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Chapter 1

Group Actions

1.1 Groups acting on sets

Definition 1.1.1. An action of a group G on set ) is a function

o: OxG -
(w,9) = wf
such that
(i) w!=w for all we .
(i) (W)Y =w™ forallweQ, z,yeqG.
A G-set is a pair (£, ), where o is an action of G on Q.

Example 1.1.2. Let GG be a group, H a subgroup of G and 2 a set. Each of the following are actions.

(a)
RM: GxG -
( action by right multiplication)
(a,b) +~— ab
(b)
LM: GxG -
) ( action by left multiplication)
(a,b)) » b ra
()
Conj: GxG -
. ( action by left conjugation)
(a,b) +~ b ab
(d)

RM: G/HxG -
(Ha,b) +~ Hab

( action by right multiplication)
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Nat: &> Sym(@) ~ 9 ( natural action )
(w, ) > WT
Definition 1.1.3. Let o be an action of the group G on the set Q. Let ge G, weQ, H< G and Ac H.
(a) AY:={w?|weA}.
(b) w ={w"[heH}.
(c) C4(A):={heH|w"=wfor allw e A}.
(d) C(w) ={heH|wh=w}. (So Cy(w)=Cu(*({w}. We will often write HY, for Cg,(w).
(&) Calg) = {6 A5 =59},
(f) Cx(H)={6eA|6=5" for all he H}.
(2) N3 (A) = {he H| A" = A},
(h) A is called H-invariant if A = A" for all he H.
Remark 1.1.4. Let o be an action of the group G on the set €.
(a) Let P(Q2) be the set of subsets of Q2. Then
r@: PQ)xG=P(Q), (Ag)m A7
is action of H on P(£)).
(b) Let H <G and let A be an H-invariant subset of Q0. Then
egyn: AxH->A, (w,h) - wh
is and action of H on A.

(c) If there is no doubt about the action e, we will often omit the superscript ® in Cy(w), Ny (A) and
50 on.

Lemma 1.1.5. Let o be an action of the group G on the set Q, ge G, H< G and A c ).
(a) If H< G, then Cy(A) <Ng(A)<H.
(b) Cr(A)? =Cga(AY).

(¢) Define
bg: Q=Q, w-ow?

and
" = {9 | g€ G,
Then the function
¢: G->Sym(Q), g- g

is a well-defined homomorphism of groups with
Kerg = C%(Q) and Im¢ =G

In particular, Cg,() is a normal subgroup of G, G*% is a subgroup of Sym(f2) and G/C&(Q2) = G*<.
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Proof. Readily verified. As an example we prove . Let h e G. Then

heCu(A)Y
— K e Cp(A)
e W zwforallweA andh? eH
= W =wforallweA and he HI
— (wI=wIforallweA andheHI
— (w)'=wIforallweA and heHY
— pI=pforall pe A9 and heHY
— heCpo(w9)
Hence Cy(A)Y = Cye(AY) O

Definition 1.1.6. Let G be a group and let 1 and Qo be G-sets. Let a.: 21 — Qo be a function.

(a) «a is called G-equivariant if
wla = (wa)?

for all we ) and g € G.
(b) « is called a G-isomorphism if o is G-equivariant bijection.
(c¢) Q1 and Q2 are called G-isomorphic if there exists a G-isomorphism from Qy to Qs.
Definition 1.1.7. Let G be a group acting on a non-empty set €.
(a) We say that G acts transitively on Q) if for all a,be Q) there exists at least one g € G with a9 = b.
(b) We say that G acts semiregularly on  if for all a,b e Q there exists at most one g € G with a9 = b.

(¢) We say that G acts regularly on Q if for all a,b € ) there exists exactly one g € G with a9 = b, that is
if G acts acts transitively and semireqularly on €.

Example 1.1.8. (a) The action of the group G on G by right multiplication is regular.
(b) The natural action of Sym(€2) on the set 2 is transitive. If |Q] > 3, this action is not semiregular.

Lemma 1.1.9. Suppose that the group G acts transitively on the set Q and let w € Q. View G/G,, as a
G-set via Tight multiplication. Then the map

o: GG, - Q

Gug +~ w?

is a well-defined G-isomorphism. In particular, | = |G/G|.

Proof. Let g,h € G. Then the following statements are equivalent:
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w9 =Wl

-1
W =

gh™teG,
Guog =Guh

w

The forward direction shows that ¢ is injective and the backward direction shows that ¢ is well-defined.
Since G is transitive on €2, ¢ is surjective. Note that

h
((Gug)h)o = (Gu(gh)) = w" = ()" = ((Gug)9)
and so ¢ is G-equivariant. O
Definition 1.1.10. Let G be a group and L < G.
(a) A supplement to L in H is a subgroup K of G with G = LK.

(b) A complement to L in G is a supplement K to L in G with Ln K =1.

Proposition 1.1.11. Let G be a group acting on a set ), H a subgroup of G and w € €.
(a) (Frattini Argument) If H acts transitively on 2, then G = G,H.
(b) If H acts semi-regqularly on Q, then G, nH =1.
(¢) If H acts reqularly on 2, then H is a complement to G, in G.

Proof. @) Let g € G. Since H acts transitively on Q, w9 = w” for some h ¢ H. Hence gh™' ¢ G, and
g=(gh"HheG, H.

(]ED Let h e G, n H. Then w” = w = w! and so h = 1 by definition of semi-regular.

Since H acts regularly on € if and only if it acts transitively and semi-regularly, follows from

@ and @ O
Definition 1.1.12. Let G be a group acting on the set €.

(a) Let we Q. The w is called the orbit of G on Q containing w. Q)G denotes the set of orbits of G on
Q.

(b) Let a,be . We say that a is G-equivalent to b if b= a9 for some g € G, that is, if be a®.

Remark 1.1.13. Let (2;)ie1 be a family of G-sets. Then the disjoint union Wiy Qi (=Uier Qi x {i}) is a
G-set via (w,1)9 = (w9,1) for all ge G,iel and w e ;.

Lemma 1.1.14. Let G be a group acting on set €).

(a) G-equivalent is an equivalence relation. Its equivalence classes are the orbits of G on Q. In particular,
the orbits of G on Q) form a partition of €.

(b) Let A be a set of representatives for the orbits of G on Q (that is A € Q and |[AnO| =1 for each
orbit O of G on Q). Then Q and Y en G/G, are isomorphic G-sets. In particular,

1= > |G/G.| (Orbit equation)
weA
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Proof. @) Since w = w', the relation is reflexive. If a,b € Q with a9 = b, then b9 = a and the relation is
symmetric. If a? = b and b" = ¢, then a9” = ¢ and the relation is transitive. w® is the set of elements which
are G-equivalent to w and so is the equivalence class of G-equivalent containing w.

Since each elements of w lies in exactly on orbits of G on 2 and since each orbit contains exactly
one element of A we have

Q = |+ wG
weA
Observe that G acts transitively on w® and so by w2 G/G,, as a G-set. So (]ED holds. O

Lemma 1.1.15. Let G be a group acting on a non-empty set ).
(a) G acts semiregularly on Q if and only if G, =1 for all a € ).

(b) G acts transitively on Q if and only if there exists a € Q such that for all b € Q2 there exists g € G with
a? =b.

(¢) G acts regularly on  if and only if there exists a € Q such that for all b € Q there exists a unique
g € G with a9 = b.

Proof. @ Suppose that G acts semiregularly on € and let a € Q). Then (]E[) shows that GnG, =1
and so G, = 1.

Suppose now that G, = 1 for all a € Q. Let b € Q and suppose that b = a9 = a” for a € Q and g,h € G.
Then a9" ' = a, gh"t € Gy =1and g =h. So G acts semiregularly on .

(]EI) The forward direction is obvious. If a = €, then Q is an orbit for G on Q. Thus any two elements
of Q1 are G-equivalent and so G act transitively on €.

The forward direction is obvious. Suppose now that a € {2 and for each b there exists a unique g € G
with a9 = b. For b = a we see that G, =1. Thus Gp = Gge = GZ = 1. Now (]ED shows that G acts transitively
and (&) shows that G acts semiregularly on Q. So G acts regularly on €. O

Definition 1.1.16. Let G be a group acting on a set Q). We say that G acts faithfully on G if C(Q2) = 1.
Remark 1.1.17. G acts faithfully on Q if and only if the homomorphism
¢ G->Sym(G), g—d,

from (@ is injective. In particular, if G acts faithfully, then G is isomorphic to the subgroup G*
of Sym(£2).

Lemma 1.1.18. Let G be a group acting on a set . Then the function
QxG/Ca(Q) » Q, (w,Ca(R)g) > w?
is a well-defined, faithful action of G/Cq(2) on €.
Proof. Readily verified. ]
Lemma 1.1.19. Let G be a group. Then the following are equivalent:
(a) All subgroups of G are normal in G.

(b) Whenever G acts transitively on a set 2, then G/Cg(Q) acts regularly on Q.
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Proof. Let Q be a set on which G acts transitively and put G = G/Cg(Q). Note that G,, = G, for all w € Q.
Observe that
(*) G acts regularly on Q iff G,, = lg, and iff G, = Cg(Q) for all w in €.

@ = @: Suppose that all subgroups of G are normal in G. Then G, = GY, = G 9. Since G acts
transitively on G this gives G, = G, for all p € €2 and so

Co() = U G, = G
pel2

Thus shows that G act regularly on G.

(@) = (a): Suppose G/Cq(€2) acts regularly on § for each transitive G-sets Q0. Let H < G and put
2 =G/H. Let w=H and note that w € Q and G, = H and by Gy = Cg(£2). Thus H = C(f2) and
since C(2) is a normal subgroup of G, H is normal in G. O

1.2 Direct and Semidirect Products
Definition 1.2.1. Let (G;)ier be a family of groups.
(a) Xier Gi denotes the set of function f: 1 - Uier G; with if € G; for allie I. We view X;ey G; as a
group via
i(fg)=ifig
for all f,h e Xy Gy and i€ 1. Xy G; is called the (external) direct product of (G;)ier-
(b) For f € X;ey G; define supp(f)={iel|if +1}.
(c)
PG = {f € X G; | supp(f) is finite }
iel iel
Note that @;c; Gi is a subgroup of Xiey Gi. @ier Gi is called the (external) direct sum of (G;)ier-

Definition 1.2.2. Let G be group and let (G;)ier be a family of subgroup of G. For J c I define G =
(Gj|jelJ). Then G is called the internal direct sum of (G;)ier provided that

(i) G=4Gy,
(ii) G; 4G foralliel, and
(iii) GinGry =1 foralliel.
Definition 1.2.3. Let I be an ordered set, G a group and f € @;c; G. Then

[Tif =irf-iof-... inf

iel

where i1,12,...1, € I with
supp(f) ={i1,...,in} and i1<izg<...<ip
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Lemma 1.2.4. Let I be an ordered set and (G;)ir be a family of groups. Define G := @;c; Gi and for
J eI define Gy ={feG|supp(f)cJ}. Put Gi =Gyy. Foriel and geG; define

g+ I — Uier Gi

, 1ifj+i
Jj o
gifj=i

(a) Let Jc 1 and feGy. Then f=Tl;es(Jf);-

(b) Letiel. Then the function G; - G;,gw g; is an isomorphism of groups.
(¢) Let Jc1I. Then Gy <4X;e1Gi, G5 4G cdeJz(G; |jeJ)

(d) G is the internal direct sum of (G} )ier.

Proof. @ Define h :=[];c;(jf); and let i e I.
ih=TTi(if);
jedJ
Note that i(jf);=1ifi#jand i(jf);=4f=if ifi=j.
Suppose i € J. Then there exists a unique j € J with i = j (namely ¢). Thus ih =1if.
Suppose i ¢ J, then there does not exist any j € I with ¢ = 5. Thus ¢th = 1. Since f € G we have

supp(f) € J. Thus i ¢ supp(f) and so i¢f = 1. Thus again ih =1if.
We proved that ih =if for all i € I and so h =g.

(o) Let g,h € G; and j € I with j 4. By definition of g; we have jg; = 1. Hence Supp(g;) € {i} and so
gi € G7. Thus the function is well-defined. Moreover

J(gihi) = jgi-jhi=1-1=1=3j(gh); and i(g;h;)=1ig;-ih; = gh =1i(gh);

Thus g;h; = (gh); and the function is a homomorphism.
If g; = h;, then g =ig; = th; = h and so the function is injective.
Let feG}. By applied with J = {i} we have f = (if); and so the function is surjective.

() Let e, f € Gy, heX;ey G and i € I~ J. Then je =if =1 and so

if t=(f) =1, ilef)=de-if =1, iff=i(h7'fh) =ikt 1f-ih = (ih)7 1. (k) =1

Hence f~!,ef and f" all are contained in G;. Thus G is a subgroup of G and G 4 X;e; G;. So also
Gj4G.

Let j € J and g € G;. Then supp(g) € {j} € J and so g € G,;. Thus G} < G and since G is a subgroup
of G, also (G} |je J)<G,.

Now let f € G;. By @) f=Tes0f);- As (if); € G we conclude that G; < (G} | j € J). Thus
Gy=(Gj|jeJ)and @ is proved

@) By G=Gr=(G} |iel)and G} =Gy 4G. If ge G NG gy then supp(g) € {i} nI~ {i} =@
and so g = 1. Thus

Gin (Gl jeI~{i})=G{nGr =1

and so all three conditions on the internal direct sum hold. O
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Lemma 1.2.5. Let G be group, I an ordered set and (G;)ier a family of subgroup of G.

(a) G is the internal direct sum of (G;)qer if and only if the function
o PGi~G, [feo]lif
i€l iel
is isomorphism of groups.

(b) Suppose that G is the internal direct sum of (G;)ier. Then [G;,Gj]=GinGj =1 for all i,j eI with
1 # j. In particular, the function ¢ in (@ 1s independent of the ordering on I.
Proof. Let G* = X;¢; G; and define Gf < G* as in Lemma Observe that G} ¢ = G;.

Suppose first that ¢ is an isomorphism of groups. By ((1.2.4) @ we know that G* is the internal direct
sum of (G )ier. As ¢ is an isomorphism and G} ¢ = G; we conclude that G is the internal direct sum of

(Gi)ier-
Suppose next that G is the internal direct sum of (G;)ier. Let 4, j € I with ¢ # j. Then both G; and G;
are normal in G and so
[GZ’, G]] <G;n Gj <G;n GI\{i} =1

It follows that g;g; = g;¢; for any g; € G;,g; € G;j. This implies that ¢ is independent of ordering on I.
Moreover, for any f,ge€ G*:

(fg)o = ni(fg) = n(if-ig) = I—Pf nig =fo-g¢

So ¢ is an homomorphism. Let f € Ker¢ and j € I. Then

iel 1<J >7

1= fo=T]if = (Hif)-jf-(Hif)
and so

jf=(nif)_ '1'(Hif)_ e G

i<j >7
Since jf € G; and Gjn G g =1 we conclude that jf =1 for all j € [. Thus f =1 and so f is injective .

Observe that G; = G;¢ <Im¢ for all 7 € I. Since ¢ is a homomorphism we know that Im ¢ is a subgroup
of GG. Hence

G=Gr=(G;liel)<Im¢
and so ¢ is surjective. O

Definition 1.2.6. Let G and H be groups. An actions of G on H is an action - of G on the set H such
that

(ab)? = a%b?
for all a,be H and g € G.
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Remark 1.2.7. (a) Let G be the group acting on the group H and g € G. Then function
¢g: H—->H, h~—h?

automorphism of H. Moreover,
¢: G—-Aut(H), g~ ¢4

is a homomorphism of groups and G*™ is a a subgroup of Aut(H).

(b) Let G and H be groups and
¢:G—Aut(H), g~ o¢q4

be a homomorphism of groups. Then
o: HxG-H, (h,g)vr hog
is an action of G on the group H.
Example 1.2.8. Let G be a group and N a normal subgroup of G.
(a) NxG — N,(n,g) - g 'ng is an action of G on the group N.
(b) GxG - G,(h,g) — hg is not an action of G on the group G (unless G = 1).
(¢) G xAut(G) - G,(g,a) - ga is an action of Aut(G) on the group G.

Definition 1.2.9. Let L be a group and let H and G be subgroups of L. Then L is called the internal
semidirect product of H by G, provided that H is normal in L, and G is a complement to H in L.

Lemma 1.2.10. Let the group L be the internal direct product of H by G.
(a) G acts on the group H by conjugation.
(b) The function 7:G x H - L,(g,h) — gh is bijection.
(c) (91h1)(g2h2) = (9192) (h{*h2) for all g1,g2 € G,h1,ha € H.

Proof. @ is obvious.

Let g1,90 € G and hi,hs € H.

Observe that Im 7 = GH and since G is complement to H in L, we have L = GH. So 7 is surjective.
If g1,92 € G and h1, ho € H with gi1h1 = gohs, then gglgl = h1h§1 eGNnH-=1. S0 g1 =g9 and hy = hs.

()

(9171)(g2h2) = 919295 h1gaha = (g192) (h{h2)

The previous lemma leads to the following definition.
Definition 1.2.11. Let G be a group acting on the group H. Then G x H is the set G x H together with
the binary operation
(GxH)x(GxH) - (GxH)

((g91,h1), (g2, h2)) = (9192, h{*ha)
1
G x H is called the external direct product of H by G.
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Lemma 1.2.12. Let G be a group acting on the group H and put G* ={(g,1) |g € G} and H* = {(1,h) |
heH}.

(a) Gx H is a group.

(b) The function G - Gx H,g — (g,1) is an injective homomorphism with image G*.
(¢) The function H — G x H,h — (1,h) is an injective homomorphism with image H*.
(d) (1,h)9Y) = (1,h9) for all ge G, he H.

(e) G x H is the internal semidirect product of H* by G*.

Proof. @) Clearly (1,1) is an identity. We have

((g1,h1)(g2,h2)) (g3, h3) = (9192, h{*h1) (g3, h3) = (919293, (h{*h2))?*h3) =
(919293, (h*)2h§Ph3) = (919293, K h§* hi) = (g1, h1) (9293, h5*hs) = (hi,g1)((h2, g2)(hs3, g3))

and so the multiplication is associative.
We have

(g:0)(z,y) = (1,1)
<~ gr=1 and h'y=1
— z=¢ "' andy=(h")"

— z=¢g! andy= (hg_l)*1

Thus (g7*, (hg_l)_l) is an inverse of (g, h).

@ Since for any g € G, the map H — H, h — h? is a homomorphism, we have 19 = 1. Thus (g1,1)(g2,1) =
(9192,1%°1) = (9192, 1).

(1,h1)(1,h2) = (1, hlhs) = (1,h1ho).

() (1.r)@D = (g7, 1)(1,8)(g.1) = (g7, k) (g,1) = (9719, h91) = (1,19).

(€) Clearly G* n H* = 1. Since (g,1)(1,h) = (g,h), Gx H=G*H* and so G* is a complement to H* in
Gx H. By @, G” normalizes H* and so H* is normal in G*H* =G x H. O

Example 1.2.13. Consider H = Cy x C2 and G = Aut(H). So G acts on the group H. Note that
G = Sym(3). We claim that G x H is isomorphic to Sym(4). Note that Sym(4) has

H™:={1,(12)(34), (13)(24), (14)(23)}
as a normal subgroup and H* = Cy x Cy. Observe that H* acts regularly on Q = {1,2,3,4} and so by
1.1.11} G* := Sym(4)4 is a complement to H* in Sym(4). Also G* = Sym(3) 2 Aut(H"*) and Cg+(H™) = 1.

So G* acts faithfully on H*. Thus Sym(4) is the internal semidirect product of H* by G*. Hence using
Excerise 2 on Homework 1,

Sym(4)=G*"H" 2G*"x H* G x H.
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1.3 Complements

Lemma 1.3.1 (Modular Law). Let G be a group and let A, B and U be subsets of G.
(a) Suppose that UB<U and UB™L cU. Then Un AB = (AnU)B.
(b) Suppose that BCcU <G. ThenUnAB=(AnU)B.
(c) Suppose that BCcU <G =AB. ThenU =(AnU)B.

Proof. @) Let we U n AB. Then u = ab for some a € A and b€ B. Since UB™' c U, we have a =ub ' e U.
Thus ae AnU and sou=abe (AnU)B. Hence Un AB < (AnU)B. Conversely, (AnU)BcUBNAB ¢
UnAB.

Since U is a group and B ¢ U we have UU ¢ U and B! ¢ U. Thus UBc U and UB™' c U. So (b))
follows from .

If G=AB, then U =Un AB and follows from (]ED O
Lemma 1.3.2. Let G be a group, H, K1, Ko <G with G=K1H and Ken H =1.
(a) G=HK;.
(b) If K1 < Ko, then K; = K.

(c) KlG = KIH In particular, K1 and Ky are conjugate under G if and only if they are conjugate under
H.

Proof. @) Note that L~! = L for any group L. So

G=G'=(K\H)'=H'K{'=HK,

(]E[) Since K7 < Ky and G = HK7, the Modular Law {D implies Ko = (Kon H)Ky. As KonH =1
we get K1 = Ko.
Let g € G. Since G = K1 H we know that ¢ = kih with ky € Ky and he H. So K¢ = KFh=gh 0O

Definition 1.3.3. Let G be a group, H <G and T € H. Then T is called a transversal to H in G if the
function T - G|H,t — Ht is a bijection.

Remark 1.3.4. Let G be a group, H <G and T € H. Then the following statement are equivalent:

(a) T is a transversal to H in G.
(b) ILNT|=1 for each L € G/H.
(¢) The function HxT — G, (h,t) — ht is a bijection.
Lemma 1.3.5. Let G be a group and U < G. Let A be the set of transversals to U in G.
(a) G acts on A be right multiplication.
(b) Ng(U) acts on A by conjugation.

(¢) Ng(U)P acts on A by left multiplication.
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Proof. Let T e A, X e G/U, g€ G and h € Ng(U).

@): |Tgn X|=|(Tgn X)g™!|=|T n Xg~!| = 1, where the latter holds since Xg™! is a coset of U and T
is a transversal.

(]EI) Observe that X" is a coset of U (indeed if X = Uh then X" = Uhgh = Ug". So also X is a coset
and [T" 0 X| = (TP n X)" | = |Tn X = 1.

By (a) Th e A and then by (b) (Th)"" € A. As (Th)"" = hThh™* = hT, (d) holds.
O

Lemma 1.3.6. Let G be a group, U < G and H <U. Let S be transversal to H in U and let T a transversal
to U in G. Then ST is a transversal to H in G, and the function S xT — ST, (s,t) - (s,t) is a bijection.

Proof. Since S and T are transversals, the functions

HxS—-U, (h,s)>hs, and UxT — H, (u,t) > ut

are bijections. It follows that the function

HxSxT -G, (h,s,t) hst

is bijection. But then also the functions

SxT - ST, (s,t)—~st, and H xST, (h,r)w~ ht
must be bijections. 0
Lemma 1.3.7. Let G be a group and H, E, F < G with E<F.

(a) E is a supplement to H in G if and only F is a supplement to H in G and E is a supplement to
HnF inF.

(b) E is a complement to H in G if and only F is a supplement to H in G and E is a complement to
HnF inF.

Proof. @ Suppose G=HE. Since E<F weget G=HE<HF andso G=HF. Also E<F <G=H and
the modular gives F'= (Hn F)E.
Suppose that G=HF and F=(HnF)E. Then G=HF =H(HnF)E=HE.

() Since E < F we have HNE = Hn(FnE) = (HnF)nE. Hence HNE = 1 if and only if (HNnF)nE = 1.
Together with @ this gives (]ED O

Lemma 1.3.8. Let G be a group, and let K, H,U <G with H<U<G=HK

(a) The function
a: GIU->K|UnK), X~»XnK

is a well defined bijection with inverse

B: KJUnK-GJU, Y -HY

(b) Let Tc K. Then T is a transversal to U n K in K if and only if T is a transversal to U in G.

Proof. All applications of in this proof will be to G°P rather than G.
We will first show
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(#+) LetkeK. Then UknK = (Un K)k.

Indeed, {k} ¢ K <G and so (L.3.1)) (b)) gives U{k} n K = (U n K){k}.

@) Let X be acoset of U'in G and g € G. Then X =Ug. Notethat H'X =HX cUX =UUg=Ug=X
and so (1.3.1)(a) gives X = X n HK = H(X n K). In particular, there exists k € X n K. Since k € X and

X is a coset of U, we get X =Uk. Thus X nK =Ukn K (Un K)k. Hence X n K is indeed a coset of
UnK in K, so « is well defined. Moreover, from X = H(X n K) we see that ao /3 is the identity on G/U.

Now let Y e K/UNnK. Then Y = (Un K)k with k€ K and so HY = H({Un K)k =Uk. Thus KY is a
coset of U in GG, and (3 is well defined. Moreover,

HY nK=UknH Y (UnK)y=Y

and so [ o« is the identity on K/U n K. Hence 3 is an inverse of o and @ is proved.

