained in at more than one
mazimal subgroup of G. Then Cg(A)o = A and there exists d € 25 n S with d ¢ Cs(A). In particular,

AL 7(8).

Suppose for contradiction that there exists an involution b € Cq(A) \ A. Put B = (A,b). Then B =~ C3.
Let M1 and M> be two distinct maximal subgroups of G containing A. By , M; = H,, for some
a; € A. Thus B < Cg(a;) < M;. By Mf =(Cye(X) | X < B,|B/X]| = 2). Since M7 is infinite, we
conclude that there exists X < B with [B/X] = 2 and Cp(X) infinite. In particular, Cg(X) is infinite
and shows B; is contained in a unique maximal subgroup of G, a contradiction to X < My n M,.

Thus Cg(A).2 = A. Suppose that 22 = 1 forall z € S. Then S < Cg(A)2 = Aandso S = A= CyxCy = Dy,
a contradiction to (Step 23). Hence there exists zg € S with |zg| > 2. By there exists 1,2 € SN 2%
and yo € S na§ with y1y2 = yo. Suppose both y; and yp are in Cg(A). Then yg € (y1,92) < Cs(A)g = A
and so y2 = 1, a contradiction. Thus one of y; and ¥z is not in Cg(A).

(Step 38.) [s in a unique maximal] H, is the unique maximal subgroup of G containing S.
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Suppose for a contradiction that M is a maximal subgroup of G with S < M and M + H,. If |1Z(S)| >
4, we can choose A < N Z(S) with A 2 Cy x Cq, a contradiction to (Step 37). Thus |21Z(S)| < 2 and so
OZ(S) = (z). Since z € M ¢ H., (Step 26)shows that z inverts M°. Thus Z(S) nCg(M°) = 1. Since
Cg(M?®) is normal in S this implies Cg(M°) = 1. Let E be as in (Step 35)and let E \ () = {a,b}. If a
inverts M° we get b = az € Cg(M®) = 1, a contradiction. Thus a does not invert M° and by ,
M = H,. In particular, H, + H, and since a € C(z) < H, we conclude from that a inverts H3.
By symmetry, M = H}, and b inverts H_;. Note that z = ab and we conclude that z centralizes H;. Since
a € E¥ ce ¢, this implies that a centralizes HS. But this is a contradiction to HS = M° and Cg(M°®) = 1.

NOTATION According to (Step 29)we can choose e € S with |e| =2, e # z, and H, #+ H,. If H, € HY, put
x=e If Heo ¢ HZG, then according to (Step 34)we can choose g, h € G with e := 292" and put z := e In
either case, put A:=(z,z2), y:= 2z and A={aec A| H, e HE}.

(Step 39.) [basic a] A2 CyxCy, H, # H, and |A| > 2.
Suppose first that H, € HZG Then x =e€ A, H, =H. +#+ H, and z € S < Cg(z). Also z = e # z and so
A=(x,z) 2 CyxCs.

Suppose next that H, ¢ HZG Then z = €9 = (,zgzh)g_1 = 22" and so Yy =zx = 2h9™" ¢ G Thus 2z
-1 -1
has order two and A = (z,z) 2 Dy = Cy x Cy. Also Hy, = HMY € HY and so y € A. Since H, = H! ¢ HE
we have H, + H,.

NoTaTION Note that A < Cg(x) nCg(z) < Hy n H,. So we can choose T € Syly(H, n H,) with A<T.
For a € A" pick S, € Syly(H,) with T'n H, < S, and define T, := Ng, (Cg, (A)).

(Step 40.) [omega t] Let a € Al
(a) [tz] S, eSyly(G).
(b) [ta] A=Alc:C.
c

th] A=Z(T) = (T) and Cg, (A) =T

e) [td] T, =Ng,(T) =Ng, (A) and |Tp/T]| = 2.

)
)
()
(d) [te] €1Z(Sa) = NZ(Ta) = (a)
(e)
(f) [te] No(T)/Na(T)n Cq(A) = Sym(AF)
Let d € A. Since S € Syl,(G) and S < Cg(z) < H, we have S € Syly(H,). By definition of A, Hy is
conjugate to H, in G. As Sy € Syly(Hy) and S € Syly(H,) we conclude that Sy and S are conjugate in G.
Since S € Syly(G) this implies that also

Sq € Syly(G)

Since A < Cg(d) < Hy and A < T we have A <TnHy < Sg. Also A lies in two different maximal
subgroups of G, namely H, and H, and so (Step 37)shows that A ¢ Z(Sy) and A = Cg(A).2. Thus
Cs,(A) $Sqand A=Cg,(A)ocharCg,(A). It follows that

Cs,(A) $ Ng,(Cs,(A))=T; and A<Ng,(Cg,(A)) =Ty

In particular, 1 # AnZ(Ty) # A. As |A| = 4 we get |[AnZ(T;)| = 2 and so there exists a unique
d* e AYnZ(T;). Thus

T4/Cs,(A)] =2
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and Ty acts as the 2-cycle with fixed point d* on the three elements of A.
Note that both Q,7(S;) and ©,Z(T,;) are contained in Cg(A).2, that is in A. Since Ty < Sy, both
M 7Z(Sy) and Q,Z(Ty) are centralized by Ty. Hence
(NZ(Sg), NZ(Ty)) <Ca(Ty) =AnZ(T;) =(d*) and so QZ(Sq) =NZ(Ty) =(d*)

Then Sy < Ci(d*). Since Sy € Syly(G), (Step 38)shows that Sy is contained in a unique maximal
subgroup of G. As S < Hyn Hy« this gives Hy« = Hy.

Assume for a contradiction that d # d* and let t € '\ Cr,(A). Then A* = {d*,d,d'}. AsteT;< Hy we
have Hgt = Hctl = Hy = Hy+, a contradiction to H, #+ H,. Thus d =d*.

Since |A| > 2, we can choose b € A with b # d. Note Ty acts as the two cycle with fix-point d on A* and
T}, as the 2 cycle with fix point . Thus

(Ty,Tp) acts as Sym(A") on AF.

Hence all elements in A are conjugate in G and so Af ¢ 2. If a € An 2%, then H, € HZG and so a € A.
Thus A' = An 2% = A.

In particular, the results we proved for d € A hold for all elements a € A.

Note that T < H,nH,. Let ce A} with T < H.. Then T =TnH, < S. < Cg(c) and so c e C4(T) < Z(T).
This holds for ¢ =z and z and so A = (x,z) <Z(T). It follows that

T= CT(A) and 91Z(T)) < Ql(T) < CG(A)2 =A

and so
A=W7Z(T) =(T)

Observe that T'< S.n H, n H,. Since T € Syl,(H; n H,) this implies T'=Sn H, n H, and so
Cs,(A)<S.nCq(z)nCq(y) <SenHynHy =T
As T < S, this gives
Cs.(4) = Cp(A) =T.
In particular, AcharT and so Ng, (T") < Ng,(A). Moreover,
Ns.(A4) < Ng, (Cs,(4))) = N, (T))
and so

Ns.(T) = Ns.(A) = Ns,.(Cs,.(A)) = T

In particular, (T, Ty) < Ng(T) < Ng(Z(T)) = Ng(A). As (T.,Tp) induces Sym(A* on A* we conclude
that also Ng(7) induces Sym(A*) on A'. Thus Ng(T)/Ng(T) n Cq(A) = Sym(A}) and Ng(A) acts
transitively on A!. Let h e Ny (T). As T < H, we get T =T" < H" = H . Tt follows T < H, for all a ¢ A!,
so all the results we proved for ¢ hold for all a € A!.

(Step 41.) [step semidihedral] S is not a quasidihedral group.

Suppose S is a quasidihedral group. By (Step 22)we can choose finite simple subgroup L of G with
S <L and
L] > |H./HZ|".
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Then S € Syly(L). By (Step 23))S is not a dihedral group. So |S|> 16. Now ([5.4.38) (b)gives
L = Maty1,PSL3(q), or PSU3(q)

By (Step 33)H? is a 2'-group. As z € H, this gives H, # H. and so |L| > |Ho/HZ'® > 218, As
|My1|=11-10-9-8 < 2! this gives L ¢ Maty;. Now [5.4.24] shows that |L| < ¢*® and there exists K < Cp(z)
with K = SLs(q). In particular, |H,/HZ|'® <|L| < ¢'® and so that

|H-/HZ|<q

By Homework 3 K has no non-trivial normal subgroup of odd order. As K < Cg(2) < H, and H} is a
2'-group, this gives K n HY = 1.
Thus
[H./H| > |[KH?[HZ| = |K/K 0 K| = |K| = [SLa()| = a(¢® = 1) > ¢

a contradiction.

