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Preface

These are the lecture notes for the classes MTH 818 in Fall 2012 and MTH 819 in Spring 2013.
The notes were originally based on Hungerford’s Algebra [Hunl, but by now the content and proofs
have diverged from Hungerford.

The lecture notes will be updated frequently.
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Chapter 1

Group Theory

1.1 Latin Squares

Definition 1.1.1. Let I, J be sets C a class. An I x J matrix in C is a function M : [ x J - C.. We
will write M;; for the image of (i, j) under M. M;j is called the i j-coefficient of M. We denote M by

[Mij]ier-
jeJ
Definition 1.1.2. Let G be a set and ¢ a function such that G x G is contained in the domain of G.

(a) If a,b € G we write ab or agb for ¢(a,b). ¢ is called a binary operation on G (or closed on G,
ifab € G for all a,b € G. In this case the pair (G, ¢) is called a magma.

(b) 1€ G is called an identity element if la = al = a forall a € G.

(c) We say that (G, ¢) is a Latin square if for all a,b in G there exist unique elements x,y in G so
that
ax=bandya=">b

(d) The multiplication table of (G, ¢) is the matrix G x G-matrix [ab] G-
beG

(e) The order of (G, @) is the cardinality |G| of G.

We remark that (G, ¢) is a latin square if and only if each a € G appears exactly once in each
row and in each column of the multiplication table.

If there is no confusion about the binary operation in mind, we will just write G for (G, ) and
call G a magma.

If (G, ¢) is a magma, we can restrict ¢ to a function

$:GxG—G,(a,b) - ab
Then (G, §) is also a magma

Definition 1.1.3. Let G and H be magma and « : G - H a function.

7



8 CHAPTER 1. GROUP THEORY

(a) ais called a (magma) homomorphism if a(ab) = a(a)a(b), for all a,b € G.

(b) ais called an isomorphism if a is a homomorphism and there exists a homomorphismf3: H - G
with @ o8 =1dyg and S o a = idg.

(¢) « is an automorphism if G = H and « is an isomorphism.

(d) If G and H are monoid, « is called a monoid-homomorphism if « is magma-homomorphism
and a(1g) = 1p.

(e) If G and H are groups, , a is called a group -homomorphism if a is magma-homomorphism.
Definition 1.1.4. Let G and H be magmas.

(a) The opposite magma G? is defined by G°° = G as a set and
8 “op h = hg.

(b) An magma anti homomorphisma : G — H is a magma homomorphism « : G - H®. So
a(ab) = a(b)a(a).

Lemma 1.1.5. (a) Let G be a magma. Then G has at most one identity.

(b) Let o : G - H be a magma homomorphism. Then « is an isomorphism if and only if a is a
bijection.

Proof. (@) Let 1 and 1* be identities. Then
1=11"=1".

(b) Clearly any isomorphism is a bijection. Conversely, assume « is a bijection and let 3 be its
inverse map. We need to show that 8 is a homomorphism. For this let a,b € H. Then as « is a
homomorphism

a(B(a)p(b)) = a(B(a))a(B(b)) = ab = a(B(ab)).
Since a is 1-1 (or by applying ) we get

B(a)B(b) = B(ab).
So B is an homomorphism. O

1.1.6 (Latin Squares of small order). Below we list (up to isomorphism) all Latin square of order at
most 5 which have an identity element 1. It is fairly straightforward to obtain this list, although the
case |G| = 5 is rather tedious). We leave the details to the reader, but indicate a case division which
leads to the various Latin squares.

Order 1,2 and 3:
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1 a b

1 a —_—t

1 111 a b
11 a

111 ala b 1
ala 1

b|b 1 a

Order 4:  Here we get two non-isomorphic Latin squares. One for the case that a> # 1 for
some a € G and one for the case that > = 1 for all a € G.

1 a b ¢ 1 a b ¢

1|1 a b c 111 a b c

(1) ala b ¢ 1 2) ala 1 ¢ b
bi|b c 1 a b|b c 1 a

cle 1 a b clec b a1

Order 5: This time we get lots of cases:

Case 1: There exists 1 # a # b with a® = 1 = b2,

Case 2 There exists 1 # a with a® # 1, aa® = 1 and (a®a)? = 1.

Case 3 There exists 1 # a with a® # 1, aa® = 1 and (a%a)? # 1

Case 4 There exists 1 # a with a® # 1, a®a = 1 and (aa®)* = 1.

This Latin square is anti-isomorphic but not isomorphic to the one in case 2. Anti-isomorphic
means that is there exists bijection @ with a(ab) = a(b)a(a)).

Case 5 There exists 1 # a with a® # 1, a’a = 1 and (aa®)? # 1.

This Latin square is isomorphic and anti-isomorphic to the one in case 3.

Case 6 There exists 1 # a with a® # 1, a®a = aa* 1

Case 7 There exists 1 # a with a® # 1 = (a*)>.

Case 8 There exists 1 # a with (¢®)? # 1 and 1 # a’a # aa® # 1.

In this case put ¢ = aa>. Then ¢® # 1 and either c¢®> = 1 or c’c = 1. Moreover (c’c)? # 1
respectively (cc?)? # 1 and the latin square is isomorphic to the one in Case 3.

2

1 a b ¢ d 1 a b ¢ d 1 a b ¢ d 1 a b ¢ d
111 a b ¢ d 11 a b ¢ d 1/1 a b ¢ d 111 a b ¢ d
a 1l ¢ d a b 1 d ¢ a b 1 d a b ¢ d 1

(1) (2) (3) 4)
blb d 1 a c blb ¢ d a 1 blb ¢c d 1 a b|b 1 d a c
clec b d 1 a cle d a 1 b clec d a b 1 clec d a1l b
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1 a b ¢ d 1 a b ¢ d 1 a b ¢ d 1 a b ¢ d

111 a b ¢ d 11 a b ¢ d 1/1 a b ¢ d 11 a b ¢ d

1
{x.y} ={a,b}

S
S
—
[N
Q
o
S
S
o
U
—_
Q
S
S
QU
—
Q
o
S
S
(SN
Q
—

clc d 1 b a clc d 1 a b clc 1 d b a clc 1 d x vy
dld ¢c a 1 b dld 1 a b c dld ¢c a1 b did ¢ 1 y x

1.2 Semigroups, monoids and groups

Definition 1.2.1. Let G be a magma.
(a) The binary operation on G is called associative if
(ab)c = a(bc)
forall a,b,c € G. If this is the case we call G a semigroup.
(b) G is a monoid if it is a semigroup and has an identity.

(c¢) Suppose G is a monoid and let a,b € G with ab = 1. Then a is called a left inverse of b and b is
called a right inverse of a.

(d) Suppose that G is a monoid. Then a € G is called invertible if there exists a™' € G with

1

Such an a™" is called an inverse of a.

(e) A group is a monoid in which every element is invertible.
(f) G is called abelian (or commutative) if
ab = ba
forall a,b € G.

Example 1.2.2. Let Z* denote the positive integers and N the non-negative integers. Then (Z*,+)
is a semigroup, (N, +) is a monoid and (Z,+) is a group. (Z,-) and (R,-) are monoids. Let
R* = R~ {0}. Then (R*,-) is a group. The integers modulo n under addition is another example.
We denote this group by (Z/nZ,+). All the examples so far have been abelian.

Note that in a group a~'b is the unique solution of ax = b and ba~' is the unique solution of
ya = b. So every group is a Latin square with identity. But the converse is not true. Indeed of the
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Latin squares listed in section|1.1|all the once of order less than five are groups. But of Latin squares
of order five only the one labeled (6) is a group.

Let K be a field and V a vector space over K. Let Endk (V) the set of all K-linear maps from V
to V. Then Endk (V) is a monoid under compositions. Let GLk (V) be the set of K-linear bijection
from V to V. Then GLk (V) is a group under composition, called the general linear group of V. It is
easy to verify that GLk (V) is not abelian unless V has dimension 0 or 1.

Let I be a set. Then the set Sym(/) of all bijection from 7 to [ is a group under composition,
called the symmetric group on I. If I = {1,...,n} we also write Sym(n) for Sym(/). Sym(n)
is called the symmetric group of degree n. Sym([) is not abelian as long as I has at least three
elements.

Above we obtained various examples of groups by starting with a monoid and then considered
only the invertible elements. This works in general:

Lemma 1.2.3. Let G be a monoid.

(a) Suppose that a,b,c € G, a is a left inverse of b and c is right inverse of b. Then a = c and a is an
inverse.

(b) An element in G has an inverse if and only if it has a left inverse and a right inverse.

(¢) Each element in G has at most one inverse.

(d) If x andy are invertible, then x' and xy are invertible. Namely x is an inverse of x_* and y~'x~!

is an inverse of xy.
(e) Let U(G) be the set of invertible elements in G, then U(G) is a group.

Proof. (a)
a=al =a(bc) = (ab)c=1c=c

(b) and (c) follow immediately from (a).
(d) Clearly x is an inverse of x~ L. Also

O™ D @) =y T ) =y (T ) =y () =y Ty =e

Similarly (xy)(y~'x~!) = 1 and so y~'x! is indeed an inverse for xy.

(e) By (d) U(G) is closed under multiplication. Since the multiplication is associative on G, its
also associative on U(G). Since 1 € U(G), U(G) is a monoid. By (d) x! € U(G) for all x € U(G)
ad so x has an inverse in U(G). Hence U(G) is a group. i

Corollary 1.2.4. Let G be a group. Then G is isomorphic to its opposite group G°P, in fact the map
1

x = x~ ' is an anti-automorphism of G and an isomorphism G - G°P,
Proof. This follows from [1.2.3|(d). O

Definition 1.2.5. Let G be a magma, n a positive integer and aj, . .. ,a, € G. Let z € G. Inductively,
zis called a product of (ay, ... ,ay) if either
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(a) n=1andz=ay; or

(b) n > 1 and there exist an integer k with 1 < k < n, a product x of (a; ...,ax) and a product y of
(A1 - -, an) such that 7 = xy.
Also z is called the standard product of (ay,...,a,) if either

(a) n=1andz=ay; or

(b) n>1and z = sa, where s is the standard product of (aj,...,a,-1).

If G has an identity e, then e is called the product and the standard product of the empty tuple

0O
Example 1.2.6. Products of tuple of length less or equal to four.

Let G be magma and a,b,c,d € G.

The only product of (a) is a.

The only product of (a,b) is ab,

The products of (a,b,c) are a(bc) and (ab)c.

The products of (a,b,c,d) are a(b(cd)), a((bc)d), (ab)(cd), (a(be))d and ((ab)c)d.

Theorem 1.2.7 (General Associativity Law). Let G be a semigroup and ay,...,a, € G. Then any
product of (ay,...,ay) is equal to the standard product.

Proof. The proof is by complete induction on n. For n = 1 the only product of (a;) is a;, which is
also the standard product.
So suppose n > 2 and that any product of a tuple of length less than n is equal to its standard

product. Let z be any product of (ay,...,a,). Then by definition of ‘product’ there exist an integer
1 <m < n, aproduct x of (ay,...,a,) and a product y of (a+1,-..,a,) such that z = xy.

Suppose first that m = n — 1. By induction x is the standard product of (ay,...,a,-1). Also
z = xa, and so by definition z is the standard product of (ay,...,a,).

Suppose next that m < n— 1. Again by induction y is the standard product of (a1, ...,a,) and

S0y = sa,, where s is the standard product of (a+ ...,a,-1). Hence
z=xy = x(sa,) = (xs)ay

As xs is a product of (ay,...a,-1), we are done by the m = n — 1 case. O

1.3 The projective plane of order 2

In this section we will look at the automorphism group of the projective plane of order two.

Definition 1.3.1. Let £ = (P, L, R) be a triple such that P and L are non-empty disjoint sets and
R € P x L. The elements of P are called points, the elements of L are called lines and we say a
point P and a line [ are incident if (P,1) € R. £ is called a projective plane if it has the following
three properties
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(PP1) Any point is incident with at least 3 lines and any line is incident with at least three points.

(PP2) Any two distinct points are incident with a unique common line.
(PP3) Any two distinct lines are incident with a unique common point.

If P and Q are distinct points in a projective plane, then PQ denotes the unique line incident
with P and Q. And if | and k are distinct lines lk denotes the unique point incident with [ and k.

Lemma 1.3.2. Let £ = (P, L, R) be a projective plane. Define
R ={(LP)|(Pl)eR}and E* = (L,P,R").
Then E* is a projective plane, called the dual plane of E.

Proof. (PPO) for £ implies (PPO) for £*, (PP1) for £ implies (PP2) for £* and (PP2) for £ implies
(PP1) for £*. O

Lemma 1.3.3. Let € be a projective plane.
(a) For each point P there exists a line [ not incident with P,
(b) For each line [ there exists a point P not incident with L.

(c) There exists three non-collinear points, that is three points which are not incident with a com-
mon line.

(d) Let P and Q be points. Then there exists a line [ which is neither incident with P nor with Q.

(e) There exists a cardinality q such that each point is incident with exactly q + 1 lines and each
line is incident with exactly g + 1 points. q is called the order of £.

Proof. (a) By (PPO) there exists a line r incident with P. By (PPO) there exist a point Q incident with
r and distinct from P. By (PPO) there exists a line / incident with Q and distinct from r. Suppose
that P is incident with /. Then P and Q are both incident with / and with . But then (PP1) shows
that [ = r, a contradiction. So / is not incident with P.

(b)) Follows from (a) applied to the dual plane of £.

Since L is not empty, there exists a line /. By (PP0) there exists distinct points P and Q
incident with /. By (b)) there exists a point R not incident with /. Suppose that k is a line incident
with P, Q and R. Then both Q and R are incident with r and with /. Hence r = [ and P is incident
with [, a contradiction. Thus P, Q and R are non-collinear.

(d) If P = Q, this is (a). So suppose P # Q and let k = PQ. By (b) there exists a point R not
incident with k. By (PP0), R is incident with at least three lines and so the exists a line / incident
with R and distinct from PR and QR. Since R is incident with [ we conclude that neither P nor Q is
incident with [,

For a point P let A(P) be the set of lines incident with P. For a line / A(l) be the set of points
incident with /. We will first show that



14 CHAPTER 1. GROUP THEORY

1°.  Let P be a point and | a line not incident with P. Then |A(P)|| = |A(])|.

Let Q € A(]). Since P is not incident with /, P # Q and so PQ is a line incident with P. Hence
we obtain a function

a:A(l) > A(P),Q — QP

Applying this result to the dual plane we get a function

B:A(P) - A(l),k >kl

Note that Q is a point incident with QP and [/ and so Q = (QP)l. Thus B(a(Q)) = Q and
Boa=idy(;. Thus result applied to the dual plane gives @ o 8 = id,(p) and so « is a bijection with
inverse 8. Thus holds.

2°.  Let P and Q be points. Then |A(P)| = |A(Q)|.

By (d) there exist a line / neither incident with P nor with Q. Thus using twice |A(P)| =
[A(D)] =1A(Q)].
Now let P be a point and put ¢ = |A(P)|. If Q is any point, then shows A(Q)| = c. If  is any

line, we can choose a point R not incident with / and so by (I°), |A(l) = |A(R)| = c. Thus (e holds
withg=c - 1. O

Lemma 1.3.4. Let £ be a projective plane of order q. Then £ has exactly ¢* + g + 1 points and
q* +q + 1 lines.

Proof. Let P be a point. Any other point lies on exactly one of the g + 1 lines incident with P. Each
of whose g+ 1 lines has ¢ points distinct from P and so the number pointsis 1 +(g+1)-g = ¢* +q+1
points. Note that also the dual of £ is a projective plane of order ¢. So the dual has ¢* + ¢ + 1 points,
i.e £ has ¢> + ¢ + 1 lines. O

1.3.5 (Projective planes of order 2). Let £ = (P,L,R) be a projective plane of order plane. Let
A, B, C be any three points which are not collinear. We will show that the whole projective plane
can be uniquely described in terms of the tuple (A, B,C). Let P and Q be distinct points. Then PQ
is incident with exactly three points and so there exits a unique point incident with PQ distinct from
P and Q. We denote this unique point by P + Q.

Since A, B and C are non-collinear, AB, BC and AC are three distinct lines. Since two distinct
lines have exactly on point in common

A,B,C,A+ B,A + C, B+ C are six distinct points.

Moreover, these are exactly the points which are incident to of the lines AB, BC and AC. Since
£ has seven points there exists exactly one more point D and D is not incident with any of the lines
AB, BC and AC. Thus AD is distinct from AB, AC and BC. So none of B and C is incident with AD.
Also neither A nor D is incident with BC. So B + C is the only point on BC which can be incident
with AD, and A + D is the only point on AD which can be incident with BC. So A+ D = B+ C and
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the points incident with AD are A, D and B + C. By symmetry the points incident with BD are B, D
and A + C and with CD are C, D and C + D. In particular,

AB,BC,AC,AD, BD, CD are six distinct lines.

So there exists one more line d. Note that each of A, B, C and D is incident with three of the six
lines distinct from d and so cannot be incident with d. Thus the three points incident with d must be
A+ B,A+C and B+ C. So we determined all points, all lines and their incidence:

C

A+C B+C

A A+B B

Definition 1.3.6. Let £ = (P, L, R) be a projective plane.
(a) An automorphism of € is a bijection « : P U L — P U L such that

(i) If P is a point, then a(P) is point.
(ii) If Lis a line, then a(l) is a line.

(iii) Let P be a point and l a line. Then P is incident to | if and only if a(P) is incident to a(l).

(b) Aut(&) is the set of automorphisms of € together with the binary operation defined by compo-
sition.

Note that an automorphism « of £ is uniquely determined by its effect on the points. Namely, if
I = PQ is aline, then (/) is incident with a(P) and a(Q). So a(!) = a(P)a(Q).

If .8 € Aut(&), then it is easy to see that also @ o 8 and ! are also automorphism of &£.
Moreover, idp s € Aut(E) and composition of function is associative. Hence (Aut(£),0) is a

group.

Lemma 1.3.7. Let £ be a projective plane of order two and (A, B,C) and (A, B, C) be triples of
non-collinear points. Then there exists a unique automorphism a of € with

a(A)=A, a(B) =Band a(C) =C
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Proof. 1t is readily verified that the unique automorphism @ : P u £ - P n L is given by

A—>A B— B c->C A+B—>A+B B+C—->B+(C
A+C—->A+C D-D AB > AB BC - BC
AC—>AC AD—-AD BD-BD CD-CD d—d

Here D is the point not incident with any of lines AB, AC, BC. d is the line not incident with any of
the points A, B and C. D and d are defined similarly (replacing each symbol X by X.) O

Corollary 1.3.8. Let € be a projective plane of order two. Then |Aut(E)| = 168.

Proof. Fix atriple (A, B, C) of non-collinear points. show that there exists a bijection between
|Aut(&) and the set of triples (A, B, C) of non-collinear points.

Now A can be any one of the seven points, B is any of the six points different from A, and C is
any of the four points not incident to AB. So there are 7 -6 -4 = 168 triples of non-collinear points.
Hence

|Aut(€)|=7-6-4=168.

O

1.3.9 (The group associated to the projective plane of order 2). Let £ = (P, L, R) be a projective
plane of order 2. We will construct a group of order 8 associated to €. Let G = {0} u P, where 0 is
an arbitrary element not in P. Define a binary operation + on G as follows:

e 0+g=g=g+0ifgeG.
e P+ P=c¢if Pisapoint
e P+ Q is the third point on PQ if P and Q are distinct points.

Then G is an abelian group. Indeed, O is the identity, each elements is its own inverse and the
operation is clearly commutative. Checking that the operation is associative takes a little bit of
effort: Let P,O,R € G.

If one of P, Q,R is equal to 0, then P+ (Q + R) and (P + Q) + R both are equal to the sum of the
other two.

So suppose that P,Q and R are points. If two of the points are equal, we will show that both
(P+Q)+Rand P+ (Q +R) are equal to third point. So let S and T be points. Then

T+(S+8)=(S+8)+T=0+T=T
Also

S+(S+T)=S+(T+S)=(T+S)+S=(5+T)+S

If § =T, this is equal to S and so to T as required. So suppose S # T. Note (S +T)T = ST and
T is the point on S T distinct from S and S + 7. Thus again (S +T)+S =T.
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It remains to consider the case where P, Q and R are three distinct points.

If P, Q, R are collinear, then P+ Q@ =Randso (P+Q)+R=R+R=0. Similarly P+ (Q +R) =
P+P=0.

Suppose that P, Q, R are non-collinear. Then (P + Q) + R and P + (Q + R) both are equal to the
unique point not incident with any of the lines PQ, PR and QR.

1.4 Subgroups, cosets and counting

Definition 1.4.1. Ler (G, *) and (H,-) be groups. Then (H,-) is called a subgroup of (G, *) pro-
vided that:

(i) HcG.
(ii) axb=a-bforalla,beH.
Note that, if (H,) is a subgroup of (G, *), then also (H, *) is a subgroup of (G, *).
Lemma 1.4.2. Let (G, *) be a group and (H,-) a subgroup of (G, *). Then

(a) 1y = 1g where 1y is the identity of H with respect to - and 1 is the identity of G with respect
to *. In particular, 15 € H.

(b) axbeH foralla,be H.

(c¢) Let a € H. Then the inverse of a in H with respect to - is the same as the inverse of a in G with
respect to *. In particular, aleH.

Proof. (a)

IH*IHZIH'IHZIHZIH*l(;

Multiplying with the inverse of 1y in G from the left gives that 15 = 1.

(b) Let a,b € H. Then by definition of a subgroup a * b = a - b. Since = is a binary operation of
H,a-beGandaxbeH.

Let b be the inverse of a in H with respect to - and ¢ the inverse of a in G with respect to x.
Then

axb=a-b=1lg=1g=a*c
Multiplying with the inverse of a in G from the left gives b = c. O
Lemma 1.4.3. Let (G, *) be a group and H € G. Then (H, %) is a subgroup of (G, *) if and only if
(i) g e H;
(ii) H is closed under multiplication, that is for all a,b € H, ab € H; and

(iii) H is closed under inverses, that is for all a € H, aleH.



18 CHAPTER 1. GROUP THEORY

Proof. Suppose first that , and hold. We will first verify that (H, %) is a group.

By (fi), * is a binary operation on H. Since = is associative on G, it associative on H. Since
1 € H and 1 is an identity for * on G, its also an identity for * on H.

Let h € H. Then by , h™' € H and so h™! is an inverse for & with respect to * in H.

So (H, *) is a group. Since H ¢ G and the same operation is used for H and G, conditions
and (i) of a subgroup are fulfilled. So indeed, (H, *) is a subgroup of (G, *).

Suppose now that (H, ) is a subgroup of (G, ). Then[1.4.2|shows that (i), (ii) and (iii) hold. O

Let (G, *) be a group and (H,-) a subgroup of G. Slightly abusing notation we will often just
say that H is a subgroup of G. We also write H < G if H is a subgroup of G.

Lemma 1.4.4. Let G be a group and H a subset of G. Define the relation ~g on G by
a~ygb ifandonly ifa_lb eH

Then

(a) e € H if and only ~y is reflexive.

(b) H is closed under inverses if and only if ~g is symmetric.

(c¢) H is closed under multiplication if and only if ~p is transitive.

In particular, H is a subgroup of G if and only ~p is an equivalence relation.

Proof. @) Suppose that e € H. Leta € G. Thena™'a = e € H. So a ~y a and ~ is reflexive.

Suppose ~p is reflexive. Then e ~; e andsoe = e 'e ¢ H.

Suppose H is closed under inverses. Let a,b € G with a ~y b. Then a'b € H and so also

b~'a=(a"'b)! € H. Thus b ~y a. Hence ~y is symmetric.

Suppose that ~y is symmetric. Let 7 € H. Then e”'h = h ¢ H and so e ~y h. Since ~ H is
symmetric, h ~y eandso h™! = h™le € H.

Suppose H is closed under multiplication. Let a,b,c € G with a ~g b and b ~g c¢. Then
a'be Hand b 'c e H and so, since H is closed under multiplication,

ale=(a'b)(b'e) e H

Thus a ~y ¢ and ~g is transitive.
Suppose ~ H is transitive. Let a,b € H. Then (a™')"'e =ae =a e Hand e”'b = b e H. So
a™! ~y eand e ~y b. Since ~y is transitive, this gives a~! ~y b. Thus ab = (a~')~'b € H and H is

closed under multiplication O

Definition 1.4.5. Let I be a set and ~ a relation on 1.
Foracel put

[a].={bella~D
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[a]. is called the class of ~ associated to a.

I/~={[a].|acl}

is set of classes of I.

If ~ is a an equivalence relation, the classes of ~ is also called the equivalence class of ~
containing a.

We will often write [a] for [a]..

Lemma 1.4.6. Let ~ be a equivalence relation on the set 1.
(a) Each i€ i lies in a unique equivalence class of ~, namely [i]..
(D) il = Eeeiy~ lcl.

Proof. (d) Let a € i. since ~ is reflexive, a ~ a. So a € [a] and a is contained in an equivalence
class of i. Now let ¢ be any equivalence class of ~ with a € C. We need to show that C = [a]. By
definition of an equivalence class, C = [b] for some b € I. Since a € C = [b] we have b ~ a

Let ¢ € [a]. Then a ~ ¢. Since ~ is transitive, b ~ ¢ and so ¢ € [b]. Hence [a] < [b].

We proved that if a € [b] then [a] C [b]. Since b ~ a and ~ is symmetric we have a ~ b and
b € [a]. Thus [b] € [a].

Hence [b] = [a] and (@) holds.

(b) follows immediately from (a). m|

Definition 1.4.7. Let G be a magma, g € G and A, B € G.
(a) gA={ga|a|lacAand Ag={ag|acA}.

(b) BJA={DbA |D € B}.

(c) Suppose G is a group and A a subgroup of G. Then

(a) gA is called the (left) coset of A in G containing g.
(b) Ag is called a right coset of A in G.
(c) |G/A| is called the index of A in G.

Proposition 1.4.8. Let H be a subgroup of G and g € G.
(a) gH is the equivalence class of ~g containing g.
(b) g lies in a unique coset of H in G, namely in gH.

(c) |gH| = |H|.
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Proof. (a) We have

acgH <= a=ghforsomehe H <= g 'a=hforsomeheH
— glaceHe=g~ya <= acg]
So gH = [g].
(b) This follows from (a)) and[1.4.6]

Define f : H — gH,h — gh. Then by definition of gH, f is onto. If gh = gh’ for some h, ',
then i = . Hence f is 1-1. This gives (c). i

Theorem 1.4.9 (Lagrange). Let H be a subgroup of G. Then |G| = |G/H|-|H|. In particular if G is
finite, the order of H divides the order of G.

Proof.
o= 5 By B S (H = (6/H|-|H]

CeGl~y CeG/H CeG/H

1.4.10 (Cycle Notation). We will often use cycle notation to denoted elements of Sym(n):
For1 < j<land1<i<kjletl<a;;<nsuch that for each 1 < m < n there exists a unique
1 <j<land 1 <i<k withm=a;;. Then

(ar,1,a21,a3,1,...ax 1) (a12,a27 ... Ak, 2) ... (@i, a2 . .. ax,)
denotes the element 7 € Sym(n) with
n(ai,j) =4iyl,j and ﬂ(ak_,.,j) =day,j

forall1<i<kjand1< <L
(a1,j,a2,),...,ax,;) is called a cycle of length k; of z. If n is understood, we will not bother to
list the cycles of length 1. Also we will often drop the separating comas in the cycle. For example
in Sym(9),
(2975)(13)(48)

denotes the permutation with
1-3,2-93-1,4-8,5-2,6->6,7->58—-49->7
Example 1.4.11. Let G = Sym(3) and H = {(1), (12)}. Then
()oeH=H={(1),(12)} =(12) o H

(123) 0 H = {(123) o (1), (123) o (12)} = {(123), (13)} = (13) o H
(132) o H = {((132) o (1), (132) 0 (12)} = {(132),(23)} = (23) o H
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Hence

|G| =6,|G/H| =3 and |H| =2
So by Lagrange’s
6=3-2

Definition 1.4.12. (a) Let I be set, then P(I) denotes the power set of G, that is the set of subsets
of L.

(b) Let G be a magma. For H,K ¢ G put

HK = {hk |he H,k € K}.

(c) Let G be a group. For H € G define H' = {h™! | h e H}.
Lemma 1.4.13. Let G be a magma.

(a) P(G) is magma under the operation (A, B) - AB.

(b) If G is associative, so is P(G).

(c) If e is an identity for G, then {e} is an identity for P(G).
(d) If G is a monoid, so is P(G).

(e) IfG is a group and A, B € G, then (AB)™' = B~'A™",

Proof. LetA,B,C cG.

(a) By definition, AB is a subset if G and so the P(G) is closed under the operation (A, B) —
(A, B).

(b)) We have

(AB)C ={(ab)c|acA,beB,ceC}={a(bc)|acA,beB,ceC}=A(BC)

Obvious.

(d) follows from (@), (b)),
(AB)™' ={(ab)' |acA,beB} ={b'a' |beB,acA} =B A7 O

Lemma 1.4.14. Let G be a group, H a subset of G and K a subgroup of G.
(a) (gk)K =gK forall g€ G,k € K.
(b) KK=Kand K" = K.

(c) HIK = HK/K
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(d) The map a : HIHNK - H/K,h(HnK) — hK is a well defined bijection. Moreover, «(C) = CK
forallCe H/HNK.

(e) |HK|=|HK/K|-|K|=[H/HnK]-|K]|

(f) If G is finite and H is a subgroup of K, then |HK| = %

Proof. @) Since K is closed under multiplication kK ¢ K. Let / € K. Then [ = k(k™'I) € kK and so
K C kK. Thus K = kK and so also (gk)K = g(kK) = gK.

@) By @, kK = K for all k € K and so KK = K. Since K is closed under inverse K~' ¢ K. Since
k=(k")'andk'eK, KcK! Hence K=K

Since e € K, Hc HK and so H/K < HK/K. Let h € H and k € K. Then by (d) (hk)K = hK €
H/K and so HK/K ¢ H/K.

(d) Let C e H/Hn K. Then C = h(H n K) for some h € H. We compute

CK =(h(HNnK))K =h((HNnK)K) = hK

so (C) = CK and the definition of « is independent of the choice of 4. Clearly « is onto.

Finally if hK = jK for some h,j € H, then "' jK = K, h"'j e K and so h"'j € Hn K and
h(HNnK) = j(HNK). Thus ais 1-1.

(e) Note that HK = Uy hK. Hence

HK|= S || = |H/K|-|K| @ |H/HA K] K],
CeH/K

By Lagrange’s |H| = |H/H n K| - |H n K|. So if G is finite, |[H/H N K| = % and thus (ﬁ)

follows from (g). O

1.5 Equivalence Relations

Definition 1.5.1. Let ~ be a relation on the set J and let f : I — J be a function. Then ~y is the
relation on I defined by

i~k = fi~fk
forallikel.
Lemma 1.5.2. Let ~ be a relation on the set J and let f : I — J be a function.
(a) If ~ is reflexive, so is ~.
(b) If ~ is symmetric, so is ~.
(c) If ~ is transitive, so is ~y.

(d) If ~ is equivalence relation so is ~.
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Proof. Suppose ~ is transitive and le a,b,c € I with a ~y b and b ~; ¢. Then fa ~ fb and
fb~ fa. Since ~ is transitive, fa ~ fc and so a ~¢ c¢. Thus ~ is transitive.
The proofs for (a) and (b)) are similar and somewhat easier. (d) follows from (a)-(c). i

Lemma 1.5.3. Let I be a set and ~ a relation on 1. Define
~=({® | & an equivalence relation on I with ~c¥}
Then
(a) =~ is an equivalence relation on I, called the equivalence relation generated by ~.

(b) Leta,b € I. Then a ~ b if and only if there exists n € N and a sequence of elements (xg, x1, ... x,)
in I such that xy = a, x,, = b and for each 1 < i < n either x;_| ~ Xx; or X; ~ X;_].

Proof. Straightforward. O

Definition 1.5.4. Let f : I — J be a function, ~ a relation on I and % a relation J.
(~,®) is called f-invariant if for all a,b € I:

a~b = fla)» f(b)

Lemma 1.5.5. Let ~ a relation on the set I and ~ the equivalence relation generated by ~. Let & be
a equivalence relation on the set J and f : 1 — J a function.

(a) If (~,®) is f-invariant, then also (~,®) is f-invariant.
(b) If f(a) = f(D) forall a,b € I with a ~ b, then f(a) = f(b) forall a,b € I with a ~ b.

Proof. (d) Let a,b € I with a ~ b. Then fa % fb and so a ¥ b. Thus ~cxy. By [[.5.2] %/ is an
equivalence relation on / and so by definition of ~, ~c% ;. Thus a ~ b implies a & b, thatis fa & fb.
() Just apply (a) with & the equality relation. |

Lemma 1.5.6. Let f : [ — J be a function, ~ a relation on I and % a relation on J.
(a) (~,®)is f-invariant if and only ~C&y.
(b) (wf,®) is f-invariant.
(c) (~,=) is f-invariant if and only if ~C=.
(d) (=f,=) is f-invariant.
Proof. @) (~,#) is f invariant if and only if
a~b = f(a) ¥ f(b)

and so if and only if

a~b = a®rb

(b) follows from (al).
and (d): Just apply (a) and (b)) with #& the equality relation. i
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Lemma 1.5.7. Let f : [ - J be a function, ~ a relation on f and % a relation on J. Suppose (~,%)
is f-invariant. Then

(a) f([a)-) < [falsforallacl.

(b) Suppose I < Dom(~) and % is an equivalence relation on J. Then

fill~— J/%, [a]. - [fa]x

is a well-defined function.

Proof. (d) Let x € f ([a].). Then x = fb for some b € I with a ~ b. Since a ~ b we have fa % fb
and so x = fb € [ fa].

(b) Let a,b € I with [a]. = [b].. Since I c Dom(~), there exists ¢ € I with a ~ ¢. Then
c € |al].=[b].and so b ~ c. Hence fa ® fc and fb % fc. Since ¥ is an equivalence relation, this

gives fa® fband [faly = [fb]x- i
Lemma 1.5.8 (Isomorphism Theorem for Sets). Let f : [ — J be a function. Then the function

fid]=p~ Imf, [a]-; > fa

is a well-defined bijection.

Proof. Leta,b € I. Then

fla)=f(b) <= a=b <= [al-=[b],

and so f is well-defined and 1-1. f is clearly onto and so the lemma holds. O

1.6 Normal subgroups and the isomorphism theorem

Example 1.6.1. Let G = Sym(3) and H = {(1), (12)}. Then
(23) o H ={(23),(132)} and Ho (23) = {(23),(123)}
So (23) o H # H o (23).
Note that gH = Hg if and only if gHg~! = H. We therefore introduce the following notation:
Definition 1.6.2. Let G be a group, a,b € G and D < G.
(a) °b = aba™'. °b is called the conjugate of b under a.
(b) D =aDa"" = {ada™" |d e D} = {*d | d € D}.

(c) The function i, : G - G, g — “g is called the inner automorphism of G induced by a. i, is also
called conjugation by a
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Lemma 1.6.3. Let N < G. Then the following statements are equivalent:
(a) SN =N forall g € G.

(b) gN = Ng forall g €G.

(c) Every left coset is a right coset.

(d) Every left coset is contained in a right coset.

(e) SN S N forall g €G.

(f) Sne N forall ge G, neN.

Proof. Suppose @) holds. Then gNg~! = N for all g € G. Multiplying with g from the right we get
gN = Ng.
Suppose (b) holds. Then the left cosets gN equals the right coset Ng. so (c]) holds.

Clearly (c) implies (d)

Suppose that (d) holds. Let g € G. Then gN € Nh for some h € G. Since g € gN we conclude
g € Nh. By[1.4.8|{b), Ng is the unique right coset of N containing g and so and Ng = Nh Thus
gN ¢ Ng. Multiplying with g~! from the right we get gNg~!' € N. Thus (e holds.

Clearly (e)) implies (f).

Finally suppose that (ﬁ) holds. Then gNg~! c N for all g € G. This statement applied to g
in place of g gives g~'Ng ¢ N. Multiplying with g from the left and g~! from the right we obtain
N cgNg'. Hence N8N and SN c N. So N =N and@)holds. O

Definition 1.6.4. Let G be a group and N < G. We say that N is normal in G and write N 4 G if N
fulfills one (and so all) of the equivalent conditions in

Example 1.6.5. 1. From we have (2,3)Sym(2) # Sym(2)(2,3) and so Sym(2) is not a
normal subgroup of Sym(3).

2. Let H={(1),(123),(132)}. Then H is a subgroup of Sym(3). By Lagrange’s

Sym(3)| _6

=2
H 3

[Sym(3)/H]| =

Hence H has exactly two cosets in H. One of them is

H ={(1),(123),(132)}
Since each element of Sym(3) lies in a unique coset of H, the other coset must be
Sym(3) \ H = {(12),(13),(23)}

The same argument shows that H and Sym(3) \ H are the only right cosets of Sym(3). Thus
every coset is a right coset and so H is normal in Sym(3).
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Lemma 1.6.6. Let G and H be monoid and ¢ : G — H a magma-homomorphism. Then the following
are equivalent.

(a) ¢(1) =1, that is ¢ is a monoid-homomorphism.

(b) (1) is (left,right, ) invertible

(c) There exists g in G such that ¢(g) is (left,right, ) invertible.

Proof. () = (b):  Suppose that ¢(1) = 1. Then ¢(1)¢(1) = ¢(1-1) = (1) = 1 and ¢(1) is

invertible.

(®) = (c): Obvious.

() = (a):  Suppose g € G such that ¢(g) is left-invertible in H and choose & € H with
h¢(g) = 1. Then

¢(1) = 16(1) = (hp(2))¢(1) = h(4(g)p(1)) = hp(g) =1
O

Lemma 1.6.7. Let ¢ : G — H be a monoid homomorphism. Suppose g € G and g’ is (left,right, )
inverse of g in G. Then ¢(g') is a (left,right, ) inverse of $(g) in G.

Proof. By symmetry it suffices to tread the case where g’ is left inverse of g. Then

d(g)p(g) =(g'g) =¢(1) =1

We will now start to establish a connection between normal subgroups and homomorphism.
Lemma 1.6.8. Let ¢ : G — H be a group homomorphism.
(a) ¢(1g) = 1y, that is ¢ is a monoid-homomorphism.
(b) ¢(a”") = ¢(a)™".
(c) ¢(¢a) =" g(a).
(d) If A< G then ¢(A) < H.
(e) If B< H then ' (B) < G.
(f) Putker¢:={geG|¢(g)=1y}. Thenker ¢ is a normal subgroup of G.
(g) If N <G, and ¢ is onto, (N) < H.
(h) IfM < H, (M) 4G.

Proof. See Homework 2 O
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Lemma 1.6.9. Let ¢ : G — H be a homomorphism of groups.

(a) Let a,b € G. Then ¢(a) = ¢(b) if and only if aker ¢ = bker ¢.
(b) The relations =4 on G is the same as the relation ~y; 4.

(c) ¢is I-1ifand only ifker¢ = {15}

Proof. Leta,b e G. Then

a =4 b
— oa) = o)
— o) 'ob) = g
— ¢(a”'b) = 1y
— a'b € ker ¢
— a ~ker ¢ b
— gker¢ = kker¢

Thus (a) and (b) hold.
By (a) ¢ is 1-1 if and only if {a} = a{ker¢} for all a € A and so if and only f ker phi =
O

{lg}-
Lemma 1.6.10. Let G be a group and N 4 G. Let T,S € G/N and a,b € G with T = aN and S = DN.
(a) TS € G/N, namely (aN)(bN) = (ab)N.

(b) T~' € G/N, namely (aN)™" =a"'N.

(¢c) TN=T =NT.

(d) TT'=N=T"'T.

(e) G/N is a group under the binary operation G/N x GIN - G/N,(T,S) - TS.

(f) The map ny : G - G|/N, g —gN is an onto homomorphism with kernel N.