() T is a transversal to U in G if and only if [T'n X| =1 for all X € G/U. Since T < K, this holds if and
only if Tn (X nK) =1 for all X € G/U. By (@), the latter is equivalent to [TnY|=1forall Y e K/UNnK
and so equivalent to T being a transversal to Un K in U. O

Lemma 1.3.9. Let G be a group and let M, H,U be subgroups of G with H' < M < H <U. Let A be the
set of transversals in G to U. Fix Z € A and let B be the set of transversals R € A with R < HZ. For
R,S € B define

(RIS):= [] Mrs!
(r,s)eRxS
Ur=Us

Then for all R,S,T € B,
(a) M < H and H/M s abelian.
(b) For each r € R there exists a unique s € S with Ur =Us.
(c) Let (r,s) e RxS. ThenUr=Us <= rs'e H < Hr=Hs.
(d) R|S is an element of H/M and independent of the order of multiplication.
(e) (RIR)=M =1gy-
(f) (RIS)(SIT) = RIT.
(g) (RIS)™ =SIR.
(h) The relation ~ on B defined by R ~ S if RS = 1gys is an equivalence relation.

Proof. () Since H' < M, we have [M,H] < M and so M < H. Also (H/M)' = H'M/M = M/M and so
H/M is abelian.

(]E[) This holds since S is a transversal to R in S.
Suppose Ur = Us. Since both R and S are contained in HZ there exist hi,ho € H and 21,20 € Z
with 7 = h1z1 and s = hoz. Note that h; e HcU. So U =Uh,; and

UZ1:UhlzleT:USZUhQZQZUZQ.
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Since Z is a transversal to U, this implies z1 = z0. Thus

7“8_1 = (hlzl)(hQZQ)_l = hl(zlzz_l)hgl = hlhgl eH
If rs™' € H, the clearly Hr = Hs. If Hr = Hs, then also Ur =UHr =UHs =Us.
Now let (r,s,t) € Rx S xT with Ur =Us and Us = Ut.

@ Since Ur = Us, gives rs™l € H,so R|S € H/M. Since H/M is abelian, the product is independent
of the order of multiplication.

&) Follows from Ur = Ur and rr~1 = 1.
(e

@ Note that Ur = Ut, so t is the unique element of T with Ur = Ut. Also (rs!)(st™!) = rt~! and so
@) holds.

From @) and @ we have (R|S)(S|R) = (R|R) = 1y /-
By @ RIR = 1g/pr, so ~ is reflexive. If R[S = 1/, then by ,
(SIR) = (RIS)™ =150 = Layur-
So ~ is symmetric. If R ~.S and S ~ T, then by @,

RIT = (RIS)(SIT) = Ly - Liijar = Leagas

and so ~ is transitive. O

Lemma 1.3.10. Retain the notation from[1.3.9 except define

RIS:= ] Mrts
(r,s)eRxS
Ur=Us

Assume in addition that M =1, H QG and A is a complement to H in U. Let R,S € B and g € G.
(a) If (r,s) € Rx S with Ur =Us, then r'se H.
(b) The conclusion of[1.3.9 hold with the new definition of (R|S).
(¢) There eits a unique g* € HZ with Ag = Ag*.
For D ¢ G define D* :={d*|d e D} and for D x g:= (Rg)*.
(c) Let D e A. Then D* is the unique element of B with AD = AD*.

(d)
*: BxG->B, (R,g9)~ (Rg)"

is a well-defined action of G on B.
(e) (R*g|lS*g)=(R|S). In particular, ~ invariant is under the action of G on B via *.

(f) Suppose that m :=|G[U| is finite and let h € H. Then (R|S*h) = (R|S)h™. In particular, R ~ (S *h)
if and only if K™ = (S|R).
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Proof. @ Since Ur = Us, 1) gives Hr = Hs. As H <4 G this implies rH = sH. Hence r~'s e H.
(0) In view of (@) the same arguments as in now give (b).
Since A is a complement to H in U, the function
AxH-U, (a,h)—ah

is a bijection. So H is transversal to A in U. As Z is a transversal to U in G, shows that HZ is a
transversal to A in G. This gives ().

: Let d € D. Then Ad = Ad* and so also AD = AD*. From Ad = Ad* we get UAd = UAd", so
UD =UD* and since D is a transversal to U in G, also D* is a transversal to U in G. By definition of d*
we have d* € HZ, so also D* ¢ HZ and D* € B.

Suppose AR = AS. Then for each r € R there exist s € A with r € As. Hence Ar = As. Note that
re RcHZ,sor*=r. Now also se HZ, so r* =s. Hence r =s € S. By symmetry Sc R and so R= 5.

@: We will first show that
(+) LetDeA. Then DxgelB and D*g=D*xg.
By Dg e A and so by (Dg)* € B, that is D % g € B. We compute

A(D + g) = A(Dg)* @ a(Dg) = (aD)g ©@ (AD*)g - A(D*g) © A(D*g) = A(D" + )

By both D % g and D* * g are in B, and so the uniqueness assertion in gives D* g = D*xg. Thus
holds.

By R % g € B, so the function in @ is well-defined. Observe that g* = g for all g € HZ, so also
R*=R. Hence R+1=(R1)*=R*"=R. Also for a,beG.

(R*a)*b=(Ra)" b Raxb= ((Ra)b)’P = (R(ab))* = R« (ab)
So * is indeed an action of G on B.

Let re R, se S and g€ G. Since Ag = Ag* we have Ug = Ug*. Hence

Ur=Us < Urg=Usg < U(rg)" =U(rs)*
As R+ g={(rg)*|r e R} this implies

1~ -1 .
(++) (R+glS+g)=[I 5 = I ((r9)") (s9)
(fﬂ;)e(R*g?S*g) (T,S)ERXS
Ur=U3s Ur=Us

Assume now that Ur = Us. Then by @ h:=r"lse H. Note that s = rh. So

(+++) Asg = Arhg = Argh? = A(rg)*h9.
Since H < G we have h9 ¢ H and HZ = ZH. Thus
(rg)*h e HZH =HHZ = HZ

and (++-+) implies that (sg)* = (rg)*h? and so
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-1 . _
((rg)*) (s9)" =h? = (r's)’
Substitution into (++|) gives

(Rxg|Sxg)= T ('s)?
(r,s)eRxS
Ur=Us

= H r s
(reRxS
Ur=Us

- (RIS)”

g

Thus @ holds.

() Let he H. Then Shc HZH = HZ and so Sxh = (Sh)* = Sh. Also for (r,s) € Rx S, Ush=Uh*"s =
Us and so Ur = Ush if and only if Ur = Us. Thus

(R|S+h)=J] '3
(7,3)e(R,Sxh)
Ur=Us

= H r~lsh
(r,s)eRxS
Ur=Us

=1 I rts | ™
(reRxS
Ur=Us

= (RIS)h™
O

Theorem 1.3.11 (Gaschiitz). Let G be a group, H an Abelian normal subgroup of G and H < U < G.
Suppose that m :=|G[U| is finite and that one of the following holds:

(1) H is finite and ged(|H|,|G/U|) = 1.
(2) The function H -~ H,h — h™ is a bijection.
Then
(a) There exists a complement to H in G if and only if there exists a complement to H in U.

(b) Let Ky and Ky be complements of H in G. Then K and Ko are conjugate in G if and only if K1nU
and Ko nU are conjugate in U.

Proof. Observe first, that if H is finite and ged(|H|,|G/U|) = 1. then H - H,h — h™ is a bijection. So in
any case holds.

(&) '==": Let K be a complement to H in G. Then by K nU is a complement to H in U

(]EI) '==:" Suppose K; and Ky are conjugate in G. Then by lb , Ky = Kf for some h € H. Since
heU we get (K;nU)'=K'nU"=Ky,nU and so K1 nU and Ko n U are conjugate in U.
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@ '«<—": Suppose that there exists a complement A to H in U. Define the set B, the equivalence
relation ~ and the action * of G on B as in [1.3.10f Then by 1.3.10@ ~ is invariant under G. Hence
Exercise 1 on Homework 1 shows that G acts on the set of equivalence class B/~ via

Bj~xG > B/~ ([R],g) =~ [R*g]

Let R,S € B and he H. Then (1.3.10) () shows that R ~ S = h if and only if A = (S| R). As h > h™ is
a bijection there exists a unique such h. So for each R and S there exists a unique h € H with [R] = [S*h],
that is H acts regularly on B/~ Now shows that G[g; is a complement to H in G.

@ '«<—=": Let Ky and K; be complements to H in G such that KqgnU is conjugate to K1 nU in U.
Then K1nU = (KonU)" = KynU for some ueU.

If K is conjugate to Kj in G, then K is also conjugate to Ky in G. So it suffices to show that K; and
K§ are conjugate in G, and replacing Ky by K; we may assume that K1 nU = KonU. Put A= KynU.
Then A= K;nU and A is a complement to H in U.

Let i € {0,1}. From (1.3.8)(b) we get:
(#) Let L; € K;. Then L; is a transversal to A in K; if and only if L; is a transversal to U in G.

Let Zy be a transversal to A in K. Since K is a complement to H in G, we have HK; = G and so for
each z € Z there exists k, € Ky with Hz = K1k,. Put

Zy=A{k.|z e Zy}.
By (L.3.8)(b) Zo is also a transversal to U in G. So we can and will use the notation in[1.3.10 with Z = Z.
(%)  Z;eB and Z; is a transversal to A in K;.

By choice Zj is a transversal to A in K and as already seen, Zj is a transversal to U in G. As Hz = Hk,
we also have Uz = Uy, and so, since Zj is a transversal, also Z; is a transversal to U in G. Hence
shows that Z; is a transversal to A in K;. Clearly Zy € HZy and since Hk, = Hz ¢ HZj also Z; € HZ.
So Zz eB.

(%% %)  Let R; be transversal to A in K;. Then R} = Z;

As Z; and R; are transversals to A in K; we have AR; = K; = AZ;. By R; € A. Since Z; € B, we
conclude from 1.3.10 that Z; = R; .

(+)  Ki=Gzy
Let g € K;. By (1.3.5)(a) Zig is a transversal to A in K;. Hence shows that (Z;9)* = Z;, that

is Zi » g = Z; and so K; < Gpz,1. As H acts regularly on B/~ we know from 1.1.11 that Gz, is a
complement to H in G. The same is true for K; and so 1) shows that K; = G[z,]. Thus (+) holds.

Since H acts transitively on B/~ there exists h € H with [Zy * h] = [Z1]. Then
K¢ = Glzy) = Glzgm) = Gzy) = K1

and Ky and K are conjugate under G. O
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Remark 1.3.12. In the proof of Gaschiitz’ Theorem a complement A to H in U is used to find a comple-
ment H to H in G. Then K nU is a complement to U in H. But these operation are not inverse to each
other, that is K nU can be different from A and might not even be conjugate to A in U:

Take for example G = Gy x G2, where G1 = Sym(4) and Gy = Co. Let H = ((12)(34),(13)(24)) < G,
Uy = H((12)) € Syly(G1), U = Uy x Ga € Syly(G) and A = (((12),1)), ((12)(34),92)), where 1 # g5 € G.
Then A is a complement to H in U.

Let K be any complement to H in G. Then K n HGy is a complement to H in HGy and so has order
2. Since HG9 4 G we see that K n HGy is normal in K and so is contained in Z(K). Note that HGo is
abelian, so K n HG9 < Z(HG3). As KH = G we conclude that K n HGy < Z(G) = G3. Thus Go <UnK
and since Go 4G, also Go < (UnK)Y for any ge G. But Go £ A and so A+ (UnK)9 for all geG.

Suppose now that we start with a complement K to H in G, then the proof of ’(1.5.11 (@ = shows
that the complement to U in G constructed from the complement K nU to H in U, is conjugate to K, as
long as one choose the transversal Z to be contained in H.

Theorem 1.3.13 (Schur-Zassenhaus). Let G be a group and H an abelian normal subgroup of G. Suppose
that m = |G/H| is finite and that one of the following holds:

(1) H is finite and ged(|H|,|G/H|) = 1.
(2) The function a: H - H, h - h™ is a bijection.
Then there exists a complement to H in G and any two such complements are conjugate under H.

Proof. Note that the Hypothesis of is fulfilled with U = H. Observe that 1 is a complement to
H in U and so there exists a complement to H in G. If Ky and Ks are complements to H in G, then
UnKi=HnK;=1=YnK5. So UnK; and U n K5 are conjugate in U and we conclude that K; and K>
are conjugate in G. Now shows that K7 and Ky are conjugate under H. O

1.4 Frobenius Groups

Definition 1.4.1. Let G be group, H a subgroup of G and H € G. We say that G is a Frobenius group
with complement H if

(i) 1+ H+G, and
(il) HnHY9=1 forallge GNH
In this case, the set
Ke(H) =G N|JH'Y (={geG|g#h' forall he H',l ¢ G})
is called the Frobenius kernel of G with respect to H.

Let G be a finite Frobenius group with complement H and kernel K. Using character theory, Frobenius
proved that K is a subgroup of G. Later, H. Bender produced an elementary proof of Frobenius’ Theorem,
but only in the case where H has even order. The goal of this section is to present Bender’s proof.

But first we will rephrase the group-theoretical concept of a Frobenius group in terms of permutation
groups.

Definition 1.4.2. Let G be a group acting on a set §2.

(a) Kg(Q) is the set of all g € G such that (g) acts semiregularly on .



1.4. FROBENIUS GROUPS 23

(b) We say that G is a Frobenius group on € if

(i) |9 22 and G acts transitively on §Q.
(ii) G does no act regularly on Q.

(iii) For all a €, G, acts semiregqularly on Q \{a}.
Lemma 1.4.3. Let G be a group, H <G and put Q=G/H.
(a) G is a Frobenius group on § if and only if G is a Frobenius group with complement H.
(b) KL(H) = {g¢G|Calg) = 2}
(¢) If G is Frobenius group with complement H, then Kg(Q) = Kg(H).
Proof. Note that

(*)  LetweQ. Thenw=HI for someleG and G, =GY, = H'.
@ We

>2 «— |G/H|>2 <= G=+H

Observe that G acts transitively on €. Thus

G does not act regularly on €.

— G does not act semiregularly on 2
— Gy, +#1 for wef
H=+1
Also
G, acts semiregularly on Q\ {w}
T1.15
@ GuonGy=1forall pe~{w}
HnHY9=1forallge G\ H.
() Let g € G. Then
ge UHG
> geH' for some [ € G
<~ geGpy for some [ € G
<= HleCq(g) for some e G
— Cqg) o

Suppose G is a Frobenius group with complement H. Let g € G~ K (H). Then by (b)) Ca(g) # @.
So there exists w € Q with g € G,,. Thus (g) NG, # 1 and (g) does not act semiregularly on Q. Hence
9 ¢ Ka().
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Now let g e G\ Kg(€2). Then (g) does not act semiregularly on © and so (g) NG, # 1 for some w € .
Hence 1 # g" € H* for some n € Z, k € G. Tt follows that

-1
L#g"= (") e HE n (H")? = (HaHT )

Hence Hn H9" ™' # 1 and since G is a Frobenius group with complement H we get gl‘“_1 € H. Thus g € H"
and so g ¢ Kg(H). O
Lemma 1.4.4. Let G be a Frobenius group with complement H and kernel K. Put Q=G/H.

(a) 1e K, K=K and K is a normal subset of G.

(b) Let ge G~ K. Then |Cq(g)| =1, that is g has a unique fized-point on Q.
(c) Ng(H) = H. In particular, |H®| = |G/H]|.
(d) Let M be normal subset of G with M ¢ JH!S. Then

M| = G/ H]-|M n ]

(e) Suppose G is finite. Then || =|G/H|=|K| and |[K|=1 (mod |H]|).
Proof. @ This follows more or less directly from the definition of K.

(]E[) Since g ¢ K we have g # 1 and g € H' for some | € G. Thus g fixes Hl. Since H'(= Gy;) acts
semiregulary on Q \ {HI} we see that HI is the only fixed-point of g on €.

Clearly H < Ng(H). Suppose g ¢ H, then Hn H?9 = 1. As H # 1 this gives H #+ HY and so
g¢Ng(H). Thus H = Ng(H). In particular,

G/H| = |G/Ng(H)| = |HE|.

1

@) Let g € G. Then |[M n HY| = |(M0H9)9_1| =|MY nH|=|Mn H|. Moreover, H9n H' =1 for all
g,1 € G with H9 + H and so (M n H9)n (M n H') = @. Hence {M nL| L e HY} is a partition of M into
|G/H| sets of size [M n H|. So (d)) holds.

(€) Clearly || = |G/H|. Since H acts semiregularly on Q\ {H}, all orbits of H on Q2 {H} are regular
and so have size |H|. Thus || =1 (mod |H]).
Put M = UH!C. Then M nH = H' and (d) gives

|M|=|G/H|- M nH| = |G/H|-|H'| = |G/H|- (|H| - 1) = |G| - |G/ H]|

Hence

[K| =G~ M| = |G| -[M| = |G| - (|G| - |G/H]) = |G/H|.

Lemma 1.4.5. Let G be a finite Frobenius group with complement H and kernel K.
(a) Let U < G. Then one of the following holds:

(1) HnU =1.
(2) U<H.
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(3) U is Frobenius groups with complement Un H and kernel Un K.
(b) Let Hy be any Frobenius complement of G. Then there exists g € G with HY < Hy or Hy < HY.

Proof. The proof is by induction on |G].

(&) We may assume that HnU #1 and H ¢U. Then U # G and HnU #U. If ge U\ (Un H), then
g¢Handso (UnH)n(UnH)Y < HnHY =1. Thus U is a Frobenius group with complement U n H
and kernel (say) K. Note that (UnK)n(UnH)Y < KnHY9=1forall geU and so UnK ¢ K. Let
ueUN(UnK). Then u € HY for some g € G. Since u # 1 we have U n HY # 1. Suppose that U < HY,
then 1 #+ Un H < H9 and so H = H9 and U < H, a contradiction. Hence U # HY and as seen above
U n HY is a Frobenius complement of U. As U # G we can apply (]ED to U and conclude that there exists
veUwithUnHI<(UnH)" or (UnH)"<UnHY. In either case HYn H" # 1 and so HY = H". Thus
weUNH"=(UnH)" andso u¢ K. Thus K =UnK and@ is proved.

(]E[) Let K be Frobenius kernel of G with respect to Hy. Interchanging H and Hj if necessary we may
assume that |Ko| < |K].
Put M := JH!Y. Then M n Kj is a normal subset of G and l) shows that

M n Ko| = |G/H|-|M nKon H|=|K| |Kin H|
As |Ko| > |K§| > |M n Ko| this gives |Ko| > |K|- |K}§n H|. Since |Ko| < |K| and |K} n H| is non-negative
integer this implies |K}n H| =0, so Hn Ky = 1. Tt follows that H n H{ #1 for some ge G. As HNn Ky =1

and H cannot be a Frobenius group with complement H n H§ and kernel H n K. Also HnH§ # 1 and so
(a) applied with (H, HJ) in place of (U, H) shows that H < H{.

O]
The following trivial observation will be very useful in Bender’s proof of Frobenius’ Theorem
Lemma 1.4.6. Let G be a group and s,t elements of order 2 in G. Put a:=st. Then
a*=a'=ts=a"
Proof.
a®=(st)*=ststs=ts=t"'st = (st)! =
O]

Theorem 1.4.7. Let G be a finite Frobenius group with complement H and kernel K. Suppose H has
even order. Then K is a normal subgroup of G, and G is the internal semidirect product of K by H.

Proof. Since H has even order there exists ¢t € H with [¢t| = 2. We will first show that
(x) tt9eK' forallge G\ H.

Let g € G with tt9 ¢ K!'. We need to prove that ge H. Put a:==tt9. If a=1, then 1 #t9=t"' e Hn HY
and so g € H. So we may assume that a # 1. Then a ¢ K and so there exists z € G with a € H”. Hence

using [1.4.6]

a—l t (Hz)t Hact

Thus also a € H*. Hence 1 # a € H*n H*. Tt follows that t ¢ H*. Thus 1 #t € HnH® and so x € H and
H=H". By t9t = a~' € H®, so the statement ¢t € H* applied with the roles of ¢ and 9 interchanged
gives t9 e H* = H. Aste H we also have t9 € H9, so 1 #t9 ¢ Hn HY. Hence g € H and is proved.

Let S be a transversal to H in G with 1 € S.
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(#%)  Letr,s€S. Then either (r=s,1t" =t° and t"t° = 1) or (r s, t" #t° and t"t° € K'). In particular,
5 ¢ K and tt° c K.

Suppose first that Hs = Hr. Since S is a transversal then s = r and so "t* = (%)% = 1.

Suppose next that Hr # Hs. Then sr~! ¢ H and gives 57" € K!. Since K is a normal subset of G
we have K' = K!" and so conjugation with r gives t"t* € K¥. Then ¢"t* # 1 and so also t" # (+*)7! = ¢°.
(x+%x%) K= .

Since tt° ¢ K and K is finite we just need to show that [tt°| = |K|. For this r,s € S with tt" = t£°.

Then t° = ¢" and (xx) implies that r = 5. So |tt°| = |S|. As |S|=|G/H| and by l) |G/H| = |K| we get
* * ]

|tt%] = | K| and (%  #)) holds.
(+) K is normal subgroup of G.

By (1.4.4) @) we have 1 ¢ K, K = K~! and K is a normal subset of G. So we only have to shows that
K is closed under multiplication:

o =)
KK =K1K = %) #t%) = ¢%9) e 1a® = t54% = 15¢° ? K

Thus is proved.

Note that Kn H =1 and |KH| = |K||H| = |G/H||H| = |G|]. Thus G = HK and so G is the internal
semidirect product of K by H. O

The next two lemmas will help to produce examples of Frobenius groups.

Lemma 1.4.8. Let G be a group acting on a set 0 and N a normal subgroup of G acting reqularly on
Q. Let a €. The the action of G, on § is isomorphic to the action of G, on N by conjugation, and the
action of G4 on Q~ {a} is isomorphic to the action of G, on N¥.

Proof. Since N acts regularly on €2, the function
¢: N->Q, nea"
is a bijection. Let g € G, and n € N. Then a9 = a and so also a9 = a. Thus
(n)é= a7 = (a")? = (n9)’
and so ¢ is G-equivariant. Observe that 1¢ = a and so the lemma holds. ]

Lemma 1.4.9. Let G be the internal semidirect products of K by H. Suppose that K #+1 and H # 1. Put
Q=G/H. Then

(a) K acts regularly in Q. In particular, the action of H on Q\}H } is isomorphic to the action of H on
KY by conjugation.

(b) KL(H) ={hk|heH ke K~{[h,1]|leK}}.

(c) K<Kg(H).

(d) K =Kg(H) if and only if K = {[h,1] |l e K} for each h ¢ H,

(e) Let he H. Then Cq(h) ={H} if and only if Cx(h) = 1.
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(f) G is a Frobenius group with complement H if and only if Cg(h) =1 for all h e HY.
(g) Suppose K is finite. Then G is a Frobenius group with complement H if and only if K = Kg(H).
(h) Kg(H) is a subgroup of G if and only if K = Kq(H).

Proof. @ Since K is normal in G and K n H =1 we have K n HY =1 for all g € G and so K acts
semiregularly on §2. Since G = HK, K acts transitively on 2 and so the first statement in @ holds. The
second now follows from [[.4.§]

(]EI) Let g € G'. Then g = hk with h € H and k € K. Note that g ¢ Kg(H) if and only if g = a” for
some a € H! and 7 € G. Let a € H and r € G. Since K is a complement to H in G, there exist uniquely
determined b € H and [ € K with r = bl. We compute

a = abl - (ab)l - ab(ab)_ll_labl _ ab[ab,l]
Since K 4 G and [ € K we have [a®,1] € K. Also a’ € H. Thus

g=a
— hk=d"[d"1]
— h=d" and k=[d"1]

— a=h"" and k=[h1]

Hence g = a” for some a € H and r € G if and only if there exists [ € K with k = [h,l]. Indeed, if k = [h,!]
with [ € K when g = a” where r = AP 1 and b is any element of H.
It follows that g = hk € Ko(H) if and only if k # [h,[] for all € K. Hence (D] holds.

If h=1, then [h,l] =1 for all [ € K and so (]EI) shows that k = 1k e Kg(H) for all ke K*.

@ Kg(H) ¢ K if and only if hk ¢ Kg(H) for all h € HY k ¢ K. By (]EI) this holds if and only if
K ={[h,1]|1le K} for all he H!.

(EI) By @) the action of H on O~ H is isomorphic to the action of H on K*!. This implies .

@ By @ G is a Frobenius groups with complement H if and only if G is a Frobenius group on
Q. Since K # 1 we have |Q] > 2. Clearly G acts transitively on  and since H # 1, G does not act regularly
on €. Thus G is a Frobenius group on  if and only of H acts semiregularly on 2~ {H}. This holds if
and only of Cq. (g (h) = @ for all he H' and so by @) if and only if Cx(h) =1 for all h e HY.