(Step 42.) [t not a] T+ A.

Suppose that T = A and let a € A'. By :Step 40nga (A) =T = A and so by [5.4.26[ shows that S, is a
dihedral or quasidihedral group. By (Step 40 iwe know that S, € Syl,(G) and we obtain a contradiction

to (Step 23)and (Step 41))

(Step 43.) [z centralizes hz] Let a,be A! with a #b.
(a) [za] H, + Hp.
(b) [zb] a centralizes H .

(c) [z¢] Let CL(HZ) be the set of elements in G which centralize or invert HS. Lett € an H,. Then
teCL(Hy) and [Hq,t) <Cq(Hy).

(d) [zd] Cq(H;)nCq(Hy)=1.
@)By @Ng(T) acts as Sym(A") on A'. Thus there exists g e Ng(T) with 29 = a and 29 = b.

By (Step 39)H, + H, and so also H, # Hy.

@Put c=ab. By @Ha # H, and H, # H.. Hence (Step 26|)implies that b and ¢ invert H,. As a = cb
this shows that a centralizes H,.

By @a centralizes H,. Aste a%, this proves that ¢ centralizes H;. So if H; = H,, then ¢ centralizes
H,. If H; # Hy, then (Step 26)shows that ¢ inverts H;. In either case t € C5(Hy).

If ¢ inverts H, then (5.3.12))(b)shows that [¢, H,] centralizes HS. Thus (c)holds.

NOTATION: For a € A! define

a =

(EnT )T if S, =T,
{te ZENT)NT|[T.t]<(a)} if S,#T,

(Step 44.) [ngt i| Let a e A'. Then T, # @.
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Suppose first that S, = T,. Note that A is contained in two maximal subgroups of G, namely H,

and H,. Hence (Step 37)shows that there exists ¢ € z& \ Cg, (A) By (Step 40@)We have Cg, (T) and so
teS,\T=T,~T and t € 7T,.

Suppose next that 7, £ S,. Then T, $ Ng,(7,) and we can choose s € Ng, (7,) \ T,. By
[40) ()7 = Ng, (A). Hence A # A° and so also A° £ A. By (Step 40)(d)A = 21(T) and so A® = Qi (T).
As A = Q1(A) this implies A ¢ T and so also A* # T. Thus we can choose t € A*\T. Since A! e 2% we
have t € 2% and since A < Ty, also A* <T,. Hence t € (2 nT,) \T. Since a € Z(S,) we now that a® = a
and T, normalizes (a). Thus T, acts on A/{a >. As |A/(«a > | =2 it follows hat T centralizes A/(a) and
so [T,, A] < (a). Conjugation with s gives [T,, A°] < (a). Thus also [t,T] < (a) and so tinT, and

A)hold.
NoTATION A = {a,b,c} and for x € A} t, € T,.
(Step 45.) [ngt ii] T =[T,t.][T,ts]

Recall from (Step 40)that 7, = Ng, (A) and T = Cg,(A). Since t € T, ~ T this implies that ¢, acts
non-trivially on A!. As |t,| = 2 and t, fixes a, we conclude that t, acts as the cycle (b,c) on Af. Also t,
acts as the cycle (a,c). Put

k=tstpy and K = (k).

Since (b, ¢)(a, c) = (a,c,b) in Sym(A") we conclude that k acts as (a, ¢, b) on A'. In particular, k3 € Cg(A) <

H,. By (Step 43)(c)[ Ha, ta] < Co(HZ) and so [k2,t,].

Since both t, and ¢, have order 2, t, inverts k. Thus [k3,t,] = (k*) 71 (k3)!e = k7% and so k% = [k3,t,] 7 €
Ce(Hg). By symmetry, k% € Ce(Hy). By (Step 43) (d)we have Cq(HZ) nCa(H;) = 1. Thus k5 =1 and so
k3 € Cg(A).2 = A. Observe that C4(k) =1 and k centralizes k3. Hence k3 = 1.

Put K = (k). Recall that Q1(T) = A and C4(K) = C4(k) = 1. Thus Cp(K) contains no element of
order 2 and so Cr(K) =1

As t, €T, =Ng,(T) < Ng(T) we have K = (t4tp) < (tq,tp) < Ng(T'). Since |K| =3 and T is 2-group we
have ged(|K[,|T) = 1. Thus (5.3.7) (b)shows that T = Cp(K)[T, K] = [T, K]. Hence

T= [Ta K] < [Ta <ta’tb>] = [Tv ta][Ta tb] < [Ta NG(T)] <T
It follows that T = [T, t,][T,t»] and (Step 45)holds.
(Step 46.) [t normal in s] S, =T,.

Since T, < Sy, we have S, = T, if and only if |T,| = [Sa|. As |To/T| = 2 this holds of and only if |S,| = 2|T|
and so if and only if |S| = 2|T].

Suppose now that S, # T, for some a € A*. Then |S| # 2|T| and so T, # S, for all z € A'. As T, # S,
the definition of 7, implies that [T, ¢,] < (z). Now (Step 45)gives

T = [T, ta][T, tp] < (a){b) = A
Thus T = A, a contradiction to (Step 42]).
NOTATION: For z € A! define C, := Cp(H?).

(Step 47.) [step c] T'=C, xCy and T is abelian.
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By (Step 43)(d)[Ha, ta] < Ce(Hy). Since T < H, this gives [T,t,] < C¢(Hg) and since t, € T, = Ng, (T)
we have [T.t,] < T, Thus [T,t,] < C,. By (Step 45)T = [T't,][T.ty] and so T = C,Cy. By
@Cg(H;) NCqg(H,))=1,50 CanCy=1. Since T' < Hy, T normalizes H; and so both C, and C}, are
normal in T. Thus [C,,Cy] < ConC. = 1. Hence T = C, x Cp,. By symmetry, [C,,C.] =1 =[Cy,C.]. As
T = C,Cy this gives C. < Z(T'). By symmetry C, < Z(T') and C, < Z(T"). Thus T'=C,Cy < Z(T') and so T
is abelian.

(Step 48.)  [sz] Z(S) = (2).

Let 2 € Z(S). Then S < Cg(x9). Thus [Ca(z)|, = |S| = |Glp- By (Step 34)), there exists y1,y2 € a¥n S
and yo € x§ with yo = y1y2 and Cs(yo) € Syly(Ca(yo). In particular,|Cs(yo)| = [Ca(yo)| = [Ca(xo)| = |S]
and so Cg(yo) = S. It follows that y5' = yo. On the otherhand, as yo = y1y2 and |y1| = [y2| = |2 = 2 we
know that y; inverts yg. So y61 = y" = yo and yg = 1. Hence also :L'% =1 and so zp € M Z(S). Thus

Z(S) = 2 Z(S). By (Step 40)(d)Q1Z(S.) = (a), so also Q1Z(S) = (z) and (Step 48)is proved.
(Step 49.) [contradiction] The final contradiction.

Let d € C,. Since T is abelian and t. has order 2, dd'e is centralized by T(t.). As |T./T| = 2 we
have T{t.) = T. = S.. Thus dd' e Z(S.) = (c) and so d'* = d"'(dd'*) € Cy(c). Note that a’c = b. So
Cp = Cle < Cy{c) and then T = C,Cy < Cy{c). Thus C,. < Cy{c) and since {(c) < C,, the modular law gives

Ce = (CcnCa)(c) = (c)
By symmetry, C, = (a) and so T' = C,C, = (a){(c) = A, a contradiction to (Step 42]). O



Chapter 6

Local Group Theory

6.1 Quadratic Action

Definition 6.1.1. [defiquadratic| Let G be a group acting on a group H and let Ac G.

(a) [a] A acts nilpotently on H if there exists n € N with [H,G;n] =0. The smallest such n is called the
nilpotency height of the of action G in A.

(b) [b] A acts quadratically on H if [H, A],A] =1.
Note that A acts quadratically on V if and only if A acts nilpotently of height at most 2 on H.

Lemma 6.1.2. [quadratic and abelian| Let G be a group acting on a group V and let a,b e G. Suppose
that

(i) [i] V is abelian.

(i) [ii] [b,6°]=1 and [b,6*]=1.
(iii) [iii] @ acts quadratically on V.
Then [b,a] acts quadratically on V2.