Proof. (a) (aN)(bN) = a(Nb)N = a(bN)N = abNN = abN.

@) (aN) ' =N'ta'=Na'=a'N.

(c) We have N = eN and so by (@) TN = (aN)(eN) = (ae)N = aN =T. Similarly NT =T.

(d) By (a) and (b) 777" = (aN)(a™")N = (aa™")N = eN = N. Similarly 77'T = N.

() By () the map G/N x G/N - G/N,(T,S) — TS is a well-defined binary operation on G/N.
By multiplication of subsets is associative. By (c) N is an identity element and by @), Tis
an inverse of 7. Thus (€} holds.
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() We have
nn(ab) = abN = (aN)(bN) = nn(a)nn(b)

So 7y is a homomorphism. Clearly 7y is onto. We have

kernmy ={a€G|ny(a)=lgn}={acG|aN=N}={aecG|aecN}=N

O

Theorem 1.6.11 (The Isomorphism Theorem). Let ¢ : G — H be a homomorphism of groups. The
map

¢:Glkerp - ¢(H), gkerg - ¢(g)

is a well-defined isomorphism. Moreover, ¢ = ¢ o Ter -

Proof. Since aker¢ = bker ¢ if and only of a =4 b, shows that ¢ is a well-defined bijection.
We have

#(((gkerg)(kkerg)) = ¢(gkkerd) = ¢(gk) = ¢(g)p(k) = p(gker ¢)p(kker )

and so ¢ is a homomorphism.
Also

(¢ ° iers) (8) = 6(iero(8)) = P ker ) = ¢(a)

and so ¢ :Eom@w O

The Isomomorphism Theorem can be summarized in the following diagram:

¢ Tlker ¢

¢le) T gkerg

112

A

Im ¢ G/ ker ¢

aSY
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1.7 Group Actions

Definition 1.7.1. Let (G,-) be a magma and S a set. Let * be a function such that G xS is contained
in the domain of *. For g € G and s € S, write g * s for (g, s). * is called an magma action of G on

S if
(AO) gxseS forallgeG,seS.

(A1) (a-b)*s=ax(bxs)foralla,beG, seS.

A G-setis a set S together with a magma-action of G on S.

Definition 1.7.2. Let (G,-) be a monoid and S a set. A magma action * of (G,-) on S is called a
monoid-action if

(A2) Ig*s=sforall seS.

In the case that (G, -) is group, a monoid-action of (G, cdot) is also called a group-action.

We will often just write as for a * s. The three axioms of a monoid action then read as € §,
Is = sand (ab)s = a(bs).

Example 1.7.3. Let (G, ") be a group,

1. Note the similarity between the definition of a group action and the definition of a group. In
particular, we see that the operation - of group G defines an action of G on G, called the action
by left multiplication. Indeed, since - is a closed operation (A0)- holds. Since 15 is an identity,
(A2) holds and since - is associative (A1) holds.

2. The function
‘op:GxG—G,(a,s) > s-a

is not an action ( unless G is abelian). Indeed
(a-b)ops=s-(a-b)=(s-a)-b=b-op(a-ps)

But observe that -, is an action of G°° on G.

To obtain an action of G on G define

+: GxG,(a,s)—~ sa L.

Then (ab) s = s(ab)™ = sb'a™! =a -, (b s) and -, is indeed an action. This action is called
the action of G on G by right multiplication.
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3. G acts on G via conjugation:

c:GxG—->G,(a,g)—~"“¢
Indeed 'g = g and (“P)g = “(g).

4. Let * be an action of G on the set / and let H < G. Then = is also an action of H on /. In particular,
we obtain actions of H on G by left multiplication, right multiplication and by conjugation.

5. Let I be a set. Then Sym(/) acts on [ via

Sym(I) x I - I, (n,i) — n(i)
Indeed, id;(i) = i for all i in I and a(B(i)) = (aB)(i) for all @, B € Sym(I),i € I.

Notation 1.7.4. Let * and © be actions of the magma G on the set S. We will write x = ¢ if g*s = gos
forallgand seS.

Note that * = ¢ if and only if the restrictions of * and ¢ to G x S, S are equal. Often we will be
sloppy and consider two action with * = ¢ to be equal.

We will now show that an action of magma G on S can also by thought of as an homomorphism
from G to Fun(S,S).

Definition 1.7.5. Let A, B be sets.
(a) Fun(A) is the class of function with domain A. Fun(A, B) is the set of function from A to B.

(b) Let f €e Fun(A x B). For a € A define f, € Fun(B) by

fa(b) = f(a,b)

forall b € B. Define fy : A — Fun(B),a — f,. f4 is called the function on A associated to f.

Then we view f as binary operation and use the notion a *b for f(a, b), we will use the notation

a* for fa, soa*(b) =ax*b.
(c) Let g : A — Fun(B) a function. Define gaxp € Fun(A x B) by
gaxp(a,b) - g(a)(b)
forall (a,b) € A x B. gaxp is called the function on A x B associated to g.
Lemma 1.7.6. Let A, B be sets.
(a) Let f € Fun(A x B), Then (fa)axp = f-

(b) Let g: A — Fun(B) be a function. Then (gaxp)a = f-
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Proof. Letae Aand b € B.

(@
(fa)axs(a,b) = fa(a)(b) = fu(D) = f(a.b)

and so (fa)axs = f-
(D
(gaxB)a(a)(b) = (gaxp)a(b) = gaxp(a,b) = g(a)(b)

and so (gaxp)a = & O

Lemma 1.7.7. Let G be a magma, S a set, * € Fun(G x S') and *¢ : G — Fun(S) the function on
G associated to *.

(a) * is an magma-action of G on S if and only if ® is a magma-homomorphism from G to
Fun(S,S).

(b) Suppose G is monoid. Then * is a monoid-action if and only if ® is a monoid-homomorphism
from G to Fun(S,S).

(c) Suppose G is a group. Then * is a group-action if and only if ® is a homomorphism from G to
Sym(S).

Proof. Letg,heGandseS.

(a) Since g*(is) = g * s, (A0) holds if and only if g* is a function from S to S for all g € G and
if and only if *¢ is a function from G to Fun(S, S ).

So we may assume that:

1°.  (A0) holds and *¢ is a function from G to Fun(S, S ).

Since

(8" oh™)(s) =g * (h=s)and (gh)"(s) = (gh) * s

we see that (A1) holds if and only if *s is a homomorphism from G to Fun(S,S). Thus @
holds.

(b) Suppose G is a monoid. Since 1*(s) = 1 s, (A2) holds if and only if (1) = ids. Together
with (a) this gives (b).

Suppose that now that G is a group. Recall that a group-action for G is the same as monoid
action for G.

Assume first that * is an monoid-action of G on S. Then by (b) *¢ is a monoid- homomorphism
from G to Fun(S, S ). Since each element in G is invertible, shows that *(g) is invertible for
all g € G. Thus *g(g) € Sym(S) and *g is homomorphism from G to Sym(S).

Assume next that *¢ is a homomorphism from G — Sym(G). Then by |1.6.8|(a) *¢ is a monoid-
homomorphism and so (b)) * is an monoid-action of G on S.
O
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Example 1.7.8. 1. Let (G,-) be a group. For a € G, define g : G - G,g — ag. Then by |1.7.3(]1)

and[I.7.7)the map
®: G—-Sym(G), g— ¢

is a homomorphism. If ®(a) = idg, then a = al = ®(a)(1) =idg(1) = 1 and so @ is 1-1. Thus
G 2 ®(G). In particular, G is isomorphic to a subgroup of a symmetric group. This is known as
Cayley’s Theorem.

2. Let G be group. Recall that for g € G, i, is the map

i,:G—>G,a—%a

By [1.7.3|[I) G acts G by conjugation, the corresponding homomorphism is

ig:G - Sym(G),g — ig

3. The homomorphism corresponding to the action of Sym(7) on [ is idgym(;). Indeed *.(i) =
n*i=mn(i)and so *, = 7 for all 7 € Sym(7).

Definition 1.7.9. Let * by an action of the group G on the set S, H € G,g € G, se S and T c S.
Then

(a) Staby,(T) ={he H|g*t=tforallt e T} and Staby(s) = {h e H|h*s = s}. Staby(T) is
called the stabilizer of T in H.

(b) We g * s = s we say that g fixes s or that s is a fixed-point of g. If h % s = s for all h € H we say
H fixes s or that s is a fixed-point H of G.

(c) Fixp(H) ={teT |hxt=tforallt e T} and Fixy(g)) ={t €T | g+t =t}. So Fixp(H) is the
set of fixed-points of Hin T.

(d) g«T={gxt|teT}, Hxs={h+s|heH}, HxT ={h*t|heH,teT

(e) * is called a faithful action of G on S if Stabj;(S) = {e}. In this case we also say that S is a
faithful G-set.

(f) T is called H-invariant with respect to * if h * T =T for all h € H. T is called g-invariant if
g*xT=T.

(g) Nj(T)={heH|hT =T}. N;(T) is called the normalizer of T in H with respect to *.
(h) H*S = {h* | h e H}. Note that G*5 = Im #¢.

We will often just write Stabg (S') in place of Stabz;(S ), but of course only if its clear from the
context what the underlying action * is. We will also sometimes use H> or H* for H*.

Lemma 1.7.10. (a) Stabs(S) = ker*g < G.
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(b) G/Stabg(S) = G*S < Sym(S).

(c) S is a faithful G-set if and only if ©, is 1-1. So if S is faithful, G is isomorphic to the subgroup
G*S of Sym(S).

(d) Let H< G and T an H-invariant subset of S, * is also an action of Hon T.

(e) The map
ip: GxP(S) > P(S).(8.T) > g * T

is an action of H on P(S).
(f) Let T € S. Then Stabg(T)*S = Stabgss (T).
(g) Let s €S, then Stabg(T)*S = Stabg.s (T).

Proof. (a) Let g € G, then
g € Stabg (S)
< gs=sforallgeG

~— g'(s)=sforallgeG

— g* =idg
- ®*(g) =ids
— g € ker®*

@ Since G* = Im ®@*, this follows from @ and the First Isomorphism Theorem.

- (e) are readily verified.

({f) Let g e Gand € T then g + ¢ = ¢ if and only if g*(¢) = ¢. So (f) holds.

follows from (f) applied with 7' = {s}. O

Lemma 1.7.11. Let * be an action of the group G on the set S. Let HC G, T € S, g,h € G and
s,tes.

(a) g*s=gx*tifand onlyif s =t. (e) Stabg(g * T) = *Stabg (7).
(b) h fixes t if and only if 8h fixes g * t.

(f) Fixs(8H) = g » Fixs (H).
(c) H fixes t if and only if $H fixes g * t.
(d) Stabg(g *t) = *Stabg(1). (g) Fixs (8h) = g * Fixg (h).

Proof. (@) This holds since by [I.7.7](c), g* is a bijection.
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8h fixes 8t
(ghg™') * (g=1)=gxt
((ghg™")g) x1=g*1
(gh) *1=g*
gr(h*t)=gx*t
hxt=t

Frreed

h fixes t

Since g* is bijection for each s € S there exists a unique 7 € S with s = g * . Thus the remaining
statement now follow from (D). m]

Lemma 1.7.12. Let G be a group acting on the set S. Let s€ S and T € S.
(a) Stabg(T) is a subgroup of G.

(b) Stabg(s) is a subgroup of G.

(¢) Ng(T) is a subgroup of G.

Proof. (a) 1z =tforall 7 € T and so 1 € Stabg(T). Let g,h € Stabg(T). Then g¢ = 7 and ht = 1 for
all € T. Thus

(gh)t L g(ht) =gt =1

and so gh € Stabg (7).
From gt = t we get g~ (gt) = g 't. So by (GA2), (g7 'g)t = g”'t and er = g~'t. Thus by (GA1),
t =g 't. Hence g~! € Stabg (T). now implies that Stabg (7') is a subgroup of G.

Note that Stabg (s) = Stabg({s}). Thus (b follows from (c).
We have

NG(T)={geG|gT =T} = Stab;” (T).

(Note that on the left hand side T is treated as a subset of the G-set S, and in the right hand side,
T is treated as an element of the G-set P (S ).) Thus () follows from (b). mi

Example 1.7.13. Consider the action c of a group G on itself. be conjugation and let A € G. Let
g €G. Then
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g € Stab;(A)
gca=aforallaec A
fa=aforallacA

gag ' =aforallac A

Pyl

ga=agforallaecA
Define

Cs(A):={geG|ga=agforallac A}

Then we proved C;(A) = Stab*(A) and so by|1.7.12fla), C(A) < G.
The center Z(G) if G is defined as

{geG|ga=gaforallac A}
So

Z(G) = Cs(G) = Stabg;(G)

and so by
Z(G)4G and G/Z(G) =G < Sym(G)

Definition 1.7.14. Let x : G xS — S be a magma action.
(a) ~. is the equivalence relation on S generated by {(s,gs) |s€S,geG}.
(b) The equivalence classes of ~. are called the orbits of G on S with respect to *.
(c) The set of orbits of G on S is denoted by S [*G.
(d) We say that G acts transitively on S if G has exactly one orbit on S.
Lemma 1.7.15. Let * be an magma-action of the non-empty magma G on the set S. Let s,t € S.

(a) Suppose * is a group-action. Then

Syt — gs =tforsomegecG
(b) Suppose G is abelian. Then

Syt — gs = ht for some g,h € G

35
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Proof. Le ~ be the relation {(s,gs) | s € S,g € G} on G. By definition ~, is the equivalence relation
generated by ~.
(a) Suppose * is a group action. We just need need to show that ~ is an equivalence relation.
Since s = es, s ~ s and ~ is reflexive.
If t = as, then
a't=a(as) = (a'a)s=es=s

Thus s ~ ¢ implies ¢ ~ s and ~ is symmetric.
Finally if s = ar and ¢ = br then s = at = a(br) = (ab)r. Thus s ~ t and ¢ ~ r implies s ~ r and ~
is reflexive.

(b) Define the relation ~ on S by

s~ if gs = ht for some g,h e G

Suppose gs = ht for some g,h € G. Since s ~ gs and ¢ ~ ht = gs we conclude that s ~, ¢ and so
~C~,. So we just need to show ~ is an equivalence relation. Let s € S. Since G is not-empty there
exists g € G and so gs = gs and s ~ 5. » is clearly symmetric. Suppose that r, s,t € G with r ~ s and
s~ t. Then gr = hs and ks = It for some g, h,k,l € H. Thus

(kg)r =k(gr) = k(hs) = (kh)s = (hk)s = h(ks) = h(lr) = (hl)t

and sor ~ t.
O

Lemma 1.7.16. Let G be a group acting on the non-empty set S. Let s € S. Then the orbit of G on
S containing s is Gs = {gs | g € G}.

Proof. Let O be the orbit of G on T containing s and let 7 € S. Then

te0
<~ Py S
< t=gsforsomegeG

— teGs

Lemma 1.7.17. Let G be a group acting on the non-empty set S. Then following are equivalent:
(a) Foreach s,t €S there exists g € G witht = gs.

(b) There exists s € S with S = Gs.

(c) S is an orbit for G on S.

(d) G acts transitively on S.
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Proof. () = (®):  Suppose (a)) holds. Since S is not empty there exists s € S. Let 7 € T. By (a))
there exists g € G witht = gs. Sote Gs and § = Gs.

() = (): By[L.7.16]Gs is an orbit for G on S. So if S = Gs, S is an orbit for G on §..

== (d): Suppose S is an orbit for G on S. Since distinct orbits are disjoint we conclude
that S is the only orbit for G on S. Thus G acts transitively on S.

(d) = (a):  Suppose that G acts transitively on S and let s,7 € G. By Gs is an orbit
for G in § and since G acts transitively, Gs is the only orbit. Since ¢ lies is some orbit, this means
that r € Gs and so t = gs for some g € G. O

Example 1.7.18. Let G be group and H < G.

1. The right cosets of H are the orbits for the action of H on G by left multiplication. So H acts
transitively on G by left multiplication if and only if H is the only coset of H in G and so if and
only if G = H.

2. The left cosets of H are the orbits for the action of H on G by the right multiplication. (Note
here that since H = H™!, gH ! = gH.) Again this action is transitive if and only if G = H.

3. The orbit of G on G containing & with respect to the action by conjugation id 4 = {cgh | g € H}.
This orbit is called the conjugacy class of G containing /. Note that “e = {e} and so the action
by conjugation is transitive if and only if G = {e}.

4. Let I be a non-empty set. Then Sym([/) acts transitively on 1.

*G/ G % G/H - G/H,(g,T) - gT
is a well -defined transitive action of G on G/H.

Indeed, if T = tH, then g(tH) = (¢T) € G/H. So *¢/y is well-defined. Its straightforward to
verify that xg/y is indeed an action. Also

G*G/HH:{gH|gEG}:G/H,

and so G acts transitively on G/H. This action is called the action of G on G/H by left multipli-
cation.

We will show that any transitive action of G is isomorphic to the action on the coset of a suitable
subgroup. But first we need to define isomorphism for G-sets.

Definition 1.7.19. Let G be a group, * an action of G on the set S, » an action of G on the set T
and a:S — T a function.

(a) a is called G-equivariant with respect to * and » if
a(gxs) =gaa(s)

forallgeGandseS.
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(b) a is called a G-isomorphism from (S, *) to (T, ») if @ is a bijection and « is G-equivariant
with respect to * and .

(c) We say that (S, *) and (T, » ) are G-isomorphic and write

(S,*)2(T,n), orS=zT
if there exists a G-isomorphism from (S, *) to (T, & ).
Lemma 1.7.20. Let S be a G-set, s € S and put H = Stabg (s).

(a) The map
«:G/H -~ S, aH — as

is well defined, G-equivariant and one 1-1
(b) ais an G-isomorphism if and only if G acts transitively on S
(c) |Gs| =|G/Stabg(s)|.

Proof. (a) Let a,b € G. Then

aH =bH
a'beH
a b € Stabg(s)
(a'b)s=s
a((a™'b)s)) = as

bs =as

(N

The forward direct shows that « is well-defined and the backward direction shows that @ is 1-1.
Also
a(a(bH)) = a((ab)H) = (ab)s = a(bs) = aa(bH)

So a is G-equivariant.
(b) By (a) a is a G-isomorphism if and only if @ is onto. We have
Ima={a(gH)|gcG}={gs|gecG} =Gs

So « is onto if and only if S = Gs and so if and only if G is transitive on S.
Since ais 1-1, |G/H| = |Ima]| = |Gs|. O

Lemma 1.7.21. Suppose that G acts transitively on the sets S and T. Let s € S andt € T. Then S
and T are G-isomorphic if only if Stabg (s) and Stabg(t) are conjugate in G.
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Proof. Suppose first that @ : S — T is a G-isomorphism. Let g € G. Since « is 1-1 and G-
equivariant:
gs =5 <= a(gs) = a(s) < ga(s) = a(s)

So Stabg(s) = Stabg (a(s)). Since G is transitive on T, there exists g € G with ga(s) =¢. Thus
Stabg (¢) = Stabg(ga(s)) = *Stabg (a(s)) = *Stabg(s).

Conversely suppose that #Stabg (s) = Stabg () for some g € G. Then Stabg(gs) = #Stabg(s) =
Stabg(#) and so by [1.7.20|(b) applied to S and to 7"

S 26 G/StabG(gs) = G/Stab(;(l‘) 6 T.
O

Definition 1.7.22. Let G be a group and S a G-set. A subset R € S is called a set of representatives
for the orbits of G on S, provided that R contains exactly one element from each G-orbit. In other
words if the map R — S |G, r — Gr is a bijection.

An orbit O of G on S is called trivial if |O| = 1.

Let R be an set of representatives for the orbits of G on § and any trivial orbit {s}. Then s must
be in R. Thus Fixs (G) <€ R and R \ Fixg(R) is a set of representatives for the non-trivial G-orbits.

Proposition 1.7.23 (Orbit Equation). Let G be a group acting on the set S and let R € S be a set of
representatives for S |G. Then

S| = > |G/Stabg(r)| = [Fixs (G)|+ > |G/Stabg(r)]-
reR reR\Fixs (G)

Proof. Since the orbits are the equivalemce classes of an equivalence relation § is the disjoint union
of its orbit. Thus

IS|="> 10l= 3 |G|

0eS /G reR

By|1.7.20d, |Gr| = |G/Stabg(r)| and so

|S] = ZI;!G/Stabc(r)!

Also

S= > [Grl+ > [Grl=[Fixs(G)|+ >,  |G/Stabg(r)|
reFixs (G) reR~Fixs (G) reR\Fixs (G)
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Corollary 1.7.24 (Class Equation). Let G be a group and R be a set of representatives for the
conjugacy classes of G. Then

G=> |G/Co(n|=12(G)|+ > |G/Co(r)

reR reRNZ(G)

Proof. Let c be the action of G on G be conjugation. Then
Fix&(G) = {geG|"g=gforallhe G} = {g € G | hg = ghforall h € G} = Z(G)
and by|1.7.13|Stab; (a) = Cg(a). So the Class Equation follows from the orbit equation. i
To illustrate the class equation we will determine the conjugacy classes in Sym(n).

Definition 1.7.25. Let 7w € Sym(n). For i € Z* let A; be the number of cycle of length i of . Then
the cycle type of r to be sequence (4;)2,. Alternatively we will write the cycle type as 112123% .
and often will not list terms i* for which A; = 0.

For example the cycle type of
(1,7,3)(2,6)(4)(5,8,10)(9,13,16)(11)(14,15)(16,17)
in Sym(17) is (2,3,3,0,0,...) = 122333,
Proposition 1.7.26. (a) Let u,n € Sym(n) and suppose that u has cycle notation
(a1, an,...,awx,)(az1,a2,...,ax,) ... (an,an, ..., aw,)

Then the cycle notation for "y is
(n(ar),n(aiz),....,n(air,))(n(axr). w(axn),...,n(axw,)) ... (x(an ). 7(ar), ... 7(aw,))

(b) Two elements in Sym(n) are conjugate if and only if they have the same cycle type.

Proof. (a) We have

n((aijs1)) ifj#k

(") (n(aij)) = (wo o) (n(aij)) = n(u(ai;)) = {ﬂ(a“) i &

So () holds.
@ By @) w and " have the same cycle type. Conversely suppose that ¢ and o~ in Sym(n) have
the same cycle type. Then o has cycle notation

o= (b11,b12,...big, ) (D21, b2, ... b2, ... (b, b, . . . Dyy,)

Note that for each 1 < k < n there exist unique 7, j with kK = g; ; and unique s, with k = b,;. So
we can define 77 € Sym(n) by n(a;;) = b;;. Then by (a) "u = o~ and so elements of the same cycle
type are conjugate. O
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Example 1.7.27. 1. 393 (1,4,3)(2,6,7)(5.8) = (3,4,5)(7,6,2)(1,8)

2. Letu=(1,3)(2)(4,7)(5,6,8) and o = (3,5)(8)(1,7)(2,4,6)
Define 7 € Sym(8) by

n(1)=3,7(3)=5,7(2) =8,n(4) = 1,n(7) =7,7n(5) =2,7n(6) =4 and 7(8) = 6

Then "u = 0.
Example 1.7.28. The conjugacy classes of Sym(4) are:

Cycle type elements number of elements
14 (1) 1
122! (12),(13),(14),(23),(24),(34) 6
113! (123),(132),(124),(142),(134),(143),(234), (243) 8
22 (12)(34),(13)(24),(14)(23) 3
4! (1234),(1243),(1324),(1342),(1423), (1432) 6

A set of representatives for the conjugacy classes

{(1),(12),(123),(12)(34),(1234)}

and their centralizers:

r Csym(4) () |Csym(4)(7)]

(1) Sym(4) 24
(12) (1),(12),(34),(12)(34) 4
(123) (1)(123),(132) 3
(12)(34) (1),(12),(34),(12)(34),(1324),(13)(24),(1423), (14)(23) 8
(1234) (1),(1234),(13)(24),(1432)) 4

So the orbit equation says
24 24 24 24 24

24 = — + + + +
24 4 3 8 4

and so

24=1+6+8+3+6

41
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The Orbit Equations become particular powerful if G is a finite p-group:

Definition 1.7.29. Let G be finite group and p a prime. Then G is called a p-group provided that
that is |G| = p* for some k € N.

Proposition 1.7.30 (Fixed-Point Equation). Let p be a prime and P a p-group acting on a finite set
S. Then
IS| = [Fixs (P)| (mod p).

Proof. Let R be a set of representatives for S /P and let r € R \ Fixg (P). Then Stabp(r) £ P. By
Lagrange’s Theorem |P/Stabp(r)| divides |P|. Since |P| is a power of p and |P/Stabp(r)| # 1 we get

|P/Stabp(r)| =0 (mod p).

So by the Orbit Equation|1.7.23

S| = |Fixs(P)|+ >,  |P/Stabp(r)| = |Fixs(P)| (mod p)
reR\Fixs (P)

Corollary 1.7.31. Let P be a prime and P a finite p-group acting on finite set S.
(a) If p does not divide S, then Fixs (P) # @.

(b) If p divides |S | and P has at least one fixed-point on S, than P has more than one fixed point on
S.

Proof. This follows immediately from |S| = Fixg (P) (mod p). o
Example 1.7.32. Let G be a finite group and let H = {e,h} be any group of order 2. Define an
action of H on the set G by

exg=g hrg=g"
Since h* (h+ g) = (¢71)™! = g = e * g, this is indeed an action. Note that

Fixg(H) = {g€Glg=g"'} ={gcG|g = lg}
Let 7 be the number of elements of order 2 in G. Then |Fixg(H)| = 7 + 1. By the Fixed-Point
Equation
[Fixg(H)| = |G| (mod 2)

and so

t#|G| (mod 2)

So a group of even order has an odd number of elements of order 2. In particular it has an
element of order 2.
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Example 1.7.33. Let £ = (P, L, R) be a projective plane of order. and T a 2-subgroup of Aut(&).

Since the number of points is odd, [I.7.3T|implies that 7" fixes a point P. Let A be the set of lines
incident with P. Since T fixes P, T acts on A. Since |.A| = 3 is odd we conclude that Fix4(T') # &.
Hence T fixes a line / incident with P. Thus

T < Stabay ey ({P.1})

By Homework 2#6 Staby (g ({P,1}) has order eight, and so is a 2-group. We conclude that the
2-subgroups of Aut(&) are exactly the subgroups fixing a point and a line, which are incident.

Definition 1.7.34. Let G be a group and H € G. Then

NG(H) =N°(H) ={geG |*H = H}

WNG(H) ={aeG | Hc*H}. Ng(H) is called the normalizer of H in G and WN¢(H) the
weak normalizer of H in G.

Lemma 1.7.35. Let G be a group and H a finite subset of G. Then Ng(H) = WNg(H).

Proof. Let g € G. As conjugation is an bijection, |H| = [*H|. So for finite H, H ¢ ¢H if and only if
H=%H. |

Lemma 1.7.36. Let G be a group, H < G and a € G. With respect to the action of G on G[H be left
multiplication:
Stabg(aH) =“H and Fixg/y(H) = WNG(H)/H.
Proof. Let g € G. Then gH = H if and only if g € H. Hence Stab;(H) = H and so by [1.7.11{(d)
Stabg (aH) = “Stab;(H) = “H.

Note that H fixes aH if and only if H ¢ Stabj;(aH). That is if and only if H < “H and if and
only if a e WNg(H). So also the second statement holds. i

Lemma 1.7.37. Let P be a non-trivial finite p-group.
(a) Z(P) is non-trivial.
(b) If H % P then H £ Np(H).
Proof. () Consider first the action of P on P by conjugation. Then Fixp(P) =
opZ(P) and by{1.7.30)
0=|P|=|Z(P)| (mod p)..

Thus |Z(P)| # 1.
(b) Consider the action of H on P/H be left multiplication. By[1.7.36] [1.7.30]and [1.7.35]

0= [P/H] = [Fixpy (H)| = INp(H)/H)| = |Np(H)/H (mod p).
So |[Np(H)/H| # 1. O
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As a further example how actions an set can be used we give a second proof that Sym(n) has
normal subgroup of index two. For this we first establish the following lemma.

Lemma 1.7.38. Let A be a finite set and ~ a equivalence relation on A such that each equivalence
class has size at most 2. Put

Q = {R € A | R contains exactly one element from each equivalence class of ~}.

Define the relation ~ on Q by R ~ S if and only if |R ~ S| is even. Then ~ is an equivalence relation.
If ~ is not the equality relation, ~ has exactly two equivalence classes.

Proof. For d € A let d be the equivalence class of ~ containing d and let A be the set of equivalence
classes. For A € Q and X € A, let X4 be the unique element of X contained in A. A, B € Q and define

AABZ{X€A|XA¢XB}.

Letd e A. Thend = dy and d € B if and only if d = dg. Hence d4 = dp if and only if d € B. Thus

(%) deAsp=dy+dp<deB
By definition of €, the map

ANAd > d

is a bijection. By (*) the image of A \ B under this map is A4p. Thus |A \ B| = |A4p| and so
A~ B <= Ayp is even.

Observe that Ay = Ags and so w~ is symmetric. Since |A \ A| = 0 is even, » is reflexive.

LetR,S,T € Qand X € A. If Xg # X5, then X = {Xg, X5 } and so X7 is either equal to X or to
X, but not both. Hence Xz # Xg exactly if Xg = X7 # X5 or Xg # X7 = X5. Hence

Thus

Arr = (Ags ~ Ast) U (Ast ™ Ags)

and so
(*) |Arr| = |Ags | + |AsT| - 2|Ags N AsT].

If R~ S and S ~ T, the right side of (*) is an even number. So also the left side is even and
R ~ T. Thus =~ is transitive and so an equivalence relation.

Suppose now that ~ is not the equality relation. Then there exists r,# € A with r ~ t and r # ¢.
LetRe QwithreR PutT = (Ru{r})~{r}. Then T € Qand |T \ R| = 1. Thus R and T are not
related under ~. Let S € Q. Then the left side of (*) is odd and so exactly one of |Ags| and |Ag7|
is even. Hence S ~ Ror § ~ T. Thus » has exactly two equivalence classes and all the parts of the
lemma are proved. o
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Definition 1.7.39. Let G be a magma acting on the set I and ~ and ~ relation on 1. Then (~,~) is
called G-invariant if for all g € G,a,b € I:
a~b — ga~gb
~ is called G-invariant if (~,~) is G-invariant.

Note that (~,~) is G-invariant s if and only if (~,~) is g* invariant for all g € G, where g* : I —
Li— gi.

Lemma 1.7.40. Let * be an action if the magma G on the set I, ~ a relation on I and ~ the equiva-
lence relation generated by ~. Suppose that ~ or (~,~) is G-invariant. Then

s/ Gxlfn— 1]~ (g[als) — [ga]a
is a well-defined action of G in I ] .

Proof. If ~ is G-invariant also (~,~) is G-invariant. So we may assume that (~,~) is H-invariant.

Let g € G. Then (~,~) is g*-invariant. Thus by|1.5.5(a) also (»,~) is g*-invariant and so by [1.5.7|(b)
the function

/%= I]~, [a]s > [ga].

is well-defined. Hence also */! » is well-defined. Let g, € G and a € I. Then n

(gh)[al = [(gh)als = [g(ha)]. = glhal. = g(h[al.)
and so */~ is a magma action. m]
Proposition 1.7.41. Let n > 2 be an integer. Define
A={(,j)|1<i,j<ni+ j}
Define the relation ~ on A by

(i) ~ (D) if (k. 1) = (i, j) or (k. 1) = (j, )

Then ~ is an equivalence relation on A such that each equivalence classes has size 2. Define

Q={Rc<Q||RnX|=1forall X e A|~}

Define the relation ~ on
A~ Bif|A~ B|is even
Then =~ is an equivalence relation on Q) with exactly two equivalence classes. Moreover,

(a) Sym(n) acts on A, A] ~, Q and Q[ .
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(b) Define Alt(n) = Stabgym ) (Q/~). and let x € Sym(n). Then r € Alt(n) if and only if the set

{11 <i<j<nna(i)>n(j)}

has even size.
(c) (1,2) ¢ Alt(n).

(d) Alt(n) is a normal subgroup of index two in Sym(n).

Proof. (d) Let € Sym(n) and (i, j) € A, then #(i) # () and so 7(i) # 7(j). Thus A is a Sym(n)-
invariant subset of § x S and so Sym(n) act on A. If (i, j) = (k) or (i, j) = (I,k), then then also

(71'(1)71'(]/)) = (n(k),n(1)) or ((n(i),x(j)) = (x(l),7(k)). So ~ is Sym(n)-invariant and Sym(n)
actson A/ ~.
LetReQand X e A/~. Then Y = 71 (X) € A/~ and so

|[TRNX|=[rRnxY|=|[x(RNY)|=|RNY|=1

So 7(R) € Q and Sym(n) acts on Q. If A, B € Q with A ~ B, then |7(A) \ n(B)| = |7(A\ B| =
|A \ Bl is even and so A ~ nB. Thus » is Sym(n)-invariant and so Sym(n) acts Q/~.

(o) PutR = {(i, j) 1 <i< j<n}and observe that R € Q. If 7(R) ~ R, then r fixes [R]. and since
~ has only two equivalence classes, 7 also has to fix the other class. Hence 7 € Alt(n). If 7(R) # R,
then 7 does not fix [R]. and so 7 ¢ Alt(n). Thus

m € Alt(n) < |7R \ R| is even

We have

TR~ R|=|{nr|reR,ar¢ R} =|{r|reR,

ar¢ RY| = {()) | 1 <i<j<nn(i)>n())}]

and so (b)) holds.

Letl1<i<j<mn Ifi>2, then (1,2)(i) =i < j = (1,2)(j). If i = 2, then (1,2)i =
1 <j=(1,2)(j). Ifi=1and j> 2, then (1,2)(i) =2 < j=(1,2)j. Ifi = 1 and j = 2, then
(1,2)(0) = 2> 1 = (1,2)2. So (1,2)(i) > (1,2)(j) if and only if (i, j) = (1,2). So by (B).
(1,2) ¢ Alt(n).

(d) By[L.7.10

Alt(n) = Stabgyy(,) (Q/~) 9 Sym(n) and Sym(n)/Alt(n) = Sym(n)* < Sym(Q/~)

Since |[Q/~ | = 2 also [Sym(Q/~)| = 2. Thus [Sym(n)/Alt(n)| < 2. By (c), (1,2) ¢ Alt(n). So
Sym(n) # Alt(n) and [Sym(n)/Alt(n)| = 2. o
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1.8 Generation of subgroups

Definition 1.8.1. Let D be a class and I set.

(a) Fun(I) is the class of all functions with domain I. Fun(I, D) is the set of all functions from I to
D.

(b) An I-tuple is function with domain 1. An I-tuple in D is a function from I to D.
(c¢) A D-family is an I-tuple in D for some set I.
Notation 1.8.2. Ler f be an I-tuple. Then we denote f by (f;)ic1, where f; is the image of i under f.

Lemma 1.8.3. Ler G be a group and (G;)ic; a family of subgroups of G. Then Nc; G; is a subgroup.
If each G;, i € I is normal in G, so is Nie; Gi.

Proof. Since e € G; for all i, e € N;e; Gi. Let a,b € N;e; Gi. Then ab € G; and aleG;foralliel.
Hence ab € Nje; Gi and a~! € Nye; Gi. Thus N;e; G; is a subgroup of G.

Suppose in addition that each G; is normal in G and let g € G and a € N;; G;. Then a € G; and
$0 8a € N7 G;. Thus N;¢; G; is normal in G. O

Definition 1.8.4. Let G be a group and J € G.

(a) The subgroup (J) of G generated by J is defined by

(= N A

JEH<G
(b) The normal subgroup (°J) of G generated by J is defined by

(5= N H

JCHLG
(¢c) If (J;)ies is a family of subsets of J we write (J; | i € I) for (Uie; J).
(d) J € G is called normal if8J = J for all g € G.
Lemma 1.8.5. Let I be a subset of G.
(a) Let & : G — H be a group homomorphism. Then a((I)) = (a(I)).
(b) Let g € G. Then ®(I) = (31).
(c¢) If I is normal in G, so is (I).
(d) (1) =(I"").
(e) (I) consists of all products of elements in [ U I,

() (°I) = (81| g € G) and consists of all products of elements in Uge(;g(l ul™h).
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Proof. (a) Let A = (I) and B = (a(I))). As (A) is a subgroup of H and contains (/) we have
B < a(A). Also o !(B) is a subgroup of G and contains I. Thus A < a~!(B) and so a(A) < B.
Hence B = a(A).

(B) Apply () to the homomorphism i, : G — G, x — éx.

Follows from ().

(d) Let H be a subgroup of G. Then H is closed under inverses and so / ¢ H if and only of
I"! ¢ H. Thus (f) follows from the definition of (I).

(EI) Let H be the subset of G consists of all products of elements in / U /™!, that is all elements
of the form ajay...a,, withn >0 and qg; € Tul'forall 1 <i<n. Hereifn =0 we define a; ...ay
to be e. Clearly H is contained in any subgroup of G containing I. Thus H < (I). Now it is readily
verified that H is also a subgroup containing 7 and so (1) < H.

@) Note that U,e ¢1 is a normal subset of G. Hence by (c) H := (I | g € G) is normal subgroup
of G. So (°I) <H.If I < K < G, then I € K for all g € G. Thus also H < K and so H < (°I). Tt is
also contained in every normal subgroup containing I and we get (°I) = H. The second statement
now follows from (e). m|

Lemma 1.8.6. Let G be a group.
(a) Let A, B be subgroups of G. Then AB is a subgroup of G if and only if AB = BA.
(b) If K,H <G and K < Ng(H), then KH is a subgroup of G and (K,H) = KH.

(c) Let K;,i € I be a family of subsets of G. If each K; < Ng(H) for each i € I, then (K; | i € I} <
Ng(H).

Proof. (a) Note that
(%) (AB)"' = B1A7! = BA.

If AB is a subgroup of G, then AB = (AB)~! and (*) shows that AB = BA.
Conversely suppose that AB = BA. Then (*) shows that AB is closed under inverses. Also
e=eecABand
(AB)(AB) = A(BA)B = A(AB)B = A>B* c AB.

So AB is closed under multiplication.

(b) Let k € K. Then *H = H, kHk™' = H, kH = Hk and so HK = KH. So by (a) HK is a
subgroup of G. Hence (H, K) < HK < (H, K and (b) holds.

Since K; € Ng(H) for all i € I and Ng(H) is subgroup of G we have (K; | i € I) < Ng(H)
and (c) holds. O

Definition 1.8.7. Let G be a group and a,b € G and A, B € G.

(a) [a,b] = aba™'b~". [a,b] is called the commutator of a and b

(b) [A,B] =([a,b]|acA,beB).[A,B]is called the commutator group of A and B.
(c) “b=("b)~" ="(b7")
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Lemma 1.8.8. Let G be a group and a,b € G.
(a) [a,b] = e if and only if ab = ba.

(b) [a,b]=bb~' =a-ta

(c) [a,b]™" = [b,a].

(d) [A,B] =[B,A] forany A,BcG.

Proof. @): [a,b] = e < aba™'b~! = . Multipliying with ba from the right the latter equation is
equivalent to ab = ba.

(b) [a.b] = (aba™'b~' = bb~" and [a,b] = a(ba'b7") = a(""a).

(c) [a.b]™" = (aba™' b)) = (™) W@ )b " = bab~'a"" = [b,a].