Let h e H. Then the function
K/[Cg(h) = {[h,1]|le K}, Cg(h)lw[h,]

is well-defined bijection. Thus |K/Ck(h)| = [{[h,1] |l € K}|.

Since K is finite, we have Cg(h) =1 iff |K/Ck(h)| = |K|, iff |{[h,l] |1 € K}| = |K]| and iff {[h,I]|] €
K)=K.

By @ G is a Frobenius groups with complement H iff C(h) = 1 for all h € H#. As just seen this holds
if and only if {[h,1]|l€ K} = K for all h e H', and so by @ if and only if K = Kg(H).

Suppose that Kg(H) is a subgroup of G. Since K < Kg(H) and G = HK we have Kg(H) =
(Ke(H)n H)K = 1K = K. O
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Example 1.4.10. (a) Let K be a non-trivial abelian group with no elements of order 2. Let h € Aut(K)
defined by k" = k7! for all k € K. Let H = (h) < Aut(K) and let G be the semidirect product of K
by H. Let k€ K. Then [h,k] = (k™1)"k = kk = k2. Hence

Cr(h)={keK|k*=1}=1 and {[h,k]|keK}={k*|keK}.

Thus 1| shows that G is a Frobenius group with complement H. Moreover, by 1'
Kq(H) is a subgroup of G iff K¢(H) = K and so by ([1.4.9)(d) iff K = {[h,k] | k € K}, that is iff

K={k?|keK}.
In particular, the infinte dihedral group is an example of a Frobenius group whose kernel not a
subgroup.

(b) Let K be a division ring with [K| > 2. Let K = (K, +), Kf = K~ {0}, H = (K!,-) and H' = H~{1}. Then
H acts on K via right multiplication. Let k € K and h € H'. Consider true equation [h, k] = (k™1)"k
in a group with multiplicative notation. In our context this formula becomes

[h, k] = (=k)h + & = k(1 - h)

Since 1-h # 0 we see that [h, k] =0 if and only if k£ = 0. So Cx(h) =0 and (L.4.9) () shows that G is
a Frobenius group with complement H. Moreover, since 1 —h # 0, for each [ € K there exists k € K
with [ = k(1-h) = [, k]. Hence (1.4.9)(d) gives K = K¢(H). Thus H x K is a Frobenius group with
complement H and kernel K.
1.5 Imprimitive action
Definition 1.5.1. Let G be a group acting on a set €.
(a) A system of imprimitivity for G on Q is a G-invariant set B of non-empty subsets of Q with A =4 B.

(b) A set of imprimitivity for G on Q is a non-empty subset B of Q such that B = BY or Bn B9 =& for
each geG.

(c) A system of imprimitivity B for G on Q is called proper if B+ {Q} and B + {{w} |w € Q}.

(d) A set of imprimitivity B is called proper if |B|>2 and B # (.

(e) G acts primitively on G if there does not exist a proper system of imprimitivity for G on
Lemma 1.5.2. Let G be a group acting on a set €.

(a) Let B be a system of imprimitivity for G on Q. Any member of B is a set of imprimitivity for G on
Q. Moreover, B is proper if and only of B contains a proper set of imprimitivity.

(b) Let B be set of imprimitivity for G on Q. Define
| B¢ if UB®=Q
"\ BEU{Q~UBC®} otherwise.

Then B is system of imprimitivity for G on ). Moreover, B is proper if and only either B is proper
or |Q\UB%| > 2.
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(¢) G acts primitively on S if and only if there does not exist a proper set of imprimitivity for G on Q.

Proof. (d)) Let g € G. Then B, BY both are contained in B and so either B = BY or Bn BY = @. Thus
B is a set of imprimitivity. Observe B + Q iff B # Q for all B € B and iff B # Q) for some B € B. Also
B+ {{w} | weQif and only if B contains an element B with |B| > 1. Thus B is proper if and only if it
contains an element B with |B|>2 and B # ().

([0) Clearly B is G invariant. Since B = BY or BN BY = & for all g € G we have Q = ¥ B. B is proper
iff if contains a proper set of imprimitivity, iff B is proper or Q \ B is proper and iff B is proper or
|0\ UB®| > 2.

Suppose G is not imprimitive on 2 iff there exists a proper system of imprimitivity for G on 2. By
@ and @ this is the case if and only if the exists a proper set of imprimitivity for G on Q. O

Lemma 1.5.3. Suppose G acts primitively on a set Q. Then either G acts transitively on Q or |Q] =2 and
G acts trivially on 2.

Proof. Suppose that G does not act transitively on 2. Let O be an orbit for G on 2. Then O # € and
{0, ~ O} is system of imprimitivity for G on Q. Since G acts primitively, |O| =1 =|Q2\ O|. Thus || =2
and G acts trivially on ). O

Lemma 1.5.4. Let G be a group acting transitively on Q and let w € Q. Then the function
H - Wl

s a bijection between the subgroups of G containing G,, and the sets of imprimitivity of G on Q containing
w, with inverse

A = Ng(A).
Moreover, w' is a proper if and only if G, sHsG.

Proof. Let H < G with G, < H. We will first show that w’ is indeed a set of imprimitivity. For this let
g € G with w nwf9 £ g. Then there exist hy, ho € H. with w™' = w"?9 Hence hggh[1 € (G, < H and so also
ge H. Thus Hg = H and w9 = w1

Now let A be a set of imprimitivity with w € A. Let g € G,,. Then w=wfy < AnAY. Since A is a set of
imprimitivity this gives A = A9 and so G, < Ng(A).

We showed that both of our functions are well-defined. Next we show that they are inverse to each
other.

Clearly H < Ng(w™). Since Ng(w!?) acts on wf and H acts transitively on w?, the Frattini argument
gives Ng(wf) <G ,H = H.

Clearly wNe(®) ¢ A, Let u e A. Since G acts transitively on G, pu = w9 for some g € G. Then
p=wANAI and so A =A9 and g e Ng(A) and p e wN6(A) | Hence wNe(A) = A

We proved that the two functions are inverse to each other and so are bijection. The non-proper sets
of imprimitivity containing w are {w} and Q. Since Ng({w}) = G, and Ng(Q2) = G we conclude that w’
is proper if and only if H +# G, and H # G. O

Corollary 1.5.5. Suppose G acts transitively on € and let w € Q. Then G acts primitively on Q iff G, is
a maximal subgroup of G.

Proof. Since G acts transitively on € there exists a proper set of imprimitivity for G on 2 iff there exists
a proper set of imprimitivity containing w. Thus G acts primitively on G if and only if {w} and Q are
the only sets of imprimitivity containing w. By this holds iff G, and G are the only subgroups of G
containing G, and so iff G, is a maximal subgroup of G. O
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Lemma 1.5.6. Let G be a group and N a normal subgroup of G. The the set orbits of N on G is system
of imprimitivity for G on Q. This system is proper unless N acts transitively or trivially on €.

Proof. Let O be an orbit for N on G. Let we O and g € G.
09 = (WN)g = N9 = 9N = (wg)N

and so (Y is an orbit for NV on €. Thus the set of orbits of N on 2 is G-invariant. 2 is the disjoint union
of these orbits and so the orbits indeed form a system of imprimitivity.

The system is proper unless one of the orbits is equal to 2 or all orbits have size 1. So unless N acts
transitively on €2 or N acts trivially on Q. O

Corollary 1.5.7. Let G be a group acting faithfully and primitively on a set Q. Then all non-trivial
normal subgroups of G act transitively on €.

Proof. Let 1 + N 4 G. Since G acts primitively on €2 there does exists a proper system of primitivity for
G on ). Hence shows that N acts trivially or transitively on G. As G acts faithfully on G we know
that N does not act trivially on €. O
1.6 Wreath products
Definition 1.6.1. (a) Let A and B be sets. Then AP is the set of functions from B to A.

(b) Let H be a group and B a set. We view HP as group via b(fg) = (bf)(bg) for allbe B and f,ge HP.

(c) Let G be a group and g € G. Then inng is the function

inng: G-G, awad?

Lemma 1.6.2. Let G be a group acting on set Q and let H be a group. For f € H® and g € G define
-1
f9e HY viawf9=wId f for all we.

HYxG - H", (f,9) > f*

is an action of G on the group H.

Proof. Let e, f e HY, weQ and g,h € G. Clearly f' =1. Also
wfh =W = (W) = = ()"
Hence f9" = (f9)" and G acts on H. Also

w(ef)? =w? (ef) = (W ) (W ) = (wet) (W) = w(e’ f7)
Thus (ef)? = efe9 and so G acts on the group H. O

Definition 1.6.3. Let G be a group acting on set Q) and let H a group. Then Giq H denotes the semidirect
product of H® by G with respect to the action defined in

Lemma 1.6.4. Let G be a group and H a subgroup of G. Put Q = G/H and let S be a transversal to H
i G. For AeQ let Ag be the unique element in AnS.



1.6. WREATH PRODUCTS

(a) Let ge G. Then
ft Qo H, A (Agh)s-g- A5

is a well-defined element of H.

(b)
ps: G->GwH, g~ I(g,f)

is a monomorphism of groups.
(c) Let T be a transversal to H in G. Then there exists be G g H with
pT = ps © inny,.
Proof. (@) Let A € Q. Note that HAg = A. So H = AAG' and
H(Afy) = H(Ag " )s-g-Ag' = Ag™'-g- Ag' = AAg = H.

Hence Afy € H and f, is well-defined.

(]E[) Observe first that G g H is a subgroup of G :q G. For g € GG, define

cg: -G, Awg.
Then ¢, € G% and CZ = ¢4 for all g,h € G. It follows that the function
c: G->GunG, g-(9,¢q)
is a monomorphism. Note that the function
T7s: Q->G, A- Ag
is an element of G**. Write 7 for 7¢. Then (1,7) is an element of G:q G. Let g € G. Then
(1,7)(g:¢)(L,7) ™" = (g,7%¢) (1,77) = (g, 7%¢47™)
and
A(t9cym™1) = AT9 - Acy- A7t = (Ag )T g- (A7) P = (Ag s - g- AG' = Af,
So TgCgT_l = fq and
9ps = (9.f5) = (9.7%,7) = (1.7)(g.¢) (1,7) " = (90) )
Hence
ps =coinng -1y

Thus pg is a monomorphism.

We compute

pr=co inn(LTF) =co inn(lﬁgl) oinng rq)° inn(l’T;) =pgo inn(LTST%l)
Note that
H(Arg)=HAg=A=HAp=H(Arr)

and so

A(TSTfl) = Atg - (ATT)_l e

Hence 7g77! is an element of H®. Choosing b = (1,7577') € Gyg H we see that (c) holds.

31
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Lemma 1.6.5. Let G be a group acting on a group H and let Q) be a set such that G and H act on §2.
Suppose that for all g€ G, he H and w in €,

(@) =w
Then G x H acts on Q via w(@M) = (w9).

Proof. Let weQ, g,§eG and h,h e H.
We have

w(l,l) _ (wl)l —w

and

(o)5P = (@) = (((«wg)@)f)h)g)h ()] = oy =ty ani
and the lemma is proved. O
Lemma 1.6.6. Let G be a group acting on set A and H a group acting on a set B. Then

(a) G acts on Ax B via (a,b)? = (a?,b) and H* acts on A x B via (a,b)f = (a,b%).
(b) Gua H acts on Ax B via (a,b)9F) = (a9,°7).
(c¢) {{a} xBlaeA} is a system of imprimitivity for Gia H on Ax B.
Proof. @ Obvious.
Let ac A,be B,ge G and f € H*. Observe (with the action from @))
((a,)?) = (a?,b) = (a?,b°"")
We just need to verify that the hypothesis of holds for the actions of G and H? on A x B.

((C@)™)') = (@ )Y = (a7 5 1) = (@, ) = (a,6") = (a.0)""

: Clearly Ax B = #aea{a} x B. Moreover for g € G, (ax B)Y = a? x B and for f ¢ H?, (a,B)! = ax B.
So {{a} xB|ae A} is G4 H-invariant. O

Lemma 1.6.7. Let G be a group and H a subgroup of G. Suppose H acts on set B and put A := G/H.
Let S be transversal to H in G and a € A and g € G let ag and f, be as in[1.6.4

(a) G acts on Ax B via (a,b)? = (ag,b@97s),
(b) {{a} xB|ac A} is a system of imprimitivity for G on A x B.
c) Letaec A,be B and g€ G. Then (ag)s, =as-g-(ag)3t. In particular, (a,b)d = ag,bas'g'(ag)g1 .
fq S
(d) Put B:={H}x B. Then Ng(B) = H and B is a set of imprimitivity for G on Ax B.

(e) Putk=Hg'. The function \: B — B,b— (H,b*) is an isomorphism of H-sets.



1.6. WREATH PRODUCTS 33

Proof. () By the function
G->GuH g-(g./)

is a homomorphism and by |D Gy H acts on A x B via (a,b)97) = (ag,b). Hence (@) holds.
() By (1.6.6)(b) {{a} x B|ae A} is a system of imprimitivity for G 24 H and so also for G.
(a9)fy = (agg™")s - g- (ag)s-

(d) As {{a} x B|ae A} is a system of imprimitivity, {H} x B is set of imprimitivity for G on A x B,
see 1' (a). Observe that ({H} x B)Y = {Hg} x B. Thus BY = B iff Hg = H and so iff g ¢ H. Hence
Ne(B) = H.

(e) Put & =hg'. Let h e H. Then by

(H,b)" = (Hh, bWy = (pr pF Ry = (160"
Thus

(0" = (H,6")" = (H,05") = (H,6"™) = (%)

and A is s an isomorphism of H-sets
O

Lemma 1.6.8. Let G be a group acting on a set ), let H a subgroup of G acting of the set B and let
o: B — Q be a H-equivariant function. Put A:=G/[H. Let S be a transversal to H in G and for a € A let
ag be the unique element in anS. Define an action of G on Ax B and the function AB — A x B as in as

[1.6:7

(a) The function
e: AxB-Q, (a,b)~ (bo)*s

is the unique G-equivariant function from € from A x B to Q with Aoe=0.
(b) Put D :=Imsigma. Then D is an H-invariant subset of Q and Ime = DY,

(c) € is injective if and only if each of the following hold: o is injective, H = Ng(D) and D is a set of
imprimativity for G on €.

Proof. @ Using we get
(0.0)% = (ag, b5 ) = (15700 )o) 1 (hry 025 = (bryosa = ((a, )

So € in G-equivariant. Since (b\)e = (H, bH§l)e = (ngl)HS =b. we have Aoe=0.
Suppose now that p: A x B — Q is G-equivariant with Aoy =o. Then

(a.b)p = (Has, (b5 )Hs s (Has)sy = (B, 6757 )25 1= (b0)2 1 = ((bA) ) = (bor)°s.

(]E[) Since S is a transversal to H in G we have G = HS. As D is H-invariant this implies that
D% =DA5 = D% ={D% |ae A}. Also

Ime = {(a,b)e| (a,b) e Ax B} ={(bo)* |be B,ac A} ={d* |de D,a e A} =| J{D** |aeA}:UDG.

Suppose first that € is injective. Since A is injective we conclude that A o € is injective, that is o is
injective.
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Let g € G with Dn DY # @. Put a = Hg. Since D is H-invariant we get DS n D% # &. Hence there
exists b, b € B with (bo)¥s = (b )®s. Thus (H,b)e = (a,b)e. As € is injective we get H = a. Thus g € H and
so D = DY. In particular, D is a set of imprimitivity for G on 2. Also if g € Ng(D), then DnD9 =D # &
and so g € H. Thus Ng(D) = H.

Suppose next that o is injective, H = Ng(D) and D is a set of imprimitivity for G on Q. Let
(a,b),(a,b) € Ax B with (a,b)e = (a,b)e. Then

(bo)s = (bo )% € D n D%,
Then D n D%% . Since D is a set of imprimitivity this implies D = D%, Thus dgag' € No(B) = H.
This gives Has = Hag and so a = a. Hence
(b0)?S = (bo)®s = (bo)*s

and so also bo = bo. As o is injective we get b=b. Thus (a,b) = (@,b) and € is injective. O

1.7 Multi-transitive action

Definition 1.7.1. (a) Let Q be a set and n € Z*. Then Q = {(w1,w2,...,wy) € Q" | w; # w; for all 1 <
i<j<n}.

(b) Let G be a group acting on a set Q and n € Z* with n <|Q|. We say that G acts n-transitively on Q
if G acts transitively on QF. (Note here that G acts on Q" via (wi,ws,...,w,)? = (w],...,wy) and
QF is an G-invariant subset of §1y,.

(c) Let Q2 be a set, neN and w = (w1,...,wy) € Q". Then w = {w1,wa,...,wn}.

Lemma 1.7.2. Let G be a group acting on a finite set Q. Then G acts |Q|-transitively on Q if and only
of G*t = Sym(Q).

Proof. Let w,pu € Q7. Then there exists exactly one element m € Sym(Q2) with wm = p. So Sym(Q2) acts
|Q-transitively. Conversely suppose G acts |Q|-transitively on Q and let 7 € Sym(€2). Then there exists
g € G with w9 = wr and so the image of g in Sym(Q) is 7. Thus G** = Sym(Q). O

Example 1.7.3. Let K be a division ring and V' a non-zero vector space over K. Let GLg (V') be the
group of K-linear automorphism of V.

(a) GLg(V) acts transitively on V.

(b) If K| =2 and dimg V > 2, then GLg (V) acts 2-transitively on V.
(
(d) If |K| = 3 and dimg V = 1, then GLg (V) acts 2-transitively on V*.

)

)
c¢) If [K| = 2 and dimg V' = 2 then GLg (V) acts 3-transitively on V.

)
(e) If dimg (V') > 2, then GLg (V') acts 2-transitively on the set of 1-dimensional subspace of V.
Lemma 1.7.4. Let n € Z* and G group acting n-transitively on a set 2.

(a) G acts m-transitively on Q for all 1 <m < n.

(b) Let m e Z* with n+m < |Q] and w € QL. Then G acts n + m-transitively on Q if and only if Gy, acts
m-transitively on Q\w
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Proof. @ is obvious.
@ Define a relation ~ between 27 and Q7" by
wep =S wnp=9g
Observe that ~ is G-invariant,
G = {(wyp) |weQl e Qlw~pu}

and, for w € 2%,
(G w)? = e w~ i}

Since G acts n-transitively on €2 it acts transitively on 2. Now Exercise 7 on Homework 2 shows that

G acts transitively on {(w,u) |w € QZ, € Q2w ~ p} if and only of Gy, acts transitively on {p € Q" | w ~ p}.
If follows that G acts transitively on GZ*™ if and only if G,, acts transitively on (Q \ w)?*. So (]ED holds

O

Lemma 1.7.5. Let G be the internal semidirect product of K by H. Put Q = G/H and let n € Z* with
n <|Q|. Then G acts n+1 transitive on Q if and only if H acts n-transitively on K*.

Proof. Observe that G acts 1-transitively on Q. Let w = H € G/H. Then G, = h. Hence by G acts
n + 1-transitively on 2 if and only if H acts n-transitively on Q ~ {H}. By (L.4.9)(a), the action of H on
Q~ {H} is isomorphic to the action of H on K*. So the lemma holds. O

Example 1.7.6. Let K be a field and V' a non-zero vector space over K. Let G be the external semidirect
product of V by GLg(V') and let Q = G/H x {1}. Then

(a) G acts 2-transitively on 2.
(b) If K| = 2, then G acts 3-transitively on §2.
(c) If K| =2 and dimg V' =2, then G acts 4-transitively on .
(d) If |[K| =3 and dimg V' =1, then G acts 3-transitively on .
Proof. This follows from and O

Note that in (L.7.6)(d), || = [V| = 4. Since G acts 4-transitively on Q we conclude from that
G = Sym(4). So Sym(4) is isomorphic to the external semidirect product of F3 by GLg, (F3).

Lemma 1.7.7. Let n € Z* and G a group acting n-transitively on a finite set Q). Suppose there exists a
normal subgroup N of G acting reqularly on . Then n <4 and one of the following holds.

1) n=1.

2) n=2 and N is an elementary abelian p-group for some prime p.

(

(

(3) n=3 and N is an elementary abelian 2-group.

(4) n=|N|=19Q| =3, N is cyclic and G* = Sym(Q) = Sym(3).
(

5) n=|N|=|9Q|=4, N is elementary abelian and G** = Sym(Q) = Sym(4).
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Proof. We may assume that n > 2. Let w € Q. As N acts regularly on €2, [1.1.11]shows that G, is complement
to N in G. This G is the internal semidirect product of N by G, and so as G acts n — 1-transitively on €2
we conclude from that G, acts n — 1-transitively on N*.

Let p be a prime divisor of |N|. Since G, acts transitively on N* and N has an element of order p, all
non-trivial elements of N have order p. Thus N is a p-group and so Z(N) # 1. Since Z(N)! is invariant
under G, we conclude that N =Z(N) and so N is an elementary abelian p-group. Since N acts regularly
on Q we have |Q| = |N|.

If n = 2 we conclude that holds and if n =3 and p = 2, holds. So it remains to consider the cases
n >3 and p is odd and n >4 and p is even.

Suppose n > 3 and p is odd. Then Cg,(z) acts transitively on N¥ < {z}. Since 27! € N*\ {z} and
Cg, (v) fixes 271 we get N¥\ {x} = {&7!}. Thus N = {l,z,27'}, |Q| = [N| = 3 and n = 3. By m
G*? = Sym(Q) and (4)) holds.

Suppose next that n > 4 and p = 2. Let y € N\ (z). Then xy € N*\ {z,y} and Cgq,({z,y}) acts
transitively on N* \ {z,y}. Since Cq,({z,y}) fixes zy, this implies that N¥\ {z,y} = {zy}. Thus |Q| =
|N| =4. So also n =4 and by G** = Sym(Q). Hence () holds in this case. O



Chapter 2

Hypercentral and Hypocentral Groups

2.1 Hypercentral Groups

Lemma 2.1.1. Let G be a group and a,b,c in G. Then

(a) [a,b] = a"tab, a® = afa,b] and ab = ba[a,b]
(b) [b,a] =[a,0]" = [a7',b]" = [a,b7']".
(c) [a,bc] =[a,c][a,b]".
(d) [ab,c] =[a,c]’[b,c]
(e) [a, b7, c]’[b,c Y al[e,a,b]% = 1
Proof. () follows immediately from [a,b] = a~'b~ ab and a® = b~ ab.
®

[b,a] =bta ba = (a”*b " tab) ™ = [a,b]

and

[a!,0]% =a Y (ab a " b)a=b""a " ba = [b,a]

Taking inverses on both sides of the last equation and using the formula [a,b]™! = [b,a] gives

[b,a7"]" = [a,0]
So switching a and b completes the proof of @
(d) [a,c][a,b]¢ = (a tctac)e (a™ b tab)e = ate b tabe = [a, be].
@ Take the inverse on both sides of (¢) and use the formula [a,b]™! = [b, a].
(5)
[a,b7%,¢]’ = [a " bab™t, ¢]® = (ba™*b tac  a tbab te)? = (a o tacta” ) (bab™ cb) (aca™tba) " (bab teb)

Put z = aca™'ba, y = bab~'cb and z = bab~'cb. Then
|:a'7 b_17 C]b = J;_ly

37
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Cyclicly permuting a, b and ¢ gives

[b,c alc=yt2
and
[c,a™t,b]% =272
Since (z71y)(yt2)(z7tz) = 1, @ holds. O
Lemma 2.1.2. Let G be a group and let A and B subsets of G.
(a) (AP) = ((4)").
(b) [A,B]=[B,A].
(c) If 1€ B, then (AB) = (A,[A, B]).
(d) If A is a subgroup of G, then A <Ng([A,B]) and [A, B] = [A, B4].
(e) Suppose A is a subgroup of G and 1€ B. Then [A, B] < A[A, B] = (AB)
(f) Suppose A is a subgroup of G. Then B < Ng(A) if and only if [A, B][A,B7'] < A.

h) [(4),(B)] = ([4, B]W)P)).
(i) If A and B are A-invariant, then [(A), B] = [A, B].

(
(k

If a € G with B* = B, then [a, B] = [(a), B].

[4,G] = [(4%),G].

Suppose A and B are subgroups of G. Then [A,B] <« (A,B) = AB[A,B] and [A,B] = [(AP®),B] =
[A,{B)] = [(A%),(B4)].

Proof. Let a€ A and b,ce B.

@) Clearly (AB) < ((A)PB). Note that (A)° = (A®) < (AB) and so ((A)P) < (AP). Thus @ holds.

(]EI) Follows from [a,b]™ = [b,a].

Since a = afa,b] € (A,[A, B]) we get (AB) < (A,[A,B]). As 1€ B we have a = a' € (A®) and so
also [a,b] = a™'ab € (AP). Thus (A,[A, B]) < (AP) and (¢ holds.