Proof. We will use additive notation for V. In particular, the hypothesis V = V2 then translates to V = 2V .
Without loss we assume that Cg(V) =1 and that G < Aut(V'). In particular, G is a subset of the ring
End(V). If a € End(V) and v € V' we denote that image of v under a by va. If n € Z then the function
fn:V >V, v —>nvisin End(V). Abusing notation we just write n for f,,, even though the function n - f,
does not need to be injective. Then nv = vn and an = an for all n € Z,v € V and « € End(V).
Since we view G is subsets of G we have

[v,9] =—v+vg=vg-v=0v(g—1) andso [[v,g],9]=v(g-1)>

for veV and g € G. As a acts quadratically on V we get v(a —1)? = 0 and so (a - 1)? = 0 in End(V).
Define d:=a—1. Then d? =0 and a = 1 +d. In particular, (1+d)(1-d)=1-d*=1andsoa!=1-d. Let
n e N. Note that d’ = 0 for all 2<i<n and so

a*"=(1xd)" = 1ﬂ:nd+gd2ﬂ:gd3...= 1 +na
It follows that

131
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(%) [1]6%" = a"ba"™ = (1 - nd)b(1 + nd) = (1 - nd)(b+nbd) = b+ nbd — ndb — n>dbd
Let n € {1,2}. By Hypothesis we have [b,b%" ] =1 and so bb®" = b?"b. We have and so
bb"" = b% + nb*d - nbdb - n’bdbd and b b= b + nbdb — ndb* — n*dbdb
Thus

nb?d — nbdb — n’bdbd = nbdb — ndb* — n>dbdb
nb>d — nbdb — nbdb + ndb* = n?bdbd — n>dbdb
n(b*d + db* — 2bdb) = n*(bdbd — dbdb)

Let a, B € End(V'). We will write « = 3 if the images of o and 3 in 2V are the same. Suppose that na =nf.
Then also 2« = 28. Thus for all v e V| (2v)a = v(2a) = v(253) = (2v)5 and so « = 3. Tt follows that

b2d + db® — 2bdb = n(bdbd — dbdb)
for n =1,2. Thus

b2d + db® — 2bdb = bdbd — dbdb
b2d + db* — 2bdb = 2(bdbd — dbdb)

Subtracting the first from the second equation gives

0 = bdbd — dbdb
In particular, bdbd = dbdb. Also substitution in the first equation shows that

b*d +db* - 2bdb = 0
Multiplying with d from the right and using that d? = 0 gives db*d — 2bdbd = 0. Since bdbd = dbdb we get

(%) [2]db*d — bdbd - dbdb = 0

Define f := [b,a] -1 =b"1b% - 1. To show that [b,a] acts quadratically on 2V we need to prove that
f?=0. Put e:=bf =b*—b. Since [b,b*] =1 we have bf = fb and so e? = (fb)? = b2f2 and f? =b2e% So it
remains to shows that e = 0. By for n =1 we have b® = b+ bd — db - dbd and so e = b* —b = bd — db — dbd.
Thus (using that d? = 0),

% = (bd — db - dbd) (bd — db — dbd)
=bdbd-0+0
— db*d + dbdb + dbdbd.
—dbdbd +0+0
= bdbd + dbdb — db*d

=P
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O

Corollary 6.1.3. [quadratic on abelian] Let G be a group acting on a group V and let p be a odd
prime. Let B< G and A< Ng(B) . Suppose that

(i) [i] V is an abelian p-group.
(i) [ii] B is abelian p’-group.
(iii) [iii] A acts quadratically in V.
Then [B, A] centralizes V.

Proof. Let be B and a € A. Tt suffices to show [b,a] centralizes V. We will first show that the Hypothesis
of is fulfilled. Since p is an odd prime we have ged(p,2) = 1. As V is a p-group we conclude
that the function V — V,v — v? is a bijection. Thus V = V2. Since A ¢ Ng(B) we have b* € B and
b?* ¢ B. As B is abelian this gives [b,b%] = 1 and [b,baz] = 1. By Hypothesis A acts quadratically in V,
so also a acts quadratically on V. Thus the Hypothesis of is fulfilled and we conclude that [b,a]
acts quadratically on V. Put ¢ = [b,a] and C = (c¢). Since a € Ng(B) we have C' < B and since B is a
p’-group also C is p’-group. As V is a p-group we conclude fro @that V =[V,C]Cy(C). Since ¢
acts quadratically on V' we know that [[V,c],c] =1 and so [V, c] < Cy(c). Observe that Cy(c) = Cy (C)
and by 2.1.2)()[V.c] = [V,C]. Thus [V,C] < Cy(C) and so V = [V,C]Cy(C) < Cy(C) = Cy(c). So c

indeed centralizes V. O
Definition 6.1.4. [def:stably| Let G be a group acting on a group H.

(a) [a] We say that G acts stably on H if (AY) acts nilpotently on H, whenever A € G acts quadratically
on H.

(b) [b] We say that G acts super stably on H if A acts trivially on H, whenever A € G acts quadratically
on H.

Example 6.1.5. [ex:quadratic on abelian]
(a) [a] Let F be a field and V' a 2-dimensional F-space. Then SLr(V') does not act stably on V.

(b) [b] is false if p = 2. In particular, if V # V2, the element [b,a] in does not have to act
quadratically on V.

(c) [c] can be false of B is a non-abelian p’ group.
@: Put H :=SLF(V) and X :={[1 9] |a € F}. Let a,beF. In Endp(V)

Thus X acts quadratically on V. Note that V = [V, H], so H does not act nilpotently in V. By Exercise
1 in Homework 3 we have H = (X*). We proved that X acts quadratically on V and (X*) does not act
nilpotently on V. So H does not act stably on V.

(B)and (d): Put p := |F| and suppose that p =2 or 3. Put a = [} 9] and Z := ZSLg(V)). Then a acts
quadratically in V. By Exercise 1 on Homework 3 H has a normal p-complement B, B/Z is elementary
abelian of order p+1 and [B/Z,a] # 1
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Suppose p =2. Then Z =1 and B is cyclic of order 3. So B is an a-invariant 2’-group. Since [B,a] # 1

we see that is false for p = 2.

Suppose p = 3. Then |Z| =2 and B/Z = Cy x Cy. Since all involution in H are contained in Z (see
Homework 2) we conclude that B = Qg. In particular, B is a non-abelian a-invariant p” with [B,a] # 1. So
[6.1.3 can be false of B is a non-abelian.

Definition 6.1.6. [def:p-stable| Let G be a finite group and p a prime.
(a) [a] We say that G has characteristic p if Ca(Op(G)) < Op(G).

(b) [b] We say that G is p-stable if G has characteristic p and G acts stably on each of the normal
p-subgroup of G.

Definition 6.1.7. [def:dg] Let G be a group. Then D(G) is the set of all abelian normal subgroup A of
G such that G acts super-stably on A; and D(G) := (D(G)).

Lemma 6.1.8. [basic cg] Let G be a group and H < G.

(a) [a] Let AeD(G) with A<H. Then Ae D(H).

(b) [b] Suppose that D(G) € H. Then D(G) <D(H) and D(G) <D(H).
Proof. ()follows immediately from the defintion of D(H), and (b)follows from (al). t
Lemma 6.1.9. [closure of cg| Let G be a group.

(a) [a] Let D <Z(G). Then D € D(QG). In particular, Z(G) < D(G).

(b) [b] Let A and H be normal subgroups of G. Suppose that A is abelian. Then A acts quadratically
on H.

(c) [c] Let A and H be normal subgroups of G. If A is abelian and G acts super stably on V, then A
centralizes H.

(d) [d] Let £cD(G) and put H =(E). Then H is abelian and H € D(G).
(e) [e] D(G) abelian and D(G) is the largest element of D(G).

Proof. (a))Since D < Z(G) we know that A 4 G and A is abelian. Also [D, A] =1 for all A <G and so G
acts super-stably in G. Thus A € D(G).

(D) Since H normalizes A we have [H, A] =1. As A is abelian, this gives [[H, A], A] =1

@Let E,Fe&. Then E,F are normal abelian subgroup of G and @shows that F' acts quadratically
on E. As G acts super stably on F this implies that [E, F'] =1. As H = (£) this implies that H is abelian.
Let A < G be acting quadratically on H. Then A also acts quadratically on each E € £. It follows that
[E,A]=1and so [H,A] =1. Thus G acts super stably on H, so H € D.

(e)Note that (d)applied with & = D(G) shows that D(G) is abelian and D(G) € D(G). As D < D(G)
for all D € D(G), this means that D(G) is the largest elements of D(G). Thus (g)holds. O

Lemma 6.1.10. [basic p-stable| Let p be a prime, G a finite p-stable group and A< G.
(a) [a] Suppose that A acts quadratically on O,(G). Then A< Op(G).