(d) Using (c)) and[1.8.5({d)

[A,B] = ([a,b]|acA,beB)={([a,b]"' |acA beB)=([ba]|acA,beB)=[B,A]l

Lemma 1.8.9. Let G be a group.
(a) Let N <G. Then N 4 G if and only if [G,N] < N.
(b) Let A,B<G. Then [A,B] <An B.
(c) Let A,B<G with An B = {e}. Then [A,B] ={e} and ab = ba for all a € A, b € B.
Proof. (a) én € N <= ¢nn~' € N <= [g,n] € N. Thus (g holds.
() By (a) [A,G] = [G,A] <A and [G, B] < B. Thus
[A,B] <[A,G]n[G,B]<AnB

By (b), [A,B] <An B ={e}. Thus foralla € A,b € B, [a,b] = e and so by [1.8.8|[a) we have
ab = ba. m]

1.9 Direct products and direct sums

Definition 1.9.1. Let (S;)ie; be a family of sets. Then X ;S is the set of all I-tuples f with
f(i)eS;foralliel. Foriceldefine

mi: X Si=>Si, fref()

iel

Then r; is called the projection of X ,;;S;onto S ;.
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Definition 1.9.2. Let (S;);c; be a family of sets. A direct product of (S ;);e; is pair (S , (1) id), where
S is a set and () ;ej is a family of functions nt; : S — S, with the following property:

Whenever T is a set and (a; : T — S )1 is family of functions, then there exists a unique function
a:T — S such that a; = ;o foralliel.

Note that a; = 7; o @ means that the diagram

3!
T Y g

NP

Si

commutes for all i € /.

Lemma 1.9.3. Any family of sets (S;)ier has a direct product (S, (n; : S — G;)ier). Moreover, if
(T,(a; : T = S})ier) is also direct product of (S;)ic1, then there exists a bijection a : T — S with
aj=mioaforalliel

Proof. We will first show the existence. Let § = X, S; and for i € I let ; be the projection of §
onto S;. We will show that (S, (7'(1'),‘61) is a direct product of (S;)e;.
For this let T a set and (@; : T — S;);e; a family of functions. Let @ : T — S be a function. Then

mTioa=q; foralliel
<~ mi(a(t)) =a;(t) foralliel,teT
<~  a(t)(i)=ai(r) foralliel,teT
> at) = (ai(t))ies forallteT

Soa:T — S, (ai(t))ie is the unique function from 7' — S with @ o zr; for all i € I. Thus (7;);es
is indeed a direct product of (S;)e;.

To prove the uniqueness assertion let (T, (i : T - Si),-d) also be direct product of (S;);c;.
Since (S, (7;)er) is a direct product. there exists a function @ : T — S with @; = m;o e forall i € I.
We need to show that « is bijection.

Since (T, (ai)iel) is a direct product there exists a function 8 : § — T with m; = a; o 8 for all
i € I. Consider the composition @ o:S — S. We have

mio(aof)=(moa)of=aiof=m

also

m;oidg = m;

Hence the diagrams
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aof id
S S s .5
N e N e
Si and Si

commute. So by the uniqueness assertion in the definition of a direct product we conclude that
a o =idg. By symmetry also 8o @ = idy. Thus « is a bijection. O

1.9.4 (Further Products of Sets). Let (S;);e;. We will investigate what happens to Definition [1.9.2]
in we reverse some or all of the arrows:

ey

Na

2)

This diagram makes no sense, since the composition of any two functions which can be com-
posed is in the reverse direction of the third.

3)

Here we can choose S = {s} and define ; and @ by 7;(is;) = s = () forall 5; € S;, 1€ T.
“4)

3!
T<—aS

N\

S;
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Asin (1) choose S =1 =a=9@.
)

Diagram makes no sense (just as (2)).

(0)
T o g
N
Si
As in (3) choose S = {s} and define 7; and @ by ;(s;) = s = a(¢) forall s;€ S;,t€T.

(7

Ja

T———mS§

o\

Si

This is the only interesting case (other than the direct product). Let S = (J;; S, the disjoint
union of the §;,i € I. So

S={(i,s)|iel,seS;}.
Define

28—~ 8,5 (i,s)

and for a given family ; : S; = 7T,

a:S->T, (i,s)+ ai(s)

(S, (7)ies ) is called the coproduct of the family (S;)e;.

We now will look at the direct product of groups and in section[I.TT]at the coproduct of groups.
Definition 1.9.5. Let (G;)ic; be a family of groups. A direct product of the (G;)is is a pair
(G, (71'['),'51) where G is a group and (7;)ies is a family of group homomorphism n; : G — G; with the
following property:

Whenever H is a group and («; : H — G;)ej is family of group homomorphism, then there exists
a unique homomorphism « : H - G such that a; = m;o a forall i € L.
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Just as for sets, the definition can be summarized in the following commutative diagram
Na
H——G
o\
G;
Lemma 1.9.6. Any family of groups (G,)ie; has a direct product (G, (mi:G — G,-)l-el). Moreover, if

(H, (;: H—~ G,'),-d) is also a direct product of (G;)ic, then there exists an isomorphism « : H - G
witha; =mioa forallicl.

Proof. We will first show the existence. As asetlet G = X ,.; G; and for i € I let 7r; be the projection
of G onto G;. Define a binary operation on G by

(+) (&) () = f(D)g(i)

for all f, g € I. It is a routine exercise to verify that G is a group under this operation.
By definition of 7r; (*) can be rewritten as

ni(fg) = mi(f)mi(g)

and so 71; is a homomorphism.

Let H a group and («; : H - G,);¢; a family of a family of group homomorphism. Since (71;);e;
is the set-theoretic direct product of (G;);e; there exist a unique function @ : H - G with @; = ;0 ,
namely @ (h) = (a;(h));e; for all i € I. Then for all h,k € H:

a(hk) = (@;(hk))ier = (@i(h)ai(k))ier = (@i(h))ier(@i(k))ier = a(h)a(k)

and so « is a homomorphism.
The proof of the uniqueness statement is the same is for sets. Essentially one just need to replace
“function” by “homomorphism” everywhere in the proof. O

Definition 1.9.7. Let (G;)ic; be a family of groups.

(a) For g € X ;G define
Supp(g) = {iel]g(i) # 16}

g is called almost trivial if Supp(g) is finite.

(b) @ic Gi is the set of all almost trivial elements in X ;.; G;. @;e; G is called the
direct sum of (G;)jes-

Definition 1.9.8. Let G be a group.

(a) A family (a;)ier of elements in G is called commuting if a;a; = aja; for all i, j € I.
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(b) Let (a;)ic; be an almost trivial, commuting family of elements in G. Then
Hai =a;aj, ...4j,
iel

where i1,y ...i are the pairwise distinct elemenst of I with ai; # 1. Note that since aja; = a;a;,
this definition does not dependent on the order the iy, ... i are chosen.

Lemma 1.9.9. Let (G;)ic; be a family of groups. For j € I define p;: G — @®;e; G; by
N8 Hfi=]
. i) =
pi(&)() {161 e
forall g € G;.
(a) @ie; Giis a subgroup of X ;G
(b) Forall jel, p;jisal-1 homomorphism.

(c) [pi(Gi),pj(Gj)]=1foralli+ jel

(d) Let g € @ic; Gi. Then there exist a uniquely determined almost trivial family (h;)icr € X ;; Gi
with g = [1ie; pi(hi). Namely h = g.

(e) @it Gi={pi(Gi)|iel})

Proof. @) This follows since Supp(a~') = Supp(a) and Supp(ab) < Supp(a) U Supp(b).
(b) This is readily verified.

(cpLet j#kel, g;eGjand g € Gy. Then

8j if i =j
(0(8)p(g)) (i) =1gx ifi=k = (p(gx)p(g;)) (i)
1 ifj+i+k

Thus p;(g)px(gk) = pe(8r)p;(g;) and (c) holds.
(d) Just observe that by the definition of p;(/;)

iel

(Hpi(hi))j = hj.

() By (d) g = [Ties pi(gi) € (pi(G;) | i € I). Thus (g holds. m

Lemma 1.9.10. Ler (G;);e; be family of groups, H a group and («; : G; — H)e; a family of
homomorphism such that

(*) ai(gi)a;(g) = a;(g;)ai(g:)
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foralli+ jel, g€ G;and g; € G,. Then there exists a unique homomorphism

a: PG ~H with ;= aop; foralliel

iel

Moreover;

a(g)ier) = [ i(gi)

iel
for all (gi)ier) € Dier Gi.

el
@ G
N
G;

Proof. Let (gi)ie1 € @ie; Gi. If gi = 16, then @(g;) = 15 and so (@;(g;))ier is almost trivial. By (*)
this family is commuting and so we obtain a function

H

a: PG~ H, (g~ []eilg)
iel iel
Let (g})ier € @ics Gi- By (*) i(gi)aj(g}) = aj(g})ai(gi) for all i # j € J and so an straightfor-
ward induction arguments shows

([Tei(eD))(ITai(e)) =TT (i(gailsr))
iel iel iel
Since @; is a homomorphism, @;(g;)ei(g}) = @i(gig}) and we conclude that  is a homomor-
phism.
Leti € I and g € G. Then p;(g); = lg, forall i # j € J. So a;(pi(g);) = 1x and thus
a(pi(g)) = ai(g) . Hence a; = @ o p;.
To show uniqueness let 8 : @,; G; — G be a homomorphism with a; = 8o p; for all i € I. Then

B((gi)ier) =B(T1pi(g)) = T1B(pi(g:)) = [T i(gi) = a((gi)ier)

iel iel iel

and so « is unique. O

Definition 1.9.11. Let G be a group and (G;)ic; a family of subgroups of G. We say that G is the

internal direct sum of (G;);e; and write
int

G=-PG;

iel

provided that

(i) Gi<G foralliel
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(ii) G=(G;|iel).
(iii) Foreachi, Gin(Gjli+jel)=1.

Proposition 1.9.12. Let G be a group and (G;)ic; a family of subgroups of G. Suppose that G is the
internal direct sum of (G;)iej.
Then the map

a: PG —>G, (&)ier—~ Hgi

iel iel

is a well-defined isomorphism.

Proof. ForielputG :=(G;|i+ jel). Letg € G. Since G; < G we have G; = G, and so using
11.8.5((b) we compute

$G'=(5G,|i# jel)=(G;|i# jel)=G'

Thus G' < G. By [1.9.11fiii), G; n G’ = {e} and so by [1.8.9(c) ab = ba for all a € G;,b € G'. If
j#ielthenGj< G' and so gigj=g;giforall g; € G;and g; € G;. So by|1.9.10|« is a well-defined
homomorphism and a(p;(g;)) = gi. Thus G; < Ima. Since Ime is a subgroup of G we conclude

(Gj|iel)<Ima. Hence|1.9.11{{ii), Ime = G and so « is onto.

Suppose that
H 8i = H a

iel iel

for some (gi)er, (a)ier € Bjes. Then

aigi' =[] aj's;
i jel
Note that the left side is in G; and the right side in G'. Since G; N G' = {e} we conclude that
al-gl.‘1 =e and so a; = g;. Thus « is 1-1 and the lemma is proved. O
Note that the preceeding lemma implies that if G = 22} G; then G is canonically isomorphic to
®;c; G;. For this reason we will often abuse language and write G = @;¢; G; to indicated that G is
the internal direct sum of (G;);c;.

Example 1.9.13. Let G = {(1),(1,2)(3,4),(1,3)(2,4),(1,4)(2,3)} < Sym(4). LetG; = {(1),(1,2)(3,4)}
and G, = {(1),(1,3)(2,4)}. Since G is abelian, G| and G, are normal subgroup of G. Since
(1,2)(3,4) 0 (1,3)(2,4) = (1,4)(2,3), (G1,G2) = G. Moreover, G NG, = {(1)} and so G is the

internal direct sum of G; and G,. Thus

G=G19G,
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1.10 Sylow p-subgroup

Hypothesis 1.10.1. Throughout this section G is a finite group and p a prime.
Definition 1.10.2. (a) A p-subgroup of G is a subgroup P < G which is a p-group.

(b) A Sylow p-subgroup S of G is a maximal p-subgroup of G. That is S is a p-subgroup of G and
if S < Q for some p-subgroup Q, then S = Q.

(c) Syl,(G) is the the set of all Sylow p-subgroups of G.

LetneZ* and n = p*m withk € N, m € Z* and p + m, then ny, = pr. n, is called the p-part of n.
Often a Sylow p-subgroup is defined to be a subgroup of order |G|,. This turns out to be equivalent
to our definition (see and [1.10.9([c]), but I prefer the above definition for two reason: 1.
It is easy to see that Sylow p-subgroups exists ( see the next lemma). 2. The given definition also
makes sense for infinite groups ( allthough infinite groups may not have a Sylow p-subgroup).

Lemma 1.10.3. (a) Any p-subgroup of G is contained in a Sylow p-subgroup of G. In particular,
Syl,(G) is not empty.

(b) Let S <G with|S|=|G|p. Then S is a Sylow p-subgroup of G.

Proof. @) Let P be a p-sugroups and let S be a p-subgroup of G such that |S| is maximal with
respect to P < S. We claim that S ¢ Sylp(G). For this let O be a p-subgroup of G with S < Q. Then
also P < Q and so by maxiality of |S|, |Q] <|S|. Since S < Q this gives S = Q and so S € Syl,,(G).
In particular, {e} is contained in a Sylow p-subgroup of G and so Syl,(G) # @.
(b) Let Q be a p-subgroup of G with S < Q. By Lagrange’s, |Q| divides |G. Since |Q] is a power
of p, |Q| divides |G|, = |S|. Thuse |Q| < |S|and S = Q. So S € Syl (G). i

Example 1.10.4. 1. Let G = Sym(5). Then |G| = 5! = 120 = 23 - 3- 5. Thus by|1.10.3([b),

((123)) € Syl;(G)
((12345)) € Syls(G)
Dihg € Syl,(G)

Here Dihg = ((14)(23), (13)) is the automorphism groups of the square | 2

2. & be a projective plane of order two and G = Aut(&). Then |G| = 168 = 23-3-7. Let P be a point
incident to the line /. Then Stabg ({P,1}) is a Sylow 2-subgroups of G.

Lemma 1.10.5. Let G be a finite group, p a prime and S a p-subgroup of G. Then S ¢ Sylp(G) if
and only if N(S)/S has a non-trivial p-subgroup.
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Proof. We will prove the contrapositive.
Suppose first that S ¢ Syl,(G). Then there exists a p-subgroup T of G with S £ T. Then by

S £ Nr(S). Thus N7(S)/S is a non-trivial p-subgroup of Ng(S)/S.

Suppose A is a non-trivial p-subgroup of Ng(S). Let T be the inverse image of A under the
natural homomorphism from Ng(S) — Ng(S)/S. Then T is a subgroup of G and |T| = [T/S||S| =
|A||S|. Thus T is a p-subgroup of G with S # T. Hence S is not a Sylow p-subgroup. i

Lemma 1.10.6. Let I and J be sets. Then Sym(I) acts on J' vian * f = f on~! for all n € Sym(I)
and f e J.

Proof. Readily verified. O

Proposition 1.10.7 (Cauchy). If p divides |G

, then G has an element of order p

Proof. Let x = (1,2,...,p) € Sym(p) and X = (x). Then X is a subgroup order p of Sym(p). By
1.10.6/Sym(p) acts on G” and so also X acts on G”. Observe that

xx(ai,...,ap) = (ap,ai...,a,-1)
Consider the subset
T={(ai,...,ap) €G” |aiaz...ap = e}.
of G” Note that we can choose the first p — 1 coordinates freely and then the last one is uniquely
determined. So |T| = |G|"~!.
We claim that T is X-invariant. For this note that

apai ...ap-1 =(a...ap)

Siifa...ap=ealsoaya;...ap-1 =e. Thus x € Nx(S) and so also X < Ng(S'). Hence T is indeed
X-invariant and so X actson 7.
From [1.7.30] we have

|T| = |Fixz(X)| (mod p)
As p divides |G|, it divides |T'| and so also |Fix7(X)|. Hence there exists some (ay,az,...4a,) €
Fixs (X) distinct from (e, e, ...,e). But being in Fixg(X) just means a; = a» = ...a,. Beingin §
implies a’l7 =aja;...ap, = e. Therefore a; has order p. O

The following easy lemma is crucial for our approach to the theory of Sylow p-subgroups.

Lemma 1.10.8. Let P € Syl (G) and a € Aut(G). Then a(P) € Syl ,(G). In particular;, G acts on
Syl,(G) by conjugation.

Proof. Since « is an bijection, |P| = |a(P)| and so a(P) is a p-group. Let Qbe a p-subgroup of
G with @(P) < Q. Then a~'(Q) is a p-subgroup of G with P < @~!(Q) and the maximality of P
implies P = a~!(Q). Thus a(P) = Q and a(P) is indeed a maximal p-subgroup of G.

Let g € G. Then P = iz(P) € Syl (G). Thus Syl,(G) is subset of P(G) invariant under the
action by conjugation. Therefore G acts on Sylp(G) be conjugation. O
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Theorem 1.10.9 (Sylow’s Theorem). Let G be a finite group, p a prime and P € Sylp(G).
(a) All Sylow p-subgroups are conjugate in G.

(b) |Sy1,(G)|=|G/Ng(P)|=1 (mod p).

(c) |P|= |G|p-

Proof. Let S =C%P:= {8P| g€ G}. So S is the set of Sylow p-subgroups conjugate to P. First we
show

1°. P has a unique fixed-point on S and on Syl,(G), namely P itself
Indeed, suppose that P fixes Q € Syl ,(G). Then P < Ng(Q) and PQ is a subgroup of G. Now

|PQ| = ||£rllg‘| and so PQ is a p-group. Hence by maximality of P and Q, P = PQ = Q.

2°.  S=1 (mod p).

By Fixs(P) = 1 and by Fixed-Point Formula [1.7.30||S| = |Fixs(G)| (mod p). So
holds.

3. Syl (G)=Sandso @ holds

Let Q € Syl (G). Then [Fixs(Q)| = [S| = 1 (mod p). Hence Q has a fixed-point T € S. By
applied to Q, this fixed-pointis Q. So Q=T € S.

4°. (b)) holds.

By and Sy1,(G)| =|S| =1 (mod p). Note that N Ng (P) is the stabilizer of Pin G with
respect to conjugation. As G is transitive on S we conclude from [1.7.20((c) that |S| = |G/ Ng(P)|.
Thus (b) holds.
5°.  pdoes not divides |Ng(P)/P)|.

By [1.10.5| Ng(P)/P has no non-trivial p-subgroup and so by Cauchy’s theorem |Ng(P)/P is
not divisible by p.

By (b) and (5°), p divides neither |G/Ng(P)| nor [Ng(P)/P|. Since

|G| =G/ NG (P)| - N (P)/P|-|P|

we get that p does not divide |G/P|. Hence |G|, divides |P|. By Lagrange’s |P| divides |G| and so
also |G|,. Thus |P| = |G|,. and (c)) holds. O

Corollary 1.10.10. Let G be a finite group, p a prime and P € Syl ,(G)

(a) Let Q be a p-subgroup of G. Then Q € Syl ,(G) if and only if |Q| = |G|, and if and only if p
does not divide |G/Q|.

(b) Let R < H <G with p +|G/H|. Then R € Syl ,(H) if and only if R € Syl ,(G).
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(¢) P <G ifand only if P is the unique Sylow p-subgroup of G.
(d) Let sp:=|Syl,(G)|. Then s, divides % ,8p =1 (mod p) and s,|G,| divides |G|.

Proof. (a) Since |Q| is a power of p, |Q| = |G|, if and only if p does not divide % If |Q| = |G|, then

by [L10.3(B). O € Sy1,(G) and if Q € Syl, (G) then b, 10| = |G,
Note that |H|, = |G|, and so (b) follows from (c].
Since all Sylow p-subgroups are conjugate, Syl,(G) = {¥P | g € G}. Hence Syl ,(G) = {P}
if and only if P =8P forall g € G.

(d) By [1.10.9{b). s, = |G/Ng(P)| = 1 (mod p). Also

161 _l6l _ 6] [Na(P)| _  [Ng(P)|

= = =5
IGl, |P| [Ng(P)| |P| " |p|

.. G|
So s, divides |—. O
p IGlp

Lemma 1.10.11. Let G be a finite group, p a prime M 4 G.

(a) Let H<G. Then H € Syl (G) if and only if HM|M € Syl ,(G) and H n M € Syl ,(G).

(b) Letn:G — M,g — gM be the natural homomorphism and for R < G let R = 7' (R). Put
A= {(R Q)| ReSyl,(GIM), 0 e Syl (R)).

Then

a:8yl,(G) > A, P— (PM/M,P)
is a well-defined bijection.
(c) Let P ¢ Sylp(G). Then |Sy1p(G)| = |Sy1p(G/M)| . |Sy1p(PM)|

Proof. () Note that |[H| = |[H/H n M||H n M| = [HM/M||H n M| and |G|, = |G/M|,|M|,. It follows
that |H|, = |G|, if and only if |HM /M|, = |G/M|, and |H n M|, = |[M,,|. So (a)) holds.

(6) By (@) PM/M € Syl,(G/M) also P e Syl,,(PM) and so a is well defined. Clearly  is 1-1.
Let R € Syl (G/M) and Q € Syl (R). Since |R| = |R||M|,

10| = |f‘)|p = |R|p|M|p = |G/M|p|M|p = |G|p
So Q € Syl ,(M). By @) OM|M € Sylp(ﬁ’/M) = R and since R is a p-group, QM /M = R. Thus
a(Q) = (OM/M, Q) = (R, Q) and « is onto.
By @ |Sy1p(AG)| = |A|. Let R, T € Syl ,(G/M). Then R = “T for some a € G/M.ALet a = gM with
g € G. Then R = *T and since conjugation is an automorphism, Sy1,(R)| = [Sy1,(T)| = [Syl,(PM))|.
Thus
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SYL(G)[=1Al= > ISy, (R)= > [Syl,(PM)|=ISyl,(G/M)|-|Syl,(PM)|
ReSyl, (G/M) ReSyl, (G/M)

O

Lemma 1.10.12. Let G be a finite group, p a prime, P € Sylp(G) and M < G. Then the following
statements are equivalent

(a) M < Stabg(Syl,(G))
(b) P4 PM.
(c) P is the unique Sylow p-subgroup of PM.
(d) |Syl,(G)| = ISyl (G/M)|
(e) The map
B:Syl,(G) —Syl,(G/M) Q—~ QMM

is a bijection.

Proof. (@ = @: If M < Stabg(Syl,(G)), then M < Ng(P). Since also P < Ng(P) we

conclude that PN < N)G(P) and so P < PN.

(®) = (c): 1f P < PM,[1.10.10][c) shows that P is the unique Sylow p-subgroup of G.
(c) = @: If P is the unique Sylpw p-subgroup of PM, then |Syl,(PM)| = 1 and so by

[1.10.11)(c)

Sy, (G)| = [Sy1,(G/M)]- Syl ,(PM)]| = [Syl,(G/M))]
— @: Since the map « in [1.10.11{c) is a bijection, f is onto. So if [Syl,(G)| =
ISyl,,(G/M)], B is a bijection.
() = (a):  Suppose B is a bijection. Let m € M. Then P"M = PM and since 3 is 1-1,
P™ = P. So M fixes all P € nSyl ,(G), thatis M < Stabg (Syl,(G)). o

Lemma 1.10.13. Let G be a finite group, p a prime, P € Syl ,(G) and M <4 G with M < Stabg (Syl,(G)).
Then

(a) PnM<G.
(b) PM <G if and only of P 4 G and if and only if P < Stabg(Syl,(G)).

Proof. @) By P 4 MP. Since M < G this gives MNP < M. BY@PO M € Syl,(M)
and so by So by [T.10.10{[c), M n P is the only Sylow p-subgroup of N. Let g € G. Then by
8N N Pis a Sylow p-subgroup of M and so equalto M n P. Thus MNP < G.

(b) Suppose that PM < G. By[[.10.12] P is the only Sylow p-subgroup of PM and so P 4 G. Sup-
pose that P 4 G. The Syl,(G) = {P} and so P < G = Stabg(Syl,,(G)). Put M = Stabg (Syl,,(G)).
If P<M,then PM =M< Gandso P<G. O
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Lemma 1.10.14. Let G be a finite group of order 2n with n odd. Then G index a normal subgroup
of index 2.

Proof. By Cayley’s Theorem , G is isomorphic to G', (the image of G in Sym(G) under the
homomorphism @ corresponding the action - of G and G by left multiplication. Let ¢ € G be an
element of order 2. Since rg # g for all g € G, t and so also r = ®(¢) has no fixed-points on G.
Hence 7 has n-cycles of length 2 and so ¢ is an odd permutation. Thus G £ Alt(G) and G n Alt(G)
is normal subgroup of index 2 in G'. O

Lemma 1.10.15. Let G be a group of order at most 60. Then one of the following holds.
(a) G has a unique Sylow 5-subgroup.
(b) |G| =55 and G has a unique Sylow 11-subgroup.

(c) |G| = 60, [Syls(G)| = 6, G = (Syls(G)), G acts faithfully on Syls(G) and G is simple. In
particular, G is isomorphic to a subgroup of Alt(6).

Proof. If s5 = 1, (a) holds. So suppose 55 > 1. Then 5 does divide |G| and so 55 = 1 (mod 5) and s5
divides & <% =12 Thus ss =6 or 11.

Suppose ss5 = 11. Then 55 = 5- 11 divides |G| and since |G|leg60, |G| = 55. Thus s;; divides 5
and so s1; = 1 and (@) holds.

Suppose next that s5 = 6. Then G is divisible by 30 = 5-6 and so |G| = 30 or G = 60. If |G| = 30,
then [I.10.14] G has a normal subgroup M of order 15. Then H unique Sylow 5-subgroup P. Since
H < G it follows that P < H and so P is the unique Sylow 5-subgroup of G, contrary to s5 = 6.
Thus |G| = 60. Let H = (Syls(G)). Then |Syls(H) = |Syls(G)| = 6 and |H| = 60. Thus H = G. Let
N = Stabg(Syls(G)). By[1.10.12)({d), G/N has the same number of Sylow 5-subgroup as G, that is
six. Hence |G/N| = 60 and N = 1. Thus G acts faithfully on Syls(G) and so G is isomorphic to
a subgroup G of Sym(6). Note that any subgroup of order five in Sym(6) is contained in Alt(6).
Since G = (Syls(G)) this shows G < Alt(6).

It remains to show that G is simple. Suppose there exists M 4 G with 1 # M £ G. Let

P € Syl5(G). By|[1.10.11(c)

6 = |Syl5(G)| = [Syls(G/M)| - [Syls(MP))|

Since |G/M| < 60 and G/M divides 60 we have |G/M| < 55 and so |Syls(G/M)| = 1. Hence
ISyls(MP)| = 6. Thus [MP| = 60 and MP = G In particular, P £ M and so PN M £ P. Since
|P| = 5 this gives PN M =1 and so 60 = |G| = |[PM| = % =5-|M|. Thus |M| = 12. It follows that
ISyl;(M)| < {3 =4 <5. Since

|FiXSyl3(M)(P)| = |Syl;(M)| (mod 5)

we conclude that P fixes all T € Syl;(P). Thus P < Ng(T) and P acts on T by conjugation. Since
|T|=3<5and
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Fixy(P) 2 |T| mod 5

it follows that P fixes all elements of 7. So T < C5(T) < Ng(P). But G/Ng(P)| = s5 = 6 and
so |[Ng(P)| = 10. Since 3 does not divide 10, this contradicts Lagrange’s theorem.
So G is simple.

We will now show that Alt(n) is the only subgroup of index 2 in Sym(n):

Lemma 1.10.16. Let G be a group, T a conjugacy class of elements of order two in G and put
H={(T). Put D= (T?) = (st|s,t€T). Then one of following holds:

(a) H = D and there does not exists a normal subgroup B of G with B< D and D/B| = 2.
(b) |H/D| =2 and D is the unique normal subgroup of G with D < H and H/D| = 2. H.

Proof. @) Note that 7" and 772 are normal subsets of G and so D is a normal subgroup of G. Let
s,t € T. Then s't = st € D and so sD = tD. Also s~ 'D = sD and so D U sD is a subgroup of G
containing 7. Since H = (T), this gives H = D U sD and so |H/D|leq2.

Let B 4 G with B < H and |[H/D| = 2. Suppose that s € B. Since B < G we get 7 = s ¢ B and
so H < B, a contradiction to |[H/B| = 2. Thus s ¢ B for all s € T and since |H/B| = 2, we get sB = tB
and so st = s~ 't € B. Hence D < B and since |H/B| = |H/D| =2, D = B.

If H = D, (@) holds and if H # D, (b)) holds.

Corollary 1.10.17. Let n > 2. then Alt(n) is the unique subgroup of index two in Sym(n).

Proof. Let T ={(i,j) | 1 <i< j<n} be the set of two cycles in Sym(n). Note that 7 is conjugacy
class of Sym(n) and by a homework problem, Sym(n) = (7). So the Corollary follows from

1.10.16/[). O

The following lemma is an example how the actions on a subgroup can be used to identify the
subgroup.

Lemma 1.10.18. Let n be an integer with n > 3. Let G = Sym(n) or Alt(n) and suppose * is a
faithful action of G in the set I with |I| < n. Then

(a) If G = Sym(n), then G* = Sym(I) and Stabg (i) = Stabg (i)* = Stabgyy(py (i) = Sym(n - 1) for
alliel.

(b) If G = Alt(n), then G* = Alt(I) and Stabg (i) = Stabg(i)* = Stabyy ) (i) = Alt(n - 1) for all
iel
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Proof. By assumption, G acts faithfully on I and so G is isomorphic to the subgroup G* of Sym(7).
In particular, |G*| = |G| and so

|
1t =Isym(D)] > [G"| = 1G] > 7.

Since |I| < n and n > 3 this gives |I| = n and [Sym(7)| = [Sym(n)|.

Hence |[Sym(1)/G*| = |Sym(n)/G| < 2. By[L.10.17] Alt() is the unique subgroup of index two
in Sym(7). Thus either G = Sym(n) and G* = Sym(I) or G = Alt(n) and G* = Alt(I). Leti e I.
Suppose G = Alt(n). Then

« 1-1
Stabg (i) =" Stabg (i) T2 Stabg- (i) = Stabyry (i) = Alt(Z < {i}) = Alt(n - 1)
and similar statement with Alt replaced by Sym. So (a)) and (b)) holds. O

Corollary 1.10.19. Let H be a finite group of order 60 with exactly six Sylow 5-subgroups. Then
H = Alt(5).

Proof. By|1.10.15|we may assume that H is a subgroup of G = Alt(6). Let / =G/H and i = H € I.
Note that G acts on I be left multiplication and H = Stabg(i). Put M = Stabg (7). Then M <
Stabg (i) = H. By|1.10.15| H is simple and so M = 1 or M = H.

If M = H, then H < G and since 5 + G/H, Syl5(G) = Syls(H). But Alt(6) has #3332 = 36.4

5-cycles and so % = 36 Sylow 5 subgroups, a contradiction since H has only 6 Sylow 5-subgroups.
Thus M = 1. Hence G acts faithfully on I and since |/| = % = 6, (1.10.18| shows that H =
Stabg (i) = Alt(5). i

1.11 Coproducts and free groups

Having looked at the direct product and direct sum of groups we now define the coproduct of a
family of groups:

Definition 1.11.1. Let (G;);e; be a family of groups. A coproduct of (G;)es is a pair (G, (pi),-el),
where G is a group and each p;, i € I, is homomorphism from G; to G, with the following property:

Whenever H is a group and («; : G; - H )¢y a family of homomorphisms, then there exists a
unique homomorphism « : G - H with a; = @ o p; foralli € I.

As usual we summarize the definition in a commutative diagram:
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On an intuitive level this group is the largest group which contains the G;’s and is generated by
them. Notice also that the defintion of the coproduct is nearly identical to the defintion of the direct
product. The difference is that all the arrows are reversed, that is a map fro A to B is replaced by a
map from B to A. But it turns out the the coproduct is much harder to construct. We will proceed in
three steps:

Step 1 Construction of coproduct X set-theoretic coproduct of (G;)e;.
Step 2 Construction of the free monoid W for X.

Step 3 Definition of an equivalence relation ~ on W.

The coproduct then will defined as W /~.

Definition 1.11.2. Let (S;)ic; be a family of sets. A (set-theoretic) coproduct of (S;)icr of (S:)ier is
pair (S, (Ll')id) where S is a set and each 1;,1 € I is function v; : S; — S, with the following property:

Whenever T is a set and (f; : S; — T)icr is a family of functions, then there exists a unique
function f: S — T with f; = fou foralliel

31 f
T —— 8§
NS
Si
Lemma 1.11.3. Let (S;)ic be a family of sets. Let (S, (L,-),-d) be a coproduct of (S;)ic;, T a set and

(fi : S = T) afamily of function. Let f : S — T be the unique function with f; = f o; for all i € I.
Then f is bijection, if and only if (T, (f;)ier) is a coproduct of (S;)ier-

Proof. Let Rbe aset, (g; : S; > R);c; a family of functions and g : T — R a function. Then
(*) gi=go fiforalliel

if and only if g; = (g o f) o¢; for all i € I and so if and only if

() gof=h

where i : § — R is the unique function with g = hoy; forall i € I.

If ¢ is a bijection, then g = h°f~! is the unique function fulfilling (**) and so (T, (f;)ic;) is a
coproduct of (S;);e;.

Suppose now that (T, (f;)i) is a coproduct of (S;);;. Then there exists a unique function
g:T — § with; = go f; for all i € I. The unique function 4 : § — § with ¢; = hoy; is h = idg.
Since (*) is equivalent to (**) this shows that g o f = ids. By symmetry f o g =idy and so fis a
bijection. O
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Definition 1.11.4. Let (S;)c; be a family of sets.

(a)
USiZ{(S,i)|iEI,S€S,'}

iel
Wier S is called the disjoint union of (S ;)ier.-
(b) We say that (S;)ies is pairwise disjoint if S; 0 S j = & for all i, j € I withi # j.

(c) Let S be a set. We say that S is the internal disjoint union of (S ;)ic; and write

int
S =S,

iel

if S =UierSi and (S;)ies is pairwise disjoint.

Lemma 1.11.5. Let (S;);c; be a set. Put S = J;; S; and for i € I definet;:S; - S,s — (s,i). Then
(S, (L,-),-el) is a set-theoretic coproduct of (S;)ies.

Proof. Let T be asetand (f;: S; - T) be a family of function. Let f : § — T be a function. Then
the following are equivalent:

fi=foy foralliel
— fi(s) = f(u(s)) foralliel,seS;
— fils) = f(i,s) forall (i,s) € S

Thus the function

f:8 =T, (i.s) = fis)

is the unique function from S to I with f; = f oy, forall i € I. So (S, (¢;)ies is indeed a coproduct
of (S i)ie[. O

Lemma 1.11.6. Let (S;);c; be a family of subset of the set S. Define

c:JSi= S, (si)—s

i€l
Then the following statements are equivalent
(a) Foreach s € S there exist a unique i € [ with s € S;.
(b) S =UnS,.

(c) tis a bijection.
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(d) (S, (idgi)id) is a coproduct of (S )ier.

Proof. () < () : The existence statement in (a)) holds if and only if S = U;¢; S;. The unique-
ness statement holds holds if and only if §; NS ; # @ implies i = j, that is if and only if (Si)ier is
pairwise disjoint.

() <= (c): LetseS. Thens=(r,i) for some (r,i) € i S;if and only if s = rand s € §;
for some i € R. Thus ¢~ (s) = {(s,i) | i € I, s € S;}. Hence ¢ is onto if and only if S = U;; S; and ¢ is
I-1lifandonlyif S;nS§; # @ implies i = j.

< (d): By[l.11.3]|(c) and (d) are equivalent. i

Definition 1.11.7. Let I be a set. A free monoid for I is pair (W,p), where W is a monoid and
p: 1 — W is a function, with the following property

Whenever M is monoid and 3 : I — M is a function then there exists a unique homomorphism
of monoidsy: W - M with3=yop.

Ay
w
N
1

Proposition 1.11.8. Let I be a set and let M| be the set of all tuples (iy,i2,...,i,), where n € N and
ijelforall 1< j<n. Fori=(ii,...,iy) and j= (ji,... jm) in M define

M

1= (102 sims 1y )
Then
(a) Mjis a monoid.
(b) Themap p: 1 — My, i— (i) is 1-1.
(c) (My,p) is a free monoid for I.

Proof. @ The binary operation is clearly associative and () is an identity element.

(b) Obvious.

Let M be a monoid and B : I - M a function. Define y((i1,...,iy)) = B(i1)B(i2) ...B(ix))
where as usually the empty product is defined to be 1,,. This is clearly a homomorphism and
B=vop.

Conversely if 6 : M; — M is a homomorphism with 5 = ¢ o p. Then

5((in iz, in)) = 6(p(in)p(i2) ... p(in)) = 6(p(i1))8(p(i2)) ... 6(p(in) ) = B(i1) - .. B(in)

So v is a unique. Thus (My, p) is indeed a free monoid on 1. i
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Remark 1.11.9. Let I be a set. By there exists a free monoid (My,p) and p is 1-1. So we can
identify i € I with p(i) and obtain a free monoid of the form (M,id;). Then each element w € M;
can be uniquely written as
w=iiy...I,
withn € N and iy,...,i, € I. nis called the length of w and is denoted by I(w). Moreover, the
multiplication is given by
(it eeein) Gt eeejm) = 1o inf1 e Jim

Lemma 1.11.10. Let (G,-) be a magma, ~ a relation on G and =~ the equivalence relation on G
generated by ~. Suppose that ab ~ ac and ba ~ ca for all a,b,c € G with b ~ c.

(a) The map * : G|~ xG[~— G/[~, ([a],[b]) — [ab] is a well-defined binary operation.
(b) If - is associative, then * is associative.

(c) If 1 is an identity in G, then [1] is an identity in G [~.

(d) Suppose G is a monoid and H is a subset of G such

(i) G is generated by H as a monoid.
(ii) For each h € H there exists h' € G with hh' ~ 1 ~ hi'.

Then G [~ is a group.

Proof. (d) Let a,b,c,d € G witha ~ c and b ~ d. Define f : G - G,x — xb. Since x ~ y implies
xb ~ yb,[1.5.5]shows that a ~ ¢ implies ab ~ c¢b. Choosing f : G - G, x — cx instead, shows that
b ~ d implies cb ~ cd. Since = is transitive this gives ab ~ cd and so * is well-defined.

(b) and (c) follows easily from the definition of x.

(d) Let 7 € H. Then [hh'] = [1] = [hh'] and so [A] is invertible in G /~. Put

K :={g G |[g]isinvertible in G/~}

Then H € K and e € K. let a,b € K. Then by|[1.2.3({d), [ab] = [a][P] is invertible. Hence ab € K
and K is a submonoid of G. Thus implies K = G. Hence every [g] for g € G is invertible.
Together with (b) and (c) we conclude that G/~ is a group. O

Theorem 1.11.11. Let (G;)e be a family of groups. Let (X, (Ll'),'el) be coproduct of the family of
sets (Gi)ier and put G7 = 1;(G;). (So X = Jie; Gi = ¢ 12} G?). Let 1; = Ll'(l(;,.). Let (W,idyx) be a free
monoid on X. We denote the binary operation on W by * and the binary operation on G; (forie€l)
by -. Define the relation ~ on W by v ~ w if one of the following holds:

(i) There exist x,ye W, ielanda,beG; withw=x%axbxyandv=xx*(a-b)*y

(ii) There exists x,ye Wandieclwithw=xx*1;*yandv=x*y.
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Let » be the equivalence relation on W generated by ~. Then W [~ is a group under the well-defined
operation

Wi x Wis - W/s,  [v][w] - [vw].
Moreover,
pi:Gi—> W/, g [u(g)]

is a group homomorphism and

(W/w, (p)ier)
is a coproduct of the family of groups (G;)ies-

Proof. To simplify notation we assume without loss that the G;’s are pairwise disjoint. So ¢; = idg,
and X = | ;2; G,‘.
Note that the defintion of ~ implies that if u,v,w € W with v ~ w, then also u * v ~ u * w and

v u~w* u. Thus by [l.11.10| W/~ is a monoid with identity [()].
Letie I and a,b € G;. We will apply (i) and (i) with x =y = (). By

(1) a*b~a-bandso [a] *[b]=[a-Db]
By (i)

1i~ () and so [1;] = [()]

If follows that a x a™' ~a-a~' = 1; ~ (). Thus by W/~ is a group.