(d) Let d e A. By @LI)([), [ad,b] = [a,b]%[d,b] and so [a,b]? = [ad,b][d,b]™" € [A,B]. Thus
A c Ng([A,B]). So the first statement in (d) holds. In particular, [A, B*] = [A%, B*] = [4, B]* = [A, B]

and so [4, BA] = [A, B] and also the second statement in @) is proved.
() By (d) A <Ng([A,B]). It follows that A[A, B] is a subgroup of G and

)
)
)
)
)
)
(8) [{4),B]=([4,B]'Y).
()
)
)
)
)

(1

[A,B] < A[A,B]=(A,[A,B])

By (d) (A”) = (A,[4, B]) and so () holds.

(]ﬂ) Observe that A® ¢ A iff a® € A for all a € A, iff a™'a’ € A for allaeA, iff [a,b] € A for all a € A and
iff [A,b] € B. Also A= A iff AYc A and Ac A” g 1ffAbCA and A" c A, iff [A,b] < A and [A4,b7'] < A.
Thus B ¢ Ng(A) if and only [A4, B][A, B™!] ¢ A.
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Put H := ([4, B]'Y). By (EI) (A) normalizes [(A), B]. Since [A, B] < [(A), B] we conclude that
H < [(A),B]. Define D :={de(A)|[d,B] < H}. We will show that D is a subgroup of G. Let d,e € D and
bin D. Observe that (A) normalizes H. Thus
[de,b] = [d,b]°[e,b] € H and [d%,b] = ([d,b] )* e H

Hence de € D and d™! € D. Thus D is a subgroup of G. Since A ¢ D < (A), this gives D = (A4) and so
[(A), B] < H.

(h)

(A, (B)] @ ([(4), B12Y @ (14, 1)y @ (14 pae)

Suppose A and B are A-invariant. Then [A, B] is A-invariant and so also (A)-invariant. Thus (i)
gives [(A), B] = {[A, B]") = [4, B].

(i) Follows from (i) applied to A = {a}.
By @ [A,G] =[A% G]. Since G and AY are A%-invariant, (i) gives [AY,G] = [(A%),G].
By @) A and B normalizes [A, B]. Hence [A,B] < (A,B). By @ (AB) = A[A,B] and (B*4) =
B[A,B]. Thus (A, B) = (AB)(BA) = A[A, B|B[A, B] = AB[A, B].
By @ [A, B] = [A, (B#*)] and so by
[4.(8Y)] = (4,84

]
B](BA)) = ([A,B]) = [A, B]. Thus [A,(B%)] = [A4, B]. By symmetry
BY 4(A, B). So (AB) = (ABM) and thus

(BA>>

([A,B

Since [A, B] < (A, B) we have ([A,
[(AB), B] = [A, B]. Observe that (

[4,B] = [4,(B")] = [{(A"") (BY)] = [(4®), (BY)]
O

Lemma 2.1.3 (Three Subgroup Lemma). (a) Let G be a group, N < G and A, B and C subsets of G.
Suppose that
[[A,B'],C]<N and [[B,C'],D]<N

Then
[[C,A"],B]<N

(b) Let G be a group and A, B and C' subgroups of G with
[4,B),C]=1 and [[B,C],A]=1

Then
[[C,B], A]

Proof. (@) Let a€ A,be B and ce C. By (2.1.1)(¢)

[[a, b7, (b, ¢ '] @] [[e,a7'],0)" = 1
By hypothesis [[a,b7!],c] € N and [[b,c¢!],a] € N. Since N < G also

[[a,b7'],¢]°¢ N and [[b,¢!],a]°e N
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It follows that [[c,a™'],b]* € N and since N < G also [[¢,a™!],b] € N.
1

c
]| ceC,ae A}. Then [d,b] € N for all d € D,b e B. Hence also [D,B] < N. Now

Put D = {[¢,a”
2.1.2)(g) sives

(D), B] = ([D, BI"™)) < (NC) = N
Note that (D) = [C, A™'] and so indeed [[C,A7!], B] < N.
@) Note that F = E~! for any subgroup E of G. Thus @ follows from @) applied with NV = 1. O
Definition 2.1.4. Let G be a group and A< G. Then Z(G,A) :={g e G| [G,g] < A}.
Note that by , Z(G,A) is a normal subgroup of G.
Lemma 2.1.5. Let G be a group and A<G.
(a) Z(G,A) <4 @.
(b) Z(G,A) ={g e G| Agh = Ahg for allh € G}.
(c) Put B:=NA%. Then Z(G, A) = Z(G, B) and Z(G,A)/B = Z(G/B).

Proof. @ By
[(Z(G,A)Y),G] = [2(G, A),G] < A
Thus (Z(G, A)%) < Z(G, A) and so Z(G, A) < G.

(b By @-1.2)@). [G.g] = [G.{9)] = [G,g7']. Hence g € Z(G,A) iff [G,g] < A4, iff [G,g7'] < A iff
[ht,g7' ] e Aforall he G, iff hgh™tg™' € A for all h e G, and iff Ahg = Agh for all h e G.

(c) Observe that a normal subgroup of G is contained in A if and only if it is contained in B. By
21.2)(d) G < Ng([G,g]). Hence [G,g] < A if and only if [G,g] < B. Thus Z(G, A) = Z(G,B). Also
[h,g] € B if and only if [h,g]B = B and so if an only if (in G/B), [hB,gB] = 15/p. It follows that
g € Z(G, B) if and only if [G/B, gB] = 15/ and so if and only if gB € Z(G/B). O

Lemma 2.1.6. Let G be a group and A< B<G.
(a) Z(G,A) <Z(G, B).
(b) Z(G,A) <Ng(A).
(c) If A< @G, then Z(G,B)]A=7Z(G/A,BJ/A)
Proof. (&): [2(G,A),G] < A<B.
) [2(G, A),A] < [Z(G, A),G] < A.
(<) [g,h] e B if and only if [g,h]A € B and if and only if (in G/A) [gA,hA] € B/ A. O

Definition 2.1.7. Let G be a group and o« an ordinal. Define the groups Zo(G) and Lo(G) inductively
via

1 ifa=0
Zo(G) =1Z(G,Z3(G)) if a=B+1 for some ordinal 3
Ugea Z3(G) if B is a limit ordinal
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and
G ifa=0
Lo(G) =1[Ls(G),G] ifa=p+1 for some ordinal 8
Ngea La(G)  if B is a limit ordinal

Let zg be the smallest ordinal o with Zo(G) = Za+1(G) and lg be smallest ordinal o with Lo(G) =
Lo (G). Put Z,(G) = Z.,(G) and L.(G) = Li,(G). Z.(G) is called the hypercenter of G and L.(G) the
hypocenter of G.

G is called hypercentral of class zg if G = Z.(G) and G s called hypocentral of class lg if L.(G) =1.

Example 2.1.8. The hypercenter and hypocenter of Dae.

For k € N let C,x be a cyclic group of order p¥ and view Cpr has a subgroup of Cpr1. Put Cpee = UpZy Cpie.
(Cpe is called the Priifer group for the prime p. Let t € Aut(Cp=) be defined by a2’ = z7! for all z € Cpes.
Let Dy = (t) x Cpeo.

Observe that for k € Nu {co}, C,x is a normal subgroup of Dpe. If k is finite, Dpe/Cpr = Dpeo. Also
Dpoo /Cpoo = CQ.

We will now compute Z, (D). Since Cae is abelian and ¢ does not centralize Ca~ we have Cp, ., (Ce) =
Cgeo. Thus Z(Da=) < Coe and Z(Da=) = Cg,e (t). @ € Co is centralized by ¢ if and only if 2’ = 27! = 2
and so iff 22 = 1. Thus Z(Cy~) = Cy. Let k € N and suppose inductively that Z;(Ca=) = Cor. Since
Do [Cor 2 Do we get

Z(DQDO/CZk) = CZk+1 /CQk
and s0 Zj1(Cae) = Cors1. Thus

ZN(Da) = | Zk(D2e) = [J Cgr = Gz
keN keN

Since Dgee /Cae is isomorphic to Cy and so is abelian, we conclude that Zy,1(Dae = Dy and so Dae
is hypercentral of class N + 1.
Since Daes/Ca is abelian, L1(D?7) < Cgw. Let 2 € Cy. Then [2,t] = 27t2! = 272, Since each element
if Cyr is the square of an element in Cor+1 we conclude that Coe = [Cae,t] = [Cawe, D] < L1(Dg). Thus
L1 (Dgoo) = Czoo and
La(Daw) = [Caee, Dyeo] = Coeo = L1 (Do)
So Cae is the hypocenter of Do and Do is not hypocentral.

Lemma 2.1.9. Let G be a group and H a subgroup of G with Z.(G) ¢ H. Let « be the smallest ordinal
with Zo(G) £ H. Then Zo(G) <Z(G,H). In particular, Z(G,H) £ H and H $ Ng(H).

Proof. Since Zy(G) =1 < H, we have o # 0. If o is a limit ordinal, then Z,(G) = Upg«q Z3(G) < H, a
contradiction. Thus o = 8 + 1 for some ordinal §. Then Z3(G) < H by minimality of o and so

Zo(G) =72(G,Z3(G)) <Z(G, H)
O

Lemma 2.1.10. Let G be a group and N a non-trivial normal subgroup of G with N < Z,.(G). Then
NnZ(G) #1.
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Proof. Since NnZ,(G) = N # 1 there exists an ordinal o minimal with N nZ,(G) # 1. Since Zo(G)nN =
InN =1, a+#0. If o is a limit ordinal, then Z,(G) N N = Upca Z3(G) N N = 1, a contradiction. Thus
a =+ 1 for some ordinal 8. Then
[Za(G)NN,G]<Zgn N =1

and so Z,(G) n N <Z(G). O
Lemma 2.1.11. Let G be a group. Then the following are equivalent:

(a) G is hypercentral.

(b) Z(G,H) ¢ H for all H$ G.

(¢) Z(GIN) £1 for all N < G with N # G.

Proof. @ = (]ED: Suppose G is hypercental and H ¢ G. Then Z,(G) = G £ H and so by
Z(G,H) ¢ H.
) = (J): Follows from Z(G/N) =Z(G,N)/N.
— (@): Let o = zg. Then Z(G/Za(G)) = Zas1(G)/Za(G) = 1 and so (d) implies that Z(G) =
G. O
Lemma 2.1.12. Let G be a group and o an ordinal.
(a) Let H<G. Then Zo(G)nH < Zy(H).
(b) Let N 9G. Then Zo(G)N/N < Z,(G/N).
(c) Let 8 be an ordinal. Then Zo(G|Zs(G)) = Z3+a(G)]Z5(G).

Proof. In each case we assume inductively that the statement holds for all ordinals less than «. Note also
that all three statements hold for a = 0. So we assume that « # 0.

() Suppose a = 8 +1 for some ordinal 3. By induction Zz(G)n H < Zg(H) and by definition Z,(G) =
Z(G,Zp(@)) and so [Z4(G),G] < Zp(G). Thus

[Za(G) n H, H] < [Za(G),G] n H < Z5(G) n H < Z5(H)

and so Z,(G)nH < Z,(H).
Suppose « is limit ordinal.

Bea
=U Zs(G)nH
Bea
<U Zs(H) - by induction
Bea
=Zo(H) — definition of Z,(H)

Zo(G)nH = (U Zﬁ) NH - definition of Z,(G)

(b) Suppose o = +1 for some ordinal 3. By induction Zg(G)N/N < Zz(G/N). So
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[Zo(G)N|N,G] = [Zo(G),GIN/N < Zsg(G)N|N < Zg(G/N)
and so Z,(G)N/N < Z,(G/N).

Suppose « is limit ordinal. Then

Za(G)NIN = (U Zg)N/N = ﬁU Zs(G)N|N < BU Zs(GIN) = Zo(G/N)

€

Suppose a =7 + 1 for some ordinal . Then

Zﬁ+a(G)/ZB(G) = Z,8+(7+1)/Z5(G)

= Zp+y)+1(G) ] Z5(G) — definition of g+ (y+1)
=72(G, Z3+~4(G)) ] Z5(G) — definition of Z(g.yy+1(G)
=G/ Z5(G), Zpin (G)[2p(G) - -

= Z(G/Zﬁ(G),Z,Y(G/Zﬁ(G)) - by induction
=7,+1(G/Z3(@)) — definition of Z+1

- 74(G/Z:(G))

Suppose « is a limit ordinal. Then by A.1.11 also B + « is limit ordinal. We compute

70(G/Z5(G)) = 7GUQZV(G/ZB(G)) — definition of Zq
= H Z54,(G)/Zs(G) ~ by induction
= BQPL%M Zo(G)[25(G) - (ALII[)
= (ngEUBm Zp(G)) /25(G)
= (pega zp(G)) 1Z5(G)  -7Z,(G)<Z3(G) for all pef
= Z4:0(G)/Z5(G) — definition of Zg.q

O]

Corollary 2.1.13. Let G be a hypercentral group of class o. Then all sections of G are hypercentral of
class at most a.

Proof. Let A be a section of G, that is A= H/N where H <G and N < H. Then H=HnG=HnZ,(G) <
Zo(H) and so H is hypercentral of class at most . Thus A = H/N = Z,(H)/N = Z,(H/N) and A is
hypercentral of class at most . O

Lemma 2.1.14. Let G be a hypercentral group and M a mazimal subgroup of G. Then M <4 G and
G[/M = C, for some prime p.

Proof. By M s Ng(M). Since M is a maximal subgroups, Ng(M) = G. So M 4 G. Since M is a
maximal subgroups of G, G/M has no proper subgroups. Thus G/M = C, for some prime p. O
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Lemma 2.1.15. Let G be a hypercentral group and A a mazimal abelian normal subgroup of G. Then
Ca(A) = A.

Proof. Since A is abelian, A < C;(A). Suppose that A < Cg(A). Then Cg(A)/A is a non-trivial normal
subgroup of the hypercentral group G/A. Thus by
Z(GJ/A)nCg(A)JA =1

Hence there exists b € Cq(A) N A with bA € Z(G/Z). Then [b,G] < A and it follows that A(b) is an
abelian normal subgroup of GG, a contradiction to maximality of A. O

Definition 2.1.16. Let A and B be subsets of a group G and « an ordinal. Define [A, B;a] inductively
via

(AP) ifa=0
[A,B;a]l=4[[A,B;B8],B] ifa=pB+1 for some ordinal 3
Ngeal A, B; 8] if B is a limit ordinal

Remark 2.1.17. Let G be group and A, B<G.
(a) Let o be an ordinal. Then [G,G;a] = Lo(G).
(b) [A,B;1]=[A, B].
(¢c) Let neN. Then
[A,B;n]=[[...[[A,B],B],...],B] and [A,B;n+1]=[[A,B],B;n]

[ S ——
n—times

Lemma 2.1.18. Let ne N, G a group and H < G. Then H < Z,(Q) if and only if [H,G;n] =1.

Proof. If n = 0 both statements say that H = 1. Suppose inductively that for all A < G: A< Z,(G) if and
only if [A,G;n] =1. Then
H<Z,.1(G) iff [H,G] < Z,(G) iff [[H,G],G;n]] =1 and iff [H,G;n+1]=1. O

Corollary 2.1.19. Let G be a group and n € N. Then G = Z,(G) if and only if L,(G) = 1.
Proof. We have G =7,(G) iff [G,G;n] =1 iff L,,(G) = 1. O

Definition 2.1.20. Let G be a group. G is called nilpotent if G = Z,(G) for some n e N. If G is nilpotent
the smallest n € N with G = Z,(G) is called the nilpotency class of G.

Corollary 2.1.21. Let G be a group and n € N.

(a) G is nilpotent of class n if and only if G is hypercentral of class n and if and only if G is hypocentral
of class n.

(b) Suppose G is nilpotent of class n. Then all sections of G are nilpotent of class at most n.

Proof. @: The definition of nilpotent and hypercentral shows that G is nilpotent of class n if and only if
G is hypercentral of class n. By [2.1.19| G = Z,,(G) if and only if L,,(G) =1. So G is hypercentral of class
n if and only if GG is hypocentral of class n.

(]E[) By @ G is hypercentral of class n. Hence by [2.1.13| all section of G are hypercentral of class at
most n, and so by @ all section of G are nilpotent of class at most n. O
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Lemma 2.1.22. Let G be group and N normal in G.

(a) Let a and 8 be ordinals such that N < Z.(G) and G|N is hypercentral of class at most 3. Then G
is hypercentral of class at most o+ 3.

(b) G is hypercentral if and only if N < Z.(G) and G|N is hypercentral.
(¢) G is nilpotent if and only if G/N is nilpotent and N < Z,(G) for some n e N

Proof. @) Note that G/Z,(G) = G/N/Za(H)/N and so by G/Z4(G) is hypercentral of class at
most 8. Thus

G)Z.(G) = Z5(G) Za(@)) BERO 2 (6)125(0)
It follows that G = Z,.5(G) and @ holds.

(]E[) If G is hypercentral, then N < G = Z,.(G) and by [2.1.13| G/N is hypercentral.
Now suppose that N < Z,(G) and G/N is hypercentral. Then by @ shows that G is hypercentral of
class at most zg + zg/N-

(<) If G is nilpotent, then G = Z,,(G) for some n € N. Thus N < Z,,(G) and G/N is nilpotent.

If N<Z,(G) and G/N is nilpotent of class m, then by @, G is hypercentral of class at most n + m.
Thus G is nilpotent. ]
Lemma 2.1.23. Let (G;)ier be a family of groups and put G = X ,.; G;.

(a) Let a be an ordinal. Then Zo(G) = X5 Za(G).
(b) za = Uier 2a; -

)
)
(©) Zu(G) = X 11 Z4(Gy).
(d) G is hypercentral if and only if each G; is hypercentral.
(e) G is nilpotent if and only if each G; is nilpotent and Ujes 2, 1s finite.
Proof. @ Follows from Z(G) = X ;.; Z(G;) and induction on a.

(]E[) and follows from @
@ follows from .
@ Follows from @ and (]ED O

Definition 2.1.24. Let w be a set of positive prime integers and G a group.
(a) ©(G) is the set of prime divisors of order of the elements of finite order in G.
(b) G is called a w-group if all elements of G have finite order and w(G) € .
(¢) Ox(G) is the largest normal w-subgroup of G.( Or(G) exists by Ezxercise 1 on Homework 4).
(d) 7’ is the set of all positive primes integers which are not contained in .

Lemma 2.1.25. Let p be a prime and G a finite p-group. Then G is nilpotent.

Proof. Let N < G with N # G. Then G/N is a non-trivial p-group and so Z(G/N) # 1. Thus by [2.1.11} G
is hypercentral. Since G is finite, z¢ is finite and so G is nilpotent. O
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Lemma 2.1.26. Let G be a finite group. Then the following are equivalent:
(a) G is nilpotent.

(b) H $Ng(H) for all H $G.

)
)
(c) All Sylow subgroups of G are normal in G.
(d) G = X per(a) Op(G).
(e) G = X, Gy, where G; is a p;-subgroup for a prime p;.

Proof. @ = @: Since G is nilpotent, then G = Z,(G) and so H $ Ng(H) by

@ — : Let p be a prime and S be a Sylow p-subgroup of G. Put H = Ng(S) and L = Ng(H).
Then S € Syl,,(H) and H < L. The Frattini argument gives

Ne(H) =L =HN(S)= HNg(S)nL) = H(HAL) = H
If (b)) holds we conclude that G = H = Ng(S) and so S < G.

— @: Suppose all Sylow subgroups of G' are normal in G. For each p € 7(G) choose S, €
Syl,(G). Then S, 9 G and so S, < Oy(G). As S, is a maximal p-subgroup of G this gives O,(G) = ).
Define

Kp=(0.(G) |rem(G)~{p}), and K =(0,(G)|pen(G))

Note that
[0p(G), 0p(G)] < Op(G) N Op(G) =1 and K <Op(G)

Thus [0,(G), K] =1=0,(G)n K, =1 and so
K= X 0,(G)
per(G)

It follows that
K= T 10,(@®I= TT ISyl=1G]

pen(G) per(G)
and so G = K. Thus @ holds.

= (lg): Since each O,(G) is a p-group, implies (e]).
P

@ - @: By [2.1.25| each G is nilpotent. Observe that U}'; zg, is finite and so [2.1.23| shows that
X i, Gy is nilpotent. Thus G is nilpotent. O

2.2 The Frattini subgroup

Definition 2.2.1. Let (S,<) be a partially ordered set.
(a) m is called a largest element of S if me S and s <m for all s€ S.
(b) m is called a smallest element of S if me S and m<s for all seS.

Definition 2.2.2. Let G be a group. Then ®(G) is the largest subgroup of G contained in all mazximal
subgroups of G. Note here ®(G) exists: If G has mazimal subgroup, then ®(G) is the intersection of the
mazximal subgroups of G. Otherwise ®(G) =G.

®(G) is called the Frattini subgroup of G.
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Lemma 2.2.3. Let G be a group.
(a) Let H<G. Then H < ®(G) if and only if H < M for all maximal subgroups M if G.
(b) Let N 9G. Then ®(G)N/N < ®(G/N).

Proof. (i) follows directly from the definition of ®(G).

(]EI) Suppose M is maximal subgroup of G/N. Then M = M/N for some M < G with N < M. As M
is a maximal subgroup of G/N, we know that M is maximal subgroup of G. Hence ®(G) < M. Thus
®(G)N/N < M/N =M and (a) shows that ®(G)N/N < ®(G/N). O

Lemma 2.2.4. Let G be a finite group and H < G. The H = G if and only if G = ®(G)H.

Proof. Suppose H = G. Then clearly G = (G)H.
Suppose H # G. Since G is finite there exists a maximal subgroup M of G with H < M. Then
®(G) <M and so ®(G)H < M and ®(G)H #G. O

Definition 2.2.5. Let G be a group. Then a generating set for G is a subset H of G with G = (H).

Lemma 2.2.6. Let G be a finite group and H € G. Then H is a generating set for G if and only if
{®(G)h | he H} is a generating set for G[P(G).

Proof. By we have G = (H) iff G = (H)®(G) and so iff G/®(G) = (®(G)h | he H) O
Lemma 2.2.7. Let G be a finite group.
(a) Let H 4 G. Then the following statements are equiavlent
(a) H is nilpotent.
(b) H®(G)/®(G) is nilpotent.
(c) H®(G) is nilpotent.
(b) ®(G) is nilpotent.
(¢) G is nilpotent if and only if G|®(G) is nilpotent.

Proof. (i) = (a:b): Suppose H is nilpotent. Then also H/Hn®(G) is nilpotent. As H/Hn®(G)
H®(G)/®(G) we conclude that H®(G)/P(G) nilpotent.

— : Put G = G/CD_(G) and suppose that H is nilpotent. Let p be a prime and S be a
§y102 p-subgroup of_ H®(G). Then S'is a Sylg)v p-subgroup of H. Since H is nilpotent, [2.1.26| shows that
S 9 H. So H<Ng(S). Since H 4G we have H 4 G and the Frattini argument shows that

Thus S < G, so also S®(G) < G. Another application of Frattini argument shows that
G =Ng(S5)SP(G) =Ng(9)P(G).

Hence by G =Ng(S) and so S 4 G. Now [2.1.26| shows that H®(G) is nilpotent.
== (a:d): Suppose H®(G) is nilpotent. Then also H is nilpotent.
(b) Note that 1 is nilpotent and ®(G) = 1®(G). Thus (b)) applied to H = 1 shows that ®(G) nilpotent.

This is the special case H = G of @ O
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Lemma 2.2.8. Let p be a prime and A an elementary abelian p-group.
(a) A2 @jer Cp for some set I.
(b) Any minimal generating set of A has cardinality |I|.
(c) ®(A) =1.
Proof. Observe that A is vector space over the field F), = Z/pZ via Aa = a" for all a e A and A =n+Z e TF,,.
Let (ai)ier be a Fy-basis for A.
@ Observe that Fpa; = (a;) 2 Cp, and A = @;c; Fpa;. So @ holds.

@ A minimal generating set of the group A is just a basis of the F)-space A and so has cardinality
|1].

Let 1 # a € A. Since a can be extended to an [F-basis for A we may assume a = a; for some j € I.
Put D =(a; |i€l,i+j). Then A= {(a)xD. So |A/D|=p and D is a maximal subgroup of A with a ¢ D.
Thus a ¢ $(A) and so P(A) =1. O

Lemma 2.2.9. Let G be a groups and p be a prime. Define
O,(G) = ([z,y],2" | z,y,2 € G)
Then
(a) Let H<G. Then ®,(G) < H if and only if H <G and G/H is an elementary abelian p-group.

(b) ®,(G) is the smallest normal subgroup of G such that G|®,(G) is an elementary abelian p-group.
(c) ®(G) <P,(G).

Proof. (a)) Observe that [H,G] < [G,G] < ®,(G). So if D < H, then H 9 G. We therefore may assume
that H < G.