(b) [b] Suppose that A is abelian and O,(G) normalizes A. Then A < Op(G).
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Proof. @Put H = (A%). Since G is p-stable, G acts stably on O,(G). As A acts quadratically on O,(G)
this shows that H acts nilpotently on O,(G). Hence[5.3.10]implies that H/Cp(O,(G)) is a p-group. Since
G has characteristic p, C¢(O,(G)) < Op(G). Thus Cx(0O,(G)) is a p-group. So H is a p-group. As H 4 G
this implies H < O,(G), so also A < O,(G).

(b)Since O, (G) normalizes A we have [0,(G), A] < A. Since A is abelian this implies [[O,(G), A], A] <
[A,,A] = 1. Thus A acts quadratically on O,(G) and (a)implies that A < O,(G). O

Lemma 6.1.11. [sylow and normal] Let p be a prime, G a finite group, S € Syl (G) and H 4 G.
(a) [a] SnH eSyl,(G) and SH/H €Syl (G).
(b) [b] The following statements are equivalent:

(1) [a] OP(G)<H
(2) [b] G/H is a p-group.
(3) [c] G=SH.

Proof. @We compute
|SH/H||Sn H| = |S/SnH|SnH|=[S| =G|, = (IG/H|H|)p = |G/H]p|H|p

As |[SH/H|, < |G/H|, and |S n H| < |H|, this implies |SH/H|, = |G/H|, and |S n H| = |H|,. Hence
SH/H €Syl,(G/H) and Sn H € Syl,(H).

@By the first two statement in @are equivalent. By @SH /H € Syl,(G). Hence G/H is a
p-group if and only if G/H = SH/H and so if and only if G = SH. O

Lemma 6.1.12. [closed under normal closure] Let G be a finite group, p a prime, S € Syl,(G) and
D eD(S). Put B:=(D%). Suppose that D < 0,(G) and G acts stably on B. Then B € D(G).

Proof. Let g € G. Since D < O,(G), (6.1.8)(a)implies that D € D(0,(G)). Hence also DY € D(0,(G)).
Now @(applied with (DG,OP(G),B) in place of (£,G, H) ) shows that B is abelian. Let A < G
such that A acts quadratically on B. Put H = (AG). By Hypothesis G acts stably on B, and so H acts
nilpotently on B. Thus [B, H;n] =1 for some n € Z* and (5.3.10))(d)shows that H/Cpy(B) is a p-group.
By S9N H and Sn H are Sylow p-subgroups of H, and H = (H n S)Cg(B). Note that H acts
transitively on Syl,(H) and H = (Sn H)Cg(B) = Ng(Sn H)Cy(B). Thus Cy(B) acts transitively on
Syl,(H) and we can choose h € Cy(B) with (S7n H)"=SnH. Since D € D(S) we have D" € D(S9").
As D9 < B and h € Cg(B) we know that D" = D9, so D9 < D(S9"). Thus DY 9 9" and S9" acts super
stably on D9. Note that H = (89" n H)Cq(B) and so we can choose X < $9" with ACq(B) = XCq(B).
Since DY < B we get [D9,X,X] < [B,X,X] =[B,A,A] =1. As X < 89" and S9" acts super-stably on
G this implies [DY, X ]| = 1. Hence also [DY, A]. This holds holds for all g € G and so [B, A] = 1. Hence
B eD(S). 0

Theorem 6.1.13. [zj] Let p be prime, G a finite p-stable group and S € Syl,,(G). Then D(S) =D(G) < G.

Proof. By (6.1.9)(¢)both D(S) and D(G) are abelian. Observe that O,(G) < S and D(S) ¢ S. Thus
O,(G) normalizes D(S) and D(G). Thus (6.1.10) (b)implies that D(S) < 0,(G) and D(G) < O,(G). Put
B = (D(S)%). Then B is a normal p-subgroup of G and since G is p-stable, G acts stably on B. Now
shows that B € D(G). In particular, B < D(G) and so also D(S) < D(G). As D(G) < O,(G) < S,
@imphes that D(G) < D(S). Thus D(S) = D(G).

O
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Example 6.1.14. [ex:not p-stable] Let p be a prime, k € Z*, q = p¥, |F| a finite field of order ¢, V a
2-dimensional F-space, H = SLy(V'), T' € Syl,,(H) and let G be an internal semidirect product of V' by H.
Then

(a) [a] G is of characteristic p and G is not p-stable.
(b) [b] SeSyl,(G) and D(S) =7Z(S) ¢ G.

(E Observe that Cg(V) = V and V is a normal p-subgroup of G. So G has characteristic p. By
(6.1.5) () H does not acts stably on G. Since G = HV and V centralizes V' this implies that G does not
act quadratically on V. So G is not p-stable.

@No‘ue that V' is a p-group. Also T € Syl,(G), G=VH and S=VT. So S € Syl,(G). By @T
acts quadratically on V. As V and T are abelian this implies that S’ < Z(S) and so S has class 2. If
D € D(S) we conclude that [D,S,S] =1 and then [D,S] =1. Thus D < Z(S). As Z(S) < D(S). Thus
D(S) = Z(S). Since Cg(V) = V we have Z(S) = V. nZ(S) = Cy(T). Hence Z(S) is a 1-dimensional
F-subspace of V. In particular, Z(S) is not invariant under H, so Z(S) ¢ G.

6.2 Weakly Closed Subgroups

Definition 6.2.1. [def sqcap] Let A be a set and B a set of sets. Then AnB:={BeB|Bc A}
Note that An B ="P(A)Nn B where P(A) is the set of subsets of A.

Definition 6.2.2. [def:weakly closed] Let G be a group, H < G and Z < H. Then Z is called weakly
closed in H with respect to G if Hn Z% ={Z} (i.e. Z9=Z for all g€ G with Z9 < H ).

Lemma 6.2.3. [weakly closed and fusion] Let G be a finite group, S € Syl,(G), Z <Z(S) and Ac S.
Suppose that Z is weakly closed in S with respect to G. Then S A% = §n ANe(2)

Proof. Clearly Sn AN¢(9) ¢ §nAC. Let g € G with A9 € S. It remains to find h € Ng(Z) with A9 = A",
Since A € S we have A9 € SnSY9. As Z <Z(S) this implies that both Z and Z9 are contained in Cg(AY).
Sylow’s Theorem applied to Cz(AY?) shows that there exists ¢ € Cg(AY) such that (Z¢, Z9) is a p-group.
Now Sylow’s Theorem applied to H shows that there exist I € G with (Z¢, Z9)! < S. Thus both Z¢ and
79" are contained in S. As Z is weakly closed in S with respect to G this implies Z¢ = Z and Z9' = Z.
Put = gc ! = (g1)(cl)™ . Then Z" = 26D = 7 and so h € Ng(Z). As ¢! € Cq(AY) we have
Al = (A9)¢" = A9 and the lemma is proved. O

Lemma 6.2.4. [burnside| Let G be a finite group, S € Syl,(G) and A and B normal subsets of S. If
Be A%, then B e ANc(9),

Proof. Let g € G with B = A9. Since S < Ng(A) we get S9 < Ng(B). Also S < Ng(B). It follows that
both S and SY are Sylow p-subgroups of G, so S = S9" for some h € Ng(B). Then gh € Ng(S) and
A%h = B = B. O

Lemma 6.2.5. [char weakly closed]| Let G be a finite group, p a prime, S € Syl,(G) and Z < S with
Z 4Ng(S). The the following two statements are equivalent:

(a) [a] Z is weakly closed in S with respect to G.

(b) [b] If ReSyl,(G) with Z < R,then Z 9 R.
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Proof. @): : Suppose that S 1 Z% = {Z} and let R € Syl,(G) with Z < R. By Sylow’s Theorem

S = RI for some g € G. Then Z9 < RY =S and so Z9 = Z. Hence also 79" =Z. From Z 4 S implies
79" 4 5971, so Z4R.

=> @: Suppose @holds and let g € G with Z9 < 5. Observe that holds also holds for Z9 in
place of Z, thus Z9 4 S. Hence both Z and Z9 are normal in S. now implies that Z9 = Z" for some
he
Ng(S). As Z 4Ng(S), this gibes Z9 = Z and so Z is weakly closed in S with respect to G. O

Lemma 6.2.6. [weakly complement| Let G be a group, N <G, K a complement to N in K and Z € K.
Then

Knz%=2z%
In particular, Z is a weakly closed subgroup of K with respect to G if and only if Z < K.