Define p; : G; > W/~,g — [g]. Then by (1), p; is a homomorphism.

Now let H be a group and («; : G; > H);¢; a family of homomorphism. Define g : X — H by
B(x) = a;(w) if i € I with x € G;. Note here that i is uniquely determined since the G;’s are pairwise
disjoint. By there exists a unique homomorphism y : W — H with y(x) = B(x) for all
x € X and so y(a) = @;(a) for all a € G;.

We claim that y(v) = y(w) whenever v » w. By[.5.5]applied with f =y and ~==, it suffices to
show that y(v) = y(w) whenever v ~ w.

Suppose first that (i}) holds. Thenw=xx*a*b*yandv=xx* (a-b) *y for some x,ye W,iel
and a, b € G; Hence

y(w) = y(x)y(a)y(b)y(y) = y(x)(ai(a)ai(b))y(y) =
y(x)ai(a-b)y(y) =y(x)y(a-b)y(y) =y(v).

Suppose next that (i) holds. Then w = x * 1; * y and v = x * y for some x,y € W and i € I Hence

y(w) =y(x)y(1)y(y) = y(x)ai(1:)y(y) = y(x)1uy(y) = y(x)y(y) = y(v).
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By the claim we get a well defined map a : W/~— H,[w] - y(w). Also as y is a homomor-
phism, « is, too.

Suppose now that § : W/~ H is a homomorphism with a; = §op; for all i € I. Define §* : W - H
be 6*(w) = 6([w]). Let x € X. Then x € G; for some i € I. We have 6*(x) = 6(pi(x)) = a;(x) =
B(x) = y(x) and since W is the free monoid on X, 6* = y. Thus for all w € W, §([w]) = 6*(w) =
y(w) = a([w]), and so « is unique. i

Lemma 1.11.12. Let (G, (p,-)l-el) be a coproduct of the family of groups (G;)ej-
(a) Eachpj,jel,is I-1.
(b) G={pi(Gi)|iel).

Proof. @) Fix j € I. For i € I we will define homomorphism G; — G as follows:

Ifi = jput @; = idg;.

If i # j define a; by a;(g) = 1¢, for all g € G;.

Then by definition of the coproduct there exists a homomorphism « : G — G; with ; = @ o p;
for all i € I. For i = j we conclude,

idg, =aop;

Note that this implies that p; is 1-1.

(o) Let H = (pi(G;) | i € I). Then (p;)es is also a family of homomorphism p; : G; - H.
Thus there exists a homomorphism a : G - H with p; = @ o p; for all i € I. Note that « is also a
homomorphism from G to G, and that idg is a homomorphism from G to G with p; = idg o p; for all
i € I. So by the uniqueness assertion in the definition of a coproduct, @ = ids. Hence

G=Imidg=Ima<H<G
Soindeed G = H = (p;(G;) | i € I). o

Proposition 1.11.13. Let (G;)ic; be a pairwise disjoint family of groups. Let 1; be the identity in G;.
Let X = U;; G; and let (W, idy) be a free monoid for X. Let ~ be the equivalence relation introduced
in[[.T1.11} Let w e W and let n € N, iy € I and xi € G;, withw = X1 ... x,. Call w reduced if

(i) xx # 1, forall 1 <k #n.
(ii) ir—1 #ixforall2 <k <n.

Then for each w € W there exists a unique reduced w, € W with w ~ w,. So if W, is the set of
reduced elements, the function

W, > W/~ u-[u]

is a bijection with well-defined inverse

VV/N_> Wr’ [W]_’Wr
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Proof.

1°.  Letwe W. Then w is reduced if and only if there does not exists v e W with v ~ w.

Indeed, let w = x; ... x, with x; € X. Then definition of ~ shows that there exists v € W with
v ~ wif and only if either x; = 1; for some 1 <k <n or iy = i; for some 2 < k < n. Note that this
just means that w is not reduced.

Define the relation < on W by v < w if there exists m € N and an m-tuple (vo, vi,...,Vy) in W
such that
vo=V,vp=wand vp_1 ~ v forall 1 <k <m

The following assertion follow immediately from the definitions:
2°,
(a) < is reflexive and transitive.
(b) Ifv <w, then I(v) < I(w), with equality if and only if v = w.
(c) v<wimplies v~ w.
Next we prove:

3°, For each w € W there exists a reduced word v € W with v < w.

Choose v € V with v < w and /(v) minimal. If v is not reduced, then by (1°), u ~ v for some
u e W. But then I(u) = (v) — 1 <I(v) and u < w, a contradiction to the choice of v.

4°, Letvi,vo,we W withvy ~W and vy ~ w. Then there exists ve W withv <vy andv < vy.
Let /e {1,2}. Since v; ~ w, one of the following holds:
(li) There existdj,e;€ W, jy€Jand a;,b; € G, withw =d; * a; * by e; and v; = d; * (a; - by) * ey.
(lii) There existdj,e;e W, jie Jwithw=d; %1, *e; and v, =d; * ¢;.
Since we have two cases for [ = 1 and [ = 2 each, we will have two consider four different cases:

Case 1.  (1i) and (2i) holds, that is

w=d| *a; * by * e vi =d; * (a1-by) * e

w=dy *ay*by*ey va=dy* (ay-by) * ey

We may assume without loss that [(dy) > I(d)).
Suppose first that [(dy) > (d}) + 2. Then d, = dy * a; * by * d for some d € W. Thus

w=di*ay*byxd*ay*by*ey,vi =dy»(a1-by) *d*ay *by*ex,vo =dy *ay by »d * (ay-by) * ey
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Put

V=d1 *(a1~b1)>ed><-(a2-b2)>(-eg.
Then v ~ vy and v ~ v, and so (#°) hold.
Suppose that [(dy) = I(d;) + 1. Then d; = d; * a; and by = a,. Thus
w=dy+ay *by xbyxex,vi =dy * (a1 -by) * by x ey, voy =di *ay * (b -by) xes

Choose v=d; * (ay - by * by) * e3. Then v ~ v and v ~ v, and holds.
Suppose that [(d>) = I(d}). Then dy = d», vi = v, and we can choose v = vy = ;.

Case 2.  (1i) and (2ii) holds, that is

w=d; *a; * by *e; vi=di % (ay-by) * e

w=dy*1j, *xep Vo =dp % e

Suppose first that [(d;) > [(d»). Then d; = d» * 1;, + d for some d € W. Thus

w=dyx1ljxdxayxbyxe,vi=dy*1j, vdx(ay-by)+e;,va=dr*d+ay +by xe

Putv=d, *d* (a;-by) *e;. Thenv ~ vy and v ~ v;. So holds.
Suppose that [(d1) = I(d>2). Thend) = da, ji1 = joand a; = 1;, = 1,.
Thus

W=d1’r1j] *b1*€2, V1=d1*(1]‘1'b1)*€2 \Q=d1*b1*€2

Thus v; = v, and we can choose v| = vs.

If I(dy) + 1 = I(d2) we have 1;, = by and similar argument as in case /(d;) = [(d») shows that
v = vz (In fact fact we could apply the I(d;) = [(d>) result to opposite groups of W and G; to treat
this case.)

The case I(dy) +2 > [(d>) is similar to I(dy) < I(d) case. and can also by deduced from that
case by looking at the opposite groups.

Case 3.  (lii) and (2i) holds
Follows from the previous case with the roles of v and v, interchanged.
Cased.  (lii) and (2i) holds, that is

w=dp 1 *e vi =d; * e

w=dy*x1j, *xep Vo =dp * e
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We may assume that [(d,) > I(d}).
Suppose that [(d;) = I(d,), then dy = d5 and v = v,. So we can choose v = vy = .
So suppose I(d») > I(d1). Then d, = d;1;,d for some d € W and so

w=di*1j, xd*1j,%es, vi=dixd*1lj,xes va=di*1j xdxep
Putv=d; *d *ep. Thenv ~ vy and v ~ v, and so (4°) also holds in this last sub case.
5°, For each w € W there exists a unique reduced word w, € W with w, < w.

The existence has been established in (3°). For the uniqueness let z; and z» be reduced with
Zi<w.

If z; = w then w is reduced. So there does not exist y € W with y ~ w and so zo < w implies
Zp =w = z1. S0 we may assume that z; # w # z5.

By definition of < there exist v; € W with z; < v; ~ w.

By there exists v e W with v <vj and v < v,. By there exist a reduced z € W with z < v.
Since < is transitive, z < v; for [ = 1,2. Since also z; is reduced with z; < v; and since v; has length
less than w, we conclude by induction that z = z;. Thus z; = z = zp and is proved.

6°. Letv,we W. Then v ~ w if and only v, = w,.

Ifv,=w,, thenv~v,=w,~xwandsov =~ w.

Suppose that v ~ w. Since v, < v and < is transitive, v, < w. Since v, is reduced, @) gives that
v, = vy,. We have shows that v ~ w implies v, ~ w,. By [[.5.5]applies with f : W — W,w — w, and
~== we conclude that also v » w implies v, = w,.

7°.  Letw e W then w, is the unique reduced word with w ~ w,.

Let v € W be reduced. Then v, = v and so by (6°), v ~» w if and only if v = w,. i
1.11.14 (Products of reduced elements). Note that W, is usually not closed under multiplication
(unless all G; but one of the G;’s are trivial. But it is not difficult to figure out what the reduction

of the product is. Indeed let x = x;x;...x, and y = ygy; ...y, be reduced words. Let 0 < s <
min(n,m + 1) be maximal with y;! = x,_, for all 0 < 7 < 5. Then

Xy R X1X2 ... Xp—s5YsYs+1---Ym

If s=n,s=m+ 1 or x,_; and y, are not contained in a common G; this is the reduction of xy.
On the other hand if x,_; and y; both are contained in G, then

XYy R X1y 'xn—s—l(xn—s 'ys)ys+1 e Ym

By maximality of s, x,,_s - ys # 1; and it is easy to seen that the element on the right hand side of the
last equation is reduced, and so is the reduction of xy.

Remark 1.11.15. Coproducts also exists for semigroups and for monoids. Indeed, everything we
did for groups carries over with one exception though. In case of semigroups we do not include the

empty tuple in the sets of words and omit|l.11.11(|i1) in the definition of v ~ w.
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Example 1.11.16. Let A ~ B~ Z/2Z. We will compute D = A ] B. To simply notation we identify
x € Au B with its image in D. In particular 1 := 15 =14 = 1p, pa =ids and pg =idg. Let 1 £a€ A
and 1 # b € B. Then every elements in D has one of the following forms:

1
(ab)(ab)...(ab)

n times

(ba)(ba)...(ba)

n times

b (ab)(ab)...(ab)

n times

a(ba)(ba)...(ba)

n times

Put z = ab. Then z7! = b~ 'a~! = ba. So the above list now reads

2,7, 77" b7, and az".
Note that

bZ" = b(ab)" = (aa)b(ab)" = a(ab) = (ab)"*' = az"*"!

and so

D={7",a7" |neZ}.

It is also easy to compute the product of two elements in D: Observe that

"a=a(ba)" 'ba=az"

and so

n m n+m n n+m m—n

=" P xad"=a"", af*+ 7" =ad"", a'*a" =aaz"?" =z

This can be combined in one formula: Define €(0) = 1 and €(1) = —1. Then for n,m € Z and
i,je{0,1}:

(aizn) " (ajzm) _ ai+jze(j)n+m

Definition 1.11.17. Let I be a set. A free group generated by I is pair (F,p), where F is group and
p: 1 — Fyis afunction, with the following property:

Whenever H is a group and « : I — H is a function, then there exists a unique homomorphism
B:F - Hwitha=op.



1.11. COPRODUCTS AND FREE GROUPS 75

3

~

1

H

Lemma 1.11.18. Let I be a set. Then there exists a free group generated by 1.

Proof. Fori e IletG; = (Z,+) and let (F, (pi),-g) be a coproduct of (G;);e;. Define p : [ - F,
i — pi(1). Now let H be a group and « : I - H be function. Define

a;:Gi—> Hm— a(i)".

Since W"*"™ = W"W"™ for all h € H,n,m € Z, a; is a homomorphism. So by definition of the coproduct

of (G;)ies there exists a unique homomorphism g : F; - H, with a; = o p;. Then

a(i) = ai(1) = B(pi(1)) = B(p(i))
and so @ = B o p. Suppose also y : F — H fulfills @ =y o p. Then for all m € G,

ai(m) = a(i)" =y(p(i))" = y(pi(1)") = y(pi(m))
Hence a; = y o p; and so by the uniqueness assertion in the definition of the coproduct 8 = . O
Lemma 1.11.19. Let (F,p) be a free group generated by I. Then p is 1-1.
Proof. Let H be any non-trivial groupand 1 # h € H. Let j € J and define @ : [ — H by
) h ifi=j
a(j) = B
1 ifi+j
Then there exists a homomorphism 5 : F — H with @ = S0 p. Then fori € [ with i # j.
B(p(1)) = (i) =1 = h = a()B((p()))
and so p(i) # p(J). o

In view of the preceding lemma we can identify i € I with p(i) in F. This gives rise to the
following

Notation 1.11.20. Let I be a set. Then Fy is a group with I € Fy such that (Fy,id;) is a free group
generated by I.

1.11.21 (Reduced words in free groups). Let I be a set and G; = (i) = {i" | m € Z}, the subgroup of
F; generated by I. Then by proof of [I.11.18|G; = Z and F is the co-product of the (G;);c;. So by
@each element in F; can be uniquely written as g1g>...gx where k€N, g; € G;,, g; # lg;, for
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all 1 < j<kandij #ijforall 2 < j<k. Since G;; = (i;) we have g; = i;.nj for some 0 # nj € Z.
Thus every element w in F; can be uniquely written as

s

(%) w=i'n

where k e N,i; € [,0#n;e Zandij_| #i;. (*)is called
is called the reduced form of w. G be group and g = (g;);c; a family of elements of G. Then by
definition of the free group there exists a unique homomorphism  : F; — G with g = S0 id;. Note
that g = B o id; just means (i) = g; for all i € I. Thus
B 5. %) = g?llg?; .. .g;’k"
Definition 1.11.22. Let I be a set.

(a) A group relation is an ordered pair (v,w) with v,w € Fr. We will usually denoted such an
ordered pair by v = w.

(b) Let G be a group and g € G'. We say that g fulfills the relation v = w provided that B(v) = B(w),
where f3 is the unique homomorphism from F to G with beta|; = g.

.11

Letv,we Fywithv=4"...i* and w = j|" ... j/"". Then g = (g;)es fulfills the relation

11 T M

= 7
AR e (R |

if and only if

g -8 =g; .8
Example 1.11.23. Let / = {a,b}, G = Sym(3) and consider the relation aba™' = b
Do g, = (12) and g, = (123) fulfill the relation? In other words is
(12) 0 (123) 0 (12)™" 2 (123)7!

The left hand side is (213) and the right hand side is (321), both of which are equal to (132).
So the answer is yes.
Do h, = (12) and h;, = (23) fulfill the relation?

(12) 0 (23) 0 (12)~" £ (23)7!
The left side is (13) the right side is (23), so this time the answer is no.

Definition 1.11.24. Let I be a set and 'R a set of group relations on 1. Then a group with generators
I and relations 'R is a pair (G, g), where G is a group and g € G' such that

(a) f fulfills all the relations in R.
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(b) Whenever H is a group and h € H' fulfills all the relations in R, then there exists a unique
homomorphism 6 : G - Hwithh =050 g.

Lemma 1.11.25. Let I be a set and ‘R a set of group relations on 1. Then there exists a group G
with generators I and relations R.

Proof. Note that the relation v = w is fulfilled if and only if the relation vw™! = 1 is fulfilled. So we
may assume that R = {r = 1| r € R} for some subset R of F;. Put
N :=("'R),
so N is the intersection of all the normal subgroup of F; containing R. Put G = F;/N and let g; = iN
fori e N. Note that
an:Fr— G,w—wN

is the unique homomorphism from F; to G with iy (i) = g; = iN. Also

an(r)=rN=N=lg

for all r € R and so g = (g;);es fulfills all the relation in R.

Now let H be a group and let i € H' fulfill all the relations in R. Let 8: F; — H be the unique
homomorphism with B|; = h. Let r € R. Since & fullfills all the relations r = 1, we have g(r) = 1.
Hence r € ker3 and R € ker 3. Since ker8 < F; and N = (¥/R), N < ker’. It follows that the map

6:G — H,wN - B(w)

is a well-defined homomorphism. Also §(g;) = 6(iN) = B(i) = h;.

It remains to show that uniqueness 8. So let @ : G — H be a homomorphism with a(g;) = h;.
Then (@ o my)(i) = a(g;) = h; and so @ o ry = B by uniqueness of 3. Hence for all w € F/,
a(wN) = (aonmy)(w) =B(w) and so a = 6. i

Remark 1.11.26. Let (G, g) be a group with generators I and relations R. Then G = (g; | i € I).

Proof. This follows from the construction above but can also be proven directly from the definition:

Let H=(g;|icI). Since g = (gi)ies is a family of elements in A fulfilling the relations R, there
exists a homomorphism « : G — H with a(g;) = g; for all i € I. Note that « is also a homomorphism
from G to G, and that idg is a homomorphism from G to G with idg(g;) = g; for all i € I. It follows
that idg = @ and so

G=Imidg=Ima<H<G

Soindeed G =H = (g; |ieI). o
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1.11.27 (Notation in groups with generators and relation). Let / be a set and R a set of group
relations on /. Then

G={I|R)

means that G is a group and there exists a family of elements (g;);e; in G such that (G, (gi),-d) is
group with generators I and relations R. So if

1]

(%) AR A N A

is one of the relation in R then

(%) g:ﬁ'...g;’k":g?‘...gz’.

In practical computation is often quite cumbersome to work with elements with subscripts. We
therefore often just write a for the element g, in G. This should be only done if this is clearly from
the context that the computation are done in G and that a no longer stands for the element a in Fj.
Note also that this is not an identification, since the map I — G,a — g, is (in general) not 1-1. The
advantage of this convention is that, replacing all g, by a, the equation (**) now turns into the easier

(¢ * %) ik =g
So the group relation (*) in F; turns into the actual equality (¥***) in G.

Example 1.11.28. 1. We will show that

G:=(a,b,c|ab=c,ab= ba,c* == a,c® == b, = 1)
is the trivial group.

We will follow the conventions of [1.11.27|and just write a for g,, b for g, and c for g, that is

we treat a, b, ¢ as elements of G, rather than elements of F,;, .1. Then the relations defining G

become actual equalities and so ¢ = ab = ¢*>c® = ¢> = e. Hence also a = ¢?

Thus G = 1.

=eandb=c*=e.

G:={(a,b|d’=1,b°=1,(ab)*=1)

To determine G let z = ab. Then z> = 1. We compute
@plhzg = a*(ab)a™ -a(ab)a™" - ab = a®b(a2a®)b(a " a)b = a’b° = 1.
Since z2 = 1 this implies

aZ a a 2 2 2 2
z2="%2-z=2-%, z=%"72-“2=%%-%z and = 2:'2=2 Z
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Thus

K:={l,z,, “zz}

is a subgroup of G. Now

a 2 3
(“)=%z=1z=2

and so a € Ng(K). Put A = (a). Then A < Ng(K) and so AK is a subgroup of G. It contains a
and z = ab and so also b = a~'z. Thus G = {a,b) = AB. Since @ = 1, |A|leq3. Also |K| < 4 and so
|G| < |AJ|K| < 12.

Put
H=Alt(4), h,=(123) hy=(124)

Then i3 = 1,k = 1, hahy = (123)(124) = (13)(24) and (hahp)? = 1. So (hga,hy) fulfills the
relations and so there exists a homomorphism

@: G — Ali(4) with a > (123),b — (124)

Put L = (123, (124)). Then L has more than one Sylow 3-subgroup and so has at least four Sylow
3 subgroup. Hence |L| > 12 and L = Alt(4). Since L < Ime, « is onto. Since |G| < 12 = |Alt(4)|
we conclude that @ is a isomorphism. Thus

G = Ali(4)

3. Let (G;)ies be a pairwise disjoint family of groups. Then

(UGila*b=a-bforalliel,abeGiaxb=b+aforalli,jel,i+ jacG,beGj)

iel
18 Djes Gi

4. Let I be a set, then

(I'lij=jiforalli,jel)

is @;; Z and is denote by Z;. This group is called the free abelian group on the set /. Using
additive notation, each elements of Z; can be uniquely written as

> i

iel
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where (n;);es is an almost zero sequence of integers and
Z I’lii + Emii = Z(ﬂ, + mi)i
iel iel iel

Definition 1.11.29. Ler (M,-) be a magma and (Fy, *,idy) a free group on the set M. Let (G, p)
be the group with generators (m) ey and relations

a*b=a-b, a,beM
Then (G, p) is called the group generated by the magma M.

Lemma 1.11.30. (G,p) be a group generated by the magma M. Let H be group and « : M — H a
homomorphism. Then there exists a unique homomorphism 3: G - H with a = S o p.

Proof. Leta,b e M. Then a(ab) = a(a)a(b) and so (H, @) fulfills the relations a*b = a-b,a,b € M.
So the lemma follows from the definition of a group with generators and relations. O

Lemma 1.11.31. Ler G be group. Then (G,idg) is the group generated by the magma G.

Proof. Let H be a group and @ : G — H be a homomorphism. Then « is the unique homomorphism
from G to H with @ = @ o idg. So the lemma follows from[I.11.30 i

1.12 Fractions

Definition 1.12.1. Let G and H be magma. A (G, H)-biset is triple (A, *, ©) such that

(a) * is a action of G on A.

(b) o is a right action of H on A.

(c) g*x(aoh)=(g*a)ohforallgeG,acAandhe H.

Lemma 1.12.2. Let G and H be magma and A an (G, H)-biset. Then the function
GxA/H > A[H, (g.[a]) - [gd]

is a well defined action of G on the set A|H of orbits of H on A.

Proof. Let ~= {(a,ah) | a € A,h € H} and ~ the equivalence relation on A generated by ~. Then
by definition the orbit [a] of H on A containing a is [a]~. Let a,b € A with a ~ b and g € G. Then
b = ah for some h € H and

gb = g(ah) = (ga)h

Thus ga ~ gb and so ~ is G-invariant. The lemma now follows from|1.7.40 O
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Lemma 1.12.3. Let X be a non-empty abelian semigroup and * a magma action of X on set S. Let
~ be the relation on X x S defined by

(x,8) ~ (zx,z8) forall x,zeX,s€S

Let ~ be the relation on X x S defined by

(x,5) ~ (y,t) ifthere exists z € X with ~ zxt = zys
ForxeXandseS put®=[(x,s)]~and X™'S = (X x§)/~={%|seS,xeX}. Then
(a) =~ is the equivalence relation on X x S generated by ~.

(b) Let (s,x),(t,y) € XxS. Then
sy = xt — —=-

(c) a: XxX'S - XS, (v, 2) = = is well-defined action of X on x's.

X

(d) B:XxX'S - X718, (y, 3) - o is well-defined action of X on xls.

(e) Forall y € X, the function y* : X~ 'S — X_IS,)% - }f is inverse to the function y* : X' —
X5,i 2

yx©
(f) Forally,zeX and*eX™'S,
o s, ys o s
(o)) == = (") ()
X’ zx X
and y* o 2 = 2 oy,

(g) Let xe X. Thenmap t:S - X°'S,s - > is a X-equivariant and independent of the choice of
xeX.

(h) 7(s) =7(t) if and only if zs = zt for some z € X.
(i) tis1-1ifand only if 7" is 1-1 for all 7 € X.
(j) 2 =xP(x(s)) forallxeX,seS.

(k) Suppose o is an action of X on the set S, p : S — S is X-equivariant and x° is invertible for
each x € X. Then

y:$TX = 8.8 () (0(9))

is well-defined and is the unique X-equivariant map from S ' X to S withp =y o .
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Proof. Note first that ~ is just the relation associated to the magma-action

Xx(Xx8)—>(XxS), (z,(x,s) - (zx,z9)

of X on X x §. Let # by the equivalence relation generated by ~.

(a) Let (x,s), (y,7) € X x S. By[1.7.15|(b)

(x,5) & (y,1) — (ux,us) = (vy,vt) for some u,v € X

Suppose this holds. Then ux = vy and us = vt. Thus

u(xt) = (ux)t = (vy)t = (W)t = y(ve) = y(us) = (yu)s = (uy)s = u(ys)

and so using z = u we see that (x, s) ~ (y,7). Hence &Cw.
Conversely suppose that z(xt) = z(ys) for some z € X. Put u = zy and v = zx. Then

ux = (zy)x = z(yx) = z(xy) = (zx)y =vy and us = (zy)s = z(ys) = z(xt) = (zx)t = vt
and so (x,s) ~ (y,) and ~C».

(b) Note that xz = ys implies xx7 = xys and using z = x we see that (x, s) ~ (y,). Since ~ is an
equivalence relation, this gives (b).

Observe that X acts on X x S viay * (x,s) = (yx, s) and since X is abelian, X acts on X x §
from the right via (x, s)z = (zx, zs). Moreover,
(v * (%,9))z= (yx,9)z = (29%,25) = (¥(2x),28) =y * (2x5,25) = y * (%, 5)z.
X x S is an X, X)-biset and the assertion follows from|1.12.2)

(d) Observe that X acts on X x S viay- (x,s) = (x,ys)
Moreover,

(y- (x,5))z = (x,y8)z = (zx,2y5) = (2%, y(25)y - (2x,25) =y ((x,5)z)
So X x S is an (X, X)-biset and the assertion follows from[[.12.2]
(:
0o )Q) = @) = () =T =) =20 () = (e )()
and so (f)) holds.

(@ Since (x, s) ~ (yx,ys), ;—; = 2. Thus @ follows from (@)

(8]

ySx SX
T()’S)ZTZ)’;:)’T(S)



1.12. FRACTIONS 83

and so 7 is X equivariant. Note that x(yys) = y(xs) and so by @) == yy—s Thus 7 is independent of x.

Z

Suppose zs = zt for some z in X. Then 7(s) = £ = ¥ = 7(z). Suppose next that 7(s) = 7(z).
Then = = ";’ and so yxxs = yxxt for some y € X. Thus zs = z¢ for z = yxx.

follows immediately from (h).
B4l =) = 2=
(k) Consider the function:
X xS > 8, (65) = () (o(5))
If (x,s) ~ (y,1), then (y,1) = (zx, zt) for some z € X. Thus

u(.1) = ") (p(1) = (20)°) " (p(zs)) = (2°x°) ' (z 0 p(x))
= (") (")) (p(x) = () ((5)) = (%, )

Since ~ is the equivalence relation generated by ~, [I.5.5|(b)) shows that y is well-defined.
Since X is abelian, xy = yx and so also x® o y® = y® o x°. Since x° is invertible this implies

y<> ° (x<>)71 — (x<>)71 oy<>
Thus
YD) =Y = ()7 e(rs) = ()0 () =57 () () =y o v (D)

and so y is X-equivariant.
Suppose next that 6 : X~'S — § is X-equivariant with p = § o 7. Then

s s Xs
x06(=)=06(x-)=06(—) =6(z(s)) = p(s)

X X X

and so
s _
(1) =(x") '(o(s)) =7(5)

Hence v is unique. o
Lemma 1.12.4. Let G be a non-empty semigroup, and S a non-empty subsemigroup of G. Let

~ = {((g, s), (gu, su)) ‘g €G,s,u ES}

and note that ~ is a relation on G x §. Let ~ be the relation on G x S defined by

(a,s)~ (d',s") ifthere existsu €S withas'u=ad'su

Then = is the equivalence relation generated by ~. For a € G and s € S put & = [(a,s)] and
S7'G=(GxS8)/~ Then
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(a) )
sT'Gxs7'G - s7G, (9, —) >
S t

as
bt

is a well defined associative binary operation on S ~'G.
(b) Foreach s €S, 3 is an identity in s71G.
(c) Foreach s,teS, % is an inverse off,.

(d) LetseS. Thenmapt:G - S7'G,g - % is a homomorphism and independent of the choice
of seS.

(e) 7(g) = 7(h) if and only if gu = hu for some u € S.
(f) Tis I-1 if and only if the Cancellation Law holds for elements in S.
(g) ForallgeG,seS, S = 7(a)7t(s)"".
(h) Let H be a commutative monoid and « : G — H be a homomorphism such that each a(s), s € S

is invertible in H. Then

Lol 8 -1
B:STG—H,=—a(g)a(s)
s
is well-defined and is the unique homomorphism from S~ H to G with a = Bo .

Proof. O



Chapter 2

Rings

2.1 Rings

Definition 2.1.1. A ring is a tuple (R, +,-) such that

(a) (R,+) is an abelian group.

(b) (R,-) is a semigroup.

(c¢) For each r € R both left and right multiplication by r are homomorphisms of (R, +)
Definition 2.1.2. Let R and S be rings.

(a) A ring homomorphism is a function ¢ : R — S such that

¢:(R.+)—>(S.+) and ¢:(R-)—~(S.")
are homomorphism of semigroups

(b) A ring homomorphism ¢ : R — S is called an isomorphism if there exists a ring homomorphism

WS - T with¢ oy =idg and y o ¢ = idp.

(¢) Rand S are called isomorphic and we write R = S if there exists a ring isomorphism from R to
S.

Note that ¢ : R — S is an homomorphism if and only if ¢(r + s) = ¢(r) + ¢(s) and @(rs) =
#(r)¢(s) forall r,s € R.

Definition 2.1.3. Let (R, +-) be a ring.

(a) Anidentity in R is an element 1g which is an identity for -, what is 1gr = r = rlg forall r ¢ R. If
there exists an identity in R we say that R is a ring with identity.

(b) R is called commutative if - is commutative, that is rs = sr for all r, s € R.

85
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In the following lemma we collect a few elementary properties of rings.
Lemma 2.1.4. Let R be a ring.
(a) 0a=a0=0forallacR
(b) (-a)b=a(-b)=—-(ab) forall a,b € R.
(¢c) (-a)(-b) =ab forall a,b € R.
(d) (na)b = a(nb) =n(ab) forall a,b e R,neZ.
(e) (Z?zlai)(ZT:l bj) =X Z?:laibj

Proof. This holds since since right and left multiplication by elements in R are homomorphisms of
(R,+). For example any homomorphism sends 0 to 0. So @ holds. We leave the details to the
reader. 0

Example 2.1.5. 1. (Z,+,-) and (C, +,-) are rings

2. Let (A, +) be any abelian group. Define -o : A > A, (a,b) — Og. Then (A, +, ) is a ring, called
the ring on A with zero-multiplication.

3. Let (A, +) be an abelian group and End(A) the set of endomorphisms of A, (that is the homo-
morphisms from A to A). Define

(a +B)(a) = a(a) +B(a) and (a0 B)(a) = a(B(a))

We will show that (End(A), +, o) is a ring (called the endomorphism ring of A.)
Let a,B,y € End(A) and a,b € A. Then

(@¢+pB)(a+D)=ala+b)+p(a+b) = (a/(a) + a/(b)) + (,B(a) +ﬁ(b))
= (a(a) +B(a)) + (a(b) +B(b)) = (a+p)(a)+ (a+B)(b)
and so a + 8 € End(A)

Composition of homomorphisms are homomorphisms and so @ o 8 € End(a). The addition
in End(A) is associative, since the addition on A is associative. The map A - A,a — 0, is
the identity elements. Since A is abelian, the map —id4 : @ - —a is homomorphism. The
(-idg) oc@: A — A,a - —a(a) is the additive inverse of @. Composition is always associative.

We compute

((@+b)oy)=(a+p)(y(a)) =a(y(a)) +B(y(a))
= (aoy)(a)+ (aoy)(a) = (aoy+Boy)(a)
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and

(yo (a+b))a:y((a +ﬂ)a> = y(aa + Ba)
=y(aa) +y(Ba) =(yoa)a+(yop)a
~(yoa+yopla

So End(A) is indeed a ring.

4. Up to isomorphism there is unique ring with one element:

+10 -0
010 0]0

5. Up to isomorphism there are two rings of order two :

+]10 1 01
0{0 1 00 O.
111 0 110 n

Here n € {0, 1}. For n = 0 this is a ring with zero-multiplication. For n = 1 this is (Z/2Z, +,-).

6. Rings of order 3 up to isomorphism:

+]10 1 -1 0o 1 -1
0j]0 1 -1 0/0 0 O
1|1 -1 0 110 n -n
-1/-1 0 1 -1{0 -n n

Indeed if we definen = 1-1, then (-1)-1=-(1-1) = -n. Here n € {0,1,-1}. For n = 0 this
is a ring with zero multiplication. For n = 1 this is (Z/3Z,+,-). For n = —1 we see that —1 is
an identity and the ring for n = —1 is isomorphic to the ring with n = 1 case under the bijection
00,1« -1.

7. Direct products and direct sums of rings are rings. Indeed, let (R;,i € I) be a family of rings. For
f.8 € X, R;idefine f + g and fg by

(f+8)(0) = f(D) +g(i) and (fg)(i) = f()g(i).
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With this definition both X ;.; R; and @;¢; R; are rings.
If a is an identity in X ,.; R; or @1 R;, then for all i € I, g; is identity in R;
If each R; has an identity 1;, then (1;);¢/ is an identity of X ,; R;.

If 1; # O; for infinitely many i € I, then (1;);e; is not in @;; R; and @,¢; R; does not have an
identity.

If each R; is commutative then both X, ; R; and @;¢; R; are commutative.

2.2 Group Rings

Definition 2.2.1. Let R be a ring and G a semigroup. The semigroup ring R[G] of G over R is
defined as follows:

As an abelian group we put R[G] = @qei R. For elements r = (r)gec and s = (8g)gec of R[G]
define rs € R[G] by

(rs)g = Z TeS]
(k,1)eGxG
kl=g

forall g € G.

Note that since the Supp(r) and Supp(s) are finite, these sums are defined. Also Supp(rs)
Supp(r)Supp(s) and so Supp(rs) is finite and rs € R[G].

For r € R and g € G we denote the element pg(r)EI in R[G] by rg so

(rg)g =rand (rg), =Og forh + g
Lemma 2.2.2. Let R be a ring and G a semigroup.
(a) (R[G],+,") is a ring.

(b) For each a € RG there exist uniquely determined rg € R, g € G with ry = Og for almost all g € G

and
a= Z re&
geG

(€) EgeGTe8 + LigeG 528 = LgeG (g + 5¢)8-

(d) Yie Tk = Lieg Sil = Lkei e (rksi)kl.

(e) If R and G have identities, then 1g1¢ is an identity in R[G].
(f) If R and G are commutative, R[G] is too.

Proof. This is Homework 5#1. O
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Definition 2.2.3. A sesquiring is a triple (R,G,-) where R is a ring, G is a semigroup and - is the
binary operation on R x G defined by

(a.8)-(a'.g") = (ad’.gg').

foralla,a’ e Rand g, g’ € G.
So (R x G,-) is the direct product of the semigroups (R,-) and G.

Definition 2.2.4. Let (R,G) be a sesquiring and S a ring. A function
f:RxG—->S
is called a sesquihomomorphism if
(i) f is a multiplicative homomorphism, that is
flad',g8") = f(a.8)f(d'.8)
foralla,a’ €R,g,g' €G.

(ii) f is an additive homomorphism in the first coordinate. This means that for for each g € G, the
function fy : R - S,a - f(a,g) is an additive homomorphism, that is

fla+d'.g)=f(a.g)+f(dg)
foralla,a’ €R, g €G.
Lemma 2.2.5. Let R, S, T be rings and G and H semigroups.
(a) The map ¢: R x G — R[G],(r,g) — r is a sesquihomomorphism.
(b) The map p = prG : R x G — R[G],(r,g) — rg is a sesquihomomorphism.

(c) Let ¢ : S x H — T be a sesquihomomorphism, 6 : R - § a ring homomorphism and € : G -~ H
a semigroup homomorphism. Then

po(6x€):RxG—S,(rg)—>¢(d(r).e(g))
is a sesquihomomorphism.

(d) Let ¢ : R x G — S be a sesquihomomorphism and 6 : S — T be a ring homomorphism. Then

§op:RxS > T,(rg)—5(s(r.g))

is a sesquihomomorphism.
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(e) Suppose
T:RxG—->S, o:SxH->T

are sesquihomomorphisms. Define

$:Rx(GxH)~T,(r,gh) > o(t(rg),h)

Then ¢ is a sesquihomomorphism.

Proof. (@) ¢ is clearly a multiplicative homomorphism. (cf. [1.9.6). Also ¢, = idg for all g € G and so
tg is an additive homomorphism.

() By[2.2.2) (ag)(d'g’) = (aa’)(gg') and ag + a’g = (a +a’)g. So p is a sesquihomomorphism.

Note that both § and o€ : R x G - S x H,(r,g) = (6(r),€(g)) are multiplicative homo-
morphisms. So also a := ¢ o (§ x epsilon) is a multiplicative homomorphism. Note that for g € G,
@g =60 P(g). Since both 6 and ¢, are additive homomorphism, s0 is .

(d) B := 6 o ¢ is the composition of two multiplicative homomorphisms and so a multiplicative
homomorphism. 8, = 6 o ¢, and so 3, is an additive homomorphism.

(e) Note that

6:Rx(GxH)—>RxG,(r,g,h) > (r,g) and €:Rx(GxH)— H(r,g,h)—h.

are multiplicative homomorphisms. Hence also the composition 706 and the direct product (708) x €
are multiplicative homomorphism. Thus also

p=00((1006)xe)

is a multiplicative homomorphism.
Also

S(eny(r) = o (1(r.8). h) = ou(t(r.8)) = on(74(r))

and so ¢, 4y = 0 0Ty is the composition of two additive homomorphisms and so a homomorphism.
m]

Lemma 2.2.6. Let (R,G) be a sesquiring.

(a) Whenever S is aring and ¢ : R x G — S is a sesquihomomorphism, then

a@:R[G] =S, Y reg = > #(reg)

geG geG

is the unique ring homomorphism from R[G] to S with ¢ = @ o p.
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Na

S ———= R[G]
N

RxG

(b) Let a: R[G] xS be aring homomorphism. Then ¢ = aop is a sesquihomomorphism from R x G
toS.

Proof. (d) Suppose first @ : R[G] — S is a ring homomorphism with ¢ = @ o p. Then a(rg) =
a(p(r,g)) =¢(r,g) forall r e R, g € G and so

(+) o Yreg) = Y a(ree) = Y 6(r.)

geG geG geG

Thus « is unique. It remains to verify the function

a:R[G] =S, Y rg—> > ¢(r.8)

geG geG

is homomorphism.
We compute

“(ng8+zsg8)=a( ;(rg-i-sg)g) :Z‘ﬁ(rg‘*‘sg’g)

geG geG geG
= Z(¢(rg’g)+¢(sg’g)) = Z¢(rg,g)+z¢(sg,g)
geG geG geG
= a(g;rgg) +a(é;sgg)

a( Z rik Z sll) = a( Z ( Z rksl)g = Z ¢ Z reS1, &
keG 1eG 8€G  (k1)eGxG ¢6G | (kD)eGxG
ki=g ki=g

=2 > ¢Uwsng) =31 > ¢(resikl)

8€G | (k,1)eGxG 8¢G | (k)eGxG

ki=g kl=g
= > ¢(nsikl) = > ¢(nk)e(sl)
(k.[)eGxG (k,1)eGxG

_ Ztﬁ(”k,k) . Zq)(sl,l) = a( Zrkk) . a(zsll)

keG leG keG leG
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(o) By [2.2.5/f@) is a sesquihomomorphism. Since « is a homomorphism, [2.2.5|{d) shows that
a o p is a sesquihomomorphism.

O

Example 2.2.7. Let (R,G) be a sesquiring. Then
@:R[G] >R, Y reg—> > r,
geG geG
is a ring homomorphism. If G + &, « is onto.

By[2.2.5(a) ¢ : Rx G - R, (r,g) — ris a sesquihomomorphism. Thus implies that a is a
homomorphism.