Then G/H is elementary abelian iff G/H is abelian and w? =1 for all w € G/H. This holds if and only
if [z,y] € H and 2P € H for all z,y,z € H and iff ®,(G) < H.

(o)) follows immediately from fl).

() Put D :=®,(G). By (b) G/D is elementary abelian, so shows that ®(G/D) = 1. Hence
gives ®(G)D/D < ®(G/D) =1 and so ®(G) < D. O

Lemma 2.2.10. Let p be a prime.

(a) Let G a (possibly infinite) p-group. Then ®(G) = ®,(G) if and only if all maximal subgroups of G
are normal in G.

(b) Let G be finite p-group or a hypercentral p-group. Then ®(G) = ®,(G).

Proof. () Suppose ®(G) = ®,(G) and let M be maximal subgroup of G. Then ®,(G) = ®(P) < M and
(2:2.9) () shows that M < G.

Suppose next that all maximal subgroups of G are normal. Let M be a maximal subgroup of P. Then
M is normal and so P/M = C,. Thus P/M is elementary abelian and so ®,(G) < M. Hence (2.2.3)(a)
shows that ®,(G) < ®(G). By 22.9)(d ®(G) < ®,(G), so ®(G) = ,(G).

@ Any finite p-group is nilpotent and so hypercentral. By [2.1.14] maximal subgroups of hypercentral

groups are normal. So (]ED follows from @
O
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Lemma 2.2.11. Let P be a finite p-group and let k the minimal size of a generating set of P. Then
P/®(P) = Ck.

Proof. By [2.2.6] k is also the mimimal sizes of a generatlng set of P/®(P). By [2.2.10, ®(P) = ®,(P) and
so by [2.2.9 P/®(P) is elementary abelian. Now shows that P/®(P) = C’C

2.3 Finite p-groups with cyclic maximal subgroups

Lemma 2.3.1. Let p be a prime, H = (h) be a cyclic group of order p" and B < Aut(H) with |B| =p
Then there exists b e BY such that one of the following holds:
(1) n>2 and b’ = Rl
(2) p=2,n>3 and h® = h7L.
n—l)

(3) p=2, n>3 and h® = H~(+P

Proof. Let be BY. Since H = (h) and |h| = p" there exist s € N with 1 < s < p™ and h® = h*. Since b # 1 we
have h” # h*. So s >1. Put I := s - 1. Then

() R =nY*=phl, [hb]=h'R® =AY, and 1<i<p-1
Next we show
(#%) LetreN and meZ* withl=p"m and p+ m. Thenr>1 andn>2

Consider the semidirect product G' = H x B and note that G/(h?) has order p*>. Thus G/(hP) is abelian.
It follows that h' = [h,b] € (hP). Hence p |l and so r > 1. Thus p<p"m =1<p™ —1 and so n > 2.

(* * %) Suppose that r =n—1 for all be BY. Then holds for some be BY.

Note that p" 'm=p"m =1<p"—1<p™ =p"'p. Thus 1 <m < p and so there are most p— 1 possibilities
for m. Observe that the automorphism b is uniquele determined by [ and so also by m. Since there are
p—1 choices for b in B! we conclude m =1 for some choice of b. Thus [ = p"m = p" ' and b* = p!+ = p1+P"" '
So holds for this b.

(+) Suppose be BY withr<n—-1. Thenp=2,n>3, r=1, m is odd, 0<2m < 2" -1 and
hb=h1+2m.

From r <n -1 we get r+2 <n and so n > 3. We claim that K" = h*' for all i € N. Indeed this holds for
1 =0 and if it holds for ¢, then

b7,+1 i+1

(hb)bl (hS)bi _ (hbi)s _ (hsi)s = hS

Since b has order p, h = h* = h*" and so h**~! = 1. Since |h| = p" this implies that p" | s — 1. Recall
that 7+ 2 <n and so

P2 divides s? - 1

We compute
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P
(#-=rp-1=3 (7)r =Z( Jpim
=1 1=
We now consider each of these summands. Recall from (|| 6 ) that T2 1
Suppose i >3. Then ri >r+7r+r>7r+2 and so p"*? divides (’Z.’)p”m’.

"Im. As p does not divide m this shows that and p"*? does

Suppose ¢ = 1. Then (é’)p”m’ =pp'm=p
not divide (’; )p”.

Since p"*? divides s — 1 we now conclude that p"*? does not divide the only remaining summand
(g)pQTmz. Hence p? does not divide (g)pr. Thus 7 = 1 and p does not divide (127) Since (12)) = 1%2 this
implies that 2 does not divide p—1. So p—1is odd, pis even and p=2. From r =1 and p =2 we get [ = 2m
with m odd. So h® = h1*! = R1*2™ and (+) is proved.

In view of , to prove the lemma, we may assume that r <n-1. So holds. In particular, b = 2
and so b? = 1. } )

Define b in Aut(H) by h® = h™". Then h* = (h )7 = hb)b h and so b2 = 1.

Suppose that b =1, then h = h~*. Thus h® = ™! and holds in this case.

Suppose next that b # 1. By hb h'*2™ and so

hi) - h— h (1+2m) hQn—l 2m _ h1+(2n_2 2m) h1+2(2n 1 -1- m)

Put B =(b) and [ =2(2" ' -1- m) Let [ = 2"m with 2 4 7. Since m is odd, we know that 2" ' —1-m
is even. Thus 7 > 2. If 7 <n -1 then (4| applied to b shows that 7 = 1, a contradiction. Thus 7 =n—1. As
|B| = p = 2 we know that b is the only element in B. Now shows that (1)) holds for b. Hence

n—1 n—l)

RE = n1 " andso hY= R0 = pm(p

Thus holds. O
Lemma 2.3.2. Let G be a group and A, B € G with G = (B).
(a) Suppose that [a,b] =1 for allae A,be B. Then (A) <Z(G) and (A) 4 G.

(b) Suppose that [[a,b],c] =1 for all a,b,c € B. Then G' = [B,B] < Z(G). In particular, G|Z(G) is
abelian and G is nilpotent of class at most 2.

Proof. (@) Note that B ¢ Ci(A) and since Ci(A) is a subgroup of G we get G = (B) < Ci(A). Thus
A <Z(G) and sine Z(G) is a subgroup of G we get (4) < Z(G). In particular, (A) 4 G.

(b) (a) applies to A = {[a,b] | a,b ¢ B@shows that [B, B] < Z(G) and [B,B] 9 G. Put G = G/[B, B].

Then [@,b] = 1 for all a,be B and hence (a)) shows that G = (B) < Z(G). Thus G =1and so G < <[B,B]<
G'.

A

Definition 2.3.3. Let A, B and C be groups. A function f: Ax B — C is called a bihomomorphism of
groups if for each a € A and b € B the functions

B-C, yv(ay)f, and A-C,xw (z,0)f
are homomorphisms of groups

Lemma 2.3.4. Let G be a group of class at most 2.

(a) The function G x G - G, (a,b) - [a,b] is a bihomomorphism.
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(b) The function
G/Z(G) x G]Z(G) - &
(Z(G)a , Z(G)b) +~ [a,b]
is a well-defined bihomomorphism of abelian groups.

Proof. Let a,b,c,deG.
() By @LI){)
[ab, ] = [a, c]’[b, ] = [a,b][c,b]

and by symmetry [a, cd] = [a,c][a,d]. So (&) holds.

By () the functions y ~ [a,y] and z + [z,b] are homomorphisms. Also Z(G) is in the kernel of
these homomorphisms and so (]E[) holds. ]

Lemma 2.3.5. Let G be a nilpotent group of class at most 2, let x,y € G and let n,m € Z. Put z := [z,y]
(a)
(b)
(c)

(d) Let p be an odd prime with zP = 1. Then (yx)P = yPaP.
)
)
)

xn7ym] — [xjy]nm — znm.

[
(y)" = yanz).

|z| divides |z| and |y|.

(e) If |z| = 2, then (yx)? = y?2%2 and (yz)* = y*z* = (y22%)2.
(f) Let p be an odd prime with xP = y? =1. Then (yx)? = 1.
(g) If 2% =y? =1, then (yx)? = 2z and (yx)* = 1.

Proof. @) Let a € G. By |D the functions y - [z",y] and = — [z, y] are homomorphisms. Thus

[2", 9™ ] = [« y]" = ([, y]")™ = [, 4] = 2™

Note that (75) = 0 and that 2° = 1 for all € G. Hence (IE[) holds for n = 0. Suppose true for n.
Observe that

(;L) +nn(n2— 1) e n(n—:b) +2n _ n(n2+ 1) _ (n;r 1)
and

(yz)™ = (ya)"ya
ey
-y ("=
=y (ya"[a", y])a=(?)
= y”yw"z”xz(g)
_ yn+1$n+lz(g)+n

_ yn+1zn+1z(n;1)
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Also

a2 (n) NN n(n2— 1) _ 2n? —112(71 -1) _ n(n2+ 1) _ (—n)(;n— 1) _ (—Qn)
and

(o)™ = ()" !
- (e )
= (B gmyn

n

— y—n$—n [m—n’ y—n]z—(2)

So (]E[) holds for n + 1 and —n and so for all integers n.
Let k = |z|. Then by ()

F=[atyl=[Ly]=1
and so |z| divides k. Since 27! = [y, 2] this also shows |z| divides |y|.
@ Since p is odd, we know that 2 divides p—1. As (g) = pI%l this shows that p divides (g) Hence
2(2) = 1. Thus @) follows from .

Note that (3) =1 and so 2(3) = 2. Also (32) = 6. Hence (3) is even and so z(2) = 1. Thus (IEI) gives
(yx)? = y?2%2 and (yz)* = y*2?. Also [22,9%] = 222 = 1 and so (2%9?)? = (2%)%(y?)? = 2%y

@ Since P = 1 and shows that zP = 1. Now @ gives (yx)P = aPyP = 1.
Since P = 1 and shows that 22 = 1. Now @ gives (yz)? =2%9y?z =z and (yx)* =yt =1. O
Definition 2.3.6. Let H = (z) and K = (y) be cyclic groups of order n and m respectively. Let s be an

integer with ged(n,s) = 1 and s™ =1 (modn). Note that K acts on H via h¥" = h* for all h € H. Let
G = H x K be the semidirect product of H by K with respect to this action.

(a) Suppose m =2 and s=-1. Then G is called that dihedral group of order 2n and is denoted by Da,.

(b) Let k € Z*. Suppose that n = 4k, m =2 and s = 2k — 1.Then G is called the quasi-dihedral group of
order 8k and is denoted by QDyg;,.

(¢) Let ke Z*. Suppose that n =2k, m =4 and s = —1. Note that z := z*y? € Z(G). Then G/(z) is called
the quasi-quaternion group of order 4k and is denoted by Q-

(d) Let p be a prime and k € N. Suppose that n = P m =p and s = 1+ p*. Then G is called that

quasi-extra group of order p**? and is denote by QExt(pF*+?).

Note that Do CQ, Dy2CyxCy, Dg QEXt(8), QDg > Oy x CQ, Q4 = C4, and QEXt(pz) = Cp X Cp.

Theorem 2.3.7. Let p be a prime, P a finite p-group and H a maximal subgroup of P. Suppose that
H =(h) is cyclic of order p". Then exactly one of the following holds:

(a) There exists be P~ H with |b| =p and h® = h. In particular, P = Cpn x C,.
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(b) There exists be P~ H with |b| = p and h® = B*P" . In particular, P = QExt(p™*h).

(¢) p=2, n>3 and there exists be P~ H with |b| = p and h® = h™'. In particular, P = Done1.

(d) p=2, n>3 and there exists be P~ H with |b| = p and h® = (") |y particular, P = QDgn+1.
(e)

f) p=2, n>2 and there exists be P~ H with b* = h?" T and b =h7t In particular, P2 Qqni1.
2

There exists be P~ H with b” = h. In particular, P = Cpnsi.

Proof. Let be P~ H with |b| minimal. Since H is a maximal subgroup of P we have H 4 P and |P/H| =
Thus b € H. Since H is abelian we conclude that the image of B in Aut(H) as order 1 or b. So if A® # 1
we can apply Hence, after replacing b by b* for some 0 < i < p, one of following holds:

1

(1) h

(2) n>2and hb = p1P"
(3) p=2,n>3 and R’ =h7L.
(4)

n— 1)'

4) p=2,n>3and h = =0+
Suppose first that |b| = p. Then one of @,@, and @ holds. So we may assume |b| > p and the
minimal choice of |b| implies
(*) |xz|>p forallze P\ H.

Recall that o € H. If 2P ¢ (h?), then H = (2P) and so P = (b) and (g holds. Thus we may assume that
bP € (hP) and so

(x%)  hgb? =1 for some hg € H

Put z:= [ho,b]. If z =1 we get (hob)? = hEbP = 1, contrary to . Thus
(x%%) z#1

In particular, does not hold.

Suppose (2) holds. Then [h,b] = h™'A*"" = b7 € Z(P) and so also z € (B""') < Z(P).

If p is odd, then (2.3.5 implies that (hob)P = hb? 1, contrary to 1'

Thus p =2 and (2.3.5 Q) implies that (hob)? = (h3b?)? 12 = 1. Thus |hob| = 4 and the minimal choice
of |b| implies that |b| = 4. Since h2 = =2 we have |ho| = |b| = 4. Observe that [hP,b] = [h,p]P = (hpnfl)p =1
Since z = [ho,b] # 1 this implies hg ¢ (h?) and so H = (ho). Thus |H| =4, n =2 and h’ = RIF2T 2 p3 = ot
and @) holds.

If (3) holds put w =1 and if (4) holds put u = R?". In either case p =2, h’ = h™lu, u e (hQn_l) <Z(P)
and u? = 1. Thus (h%)* = (h"'u)? = (h?)~! and so b inverts (h?). Since b% € (h2) and b centralizes b?, this
implies b% = (b*)7! and so (%)% = 1. Since b? # 1, this shows that b?| =2 and |b| = 4. In particular, b? is the
unique element of oder 2 in H and so b? = h?"~ 1.

In case we conclude that @ holds.

So suppose holds. Then u =h2"" =52 and so

(hb)? = hbhb = hb?hY = hb?h tu = bPu = uu = 1
a contradiction to . ]
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Lemma 2.3.8. Let P be a finite 2-group, H a mazimal abelian normal subgroups of P and put Hy = {x €
H |z* =1}. Suppose that

(i) H is cyclic.
(ii) If v € P~ H with x* € H, then x inverts Hy.
Then |P/H| <2 and P is a cyclic, dihedral, quasi-dihedral or quasi-quaternion group.

Proof. Since H is maximal abelian normal subgroup of P we know from that Cp(H)=H. If |H|< 2
we conclude that P = Cp(H) = H is cyclic the lemma holds in this case. So suppose |H|>4. Then Hy = Cy.
It follows that |Aut(Hy)| =2 and so |P/Cp(Hy)| < 2.

Let © € Cp(Hy). Then x does not invert Hy and so implies that either z € H or 2 ¢ H. In either
case Hx does not have order 2 in Cp(Hy4)/H. It follows that Cp(H4)/H has no elements of order 2 and
so Cp(Hy)/H =1. Thus H = Cp(H,4) and we conclude that |[P/H| < 2.

If P = H, then P is cyclic and the lemma holds. So suppose H # P. Then H is a maximal subgroup
of P, H is cyclic and P is not abelian. Now [2.3.7] shows that either P is a dihedral, quasi-dihedral or
quasi-quaternion group or there exists h € H and be P\ H with H = (h), |h| =2", |b| =2 and A’ = B2
In the latter case b centralizes (h?). Since b ¢ H = Cp(H), we know that b does not centralizes Hy. Thus
Hy ¢ (h?). Tt follows that Hy = H, so n =2 and P = Dg. O

Lemma 2.3.9. Let G be a finite group.

(a) Suppose that G has a unique mazimal subgroup M and put p := |G/M|. Then p is a prime and G is
a cyclic p-group.

(b) Suppose that G has a unique minimal subgroup M and put p:=|M|. Then p is a prime and either G
s a cyclic p-group or p=2 and G is a quasi-quaternion group.

Proof. (@) Let z € G\ M. Then (z) £ M and so (z) is not contained in any maximal subgroup of G. Since
G is finite this gives (z) = G and G is cyclic. Let g be a prime with ¢||G|. Then |G/(z)| = ¢. Thus (z) is
a maximal subgroup of G and so M = (z9). Hence p = |G/M| = |G/(z?)| = q. In particular, p is a prime and
p is the only prime divisor of |G. So G is a p-group and @ holds.

([0) Let ¢ be a prime dividing the order |G| and z € G with |z| = g. Then M = (z) and so p =g¢. Thus p
is a prime and G is a p-group. Let H be a maximal normal abelian subgroup of G. Suppose H = H; x Ho
for some non-trivial subgroups H; and Hs of H. Then both H; and Hs contain a minimal subgroups of G.
But then M < H; n Hs a contradiction to H; n Hs = 1. As every finite abelian group is the direct product
of cyclic groups we conclude that H is cyclic.

If G = H, then G is cyclic and we are done.

So suppose G # H and let a € G~ H with a? € H. Put @ := H(a). Note that |Q/H|=p and so H is a
cyclic maximal subgroup of Q). Since M < H, we get (a) # M and so |a| # p. As H is a maximal abelian
normal subgroup of G, we know from that Co(H) = H. Hence @ is not abelian and shows a
inverts H and that ) is a quasi-quaternion group. In particular, p = 2 and a inverts H;. Hence we can
apply and conclude that |G/H|<2. Thus G = @ and so G is a quasi-quaternion group. O

Lemma 2.3.10. Let p be a prime and P a finite p-group all of whose abelian subgroups are cyclic. Then
P is cyclic, or p=2 and P is a quaternion group.

Proof. If P =1, then P is cyclic. So suppose P # 1. Then also Z(P) # 1 and there exists A < Z(P) with
|A| = p. Let B be any minimal subgroups of P. Then |B| = p and since [4,B] = 1, AB is an abelian
subgroup of P. So AB is cyclic and thus has a unique subgroup of order p. Hence A = B and so A is the
unique minimal subgroup of P. The lemma now follows from [2.3.9 O
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Lemma 2.3.11. Let p be a prime and P a finite p-group all of whose abelian normal subgroups are cyclic.
Then P 1is cyclic, or p=2 and P is a dihedral, quasidihedral or quaternion group.

Proof. Let H be a maximal abelian normal subgroup of P. Then H is cyclic and by [2.1.15|Cp(H) = H. If
P = H we are done. So we may assume that i # P. Put H» = {z e H | b’ = 1}. We will show that

(*) p=2andifbe P~ H with b’ € H, then b inverts Hy.

Observe that the lemma will follow from once we proved .

Let be PNH with b € H. Put Q = H(b). Let h € H with H = (h) and put |h| = p™. Since P + H = Cp(H)
we have n > 2 and b does not centralize h. Note that H is a cyclic maximal subgroups of ) and so we can
apply with @ in place of P. Since [h,b] # 1, neither Case @ nor Case @ holds. In Cases ( and
@), we see that b inverts H and so holds. In case @ b inverts (h?) and n > 3. Thus Hy < (h?) and
again holds.

It remains to consider Case (EI) Then we may choose b such that |b| = p and h® = AP If p=2 and
n = 2, then h inverts H and holds. So we may assume that n > 3 if p =2 and aim for a contradiction.
For this we show

(*#%)  Put z:=[h,b]. Then 1+ z= W' 2P =1 and z € Z(P).

As kb = h1*P"" we have 2z = h?" . Since |h| = p™ this implies z # 1 and 2P = 1. In particular, (z) is the
only subgroup of order p in H, and as H 4 P, we get (z) 4 P. Hence 1 # (2) nZ(P) = (z) and so z € Z(P).

(#x%)  LetyeQ~(b)(hP). Then yP 1.

HfyeH, thenye (h) \ (h?) and since hP # 1 also y? # 1. So suppose y ¢ H. Since |Q/H| = p we get
y H = bH for some 1 < j < p and replacing y by y’ we assume that yH = bH. Thus y = bh* for some
0<i<p™. Since y ¢ (b)(h”) we see that p does not divided i. By z =[h,b] € Z(P) and so shows
that [h?,b] = 2% and

bPRP = pP if p is odd

P = (bh')P = o
y" = (Oh") {bphwz%:hwzz ifp=2

If p # 2, then |h| > p? and since p + i we get y? = h"? # 1. If p = 2, then n > 3 so yp2 = (kPP =
hiPQ(zp)i = hP* £ 1. In either case y? #1 and is proved.

Qp={reQ|xP=1}. Then shows that @, < (b) < hP). Since [hP,b] = 2P =1 and b” = 1, we have
(b) < hP) = (b) x (hP) = Cp, x Cpn-1. Tt follows that @, = Cp x Cp, so @, is abelian but not cyclic.

Since Cp(H) = H we know P/H is isomorphic to a subgroups of Aut(H). As H is cyclic, Aut(H) is
abelian and so P/H is abelian. Thus Q/H < P/H. Hence also @ < P and thus Q(Q) < P. But this is
contradiction since all abelian normal subgroups of P are cyclic. O

2.4 Hypoabelian groups
Definition 2.4.1. Let G be a group.

(a) G'=[G,G], G" =(G")". G is called the derived subgroup of G.

(b) G is called perfect if G =G".
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(¢) Let a be an ordinal. Define G®) inductively as follows

G ifa=0
AR (Y ifa=8+1
NB<a GP)  if ais a limit ordinal
(d) dg is the smallest ordinal with Gl4¢) = Glda+1) - G(*) .= qlda),
(e (G(a))asdc is called the derived series of G.
(

)

)

f) If G =1, then G is called hypoabelian of derived length de.

(2) If G¥) =1 and dg is finite, then G is called solvable of derived length de.

Lemma 2.4.2. Let G be a group, H < G and « and § ordinals. Then
(a) If a>dg, then G = G™),
(b) H® <G gnd H®) <G,
(c) If H 4G, then G H|H < (G/H)* with equality if o is finite.

(d) G+ = (G())B),

Proof. @) If a = dg this holds by definition of dg. Induction shows that it holds for all a > dg.

(b)) Since H' = [H, H] < [G,G] = G’ this first statement follows by induction on a. Let § = max(dg,dpy).
By (b) H® = H® and GO =G As HO) < GO this gives H*) < G™.

By induction on «. If o = 0, then both sides are equal to G/H. If & = B+ 1, then using the induction
assumption

G(O‘)H/H - [G(ﬁ),G(ﬁ)]H/H - [G(B)H/H,G(ﬁ)H/H] < [(G/H)(ﬂ), (G/G)(B)] - (G/H)(a)

with equality if o and so also 3 is finite.
If « is a limit ordinal, then

(GH/H

(F15604(;(6)) f{/}¥
rwgea((;/}{)(ﬁ)

@) By induction on 8. If 8 = 0 both sides are equal to G(®). If B =~ + 1, then

IN

(Npea GPH) [H = Npgea GPHIH
(G/H)@

IA

Ge+h) = glar (D) _ Gllesn+D) _ (Gleasn)y = ((GEYMY = ((G*)O*D = (G)®)

If 8 is a limit ordinal then

(GO - (@D =G = ) GW= O GW =gled

y<pB y<pB agp<a+f p<a+fB

Lemma 2.4.3. Let G be a group.
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(a) G is perfect if and only dg =0 and if and only if G = G).

(b) G s largest perfect subgroup of G.
Proof. Note first that G(*) = G(d6) = Glda+1) = (G(da))" = (G(*))'. So
() G™) s perfect.

(a) G is perfect iff G = G, that is iff GO = GO and so iff d = 0. If dgg = 0, then G = GO = G*de = (),
By 1| G™ is perfect. So if G =G™), then G is perfect.

(]EI) By @ G™) is perfect. Let H be a perfect subgroup of G. Then @) gives H = H®*). By 1)
we have H*) < G 50 H < G™*) and G™) is indeed the largest perfect subgroup of G. O

Corollary 2.4.4. Let G be a group. Then the following are equivalent

(a) G is hypoabelian.
(

b) G has no non-trivial perfect subgroup.

(¢) G has no non-trivial normal perfect subgroup.

)
)
)
(d) G has no non-trivial characteristic perfect subgroup.

Proof. @ = (]EI): If G is hypoabelian, then G*) = 1. By G™) is the largest perfect subgroup of
G, so all perfect subgroups of G are trivial.

@ R : and — @: are both obvious.

@) e @): Observe that G*) is a characteristic subgroup of G and by G™ perfect. So G
has no non-trivial characteristic perfect subgroup,then G*) =1and G is hypoabelian. O

Lemma 2.4.5. Let G be group

(a) If G is hypoabelian of derived length oo. Then all subgroups of G are hypoabelian of derived length at
most .

(b) If G is solvable of derived length o then all quotients of G are solvable of derived length at most «.

(¢) Let H be a normal subgroups of G. If G/H is hypoabelian of derived length o and H is hypoabelian
of derived length B, then G is hypoabelian of derived length at most o+ 3.