Proof. Clearly Z¥ ¢ K1 Z%. For the reverse inclusion let g € G with Z9 ¢ K. Note that G = NK and so
there exists n € N and g € K with g = nk. Since Z9 ¢ K we have

Zn =79 <R _ K

Let ze Z. 2'2" e K. As N 4G we have [z,n] € N. Also [z,n] = 2712" we conclude that [z,n] e Nn K = 1.
Thus [Z,n]=1and Z = Z9 = Z" = ZF ¢ ZK. O

6.3 The Transfer Homomorphism

Lemma 6.3.1. [transfer hom| Let G be finite group and H < G. Let B be the set of transversals to H
in G. For R,S € B define

(RIS)= J] H'rs'eH/H
(r,s)eRxS
Hr=Hs
and
Tg-n: G- HJ/H, g- (Rg|R)

Then g does not depended on the choice of R € B and is a homomorphism of groups.

Proof. Let R, S, T € B. Recall from that

(*) [2](R[S)(SIT) = (R|T)
and
(%) [B](R|S)™ = (S|R)

Let g € G. Observe that the function R — Rg,r — rg is a bijection. Thus
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(Rg|Sq)= [] H7!

(73)eRgxSg
HP=HF

= [1 H@g)(sg)™

(r,)eRxS
Hrg=Hsg

= H H'rs™
(r,)eRxS
Hr=Hs
=(R|S)
We proved
(% ) [4](Rg|Sg) = (R|S)

We compute

(5915) = (SglS)(SIR)(RIS) = ()

= (Sg|R)(R]|S) (5

= (R|S)(Sg|R) —H/H' is abelian
= (Rg|Sg)(Sg|R) )

= (Rg|R) -

We proved that (Sg|S) = (Rg|R) and so 7g_pg is independent of the choice of R € B. To show that
Tg—H is a homomorphism, let g, h € G. Then

(RghlR) © (Rgh|RR)(RAIR) = ((Rg)hIRR)(RRIR) B=2 (Rg|R)(RMIR)
and so Tg_ g is a homomorphism. ]

Lemma 6.3.2. [cyclic transitive] Let G be group acting on a finite set A, let x € G and let B be an
orbit of (x) on Q. Let n=|B| and be B. Then B ={bx™ |0<m <n} and z" € Gy.

Proof. Put X := (z). Recall that X; = {y € X | by = b} and by the function

¢: X/Xpy—>B, Xpye~ by

is a well-defined X-isomorphism. In particular, [X/Xp| = |B| = n and since X is cyclic we get Xj, = (z").
Thus z" € X3, < Gy, and X /X = {X,,27 | 0< j <n}. Applying ¢ shows that B = {bz? |0 < j <n}. O

Lemma 6.3.3. [compute tau] Let G be a finite group, H < G and x € G. Let Qy,...,Q be the distinct
orbits of (x) on G/H. For 1<i<k putn;:= || and let g; € G with Hg; € ;. Then

(a) [a] |G/H|=LEn;.
(b) [b] z™9% eH forall1<i<k.

() [c] z7aom =TTk, H'z™9".
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Proof. By we conclude that

QZ:{Hgll‘j|O|]<TLZ}

and
" € Gy, = G = HY

In particular,
Hg; = Hg;x™

and
-1
"% ¢ H.

Thus holds.
Also

k -
G/H =) ={Hgia’ | 1<i<k,0<j<n}
i=1
Thus |G/H| = ¥iy ni and

R:={gia? |1<i<k,0<j<n;}

is a transversal to H in G. We will use this transversal to compute x7¢_ 5.
Observe that '
Rr={gix’ |1<i<k,1<j<n;}

so if (r,5) € (Rz, R) with Hr = Hs, then either r = s = g;27 for some 1<i<kand1<j<norr= giz;" and

_ : _ o "
s = gix? = g; for some 1 < k < n. In the first case 7s™' = 1 and in the second case rs! = gix"g; Lo gnigi
Hence

TTG—H = (Rg’R)
= H H'rs™t

(r,s)eRgxR
Hr=Hs

k -1
i=1

Definition 6.3.4. [def:abc] Let G be a group and A, B and C subgroups of G define
[A,c B] =([a,b] |a€ A,be B,[a,b] € C)
Lemma 6.3.5. [basic abc| Let G be a group and A, B,C subgroups of G.
(a) [a] [A,c,B]<Cn][A,B].
(b) [b] If A<BnC, then A’ <[A,c,B].
(c) [c] If B<Ng(A), then [A,4B]=[A,B].
)

(d) [d] [A,4B]={(a"ta’|acAbeB,a’eA).
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Proof. @and (]E[)are obvious.

(1f B <Ng(A), then [A, B] < A and so (d)holds.
(d)Let a € A and be B. Then [a,b] = a'a® and so [a,b] € A if and only if a’ € A. Thus @holds. O

Lemma 6.3.6. [transfer modulo h*] Let G be a finite group and H < G. Put H* := [H,;y G] and let
x e H. Then H* (z1q-p) = H* 261,

Proof. Retain the notation from m Since x € H also ™ € H. Also by 1) @x”ig; "¢ H. Thus
(xm)—lxnigi‘l c H*

and so
H* 29 = H* g
It follows that
k -1 k -1 k k G H
H*(zrgop) =H*[[H'2™9% =][H*2™% =]]H"2™ = H*apXimam = g |G/H
i=1 i=1 i=1

O]

Theorem 6.3.7 (Grin). [gruen| Let G be a finite group, m a set of primes and H a Hall w-subgroup of
G. Put H* = [H,g ,G]. Then

H*=HnG =HnO"(G)G' and HJH*=G/O™(G)G.

Proof. Put K = O™(G)G'. Note that G’ is the smallest normal subgroup of G such that G/G’ is abelian,
and O (@) is the smallest normal subgroup of G such that G/O™(G) is m-group. Thus K is the smallest
normal subgroup of G such that G/K is an abelian m-group. As G/G’ is abelian, it is the direct product
of a m and 7’ group, namely G/G’ = (G/G")r x (G]|G") . Tt follows that KG'/G' = (G/G")x. In particular,
K/KnG'is a n'-group. As H is a m-group, this implies

() 1JHnK=HnG"

As H is a Hall 7-subgroup of G, and G/K is a m-group we have G = HK and so

(%) 2|H/Hn K *HK|K =G|K

So it remains to show that H* = HnG'.
Put 7:=7g_p. Since Im7 < H/H', Im 7 is an abelian 7'-group. Hence G/Kerr is an abelian 7’-group
and so

(% % %) [3] K < Kerr

Let x € H. By[6.3.0]
H*(x7) = H*zIC1H]

Since H is a Hall m-subgroup of G, we know that ged(|H|,|G/H|) = 1. Hence also ged(|z|,|G/H|) and so
(z!IGTH1y = (z). If z € Kerr we conclude that z € H* and so
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(+) [4]H nKerr < H”
Thus 8 — -
(6.3.5)) " (* * *) (+)
o < HmG'HnK HmKerTgH*

and so indeed H* = Hn G'. O
Corollary 6.3.8. [char g=opg]| Let p be a prime, G a finite group and S € Syl,(G). Let S* = [S,5,G].
Then G = OP(Q) if and only if S =S".

Proof. Note that G = OP(G) if and only if G/OP(G) = 1. As G/OP(G) is a p-group, this holds if and only
if (G/OP(G))" =1 and so if only if G/OP(G)G’ = 1. By this is equivalent to S/S* =1, and so to
S =5% O

Lemma 6.3.9. [abelian gruen| Let G be a finite group, p a prime and S € Syl,(G). Put S* = [S,5 G]
and H :=Ng(S). Suppose that S is abelian. Then

S*=[S,H] =[S,y H] and S/S*=H/OP(H)H ~G/OP(G)G’
Proof. By @We have

S*=[S,sG]=(a""a? |acS,geG a’cS}
As S is abelian, any subset of S is normal. Thus shows that

S*=(a"a% |aeS,heH,a"eS)
and so S* =[S,s H]. So we can apply to (S, H) and (5,G) in place of (H,G). It follows that

S/S* =2 H/OP(H)H' and S/S*2=G/OP(G)G’
As H =Ng(9), (6.3.5)()shows that [S,s,H] =[S, H] and so is proved. O

Lemma 6.3.10. [weakly gruen| Let G be a finite group, p a prime, S € Syl (G) and Z < Z(S).
Put S* = [S,sG] and H = Ng(Z). Suppose that Z is weakly closed in S with respect to G. Then
S*=[S,H] =[S,y H]. In particular,

S/S*~ H/OP(H)H' 2 G/OP(G)G'
and
S=5" «<— H=0°(H) <<= G=0°(G)
Proof. Let a€§S. BySmaG=5’maH. Hence
(a™'a9 |aeS,geG,a?eS)=(a""a’ |aeS,heG,a" S

By (6.3.5) @applied to G and to H, the group on the left side of this equation is [S,s G] and the group
on the right side is [S,s H]. So indeed S* = [S,s H].
So we can apply to (S, H) and to (S,G) in place of (H,G). It follows that

S/S* = H/OP(H)H' and S/S*=G/OP(G)G’
Also applied to H and to G gives
S=5" «<— H=0°(H) <+<— G=0°G)
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6.4 Normal p-complements

Definition 6.4.1. [def:p-complement| Let G be a finite group, p a prime and K < G. Then K is called
a p-complement of G if there exists S € Syl,(G) such that HK is a complement to S in G.