Lemma 2.2.8. Let (R,G) be a sesquiring and S a ring. Let B: R — S be a ring homomorphism
andy : G — S a multiplicative homomorphism such that

B(r)y(g) = v(g)B(r)

forallr e R, g € G. Define
¢:RxG—S.(r.g) > B(r)y(g)
Then ¢ is a sesquihomomorphism. Moreover
@:R[G] > S, Y reg > > B(r)y(g)
geG geG

is the unique ring homomorphism with a(rg) = B(r)y(g) forallr€R, g €G.

Proof.
Blab)y(gh) = (B(a)B(0))(¥(8)y(h)) = (B(b)¥(8))(B(b)y(h))
and
B(a)y(g) +B(b)y(g) = (B(a) + B(b))y(g) = Bla +b)¥(g)
So ¢ is a sesquihomomorphism. The second statement now follows from [2.2.6] O

Lemma 2.2.9. Let (R,G) be sesquiring and S ring. Suppose R and G have identities and ¢ : RxG —
S is a sesquihomomorphism. Define

B:R—S,r>¢(rlg) andy:G—S,g—¢(1g,g)
Then
(a) B is a ring homomorphism.
(b) v is a multiplicative homomorphism.

(c) B(1r) = y(1G).
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(d) B(r)y(g) = #(r.g) =y(g)B(r) forallr e R, g G

Proof. Since ¢ is a multiplication homomorphism and 1 -1 = 1, both g and y are multiplicative
homomorphism. Since ¢ is an additive homomorphism in the first coordinate, £ is a additive homo-
morphism. So (a) and (d) hold.

©: B(1R) = ¢(1r, 16) = ¥(16).
(d):

B(r)y(g) =o(r.)¢(1,8) = ¢(rl, 1g) = ¢(r,g) = ¢(1r,g1) = ¢(1,8)¢(r, 1) = ¥(g)B(r)
O

Example 2.2.10. Let R and S be rings with zero homomorphism. Let G be semigroup and (@g)¢eG
a family of additive homomorphism from R to S. Define

@:RxG—S,(r,g) > a,(r)
Then « is a sesquihomomorphism.

Since each a, is an additive homomorphism, « is an additive homomorphism in the first coor-
dinate. Note that a,(0g) = Og for all g € G and so

a(ab,gh) = a(0,gh) = agy(0) =0 = a(a,g)a(b,h)
foralla,beR, g,heR.

Corollary 2.2.11. Let (R,G) and (S,H) be sesquirings, B : R — S a ring homomorphism and
v : G — H a semigroup homomorphism. Then

R[G] > S[H], } reg—~ Y, B(r)y(g)
geG geG
is the unique ring homomorphism « : R[G] — S [H] with a(rg) = B(r)y(g) forallr € R, g € G.

Proof. Define ¢ : RxG — S[H](r,g) — B(r)y(g). Note that ¢ = ps gy o (B x y) and so by ¢
is a sesquihomomorphism. So the Corollary follows from[2.2.6| m|

2.2.12 (Identities in Group Rings). If RG] has an identity and G # &, then @ : R[G] = R, ¥4 758 —
Y ¢cG g 1s an onto homomorphism and so a(1g[¢)) is an identity in R. But G does not have to have
an identity:

Let R be any ring with an identity: Let G = {a, b, i} as a set. Define a multiplication by
x ifx=y
XY=y, .
i ifx=+y
Then
x ifx=y=z

i otherwise

(xy)z=(xy)z= {
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Hence the binary operation is associative and G is a semigroup. Put r = a + b — i € R[G]. We claim
that r is an identity. We compute ar = ra = aa+ab-ai = i+a—i = a, br = rb = ba+bb—bi = i+b—-i=b
and ir = ri = ia+ib —ii = i +i—1i = i. Since right multiplication by r is a additive homomorphism,
{t € R[g] | tr = t} is a additive subgroup of R[G] and so equal to R[G]. Hence r is a right identity.
By symmetry, r is also a left identity.

Since ab = i neither a nor b is an identity in G. Since ai = i, i is not an identity. So G has no
identity.

2.2.13 (Commutative Group Rings). Suppose R[G] is commutative and G # @. Then there exists
an onto homomorphism from R[G] to R and so R is commutative. Let r, s € R and g, € G. Then

(rs)(gh) = (rg)(sh) = (sh)(rg) = (sr)(hg) = (rs)(hg).
So if rs # 0 for some r, s € R we get gh = hg and G is commutative.

But if rs = 0 for all r,s € R then also xy = 0 for all x,y € R[G]. So R[G] is commutative,
regardless whether G is or not.

Notation 2.2.14. Let T be a semigroup, t = (1;)ic; a commuting family of elements in T, u € T and
n = (n;)ier an almost zero family of non-negative integers. Let J = Supp(n) = {i € I | n; # 0}. If
n#0/(thatis J #0), define
n
/"= H t/
jeJ
Ifn =0, define

ut"=u andtf'u=u

If T has an identity and n = 0 define t" = 17.
Notation 2.2.15. (a) Let G be monoid and I a set. Then G; = @, G.
(b) (X;,1d;) is a free abelian monoid on I.

Remark 2.2.16. Let I be set and put x = id; = (i)ie;. Then x is a commuting family in X; and the
function

(N[, +) — (X], '),n — x"
is isomorphism.

Definition 2.2.17. Let R be a ring. Let I be a set. Then the semigroup ring R[X;] is called the
polynomial ring of R in the variables /.

2.2.18 (elements in polynomial rings). Let R be a ring and I a set. Put x = id; = (i) and let
f €R[X;]. Then

f: Z fnxn

n€N1
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for a unique almost zero family (f;)nen, in R.
If I = {xi,..., x,} this becomes

f= 2 w0y

Lemma 2.2.19. Let R, S be rings and s = (s;)ie; a commuting family of elementsin S. Let3: R — S
be a ring homomorphism and suppose that

B(r)si = siB(r)
forallreR,icl

(a)
¢:Rx Ny, (r,n) = B(r)s"

is a sesquihomomorphism.

(b)
Bs:R[X[] =S, Z rpxt = Z B(rn)s"

neN! neNy

is the unique homomorphism from R[X;] — S with B,(ri) = B(r)s; forallr € R, i € L.
Proof. (@) Since (s;)ies is commuting,
y:N§ > §,n—s"

is a homomorphism. Applying we see that the restriction of y to R x N; is a sesquihomomor-
phism.

Since ¢(a,0) = B(a) is an additive homomorphism, ¢ is a additive homomorphism in the first
coordinate.

¢(a,n)p(b,0) = B(a)s"B(b) = B(a)B(b)s" = Blab)s" = B(ab)s"™" = ¢(ab,n +0)
and similarly ¢(a,0)¢(b,n) = ¢(ab,0 + n). Finally

¢(a.0)¢(b,0) = B(a)B(b) = B(ab) = ¢(ab,0+0)

and so ¢ is a multiplicative homomorphism.

(b) follows from (a)) and [2.2.6|(a). o

Notation 2.2.20. With the notation and assumption from[2.2.19
If f € R[X;] we write f3(s) for Bs(f). In the special case R € S and 8 = idg, we write f(s) for

Bide (f)-
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Remark 2.2.21. (a) With the notation and assumption from|[2.2.20}

(f +8)p(s) = fa(s) + 8p(s) and (f8)p(s) = f5(s5)gp(s)
forall f,g € R[X;].

(b) Suppose R is a ring with identity and I is set. View R is a subset of r by identifying r with r1 and
view I is a subset of R[X;] by identifying i with 1i. Note that x = (i);es is a commuting family in
R[X;) and ri=riforall r € R. Then f(x) = f forall f € R[X;].

Proof. (a)) holds since B is a homomorphism.
(b) Put B = idg. By definition B, is the unique homomorphism from R[X;] — R[X;] with
Bx(ri) = B(r)x;, that is with B, (ri) = ri. Hence B = idg[x,] and so f(x) = B.(f) = f. i

Lemma 2.2.22. Let R and S be rings and I a set. Suppose R has an identity and ¢ : R x N; — S is
a sesquihomomorphism. Define

B:R—S,r—>¢(r,0) and foriel, si=¢(1,i)
Then
(a) B is a homomorphism of rings.
(b) (8i)icr is commuting family of elements in S.
(c) B(r)s;=s;B8(r) forallreR, i€l
(d) ¢(r,n) =pB(r)s" forallr e R, n e Ny.
Proof. For n € N define y(n) = ¢(1,n). By[2.2.9/3 is a ring homomorphism, y : (N7,+) = (S,-) is

a homomorphism and

B(r)y(n) = ¢(r,n) = y(n)B(n)

for all r € R, n € N. In particular, (a)) holds.
Note that y(i) = s; and so also (c)) holds.
Since i+ j = j+i, sis; = y(i+ j) = y(j+i) = s;5; and (b) is proved.
Since y is a homomorphism, y(n) = y( Yiel nl-i) = [Tie; (i)™ = 5" and so (@) holds. O

2.3 Elementary Properties of Rings
Definition 2.3.1. Let R be a ring and a € R.

(a) R* = R~ {0}.

(b) ais left ( right) zero divisor if a + Og and there there exists b € R* with ab =0 (resp. ba =0). a
is a zero divisor if a is a left or a right zero divisor.
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Suppose now that R has an identity.

(c) ais called (left,right,) invertible if it is (left,right,) invertible in (R,-). An invertible element is
also called a unit.

(d) U(R) is the set of units in R.
(e) R is called an integral domain if R is commutative, 1g # Og and R has no zero-divisors.

(f) R is called a division ring if 1g # Or and all it non-zero elements are invertible. A field is a
commutative division ring.

Note that a ring with identity is a zero ring (that is R = {Og } if and only if 1 = Og. So in (€} and
@) the condition 1g # Og can be replaced by R # {Og}.

Lemma 2.3.2. Let R be a ring. Then the following statements are equivalent:

(a) R has no right zero-divisors.
(b) If a,b € R with ab = O, then a = Og or b = Og.
(¢) R has no left zero-divisors.

(d) The Right Cancellation Law holds, that is
a=>bforall a,b,c € Rwith c#+ 0 and ac = bc

(e) The Left Cancellation Law holds, that is

a=bforalla,b,c € Rwithc+ 0 and ca=cb

Clearly (a) and (b)) are equivalent and similarly (b)) and (c] are equivalent.
Suppose that R has no left zero-divisors and a, b, ¢ € R with ¢ # Og and ab = ac. Then

Og =ac-bc=(a-b)c

Since R has no left zero-divisors this implies a—b = Og and so a = b. Thus the Right Cancellation
Law holds.

Suppose the Right Cancellation Law holds and let a,b € R with b # Og and ab = Og. Then
ab = Og = Og - b and so by the Right Cancellation Law, a = Og. So R has no left zero-divisors. Thus
and (d) are equivalent. Similarly (a)) and (e) are equivalent.

Example 2.3.3. 1. R,Q and C are fields. Z is an integral domain.

2. Let R is be an integral domain and G an abelian monoid. Is R[G] an integral domain?

We will first show:

1°.  Suppose there exists a,b,c € G andn € Z* witha + b and a"c = b"c. Thencora-bisa
zero divisor. In particular, R[G] is not an integral domain.
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Assume first that @" # b". Then a" — " # 0 in R[G] and

(a"-b")e=d'"c-b"c=0

SO ¢ 18 a zero divisor.

Assume next that ¢ = »" and choose k minimal with a* = b*. Let 0 < m < k and define

T(m) = Zaibm_i
i=0
Then
(a-b)r(m)=(a-b) > db"" = "™ —p"*!
i=0
and so

(a-b)r(k-1)=0

If r(k—1) # 0, a — b is a zero divisor.

So suppose that 7(k — 1) = 0. Then we choose / € N minimal with a/7(I) = 0 for some j € N.
Looking at the coefficients of a/*! in a/t(I) we see that a/* = a/*'~'b’ for some 1 < i < I. Hence
a/*ig = a/*=p! Putt = j+[—i. Then d'a’ = a'b’ and so and

0=dd -db =d(d -b)=d7(i-1)(a-Db)

Note that i — 1 < i </ and so by minimality of /, a't(i — 1) # 0. Thus a — b is a zero divisor.

2°.  Suppose that

(%) a'c+b"c
foralla,b,c € G andn € Z* with a + b. Then R[G] is an integral domain.

We will only outline a proof (and use a couple of result proven later).

The special case n = 1 in (*) shows that the cancellation law holds in G. So by there G can
be embedded an abelian group H such that H = {ab™' | a,b € G}. H is a group. If (ab™')" = 1
for some a,b € G and n € Z*, then a" = b", and (*) applied with ¢ = 1, gives a = b and ab™' = 1.
Thus H has no-nontrivial elements of finite order and since H is a group we conclude that (*)
holds for H. So we may assume from now on that G is a group.
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Let r,s € R[G] with r # 0 and s # 0. We need to show that rs # 0. Let F = (g,h € G | ry # 0,5, #
0). Replacing G by F we may assume that G is finitely generated. Since G has no non-trivial
elements of finite order a theorem proved sometime later will show that G = Z™ for some m € N.
So we may assume that G = Z™. Since Z"™*! = Z" x Z, R[Z™*'] = R[Z™][Z] (see Homework
5) and so by induction we may assume that m = 1. Let x = 1 € G. Then r = ¥/, r;x' for some
k<neZandr; e Rwithr, +Op and s = Z;f’:,ijjforsomelsineZandsjeRwithsmthR.
Then the coefficient of x"* in rs is r,s,, and since R is an integral domain r,s,, # 0 and so also
xy 0.

Definition 2.3.4. (a) Let G be a group We say that G has finite exponent of there exists n € Z* with
g" =efornforall g € G. If G has finite exponent then exponent exp(G) of G is the smallest
positive integer m with g™ = 1 for all g € G, otherwise exp(G) = oo.

(b) Let R be aring. If (R, +) is has finite exponent then the characteristic char R of R is the exponent
of (R,+). If (R, +) has infinite exponent then charR = 0.

Lemma 2.3.5. Let R be a ring with identity.

(a) Let n € Z then nlg = Og if and only if nr = Og for all r € R.

(b) Suppose 1g # Og and that R has no zero-divisors. Then char R is O or a prime.

Proof. @) If nr = O then clearly nlg = Og. So suppose nlg = Og. Then for all r € R
nr=n(1gr) = (nlg)r =0gr = Og

(b) Suppose n := charR # 0. If n = 1, then Og = 1 - 1g = 1g, contrary to the assumptions. So
n>1.Letn = stwith s, € Z*. Then

Og =nlg = (Sl)lR =stlgrlg = (SlR)(llR)

Since R has no zero divisors we conclude that s1g = Og or t1g = Og. The minimality n implies
s=nort=n. Hence nis a prime. O

2.4 Ideals and homomorphisms

Definition 2.4.1. Let (R, +,-) be ring.

(a) A subring of R is a ring (S, »,0) such that S € R, and

sat=s+t and sOr=s-t

forall s,teS
(b) A left (right) ideal in R is a subring I of R so that vl € I (Ir € I) for all r € R.

(c¢) Anideal in R is a subring of R which is left and right ideal in R.
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Lemma 2.4.2. Let (R,+,-) be aring and S € R. The (S, +,) is a subring of R if and only if
(i) Or € S.
(ii) a+beS foralla,beS.
(iii) —a €S forallaces.
(iv) abe S foralla,be§S.
Proof. Straightforward and we leave the few details to the reader. O
Lemma 2.4.3. Let ¢ : R - S be a ring homomorphism.
(a) If T is a subring of R, ¢(T) is a subring of S.
(b) If T is a subring of S then ¢~'(T) is a subring of R.
(c) ker¢ an ideal in R.
(d) If I is an (left,right) ideal in R and ¢ is onto, ¢(I) is a (left,right) ideal in S .
(e) If J is a (left,right) ideal in S, then ¢~'(J) is an (left,right) ideal on R.
Proof. Straight forward. O

Example 2.4.4. Let (R,G) be a sesquiring with G # @.
(a) By Example

a:R[G] —>R,ngg — ng.
is an onto ring homomorphism. The kernel of « is

R[G] = {D reg | 3 rg = O}
R°[G] is called the augmentation ideal of R[G].

(b) Let8: R — S be aring homomorphism and y : G — H a semigroup homomorphism. Then by
228

a:R[G] > S[H], > reg— > B(re)y(g)

geG geG

is a ring homomorphism. What is the image and the kernel of y? Clearly a(R[G]) = B(R)[y(G)].
Let I = ker 8. To compute ker @ note that

(5)- 5 5.)

gEG heH gey’l (h)
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and so

Y reg € kera — Y rgel forallhey(G).
8eG gey~!(h)

If y is a group homomorphism we can describe ker a just in terms of / = ker and N := Kkery.
Indeed the Y~ (1)’s (h € y(G)) are just the cosets of N and so

Y reg € kerg — Y rg €I forallT eG/N.
geG geT

Definition 2.4.5. Let R be a ring and A, B € R. Then
(a) (A) is subgroup of (R, +) generated by A.
(b)

(A)=({I|1isanidealinR,Ac I}
(A) =({I|1isaleft ideal in R,A < I}
(A) =({I|1is right ideal in R,A I}

(A), (A), (A) are called the ideal, left ideal and right ideal, respectively, in R generated by A.
Lemma 2.4.6. Let R be a ring, A,B,C SR andr € R.
(a) (A,B) =(A)+(B).
(b) r(A) = (rA) and (A)r = (Ar).
(c) (AB) = (A(B)) = {(A)(B)) = ((A)B).
(d) If A is a left ideal, then (AB) is a left ideal.
(e) If B is a right ideal, then (AB) is a right ideal.
(f) If A is a left ideal in R and B is right ideal, then (AB) is an ideal in R.
(g) If (A})ies be a family of (leftright, ) ideals of R, then (Asi € I) is a (left,right, ) ideal.
(h) Let (A;)ics be a family of (left,right, ) ideals of R, then N1 A; is a (left,right) ideal.
(i) (A) is a left ideal in R, (A) = (RA, A) and if R has a left identity then (A) = (RA).
(j) (A) is a right ideal in R, (A) = (AR, A) and if R has a right identity then (A) = (AR).
(k) (A) is anideal in R, (A) = (RAR,RA, AR, A) and R has an identity, then (A) = (RAR).

() If R is commutative ((A)(B)) = (AB).
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Proof. LetreR,acAand b ¢ B.
(a) Since + is commutative, (A) + (B) is an additive subgroup of R and so (a)) holds.

(b) Since left and right multiplication by r are additive homomorphism, (d) follow from conclude
from [1.8.5](c).
By (b) a(B) = (aB) < (AB) and so

() (A(B)) = (AB)

(*) applied to opposite ring gives ((A)B) = (AB).
(*) applied to (A) in place of A yields ((A)(B)) = ((A)B) and so (c) holds.
(d) Since A is a left ideal RA € A. So using

R(AB) < (RAB) c (AB)

and so (AB) is left ideal.

Apply (d) to the opposite ring.
({f) Follows from (d)) and (€.
Suppose (A;);e; is a family of left ideal in R. Then by

R<A,',i€[> c <RAi,i€I> E(Ai,i61>

and so (A;,i € I) is a left ideal. Applying this statement to the opposite ring completes the proof of
(2.

Suppose each A; is an left ideal. By Njes A; is subgroup of (R, +). Leta € N;e; A;. Then
a € A; and so ra; € A; for all i € I. Thus ra; € N;e; A; and so Nz A; is a left ideal. Applying this
statement also to the opposite ring completes the proof of (g).

Clearly (RA,A) is contained in every left ideal containing A, and so also (A). So it suffices
to show that (RA, A) is left ideal. We have

R(RAUA)=RRAURA = RA
and so by (d), R(RA,A) < (RA) c (RA,A).
If R has an left identity /, , then A = [A € RA and so (RA,A) = (RA)

@D Apply (i) to the opposite ring.
@) By definition (A) is an intersection of ideals and so by , is an ideal.

(*x) (RAR,AR,RA,A) = (R(ARUA),(ARUA))
and so by (i) (RAR,AR,RA, A) is a left ideal and so (after applying this to the opposite ring) is

an ideal in R. (RAR,AR,RA, A) is contained in any ideal containing A and the first statement in @
holds.
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If R has an identity, AUARUA URAR = 1A1 U1AR U 1A1 U RAR = RAR and also the second
statement holds.
Since R is commutative (A) = (A, RA) and so using

((A)(B)) = ((A,RA)(B,RB)) = (AB,RAB, ARB,RARB) = (AB,RAB,RRAB) = (AB,RAB) = (AB)
O

Lemma 2.4.7. Let I be an ideal in the ring R.

(a) The binary operations

+py ¢ RIIXR[I— R, (a+1,b+I) - (a+b)+I and
rit ¢ RIIXR[T—R]I, (a+L,b+I) - ab+1

are well-defined.

(b) (R/L,+g/1> rj1) is a ring.

(¢) The map
n:R—->R[I, r—r+l

is a ring homomorphism with kernel I.

Proof. @) That +/; is well-defined follows from i,j€l. Then (a+i)(b+)) = ab+ib+aj+ij.
Aslisanideal,ib+aj+ijelandso (a+i)(b+ j)+1=ab+I. Thusalso gy is well-defined.
@ By (R/I,+) is a group. The remaining axiom of a ring are readily verified.
By is a well-defined homomorphism of abelian groups with kers = I. Since

¢p(ab) =ab+1=(a+1) gy (b+1)=n(a)gyn(b)
and so 7 is ring homomorphism. O

Remark 2.4.8. (a) Let A,B € R/I. Note that A, B is are subsets of Rand so A-B={a-b|acA,be
B}. In general, A ‘r/1 B is not equal to A - B.

(b) If a,b are elements of R/I denoted by lower case letters, then ab is understood to mean a -, /b
and not a- b.

Consider for example R=Z and A = B=1=2Z. Then

2727 =4Z and 2Z 57 2Z = (0+2Z) 20z (0+2Z) = 0+2Z = 2Z

Theorem 2.4.9 (The Isomomorphism Theorem for Rings). Let ¢ : R — S be a ring homomorphism.
Then the map

¢ :R/ker¢p - ¢(R), r+kerd— ¢(r)

is a well-defined isomorphism of rings.
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Proof. By the Isomorphism Theorem for groups|1.6.11] this is a well-defined isomorphism for the
additive groups. We have

¢((a+kerp)(b+kerg)) = ¢(ab +kerg) = ¢p(ab) = ¢p(a)p(b) = ¢(a + kerp)d(b + ker ¢)
and ¢ is a ring isomorphism. O
Definition 2.4.10. Let I be an ideal in the ring R with I # R.
(a) I is prime ideal if for all ideals A, B in R

ABcl = A<lorB<I

(b) I is a maximal ideal if for each ideal A of R.

ICACR — A=1 or A=R.

Example 2.4.11. Let / be an ideal in Z with I # Z. Then [ is a subgroup of Z and so I = nZ for

somen € Nwithn+1. Let A=aZ and B = bZ with a,b € N. Then AB = abZ and so AB < I if and

only if n | ab. Also nZ < aZ if and only if n | a. Thus I is a prime ideal if and only if
n|lab=—n|aorn|a

This is this is case if and only if n = 0 or n is a prime. So the prime ideals in Z are {0} and pZ,
p a prime.

I is a maximal ideal if and only if nZ < aZ implies nZ = aZ or aZ = Z. So if and only if a | n
implies n = a or n = 1. This is the case if and only if n is a prime. So the maximal ideals in Z are
pZ, p aprime.

Lemma 2.4.12. Let P be an ideal in the ring R with P + R. Suppose that for all a,b € R,
abeP = acP or beP

then P is a prime ideal

Proof. Let A and B are ideals in R with AB < P. We need to show that A < P or B < P. So suppose
A £ P and pick a € A\ P. Since ab € P for all b € B we conclude b € P and B < P. O

Lemma 2.4.13. Let P be an ideal in the commutative ring R with P # R. Then the following
Statements are equivalent:

(a) Ris a prime ideal.

(b) Foralla,b € R,
abeP — aeP or beP
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(¢) R/P has no zero divisors.

Proof. () = (b):  Suppose that P is prime ideal and let a, b € R with ab € P. By 2.4.6|(l)

((a)(b)) =(ab)c P
As P is prime ideal, (a) € P or (b) € P. Hence ac Por b € P.

By [2.4.12] (b)) implies (a)).

Since (b)) and (c]) are clearly equivalent, the lemma is proved. O

Lemma 2.4.14. Let R be a non-zero commutative ring with identity and P an ideal in R. Then P is
prime ideal if and only if R/ P is an integral domain.

Proof. If P is a prime ideal or if R/P is an integral domain we have that R # P. So the lemma
follows from[2.4.12¢. O

Lemma 2.4.15. Let R be a ring and M be chain of ideal in R. (So M is a set of ideal and if
A,Be M, then Ac Bor BC A). Then\JM is an ideal in R.

Proof. Put M = U M. Since M # &, there exists C € M. Hence 0 ¢ C € M. Let a,b € M. Then
there exist A, B € C witha € A and B € C. Since C is chain, A € Bor B c A. Say A € B. Then both a
and b are contained in Band soa +b € B<S M. Also if r € R, then —a, ra and ar all are in A and so
in M. Thus M is an ideal in R. O

Remark 2.4.16. A similar argument show that the union of a chain of subgroups is a subgroup and
the union of a chain of subrings is a subring. See[A.6.6|in the appendix for a common proof of these
facts.

Theorem 2.4.17. Let R be a ring with identity and I an ideal in R with I # R. Then I is contained
in a maximal ideal. In particular, every non-zero ring with identity has a maximal ideal.

Proof. The second statement follows from the first applied to the zero ideal.

To prove the first statement we apply Zorn’s lemma[A.3.8] For this let M be the set of ideals J
of R with I € J ¢ R. Order M by inclusion and let C be a nonempty chain in M. So @ # C ¢ M
andif A,BeC,then A C Bor BC A. Let M = UC. By[2.4.15| M is an ideal

Since C + @& we can choose C € C. Since I € C, I < M. Since (1) =R, 1 ¢ C for all C € C and so
1¢ M. Hence M = R and M € M. Since C € M for all C € M, M is an upper bound for M. Thus
by Zorn’s Lemma M has a maximal element J. If J € A for some ideal A # R, then / € A, A ¢ M
and so by maximality of M in M, A = J. Thus J is a maximal ideal of R containing /. O

Theorem 2.4.18. Let M be a maximal ideal in the ring R. Then M is a prime ideal if and only
R%> ¢ M. In particular if R is a ring with (Rz) = R or a ring with identity then every maximal ideal
is a prime ideal.
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Proof. We will show that R* ¢ M if and only if M is not a prime ideal.

Suppose R?> = RR € M. Since R is an ideal in R and R ¢ M, we conclude that M is not a prime
ideal.

Suppose that M is not a prime ideal. Then AB € M for some ideals A and B with A ¢ M
and B ¢ M. By[2.4.6(g), A+ M and B + M are ideals in R. So the maximality of M implies
R=A+M=B+M.Thus R = (A+M)(B+M)CAB+Mc M.

If R has an identity, then (R*) = R and if (R?) = R, then R> ¢ M. So the second statement follows
from the first. ]

Definition 2.4.19. Let R be a ring.
(a) A subring of S of R is called proper, if S + 0 and S + R.

(b) R is called simple if R* + 0 and R has no proper ideals.

Lemma 2.4.20. (a) Let R be a division ring. Then R has no proper left or right ideals. In particular,
R is simple.

(b) Let R be commutative ring. Then R is simple if and only if R is a field.

Proof. @) Let I be an non-zero left ideal in R and pick 0 # i € I. Then 1 = i"'i € Ri € R and so
R = R1 ¢ I. Similarly R has no proper right ideals. Since 0 # 1 = 12 € R?, R* # 0 and so R is simple.

@) Let R be simple commutative ring. Then R? # 0 and we can choose a € R with Ra # 0. Since
R is commutative, Ra is an ideal in R and so R = Ra. Hence any r € R there exists r, € R with
r = rga. Then ra, = (rga)(ay) = rq(aa,) = rqa = rand so 1 = a, is an identity in R. Note that 1,
is an inverse of a and so a is invertible. We proved that any element in a € R with Ra # 0 is a unit.
Since 16 = b + 0 for all 0 # b € R, this shows that all non-zero elements are units. Since R 0,1 £ 0
and so R is a field.

If R is a field, then by (a), R is simple. m|

Lemma 2.4.21. Let R be a ring and M an ideal in R. Then R/M is simple if and only if M is a
maximal ideal with R*> ¢ M.

Proof. In both cases M # R and so we may assume M # R. We have (R/M)? # Og/p if and only if
R* ¢ M. R/M has no proper ideals if and only if there does not exist an ideal J with 7 ¢ J ¢ R and
so if and only if M is a maximal ideal. O

If I is an ideal we will writea = b (mod I) ifa+1=>b+1, thatisifa—bel. IfR=Zand I =nZ
then a = b (mod nZ) is the same as @ = b (mod n).

Theorem 2.4.22 (Chinese Remainder Theorem). Let (A;,i € I) be a family of ideals in the ring R.
(a) The map 9 :

iel i€A;
r+ ﬂAi - (I’ +Ai)ie]
iel

is a well defined monomorphism.
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(b) Suppose that I is finite, R = R>+ A; and R = A; +Ajforalli+ jel Then

(Cl) If|I| > 1, then R = Ai + ﬂi#jEIAj'
(b) 6is an isomorphism.

(c) Foriclletb;cR be given. Then there exists b € R with
b=b; (mod A;) foralliel
Moreover, b is unique (mod e A;).
Proof. (a) The map r — (r+A4;);e is clearly a ring homomorphism with kernel N;e; A;. So (a) holds.
For @+ JclputA; = Aj. We will show by induction on |/| that
R=A;+Ay

forall @ + J € I~ {i}. Indeed if |J| = 1 this is part of the assumptions. So suppose |J| > 1, pick j € J
and put K = J \ {j}. Then by induction R = A; + Ax and R = A; + A;. Note that as A; and Ak are
ideals, A]'AK = Aj NAg = Ay Thus

R =(Ai+A))(Ai+Ak) CA +AJAR CA;+ A

Hence R=A; +R*=A; + Ay.

By @) we just need to show that 6 is onto. For |I| = 1, this is obvious. So suppose I| > 2.
Let
X = (xi),-el € HR/A,‘.

iEA,‘

We need to show that x = §(b) for some b € R. Let x; = b; + A; for some b; € R. By (ba), we may
choose b; € Njeiz1 Aj. So b; € Aj for all j # i. Thus

x; ifj=i
0bi); = {01 ifj#i

Put b}, b;. Then 6(b); = x;j and so 6(b) = x.
This is clearly equivalent to (b:b]) m

2.5 Factorizations in commutative rings

Definition 2.5.1. Let R be a commutative ring and a,b € R.

b, if (b) < (a).

(b) We say that a and b are associate and write a ~ b, if (a) = (D)

(a) We say that a divides b and write a
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(c) We say that a is proper if 0 # (a) + R.

(d) ais a generator (of R) if (@) = R.

Lemma 2.5.2. Let R be a commutative ring and a,b € R.

(a) a~b<=a|bandb|a.

(b) The relation | on R is reflexive and transitive.

(c¢) The relation ~ on R is an equivalence relation.

(d) a|bifandonlyif b € (a).

(e) If ais a generator of R, then b is a generator if and only if a ~ b,
(f) If R has an identity, then a | b if and only if b = ra for some r € R.

Proof. Obvious. O
Lemma 2.5.3. Let R be a commutative ring and u € R. The following are equivalent

(a) ul|rforallreR. (¢) u|rfor some generator r of R.

(b) uis a generator of R.

Proof. @) <~ (’@ : uis a generator if and only if («) = R if and only if r € (1) for all r € R and if
only if r | u for all r € R.

(®) = (c): Just observe that u ~ u.

== (b):  If u|rfor some generator r, then R = (r) C (u) and so R = (u). i

Lemma 2.5.4. Let R be a commutative ring with identity. Let u € R. Then the following statements
are equivalent

(a) uis a generator.
(b) Ru=R.

(c) uis unit.

(d) ur|rforallreR.
(e) ur ~rforallreR.

(f) u is not contained in any maximal ideals of R.
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Proof. @) — @]) : Since R is a commutative ring with identity, () = Ru. So u is a generator if
and only Ru = R.

(®) = (c): Since Ru = R, 1 = ru for some r € R. Since R is commutative, ur = 1 and so u is
a unit.

== (d): Since R is a unit, su = 1 for some s € R. Hence r = 1r = (su)r = s(ur) and so
ur|r.

(d) = (¢): Note that r | ur and so ur | r implies ur ~ r.

() = (): Using r = 1in (¢) we get u ~ 1. Thus (u) = (1) = R and so « is not contained in
any maximal ideal of R.

(= @@): If () +R, shows that (u) is contained in a maximal ideal, contrary the
assumption. So (#) = R and u is a generator. m|

Lemma 2.5.5. Let R be a commutative ring with identity and a,b € RY. Suppose b is not a zero-
divisor.

(a) Let b =ua. Then a ~ b if and only if u is a unit.

(b) Leta,b € R. Then a ~ b if and only if b = ua for a unit u in R.

Proof. (a) The "if” part follows from [2.5.4](d).
So suppose that b ~ a. Then a = vb for some v € R. Thus 16 = b = ua = u(vb) = (uv)b and so

(1 =uv)b =0. Since b is not a zero-divisor, uv = 1. So u is a unit.

@ Suppose a ~ b. Then a | b and so b = ua for some u € R. Thus @) shows a ~ b.
The converse follows directly from (a)). m|

Corollary 2.5.6. Let R be an integral domain. The equivalence classes of ~ are the orbits of U(R)
on R with respect to action by left multiplication.

Proof. Note first that by|1.2.3|le), (U(R),) is a group and since (R, -) is associative U(R) acts on R
by left multiplication. The corollary now follows from [2.5.5((b). o

Definition 2.5.7. Let R be a ring.

(a) An ideal I is called a principal ideal if its generated by one element, that is I = (r) for some
reR.

(b) R is called a principal ideal ring if every ideal is a principal ideal.
(c) R is principal ideal domain (PID), if R is an integral domain and a principal ideal ring.
(d) Anideal I in R s called finitely generated if I = (F) for some finite subset F of R.

Definition 2.5.8. Let R be a commutative ring and c a proper element. c is called a prime if for all
a,beR
clab — cla or c|b.

Lemma 2.5.9. Let p be proper element in the commutative ring R. Then following are equivalent:
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(a) pisaprime
(b) (p) is a prime ideal
(¢) R/(p) has no zero-divisor.

Proof. Letd € R. Then p | d if and only if (d) € (p) and so if and only if d € (p). Thus for all
a,beR

plab = pla orpl|b
if and only if
abe(p) == ac(p) or be(p)
Thus the lemma follows from 2.4.13] o

Definition 2.5.10. Let R be a commutative ring and ¢ a proper element in R.

(a) c is called irreducible if for all a,b € R

c~ab - a is a generator or b is a generator

(b) cis called weakly irreducible if for all a,b € R

c~ab — a~c or b~c

(¢) cis called divisor simple if for all a in R

alc — a~c or aisa generator

Remark 2.5.11. Let R be a commutative ring and ¢ € R. Then c is divisor simple if and only if (c)
is a maximal element in the set of proper principal ideal of R.

Proof. Both statement just say that if a € R then

(0) € (a) = (c)=(a) or (a)=R.

O

Remark 2.5.12. Let R be a commutative ring and a, b associate elements in R. Then a is a prime
(irreducible,weakly irreducible,divisor-simple, proper) if and only if b is.

Proof. A glance at the definitions of these terms show that they only depended on (a). O
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Example 2.5.13. For any proper (a,b) € Z, x Z determine whether a is a prime, irreducible, weakly
irreducible and/or divisor simple.

(a,b) irreducible  divisor-simple weakly irreducible  prime

(1,p) Yes Yes Yes Yes
(0,1) No Yes Yes Yes
(1,0) No No Yes Yes
otherwise No No No No

here p is a prime integer.

Lemma 2.5.14. Let ¢ be a proper element in the commutative ring R

(a) If ¢ is divisor-simple, then c is irreducible or ¢ ~ c?.

(b) If c is divisor simple, then c is weakly irreducible or R has a generator and (c) = (RZ) +#R.
(c) If c is a prime, then c is weakly irreducible.

Proof. (a) Suppose c is divisor simple and c is not irreducible. Then there exists a,b € R such that
¢ ~ ab and neither a nor b is a generator. Note that a | ¢ and b | ¢. Since c is divisor simple and
neither a and b are generators, a ~ ¢ and b ~ ¢. Thus (a) = (¢) = (b) and so

(¢) = (ab) = ((@)(®)) = {()(©)) = ()

So indeed ¢ ~ ¢?.

(b) Suppose c is divisor simple and ¢ is not weakly irreducible. Then there exists a,b € R such
that ¢ ~ ab and neither a nor b is associated to ¢. Note that a | ¢ and b | ¢. Since c is divisor simple
and neither a and b are associated to ¢, @ and b are generators. Thus (a) = R = (b) and so

(c) = (ab) = ((a)(b)) = (R?)

Since c is proper, (c) # R and so (b)) is proved
(c) Let a,b € R with p ~ ab. Since p | p = ab and p is a prime, p | a or p | b. Since a | p and
b|p,p~aorp~b.So pis weakly irreducible. i

Lemma 2.5.15. Let ¢ be a proper element in the commutative ring R with identity.
(a) cis irreducible if and only if c is divisor-simple and ¢ + .
(b) If c is divisor simple, then c is weakly irreducible.

(c) If c is weakly irreducible and not a zero-divisor, then c is irreducible.
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Proof. @) Suppose c is irreducible Let a € R with a | ¢. Then ¢ = ab for some a,b € R Since c is
irreducible a or b is a generator. If b is a generator, then by [2.5.4] ¢ =ab ~a. Soa ~coraisa
generator. Thus c is divisor simple.

Suppose that ¢ ~ ¢2. Since c is irreducible, ¢ is a generator, a contradiction since ¢ is proper.

Thus ¢ + ¢ and the forward direction of @) is proved. The backwards direction follows from
2.5.14{a).

@) Since R has an identity, R = R? and so (]Eb follows from [2.5.14f(a)).

Suppose c is weakly irreducible and not a zero-divisor. Let a,b € R with ¢ ~ ab. Since ¢

is weakly irreducible, ¢ ~ a or ¢ ~ b. Say, ¢ ~ b. Then b = rc and ¢ = sab for some r,s € R.

So lc = sab = sarc = (sra)c. Since c is not a zero divisor, sra = 1 and so a is a unit and thus a
generator. Hence c is irreducible.

O

Lemma 2.5.16. Let R be commutative ring with identity and c € R a proper non-zero divisor.

(a) cisirreducible if and only if c is divisor-simple, if and only if ¢ is weakly irreducible and if and
only if (p) is a maximal proper principal ideal.

(b) If c is a prime, c is irreducible.

Proof. @ Since c is not a zero-divisor and not a unit shows that ¢ + ¢?. So @) follows from
and
(b) By [2.5.14] the prime c is weakly irreducible and so by (b) c is irreducible. i

Lemma 2.5.17. Let R be principal ideal domain. Then the following are equivalent

(a) pisaprime (¢) (p) is a maximal ideal.
(b) p is irreducible. (d) R/(p) is a field.
Proof. () = (®):  This is[2.5.16|[b)

() = (c): By[R.5.16f[a) (p) is a maximal proper principal ideal. Since every ideal in a PID
is a principal ideal, (p) is a maximal ideal. So (c) holds.

= (d): This follows from[2.4.21]
(d) = (@): By[.4.18 (p) is a prime ideal. So by p is a prime. m

Proposition 2.5.18. Let R be an commutative ring with identity and a € R. Suppose that

a=p1-... pm and a=gqi-... qy

where m,n € Z*, p; is a non-zero-dividing prime for 1 < i < m and q; is divisor-simple for 1 < j < n.
Then n = m and there exists & € Sym(m) with p; ~ g for all 1 <i<m.
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Proof. Note that p,, | a. Since p,, is a prime, p,, | ¢; for some 1 < j < n. Since g; is divisor-simple
e and p,, is not a unit, g; ~ p,, and so ug; = p,, for some unit u € R. Without loss, j = n.
Suppose n = 1. If m = 1 we are done. So suppose for a contradiction that m > 1. Then

(pl .. -pm—l)pm =a=4m ~ Pm-

Thus by [2.5.5((a)), p1 ... pm-1 is a unit and so divides 1. Hence also p; divides 1 and so p; is a
unit, a contradiction.