(d) Let H be a normal subgroups of G. Then G[H is solvable if and only of both H and G|H are solvable.
Proof. (@) If G(® =1, then by H® <G =1,
Suppose G(®) =1 for a finite ordinal a. Then by (G/H)®) =G H/H =HJH =1.
We have G H/H < (G/H)® =1 and so G(® < H. Thus

Ge+B) - (G(a))(,ﬁ) <H® -1,
@ Follows from @ and . O

Definition 2.4.6. Let I be a set, F' a group and o: I - F a function. Then F is called a free group on I
with respect to « provided that for all sets I, all groups G and aoll functions 5: 1 — G there exists a unique
homomorphism of groups v: F - G with 8 =ao~.
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In the next example we will use (without proof) the following facts about free groups.

Remark 2.4.7. (a) Let I be a set be set. Then ezists a group F with [ € F and F is a free group on I
with respect to idy .

(b) Subgroups of free groups are free groups.
(c) Let F be a free group on the set I then F|F' = @ F. In particular, F + F" unless F = 1.
(d) Any group is isomorphic to quotient of a free group.
Example 2.4.8. (a) All free groups are hypoabelian.
(b) Every group is the quotient of a hypoabelian group.

(¢) Quotients of hypoabelian groups are not necessarily hypoabelian.

Proof. () Let F free group and H < F. By (2.4.7)(a) H is a free and so by (2.4.7)(d) H # H' unless H = 1.
So F does not have any non-trivial perfect subgroups and implies that F is hypoabelian.

(]E[) By 1' any groups is isomorphic to a quotient of a free group. By @ free groups are
hypoabelian, and so @ holds. s
Since non-trivial perfect groups exist, this follows from (]ED O

Definition 2.4.9. Let G be a group and H < G. A series from H to G is a set S of subgroups of G such
that

(i) GeS.
(il) HeS and H< S for all SeS.
(iii) If S, T €S, then S<T orT <S.
(iv) If D is non-empty subset of S, then both UD and ND are in S.
(v) Let TeS. DefineT™:==\U{BeS|BsT}ifT+H andT™ =H if T=H. ThenT™ 4T for all T €S.
Definition 2.4.10. Let G be a group, H <G and S a series from H to G.

(a) G is called simple if G #1 and G has no nontrival proper normal subgroups.

(b) A factor of S is a group T|T~ where T €S with T +T".

(d) S is called subnormal if |S| is finite.

)
)
(c) S is called normal if T < G for all T € S.
)
e) S is called a composition series from H to G if each factor of S is a simple group.
)

(
(f) S is a chief series from H to G if it is normal and, for each factor F' of S, 1 and F are the only
G-invariant subgroups of F'.

(g) A (subnormal) series of G is a (subnormal) series from 1 to G.

Definition 2.4.11. A subgroupH of the group G is called subnormal, and we write H 44 G if there exists
a subnormal series from H to G.
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Example 2.4.12. (a) Let G be a group and H < G. Then any subnormal series from H to G is of the
form G;,0 << n with

H=G0<IG1<1G2<]...<1Gn_1<IGn:G
The factors are G;/Gi—1, 1 <i<n.
(b) Let G = (Z,+) and H = 0. For i € Z* let n; be a positive integer. Define Gy = Z and inductively
Gi=niGi-1 =ninz...n;Z. Then § = {G; |1 e N} u{0} is a series with factors Gi_1/G; 2 C,, i € Z*.
If each n; is a prime, S is a composition series. If p is a prime with n; = p for all 7, then all factors of

S are isomorphic to C,. Choosing different primes we see that distinct composition series can have
non-isomorphic factors.

(c) Let p be a prime. Then

1<Cp<Cp<.. . <Cp <Cprnn ... Cpeo

is a composition series for Cpe with factors isomorphic to Cy. Note here that Cpe = Ugen Cpr = Cpee.

(d) 1< Alt(n) <« Sym(n), is a normal and subnormal series for Sym(n). If n # 4, this is also composition
series and a chiefseries for Sym(n).

1a((12)(24)) < ((12)(34), (13)(24)) < Alt(4) < Sym(4)

is a chiefseries but not a compositions series for Sym(4). The factors are isomorphic to Cg x Cy, C3
and Cs.

1<((12)(34),(13)(24)) < Alt(4) <« Sym(4)
is a compositions series for for Sym(4). Since ((12)(34)) is not normal in Sym(4), this is not a
normal series and so also not a chiefseries. The factors are isomorphic to Cg, Co, C3 and Cs.

(g) Let G be a groups. Then {1,G} is a series for G, called the trivial series.

(h) Let G be a simple group. Then the trivial series is a composition series and a chiefseries for G. It is
the only chiefseries for G, but there are example of simple groups which have non-trivial series Note
here that only G~ is guaranteed to be normal in G, but G~ might be equal to G. But this shows that
a simple groups cannot have a non-trivial descending series.

Lemma 2.4.13. Let G be a group, H /K <G and S a series from H to K. Put T ={KnS|SeS}. Then
T is a series from K n H to K and the factors of T are the groups

KnS/KnS 2(KnS)S™/S™,

where S €S with Kn S+ KnS~. In particular, every factor of T is isomorphic to a subgroup of a factor
of S.
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Proof. Since He S, HNK €T andsince GeS, K=KnGeT. AsH<Sforal HeS, HnK ¢ Hn S for
all HnS eT. Since S is totally ordered also 7T is totally ordered with respect to inclusion.

Let D be a non-empty subset of 7 and put £:={SeS|KnSeD}. Then D={KnS|Se&}.

Thus

(D= KnS=Kn(€eT and YD=|JEKnS=Kn|JEeT
Se€ Se&

Thus 7T is closed under unions and intersections.
Let T € T and define S:=N{ReS|KnR=T}. Then KnS=T.
Let ReS. We will show that

(*) RsSifandonly if KnRsT.

As S and T are totally ordered the negations of R ¢ S and KNnR$T are S<Rand T < KnR,
respectively. Hence it suffices to show that

S<R <«<— T<KnR.
Suppose S < R. Then T'= KnS < KnR. Suppose next that K nR<T.

Kn(SNnR)=(KnS)NnR=TnR=T
and so S < Sn R be definition of S. Thus S < R. Thus holds. It follows that

T"={UeT|UsT} = {KNnR|ReS,KNnRsT}
=({KNnR|ReS,RsS}=Kn|J{R|RecS,R5 S} =KnS~

Since ST<dSweget T"=KnS 4KnS=T. Thus T is a series from K n H to H. Also
T/T"=(KnS)/(KnS™)=(KnS)/(KnS)nS™ 2(KnS)S™/S™<S/S™

Given any R in § with T= KnR and Kn R # KnR. Then S < R by definition of S. Suppose for a
contradiction that R+ 5. Then S § R and so S < R™. Thus

KnR=T=KnS<KnR <KnR

and so K N R = K n R, contrary the the choice of R. Thus R =S and the factors are exactly as claimed.
O

Lemma 2.4.14. Let G be a groups and let
S: 1=Gyp<«G1<1Gy«...<xGp 149G, =G

a subnormal series for G.

(a) Let N 4G and put G = G/N. Then

S: 1=Gy9G19G29...9G,.19G, =G
is a subnormal series of G with factors

Gi/Gis1 2 Gi)Gi1 [(Gin N)Gy-1/Gia

where 1 <4 <n with G; # (G; " N)G,_1. In particular, each factor of S is a isomorphic to a quotient
of a factor of S.
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(b) Let A<G and B< A. Put A= A/B. Then

T: 1=AnGydAnG<ANGy<...4ANG,_14ANG, =A

is a subnormal series for A with factors

An Gz/A n Gi—l = (A N GZ)GZ_l/Gz_l/(B N Gz‘)Gi—l/Gz’—l

where 1 < i <n with (A rlGi)Gi,l + (BnG;)Gy_1. In particular, each factor of T is a isomorphic to
a section of a factor of T.

Proof. @) Just observe that

Gi/Gi-1 = GiN|N|G;.1N|N
*G;N|/G;-1N
~ Gi/(Gi n Gi,lN)
=G;i/(GinN)G,-1
~ Gi/Gi1[(Gi N N)Giz1 /Gy

@ Just apply to the subnormal series

T: 1=AnGogaAnG14G29...94AnG 1 <ANG,=A
of A and the normal subgroups B of A. O

Lemma 2.4.15. Let G be a group and A and B subgroups of G such that A normalizes B. Suppose that
A is solvable of derived length o and B hypoabelian of derived length 8. Then AB is hypoabelian of derived
length at most ac+ 3. In particular, if A and B are solvable, so is AB.

Proof. Note that AB/B = A/AnB and so AB/B is solvable of derived length at most .. Thus by (2.4.5))(d),
AB is hypoabelian of derived length at most a + (3. O

Lemma 2.4.16. Let A and B be normal nilpotent subgroups of the group G. Then AB is nilpotent of
class at most z4 + zp.

Proof. Put x =z4 and y = zp and k=2 +y — 1. The proof is by induction on x + y.
Suppose & =0. Then A =1 and so AB = B. Hence AB is nilpotent of class zg and the lemma holds.
So we may assume that z >0 and by symmetry, also y > 0. Note that Z(A) < G, A/Z(A) is nipotent of
class z4/7(4) = 24 —1 =2~ 1 <z and BZ(A)/Z(A) is nilpotent of class at most zp = y. Thus by induction
ABJ/Z(A) is nilpotent of class at most (z—1)+y. Since k=z+y—-1=(x-1) +y, we conclude from
that Lp(ABJZ(A) = 1. Thus L;(AB) < Z(A), and by symmetry also Lp(AB) < Z(B). It follows that
Li(AB) <Z(A)nZ(B) <Z(AB) and so

L1 (AB) = [Ly(AB), AB] < [Z(AB), AB] = 1.

Another application of [2.1.19| now shows that Zj,1(AB) =1, so AB is nilpotent of class at most k + 1. As
k+1=x+y=2z4+2p the lemma is proved. 0
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Chapter 3

m-separable groups and Hall msubgroups

3.1 The Theorem of Schur-Zassenhaus

Theorem 3.1.1 (Schur-Zassenhaus). Let G be a finite group and K a normal subgroup of G such that
ged(|K|,|G/K|) = 1. Then there exists a complement to K in G. If in addition, K or G|K is solvabldl]
then all such complements are conjugate.

Proof. We will first prove the existence of a complement. Let H be a subgroup of G minimal with respect
to G=HK. Put A= Hn K. By Homework 3, A < ®(H). By (2:2.7)(0) ®(H) is nilpotent and so also A
is nilpotent. Put H = H/A’. Note that |A| divides |K| and that

[H/A|=|H/A|=|H/Hn K| = |HK/K| = |G/K]|

Thus ged(|H/A|,|A]) = 1. Observe that A is abelian and so by Gaschiitz’ Theorem implies that there exist
complement U to A in H. Let U be the inverse image of U in H. Since H = UA and Un A = 1 we get
H=UAand UnA=A" As A< ®(H) we conclude that H =U and so A’ =UnH =HnK = A. Thus
l4 =0 and since A is nilpotent we get A= Lo(A) = L;,(A) =1. Hence H is a complement to K in H.

Suppose K or G/K is solvable and let H; and Hs be complements to K in G. We need to show that
H, and Hs are conjugate in G.

Suppose that K is solvable and put G = G/K’. Then K is abelian and H; is a complement to K in
G. As gcd(|K|,|G/K]|) = 1 we have ged(]K|,|G/K|) = 1 and so by Gaschiitz’ Theorem there exists g € G
with HY = Hy. Then K'HY = K'Hy and H{ and Hj are complement to K’ in K'H,. By induction on the
derived length of K we know that H{ and Hy are conjugate in K'Hs. Hence Hy and Hy are conjugate in
G.

Suppose next that G/K is solvable. If G = K then Hy = Hy = 1. So suppose G + K. As G/K is
solvable we conclude G/K # (G/K)'. Hence G # G'K and there exists a M maximal subgroup M of G
with KG' < M. Then M 4 G and so |G/M| = pfor some prime. Since K < M and H; is a complement
to K in G we know from that M n H; is a complement to K in M. Induction on |G| shows that
(M n Hy)? =M n Hs for some g € M. Replacing H; by H{ we may assume that M n Hy = M n Hy. Put
D = (H;, Hy). Since M 4G we have M n H; < H; and so M n H; is normal in D. Note that

[Hi| = |[HiM/M = G/M]| =p

Since |H;| divides |H;| this implies that p divides |H;|. Since H; is a complement to K in H, we have
|H;| = |G/K| and so ged(|K|,|H;|) = 1. Thus p does not divide |K|. Observe that

Since K or G/K has odd order, the Feit-Thompson odd order theorem asserts that this assumption is always fulfilled

63
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D/H; =|D/(M n H;)[H;/(M n H;)| = |D/H;|

and
|G| _ |DIIG/D|

K|=|G/H,| = =L - P
] = |G/ Hi| |H;| |H;|

=|D/H;|-|G/D| = |D/Hi| - |G/ D|

Thus |51E| divides |K| and so p does not divide [D/H;|. Hence H; is a Sylow p-subgroup of D. It follows
that Ed = H, for some d € D and then Hf = Hy. So Hy and Hy are indeed conjugate in G. L]

3.2 mw-separable and m-solvable groups

A class D is a statement ®(z) involving a variable x. Let a be an object. We say that a is a member of D
(or that D contains a) and write a € D if ®(a) is true.

Definition 3.2.1. A class of groups is a class D such that
(i) All members of D are groups.
(ii) D contains a trivial group.
(iii) If G € D and H is a group isomorphic to G, then H € D.
Definition 3.2.2. Let D be class of group and G a group.
(a) A section of G is a group A|/B where A<G and B 4 A.
(b) G is a D-group if G € D.

(¢) D is closed under subgroups (quotients, sections), if any subgroup (quotient, section) of a D-group is
a D-group.

(d) D is closed under normal product, if AB is a D-group whenever A and B are normal D-subgroups of
a group G.

(e) G is called D-separable if the exists a subnormal series for G all of whose factors are D-groups. Dsep
denotes the class of D-separable groups.

(f) D(G) is the subgroup of G generate by all the subnormal D-subgroups of G.
Lemma 3.2.3. Let D a class of groups.

() (Dsep)sep = Dsep, that is if G is a group with a subnormal series all of whose factors are D-separable,
then also G is D-separable.

(b) Suppose D is closed under subgroups (quotients, sections). Then also Dsep is closed under subgroup
(quotient, section).

(¢) Any non-trivial G-separable group has a nontrivial subnormal D-subgroup, that is D(G) # 1.
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Proof. @ Let S be a subnormal series all of whose factors are D-groups. Let H/H~, H € S\ {1}, be factor
of S. Then there exists a subnormal series Sy of H/H~ whose factors are D-groups. Define

Tu={K<H|H <K,K/H €Sy} and T:= | Tu.
HeS {1}

Then T is a subnormal series of G. . Moreover, if K/K~ is factor of T, then there exists H € S with
K,K~ € Ty. Hence K/K~ is isomorphic to the factor K/H™/K~/H™ of Sy. Thus K/K~ is a D-group and
so G is D-separable.

(]E[) Let G be a D-separable group and S a subnormal series of G all of whose factors are D-groups.
Also let R be a subgroup (quotient, section) of G. Then by (@, (]ED) there exists a
subnormal series 7 of R all of whose factors are isomorphic to a subgroup (quotient, section) of a factor
of S. As the factors of S are D-groups and D is closed under subgroups (quotients, sections), we conclude
that all factors of R are D-groups. Hence R is D-separable.

follows immediately from the definition of D-separable. O

Lemma 3.2.4. Let D a class of groups and G a a finite group. Suppose D is closed under normal products.
Then D(QG) is the largest subnormal D-subgroup of G.

Proof. Since G is finite, there exists maximal subnormal D-subgroups A; and As of G. Observe that we
just need to shows that Ay = Ay. If G = As, then Ay < Ay and so A1 = Ay by maximality of A1. So we
may assume that G1 # A; and Go # Ay. Let ¢ € {1,2}. Since A; 94 G there exists G; < G with A; 44 G;.
By induction on |G| we know that D(G;) is the a largest subnormal D- subgroup of G;. It follows that
A; < D(G;) 4 G and the maximality of A; implies that A; = D(G;). Hence A; is a characteristic subgroup of
G and G; 4 G we get A; 4G. Since D is closed under normal products we conclude Aj As is a D-subgroup
of G. As A1 A5 4 G the maximality of A1 and Ao implies that A1 = A1 As = A;.

O
Corollary 3.2.5. Let 7 be a set of primes and G a finite group. Then G has a largest subnormal m-subgroup
0:(G).
Proof. Just observe that the class of finite m-groups is closed under normal products. So follows from
B.2.4 O

Definition 3.2.6. Let G be a group. Then F(G) is the subgroup generated by the nilpotent subnormal
subgroups of G and Sol(G) is the groups generated by the solvable subnormal subgroups of G. F(QG) is
called the Fitting subgroup of G.

Corollary 3.2.7. Let G be a finite group. Then Sol(G) is the largest solvable subnormal subgroup of G
and F(G) is the largest nilpotent subnormal subgroup of G.

Proof. By [2.4.15]| and [2.4.16] respectively, the class of solvable groups and the class of nilpotent groups is
closed under normal products. Hence from shows that GG has a largest solvable and a largest nilpotent
subnormal subgroup. So the Corollary holds. O

Definition 3.2.8. Let 7 be a set of primes and G a group.
(a) Gr is the class of w-groups and Gse is the class of solvable groups.
(b) G is called w-separable if G is Gr U Grr-separable.
(¢) G is called mw-solvable if G is a (Gz N Gso1) U Grr-separable
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Lemma 3.2.9. Let m be a set of primes.

(a

The class of w-separable groups and the class of w-solvable groups are both closed under sections.

(b) (Gsol)sep = Gsol, that is any group, which has a subnormal series with solvable factors, is solvable.

)

)

(¢) Any m-subgroup of a mw-solvable group is solvable.

(d) Let G be a finite solvable group. Then G is m-solvable.
)

(e) Let G be non-trivial finite w-separable group. Then O (G) #1 or O (G) # 1.

Proof. @ Observe that the class m-groups and the class of solvable groups are both closed under sections.
By (3.2.3 (]ED if a class D is closed under section, so is Dgep. Thus @ holds.

(]E[) Let 1 =Gy <Gy <...<4 G, 1 < G be a subnormal series of the group G all of whose factors are
solvable. By induction on n we see that G, is solvable. As also G/G,_1 is solvable we conclude that G

is solvable, see ([2.4.5))(d).

Let G be a m-solvable subgroup and H a w-subgroup of G. Since H is a m-group no non-trivial
section of H is a 7’-group. On the other hand, by @ H is m-solvable and so H has a subnormal series
each of whose factors is solvable or a 7’-group. It follows that all factors are solvable and (]E[) shows that
H is solvable.

@ Let S be a composition series of G and let F' be factor of G. Then F' is simple. As G is solvable
also F' is solvable. Hence F' # F and so F’' = 1. So F is abelian and since F is simple, |F| = p, a prime.
Then pem or pen’ and so F is a 7- or a ©'-group.

(E[) Note that G is G, UG -separable. Hence by (3.2.3))(c) there exists a non-trivial subnormal G, UG-

subgroup L of G. Then either L is a m-group or L is a 7’-group. Hence L < O,(G) or L < O (G) and
holds. O

Lemma 3.2.10. Let m be a set of primes and G a finite w-separable group with O (G) = 1. Then
CG(OTF(G)) < OW(G)

Proof. Put D := C5(0;(G)) and C := O,(D). Then C is a normal w-subgroups of G and so C < O,(G).
It follows that [C,D] =1, so C < Z(D). Let E < D with C < D and E/C = O(D/C). Then E/C
is a 7’-group and C' is normal abelian 7’-subgroup of E. By Gaschiitz Theorem there exists a
complement K to C' in E. Note that K = E/C and so K is n’-group. From C < Z(FE) we see that K is
normalized by C, and of course also by K. Thus K 4 CK = E. As F < G this gives K 44 G. Hence K is
subnormal m-subgroup of G, so K < O (G) =1. Hence E = C and so O,/(D/C) = 1. Since C = O,(C),
also O,(D/C) = 1. Note that D/C is section of the m-separable group G, and so by also D/C is
m-separable. If D/C # 1, then (3.2.9)(€) shows that Or(D/C) # 1 or O(D/C) =1, a contradiction. Thus
D/C =1and so D=C<0,(G). O

3.3 Sylow 7m- and Hall m-subgroups

Definition 3.3.1. Let G be a group and 7 a set of prime. of G.

(a) A Sylow mw-subgroup of G is a maximal w-subgroup of G. Syl_(G) is the set of Sylow w-subgroups of
G.

(b) A w-subgroup H of G is called a Hall w-subgroup of G if, for allp e m, H contains a Sylow p-subgroup
of G. Hall,(G) is the set of Hall m-subgroups of G.
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Lemma 3.3.2. Let G be a group and ® a set of primes. Then every m-subgroups of G is contained in a
Sylow m-subgroup of G. In particular, G has a Sylow m-subgroup.

Proof. Let D be a set of m-subgroups of G which is totaly ordered with respect to inclusion. Then UD is
a m-subgroup of G. So the lemma follows from Zorn’s lemma. O

Lemma 3.3.3. Let G be a finite group, m a set of primes and H a subgroup of G. Then H 1is a Hall
mw-subgroup of G if and only if |H| =|G|x and if and only if H is w-group and |G/H|, = 1.

Proof. Let p be a prime. By Sylow’s Theorem for finite groups, the Sylow p-subgroups of G are exactly
the subgroups of order |G|,. Hence H contains a Sylow p-subgroup of G if and only if |H|, = |G|,. Note
that
|Hlz=[TIH|, and |G|z =T]IGly
pem pem

and so |H| = |G| if and only if |H|, = |G|, for all p e w. It follows that |H|; = |G|, if and only if H contains
a Sylow p-subgroup of G for each p e m. Also H is a m-group if and only if |H| = |H]|,.

Thus H is a w-Hall subgroup of G iff |H| = |H|; and |H|, = |G|:, and so iff |[H| = |G|;. Since |G| =
|G/H|-|H|, the latter holds iff |G/H| =1 and |H|r = |G|. O

Lemma 3.3.4. Let G be a group and w a set of primes.

(a) If the Sylow m-subgroups of G are conjugate in G, then all Sylow m-subgroups of G are Hall 7-
subgroups.

(b) If G is finite, then all Hall w-subgroups of G are Sylow mw-subgroups.

Proof. @ Let H be Sylow m-subgroup of G, let p € m and let S a Sylow p-subgroup of G. Then S is
contained in a Sylow m-subgroup R of G. By assumption RY = H for some g € G and so SY is a Sylow
p-subgroups of G contained in H. Thus H is a Hall w-subgroup of G.

By any Hall 7-subgroup of G has order |G|;. On the other hand, any the order of any -
subgroup of G divides |G|;. So any Hall 7-subgroup of G is a maximal m-subgroup of G, that is a Sylow
m-subgroup of G. O

Example 3.3.5. Sylow p’-subgroup and Hall p’-subgroups of Sym(p).

Let p be a prime, G = Sym(p) and I = {1,2...,p}. Let H < G. We claim that pHH| if and only if
H acts transitively on I. Suppose first that p||H|. Then H has a subgroup K of order p. The size of
any non-trivial of K on I divides p and so is equal to p. Thus K, and so also H, acts transitively on I.
Conversely, if H acts transitively on I, then p = |I| = |H/H; for i € i and so p“H|

This proves the claim. It follows that H is a p’ subgroup of H if and only if H does not act transitively
in I, and so if and only H < Ng(J) for some proper, non-empty subset of J if I.

Next we show hat H € Syl,(G) if and only if H = Ng(J) for some @ # J c I.

Suppose first that H € Syl,(G). Then H < Ng(J), @ # J c I, and the maximality of H implies that
H=Ng(J).

Suppose next that H = Ng(J) for some @ # J ¢ I. Let L be a p’-subgroup of G with H < L. Then
L < Ny(K) for some @+ K c I. So also H < Ny (K) and so since only orbits of H on I are J and I\ J,
we get K =J or K =1~ J. In either case we get Ng(K) =H. So L< K and K = L. Thus H is a maximal
m-subgroup of G, that is H € Syl,(G).
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It remains determine the Hall p’-subgroups of G. Observe that |G|, = p!y = (p—1)! and so H is a Hall
p’ subgroups of G if and only if |[H| = (p - 1)!. Since Hall-subgroups are Sylow subgroups, we just have to
determine all @ # J c I with |[Ng(J)| = (p—-1)!. Let |J| = k. Since
Ng(J) = Sym(J) x Sym(I ~ J),

we have [Ng(J)| = k!(p - k)!. Hence N¢(J) is Hall p’-subgroup of G if and only if

(p-1! =kl (p-Fk)
(p-1)!
El(p-k)!
k_lp—k+i B
= 55 = )

Observe that p -k +14 > 1+ with equality if and only if p— k = 1. Hence (*) holds if and only if either
k=1 (and so k-1 =0 and the product in (*) is an empty product), or k =p—1 (and so p—k =1). Note
that |J| =1 if and only if |[I \ J| = p—1. Thus there exists exactly one conjugacy class of Hall p’-subgroups
of G, namely the subgroups N¢(J), J c I with |J|=1.