Lemma 6.4.2. [basic p-complement| Let G be a finite group, p a prime and K <G.
(a) [a] The following statements are equivalent:

(1) [a] K is a p-complement of G.
(2) [b] K is a Hall p’ subgroup of G.
(3) [c] For each S eSyl,(G), K is a complement to S in G.

(b) [b] K is a normal p-complement if and only if K = OP(G) and OP(QG) is a p'-group.

(¢) [c] Suppose G has a normal p-complement. Then every section of G has normal p-complement
Proof. @: (a:1)== (a:2):  Suppose K is a p-complement of G. Then there exists S € Sylp(G) with
G =KS and KnS =1. Then |G| = |K||S| = |K||G|, and so |K| = |G|,. Thus K is a Hall p’-subgroup of G.

(a:2)== (a:3):  Suppose K is a Hall p’-subgroup of G and let S € Syl,(G). Then K is p’-group and
S is a p-group. Hence K n.S =1. It follows that
(KIS _ |Gl |Gy
|K nS| 1
Hence G = KS. Thus K is a complement to S in G and (ja:3)holds.

(a:3)== (a:1):  Just observe that where does exists a Sylow p-subgroup of G.

@Suppose first that K is a normal p-complement of G. Let S € Syl,(G). Then G = KS and so G/K
is a p-group. Hence OP(G) < K. By (@) K is a p’-group, and so K = OP(K) < OP(G). Thus K = OP(G)
and OP(QG) is a p’-group.

Suppose next that K = OP(K) and OP(G) is a p’-group. Then K = OP(G) < G and K is p’-group. Let

S €Syl (G). By @G =0OP(G)S=KS. As K is a p’-group and S is a p-group we have K n S = 1.
So K is a complements to S in G. Thus K is indeed a normal p-complement of G.

(By (B)O*(G) is a p’-group. Observe that OP(K) < OF(G), so also OP(K) is a p’-group. Another
application of @now shows that K has a normal p-complement.

Suppose now that K 4 G. Then OP(G/K) = OP(G)K/K = OP(G)/OP(G) n K and so OP(G/K) is a
p’-group. Hence also G/K has normal p-complement. ]

K S| = e

Lemma 6.4.3. [burnside p-complement| Let G be finite group, p a prime and S € Syl,(G). Suppose
that Cq(S) = Ng(S). Then G has a normal p-complement.

Proof. Since S < Ng(S) = C(S) we know that S is abelian. Hence shows that

[S,sG] =[S, Na(5)] =[5,Ca(9)] =1

and by [S,sG] = SN OP(G)G'. Thus SnOP(G) =1. As G = SOP(G) this implies that OP(G) is
normal p-complement of G. O

Lemma 6.4.4. [cyclic p-complement]| Let G be finite group, p the smallest prime dividing |G| and
S e Sylp(G). Suppose that S is cyclic. Then G has a normal p-complement.
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Proof. In view of we just need to show that Ng(.S) = Cg(S). Since S is cyclic we have S < C(S) and
s0 Ng(9)/Cq(S) is a p’-group. Ng(S)/Ce(S). Any prime dividing [N (S)/Cq(S)| also divides |G| and
so is smaller that p. We conclude that any prime dividing |[Ng(5)/Ca(9)] is larger than p.

Let |S| = p¥. Then Aut(S)| = p*1(p-1). As Ng(S)/Cq(S) is a isomorphic to a subgroup of G, this
implies that [Ng(S)/Cq(S)| divides p*~1(p—1). We conclude ny prime dividing [Ng(S)/Cq(S)| is less or
equal to p. Thus [Ng(S)/Ca(S)| =1, so Ng(S) = Ca(S). O

Definition 6.4.5. [def:p-local] Let G a group, H <G and p a prime. Then H is called a p-local subgroup
of G, if there exists a non-trivial p-subgroup @ of G with H = Ng(Q).

Lemma 6.4.6. [frobenius p-complement| Let G be a finite group and p a prime. Suppose that all
p-local subgroups of G have a normal p-complement. Then G has a normal p-complement

Proof. The proof is by induction on G. Let S € Syl,(G). If S =1, then G=GS and GN S =1 and so G is
a normal p-complement of G. So we may assume that S # 1. Put Z = Z(S) and observe that Z + 1. We
will first show

() [1] Z is a weakly closed subgroup of S with respect to G.

Suppose not. Then shows that there exists R € Syl,(G) with Z < R and Z # R. We choose such
an R with Ng(Z) maximal. Define T := Ng(Z). Then T' < Ng(Z) and we can choose P € Syl,(Ng(Z))
with 7'< P. Observe that S < Ng(Z) and it follows that |P| = |S| = |R|. Since Z ¢ R we know that T' £ R.
Thus |T| < |R| = |P| and so also T's P. Since both P and S are nilpotent we conclude that

T$Ng(T) and T $Np(T).

Put M := Ng(T'). Then both Ng(T') and Np(T') are p-subgroups of M and we can choose Rj, P €
Syl,(M) with
NR(T) <R; and NP(T) <P

Let P € Syl,(G) with P; < P,. Since P < Ng(Z) and Np(T') < Py < P> we have Np(T) < Np,(Z).
As Ng(Z) =T £ Np(T') this shows that Ng(Z) £ Np,(Z). Recall that Nr(Z) was maximal with respect
to Z 4 R. It follows that Z < P, and so also Z < P;. As 1+ Z <T we have T # 1. Thus M is a p-local
subgroup of G. By Hypothesis this means that M has normal p-complement K. Then M = KP; and
KnP,=1. As Z < P; we conclude from that Z is weakly closed in P; with respect to M. Since
Z <T < Ry € Syl,(M) we can apply and conclude that Z 9 Ry. Since Ng(7T) < Ty, this implies that
Ngr(T) <Ngr(Z). Hence

Nr(Z) =T $ Ng(T) <Ng(Z)

a contradiction. This contradiction completes the proof of .

Put H=Ng(Z). As Z + 1, H is a p-local subgroup of G and so has a normal p-complement. It follows
that OP(H) is p'-group. Since 1 # S < H, H is not a p’-group so OP(H) +# H. By Z is weakly closed
in S with respect to G, so shows that G # OP(G). Put L = OP(G). We claim that every p-local
subgroup of L has a normal p-complement. Indeed let @ be a non-trivial normal p-subgroup of L. Then
NL(Q) < Ng(Q) and Ng(Q) has a normal p-complement. Hence (6.4.2)) ()shows that Nz (Q) has a normal
p-complement. Since |L| < |G| induction on |G| now implies that L has a normal p-complement. Thus
OP(L) is a p’-group. Note that OP(L) = OP(OP(G)) = OP(G)), so OP(@G) is a p'-group and G has a normal
p-complement.

O

Lemma 6.4.7. [coprime and invariant]| Let p,q be a prime, and S a finite p-group acting on a finite
p' H. Then there exists an S-invariant Sylow q-subgroup of H.
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Proof. Let @@ be any Sylow g-subgroup of H and let G = H x S be the semidirect product of H and S. We
view H and S as subgroups of G. Since H is a p’ group and S a p-group, S is a Sylow subgroup of G. Since
H <G and Q € Syl,,(H), the Frattini argument shows that G = HNg(Q). Let T € Syl,(Ng(Q)). Since |H|
is a p’-group and G = HNg(Q) we see that |G|, = [Ng(Q)|p. Thus T € Syl,(G) and so 79 = S for some
g€ G. As @ is a T-invariant Sylow ¢-subgroup of H, conjugation with g shows that Q)¢ is a S-invariant
Sylow g-subgroup of H. O

Lemma 6.4.8. [nilpotent and section] Let G be a group action on a group V. Let
1=VoaVi<...V1 2V, =V
be a G-invariant subnormal series of V.
(a) [a] Let meN and suppose that [V,G;m] =1. Then [V;/Vi_1,Gym] for all 1 <i<n.
(b) [b] G acts nilpotently on V' if and only if G acts nilpotently for each V;[/Vi—1, 1 <i<n.