Suppose n > 1. Then py-1pm = pm—l(”‘]n) = (”pm—l)Qn- By UPm-1 ~ Pm-1. Also
gn ~ Pm and so by 2.5.16] up,,—; and g, are non-zero-dividing primes. So replacing p,, by g, and
Pm-1 bY up;,—1 we may assume that g, = py,.

Putb=p;...pp_1ifm>1andb=1if m = 1. Then

(@1 qn-1)Pm=(q1 - qu1)gn=a=(P1 ... Pm—1)Pm = bPm.

Since p,, is not a zero-divisor this implies

qr---Gn-1=b

Suppose that m = 1. Then b = 1 and so ¢ is a unit, a contradiction.
Thus m > 1 and

q1.--gn-1 = P1.--Pm-1
So by induction on n, n—1 = m~1 and there exists u € Sym(m~1) with p; ~ g,,;) forall 1 <i <m-1.

Defining 7 € Sym(m) by n(m) = mand 7(i) = u(i) for 1 <i < m—1 we see that the lemma holds. O

Definition 2.5.19. A unique factorization domain (UFD) is an integral domain in which every
proper element is a product of primes.

Lemma 2.5.20. Let R be a UFD and r € R. Then r is a prime if and only if r is irreducible.

Proof. By each prime in R is irreducible. Now let r be irreducible. Then by definition of a
UFD, r = p; ... p, where each p; is a prime. Then by[2.5.18|n = 1 and so r = p; is a prime. i

Our next goals is to show that every PID is a UFD. For this we need a couple of preparatory
lemmas.

Lemma 2.5.21. Let T be chain of ideals in the ring R. If UZ is finitely generated as an ideal, then
UZeT.

Proof. Suppose that UZ = (F) for some finite ' € UZ. For each f € F there exists Iy € T with
f € 1I;. Since Z is totally ordered, the finite set {/; | f € F} has a maximal element /. Then I € Z,
F cIandso

UZ=F)c1cUT.
ThusUZ =1¢€1. O
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Lemma 2.5.22. Let R be an integral domain and I a non-empty set of principal ideals. Then one
of the following holds:

1. NZ =0 and there exists a family (I )ren in L such that

h202..220La2...
with Ngen Ik = 0.
2. T has a minimal element.

3. There exists a family (J)keN of principal ideal in R such that

JEN S .. T EIkr1 E -

and Uyen Jk is not finitely generated.

Proof. Assume that does not hold. Then by |A.4.10| (applied to the ordering on Z by reverse
inclusion) there exists a family (I )xen in Z such that

L202...2L2 L1 2...

If Nken Ik = 0, also N Z = 0 and so @) holds. So we may assume that there exists 0  a € Ngen Ik-
Since each I, is a principal ideal, I, = (a,) for some a, € R. Since a € I, a = r,a,, for some r, € R.
Since

(an+l) =l ¢l = (an)),

a,+1 = Spa, for some non-unit s, in R. Thus

'ndp = A = Tp1Ap+l = Fpe1Snln = Fpe1 Sndn

Since R is an integral domain,

Yn = Tn+1Sn

Since s, is not a unit, this gives

(rn) € (rns1)

Put J, = (r,). Then J, &€ Jui1 and 2.5.21] shows that U,n J,, is not finitely generated. So (3)
holds. O

Lemma 2.5.23. Let R be a ring in which every ideal is finitely generated.
(a) Any nonempty set of ideals in R has a maximal member.

(b) Suppose in addition that R is an integral domain. Then every non-empty set of principal ideals
with nonzero intersection has a minimal member.
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Proof. (a) Otherwise [A.4.10]implies that there exists an infinite strictly ascending chain of ideals

JoeJ1C... Sk E 1 E -

in R. But then shows that U2, Ji is not finitely generated, a contradiction.

(b) Let Z be a non-empty set principal ideal in R with NZ # 0. By[2.5.22] NZ = 0, Z has a min-
imal element or[2.5.22] as an infinite ascending chain of ideals. By assumption the first possibility
does not holds. By (a), the last possibility does not holds and so Z has a minimal element. O

Lemma 2.5.24. Every principal ideal domain is a unique factorization domain.

Proof. Let S be the set of proper elements in R which can be written as a product of primes. Let a
be proper in R. We will first show

1°.  ais divisible by a prime.

By [2.5.23)a)) there exists a maximal ideal I with with (a) c 1. Since R is a PID, I = () for some
s € R. Then by[2.5.17] s is a prime. Since (a) < (s), s | @ and (1°) holds.

2°. PutS={(s)|seS,s|a}. ThenS + @ and (a) < NS #0.
By there exists a prime s with s | a. Then s € S and so holds.

By and[2.5.23p, S has a minimal member, say (b) with b € S. Since b | a, a = ub for some
ueR.

Suppose that u is not a unit. Then by applied to u, there exists a prime p dividing a. Then
pb divides a and pb € S. Thus (pb) € S and since p is not a unit (pb) ¢ (b), a contradiction to the
minimal choice of (b)

Thus u is a unit and a ~ b. Since b is a product of primes and any associate of a prime is a prime,
we conclude that a is a product of primes. O

2.6 Euclidean Rings
Definition 2.6.1. Let R be a ring.

(a) A pre-Euclidean function on R is a function d : R — A, where A is a well-ordered setﬂ such
that for all a,b € R with b + 0

(i) d(0) <d(b) and
(ii) if d(b) < d(a), then there exists t € (b) withd(a—1t) < d(a)

(b) R is called an Euclidean domain if R is an integral domain and there exists an pre-Euclidean
Jfunction on R.

Zsee in the appendix for the definition of a well ordered set
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Example 2.6.2. 1. Let d : Z - N,m — |m| be the absolute value function. Let a,b € Z and
0 < |b| < |a|. If a and b are both positive or both negative, then |a — b| < |a|. If one of a,b is
positive and the other negative, then |a + b| > |a|. So d is a pre-Euclidean function. Thus Z is an
Euclidean domain.

2. Let F be any field, A = {-oo} UN. Let 0 # f, g € F[x] of degree n and m respectively. Suppose
that n < m. Let a and b be the leading coefficients of f and g, respectively. ba 'xX""f is a
polynomial of degree m and leading coefficient b. Thus g —ba~' X" f has degree less than g and
so d is a pre-Euclidean function.

Note also that fg is a polynomial of degree X" with leading coefficient ab. Thus fg # 0 and so
F[x] is an integral domain. Hence F[x] is a Euclidean domain.

Lemma 2.6.3. Letd : R - A be a pre-Euclidean function on a ring R. Let a,b € R with b + 0. Then
there exist s € (b) and r € R and

a=s+randd(r) <d(b).
Proof. Since A is well-ordered we can choose s € (b) with
(%) d(a-s)=min{d(a-1)|te(b)}
Put r = a — s and suppose that d(r) > d(b). Then r # 0 and by the definition of a pre-Euclidean

function there exists ¢ € (b) such that d(r —1) < d(r). Butr—t=(a—-s)—t=a- (s+1t). Since
s+t € (b) and we obtain a contradiction (*). Hence d(r) < d(b) and the lemma is proved. i

Definition 2.6.4. Let R be an ring, A a well-ordered set and d : R — A a function such that for all
a,be Rwithb +0:

(i) d(0) <d(b).
(ii) If0 + a € (b), then d(b) < d(a).
(iii) There exist s € (b) and r € R with

a=s+randd(r)<d(b).

Then d is called a Euclidean function

Lemma 2.6.5. Let R be a ring and d a pre-Euclidean function on R. Let b € R. If b = 0 define
d*(b) =d(b), otherwise put
d*(b) =min{d(s) |0+ se(b)}.

Then d” is a Euclidean function.
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Proof. We need to verify the conditions (i)- in the definition of an Euclidean function.
Leta € R. Since a € (a):

(1) d*(a) <d(a)

For any x € R, choose x* € (x) with x* # 0 and

(2) d*(x) =d(x")

Note that x* = 0 if and only if x =0. Let 0 # b € R.

({i): By definition of a pre-Euclidean function d(0) < d(b*) and so d*(0) < d*(b).

({ii): LetO0#ae(b). Thena* € (a) < (b) and so by definition of d*,

d*(a)=d(a*) >d(b*) =d* (D).
({ii): By there exists s € (b*) and r € R with
a=s+randd(r) <d(b").
Since b* € (b), s € (b*) < (b).
d*(r)<d(r) <d(b*) =d*(b)

and so d* is indeed an Euclidean function. O

Theorem 2.6.6. Let d be a pre-Euclidean function on the ring R and I a non-zero left ideal in R.
Let 0 # b € I with d(b) minimal, then I = (b). In particular every Euclidean domain is a PID.

Proof. Let 0 # b € I with d(b) minimal. Let a € I. By there exist s € (b) and r € R such that
a=s+rand
d(r) <d(b)

Since r = a - s and both a, s are in I we get r € I. So the minimal choice of d(b) implies r = 0. Thus
a=se(b)andsol = (b). o

Definition 2.6.7. Let R be a commutative ring, r € R and A € R.
(a) We say that r is a common divisor of A and write r | A if r | a for all a € A.

(b) We say that r is a greatest common divisor and write r ~ gcd A if r is common divisor of A and
s | r for all common divisor s of A.

We remark that in a general commutative ring a given set of elements might not have a greatest
common divisor.
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Lemma 2.6.8. Let R be a commutative ring, r € Rand A € R.
(a) r| A if and only if (A) € (7).
(b) risagedof Aifandonly if forall s € R

s|A = s|r

Proof. (@) By definition of dividing, r | a if and only if (a) € (r). Since (r) is an ideal, (a) < (r) for
all a € A if and only if (A) < (r). Thus (EII) holds.

(b) Suppose ris a ged. If s | A, then s | r by definition of a ged. If s | r, then since r | A also
s|A.

Suppose for all s € R we have s | A < s | r. Since r | r we get r | A. Also s | r for all s with
s | A and so ris a ged of A. i

Lemma 2.6.9. Let R be a commutative ring and A € R
(a) A has a common divisor in R if and only if A is contained in a principal ideal of R.

(b) Suppose that A has a common divisor in R and let I be the intersection of the principal ideal
containing A. Then A has a greatest common divisor if and only if I is principal ideal. In
the case the greatest common divisor are exactly the generators of 1. In particular, greatest
common divisors are unique up to associates.

Proof. LetreR.
(fa) This holds since r is a common divisor of A if and only if A ¢ (r).
(b) Let K be the set of principal ideal containing A. r is a greatest common divisors of A if and

only if A € () and (r) € (s) for all common divisor s of A. So r is a greatest common divisor if and
only if (r) € K and (r) € K for all K € K. Thus if and only if (r) = I. i

Lemma 2.6.10. Let R be a commutative ring, A € R and r € (A). Then the following are equivalent.

(a) ris a common divisor of A.

(b) (A)=(r).
(c) ris a greatest common divisor of A.

Proof. @ = @: Suppose r is a common divisor of A. Then (A) € (). Since r € (A) we have
(r) € (A) and (7) = (A).

() = (c):  If (A) = (1), (A) is the intersection of the principal ideal containing (A) and
follows from 2.6.9]

== (a): is obvious. o
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Lemma 2.6.11. Let R be an integral domain Let P a set of representatives for the primes in R, that
is P is a set of primes and each prime in R is associate to exactly one element in P. Put P = (p) pep.
Recall that

Np=EN and p"=]]p".
peP peP

where n = (n,) pep € Np. The function

U(R) xN; - RY, (u,n) — up”

is 1-1 homomorphism from the semigroup (U(R),-) x (N;, +) to the semigroup (RY,-). The function
is onto if and only if R is a UFD.

Proof. The function is clearly a homomorphism. If up” = vp™, the uniqueness of prime factor-
ization shows that n = m. So p" = p” and since R is an integral domain, # = v. So the map is
1-1.

If the function is onto each proper element is associated to a product or primes and so is a
product of primes.

Suppose R is a UFD and let a € RY. If @ is a unit, @ = ap®. Suppose a is not a unit. Since R is a
UFD, a = q; ... qy, for some primes qi,...,gy. Choose p; € P with p; ~ g;. Then g; = u;p; for some
unite u;. Put u = [T}, u; and for p e Pletn, = {1 <i<m|p; = p}and n = (n,)pep. Then a = up”
and so the map is onto. O

Lemma 2.6.12. Let R be a UFD and P a set of representatives for the primes in R, that is P is a set
of primes and each prime in R is associate to exactly one element in P. Put P = (p)pep. Leta,b € R!
and B c RY with B # @. Let (u(a),n(a)) € U(R) x Np be defined by

a=u(a)p"®.

For n,m € Ny define
n<m if np,<m, forallpeP

Define
B) =infn(b that i B) =infn,(b llpeP
n(B)=infn(b)  thatis  ny(B)=infny(b) forallpe

(a) a|bifand only if n(a) < n(b).
(b) a| B if and only if n(a) < n(B).
(c) Let p e P. Then
n,(b) = max{k e N ‘ p*| b} andny(B) = max{k eN ‘ P~ | B}

(d) p"®) ~ gcd(B).
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Proof. (d) a divides b if and only if b = ad for some d € R. Since b + 0, d #+ 0 and so d = vp”"
for some v € U(R) and m € N;. Thus a | b if and only if there exist v € U(R) and m € N; with
u(b) = u(a)v and n(b) = n(a) + m. Since u(b) and u(a) are units, there exists a unique v € U(R)
with u(b) = u(a)v, namely v = u(h)~'u(a). There exists m € N; with n(b) = n(a) + m if and only if
n(b) —n(a) € Ny, that is n(a) < n(b).

(b) a | Bif and only if a | b for all b € B. By (@) this holds if and only if n(a) < n(b) forall b € B
and so if and only if n(a) < n(B).

Let g € P. Then n,(p*) = 0 for ¢ # p and n,(p*) = k. Thus by @) and @) pX | b if only if
k < n,(b) and p* | B if and only if k < n,,(B). Thus (c) holds.

@i Note that n (p”(B)) = n(B). Thus by @) an a | p"® if and only if n(a) < n(B) and if
and only if a | B. So (d) follows from 2.6.8|(b).

O

2.7 Localization

Let R be a commutative ring and @ # S € R.In this section we will answer the following question:

Does there exists a commutative ring with identity R’ so that R is a subring of R and all elements
in § are invertible in R ?

Clearly this is not possible if 0 € § or S contains zero divisors. It turns out that this condition
is also sufficient. Note that if all elements in S are invertible in R’, also all elements in the sub-
semigroup of (R,-) generated by S are invertible in R’. So we may assume that S is closed under
multiplication.

Lemma 2.7.1. Let X be non-empty multiplicatively closed subset of the commutative ring R. For
re€Rand x € S denote the element rx € R[X] by /. Put

I=(")-")|reRxzeX)
Letr,s € Rand x,y € X. Put

X'R=R[X]/I  and L=")+1
X

rs _rs
(@) 35 =%

_ Iy+sx

y o xy
(¢c) X'R={%|reR,xeX}.
(d)

(e)

(b) £+

is an identity in X™'R.

==

==

is an inverse off in X~ 'R.

(f) The map ¢ = ¢§ :R->X'R r— > is a ring homomorphism and independent of x.
(8) §=0(x)"'o(r).
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(h) Let S be a commutative ring with identity and B : R — S a ring homomorphism such that B(x)
is invertible for all x € X. Then

Bx:X'S > 5, % - B(x)"'B(a)

is a well defined function and is the unique homomorphism from X~'R to S with 8 = Bx o ¢.
(i) += 5 if and only if there exists 7 € X with ryz = sxz.

(j) ker¢ = {r € R | rx = 0 for some x € X}. In particular, if R + 0, ¢ is 1-1 if and only if no element
of X is zero or a zero-divisor.

Proof. Letr,s € Rand x,y,z € X. By definition of R[X],

r/xS/y — rs/xy a1,1(1 r/x + S/x — r+s/x

and so also
rs rs r N r+s
——=— and —+-=
Xy xy X X X

In particular @) holds. By definition of  and 1,

rz o
Xz x
Thus
rLS_ sy sy sy
Xy Xy o yx o oxy Xy Xy
and (b) is proved.
(c) Put

W={"y|reR,xeX} and T:{w+l|weW}:{f
X

rER,xeX}.

Note that R[X] = (W) and so X"'R = (T). By , T is closed under addition. It also closed under
negatives and so X 'R =T.

bx _bx _b

yx o oyx oy’

Xy _ Xxy . . . . . —1
(H) =< = = which by (@} is an identity in X~ R.

yx Xy

(ﬁ) o = Y — Y and so ¢ is independent of the choice of r. ¢ is the composition of the additive
X Xy y

homomorphisms r — rx, s = °/, and a - a + I. Thus ¢ is an additive homomorphism.

rx sx rsxx

B)0(s) = 5 = )

XX

and so ¢ is also a multiplicative homomorphism.



122 CHAPTER 2. RINGS

(&)

r rxx rx

R A GLION

X XXX X

Define y : X - S,x — 8(x)~!. Then vy is multiplicative homomorphism and so there
exits a unique homomorphism ¢ : R[X] — § with

8 (") = B(r)y(x) = B(r)B(x) ™

Note that

5 (") = Bry)BG) ™ = BB (BBX)) ™ = B(rBGBG) ™ B(x) ™ = B(rB(X) ™ =5 (L)

and so "/, —"/x € ker d. Since ker ¢ is an ideal in R this gives I ¢ keré. Defining a(a +I) = 6(a) we
see that « is well-defined homomorphism. Moreover

@(¢(r)) = a ("f) = B(rx)B(x) ™" = B(r)B(x)B(x) ™" = B(r)

and so S =ao ¢.
Conversely suppose that p : X 'R — § is a homomorphism from X~ 'R with 8 = p o ¢. Define
u=pomns Sou(a)=p*a+1I).Since ¢(x) and p(¢(x)) = B(x) are invertible, shows that

p(¢(x)™") = (p(d(x)) ™" = p(x)"!
Thus

1 (1) =p () =p () = (618 ™) =p(8())p(0(0)) ™ = BB
Sou=46.Hence p(a+1) =pu(a)=6(a) =a(a+1I) and thus p = a.
Suppose first that there exist z € X with ryz = sxz. Then

rorz) sk _s(x) s

x x(yz) wz o oy(xz) oy

For the converse we will first determine exactly when an element of R[X] is contained in /.
Let J consists of all @ € R[X] such that there exists d € X and 1 = (n,)ex € X~ with

(1) xn, =d for all x € X with a, # 0, and
(i) erX axny = 0.

Let a,a’ € J and choose d,d’ and n,n’ according the definition of J.
Then

a+1:(ZaXX)+I=Z&=zamx=Zai;x=er};axnx:gzl

xeX aex * xex MsX  xex

andsoael. Thus JC .
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Define

nd ifa,+0
m =
Ylnld  ifac=0

If a, # 0 and a, # 0, then n,d’ = nyxn’, = n'.d. In particular, the setup is symmetric in a and a'.
If a, # 0, then xm, = xn,d’ = dd'. By symmetry, xm, = dd' if @, + 0 and so xm, = dd’, whenever
ay +a’, # 0. We compute

Z(ax +al)my = Z Ay + Z a.m, = (Z axnx) d + (Z a;nx)d =0d +0d =0
xeX xeX xeX xeX xeX
a,#0 a'#0

andsoa+a’ €J.
Put V={", "/ | reR,x,z € X}. We will show that V ¢ J.
If x # xz, choose d = xxz, ny = xz and n,, = x. Then xn, = d = xzn,, and

FZly, — Iy = rz2x —rxz =0

and so "y, ="/ € J.
If x = xz, then "y, = "/ = "% = "fe = “"/.. Put n, = x and d = x* = n,x. Then

(rz—=r)x=rzx—rx=rx-rx=0
and so again "?/;; —"/x € J. Thus V ¢ J. Note that

b/y (VZ/XZ _ V/x) — rSZ/xyZ _ rS/xy
and so WV c V c J. Using that J is an additive subgroup of R[X] we get
I=(R[X]V,V) = ((W)V,V) = (WV, V) =(V) <J

Since J ¢ I, this proves J = 1.
Now suppose that £ = £. Then £ — £ =0, == = 0 and " */,, € I = J. Thus there exists n,, € X
x x oy Xy
with (rx — sy)ny, = 0 and so rxny, = syn,. Thus (i) holds.

If rx = 0 for some r € X, then ¢(r) = = = 0. If r € ker ¢ then ~x = 0 and so rxy = 0 for some
y € X. Since xy € X, this gives shows

ker¢ = {reR|rx=0 for some x € X}

¢ is not 1-1 if and only if there exists O # r € R with r € ker ¢ and so if and only if there exists
0 # r e Rand x € X with rx = 0. This holds if and only if O € X or X contains a zero divisor.
O

Corollary 2.7.2. Let G be a commutative semigroup and X a non-empty semisubgroup of G. Let R
be a commutative ring with identity 1 # 0. Identify g € G with 1g € R[G].
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(a) Put
X6 = {5 ‘ geG xe X} c X"'(R[G)])
X
Then X~'G is multiplicatively closed subgroup of X"'(R[G]) and so a semigroup. This semi-
group is (up to isomorphism) independent of the ring R.

(b) There exists a homomorphism

@ R[X"'G] > X" (R[G])  with a/(r

= 1og

N—
I
|03

forallreR,gecGand x € X.
(c) There exists a homomorphism
B:X Y (R[G]) » R[X"'G] with /3(5) =8
X X
forallreR,geGand x € X.

(d) a and B are inverse to each other and so are isomorphism.

Proof. (H) %% = ‘% for all g,h € G, x,y € X. So X~'G is multiplicatively closed and the multipli-

cation on X~'G is completely determined by the multiplication of G and independent of R. . Since
% = ! if and only if gyz = hxz for some z € X, also the set X~'G is independent of R.

Fix x € X and define
p:R—>X'(R[G]). r—"=
X
Then ( )
r+s)x rx+sx rx sx
o(r+s)= = =—+—=p(r)+p(s)
X X x X
and

_(rs)x _ (riixx _ (rx))ci”) - %% =p(r)p(s)

p(rs)

and p is ring homomorphism. idy-i; is a multiplicative homomorphism from X~'G to X~!(R[G])
and so by there exist a ring homomorphism

a:R[X'G] - X' (R[G]), with a(ru)=p(r)u

forall 7€ R, u € X 'G. Thus
Note that & = == = ry—y for y € R and so p is independent of x. We have

xy
( g) g rxg rgx rg

a\r— :p(r)— = — = — = —

X X X X XX X

and so (b)) holds.
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¢G is a homomorphism for G to X~'G. idg is a homomorphism from R to R and so by[2.2.11
thee exists a unique homomorphism

Y :R[G] — R[X_lG] with y(rg) = ré(g)

Since y(x) = y(1x) = 1¢(x) = ¢(x) is invertible in R[X'G] we conclude that there exists a
unique homomorphism

B:X'(R[G]) - R[X'G]
with B(¢(a)) = y(a) for all a € R[G]. Moreover, (‘;’) =y(a)y(x)7!. So

ﬁ((%) = y(rg)y(x)™ = rg(g)p(x) ™" = rg

and (d]) holds.
@) Note that (@ o) (%) = % and since X~'(R[G]) is generated by these elements a o f is the
identity function in X~!(R[G]. Similarly 8 o a is the identity function on R[X~'G]. o

Definition 2.7.3. Let G be a magma. We say that the left cancellation law holds for g € G if for all
a,beG:

ga=gb=—a=>b

Note that if R is a ring and O # r € R then the left cancellation holds for r if and only if r is not a
left zero divisor.

Lemma 2.7.4. Let G be semigroup and let S be the set of elements in G for which the left cancella-
tion law holds. Then S is a subsemigroup of G.

Proof. Let s,t € S. Define [ : G - G,g — sg. Then [; and [, are 1-1. Since G is associative
g0l = lg. Since compositions of 1-1 functions are 1-1, st € S.
O

Definition 2.7.5. Let R be a commutative ring.

(a) R is the set of all non-zero, non zero divisors.

(b) Suppose that R + @. R™'R is called the complete ring of fraction of Rﬂ

(c) If R has no zero divisors, then R! 'R is called the field of fraction of R and is denoted by Fg.
Example 2.7.6. (a) Fz =Q.

(b) Let 0+ neZ ThenF,z =Q.

3Note that byﬂR is a multiplicatively closed
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(c) Let F be a field. Let I be a set and let (X;,id;) be a free abelian monoid. Then the field of
fraction of F[X[] is denoted by F(X;). So

F(Xp) = {ch ‘ frgeF[X/],g# O}

If R is a commutative ring without zero divisors, then Fr(X;) is the field of fractions of R[X;].

Definition 2.7.7. Let R be a commutative ring, X a multiplicatively closed subset of R and I be an
ideal in R.

(@) AcRandY € X. Then g ={§ |acA,yeYy cX 'R

(b)

{reR|rxel forsome xeX}

is called the X~ -closure of I
(c) Iis called X~'-closed if r € I for all r € RwithrX n I + @.

Note that rx € I for some x € X if and only if X n I # @. So I is X~! closed if and only if I is
equal to the X~ !-closure of .

Proposition 2.7.8. Let X be a multiplicative subset of the commutative ring R and ¢ = ¢§. Let I be
an ideal in R and J an ideal in X™'R.

(a) )—I( is an ideal in X"'R
(b) Put K = ¢~'(J). Then K is an ideal in R with J = g Moreover, for r € R and x € X,

’
rek . —eJ
X

(c) ¢7' (%) is the X~ '-closure of I.
(d) ¢71(J) is X '-closed.
(e) The X~-closure of X is X !-closed.

(f) The map
1

11— —
is a bijection from the set of X~ '-closed ideals in I to the set of ideals to X 'R. The inverse is
given by
J=¢"'(J)

(g) IfI + Rand I is X '-closed then In X = &.
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(h) IfI is a prime ideal, then is X~'-closed if an only if In X = @.

(i) I — % is a bijection between the prime ideals I of R with I n X = @& and the prime ideals in
X 'R,

L e

i 0L iy J_ tjx T rio_ri
Proof. (H)Letl,JeI,x,yeXandreR.ThenO—xeX.x+ = eXandxy—xy

y ooy
(b) Inverse images of ideals under homomorphism are ideal and so K is ideal.
Since ¢(r) is associated to ¢(r)¢(x) ! in X~'R,

L
X

p(r)ed = ¢(rg(x) el

and so

rek <> IEJ

In particular, J = § and @ holds.

PutE:gb_1 (%) Let x € X. By(@)reEifandonlyif)—rC € § and so if and only if © = }i for
some i € [, y € X. This holds if and only if ryz = ixz for some i € I,y,z € X.

If rxz = iyz for some i € 1,y,z € X, then xz € X and iyz € I. Hence r(xz) € I and so r is in the
X~ !-closure of I.

Conversely, if rx = i for some x € X and i € I, then rxxx = ixx. Choose y = xx and z = x we see
thatr € E.

(@) By @) % = % and so ¢! (%) = K. So by (c)) K is equal to its X~ '-closure.

(e) Follows from (c]) and (d))

() Follows from (a) to (e).

@i Since I # Rand [ — )1( is a bijection, )1( +# R™'X. Thus )—I( contains no units and so I n X = @.

(h) The forward direction follows from (g). So suppose I N X = & and suppose r € R and x € X
with rx € I. Since In X = @, x ¢ I and since [ is a prime ideal we conclude that » € I. Thus I is
X~ !-closed.

By @ we can replace the conditions / N X = @& by I is X !-closed. Let I be an X~'-closed
ideal in R. Since [ — § is a bijection, I = R if and only if }—’( =X 'R. Letr,s € Rand x,y € X. Since
I is X~ '-closed, we can apply (EI) with K =l and J = )—I( Thus

rel <~ Iei
x X
sel — fei
y X
srel <— Ee£
xy X

Hence
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rsel — rel or sel
if and only if

rs X r I s 1

—— € = — —-€— or -—¢€—

xy I x X y X

Hence [ is a prime ideal in R if and only if % is a prime ideal in X"'R.

Definition 2.7.9. Let R be a commutative ring and P a prime ideal in R. The ring

(R~ P)7'R

is called is called the localization of R at the prime P and is denoted by Rp. For A € R we write Ap
for ’%.

Note here that by R \ P is a multiplicatively closed. So (R \ P)~!R is defined.

Recall that Rp also denotes @ ,p R. But hopefully it will always be clear from the context what
is meant.

If S is a subring of R with P ¢ S, then P is also a prime ideal in S. Then Sp = % € Rp should
not be confused with S p = (S \ P)~'S.

Theorem 2.7.10. Let P be a prime ideal in the commutative ring.

(a) The map Q — Qp is a bijection between the prime ideals of R contained in P and the prime
ideals in Rp.

(b) Pp is the unique maximal ideal in Rp.

Proof. (a) Put X = R\ P and let Q a prime ideal in R. Then O n X = @ if and only if Q ¢ P. Thus
(a) follows from [2.7.8](i).

(b) Let 7 be a maximal ideal in Rp. Since Rp has an identity, [2.4.18]] is prime ideal. Thus by (a)
I = Qp for some Q € P. Since I € Pp and [ is maximal we get [ = Pp. O

Definition 2.7.11. A local ring is a commutative ring with identity and an ideal M + R such that
1 € M for all proper ideals I of M.

Remark 2.7.12. A commutative ring with identity is a local ring if and only if its has a unique
maximal ideal M.

Proof. Suppose R is a local ring. Then the ideal M is the definition of a local ring is the unique
maximal ideal of R.

Suppose R has a unique maximal ideal M. Let I be a proper ideal in R. Then by Iis
contained in a maximal ideal of R and so / € M. O

Lemma 2.7.13. Let R be a commutative ring and M an ideal in R with M # R. Then the following
statements are equivalent:
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(a) I < M for all ideal I of R with I + R.
(b) M contains all proper elements.
(c) M is the set of non-generators.

Proof. () = (b): Letr € R be proper. Then (r) # R and so (r) € M.

(B) = (c):  The elements in R \ M are neither proper nor zero and so are generators. Since
M + R, M does not contain any generators and so M is the set of non-units in R.

- @): Let I be an ideal in R with I # R. Let i € I. Then (i) ¢ I and so i is not a generator.
Henceie Mand I < M. O

Example 2.7.14. Let R be a UFD and p a prime in R. Determine the ideals in R ).

Let X = R~ (p). Then for r € R, r € X if and only if p 4 r. Thus
Then

r
R(p) = {; € FR r,X € R,p+x}

Let I be a non-zero ideal in R. Put n = n,(I), so n € N* is maximal with p" € I. We claim that /
is X~ !-closed if and only if I = (p").

Suppose first that 7 is X~ !-closed and choose 0 # i € I with n,(i) = n. Then i = ap" for some
a € R with p + a. Then a € X and ap” € I and since I is X! closed, p" € I. So also (p") ¢ I. Since
p" | I 1< (p")and thus I = (p").

Suppose next that I = (p"). So r € I if and only if p" | i. Let x € X and r € R with xr € I. Then
p" | xrand since p + x, p" | r. Thus r € I and I is X~ !-closed.

So the non-zero ideal in R, are (p”)(p), n € nN. Note that this is just the ideal in R(,,) generate

4

by an. Thus R,y is a PID with a unique prime 7.
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Chapter 3

Modules

3.1 Modules and Homomorphism

In this section we introduce modules over a ring. It corresponds to the concept of group action in
the theory of groups.

Definition 3.1.1. Let (R, +,-) be a ring and (M, +) an abelian group. A ring action of R on M is a
function x with R x M € Dom(*) such that such that for all r, s € R and a,b € M:

MO) r*aeM.
M1) r+(a+b)=ra+rb.
M2) (r+s)*a=ra+ sa.
(M3) r+(s*a)=(r-s)a.
In this case (M, +, %) is called an R-module.
Abusing notation we will call M an R-module and write ra for r * a.

Lemma 3.1.2. Let R be a ring, M an abelian group, * € Fun(R x M) and *g : R — Fun(M) the
associated function on R. Then * is ring action of R on M if and only if g is ring homomorphism
from R to End(M).

Proof. (MO) holds if and only if r* is a function from M to M for all r € R, that is if and only if *g
is a function from R to Fun(M.M).

Assuming that (MO) holds:

(M1) holds if and only if #* is a homomorphism for all 7 € R, that is if and only if * is a function
from R to End(M).

Suppose now that (M0) and (M1) hold:

(M2) holds if and only if (r + s)* = r* + s* and (M3) holds if and only if (rs)* = r* o s* for all
r,s € R. So (M2) and (M3) holds if and only of *g is ring homomorphism from R to End(M).

O
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Example 3.1.3. Let R be a ring and A an abelian group.

1. AisaZ-module vian * a =na foralln e Z and a € A.

2. Ais an End(A)-module via ¢m = ¢(m) for all ¢ € ®, m € M.
3. Ais an R-module via, ra =Og forall r e R, a € A.

4. R is an R-module via left multiplication.

5. Let (M;);es be a family of R-modules. Then X, ; M; and @;; M; are R-modules via

rx (mp)ier = (r *im;)ier

Definition 3.1.4. Let (R,G) be a sesquiring. An (R,G)-sesquimodule is triple (M, +, +), where
(M, +) is an abelian group and * is a function with R x G x M € Dom(*), such that the following
holds for all a,a’ € R,g,g' € G and m,m’ € M:

(SMO) axg*+meM.

(SM1) axgx(m+m')=axg+m+axgx*m'.

(SM2) axgx*(a *g »m)=(ad") * (gg') » m.

(SM3) (a+d)*xg+xm=axg+m+a »gx*m,

Lemma 3.1.5. Let (R,G) be a sesquiring and M an abelian group.

(a) Let x € Fun(R x G x M) and *gxg : R x G - Fun(M) the associated function on R x G. Then
(M, %) is an (R,G)-sesquimodule if and only if *gx¢ is a sesquihomomorphism from R x G to
End(M).

(b) There exist natural 1-1 correspondences between the class of (R, G)-sesquimodules, the class of
sesquihomomorphisms from (R, G) to endomorphism rings of abelian groups, the class of ho-
momorphisms from R| G| to endomorphism rings of abelian groups and the class R[G|-modules.

Proof. () Observe that (SMO) holds if and only if *gxg is function from R x G to Fun(M, M).

Assume that (SMO) holds.

Note that (SM1) holds if and only if each (a,g)* is an homomorphism, that is if and only if
*pxG 18 a function from R x G to End(M, M).

Assume that (SMO0) and (SM1) holds.

(SM2) holds if and only if (aa’,gg")* = (a,g)* o (a’,g’)* and so if and only if *gyg is a
multiplicative homomorphism.

(SM3) holds if and only if (a+d’,g)* = (a,g)* + (d’,g)*, that is *gx¢ is an additive homomor-
phism in the first coordinate.

@) (EI]) provides a 1-1 correspondence between the class of (R, G)-sesquimodules and the class
of sesquihomomorphisms from (R, G) to endomorphismrings of abelian groups.
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provides a 1-1 correspondence between class of sesquihomomorphisms from (R, G) to en-
domorphism rings of abelian groups and the class of homomorphisms from R[G] to endomorphism
rings of abelian groups.
provides a 1-1 correspondence between class of homomorphisms from R[G] to endomor-
phism rings of abelian groups and the class R[G]-modules.
O

Example 3.1.6. Let R be a ring, M an R-module and G a group acting on the set Q. Define

>e:R><G><MQ—>MQ
by

(regx*f)(w)=r-f(g"'w)

forallr e R,g € G, f € M®. Then (M, *) is an (R,G) sesquimodule. So M is also an R[G] module
via

(S reg)f)(@) = e £ w)
geG geG
Definition 3.1.7. Let C be class, R a ring and I and J sets.

(a) An I x J-matrix is an I x J-tuple. An I x J-matrix in C is an I x J-tuple in C. M (C) is the class
of all I x J matrix in C.

(b) Letiel, jeJand A an I x J-matrix. Then A; ; = A(i, j). A;, is the J-tuple (A; ) jes. Ai, is called
Row iof A. A jis the I-tuple (A;)jes. A,j is called Column j of A. We will also write A;j for
Ai,j and AifOI” Ai,.

(c) Let A be an I x J-matrix. We will use any of the following to denote A:

[Aijliet,jes [Aij] iel [Aijlij [Aij] [A; Jier [A ;] jes
Jje

Definition 3.1.8. Let R be aring, 1, J, K sets, A an I x J-matrix in R, B an Jx K-matrix in R, x,y € R’
and r € R.

(a) We say that A has almost trivial rows A, if A; € Ry for all i € I. A has almost trivial columns if
AjeR;forall jeJ. M j(R) is the set of I x J-matrices in R with almost trivial row. M’ (R)
is the set of I x J-matrices in R with almost trivial columns, My; is the set of I x J-matrices in
R with almost trivial rows and almost trivial columns.

(b) rx:=(rx;)jes, xr:= (xjr)jes, rA = [FA;j] iel and Ar = [A;jr] el
Je Je

(c) IfxeRjoryeRy thenxey:=% i ;x;yjandso x-y¢€R,

(d) If A e M'j(R) or x € Ry, then Ax := (A; ® x);c; and so Ax € R'.
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(e) If x e R! or B e M;X(R) then xB := (x ® B} )iex and so xB € RX,

(f) If A e M';(R) or B e M;X(R) then AB := [A; ® Bx] ie; and so AB e M'X(R)
keK

Lemma 3.1.9. Let R be a ring, 1,J,K sets, A an I x J-matrix in R, B an J x K-matrix in R and
X € Rj.

(a) Ax =Y ;A jx;. In particular if A € My’ (R), then Ax € Ry.

(b) xB =% c;x;Bj. In particular, if B € M’k (R) then xB € R.

(c) Suppose that A € M';(R) or B € M;X(R). Then AB = [AB ] xcx and AB = [A;Bicr.

(d) Suppose A e M/’ (R) and B e M;X(R). Then AB € M;X(R).

(e) Suppose A € M!;(R) and B € M”g(R). Then AB € M'x(R)

Proof. Readily verified. m]

Remark 3.1.10. If A € My;(R) and B € M/, then AB does not have to be in M;X. Consider for
example the case I = J, R has an identity, A = [6;;] is the I x I identity matrix and B € M’k (R) ~
M’K(R). Then AB = B ¢ M/X(R).

Definition 3.1.11. Let V and W be R-modules and f : V — W be a function. Then f is called
R-linear if f is an (R,-)-equivariant homomorphism, that is

fla+b)=f(a)+ f(b) and f(ra) = rf(a).
foralla,beV andreR.
Definition 3.1.12. Let R be a ring with identity and M an R-modules.

(a) M is aunitary R-module provide that
lpm=m

forallme M.
(b) If R is a division ring and M is unitary then M is called a vector space over R.
Definition 3.1.13. Let R be a ring and V and W R-modules.
(a) Homg(V, W) denotes the set of R-linear maps from 'V to W.
(b) Endg(V) = Homg(V, V).
Lemma 3.1.14. Let R be a ring.
(a) Let f:U —Vandg:V — W be R-linear. Then g o f is R-linear.

(b) Let f:V - Wandg:V — W be R-linear. Then f + g is R-linear.



3.1. MODULES AND HOMOMORPHISM 135

(c) Let f:V — W be R-linear. Then —f : V — V,v — —(f(v)) is R-linear.
(d) Homg(V,W) a subgroup of Hom(V, W).
(e) LetV be an R-module. Then Endg (V) is a subring of End(V).