Note that for p > 5, there exist subsets K ¢ I with 1 <|K|< p-1 and so G has more than one conjugacy
class of Sylow p’-subgroups.

Example 3.3.6. Sylow and Hall subgroups of Sym(5)

Let G = Sym(5) and note that |G| = 5! = 23-3-5. Let 7 be a non-empty proper subset of {2,3,5} and
let S e Syl (G).

Suppose first that 7 = {p}. Then the Hall 7 subgroups are exactly the Sylow 7 subgroups and are
conjugate in G. If p =2, the |S| =23 and S = Dg. If p=3 or 5, the |S| =p and so S = C,,.

Suppose next that m = {2,3} = 7(G)n5". Then by [3.3.5| S is isomorphic to Sym(3) x Sym(2) or Sym(4)
with S € Hall (G) if S = Sym(4). Thus there exists a Hall m-subgroup, G acts transitively on Hall,(G),
but does not act transitively on Syl _(G).

Suppose that finally that 7 = {¢,5} with ¢ € {2, 3}.

Assume that 5||S |. By Sylow’s Theorem the number of Sylow 5-subgroups of H is 1 (mod5) and divides
3if ¢ =3 and 8 if ¢ = 2. Thus H has a unique Sylow 5-subgroup F. Hence H < Ng(S). Since G as six
Sylow 5-subgroups we have know that |G/Ng(F')| =6 and so [Ng(F)|=20=4-5. If g =2 we get Ng(5) is
a m-subgroup of G and so S =Ng(F') and |S|=20. If g = 3, the Ng(F)|r =5 and so S = F = Cs.

Assume that 5 + |S|. Then S is a g-groups and so S is a Sylow g-subgroup.

So if 7 ={3,5} then

SyL,(G) = Syl3(G) U Syl(5)

and if 7 = {2,5}, then

Syl (G) = Syly(G) U{Na(F) | F € Syl;(G)}
In both cases, Hall;(G) = @ and G does not acts transitively on Syl _(G).

Example 3.3.7. Sylow {2,3} -subgroups of GL3(2).
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Let V be a 3-dimensional vector-space over Fy and G = GLp,(V). Then |V¥| = 7 and the number of
basis of V' is 7-6-4. Since G acts regularly on the set of bases of V' we get

|G|=2%-3-7

For i = 1,2 let P; be the set of i-dimensional subspaces of V. Since G acts transitively on bases it also

acts transitively on P;. Py = {{0,v} |v e VI} and so [P1] = 7. Also P> ={{0,a,b,a+b} |a,be Vi a+b} and
_ 16 _

so |[Pa| =45 =T.

Let U; € Pi. Then |G/Ng(Ui)| = [Pi] and so [N (U;)| = 9 = 233, Thus Ng(U;) is a Hall {2,3}- and
a Sylow-{2, 3}-subgroup of G. We will now show that these are the only Hall {2,3}- and Sylow-{2,3}-
subgroup of G.

Let H € Syly 3(G). Then H divides 23 .3 and since the length of any orbit of H on V* divides H the

possible length of orbits of H on V are

1,2,3,4,and 6

Suppose first that H has fixed a vector a € VI, Put Uy = {0,a} € P;. Then H < Ng(Up). As Ng(Uy) is
{2, 3}-subgroup of G, the maximality of H implies H = Ng(U;).

Supposes next that H does not fix non-zero vector, that is H does not have an orbits of length 1 on V.
Assume that {a,b} is an orbit of length 2 of H on V!. Then H fixes a+b, a contradiction. Thus any orbits
of H on V¥ has length 3, 4 and 6. As |V!| is odd we conclude that H has an orbit of {a,b,c} of length 3
on V. Then H fixes a+b+c and so a+b+c=0. It follows that Uy := {0,a,b,c} € Py and H < Ng(Us). As
above H = Ng(Us).

We proved that

Syl{273}(G’) = Hall{2,3}(G) = {Ng(Ul) | Uy e 731} U] {Ng(Ug) | Us e 7)2}
In particular, there exist Hall {2,3}-subgroups of G, but G does not acts transitively on Hallgy 3, (G).

Lemma 3.3.8. Let G be group and 7 a set of primes. Let S be non-empty G-invariant subset of Syl _(G).
Then O(G) =NS =NSyl.(G).

Proof. Clearly NS is a normal m-subgroup of G and so
NS < 0(G))
Note that

NSyL(@) <SS

Let H € Syl,(G) and let N a normal m-subgroup of G. Then NH is a m-group and so N < H by
maximality of H. Thus

Or(G) <8yl (G).
The three displayed inclusion imply the lemma. O

Observe that the preceding lemma provides a new proof that O,(G) is a m-group.

Lemma 3.3.9. Let w be a set of primes and G a finite w-separable group. Then G has a Hall w-subgroup.
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Proof. If G =1, then G is a Hall 7-subgroup. So suppose G # 1. Then by (3.2.9)(¢) A := O-(G) # 1 or
B:=0,(G) #1.

Suppose that A # 1. Note that A 4G and by induction G/A has a Hall m-subgroup H/A. Then

|Gl = |G/ Alx - |Al = [H]A] - |A] = |A]

and so H is a Hall w-subgroup G.

Suppose next that A =1. Then B # 1. Note that B 9 G and by induction G/B has a Hall m-subgroup
K/B. Hence |G/B|, = |K/B| and since B is a 7-group,

|G|7r = |G/B|7r = |K/B|
Moreover, Schur-Zassenhaus shows that there exists a complement H to B in K. Then

|H| = |B/K|=|Glx
and so H is a Hall w-subgroup of G. O

Lemma 3.3.10. Let w be set of primes and G a finite group. Suppose that G is w-solvable and let o =
or a=7'. Then Syl (G) =Hall,(G) and G acts transitively on Syl,(G).

Proof. Since G is m-solvable, we see that G-is m-separable and so also 7’-separable. Thus G is a-separable
and shows that G has a Hall a -subgroup H. Let S be a-subgroup of G. We will show that

() S9<H for some geG.

By[3.3.8/04(G) < SnH and replacing G by G/O,(G) we may assume that Oo(G) = 1. Let B = O/ (G)).
Since G is a-separable we get B # 1. Observe that HB/B is a Hall-a-subgroup of G/B and SB/B is a-
subgroup of G of G/B. Hence by induction Sh < HB for some h € G. Without loss S < HB. Since
B < BS < BH we have BS = B(BSn H). As S and H are m-groups, but B is a 7’-group we get have
BnS=1and Bn(BSnH)<BnH=1. So both S and BS n H are complements to B in BS.

If a =7, then BS/B is a w-subgroup of the m-solvable group G/B and so shows that BS/B
is solvable. If « = 7/, the B is a m-subgroup of the m-solvable group G, and so B is solvable.

In either case we can apply and conclude that S9 = Hn BS for some g € G. So S99 < H and is
proved.

Let S €Syl (H). By S9 < H for some g € G. The maximality of S gives S = H. Hence
Syl (H) ¢ HY c Hall,(H) < Syl (®)
and the lemma is proved. O
Lemma 3.3.11. Let G be a finite group and A and B subgroups of G with G = BA.
(a) If N is an A-invariant subgroup of B, then (N¢) < B.
(b) If w is set of primes with |G/B| = 1, then (O,(A)¢) < B.
Proof. () (N¢) = (N4P) = (NB) < B.

() As Or(A) < A we know that Or(A)(An B) is a subgroup of A. Hence |0(A)(An B)/An B
divides |[A/An B|. As

07(A)/O0x(A) n B| =[0+(A4)/0=(A) n (An B)| = [0 (A)(An B)/An B
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and
|AJA Bl = |AB/Bls = |G/l = 1
we conclude that |O;(A)/(O(A)n B)|r = 1. Since [00,(A)/(Or(A) n B| also divides |O,(A)| and since

Or(A) is a m-group we get |O;(A)B/B| =1. Thus O,(A) < B. Hence O, (A) is an A-invariant subgroup
of G, and so (]ED follows from @ O

Lemma 3.3.12. Let G be a finite group and © and p sets of primes with ' Ny’ = dﬂ Let A, B and C be
subgroups of G and suppose that

(i) G=AB=AC.

(ii) |G/Blz =1 and |G/C|, = 1.
(iii) A, B and C are solvable.
Then G is solvable.

Proof. We may assume without loss that Sol(G) = 1. Since G = AB and |G/B| = 1, we get from (3.3.11])(b)
that (O,(A)%) < B. Since B is solvable we conclude that (O;(A)) is a solvable normal subgroup of G
and since Sol(G) =1 we get Or(A4) = 1. By symmetry also O,(A) = 1. From 7' nu’ = @ we have 7’  p.
So O (A) <0O,(A) =1. On the other hand since A is solvable, we know that A is m-solvable and so also
m-separable. If A # 1 we conclude from (@ that Oz(A4) # 1 or O (A) # 1. Thus A =1 and so
G = AB = B. Hence G is solvable. O

Corollary 3.3.13. Let G be a finite group and © and u sets of primes with @ nu' = 1. Suppose there
exists Hall 7- and p subgroups Hy and H,, of G, respectively. Then H H, = G and Hr n H, is an Hall
N p-subgroup of G.

Proof. Since Hy and H,, are Hall subgroups we have |H| = |G|, and |H,| = |G|,. Since HrnH,isamnp
subgroup of G we know that |H, n H,| < |G|rn,. Thus

ol [Hy| | (Gl -1,
|Hr 0 Hy G lrop

Hence equality holds everywhere and so |G| = |H,H,| and |HynH,| = |G|zny. Thus G = HxH,, and HnH,
is a Hall m n p-subgroup of G. O

|G| 2 |Hr H\| = =G|

Corollary 3.3.14. Let G be a finite group. Suppose that for all i,j € {1,2,3} with i+ j:
(i) m; is a set of primes.
(ii) H; is a solvable Hall 7; -subgroup of G.

(iii) 7 N7 =@

Then G is solvable.

Proof. Let k€ {2,3}. Since H; and Hj, are Hall 7- and ;- subgroups of G, respectively, and 7] N7, = @
we can apply and conclude that G = H{ Hy.

Since Hy, is Hall m-subgroup of G we have |G/Hy|x, = 1. Also Hy, Ha, Hy are solvable and mynms = @ So
the hypothesis of [3.3.12] is fulfilled for A = Hy, B = Hy,C = Hs, m = w3 and p = w3. Thus G is solvable. [

%i.e m U p is the set of all primes
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Definition 3.3.15. Let G be group. A commuting Sylow-system of G is familiy (Sp)pex(c) Such that for
all p,q e (G), Sy is a Sylow p-subgroup of G and SpSy = S¢Sp.

Lemma 3.3.16. Let G be a finite group. Then the following are equivalent:
(a) For each set of primes w, G has a Hall w-subgroup.

(b) For each prime p, G has a Hall p’-subgroups.

(¢) G has a commuting Sylow-system.

Proof. (@) == (b):  Obvious.
@ = (c): For a prime p pick a Hall p’-subgroup L, of G. For 7 of 7(G) define.

Lﬂ:ﬂLp

per
with L, =G if 7 = &.
We will show by induction on |r| that L, is a Hall 7’-subgroup of G. If m = @ this is obvious. So
we may choose p € m. If |n| = 1, then L = L, is a Hall p’-subgroup of G. So suppose 7| > 2 and define
p =7~ {p}. By induction L, is a Hall i’ subgroup of G. Note also that

Lp=L,nL,
pnp'=(puiph) =7
W) n @) =pnip}=2
Hence |3.3.13| shows that L, is a Hall ’-subgroup of G.
Define Sy = L (g)wr- Since 7 = (m(G) 7' nm(G) we see that Sy is a Hall m-subgroup of G. In particular
Sp = Sypy is a Sylow p-subgroup of G. Let p € 7(G) with p
neqq and put m = {p,q}. Then Sy, S, < S and S, n S, = 1. Thus

|Sp’ ) |Sq| _ |Gp| ) |Gq’
1Sp NSy 1
Thus S; = 5,5, and by symmetry, S;Sp = Sp. It follows that SpS + ¢ = 5,5, and so (Sp)per(q) is a
commuting Sylow System for G.

(c) = @: Let (Sp)per(c) be a commuting Sylow system. Choose an ordering on 7(G) and 7 € 7(G)
define

|Sp5q’ =

= |G7r| = ’Sﬂ|

HW:HSP

pem
with H; = 1 if 7 = @. Suppose inductively that H, is a m-subgroup of G and let p € w(G) ~ w. Th.
Since S;Sp for all p e m we have H;S, = S,Hx
. Hence HS, is a m U {¢q}-subgroups of G. So Hj is a m-subgroup of G. Since it contains a Sylow

p-subgroup for each p € m, it is a Hall m-subgroup.
O

Lemma 3.3.17. Let G be a finite group with a Sylow-system (Sp)pex(cy- Suppose that SpS, is solvable for
all p,q e 7(G). Then G is solvable.

Proof. 1f |G| has at most two primes divisor, G = S, S, for some p,q € P and the lemma holds. So suppose
p1,p2,p3 are three distinct primes dividing |G|. Define H; = []je Sq. Then H; is Hall pj-subgroups. By
induction on the number of primes divisors, each H; is solvable. So by G is solvable. O
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Subnormal subgroups and
near-components

4.1 Join of Subnormal Subgroups

Lemma 4.1.1. Let G be a finite group and A a set of subnormal subgroups of G. Then (A) is subnormal
in G.

Proof. If |A| < 1, the lemma holds. So suppose |A| > 2. Choose A € A with |G/A]-minimal and let B € A
with A # B. The proof is by induction on |G/A| and then on |A|. Assume |A| >3 and put F':= (A {B}).
By induction on |A| we get F' 4< G and then (A) = (F, B) <4 G.

So we may assume that |A4| =2. Then (A) = (A, B). Since A << G there exists a subnormal series

If n =0 then A =G and so (A, B) =G 94 G. So suppose n > 1. Note that A 99 A,,_; for all b e B and
since |A,,_1/A| < |G/A| induction on |G/A| shows that D := (AB) 91 A, 1 a4 D.

Suppose that D # A. Then |G/D| < |G/A] and induction on |G/A| shows that (D, B) 9<. As (A, B) =
(D, B) we are done in this case.

Suppose next that A = B and put F := (A1, B). Then A < E. Also since |G/A;1| < |G/A4|, induction on
G/A shows that £ <4 G. As B <4< G and B < E we have B <4 F and so there exists a subnormal series

B=BydB1<4...4B, 14B,,=F

It follows that

(A,BY=AB=ABy<9AB1<4...94AB,,_14AB,, =E <4 G
and so again (A4, B) 49 G. O

4.2 Near-components

Definition 4.2.1. Let G be a group.
(a) M(G) is the subgroup of G generated by the proper normal subgroups of G.

(b) G is called nearly simple if G is perfect and G + M(G).

73
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c) A near-component of G is a subnormal, nearly simple subgroup of G.

(c)
(d) G is called quasi-simple, if G is a non-trivial perfect group with G/Z(G) simple.
e) A component of G is a subnormal, quasi-simple subgroup of G.
)

(
(f) N(G) is the set of near-components of G, N.(G) is the set of minimal near -components of G and
N*(QG) is the set of mazimal near-components of G.

(g) E(G) is the set of components of G, E(G) := (£(GQ)) and F*(G) = F(G)E(G). F*(G) is called the
generalized Fitting subgroup of G.

Lemma 4.2.2. Let G be a group.

(a) If G # M(G), then GIM(G) is simple.

(b) G is a quasi-simple if and only if G is nearly simple and M(G) = Z(G).

(¢) Suppose G is quasi-simple and let L 4< G with L £ M(G). Then L = G.

(d) E(G) c N*(G).

Proof. (a)) Let N/M(G) be a normal subgroup of G/M(G). By definition of M(G) either N < M(G) or
N = G. Thus N/M(G) = 1 or N/M(G) = G/M(G).

() Suppose first that G is quasi-simple and let N 4 G with N ¢ Z(G). Since G/Z(G) is simple,
G = NZ(G) and so G = G' = [G,NZ(G)] = [G,N] < N. Thus N = G and so M(G) < Z(G). Since
G=G'+1,G+7Z(G) and so also M(G) # G. Thus G is nearly simple.

Suppose next that G is nearly simple and M(G) = Z(G). By definition of nearly simple, G is perfect
and by (&), G/M(G) is simple. Thus G/Z(G) is simple and so G is quasi-simple.

Any proper subnormal subgroup of G is contained in a proper normal subgroup of GG, and all proper
normal subgroups of G are contained in G. So holds.

@ Let K be a component of G. Then K is quasi-simple and (]ED shows that K is nearly simple. As
K << G this shows that K is near component of G. Let L be a near-component of G with L < K. By (]ED
M(K) = Z(K) and since L is not abelian and we get L £ M(K). Now (c) shows that L = K. Thus K is a

minimal near component of G. 0
Lemma 4.2.3. Let G be a group, N << G and L < N.

(a) L is subnormal in N if and only if L is subnormal in G.

(b) L is a near component of N if and only if L is near component of G. In particular, N(N) c N(G).

(¢) L is a component of N if and only if L is component of G. In particular, E(N) ¢ E(G) and
E(N) <E(G).
(d) F(N) <F(G) and F*(N) <F*(G).
Proof. (@) If S is a subnormal series from L to N, then S u {G} is a subnormal series from N to G. If T
is a subnormal series from L to G,, then {T'n N |T €T} is a subnormal series from N to L.

and follows immediately from @

By @ any nilpotent subnormal subgroup of G is a nilpotent subnormal subgroups of G. Thus
F(N) <F(G). By (d) we have E(N) < E(G), so F*(N) <F*(G). O
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Lemma 4.2.4. Let G be a finite group and N < G with G/N perfect.
(a) There exists a smallest subnormal supplement R to N in G.
(b) R<4G and R is perfect.

(c) Let L be a subnormal supplement to N in G. Then L/Ln N = G/N and R is smallest subnormal
supplement to LN N in L

(d) Suppose in addition that G/N is simple. Then M(R) = Rn N, G/N 2z R/M(R) and R is the unique
near-component of G with R £ N.

Proof. We will first prove:
()  Let L be a supplement to N in G. Then L/Ln N 2 G/N. In particular, L/L n N is perfect.
Since G = LN we have L/Ln N 2 LN/N = G/N.

(%)  Let G1 and Gy be normal supplements to N in G. Then also [G1,G2] is a normal supplement to
N in G.

Note that G = NG; = NH, and since G/N is perfect we get

G = N[G,G] = N[NG1,NG5] = N[G1,Ga].

(*x%) L be a subnormal supplement to N in G and D < L. Then D is a minimal subnormal supplement
to Ln N in L, if and only if D is a minimal subnormal supplement to N in G.

Since L 99 G we know that D 99 G if and only if D <9 G. As G = NL and D < L, (L.3.7) () shows
that D is a supplement to L n N in L if and only if D is a supplement to N in G. This gives .

@ Let S7 and S5 be minimal subnormal supplement to N in G. If §; = G we get S; < S9 and so
S1 = S3. Thus we may assume that S; # G and so there exists G; < G with S; < G;. Put Gy := [G1, Ga].
Then by Gy is a normal supplement to N in G. Let j € {0,1,2}. By G;j/G; = N is perfect and so
by induction there exists smallest subnormal supplement R; to Gj n Ni in G;. Let i € {1,2}. By
applied to (G, Gy, S;) in place of (G, L, D) we see that S; is a minimal normal supplement to G;n N in G;.
Thus S; = R;. By applied to (G;, Go, Rp) in place of (G, L, D) we see that Ry is a minimal normal
supplement to G; " N in GG;. Thus Ry = R;. Hence S; = R1 = Ry = Ry =55. So @ holds.

@ Since N 4 G and R is uniquely determined by G and N we get N 4 G. Now shows that [R, R]
is normal supplement to N in G and so R = [R, R] by minimality of R.

follows from and .
@ Suppose G/N is simple. We first show

(+) K<9<9G. Then G=KN =G if and only if K £ N.

If KN =G, the certainly K + N. If K £ N, then 1 #+ KN/N <4 G/N and since G/N is simple we get
KN/N =G/N and G=KN. So () holds.

Let K be a proper normal subgroup of R. The minimality of R shows that G #+ KN and this gives
K < N. Thus M(R) = RnN. By (b) R/RnN = G/N and so R/M(R) = G/N. By (b) R is perfect and
since M(R) = Rn N # N we see that R is nearly-simple. Hence R is a near component of G with R £ N.

Next let K be any near-component of G with K ¢ N. By G = KN and the minimality of R
gives R < K <G = NR. If follows that K = (K n N)R. Since K ¢ N we know that K n N # K and so
KnN <M(K). Thus R ¢ M(K) and since R <4 K we get R =K. O
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Lemma 4.2.5. Let G be a finite group, K a near-component of G and N a subnormal subgroup of N.
Then one of the following holds:

(1) K<N.
(2) N normalizes K and [K,N]<M(K).

Proof. If N = G, then holds. So suppose N # K and let H be a maximal normal subgroup of G with
N <H. If K<H, then (1)) or (2) holds by induction on |G]|.

So suppose K ¢ H. Note that G/H is simple. Since K' = K ¢ H we see that (G/H)" # 1. Thus
(G/H) = G/H, so G/H is perfect. Thus we can apply with N in place of G. Since K ¢ H and K
is a near component of G, @@ shows that K is the smallest subnormal supplement to N in G and

KnH=M(K). By (#.2.4)(b) K <G and so
[K,N]<[K,H]<KnH=M(K)

and holds. O

Lemma 4.2.6. Let K and L be near-components of a finite groups G. Then exactly one of the following
holds.
K=L K<M(L), L<M(K), [K,L]<M(L)nM(K)

In particular,
K<L or [K,LI<M(K)

Proof. We will first show that one of the four statements hold. We may assume that K ¢ M(L) and
L £ M(L). Suppose that K < L. Note that L/M(L) is a perfect simple group and so by @ there
exists a unique near component of L not contained in M(L). Since both K and L are near components of
L not contained M(L) conclude that K = L. So suppose K ¢ L. By symmetry we may also assume L £ K.
Then by [K, L] <M(K) and by symmetry, [K, L] < M(L).

So one of the four statements hold.

As K # M(K) and L # M(L) the first three statement are mutually exclusive.

Suppose one of the first two statement holds. Then K < L and so K = [K,K]| < [K,L] and [K, L] ¢
M(K). So the fourth statements does not hold.

By symmetry, if the third statement holds, the fourth one does not. O

Lemma 4.2.7. Let G be a finite group and K a component of G.
(a) Let Nd9G. Then K <N or [K,N]=1.
(b) Let L be a component of G. Then K = L or [K,L] =1.
(c) [K,Sol(G)] =[K,F(G)] =1. In particular, [E(G),Sol(G)] =1 and [E(G),F(G)] =1.
Proof. (@) Suppose K ¢ N. Then by [K,N]<M(K)=7(K). Thus
[[N,K,]K]<[Z(K),K]=1and [[K,N],K]=[[N,K],K] =1.
= 1.

So by the Three Subgroup Lemma [[K,K],N] Since K is perfect, K = [K,K] and so
[K,N]=1.

(o) Suppose [K,L] # 1. Then by (a)), K < L. By symmetry, L < K and so L = K.

Since 1 # K = K’', K is not solvable. Thus K ¢ Sol(G) and so by (a)), [K,Sol(G)] = 1. Since
F(G) < Sol(G) also [K,F(G)] =1. O
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Definition 4.2.8. Let G be a group.
(a) G is called nearly-abelian if H < Z(G) for all proper normal subgroups H of G.

(b) F*(G) is the subgroup generated by the nearly-abelian subnormal subgroups of G. F*(G) is called the
generalized Fitting subgroup of G.

(¢) E(G) is the subgroup generated by the components of G.
Lemma 4.2.9. Let G be a finite group.
(a) Ca(F*(G)) <F*(G).
(b) Suppose G is solvable. Then E(G) =1 and Cq(F(G)) < Ca(F(Q)).

Proof. Put H := Cq(F*(G)). Note that F*(G) and so also H is normal in G.
Suppose for a contradiction that H £ F*(G) and let K be a subnormal subgroup of H minimal with
K £ F*(G). By minimality of K any proper normal subgroup of K is contained in F*(G). Thus

M(K) < K nF*(G) < K nC(G) = Z(K)

Assume that K = K'. Then K £ Z(K) and so M(K) = Z(K). Thus shows that K is quasi-simple
and so K is a component of G. Thus K <E(G) < F*(G), a contradiction.

Assume that K is not perfect. Then K’ < M(K) < Z(K) and so K/Z(K) is abelian. Hence K = Zo(K)
and K is nilpotent. Thus K <F(G)) < F*(G), a contradiction.