(c) [c] Suppose G acts stably on each V;[/Vi_1. Then G acts stably on V.

Proof. @
[Vi,Gim] <[V,Gin]=1 and [V;/Vi.1,Gin] =[V;,Gin]Vio1[/Viey = Viey[Vio = 1.

@The forward direction follows from @ So suppose G acts nilpotently on each V;/V;_1, 1 <i<n. By
induction on n we may assume that G acts nilpotently on V/V;. So there exists k,l € N with [V/V1,G, k] =1
and [V1,G;l] =1. Then [V,G;k] <V} and so

[V,Gil+k] = [[V,Gs1],G: k] < [Vi, G, k] = 1

Thus G acts nilpotently on V.

Let A < G such that A acts acting quadratically on V. Let 1 <i <n. By (applied with G = A and
m =2) we know that A acts quadratically on V;/V;_1. As G acts stably on V;/V;_1 we conclude that (AG)
acts nilpotently on V;/V;_1. Now shows that (A%) acts nilpotently on V. Thus G acts stably on V. [

Lemma 6.4.9. [modulo ppri_me] Let G be a finite group, p a prime, P a p-subgroup of G and K a
normal p'-subgroup of G. Put G = G/K.

(a) [a] The function P — P,a — aK is an isomorphism of groups.
(b) [b] Nz(P)=Nc(P).
(¢) [c] G has a normal p-complement if and only if G has a normal p-complement.

Proof. @The function is surjective homomorphism with kernel P n K. Since P is a p-group and p’-group
we have Pn K =1 and so @holds.

@)Clearly Ng(P) < Ng(P). Let H < G with K < H and H/K = Ng(P). Note that P < H and so
KP < H. Since K is a p'-group we see that P € Syl (K P). The Frattini argument gives H = (K P)Ng(P)
and since P < Ny (P) we get H = KNy (P) < KNg(P). Thus H < Ng(P) and @)is proved.

Recall that G has a normal p-complement if and only if OP(G) is a p’ -group. Since K is a p’-group,
K < OP(G) and OP(G) is a p’-group of only if OP(G)/K is p'-group. As OP(G) = OP(G)/K, this hold if
and only if OP(G) is a p’-group and so if and only if G is a normal p-complement. O
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Lemma 6.4.10. [char p-stable] Let G be a finite group, p an odd prime and S € Syl,(G). Suppose that
(i) [i] G is p-separable.
(ii) [ii] Op(G)=1.
(iii) [iii] Either G =S or S is a mazximal subgroup of G.
Then G s p-stable.

Proof. Since G'is p-separable and O, (g) = 1, |3.2.10| shows that Cg(O,(G)) < Op(G). Thus G has char-
acteristic p. Let V' be a normal p-subgroup of G. To show that G is p-stable it remains to show that G
acts stably on V. Let W be normal p-subgroup of G’ maximal with W § V. By induction on |V| we may
assume that G acts stably on V. Put U = V/W. Let A < G such that A acts quadratically in U. Put
G := G/Cg(U) and observe that G acts faithfully on U.

Suppose for a moment that we can prove that A = 1. Then (A%) centralizes U. In particular, (A%)
acts nilpotently on U. So G acts stably on U and (6.4.8)) shows that G acts stably on V and we will be
done.

Note that O(G) is a finite p-group acting on the non-trivial finite p-group U. Thus Cyy(O,(G)) # 1 (see
for example 5.4.3E@Observe tlizt CCU(Op(é)) is G—invariant_and so the maximal choice of W imp_lies
that U = Cy(O,(G)). Thus Op,(G) centralizes U and so O,(G) = 1. Since G is p-separable, also G is
p-separable and p’-separable. Put K = O,/(G). Then |3.2.10[shows that Cx(K) =1. If K =1 we get G =1
and so also A = 1 and we are done. So suppose that K # 1 and choose a prime ¢ with ¢|[K|. By there

exists an S invariant Sylow g-subgroup, @ of K. Then Q # 1 and so also Z(Q) # 1. Note that Z(Q) is S
invariant and so

Ss7(Q)S<G

By Hypothesis, G = S or S is a maximal subgroup of G. Hence also G = S or S is maximal subgroup
of G. Tt follows that G = Z(Q)S. As Z(Q) < K and K is a p’-group this implies that K = Z(Q). Thus K
is abelian.

Note that A acts quadratically on the p-group U and K is an abelian p’-group normalizes by A. Now
shows that [K, A] centralizes U. As G is faithful on U, this gives [K,A] =1 and so A < Cz(K) = K.
Thus A is a p’ group. On the otherhand A = A/C4(U) and A acts nilpotently on the p-group U and so by
Z is a p-group. Hence A =1 and the lemma is proved. ]

Example 6.4.11. [ex:pstable] Let p = 2 or 3, a finite field of order p, V' a 2-dimensional F-space,
H =SLp(V) and let G be internal semidirect product of V' by H. Then

(a) [a] G has characteristic p, G is not p-stable, G is p-separable and O, (G) = 1.
(b) [b] Let SeSyl,(G). If p=2, the S is maximal subgroup of G.
(c) [c] 6.4.10| can be false if p =2 and if S is not a maximal subgroup of G.

()By [6.1.14] G has characteristic p and G is not-p-stable. Note that O,(G) n Oy (G) = 1. Thus
0, (G) < Ca(0,(G)) < Op(G) and then O, gy = 1. Since [F| < 4, Exercise 1 on Homework 3 shows that
H has normal p-complement K. Then 19V 4 VK aVH =G, V and H/VK are p-groups and VK[V is

p’-group.
[): If p=2, the |G| =4-6 =24 and |S| = 8. Thus |G/S| =3 and so S is a maximal subgroup if G.
follows from @and @



146 CHAPTER 6. LOCAL GROUP THEORY

Theorem 6.4.12 (Thompson’s p-complement theorem). [thompson p-complement]| Let G a finite
group, p an odd prime and S € Syl,(G). Suppose that Ng(D(S)) has a normal p-complement. Then G has
a normal p-complement.

Proof. The proof is by induction on |G]|.
Case 1. [1]  Suppose O (G) # 1.

Put G := G/Op(G). Since Oy (G) # 1 we have |G| < |G|. Note that S € Syl (G). By the
function S — S, s — 5 is isomorphism and so D(S) = D(S). Hence, using (6.4.9) ,

Nz(D(8)) = Ng(D(8)) = Ng(D(9))

Thus Nz(D(S)) is a isomorphic a quotient of Ng(D(S)). As Ne((D(S)) has a normal p-complement we
conclude from (6.4.2)that also N(D(S)) has a normal p-complement. By induction, G has a normal
p-complement and so by (6.4.9)(@als0 G has a normal p-complement.

Case 2. [2]  Suppose Op(G) =1
In this case we put G = G/O,(G). We will first show
(*) [1] Let H $ G with S < H. Then H has a normal p-complement.

Observe that S € Syl,(H) and Nz (D(S)) < Ng(D(S)). Since Ng(D(S)) has a normal p-complement,
also Ny (D(S)) has a normal p-complement. Induction on |G| now shows that H has a normal p-
complement.

(*%)  [2] Op(é) = 1. In particular, every p-local subgroup of G is a proper subgroup of G.

Let H < G with O,(G) < H and H/O,(G) = O,(G). Then H is normal p-subgroup of G and so
H < 0,(G). Thus O,(G) = 1.

(x * %) [3] Bvery proper subgroup of G has a normal p-complement.

Let H $ G. We will prove (|* * )by induction on %
Suppose first that |H|, = |G, and let H < G with O,(G) < H and H/O,(G) = H. Then H contains
a Sylow p-subgroup of G and shows that H has a normal p-complement. Thus also H has a normal

p-complement.

Suppose next that |H|, = 1. Then H is a p’-group and so H is a normal p-complement of H.

Suppose finally that 1 # |H|, < |G|,. Let T € Sylp(ﬁ) and choose R € Sylp(a) with T$ R. Then 1+ T ¢
N#(T). Since D(T) is a characteristic subgroup of T we have D(T') 4 N%(T') and so [Ni(D(T))l, > [Hjp.
By @Z(T) < D(T), so D(T) # 1 and implies that N77(D(T)) is a proper subgroup of G.