Proof. (a) Composition of homomorphism are homomorphism and composition of equivariant
functions are equivariant.
(b) Sums of homomorphisms are homomorphism. Also

(f+8)(rv) = f(rv) +8(rv) =rf(v) + r(g(v) = r(f(v) + 8(v)) = r(f + ) (v)

Negatives of homomorphisms are homomorphism. Also

(=) (rv) ==(f(r) = =(r(f(1)) = r(=(f () = r((=) ()
(d) and (€] follow from (a)), (b) and (c). i
Lemma 3.1.15. Let R be a ring with identity and I and J sets.

(a) For A e M!;(R), define

as Ry - Rg,x > xA

Then
@ : M';(R) > Homg(R;,Ry), A — ay

is well-defined isomorphism of abelian groups.
(b) ®:M!;(R) - Endg(R;),A — ay is an anti-isomorphism of rings.

(c) For A = [A;j]ier € MY (R) define AT e M’ (R) by (AT)ﬁ =A;jforalliel, jeJ. Then
jeJ

AT = [Aiilies = [Aidier = [Aljes and (aT)" =4
Moreover,
TV . MIJ(R)_) MJI(R), A AT
T';: M';(R)» M, (R), A—A"
T/ : M/(R)»M’/;(R), A—AT
are well-defined isomorphisms of abelian groups.

(d) Let K be a set, A e MY (R) and B e M'X(R). IfA e M!; or B e M;X, then

(AB)T = BT .gop AT

where -gop denotes the multiplication of matrices with coefficients in R°P,



136 CHAPTER 3. MODULES

(e) Ty MI;(R) - M, (RP), A — AT is an anti-isomorphism of rings.

Proof. 1t is readily verified that a4 is R-linear and ® is a homomorphism of abelian group. To show
that @ is a bijection we find an inverse. For k € I define e; = (6ix)ic; € R;. Let @ € Endg (R, R;) and
define

Ay = [a(e) Jier
Since a(e;) € Ry, A, € M! ;. Also for x € R;
xAq = x[a(e)]ier = Y. xia(e;) = a( Y xie;) = a(x)
i€l iel
and so ®(A,) = a.
Conversely if A € M!;(R), then

[@a(ei))ier = [€eiAlier = [ SiArlier = [Ailier = A
keK

So the function

¥ : Hom(R;,R;) = M';(R),a - A,
is inverse to O.

(b) Let A, B e M/;(R) and x € R;. Then

(@goap)(x) =as(ap(x)) = (xB)A = x(BA) = apa(x)
(b)) now follows from (a)).

Note that (AT)T = A. So all of the functions are bijections. They are clearly additive
homomorphism. Note that Column i of AT is row i of A. So if A has almost trivial rows, AT has
almost trivial columns. Thus the functions are well-defined.

d

T
(AB)T — ([Ai ° B’k]kig() = [A,- ° B’k]kg = [B,k o Rop A,]klg( = [(BT)k ®Rop (AT),i:Ikig( = BT -Rop AT

Follows from (c]) and (d))
Lemma 3.1.16. Let R be a ring and V an R-module. Let G be a semigroup acting R-linearly on V,
that is forallr e R,g,h e G,a,beV:
(gh)yv=g(hv), glv+w)=gv+gw, and g(rv)=r(gm)

Then V is an R x G-sesquimodule via

RxGxV =V, (rgv)—r(gy)
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Proof. Let *g and *¢ be the homomorphism from R and G to End(V) obtained from the action of
R and G on V. Note that r(gv) = g(rv) means

*r(r) 0 *(8) = *c(8) © *r(r)
So by [2.2.8|shows that map

RxG - End(V),(r,g) - *r(r) o xg(g)

is a sesquihomomorphism. So the lemma follows from 3.1. O

Definition 3.1.17. Let R be a ring and (V,+, *) an R-module. An R-submodule of (V,+,*) is a
R-module (W, », 0) such that

(i) WeV.
(ii) anb=a+bforalla,beW.
(iii) r0a=rxaforallreR acW.
Note that if (W, 2, O) is a submodule of V, then (W, 2, 0) = (W, +, *).
Lemma 3.1.18. Let R be a ring, V an R-module and W an R-submodule of W. Then
tyw i RxVIW > VIW, (r,v+ W) > v+ W
is a well-defined ring action of R on (V[W,+y,y ). Moreover the map
n:V->VIWy->v+W
is an onto R-homomorphism with kerm = W.
Proof. Letv,v' € Vwithv+ W =v'+W. Thenv -V € W and so also
w-rn'=r(v-v)ew

Thus rv+ W =rv' + W. So *y /w 1s well-defined. Straight forward calculations show that *yy is a
ring action.

By [1.6.10([f), 7 is a well-defined onto homomorphism of abelian groups with kerm = W. We
have

a(rv)=mv+W=r(v+W)=rr(v)
and so 7 is R-linear. o
Lemma 3.1.19. Let R be a ring and [ : V — W be R-linear,

(a) Let X be an R-submodule of V. Then f(X) is an R-submodule of W.
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(b) Let Y be an R-submodule of W. Then f~'(Y) is an R-submodule of V.
(¢) Im f is R-submodule of W.
(d) ker f is an R-submodule of V.

Proof. @) Since f an homomorphism of abelian groups, f(X) is a subgroup of W. Also if r € R
and x € X, then rx € X and so rf(x) = f(rx) € f(X)

@) £7Y(Y) is an additive subgroup of V. If x € f~'(Y), then f(rx) = r(f(x)) e r¥Y € Y. So
rxe f71(Y).

and (d) follow from (a)) and (b) applies to X = V and Y = {0}. O

Theorem 3.1.20 (Isomorphism Theorem for Modules). Let R be a ring and f : V — W an R-linear
map. Then

FiV/kerf— f(W),v+ker f — f(v)
is a well-defined R-linear isomorphism.

Proof. By the isomorphism theorem for groups|1.6.11] this is a well defined isomorphism of abelian
groups. We just need to check that it is R-linear. So let r and v € V. Then

fr(v+kerf)) = f(rv+ W) = f(rv) =rf(v) = rf(v + ker f).

Definition 3.1.21. Let R be a ring, M an R-module, S € R and X c M.

(a) (X) is the subgroup of (M, +) generated X.

(b) SX={sx|seS,xeX}

(c) Anng(X) = {s€S | sx =0y forall xeX}. Anng(X) is called the annihilator of X in S
(d) Annx(S)={xeX|sx=0yforallseS}. Annx(S) is called the annihilator of X in S.

(e) (X)g:=N{W | W isan R submodule of M,X € M}. (X)g is called R-submodule of M generated
by X.

(f) M is called finitely generated if M = (I)g for some finite subset I of R.

Lemma 3.1.22. Let R be a ring, M an R-module, S,T R, X,Y S M, re Rand m € M.
(a) S(TX) = (ST)X) and we will just write STX for S (TX).

(b) r(X)=(rX)and (S)x = (Sx).

(e) (5X) = (5 (X)) = ((5)(3) = (($)X).

(d) If S is a left ideal in R, then (S X) is a R-submodule.
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(e) Let (X;)ier be a family of R-submodules of M. Then (X;,i € I) is an R-submodule of M.
(f) Let (X;)icr be a family of R-submodules of M. Then Ni¢; X; is a R-submodule of M.
(g) (X)g is R-submodule of M, (X)g = (RX, X) and if M is unitary, (X)g = (RX).

(h) If S is an additive subgroup of R and X = (x; | i € I} for family (x;)ic; in X then

(SX)Z{ZSixi|SESI}

iel
(i) If (Xi)ier is a family of subsets of M, then (X;,i € I)g = (Uje; Xi)r-
Proof. (@)
S(TX)={s(tx) | seS,teT,xe X} ={(st)x|seS,teT,xe X} =(ST)X.

(b) Since left multiplication by r and right multiplication by x are additive homomorphism, (b))

follows from [1.8.5((c).
() Let s € S and x € X By (b s(X) = (sX) < (SX) and so

(%) (s(x)) = (sX)
By (b) (S)x = (Sx) < (SX) and s0 ((S)X) = (S X).
(*) applied to (S ) in place of S yields ((S)(X)) = ((S)X) and so H holds.
(d) Since S is a left ideal, RS € S. So

R(SX) c (R(SX)) = ((RS)X) c (SX)
and so (S X) is an R-submodule.
R(X;,iel)c(RX;,iel)c(X;iel).

({f) Suppose each X; is an R-submodule. By Mjer X; is subgroup of (R, +). Let x € N7 X
Then x € X; and so rx € A; for all i € I. Thus rx € N;¢; X; and so N;¢; X; is an R-submodule.

By (f), (X)& is an R-submodule. Clearly (RX, X) is contained in any R-submodule containing
X. So (RX,X) < (X)g. We have

R(RX,X) ¢ (R(RX),RX >C (RX) € (RX, X)

and so (RX, X) is an R-submodule containing X. Hence (RX, X) = (X ).
If M is unitary X = 1X ¢ RX and so (RX,X) = (RX)

(h) Note that
(SX)=(S(x;|iel))=(Sx;|iel).

and by (b)), S x; is a subgroup of M. Hence (h) holds. i
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Lemma 3.1.23. Let R be a ring and A an additive subgroup of R. Put
Iz(A) =(J S A| Jis an ideal in R)
Then Ig(A) is an ideal of R contained in A, called the largest ideal of R contained in A.
Proof. By[2.4.6(g) Ir(A) is an ideal in R. Since A is an additive subgroup of R, Ig(A) < A. O
Lemma 3.1.24. Let R be ring, M an R-module, S € R and X € M. Then
(a) S < Anng(X) if and only if X < Anny(X).

(b) Let m € M. Then the map
R—>M,r—rm

is R-linear and the map
R/Anng(m) - Rm, r + Anng(m) — rm
is a well-defined isomorphism of R-modules.
(c) Anng(X) is a left ideal in R.
(d) Let I be a right ideal in R. Then Anny; (1) is R-submodule in M.
(e) If X is a R-submodule of M, then Anng(X) is an ideal in R
(/) Anng({X)g) = Ig(Anng(X)).
(g) Suppose that one of the following holds:

1. R is commutative.
2. All left ideals in R are also right ideals.
3. Anng(X) is a right ideal.

Then Anng(X) = Anng({X)g).

Proof. () Both statements are equivalent to S X = {0}.
(b) and (c) Consider the map
f:R—>M, r—rm.

Letr,s€R. Then f(r+s)=(r+s)m=rm+sm= f(r)+ f(s). Also for r,s € R

f(rs) = (rs)m=r(sm) = rf(s)

So f is R-linear. Since Anng(m) = ker f, @) follows from the Isomorphism Theorem |3.1.20
In particular, Anng(m) is a left R-submodule of R and so a left in R. Hence also Anng(X) =
Mrex Anng(x) is a left ideal in R and (c)) holds.
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@) Since left multiplication by r € R is additive homomorphism, Anny,(r) is an additive sub-
group of R. Hence also Anny; (1) = U;e; Anny, (i) is an additive subgroup. Since

I(RAnny (1)) = (IR)Anny (1) = IAnny (1) = 0.

RAnny (1) € Anny(7) and so Anny (1) is R-submodule of M.
By (b) Anng(X) is left ideal. We have

(Anng(X)R)X = Anng(X)(RX) € Anng(X)X =0

and so Anng(X)R € Anng(X).

({f) Put I = Ig(Anng(X)). Then I is an ideal of R and I € Anng(X) and so X < Anny(I). By
(d), Anny(I) is a submodule of M and so (X)g < Anng(7). Thus I € Anng((X)g).

Since (X)g is an R-submodule of M, (¢) show that Anng((X)g) is an ideal in R. Since X ¢ (X),
Anng((X)) € Anng(X) and so the definition of 7 implies Anng({X)g) < 1.

Recall that by (b) Anng(X) is an left ideal in R.

Note that (g: 1)) implies (g:2)), and (g:2) implies (g:3) So in any case Anng(X) is a right ideal and
thus also ideal in Anng(X). Thus Anng(X) = Ig(Anng(X)) and (g) follows from (). o

Example 3.1.25. Let / be non-empty set, K a ring with identity, R = M;/(K) and M = K;. Then
M is an R-module by left multiplication. Let e; = (6;;)ies € Ky and A € R. Then Ae; = A j, the
j’th column of A. So Anng(e;) consists of all matrices in R whose j’th column is 0. Let k € K;
and pick A € R with A j = k. Then k = Ae; € (e;)r and we conclude that Re; = (e;)r = K;. Hence
Anng((e;)r) = Anng(K;) = 0. Soif |1 >2 and K # 0,

AnnR(<ej))R) # Anng(e;)

Note also that by [3.1.24((d),
R/AnnR(ej) = Rej =K;
as an R-module.

Lemma 3.1.26. Let R be a ring and J a left ideal in R. View R/J is an R-module by left multiplica-
tion.

(a) Anng(R/J)={acR|aR c J}.
(b) Suppose that R has an identity. Then

Anng(1+J)=J and Anng(R/J) =1x(J)

Proof. Leta,b € R. Then a € Anng(b+J) if and only if ab+ J = J and so if and only if ab € J. This
gives (a) and the first statement in (b). Since R/J = (1 + J)g, the last assertion in (b follows from

the first and [3.1.24(f). o
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3.2 Free modules and torsion modules

Definition 3.2.1. Let V be an R-module and v = (v;)ie a family of elements in V

(a) V is called free R-module with respect to v if V is unitary and for all unitary R-modules W and
all family of elements (w;) ey in W there exists a unique R-linear map f : V. — W with f(v;) = w;
foralliel

(b) v is called R-linearly independent, if for all r € Ry,

Zr,-v,-:O = r=0
iel

(c) vis called a R-spanning family for all u € V there exists r € Ry withu = Y ;c; 1iV;.
(d) vis called an R-basis for V if v is an R-linearly independent R-spanning family.

(e) Let ¢ be a cardinality. Then we say that V is free of rank c if V is a free R-module with respect
to w for some set J and some w € V’ with |J| = c.

Lemma 3.2.2. Let R be a ring, V an R-module and v = (v;)ic; a family of elements in V. Define

friRi —>Vir— > rvi

i€l
(a) f,is R-linear.
(b) f,is I-1 if and only if v is R-linearly independent.

(c) f,is onto if and only if v spans V.

Proof. (a) Let i € I. Observe that the functions R; - R,r — r; and R - V, r — rv; are R-linear.
Hence also the composition f; : Ry — V,r — r;v; and the sum f = )", f; are R-linear.

() v is linearly independent if and only if ker f, = 0 and so if and only if f; is 1-1.

Follows directly from the definition of a spanning. O

Lemma 3.2.3. Ler V be a unitary R-module and v = (v;)ic; a family of elements in V. Then the
following statements are equivalent.

(a) v is a basis for V.
(b) The map f,: Ry — V,r - Yy 1iv; is an R-isomorphism.
(c) For each u €V there exists a uniquely determined r € Ry with u = Y. ;1 rivi.

(d) V is free R-module with respect to v
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Proof. (@) < (b) :  Follows from[3.2.2]

() < (c): Since f, is F-linear, f is an R-isomorphism if and only if f is a bijection. So (c)
and (b) are equivalent.

@) — @: Suppose f, is isomorphism and let W be an unitary R-module and w = (w;);e;
a family in W. Define f,, : Rf = W, r - > ,;;riw;. Then byfw and so also g := Of‘,_1 is
R-linear. Let ¢; = (6;;) jes. Since V and W are unitary, f,(e;) = 1v; = v; and f,,(e;) = w;. Hence and
g(vi) =w;. If g: V — W is linear with g(v;) = w; for all i € I, then v; € ker(g — g). Since ker(g — 2)
is an R-submodule of V and v spans V, ker(g —g) =V and so g = 3.

() = (a):  Letr e Ry with ¥y rivi = Oy. Fix j € I. Then (6;)ie; is a family of elements in
R and since V is free with respect to v there exists an R-linear map f; : V — R with f;(v;) = ¢;; for
all i € I. Then

Or = fi(O0v) = fi( 2o rivi) = 2o rifi(vi) = D ridij =1
iel iel iel
So v is linearly independent. Let W = (v; | i € I)g. Then v is a family of elements in W and since
V is free with respect to v, there exists an R-linear i : V — W with h(v;) = v; for all i € I. Thus h and
idy are R-linear functions from V to V with h(v;) = v; = idy(v;) for all i € I. Thus by the uniqueness

statement in the definition of free module, # = idy. Thus V = Imidy =ImhA < Wand W =V. Sov
spans V and v is a basis. O

We will now investigate when all submodules of free R-modules are free. First an example.

Example 3.2.4. Let R = Z, with n € Z*, n not a prime. Let V = Z,, viewed as an Z,,-module by
left multiplication. Let n = pg with 1 < g < n. Then gZ, is a proper submodule of Z,,, but since
p(gZ,) =0and p #0 (mod n), gZ, is not a free R-module.

An obvious necessary condition for all submodules of all free modules for a ring R to be free is
that all submodules of R itself are free. The next theorem shows that this condition is also sufficient.

Theorem 3.2.5. Let R be a ring with identity.

(a) Suppose that all left ideals in R are free as R-modules. Then all R-submodule of all free R-
modules are free.

(b) Suppose R is a PID and V is a free R-module of rank r. Then every R-submodule of V is free of
rank less or equal to r.

Proof. Let B< V. We say that B is an R-basis for V if (b)pep is basis for V.
(a) Let M be a free R- module with basis B ¢ M and A an R-submodule in M. According to the
well ordering principal (A.3.11)) we can choose a well ordering < on B. For b € B define

Mj ={e€B|e<b)r and My =(ecB|e<b)g
Note that M}, = M, ® Rb. Put A, = M nA and A; = M, nA. Then

Ab/AZ =Ab/AbﬂMg EA[,+M;/M; < Mb/M; ~Rb xR
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By assumption every submodule of R is free and so A /A; is free. Let Ej, € Ap, such that (e +Ap )ecE,
is a basis for A,/A;. Let E = Upep Ep. We claim that E is a basis for A.

LetO#me M. Then m = Y, rpb for some O # r € Rp. Choose b, € B maximal with respect
rp, # 0. Then m € My, and m ¢ My . So b,, is minimal in B with m € M;,,. If b € B and e € Ej, then
b. = b.

Now suppose that Y g s.e = 0 for some 0 # s € Rg. Define

bzmax{be‘eeE,seiO}
Let e € E with s, # 0. If b, = b, then e € E},. If b, # b, then b, < b and so e € A} Thus

0+A, =(Zsee)+A;; = Z se(e+A;).

eck ecky

Since s, # 0 for at least one e € E}, this contradicts the linear independence of the (e + A}, ) ek, -

Hence E is linear independent. Let b € B we will show by induction on b, that A, < (E)g.
Suppose inductively that A, < (E)g for all ¢ < b. If v € A}, then b, < b and so ¢ € (E)g be the
induction assumption. Hence A; < (E)g. Let w € Ap. Since (e + A}, ).cg, spans Ap/A;, there exists
te REb with

wtAp =) te+A;.
ecEy

Putu = ¥,cp, tee. Thenu € (E)r and w —u € Aj € (E)g. Hence alsow = (w — u) +u € (E)g. Thus
Ap C <E>R

IfO0+acA, thenacAp, € (E)g. So E spans A and E is a basis for A.

(b) Let I be a left ideal in R. Then I = Ri for some i € R. Since R is an integral domain,
Anng(i) = {Og} and so by |3.1.24{b), R = R/Anng(i) = Ri. Then [ is free of rank at most 1. Hence
|Ep| < 1 forall b e B. Thus |E| <|B]| and (b) holds. O

The proof of the previous theorem is abstract in the sense that it shows the existence of basis,
but does not provide a method to compute the basis. Using the proof to find a basis for a submodule
A of the free module M with basis B one has to be able to:

(i) Find a well-ordering on B; and
(ii) For each b € B find basis (e + A}, e, for Ay/A;.

If B happens to be finite, is no problem and if R is Euclidean domain, one can use the
Euclidean Algorithm to carry out ().

Example 3.2.6. Find a Z-basis for the Z-submodule A of Z* spanned by
a=((6,15,4),(9,10,3),(15,10,1))

We choose the basis (e1,e,e3) for Z* and the ordering e3 < e, < ej. Then M3 =0, M3 =
M; =0x0xZ, My =M =0xZxZand M; = Z3. Then A, /Al = A/A7 is isomorphic the (left)
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ideal (6, 10, 15) = (gcd(6,10,15)) = (3) of Z. Note that (9,10,3) - (6,15,4) = (3,-5,-1) maps
to 3 under this isomorphism So we can choose E3 = {d3} where d; = (3,-5,-1). Note also that
(ay,d;,az3) spans A.

By construction 3 divides first coordinate of each elements of the spanning family of A . So we
can subtract multiple of d; from a; and a3 to obtain the following spanning family for A,

b=((0,25,6),(0,35,6))

Thus A, /A is isomorphic to the ideal (25,40) = (ged(25,35)) = (5) of Z. To obtain a spanning
set for A, with a element whose second coordinate is 5 we imitate the Euclidean algorithm. Subtract
the first element from the second to obtain the spanning set

((0,25,6),(0,10,0))

Then subtract to twice the second element from the first

((0,5,0),(0,10,6))

So we can choose d; = (0,5,6) and then d3 = (0,10,0) — 2(0,5,6) = (0,0,-12). So the basis
for A is

((0,0,-12),(0,5,6),(3,-5,-1))

It should now be apparent that for a Euclidean domain R we obtain a Gaussian elimination pro-
cess to compute a basis for any submodule of R" giving by a spanning family. View your spanning
family as rows of matrix. Starting at the first column use the Euclidean algorithm and row operation
to obtain a leading entry in a column which divides all of entries of the column. Move the row of
with the leading entry to the first row. Use further row operation to make all other entries in that
column zero. Ignore the first row from now on and proceed with the column to the left.

Row operations one can use: Interchange any two columns, add a multiply of a row to another
row, and multiply a row by a unit.

In matrix form the above example looks like this

6 15 4 6 15 4 3 -5 -1 3 -5 -1

9 10 3| -wem-r [3 -5 1| mer |6 15 4| 207" 10 25 6

15 10 1 15 10 1 15 10 1 0 35 6
3 5 -1 3 -5 -1 3 -5 -1

-RR+R3->R |0 25 6 2R3 +R2-R2 | () 5 6 “2R2+R3-R3 |() 5 6
[0 10 O 0 10 0 0 0 -12

Remark 3.2.7. Let R be a commutative ring with identity and suppose that every (left) ideal in R is
a free R-module. Then R is a PID.
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Proof. Leta,b € R*. Then ba — ab = 0 and so (a,b) is linearly dependent. Hence every non-zero
ideal in R is free of rank 1 and so a principal ideal. Let a,b € R' and (v) a basis for Rb. Then
0 # av € aRb = Rab and so ab # 0. Thus R is also an integral domain and so a PID. O

Corollary 3.2.8. Let R be a PID and M a unitary R-module and W an R-submodule of M. If
M = (I)g for some I ¢ M, then W = (J) for some J € W with |J| < |I|. In particular, if M is finitely
generated as an R-module, so is M.

Proof. Letm = (i);;. Then m spans M and f,, : Ry — M,r — ¥, r;i is onto. Let A = £, (W). By
3.2.5|A has a basis (ax)rex with |K| < |I|. Since f,, is onto, f,,(A) = M. Thus

M = fin(A) = fn({ax | k € K)r) = (fm(ar) [ k € K)r
and the corollary holds with J = f,,(K). o
Definition 3.2.9. Let M be an R-module and m € M.
(a) m e M is called a torsion element if Rm = 0 or Anng(m) # 0, that is rm = 0 for some r € R}
(b) M is called a torsion module if all elements are torsion elements.
(¢) M is called torsion free if 0y is the only torsion element.

(d) M is called a faithful R-module if Anng(M) = 0, that is if the canonical homomorphism from R
to End(M) is 1-1.

(e) M is a bounded R-module if R is not-faithful, that is rM = 0 for some r € RY.
Note that m is not a torsion element if and only if Rm # 0 and (m) is linearly independent.
Example 3.2.10. LetR = Z.

1. Consider M = Z, ® Z3. Since 2(1,0) = (2,0) = (0,0), (1,0) is a torsion element. Also 3(0,1) =
(0,3) = (0,0) and so (0, 1) is a torsion element. In fact 6(a,b) = (2(3a),3(2b)) = (0,0) for all
(a,b) € M and so M is bounded.

2. Consider Z!. If rz =0 for some 0 # r € Z and z € Z/, then rz; = 0 for all i € I and so z; = 0 and
z=0. Hence Z/ is torsion-free.

3. Consider M = @;cz+ Z;. Let m = (m;);cz+ € M. By definition of the direct sum there exists
k € Z* with m; = 0 for all i > k. We claim that k!m = 0j. Indeed of i < k, then i | k! and so
k!m; =01in Z;. And if i > k, then m; = 0 and again k!m; = 0. Thus M is a torsion module.

But M is not bounded, indeed suppose that r € Z* with rm = 0y, for all m € M. Leti € Z* and
pick m € M with m; = 1. From rm =0 we get 0 = rm; =rl = rin Z; and so i | r. Hence |r| > i for
all i ¢ Z*, a contradiction.

Lemma 3.2.11. Let R be an integral domain and F a finite set of non-zero ideals in R. Then
NF #0.
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Proof. Since R is an integral domain, [Tz. 7 F # 0. Since []peo F' € N F the lemma holds. O
Lemma 3.2.12. Let M be a module for the integral domain R.

(a) Let I be a finite set of torsion elements in M. Then (I)g is a bounded R-submodule of M.

(b) Let T(M) be the set of torsion elements in M. Then T(M) is R-submodule of M.

(¢) M[T(M) is torsion free.

Proof. @) Since each i € i is a torsion element, Anng(i) # O for all i € 1. Thus by

Anng(I) =()Anng(i) #0

iel

By [3.1.24{(g) Anng((I)g) = Anng(I). and so Anng({I)g) # 0.

(b) Since ROy = Opr, Opr € T(M). If x,y € T(M) and r € R, then by (a), x+y € T(M), —x € T(M)
and rx € T(M). Thus T(M).

Let x € M/T(M) be a torsion element. Pick m € M with x = m + T(M) and r € R* with
rx = Opyr(my- Then rm € T(M) and so s(rm) = Oy for some s € RY. Hence (sr)m = 0y and as
R is an integral domain, sr # Og. Som € T(M), x = m + T(M) = 0p;/r(pry and M/T(M) is torsion
free. ]

Theorem 3.2.13. Let R be a ring and M an R-module.
(a) Any linearly independent subset of M lies in a maximal linear independent subset.

(b) Let L be a maximal linear independent subset of M. Then M |(RL) is a torsion module, and if
M is unitary, (RL) is free R-module with basis L.

Proof. (d) Let E be a linearly independent subset of M. Let £ be the set of linearly independent
subsets of M containing E. Since E € L, L # @. Order L by inclusion. Let C be a non-empty chain
in £ and put D = UC.

We will show that D is linearly independent. For this let r € Rp with Y ,.prqd = Oy. Let
F ={deD|ry+0} and note that F is finite. Let f € F. Since f € D = UC, there exists Cy € C with
f€C;. Since {Cy | f € F} is a finite it has maximal element C. Then f € C ¢ C for all f € F. Then

OZZVddZZVddZZFdd

deD deF deC
and since C is linearly independent, r; = O for all 4 € D. Hence also ry =0 forall fe F. So F = &
and r = 0. Thus D is linearly independent, D € £ and D is an upper bound for C.
Thus the assumptions of Zorn’s Lemma [A.3.8] are fulfilled and we conclude that £ contains a
maximal element L. Then L is a maximal linearly independent subset of M containing E.

(b) Put W = (RL). Let v € V. We need to show that v + W is a torsion element. If v € L, then
Rv € W and so R(v+ W) =0, and v + W is a torsion element. So suppose v ¢ L. By maximality
of L {v} u Lis linearly dependent. Hence there exist s € R and r € Ry, such that
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SV + Z rl=0
leL
and at least one of s and r is not zero.
If s = 0, then since L is linearly independent, » = 0, a contradiction. Thus s # 0 and sv =
~Yier il € (RL). Hence s(v+ W) = Oy and V/W is a torsion module.
If V is unitary, then W = (L)g and so L is basis for W. i

We remark that if L is a maximal linear independent subset of the unitary R-module M, then (L)
does not have to be a maximal free submodule. Indeed the following example shows that M does
not even have to have a maximal free submodule. (Zorn’s lemma does not apply as the union of a
chain of free submodules might not be free)

Example 3.2.14. Let R = Z and M = Q with Z acting on Q by left multiplication. As Q has no zero
divisors, Q is torsion free. In particular, every non-zero element a is linearly independent. We claim
{a} is a maximal linearly independent subset. Indeed, let a,b € Q!. Then a = - and b = 7 with

n,peZandm,qeZ' Then

(mp)a+ (-nq)b = mpﬁ - nqg =pn—-np=0
m q

and (a, D) is linearly dependent.

We conclude that every non-zero free submodule of Q is of the form Za,a € Q*. Since Za £ VA
we see that Q has no maximal free Z-submodule. In particular, Q is not free Z-module.

Q as a Z module has another interesting property: every finitely generated submodules is cyclic
Indeed, if A is generated by r’:z_i,-’ 1 <i<k, putm=lcmicicpm;. Then mA 2 A and mA < Z. So mA
and A are cyclic.

Corollary 3.2.15. Let D be a division ring and V a unitary D-module.
(a) V is torsion free.

(b) If V is a torsion module, then V = 0.

(c) Every linear independent subset of V is contained in a basis of V.
(d) V has a basis and so is a free D-module.

Proof. @ Let d € D! and v € V with dv = Oy. Since D is a division ring ed = 1p for some e € D.
Thus v = 1pv = edv = e0y = Oy and so V is torsion free.

(b) This follows from (a)).

Let L be linearly dependent subset of V. By L is contained in a maximal linearly
dependent subset B. Also by V/(RB) is a torsion module. So (b) applied to V/(RB) is a
zero-module and so V = (RB) and B is a basis for V.

(d) By (c)) applied to L = @, V has a basis and so by V is free. mi

Lemma 3.2.16. Let f : A — B be group homomorphism and D < B. Put F = ker f. Then
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(a) f |p: D — Bis onto if and only if f is onto and A = FD.
(b) f|pis1-1ifandonlyif FnD = 1.
(¢) flp:D — Bis bijection if and only if f is onto, A= FD and Fn D = 1.

Proof. (d) Suppose first that f |p is onto. Then also f is onto. Let a € A. Then f(a) = f(d) for
somed e D. Thus ad ' eker f = Fand a = ad™'d € FD.

Suppose next that f is onto and A = FD. Let b € B. Since f is onto, b = f(a) for some a € A.
Since A = FD, a = cd for some ¢ € F and d € D. Thus b = f(a) = f(cd) = f(c)f(d) = 1f(d) =
f(d) and so f |p is onto.

(D) is obvious and (c)) follows from (a)) and (b). m

Lemma 3.2.17. Let R be a ring, V a unitary R-module and W an R-submodule of V. If VW is a
free R-module, then there exists an R-submodule F of V with V = F & W. Moreover, F = V/W and
so F is a free R-module.

Proof. Let V/W be free with respect to the family (x;);e; in V/W. By the axiom of choice there
exists a family (v;);e; with v; € x; for all i € I. Then x; = v; + W for all i € I. The definition of a free
module implies that there exists an R-linear mapf : V/W — V with f(x)i) = v; for all i € I. Define
g:VIW = V/W,x - f(x)+W. Then g(x;) = v; + W = x; for all i € I and so by the uniqueness
assertion in the definition of a free module, g = idy,y. Define 4 : V — V,v — f(v+ W). Then for
vev,

hV)+W=f(v+W)+W=g(v+W)=v+W

Finally define k = idy — h. Then k(v) = v —h(v) € W for all v € V and so k is function from V to
W. If we W, then h(w) = f(w+ W) = f(Oy;y = 0 and so

klw = idw — |y = idw

[3.2.16|now shows that V = F @ W for the R-submodule F = ker k of V. The second isomorphism
theorem gives V/W = (F & W)/W 2 F/FnW = F/0 2 F and the lemma is proved. i

Lemma 3.2.18. Let D be a division ring, V a D-module and W a D-submodule. Then there exists a
D-submodule K of VwithV =K & W.

Proof. By|[3.2.15|(b), V/W is a free D-module and so the lemma follows from[3.2.17 O

Lemma 3.2.19. Let M be a torsion free R-module for the integral domain R. Suppose that one of
the following holds:

1. M is finitely generated.
2. If N is a submodule of M such that M| N is a torsion module, then M|N is bounded.

Then there exists a free R-submodule W such that M is isomorphic to a submodule W. In particular,
M is isomorphic to a submodule of free R-module.
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Proof. Suppose holds and let N be an R-submodule of M such that M/N is a torsion module.
Then M/N is a finitely generated torsion module and [3.2.12]implies that M/N is bounded. Hence
condition (T)) implies condition (2).
So we may assume that (2)) holds. By there exists a free submodule W of V such that
MW is torsion. By (2) there exists r € R! with rx = Opyw- Hence rM < W.
Consider the map
a:M—->Wm-—rm.

Since R is commutative, « is a R-linear. As M is torsion free, @ is 1-1. Thus M = (M) = rM <
w. o

3.3 Modules over PIDs

Definition 3.3.1. Let R be a PID, M an R-module, X e M and r € R. Then we say that X has
R-exponent r and write r ~ expg(X) if Anng(X) = (r).

Example 3.3.2. Let A be abelian group. Then A is a Z-module and expz(X) ~ exp(X) for all
X < A. Moreover, expz(a) ~ |al for all a € A.

Lemma 3.3.3. Let R be PID, M an R-module and X € M. Then
expr({X)r) = expp(X) = lemexpg ()
Proof.
Anng({X)g) = Anng(X) = (1) Anng(x) = () ((expg(x)) = (Icmexpg(x))
xeX xeX xeX
Lemma 3.3.4. Let R be PID, M an R-module, m € M and e € R with e ~ expg(m). Then
(a) Rm = R/(e) as an R-module.
(b) Letr € R. Then e | rif and only if rm = 0.

(c) Suppose M is unitary, m # 0 and e = p' for some prime p and some [ € N. Then p | r for all
r € Anng(M).

Proof. (d) By[3.1.24(b), Rm = R/Anng(m). Since Anng(m) = (e), (a) holds.
(b) Follows from Anng(m) = (e).
Since M is unitary, 1m # 0 and so Anng(m) # R and [ > 1. Thus p | e and(c) follows from

(). o

Theorem 3.3.5. Let R be a PID and p € R a prime. Suppose that M is a unitary R-module with
PEM = {0y} for some k € N. Then M is a direct sum of non-zero cyclic submodules of M.
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Proof. The proof is by induction on k. If k = 0, then, since M is unitary, M = {0} and the theorem
holds.

So suppose k > 0. Since p*~!(pM) = p*M = {04} we conclude by induction on k that there
exist non-zero cyclic submodules A;,i € I of pM with M = @;; A;. Since A; is cyclic A; = (a;)g =
Ra; for some a; € A;. Thus

10. pM = GBielRai

Since A; is non-zero, a; + 0. Since a; € pM there exists b; € B with a; = pb;. Put

B=(b;|icI)g =) Rb;.

iel
We will show
20. B-= @ie[ Rbl

For this let r € R; with

(*) ZI’,‘b,’ZOM.

iel
We need to show that r;b; = 0y for all i € I. From (*) we have
Y.riai =Y ripbi = p Y ribi = pOy = Oy
iel iel iel

Thus implies that r;a; = 0y for all i € 1. By[3.3.4((c), p | r; and so r; = t;p for some #; € R.
Then r;b; = Zipbi = t;a; and

(**) rib; = tia;.

Substitution into (*) gives:

Z tia; = 0p.
iel
Thus by (I°), t;a; = 0y and by (**) rib; = 0y. Hence holds.
3°. M=Anmny(p)+B.

We have pB = p Y  Rbi = Y Rpbi = ¥ ;c; Ra; = pM. Define @ : M — pM,m — pm. Then « is
R-linear and a(B) = pM. Thus by [3.2.16(la) M = kera + B = Anny(p) + B.

4°.  R/Rp is a field and Anny(p) is module for R/Rp.

Since p is a prime, R/Rp is a field by 2.5.17] Since Rp < Anng(Anny(p)), Anny(p) is an
R/Rp module via (r + Rp)m = rm.

5°.  There exists an R-submodule D of Anny(p) with Anny(p) = D@ Anng(p) and M = D® B.
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Since R/Rp is a field we conclude from [3.2.18|that Anny (p) = D & Anng(p) for some R/Rp
submodule D of Anny;(p). Then D is also an R-submodule of Anny,(p). We have

M = Anny(p)+ B=D+ Anng(p)+B=D+B
and
DnB=DnAnny(p)nB=DnAnng(p) = {0y}
SoM=De&B.

We now can complete the proof of the theorem. By [3.2.15(]b), the R/Rp-module D has a basis
(dj)jg]. Then
D= @R/pR‘dj = @Rdj
jeJ jeJ
Together with (2°) and (5°) we get

M=De&B=Rd; ® PRb;
jeJ iel

O

Theorem 3.3.6. Let M be a finitely generated module for the PID R. Then there exists a free
submodule F < M with M = F & T(M).

Proof. By [3.2.12, M/T(M) is torsion free, so by [3.2.19 M/T(M) is isomorphic to a submodule
of a free module. Hence by M/T(M) is free. Thus by [3.2.17|M = F & T(M) for a free
R-submodule F of M. m]
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Definition 3.3.7. Let R be a PID, P a set of representatives for the associate classes of primes in R
and Q € P.

(a) Let 0+ reR. Thenris called a Q-elements if r ~ [1,c0 q" for some n € No. (Here we interpret
q€Q 0
the empty product as 1, so a @-element is a unit.)

(b) Let M be an R-module. Then m € M is called an Q-element if expg(m) is a Q-elements. M is
the set of Q-elements in M.

Theorem 3.3.8. Let R be a PID, M a unitary torsion R module R, P a set of representatives for the
associated classes of primes in R and Q,T € P. Put Q' = P\ Q. Then

(a) Letm e M. Then m is a Q-elements if and only if rm = 0 for some Q-elements r € R.
(b) Mg is an R-submodule of M.

(c) M|Mg has no-nonzero Q-elements and all elements of MMy are Q'-elements.

(d) Mon Mg = Mopng.

(e) Mgz =0andsoMgon Mg =0.

(/) Mo = ®ge0 My

(8) M = ®pep M),

Proof. (d) This holds since expg(m)|r for all r € R with rm = 0.

(EI) Let x,y be Q-elements. Then expg({x,y)g) = lem (expg(x), expg(y)) is a Q-element in R.
Hence (a) shows that all elements in (x,y)g are Q-elements. Hence (x,y)r S Mo and M is an
R-submodule of M.

Let m + Mg be a Q-elements. Then em € My for some Q-elements e € R. So em is a Q-
element and f(em) = 0 for some Q-elements f in R. Then fe is a Q-element in R and (fe)m = 0.
Some MQ and m + MQ = OM/MQ-

Now let w be any elements of M /Mg and d ~ expg(w). Then d ~ ef for some Q-element e and
Q'-element f. Then e(fw) =0, fw is a Q-element and fw = 0 and w is a Q’-element.

(d) By the uniqueness of prime factorization r € Ris a Q n T element if and only if r is a Q and
a T-elements. So (d) holds.

If m is @-element in M, then um = O for some unit u. Then also 1m = u~
M is unitary, m = 0.

@) Let W = ¥ o Mg. Let g € Q. By (c) all elements in M/M, are ¢'-elements. Thus also all
elements in M/W are ¢’ elements and so Q’-elements. Thus all elements of My/W are Q and Q'-
elements. Hence @ applied to M /W shows that Mg/W =0 and so W = Mg. Thus Mg = 3,0 Mo.
Now

Yum = 0 and since

Mgn Y M, cMynMy =0

teQ
1+q
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and s0 Mg = ¥ 0 My.
(g) Since M is a torsion-module, M = Mp. So (g) follows from (f)) applied with P = Q. O

Lemma 3.3.9. Let R be a ring, and (M;)ic; a family of non-zero R-modules. If @,y M; is finitely
generated, then I is finite.