@ Suppose G is solvable. Then shows that G does not a a non-trivial perfect subgroups. So G
has no components. It follows that E(G) =1 and so F*(G) = F(G). Thus (b)) follows from (&) O

Definition 4.2.10. A partially ordered set (I,<) is call totally unordered if a =b for all a,b e I with a <b.

Lemma 4.2.11. Let G be a finite group and K a totally unordered set of near-components of G.
E:=(K), M:=(M(K)|KeK) and E:=E/M

Let K € K and put
K*=(K~{K})M

(a) E is a perfect subnormal subgroup G.
(b) [K,K']<M(K)<K.

() K<E, M(K)<E, M<E and K*E.
)

(d) KnM=KnK'=M(K), E=KK* and K = E/K* =~ K/M(K). In particular, K is a perfect simple
group.

(e) K*=Cg(K/M(K)) and K* is the unique maximal normal subgroup of E with K £ K*.

(f)
E=@ K=z @ K/M(K).

KekC KekC

(g) Let R be a near-component of E. Then there exists L € KC with R < L. Moreover, either R=L e K
and R¢ M or R<M(L) < M.
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(h)
K=N*(E)={LeN(E)|N ¢ M)}

(i) Let N be maximal normal subgroup of E. Then there exists a unique Ky € N(FE) with Ky £ N.
Moreover, Ky € K and M < N = Ky.

(j) The function K — K* is a bijection between K and the set of maximal normal subgroups of E with
mverse N — K.

(k) M is the intersection of the mazimal normal subgroups of E.

Proof. @ By FE is subnormal in G. Any group generated by perfect subgroups is perfect and so @
holds.

() and (d): Let L € K with K # L. Since K is totally unordered we get K # L and so implies

[K,L]<M(K)<M

In particular, L normalizes K. It follows that K < E and since M(K) is a characteristic subgroup of
G, also M(K) < E. Thus in turn implies that M < E and K* 9 E.

Note that [K,M(L)] < [K,L] < L(K) and [K,M(K)] < M(K). As M(K) < E this gives [K,K"'] =
[K, (K~ {K}M <M(K). So (b) and (d) hold.

(d) Since [K,K*] < Mg and [K,K] = K ¢ M(K) we have K # K*. Thus K n K" is a proper normal
subgroup of K, so and so
KnK'<M(K)<KnM<KnK"

It follows that K n K* = M(K) =K n M. Since (K~ {K} < K* <E we have E = (K) = (K,K*)= KK*
and then

E/K*=KK'|KPerp2 K|[KnK*=K/KnM=KM|M=K

Also K/[KnM = K/M(K). By (#.2.2)(a) K/M(K) is simple and since K is perfect also K/M(K) is
perfect. Thus all parts of @ are proved.

From [K,K*] = K ¢ Cg(K/M(K) we know that Cg(K/M(K) is a proper normal subgroup of
G. By () K* < Cg(K/M(K). By (d) E/K* simple, so K* is a maximal normal subgroup of E. Thus
K*' =Cp(K/M(K)).

Let N be any normal subgroup of E with K ¢ N. By [£.2.5|[K, N] < M(K). Thus N < Cp(K/M(K) =
K* and so K* is the unique maximal normal subgroup of F not containing K. Hence @ is proved.

() From KM nK* = (Kn K*)M = M we get K nK* = 1. Together with E = (K | K € K), K <E and
Kt =(L|LeK~{K}, this shows that E is the internal direct sum of {K | K € K}. Thus @) holds.

Let R be a near-component of E. Then R = [R,E] < [R,E] and so [R,E] £ M(R). Hence there
exists L € K with [R, L] £ M(R). By R<Lor [R,L]<M(R),so R< L. Hence R << L and so either
R=L or R<M(L). Thus holds.

(h) By (jgf) each-component of E is contained in an member of K. As K is totally unordered, no elements
on K is contained in another element of L. So K is exactly the set of maximal near components of FE.
Moreover, by @ any near component of F not contained in M is contained /C, so holds.

Let N be a maximal normal subgroup of E. Then E/N is simple an Since F is perfect, also E/N
is perfect. Now 1} shows there exists a unique near-component Ky of F with Ky £ N. By ,
Ky <L for some Le K. As Ky £ N also L £ N. Thus L is near-component of with L £ N. So Ky =1 by
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uniqueness of L. Hence Ky € K. As N is maximal normal subgroup of E with Ky £ K, we conclude from
(¢ that N = K.

(ED By (@ K* is maximal normal subgroup of K. Also K a near component of E with K £ K*, so
K = Kg..

If N is a maximal normal subgroup of E, then (i) shows that Ky € K and N = Ky,. Thus the two
functions in @ are well define and inverse to each other.

By (j) {K* | K € K} is the set of maximal normal subgroups of G. By ()
F-@F
KeK

As K+ =(L| L e K~ {K}), this implies that Ngec K+ = 1. Since M < K* we conclude that Ngexe K* = M
and so (]H) is proved. ]

Lemma 4.2.12. Let G be a finite group and H 44 G.

(
(

a) N*(H) is a totally unordered set of near-components of G.

b) N.(H) is a totally unordered set of near-components of G

)
)

(¢) E(H) is a totally unordered set of near-components of G.
)

(d) Let K is a near-component of H. Then K is a totally unordered set of near-components of G. In
particular, K 4 (KH).

Proof. @ and (]ED Just observe that the set of minimal and the set of maximal elements of any partially
ordered set is totally unordered.

(d) By @22)(d) E(H) < N.(H). As N.(H) is totally unordered, so is £(H).
Let L, R e K* with L < R. Note that |L| = |K| = |R| and so L = R. O

Corollary 4.2.13. Let G be a finite group. Then the function K — (K) is a bijection between the set of
totally unordered sets of near-components of G and set of perfect subnormal subgroups of G with inverse
H - N*(H).

Proof. Let K be totally unordered set of near-components of G. By (K) is a perfect subnormal
subgroup of G and N*((K)) = K.

Next let H be a perfect subnormal subgroup of G. By @ N*(H) is a totally unordered set of
near-components of G. Put D = (N*(H)) and suppose for a contradiction that D # H. Note that D < H
and so there exists a maximal normal subgroup N of G with D < N. As H is perfect, H/N is a perfect
simple group. Thus by @ there exists component R of H with R £ N. Observe that R < K for
some K e N*(H). Since R¢ N also K £ N. But K < D < N a contradiction. Thus H = D = (N*(H)).

We proved that the two functions are well-defined and inverse to each other. Thus the corollary
holds. O

Lemma 4.2.14. Let G be a finite group and S a composition series for G.

(a) Let K € N(G). Then there exists unique Sk € S with K < S and Sk # S™. Moreover, Sk /Sy is
perfect, Sk = KSy and K|/M(K) = Sk/Sk.

(b) Let S/S™ be a perfect factor of S. Then there exists a unique Kg € N(G) with Kg<S and Kg £ S™.
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(c) The function K — Sk [Sy in the bijection between N (K) and set of perfect factors of S with inverse
S/S_ ~ Kg.

Proof. @ Since K < G € § we can choose Sk € § minimal with K < Sg. Then K # S and since S is
totally ordered, Sk is the unique element of S with K < Sk and K £ Sj. Since S is a composition series
we know that Sk /Sy is simple. As K = K' < S} we have S} £ Sk It follows that 1 # (Sk/Sk)" 4 Sk/Sk-
Thus Sk /S) is a perfect simple groups. Note that K is near-component of Sk with K ¢ Sj. Hence
@ shows that K is the smallest subnormal supplement to Sy in Sk and that Sk /Sy = K/M(K).

@ This follows from @

Let K e N(G). By (b)) Sk/Sx is a perfect factor of S. Also K < Sk and K ¢ Sk, so K = Kg,..
Let S/S™ be a perfect factor of S. By (b) Kg e N(G). Also Kg<S and Kg ¢ 57, s0 5= Sk,.
Thus the two function are well-defined and inverse to each other. O



Appendix A

Set Theory

A.1 Ordinals

Definition A.1.1. A well-ordering on set S is a relation < such that

(i) If a,be S then exactly one of a <b, a=b and b< a holds.
(ii) If a,b,ce S with a<b and b< ¢, then a < c.

(iii) If T is a non-empty subset of S, then there exists t € T with t <r for all r € T with r #t.

Lemma A.1.2 (Principal of Induction). Let <’ be a well-ordering on the set S. Let P(x) be a statement
involving the variable x. Suppose that, whenever s € S such that P(t) hold for allt € S with t < s, then also
P(s) holds. Then P(s) holds for all s € S.

Proof. 1f not, then set
T:={seS| P(s) does not hold}

is not empty and so has a minimal element s. It follows that P(¢) holds for all ¢t € S with ¢ < s. But then
P(s) holds and so s ¢ T', a contradiction. O

Definition A.1.3. An ordinal is a set S such that
(i) Each element of S is a subset of S.
(ii) € is a well-ordering on S.

Example A.1.4. The following sets are ordinals:

0:=0
1:=0u{0} = {0} - {2}
2:=1u{1} ={0,1} ={2,{2}}

3=20(2) ={0,1,2)  ={o.{2}.{e.{2}}}
n+1 ::nu{n}.: {0,1,2...,n}

and

N:=({a|O0ca,VBea:Bu{B}ea }={0,1,2,3,...}

81
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Lemma A.1.5. Let o be a ordinal.
Let Bea and yeB. Then v € .

Define a+1=au{a}. Then a+1 is an ordinal.

Let B8 be an ordinal, then exactly one of B € a,ax = and B € a holds.

)
)
c) Every element of ordinal is an ordinal.
)
) Let 8 an ordinal. Then « € 3 if and only if o ¢ B. In particular, o € B if and only if a € B or a = 3.
)

Let A be a non-empty set of ordinals. Then N A is an ordinal. Moreover, NA € A and N A is the
minimal element of A.

(g) Let A be a set of ordinals. Then UA is an ordinal.

Proof. @ Since « is an ordinal and 3 € v we have 5 C a. As v € a we get v € .

() Since a+1 = avu {a} we have
(#) Letxea+1l. Thenxea orx=a.
Next we show
(##%) Letxea+1. Then x € a. In particular, every element of a+ 1 is a subset of o+ 1.

Let x ca+ 1. Then x € a or x = . In the first case, since « is an ordinal we get x € . In the second
case = a and so again x € a.

(#*x%) Letz,yea+1 withxey. Then x €.

By y € a. Hence x €y implies z € a.
(+) Letx,yea+1. Then exactly one of x € y,y =x and y € x holds.

Suppose that € y and x = y. Then x € z, a contradiction to the axioms of set theory.

Suppose z € y and y € x. Then shows that = € a and y € a, a contradiction since ‘€’ is ordering
on .

Thus at most one of the three statements hold.

If x = a and y = «, then z = y. So we may assume that v # a, sox e . f y=a we get zey. If y # a,
then y € a and since ‘€’ is total ordering on o we get x e y,z =y or Y € x.

(++) Letz,y,zea+1 withzey andyez. Then x € z.

By xeaand y € a. If z=a, we conclude that x € z. If z # o, then z € o and since ‘€’ is a
ordering on o we get x € 2.

To complete the proof of (]E[) we need to show every non-empty subset y of o+ 1 as a minimal element
with respect to ‘e’. If y = {a}, then certainly « is a minimal element of y. So suppose that y # {a}. Since
a+1l=au{a} we have y € (yna)u{a}. Hence yna # @. and since ‘€’ is a well-ordering on «, we see
that y N« has a minimal element m. As me a and y € (yna)u{a}, m is also a minimal element of y.

Let 8 € a. We will first show that any element v € § is a subset of 5. By @ ~v € o and so also 7 € a.
Let §e. Then d e . As d ey and vy € 8 and ‘€’ is a transitive relation on a have get § € 5. Thus v ¢ 5.
Since ‘€’ is a well-ordering on « and 5 is a subset of «, '€’ is also a well-ordering on .
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@ If a=p3,then a¢ 8 and 8¢ a. If ae B, then a € 8 and since a € a also a ¢ 5.So at most one the

three statements hold.
Fix the ordinal 3, and for any ordinal p consider the statement:

P(p): At least one of B € p,3=p and p € (8 holds. holds.

It remains to show that P(«) hold. As o€ a+1 it suffices to show that P(p) holds for all pe o+ 1. By
(]ED, a + 1 is well-ordered with respect to ‘e’. So by the Principal of Induction we may assume that P(p’)
holds for all p’ € a+ 1 with p’ €.

Let vy € p. Since pe a+ 1, shows that 7 € @+ 1 and so P(v) holds. Thus

yeB, =B or fen.
If v = B, then as v € p, we get B € p and P(p) holds

If B €, then as vy € p, we get 8 € p (see (b)) and again P(p) holds.
Thus we may assume that v € 5 for all v € p. Thus

pep

If p = f3, then P(p) holds. So we may assume that p # 5. Since p € 8 we conlude that 5\ p is a non-empty
subset of the ordinal # and so has an minimal (with respect to ‘€’) element §. Let n € §. Since § € f3, (]E[}
implies that n € 5. Hence 1 € p by the minimal choice of §. Thus

dcp.

As~yepand d¢pwehave v+ 9. As yepand p is an ordinal, v C p. As § ¢ p this gives § ¢ .
We proved v # 6 and § ¢ v. As 6,y € 8 and that ‘€’ is an ordering on the ordinal 8 we get +v € §. Thus
holds for all v e p, so pcd. As 6 € p this gives p=4§ € 5.

(@ Suppose a € 8. Then « # 8 and since § is an ordinal, a € 3. So a & 5.
If a ¢ 8 we have 8 ¢ . Hence o # 8 and since ( is an ordinal, 5 ¢ a. Now @ gives « € 5.

@ Any subset of a well-ordered set is well-ordered. So N A is well-ordered with respect to ‘€’. Let
ze€MNA. Then z €ea for all ae A and so z € a for all a € A. Hence z € N A. Thus NA is an ordinal. If
NA+aforall ae A, then NA ¢ a and by @, NAeafor all a e A. Hence NA € N A, a contradiction to

Let z e UA. Then x € a for some a € A. It follow that x € @ and so also x €U A. From @ and @
we see ‘€’ is a total ordering on N A.

Let d be a non-empty subset of [JA. Let x € d. Then x € a for some a € A and so dna # @. Thus
B:={aeA|dna#+ @} is a non-empty set of ordinals. By (f), B has a minimal element b. Then bnd is
a non-empty subset of the ordinal b and so has a minimal element m. Suppose for a contradiction that
xem. As meb and b is an ordinal we get x € b. Thus x € bnd, a contradiction since x € m and m is the
minimal element of bnd. We proved that x ¢ m and so m is the minimal element of d. It follows that ‘€’
is a well-ordering on U A and so U A is an ordinal. O

Lemma A.1.6. Let o be an ordinal and put 3 =Ua = Uyeq 7. Then exactly of the following two statements
holds:

(1) Bea, B+a, B is the mazimal element of a and 3 is the unique ordinal with o= 3+ 1.

(2) Bé¢a, B=a, a has no mazimal element and there does not exists an ordinal 6 with av =6 + 1.

Proof. By (A.15)(g) 8 is an ordinal, We will first show



84 APPENDIX A. SET THEORY

(*) B <ca. In particular, exactly one of B € a and B =« holds.
Just observe that v € « for all vy €« and so Ua € a.

(#%)  Let 0 be an ordinal. Then o =06+ 1 if and only of § is a maximal element of a and if and only if

Bea and 5=9.

Suppose first that « = § + 1. Then a =0 U {0}. So 0 € @ and if v € & then v € or v =4d. Thus ¢ is
maximal element of «.

Suppose next that ¢ is maximal element of o. Let «v € a. Then either v € § or v = 4. In either case v c §
and thus f=Ua cd. As § € a we also have d € U« and thus b=d € a.

Suppose finally that € « and g =9. Let v € a. Then v < 8 and so either ye Sor y=5. Thusye g+1
and so v € B+ 1. By Bcaand since fea weget B+1=FuU{Bf}Ca. Soa=+1=§+1.

We now can prove the lemma. By exactly one of § €« and 8 = « holds.

Suppose § € a. Then g # a. Moreover, by applied with § = 5 we see that f is maximal element of
« and that S is the unique ordinal with oo = 8 + 1.

Suppose 8 = a. Then § ¢ a and shows that o does not have maximal element and there does not
exists an ordinal § with a =9 + 1. O

Definition A.1.7. A limit ordinal is an ordinal o with @+ a = U«

Definition A.1.8. Let a and 8 be ordinals. Define the ordinal o+ 5 inductively via

@ ifa=0
a+fB={(a+y)+1 if 8=~+1 for some ordinal
Uy<p(a+7)  otherwise
Remark A.1.9.

0+N=J(O+n)=N
neN

1+N=J(1+n)=N
neN

N+1=Nu{N} #N
In particular, addition of ordinals is not commutative and the right cancellation law does not hold.
Lemma A.1.10. Let «, 8 and v be ordinals. Then
(a) B<vyifand only if a+ B <a+7.
(b) a+ B =a+~v if and only if B =".

Proof. Suppose first that 8 <~. If v = d+1 for some ordinal §, then 5 < § and so by induction o+ < a+9.
Since (a+7v) =(a+(§)+1 and a+ 7y < (v +y) + 1 we conclude that a + < a + . So suppose = is a limit
ordinal. Then S+ 1<~ and so a+ (8 +1) < a++ by the definition of addition. Since a+ < a+(8+1)
we again have a+ < a+7.

In general exactly one of

B <, B =7, and vy <3

In this cases we conclude
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a+fB<a+ry, a+fB=a+7, and a+vy<a+ [,
respectively and so @ and (]E[) holds.
O

Lemma A.1.11. (a) Let o and 8 be ordinals with o < 3, then there exists a unique ordinal § with
a+d=0.

(b) Let o and B be ordinals. Then
{atvy[v<Bt={plasp<a+p}

(c) Let o be an ordinal and  limit ordinal. Then o+ (3 is a limit ordinal.

Proof. @ The uniqueness follows from A.l.lO(]ED. So it suffices to find an ordinal § with a+ 6 = 8. If
B = «, we can choose d = 0. Inductively if & <y < 8 let v* be the unique ordinal with a+~* = 5. If 8=y +1
for some ordinal ~, then

a+(y"+1)=(a+y)+1=v+1=p

and we can choose § =" + 1.

So suppose 3 is limit ordinal and put § = sup,,.37"}. Note that I':= {7 | a <+ < 8} has no maximal
element and so by (A.1.10)(a), also {7* |y € '} has no maximal element. Thus ¢ is a limit ordinal. Let y
be an ordinal with p < d. Then p < * for some ordinal v € I'. Thus p:=a+p<a+~* < 5. It follows that
a+p=p=a+p and so pu=p*. Thus {u|pu<pB*}={p*|pel. Hence

a+d=supa+pu=supa+p =supp=p0
u<d pel* pel’

where the last inequality holds, since § is a limit ordinal.

@ If v < 3, then by [A.1.10 o+ vy < a + 5.
Conversely, if a < p < a+ 3, then by (d), p = o+ for some ordinal 7. Since a+v =p < a+ 3, [A.1.10

gives p < (.

: Since f is a limit ordinal, we have 8 £ 0. Hence a < o+ and a+ 3 # 0. Let p be an ordinal. We
need to show that a+ 3+ p+1.

Suppose p<a. Then p+1<a<a+fandso p+1+a+p.

Suppose that o < p. Then by (]ED there exist ordinal § with p = a+§. Then

p+l=(a+d)+1=a+(0+1)
Since (3 is limit ordinal we have § + 1 # 8 and so @ shows that
a+(0+1)+xa+p
Hence again p+ 1+ a+ 3 and so « + S is limit ordinal. O

Lemma A.1.12. Let «, 3, be ordinals. Then

(a+B)+y=a+(B+7)
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Proof. If v = 0, both sides are equal to a+ . So suppose v # 0 and that (o + )+ = a+ (S +9) for all
ordinals d < 7.
Suppose that 8= 4§ + 1 for some ordinal §. Then

(a+pB)+y = (a+p)+(5+1)
= ((a+p)+0)+1
= (a+(B+9))+1
= a+((B+d)+1)
= a+(B+(6+1))
= a+(B+7)

Suppose next that « is a limit ordinal. Then

(a+pB)+y = sup(a+B)+9¢

o<y

= supa+ (B8+9)
o<y

= sup a+p
BLp<B+y

= sup a+p
p<B+y

= a+(B+7)

Definition A.1.13. Let « and 8 be ordinals. Then the ordinal af is inductively defined as follows

0 ifB=0
af={av+a« ifB=v+1
supy.gay i B is a limit ordinal

Observe that 0o =0, la=a=al and a2 =a+a. But 2a=a # a + a = la+ la for any infinite ordinal.
So multiplication of ordinals is not commutative and not left distributative.

Lemma A.1.14. Let o, o, &, p,p be ordinals with o #0, p <, and p <. Then aoc +p < ad + p if and
only of 0 <& oro=6 and p< p. Let o, B and v be ordinals with a #0 and B <~y. Then af < av.

Proof. ==: 1If 8 <~ the definition of the multiplication of ordinals shows that af < ary.
Suppose o < &, then o +1 <& and so
ac+p<ac+a=a(c+1l)<ad<ad+p.

Suppose 0 =6 and p < p. Then

ac+p=ac+p<ac+p.

<—: Suppose that ao + p < <ag + p. By the forward direction with the roles of (o,p) and (&, p)
transposed we neither have 6 < o nor ¢ = ¢ and p < p. Since (p,0) # (p,6) we conclude that either
o < stgma or o — G and p < p. O
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Lemma A.1.15. Let « and 8 be ordinals with o + 0. Then there exists unique ordinals o, p with 8 =ao+p
and p < 8. Moreover, if ¢ and 4 are ordinals with p < . Then ac+p < ad+p if and only of c <& oro=¢&
and p < p.

Proof. Note that the uniqueness assertion follows from So we just need to proof the existence of o
and p. We use induction on 5. If 8 =0, choose o = p=0.

ff=~v+1,let y=ac+pwith p<a. If p+1 <« we can choose o =6 and p=p+1. If p+1 =, then

B=y+l=ac+p+1l=ad+a=a(d+1)

So we can choose 0 =6+ 1 and p=0.
Suppose now that 3 is a limit ordinal.
For § < 8, let § = aos + ps with ps < a. Put

0 =supos.
6<B

Suppose that 6 # o5 for all § < 3. Then by d < atho for all § < 8 and so B < ad. Also 6 is a
limit ordinal and if € < &, then e < g5 for some § < 8. Then ae < aos+ ps = 0 < 5 and so by definition of ag,

ad =supae < f8
<o

Thus § = ad and we can choose o = and p = 0.
Suppose that ¢ = o4 for some § < f and let A={d<f|os5=05}. Put

~

p =supos.
deA

By if 6 < 8 with o5 < &, then ¢ = aos < ad < +ad + p. It follows that

B =supd =supd =supad + ps = af +sup ps = ad + ps
6<p deA deA deA

Since ps < aforalld e A, p<a. If p<a, choosec=6and p=p. If p=a chooseg=6+1and p=0. O

Lemma A.1.16. Let « be an ordinal and A a non-empty set of ordinals. Then

Q@ (sup 5) = sup ad
deA deA

Proof. Let 8 =supgea 0 and 7 = supgea 6. Let § € A. Then 6 < 8. and so also ad < af. Hence v < af.

If & = 0, both v and a3 are equal to zero. So suppose « # 0. Then by [A.T.15|we have v = ao +p for some
ordinals o, p with p < a. Since ad <y we get from that <o and so §<o. Thus af <aoc+p=7
and so v = af. O

Lemma A.1.17. Let «, 8 and v be ordinals. Then
(a) a(B+y)=aB+ay.

(b) (aB)y=a(B).
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Proof. @) If 4 = 0 both sides are equal to a5. Suppose v =6 + 1. Then

a(f+7) a(B+(0+1))

af + (ad + )

a((B+6)+1)
af+a(d+1) = af+ay.

a(f+d)+a = (af+ad)+a

Suppose that « is a limit ordinal. Then also [ + - is limit ordinal. So

a(B+7) = sup ad =supa(fB+e¢€)=supaf +ae=af +supae=af +ay
6<B+y €<y e<y €<y

(]E[) For v =0 both sides are equal to 0. Suppose 7=¢6 + 1. Then

(af)y=(apf)(6+1) = (af)d +af = a(B0) +af = a(Bd+ ) = a(B(0+1)) = a(B7)
Suppose v is a limit ordinal. Hence using

()7 = sup(aB)3 = supa(#6) = a (sup Bé) - a(By)
§<y d<y o<y

O
Lemma A.1.18. Let a, 8 be ordinals with o # 0 # 3. Define an ordering on o x 3 by (p,0) < (p, ) if
o<doro=ad and p< p. Define
[+ axB - af
(p,0) = ao+p

Then f is an isomorphism of order sets.

Proof. This follows immediately from [A.1.14] and [A.1.15) [
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