Induction on % now shows that Ni7(D(T')) has a normal p-complement. Note that [H| < |G| < |G|, so

induction on G implies that H has a normal p-complement.
(+) [4] G has a normal p-complement.

By the p-local subgroups of G are proper subgroups, and so by have a normal p-complement.
Frobenius’ p-complement Theorem now shows GG as normal p-complement.

(++) [5] G is p-stable.
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By 6 has a normal p-complement. Thus OP(G) is a p’-group. Note that O,(G) and G/OP(G) are
p-groups. Thus G is p-separable. In view of[6.4.10|it remains to show that G = S or .S is maximal subgroup.
So let H § G with S < H. We need to show that H = 5. By |D has a normal p-complement K.

By Hypothesis of the current case, O, (G) = 1, s93.2.10| shows that C5(0O,(G)) < O,(G). Note that
O,(G) < S < H. It follows that that O,(G) and K are normal subgroup of H. Thus

[K,0p(G)] < KnOy(G)

Since K is p’-group and O, (G) = 1 we get KnO,(G) = 1. Thus [K,0,(G)] =1 and so K < C5(0,(G)) =
O,(G). Hence K < KnO,(G)=1and H=KS=5.

We proved that G is p-stable. Thus Theorem [6.1.13| shows that D(S) < G. Thus G = Ng(D(S)) and
so G has a normal p-complement. ]

Example 6.4.13. [ex:thompson] Sym(4) is counterexample to Thompson’s p-complement Theorem for
p=2.

Indeed, let G = Sym(4) and S € Syl,(G). By D(S)=7(S) 4 G. As S is a maximal subgroup of
G this gives Ng(Z(S)) = S. Since S is a 2-group, S has a normal 2-complement (namely 1). So Ng(D(S))
has a normal 2-complement. But O2(G) =1 and G is not a 2-group. Thus G does not have a normal
2-complement.

Example 6.4.14. [ex:thompson ii] Let G be a group of order 3%-52-11. Show that G is not simple.

Let S € Syl;(G). We will show that either D(S) < G or G has a normal 3-complement. Note that in
either case GG is not simple and so we are done. We may assume that D(S) ¢ G. Put B := Ng(S) and
D :=Ng(D(S)). Since D(S) ¢ G and D(S) char S we have

(*) [2]S<B<DsG

In particular, S ¢ G.

Let H < G and myg the number of Sylow 2-subgroups of H. Then m’|H| and m =1 (mod3). Then
m divides 52 - 11 and so mg = 5% - 11° where 0 < a < 2 and 0 < b < 1. Note that 5 = -1 (mod3) and
11=-1 (mod3). So 1 =mpy = (~1)*** (mod3). Thus a + b is even. It follows that

(%) [1]my € {1,5%,5-11}

Since S ¢ G, we have mg # 1. Hence mg = 5% or 5-11. Note that |G/B| = mg and that |D/B| divides
|G/B|. As G # D we have |[D/B| #|G/B, thus [D/B| =1,5 or 11. As |D/B| = mp we conclude from ([ +))that
\D/B| =1. Thus D = B.

Note that |D| = |B| = |C|§]‘3| and so D = 3%. ¢ where ¢ = 5 or ¢ = 11. Let Q € Syl (D||). We have
3-1=2,32-1=28,33-1 =26 and so ¢ does not divide 3° -1 for 1 < e < 3. So 3° # 1 (modgq) and
[Syl,(D| = 1. Thus @ 9 D. As D = QS we conclude that @ is a normal 3-complement of D. Thompson’s
p-complement Theorem now shows that GG has a normal 3-complement.
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6.5 Frobenius Groups

Lemma 6.5.1. [partition and centralizer] Let G be a finite group acting on an abelian group V. Let
A be a set of subgroups of G such that (A") gc4 is a partition of G. Put k:=|A|-1. Then

VE<(Cy(A) | Ae A)

Proof. See Exercise 1 on Homework 2. REMARK: Exercise 1 on Homework 2 was a special case : G = C,xC,
and A={A<G||A|=p}. But the proof is exactly the same. O

Recall that G is Frobenius group with complement H and kernel K if G is a group, 1 + H 5 G,
HnHI =1 for all g € G and

K=G\JH'"Y ={geG|g=h'forallhe H' |G}
Corollary 6.5.2. [frobenius on abelian]| Let G be finite group acting an finite group V. Suppose that
(i) [i] G is Frobenius group with complement H and kernel K.
(i) [ii] K is a subgroup of G and Cy(K) =1.
(iii) [iii] V s abelian, V #1 and ged(|V],|K]) = 1.
Then Cy(H) # 1.

Proof. Put A:= {K}u H® and k := |K|. Since G is a Frobenius group with complement H and kernel G
we see that (A")c4 is a partition of G¥ . By @we have |H®| = |K| = k. Thus |A| = k + 1. Hence
[6.5.1] shows that

VE<(Cy(A) | Ac A)

As ged(|V],k) = 1 we have V¥ =V # 1 and so Cy(A) # 1 for some A € A. Since Cy(K) = 1 we get
A+ K and so A = HY for some g € G. Then Cy(HY) + 1, so also Cy(H) # 1. O

Theorem 6.5.3. [fixed point free p| Let G be a finite group, p a prime and o € Aut(G). Suppose that
la| =p and Cg(a) = 1. Then G is nilpotent.

Proof. The proof is by induction on |G|. If G = 1, the theorem holds. So suppose G # 1. Put A = («).
Then A acts on G and |A| = p.
We first show

(x) [1] p’|Gﬁ|. In particular, G is a p'-group.

Since |A| = p we have Cg(A) = Cg(a) = Cg(a) for all a € A}, Thus all orbits of A on G of length p
and (*)holds.

(#%) [2] Let H be a-invariant subgroup of G. If H + G, then Cy(«) =1 and H is nilpotent. If H 1
and H 4G, then Cq/p(a) =1 and G/H is nilpotent.

Note that Cy(a) < Ce(a) = 1. So the first statement holds by induction on G.
Since A is a p-group and G is a p’-group (5.3.7) (a))shows that

Ceyu(a)=Cqu(A)=Co(A)H/H =H/H =1

So again induction on |G| shows that G/H is nilpotent.
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(% %) [3] There exists a non-trivial, a-invariant, nilpotent, normal subgroup N of G.

If G is a 2-group, then G is nilpotent and we can choose N = G.

So suppose G is not a 2-group and let g be an odd prime with q||G|. Since G is p’-group, |6.4.7 shows
that there exists an a-invariant Sylow g-subgroup S of G. Then also D(.5) is ainvariant.

Suppose that D(S) 9 G. Note that S # 1, so also D(S) # 1 and we can choose N =D(S).

Suppose that D(S) ¢ G. Then Ng(D(S)) is proper a-invariant subgroup of G and so Ng(D(S)) is a
nilpotent. It follows that Ng(D(.S)) has normal p-complement and so Thompson’s p-complement Theorem
shows that G has a normal p-complement K. As K is a ¢'-group, K #+ G. As K charG, K is a-invariant,
so K is nilpotent by and we can choose N = K.

According to We can choose a minimal non-trivial a-invariant, nilpotent normal subgroup B of
G. Note that Z(B) # 1, Z(B) 4 G and Z(B) is a-invariant. The minimality of B implies that B = Z(B) so
B is abelian. By G/B is nilpotent. If B <Z(G), we conclude that G is nilpotent and we are done. So
suppose that B ¢ Z(G).

Then D := Cg(B) $ G. Let K = G x A and as usual view G and A as subgroup of K. Since G is a
p'-group, A € Syl,(K). Also [D,a] # 1 for all a € AY so Cg(B) is a p'-group. Since K/G is a p-group
this implies Cx(B) = Cq(D) = B. Put K := K/D. Then K is the semidirect product of G by A. Also by
Cé(a) —1forall@eA". Hence (1.4.9 (@)ShOWS that K is a Frobenius group with complement A and
kernel G. Let 7 be a prime with r||§|. Since G and B are nilpotent, G has a unique Sylow p-subgroup T,
and B has a unique Sylow r-subgroup R. It follows that 1 # T < K and R <4 K. Thus B # Cg(T) < K. The
minimal choice of B implies that Cp(T) = 1. In particular, Cg(T) = 1. Since T and R are r-groups this
implies R = 1. Thus B is an r’-group. It follows that ged(|B|,|G|) = 1 and Cg(G) = 1. Now shows
that Cg(A) # 1. But then also Cg(a) # 1, a contradiction. O
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