Proof. Let A be a finite subset of M := @®,; M; with M = (A)g. By definition of “direct sum” each
m is a tuple (m;);e; with almost all m; zero. So for a € A we can choose a finite subset J, of I with
ap=0forall keI~ J, PutJ =g Ja. Then J is finite. We will show that J = I. For this let i € /
and put W = {m € M | m; = 0}. Then W is a R-submodule of M and since M; # 0, W # M. Since
M = (A)g we get A ¢ W and so a; # 0 for some a € A. Thus i€ J, € J, I =J and [ is finite. i

Theorem 3.3.10. Let M be a finitely generated module for the PID R. Then M is direct sum of
finitely many cyclic R-modules. Moreover, each of the summand can be chosen be isomorphic to R
orR/ PER for some prime ideal p € R and some k € Z*. In other words,

M=ReRe..®ReR/p"R® R/PPR® ... ® R/p"R
N
k-times

for some k,n €N, ki,ko ...k, € Z" and primes p, pa,...,pn € R.

Proof. By[3.3.6l M = F ® T(M), where F is a free R-module. So F is a direct sum of copies of R.
Also by[3.3.8|T(M) = @ ,cp M), where P is set of representatives for the associate classes of primes
in R. Let p € P. Since M is finitely generated and Mp is a homomorphic image of M, M), is finite
generated. Thus M), = (I)g for some finite subset I of Mp. For i € I pick /; € N with plii = {0y}
and put / = max;e; ;. Then p’M p = {0p}. Thus by M, is the direct sum of non-zero cyclic
submodules. By each of these cyclic submodules is isomorphic to R/p*R for some k € Z*.

It follows that M is a direct sum modules of the form R or R/ P*R, p € P, k € Z*. Since M is
finitely generated, [3.3.9]this direct sum is a finite direct sum. i

Corollary 3.3.11. (a) Let A be a finitely generated abelian group. Then A is the direct sum of cyclic
groups.

(b) Let A be an elementary abelian p-group for some prime p. (That is A is abelian and pA = 0).
Then A is the direct sum of copies of Z|pZ.

Proof. Note that an abelian group is nothing else as a module over Z. So (a) follows from [3.3.10

and (b) follows from[3.3.3]and[3.3.4]

@ can also by proved by observing that A is also a module over the field Z/pZ and so has a
basis. O

3.4 Jordan Canonical Form

Definition 3.4.1. Let R be a ring, V and W R-modules, A € Endg(V) and B € Endg(W). We say
that A and B are similar over R if there exists a R-linear isomorphism ® : V — W with ®ocA = Bo®.



3.4. JORDAN CANONICAL FORM 155

We leave it as an exercise to show that ”similar” is an equivalence relation. Also the condition
®oA=Bodisequivalentto B=DoAod !

Remark 3.4.2. Let R be a ring and V a module over R. Let A € Endg(V). % : @ : R —
Endz(V),r — r* be the ring homomorphism associated to the action of R on M. we will usu-
ally right ridy for a(r). Since A is R-linear, A commutes with each r*, r € R and so by
there exists a unique ring homomorphism a, : R[x] - Endz(V) with r — r* and x - A. Let
f =31 fix' € R[x]. Wewill write f(A) for aa(f). Then f(A) = YL, fFA" It follows that V is a
R[x]-module with

fv=fA)(v) = ﬁgﬁm"(v».

To indicate the dependence on A we will sometimes write V4 for the R[x] module V obtain in
this way.

Lemma 3.4.3. Let R be a ring and V and W R-modules. Let A € Endg(V). and B € Endg(V). Then
the R| x]-modules V4 and Wy are isomorphic if and only if A and B are similar over R.

Proof. Suppose first that V4 and Vj are isomorphic. Then there exists an R[ x]-linear isomorphism
® : V — W. In particular @ is R-linear and ®(xv) = x®(v) for all v € V. By definition of V4 and Wpg
thus means ®(A(v)) = B(®(v) and so A and B and are similar.

Conversely, if A and B are similar there exists an R-linear isomorphism @ : V — W with ®o A =
Bo ®. Hence ®(rv) = r®(v) and ®(xv) = x®(v) forall r € R and v € V. Since ® is Z-linear this
implies ®(fv) = f®(v) for all f € R[x]. Hence @ is an R[x]-linear isomorphism. o

Definition 3.4.4. Let R be a ring with identity, V and W free R-modules with basis v = (v;)e; and
w = (W;) jes, respectively. Let A € Endg(V). Then the matrix M = M,,,(A) of A with respect to v
and w is matrix in M},(R) defined by by

A(vi) = ZMijo
jeJ

foralliel

Lemma 3.4.5. Let R be a ring, V and W R-modules, A € Endg(V') and B € Endg(W). Suppose that
V is free with basis v = (v;)ic;. Then A and B are similar if and only if there exists a basis w = (W;)ics
for W with

Mvv(A) = Mww(B)

Proof. Let M = M,,,(A). Let ® : V — W be R-linear and w; € W with w; = ®(v;) for all i € I. We
compute

(%) O(A(v))) = ©( Y Mijvj) = 3 Mi®(v)) = 3 Mijw;

jeJ jeJ jeJ
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== Suppose first that A and B are similar. Then there exists an R-linear isomorphism O :
V - W with ® o A = Bo ®. Define w; = ®(v;) and w = (w;)ie;. As I is a basis for V and ® is an
R-isomorphism, w is a basis for W. We compute

B(w;) = B(®(v;)) = ®(A(v)) © ZJM,-jwj
Hence M,,,,(B) = M = M,,,(A).

<—: Suppose conversely that there exists a basis w = (w;);e; with M,,,(A) = M,,,,,(B).
Let @ : V — W be the unique R-linear map from V to W with ®(v;) = w; for all i € I. As v and
w are R-bases, @ is an R- isomorphism. Moreover,

(@0 A)(vi) = D(A(v)) & . Mijw; = Bui = B(O()) = (Bo ®)(3)

Since V is free with respect to (v;);e; this implies ® o A = Bo ® and so A and B are similar. O

Lemma 3.4.6. Let R be aring and f = Y7, a;x' a monic polynomial of degree n > 0. Let I = R[x]f
be the left ideal in R| x] generated by f. Let A € Endg(R[x]/I) be defined by A(h+1) = hx + 1.

(a) (x)ieN is a basis for R[x] as a left R-module.

(b) For 0 < i < n let h; be a monic polynomial of degree i in R[x). Then (h; + I)"=]' is basis for
R[x]/L

(c) The matrix of A with respect the basis (x' + 1)) of R[x]/1 is

(0 1 0 .. 0 0]
0 0 1 ... 0 0
M(f):=
0 0 0o ... 1 0
0 0 0o ... 0 1
-fo —fi —f o —fa2 —fam1]

(d) Suppose that f = g™ for some monic polynomial g of degree s and some m € Z*. Let E* be the
s x s-matrix in K with Efjl =01if (i, j) # (5,1) and ES} = 1. Then the matrix of A with respect to
the basis

(1 tLx+1.. . x e Lxgwl,. X gl g  Lxg™ T LT g +1)

of R[x]/I is
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[ M) E'T 0 ... 0 0 0
0 M(g) E 0 0 0
0 0 M(g) 0 0 0
M(g,m) :=
0 0 ~ o M(g) E! 0
0 0 0o -~ 0 Mg E!
|0 0 0 ... 0 0 M(g) |

Proof. @) is obvious as any polynomial can be uniquely written as R-linear combination of the x'.

(b): We will first show by induction on deg / that every h + I,h € R[x] is a R linear combination
of the #;,0 < i < n. Since f is monic, long division of polynomials shows that & = gf + r for
some ¢,r € R[x] with degr < degf = n. Since h+ 1 = r + [ we may assume that 4 = r and so
i :=degh < n. Let a be the leading coefficient of 4. Then degh — ah; < degh and so by induction is
a linear combination of the 4;’s.

Suppose now that Z;’z_ol Ai(hi +I) =0+ I for some A; € K, not all 0. Then & := Z;’z‘ol Ahiel. Let
J be maximal with A; # 0. Then clearly j = deg h and the leading coefficient of /2 is A;. In particular
h#+0.

Note that all non-zero polynomials in / have degree larger or equal to n. But this contradicts
0+ helanddegh= j<n. Thus (b) holds.

is the special case g = fand m = 1 of @) So it remains to prove @) Note that deg x'g/ =
i + js. Hence by @ (x'g/ + I)o<i<s,0<j<m is @ basis for R[x]/I.

Lety; ;= x'g/ + I. Then

A(yij) = el 1.
Thus
A(y,"j) = Yitl,j forall0<i<s—-1,0<j<m.

As g is monic g, = 1 and so x* = g + X1 (~g/) X',
Hence

) . s—1 o . s—1
AWsorj) =X+ 1= (g + Y (~gi)x'g!) + 1= (g + 1) + > (~gi)yij-
i=0 i=0

If j<m-1,g"" + 1=y .1 and so

s—1

A(ys-1,) =041 = 2, (~8i)yij-
i=0

If j=m—1then g/*! = ¢" = f eI and so
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s—1
A(ys-1m-1) = Y (=8)Yim-1
i=0
Thus (d) holds. mi

Theorem 3.4.7 (Jordan Canonical Form). Let K be a field, V a non-zero finite dimensional vector
space over K and A € Endg (V). Then there exist irreducible monic polynomials fi,..., f; € K[x],
positive integers my,...m; and a basis

(Vijk )o<i<deg fi,0 j<my,1<k<t

of V such that the matrix of A with respect to this basis is

[ M(fi,m) 0 0 0
0 M(fo,ma) - 0 0
M(fimi|...| frome) =
0 0 M(frme) 0O
0 0 0 M(fim;) |

Proof. View V as a K[x]-module by fv = f(A)(v) for all f € K[x] and v € V ( see before [3.4.3).
Since K[x] is a PID (see we can use Theorem Thus V4 is the direct sum of modules
Vi, 1 <k <t with Vi 2 K[x]/(f*), where fi € K[x] is either O or prime, and my € Z*. By a)
K[x] is infinite dimensional over K. As V is finite dimensional, f; # 0. So we may choose fi to be
irreducible and monic. By [3.4.6(cb), Vi has a basis y;, 0 < i < deg fi, 0 < j < my so that the matrix
of A |y, with respect to this basis is M ( fi, my). Combining the basis for Vi, 1 < k < ¢, to a basis for
V we see that the theorem is true. O

The matrix M(fi,m; | fo,mz | ... | fi,m;) from the previous theorem is called the Jordan
canonical form of A. We should remark that our notion of the Jordan canonical form differs slightly
from the notion found in most linear algebra books. It differs as we do not assume that all the roots
of the minimal polynomial ( see below) of A are in K. Note that if K contains all the roots then
fi = x— A and M(f;) is the 1 x 1 matrix (1) and E'S is the 1 x 1 identity matrix. So the obtain the
usual Jordan canonical form.

3.5 Exact Sequences

Definition 3.5.1. Let (A, <) be partially ordered set and B c A.
(a) Bis called a segment of A if c € A forall a,b € B and all c witha < c < b.

(b) B~ ={aeB|a<bforsomeb e B}.
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Definition 3.5.2. Let I be a segment of integers and R be a ring. An I- sequence of R-linear maps is
a pair ((A;)ier, (fi)ier- ) such such that fori € I, A, i € I is an R-module and fori € I", f; : A; > A
is an R-linear function. We denote such a sequence by

fi-2 fi-1 fi Jir1 fi+2

..—>A,'_2—>Ai_1—>Ai—>Ai+1—>...

Such a sequence is called exact if

Im f; = ker fi11
foralliel ™.
Example 3.5.3. (a) The sequence
0>4-58B
is exact if and only if f is 1-1
(b) :
AL B>o

is exact if and only if f is onto.

(¢) The sequence
0-4-L B0

is exact if and only if f is an isomorphism.

(d) A sequence of the form
0-4-L B2t coo0

is called a short sequence. It is exact if and only if then f is 1-1, kerg = Im f and g is onto.
In this case A = Im f, C = Img and by the isomorphism Theorem, B/kerg = C.. So B has a
submodule which isomorphic to A and whose quotient is isomorphic to C.

Definition 3.5.4. Given two I-sequences of R-linear maps

Aiﬂ)Ai_lﬁAiﬂ andB:ﬂBi_lﬁBi&

(a) A homomorphism & : A — B from A to B is a family (h;)ie; of functions such that for i € I,
h; : A; — B; is R-linear and for all i € I'

giohi_1=hiof;
In other words, the diagram
i1 A fi A fir1 Ay fir2
lhi—l lhi lhm
8i-1 Bii 8i B fir1 Biy 8i+2

commutes.
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(b) The homomorphism (idg, )ica from A to A is denoted by id 4.

(c) If @ = (@;)ie; and (B;)icr are family of functions, then Bo a = (B; 0 @;)jcs.

Example 3.5.5. Let A f B _% . o be a short exact sequence of R-
modules. Then g is onto and so by the First Isomorphism Theorem g : B/ kerg — C,b+kerg — g(b)
is an isomorphism. Put D := Im g = ker g. It follows that

0 B C —— 0
lf ll lg'
0 D B B/D —— 0
idp TB,D

is an isomorphism of short exact sequences.

Lemma 3.5.6. Let R be a ring and I a segment of integers. Let A,B and C be I-sequences of
R-linear maps.

(a) Leta: A — B and B : B - C be homomorphism. Then o a : A — C is a homomorphism.

(b) Let @ = (;)ief : A = B be a homomorphism. Then « is an isomorphism if and only if each
a;,i € I is a R-isomorphism and if and only if each «;,i € I is a 1-1 and onto.

Proof. Readily verified. O

Theorem 3.5.7 (Short Five Lemma). Given a homomorphism of short exact sequences:

0 AL . p_%,¢ 0
O
0 VA . So 0

Then

(a) If « and y are 1-1, so is B.

(b) If @ and y are onto, so is .

(c) If @ and y are isomorphisms, so is .

Proof. (d) Letb € Bwith 3(b) = 0. Then also g'(8(b)) = 0 and as the diagram commutes y(g(b)) =
0. Asyis 1-1 g(b) = 0. Askerg = Imf, b = f(a) for some a € A. Thus B(f(a)) = 0 and so
f(a(a)) =0. As f"isone 1-1,@(a) =0. Asais 1-1,a=0. Sob = f(a) =0 and Bis 1-1.

Let b’ € B'. As y and g are onto, so is y o g. So there exists b € B with g'(0") = y(g(b)). As
the diagram commutes y(g(b)) = g’ (B(b)). Thus
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d =b" -p(b) ckerg

Askerg' =Im f’,d = f'(a’) for some a’ € A’. Since « is onto So a’ = @(a)) for some a € A.
b'-p(b) =d = f'(da") = f'(d'(a(a)) = B(f(a)

and so b' = B(b) + B(f(a)) =B(b+ f(a)). Thus B is onto.
follows from (a)) and (). 0

Definition 3.5.8. Let V be an R-module, Then a direct summand of V is an R-submodule U of V
such that V = U & W for some R-submodule W of V.

Theorem 3.5.9. Given a short exact sequence 0 - A N B -5 C = 0. Then the following three
statements are equivalent:

(a) There exists a R-linear map vy : C - B with g oy = idc.
(b) There exists a R-linear map n: B — A withno f =id4.

(c¢) There exists a R-linear map T : B - A @ C such that

0 AL, p _f.¢ 0
| | H
0 AL A 2 C 0

is an isomorphism of short exact sequences.
(d) Im f is a direct summand of B.
Proof. () = (c): Consider the diagram

P1 o

0 A ADC c 0
| l(m) H
0 AL, B 2. 0

where (f,y):A®C — B,(a,c) - f(a) +vy(c). We have

(£ 7)(p1(a)) = (f,7)(a,0) = f(a) +¥(0) = f(a) = f(ida(a))
By exactness, g(f(a) = 0 and since g oy = id¢, g(y(c)) = c¢. Thus

g((f:7)(a,0)) = 8(f(a) +7(c)) = g(f(a)) + &(¥(c)) = 0+ c = c =idc(c) = idc(ma(a,c))
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So the diagram commutes. Since id4 and id¢ are isomorphism, the Short Five Lemma
implies that the diagram is an isomorphism.

= (b): Define 5 = o7. Then

nof=(mot)of=mo(rof)=mop;=idy

(b) = (d):  Since no f =ida, no f is a bijection. Thus 7 |im s is a bijection and [3.2.16{(c)
shows that B = Im f @ kern.

(d) = (a):  Suppose that B = Im f&D for some R-submodule D of B. Then also B = ker g&D
and 3.2.16(c) shows that g |p: D — C is a bijection. Puty = (g [p)~". Then goy = idc and @ holds.
O

Definition 3.5.10. A short exact sequence which fulfills the four equivalent conditions in is
called split.

Lemma 3.5.11. Let R be ring.
(a) Let V be an R-module. Then there exists an R-module W with W 2V @ W.

(b) Let (V;)ier be a family of R-modules. Then there exists an R-module W with W = V;® W. for all
iel

(c) LetV be an R-module and U an R-submodule of V. Then there exists an R-module W such that
U <V <W, Visa direct summand of W and W = U & W/U. Moreover, if U is not a direct
summand of V, U is also not a direct summand of W.

Proof. (@) Put W=vZ" ThenVeW=VeVZ xVvN=vZ -w.
@ Letiel. By @) there exists an R-module W; with W; = V; @ W;. Put W = @ j¢; W;. Then

V,'GBW=V,'@@W]'EV,'@W,'@@WJ'E Wi®®WjE®Wj=W
jel jeJ jeJ jel
J#E J#E

According to (b)) there exists a R-module W with W = Ve Wand W = (Ue V/U) @ W.
Replacing W be an isomorphic R-module we may assume that W = V & Z for some submodule Z of
W with Z = W. Then

W/U=(VeD)/Uz=(VIU)eDzV/Ua&W
and so

UeW/UzUaV/UeW=zW

Suppose U is a direct summand of W and say W = U @ E. Since U < V < W, this gives
V=U® (VnE)andso U is also a direct summand of V. O
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3.6 Homomorphisms and Tensor Products

Definition 3.6.1. Ler R and S be rings. Then an (R,S)-bimodule is a triple (M, *,<) such that
(M, %) is an R-module, (M, <) is an right S -module and

(rem)os=rx(mos)
forallre R,me M, seS.
Example 3.6.2. . Let R be a ring. Then R is an (R, R)-bimodule by left and right multiplication.
2. Let R be a ring and M an R-module. Then M is an (R, Z)-bimodule.
3. Let R be a ring and M a right R-module. Then M is an (Z, R)-bimodule.

4. Let R be a commutative ring and M an R-module. Note that M is a right R-module via mr = rm
forallme M,r € R and M is an (R, R)-bimodule.

5. Let R be a ring and M a right R-module. Then ¢(mr) = ¢(m)r for all € Endg(M), me M,r € R
and so M is an (Endg(M), R)-bimodule.

6. Let R be a ring and M an R-module. Note that M is right R°°-module via mr = rm. Then M is
an (Endg(M), R°P)-bimodule.

Lemma 3.6.3. Let R and S be rings, M an abelian group, (M, ) a left R-module and (M, ©) a right
S-module. Then the following are equivalent:

(a) (M,e,0) isan (R,S)-bimodule.

(b) eg is a homomorphism from R to Endg (M), that is for each r € R the function

r*:M—- M,m-rm
is S-linear.

(c) < is a anti-homomorphism from S to to Endgr(M), that is for each s € S the function

s M —> M,m— ms

is R-linear.
Proof. () < @) :  Just observe that

r*(ms) = (r’m)s
— r(ms) = (rm)s

forallre R,memand seS.
(@) = (c):  Apply the fact that (a) and (b)) are equivalent to the opposite rings. i
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Lemma 3.6.4. Let R be a ring and A, B and T be R-modules. Let ¢ : A — B be R-linear.

(a) The function
¢* : Homg(B,T) —» Homg(A,T), f — f o ¢.

is Z-linear.

(b) The function
¢ : Homg(A,T) - Homg(B,T), f > ¢ o f.

is Z linear.

(c) Suppose yr : B — C is R-linear function. Then

Wog)=dod and (poy) =y og".
Proof. (@) Since compositions of R-linear functions are R-linear, ¢* is well-defined. By [A.2.3][b)),
¢* is Z-linear.

@) Since compositions of R-linear functions are R-linear, ¢ is well-defined. By [A.2.3|la), ¢ is
Z-linear.

follows from[A-T.8] -

Lemma 3.6.5. (a) Let T and S be rings, A an (T,S)-bimodule and B a right S-module Then
Homyg (A, B) is an right T-module via (¢t)a = ¢(ta) for all p ¢ Homg (A,B), ac AandteT.

(b) Let R and S be rings, A a right S-module and B an (R, S )-bimodule. Then Homg (A, B) is an
left-R-module (r¢)m = r¢(m) for all ¢ ¢ Homg (A, B), me M and r € R.

(c) LetR, S and T be rings, A an (T, S )-bimodule and B an (R, T)-module. Then Homg (A, B) is
an (R, T)-bimodule via the actions in (a)nd (p).

Proof. Put A = Homg (A, B)
(a) We claim that

o :Endg (A) - Endz(A),a - a* = (¢ > poa)

is well defined ring anti-homomorphism. Indeed [3.6.4ffa) shows that o is well-defined. [3.6.4{(b)
implies that ¢ is an additive homomorphism and [3.6.4f{c) shows that o~ is a multiplicative antihomo-
moprhism.

Lete: T x A — A be the ring action of T on A. By[3.6.3] e7 is a ring homomorphism from 7" to
Endg (A). Thus we obtain an anti ring-homomorphism

goer:T —Endz(A),t - (t*)"
LetteT and ¢ € A and a € A. Note that (¢t)a = ¢(tm) = ¢(¢°a) and so
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pt=¢or®=(1")¢=((coer)t)e

So action of T on A given in @ is exactly the right ring action associated to the anti homomor-
phism o o o7.
(b We claim that

p:Endg(A) - Endz(A),a > &= (¢ > ao¢)

is well defined ring homomorphism. Indeed shows that p is well-defined. implies
that p is an additive homomorphism and shows that p is a multiplicative homomorphism.
LetO: R x A — A be the ring action of R on A. By [3.6.3] O is a ring homomorphism from R to
EIldS (A) .
Thus we obtain a ring-homomorphism

poOg:R —Endz(A),r > (r°)
Letr e Rand ¢ € A and a € A. Note that (r¢)a = r(¢a) = r°(¢a) and so

rg=r"op=(")¢=((poor)r)e
So action of R on A given in @ is exactly the ring action associated to the ring-homomorphism

podr.
()LetreR,peAandteT. Then

(r¢)t=(r"o¢)ot® =r7o(¢por") =r(4t)

Corollary 3.6.6. Let R be a ring and B an abelian group.

(a) Let A a right R-module. Then Homgz (A, B) is an left R-module via (r¢)a = ¢(ar) for all
reR,acA, and ¢ € Homz(A, B).

(b) Suppose B is left R-module. Then Homg(R, B) is an R-module via (r¢)a = ¢(ar) forall a,r € R
and ¢ € Homg (R, B).

(¢) Homz (R, B) is an R-module via (r¢)a = ¢(ar) for all a,r € R and ¢ € Homg(R, B).

Proof. @) Note that A is a (Z, R)-bimodule and B is a left Z-module. So (@) follows from
with left and right modules interchanged.

(@ Note that R is an (R, R)-bimodule. So @) follows from with left and right modules
interchanged.

Since R is a right R-module, this is the special case A = R in (a)). O

Definition 3.6.7. Let f : A x B — D be a function.
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(a) Suppose R is a ring and A and D are left R-module. Then f is called R-linear in the first
coordinate if for allb € B, f, : A - D,a - f(a,b) is R-linear.

(b) Suppose T is a ring and B and D are right R-module. Then f is called T-linear in the second
coordinate if forall a € A, f,: B— A,b — f(a,b) is R-linear.

(c) Suppose R and S are ring, A is left R-module, B is right T-module and D is a (R, T )-bimodule.
Then f is called (R, S )-bilinear if f is R-linear in the first coordinate and S -linear in the second
coordinate. In the special case R = S we will use the term R-bilinear for (R, R)-bilinear.

(d) Suppose R, S,T are ring A is (R, S )-bimodule, B is a (S,T)-bimodule and D is an (R,T)-
bimodule. Then f is called (R, S, T )-linear if f is (R, S )-bilinear and

fas,b) = f(a,sb)
forallaeA,s €S and b € B.

(e) Suppose S is a ring, A is left S =module, B is a right S -module and D is an abelian group. Then
f is called S -balanced if f is (Z,S,Z)-linear.

Definition 3.6.8. Let f : Ax B — C be an (R, S, T)-linear function. Then (C, f) is called an (R, S )-
tensor product of A and B over R if for all all (R, S, T)-linear function g : A x B — D there exists a
unique (R, T )-linear function

g:C—>Dwithg=gof.

B / C
D

If R = T = Z we just say tensor product for (Z,Z)-tensor product.

A x

Notation 3.6.9. Let R be a ring, A a right R-module and B an R-module. Let (C, f) be tensor
product of A and B over R. Then we write A ®g B for C and ® for f. Abusing notation, each of
(A®R B,®), A®g B and ® are called the tensor product of A and B over R.

Example 3.6.10. 1. Let R be a ring. Compute R ®f R.
We claim the multiplication that the multiplication
-: RxR—>R, (a,b) > ab

is a tensor product for R and R over R. Since - is distributive, - is Z-linear. Since - is associative,
- is R-balanced.
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Let D be an abelian group, g : R x R - D an R-balanced function and & : R - D a Z-linear
function. Then g = h o - if and only if

h(ab) = g(a,b)

for all a,b € R. Choosing a = 1 we see that h(b) = g(1,b) and so h is unique. Define h(b) =
g(1,b). Using that g is R-balanced we compute

h(ab) = g(1,ab) = g(1a,b) = g(a,b)
and so - is indeed an tensor product of R and R over R. Hence R ® RR = R.

2. Let R be aring and M an R-module. Compute R ®g M.

We claim the ring action of R on M
*:RxM— M, (a,m) - am

is a tensor product for R and M over R. It follows immediately from the definition of an ring
action that * is R-balanced. So R ® M = R.

Let D be an abelian group, g : R x M — D an R-balanced function and 4 : M — D a Z-linear
function. Then g = & o * if and only if

h(am) = g(a,m)

for all a € R and m € M. Choosing a = 1 we see that h(m) = h(1m) = g(1,m) and so A is unique.
Define h(m) = g(1,m) and using that g is R-balanced we compute

h(am) = g(1,am) = g(1a,m) = g(a,m)

and so * is indeed an tensor product of R and M over R.

3. Let R be aring and M an right R-module. Compute M Qg R.
Again the ring action * : M x R — M, (m,a) — am is tensor product. So M ®g R = M.

Theorem 3.6.11. Let R be a ring, A be a right and B a left R-module. Then there exits a tensor
product of A and B over R.

Proof. Let R be the set consisting of the following relations on A x B

(a,b) + (d',b)=(a+d,b) a,d €A beB
(a,b) + (a,b’) = (a,b+b") acAb,b B

and

(ar,b) = (a,rb) a€A,beB,reR
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Let D be an abelian group and g : A x B — D a function. Note that g is R-balanced if and only
if (g(a,b)) (ab)eaxp TUlfills the relations R.

Let (X, (x(a,b))
that

(ab)eAx B) be an abelian group with generators A x B and relations R. We claim

®:AxB—X, (a,b) - x(a,b)

is a tensor product of A and B over R.
Since (x(a,b)) (ab)eAxB fulfills the relation, ® is R-balanced. Let D be an abelian group and

g :A x B — D be an R-balanced map. Then (g(a, b))(a,b)EAxB) fulfills the relations R and so by the
definition of a group with generators and relations, there exists a unique homomorphism (of abelian
groups) g : X — D with g(x(a,b)) = g(a,b) for all (a,b) € A x B. So (X,®) is indeed a tensor
product of A and B over R. O

Lemma 3.6.12. Let R,S, T be rings.

(a) Suppose A is (R, S )-bimodule and B an S -module. Then there exists a unique ring action of R
on A ®s B with
r(a®b)=ra®b

foralla,A,b e B.

(b) Suppose A is a right S -module and B is (S, T)-bimodule. Then there exists a unique right ring
action of T on A ®s B with
(a®@b)t=a®bt

foralla,A,be BandteT.

(c) Suppose A is (R,S )-bimodule and B is (S, T)-bimodule. Then A ®s B is an (R, T)-bimodule
via the actions in @) and (@) Moreover ® is a (R, T)-tensor product for A and B over S.

Proof. (d) For r € R define
¢r:AxB—>A®B,(a,b) >ra®b

We claim that ¢, is R-balanced. Indeed since a — ra-Z-linear and ® is Z-linear in the first coordi-
nate, ¢, is Z-linear in the first coordinate. Since ® is Z-linear in second coordinate, so is ¢,. Also
since A is (R, S )-bimodule and ® is S -balanced:

ér(as,b) =r(as)®b = (ra)s®b =ra® sb = ¢.(a, sb)

foralla € A,s € S,b € B. So ¢, is S-balanced and so by the definition of a tensor product there
exists a unique Z-linear function:

r*:A®SB—>A®B

with ¢, = ®, o ®, thatis ®,(a® b) =ra® b.
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Define

+:Rx(A®B) > A®B,(r,u) > r*(u)

Since r* is Z-linear, * is Z-linear in the second coordinate.

(" +v)(a®b)=ua®b+va®b=(ua+va)®b=(u+v)®b

and since u* + v* is Z-linear the definition of (u + v)* implies u* + v* = (u +v)*.
Also
(u*ov*)(a®b)=u"(va® b) =u(va)®b = (uv)a® b

and since u* o v* is Z-linear the definition of (uv)* implies u* o v* = (uv)*. Thus * is a ring action
of Ron A ® B.

(b) Apply (a)) to the opposite rings.
() Letr e R,t € T. Then

(r(a®@b))t=(ra®b)t=ra®bt=r(a®bt) =r(a®b)t

for all @ € A and b € B. So the definition of the tensor products show (rm)t = r(mt) for all
m € A ®g B. Thus A ® B is an (R, T )-bimodule. By definition of a tensor product, ® is S-balance
and in particular, Z-bilinear. The definition of the action of R and T on A xg B shows that ® is
R-linear in the first coordinate and T-linear in the second coordinate. Thus ® is (R, S, T')-linear.

To show that ® is an (R, T')-tensor product of A and B over S, let D be an (R, T')-bimodule and
g:AxB— Dbean (R,S,T)-linear function. By definition of tensor product there exist a unique
Z-linear function g : A ® B — D with g = g o ® and it remains to verify that g is (R, T)-linear.

Letre Rand r” : D - D,d — rd. Then both g o r* and r” are Z-linear. Also

(gor*)(a®b) =g(ra,b) =r(g(a,b)) = (" 0g)(a®b)

Thus the definition of the tensor product shows that g o r* = r” og. Thus g is R-linear. By
symmetry g is T-linear and so g is indeed (R, T')-linear. o

Lemma 3.6.13. Let R, S,T be rings, A an (R, S )-bimodule, B an (S, T )-bimodule and D an (R, T )-
bimodule. Let f : A x B — D be a function. Let fi and fg be the corresponding functions on A
and B (see[l.7.3] so for a € A, f, = fa(a) is the function B -~ C,b - f(a,b).) Then the following
statements are equivalent.

(a) fis(R,S,T)-linear.
(b) faisa (R,S)-linear functions from A to Homr (B, D)

(c) fgisa (S,T)-linear function from B to Homg(A, D).
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Proof. f is T-linear in the second coordinate if and only if f, is T-linear for each a € A and so if
and only if fy is a function from A to Homy (B, D).
We have

f(ra,b) =r(f(a,b)) forallacA,beB,reR

— frab  =r(fub) forallac A,be B,r €R
— frab =(rf.)b forallac A,be B,r¢R
— fra =rf, forallae AreT

<~

fa(ra) =r(faa) forallae A,reR

So f is R-linear in the first coordinate if and only if f4 is R-linear.

f(as,b) =f(a,sb) forallacA,beB,seS
< (fa(as))b=(faa)(sb) forallacA,beB,seS
<~ (fa(as))b=((faa)s)b forallacA,beB,seS
— falar)  =(faa)r forallacA,seS

So fis S-balanced if and only if fj is S-linear. Hence (a)) and (b are equivalent. By symmetry
(a) and (c) are equivalent. i

Theorem 3.6.14. Ler R, S,T be rings. A an (R,S)-bimodule, B an (S, T)-bimodule and D an
(R, T)-bimodule. Let ® : A x B - A ®g B be the tensor product of A and B over R. Then of the
following maps are Z-isomorphisms:

(a) ®* : Homg7(A ®s B,D) > Homgs7(A x B,D),f - fo®.
(b) HomR,S,T(A X B,D) i HomR,S (A,HOIHT(B,C)), f — fA-

(¢c) Homgs 7(A x B,D) — HomS,T(B, HomR(A,C)), f— /B

Proof. Note first that by [3.6.12| ® is an (R, T)-tensor product for A and B over S @ Let f €

Homg 7(A ®s B, D). Since ® is (R, S, T )-linear and f is (R, T )-linear. f o ®is (R,S,T( Hence ®*
is well defined.

By definition of (R, T)- tensor product ®* is 1-1 and onto. By [A.2.3(jb), ®* is Z-linear. So (a)
holds.

(o) By the function is a bijection and by [A.2.3]its Z-linear. Thus (b) holds. By symmetry
also (c)) holds. o



3.6. HOMOMORPHISMS AND TENSOR PRODUCTS 171

Lemma 3.6.15. Let R be a ring and M an R-module. Then the function
Ev; : Homg(R,M) - M, ¢ — $1.
is a R-isomorphism with inverse
[': M - Homg(R,M),m— (r > rm)
Proof. By[A.2.8|Ev, is Z-linear. Let ¢ € Homg(R, M)) and r € R. Then
Evi(r¢) = (r¢)1 = ¢(1r) = ¢(r1) = r(¢1) = r(Evi¢)

and so Ev; is R-linear.

By [3.1.24({b), » — rm is R-linear. Hence I is well-defined.
To show that Ev; and I are inverse to each other we compute:

Evi(Tm)=(Tm)l =1lm=m

and
(T(Evi¢))r = r(Evig) = r(¢1) = ¢(r1) = ¢r

O

Definition 3.6.16. Ler R and S be rings and A and B (R, S )-bimodule. A function f : A - B is
called (R, S )-linear if it is R-linear and S -linear.

Lemma 3.6.17. Let R,S and T be rings. a : A - A" an (R, S )-linear function and B : B — B’ and
(S, T)-linear map. Then there exists a unique (R, T)-linear function

a®B:A®s B> A'® B, witha®b — aa ® b
forallaeA,beB.

Proof. Consider the function ® : A x B - A’ x B, (a,b) — a@a ® Bb. Since « is R linear and ® is
R-linear in the first coordinate, ® is R-linear in the first coordinate. By symmetry, ® is T-linear in
the second coordinate. Leta € A,b € Band s € S. Then

®(as,b) = a(as) @ Bb = (aa)s ® Bb = aa @ sBb = aa ® B(sb) = ®(a, sb)

and so @ is also S-balanced. Since A ®g B is an (R, T')-tensor product over S, the lemma follows
from the definition of an (R, T')-tensor product. i

Lemma 3.6.18. Let (R,S,T) be rings and suppose that S is an (R, S )-bimodule with S acting by
right multiplication. Let « : B — B’ be an (S, T)-linear function.

(a) Bisan (R,T) module viarb = (rlg)b forallreR, b € B.

(b) ais (R,T)-bilinear.
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Proof. (a) By[3.6.10|2)
®:S xB— B,(s,b) > sb

is the tensor product of S and B over S. Thus by [3.6.12| B is an (R, T')-bimodule via
rb=r(ls®b) =(rlg)®b = (rlg)b.
(b) Note that idg is (R, S )-linear. So by[3.6.17]ids ® e is (R, T)-linear. We have
(ids @ @)a=(ds ®a)(1®a) =1Q®aa=aa
So @ =idg ® a and (b)) holds. o

Lemma 3.6.19. Let R, S and T be rings. Suppose S is an (R, S )-bimodule with S acting by right
multiplication. Let B be an (S, T)-bimodule and D an (R, T)-bimodule. For an (R, T )-bimodule E
define

E =Homg(S,E) and Evi:E—E, §-4l
(a) D isan (S, T)-bimodule.

(b) The map
Ev, : Homg 7(B,D) - Homg 7(B,D), ¢ —Evjo¢
is well-defined Z-isomorphism.

(c) Let B: D — E be (R, T)-linear. Then the following diagram is commutative:

Homg 1 (B, D) SLCEN Homg 7(B, D)

|5 |s

Homg (B, E) o, Homg (B, E))
(d) Letn: B — C be (S,T)-linear. Then the following diagram is commutative:

Homg (B, D) B, Homg 7(B, D)
T
A Ev
HOIIIS,T(C,D) =, HOmR’T(C,D)

Proof. (a)) follows from [3.6.12|(c).
(b) By[3.6.14]applies with A = S and using that § ® B = B we have Z-isomorphism
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HOH’IR’T(B,D) = HOIIlR’T(S ®s B,D) —_— HOH]R’S’T(S X B,D) —_— HOl’IlS’T(B,D)
f — fo® —  (fe®)s

Let f € Homg 7(B, D) and b € B. Then

(E;l((fo ®)B))b =(Bvio(fo®)p)b=Evi(fo®)ph) = (fo®)(b.1)=f(b®1)=f(b)

So Ev; is inverse of isomorphism f — (f o ®)p.
Using T8 and [T
Ev; oé: (Eviof) = (BoEv) =oEv,
(d) By[A.1.8]5* o EV| = Ev; 05", o

Proposition 3.6.20. Let R be ring and D a fixed left R-module. For a left R-module E define
E'" = Homg(E, D).
Let S be a ring, A be an (R, S )-bimodule, and B a left S -module. Then

E:(A®s B)" > Homg(A,B'), f - (fo®)4
is a Z-isomorphism with inverse
®:Homs (A, B") > (A®s B) ,a > (a® b — (ea)b)

Proof. [3.6.14 applied with T = Z, Z is a Z-isomorphism. Let & € Homg (A, B"). Then a = Zf =
(f o ®)4 for some f € (A ®g B)'. Then

fla®b) = (fo®)(a.b) = ((f o ®)aa)b= (aa)b = (Oa)(a®b)

Hence ®(«@) = f and O is the inverse of E. i

3.7 Projective and injective modules

In this section all rings are assumed to have an identity and all R-modules are assumed to be unitary.
Notation 3.7.1. (a) ¢ : A - B means that ¢ is an onto function from A to B.
(b) ¢ : A > Bmeans that ¢ is an 1-1 function from A to B.

Definition 3.7.2. Let P be a module over the ring R. We say that P is projective provided for all
R-linear function B : P — B and all onto R-linear functions @ : A - B there exists a R-linear
functiony: P - Bwith=aovy.
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Y
P A P————A
—
B @ B @
B B

Lemma 3.7.3. Any free module is projective.

Proof. Let V be a free module with basis (v;);. Givena : A - Band 8: V — B. Leti € I. Since
a is onto, B(v;) = a(a;) for some a; € A. By the definition of a free module there exists y : V — A
with y(v;) = a;. Then

a(y(vi) = a(a;) = B(vi).

So by the uniqueness assertion in the definition of a free module a oy = . O
Lemma 3.7.4. (a) Every module is isomorphic to a quotient of a free module.
(b) Every module is isomorphic to a quotient of projective module.

Proof. @) Let R be a ring and M be an R-module. Let V be a free R-module with basis (Vi )mepm-
Then there exists an R-linear map g : V — M with g(v,,) = m for all m € M. Then g is clearly onto.
(b) Since free modules are projective, this follows from (al). O

Lemma 3.7.5. Any direct summand of a projective module is projective.

Proof. Let P be projective and P = P| @ P, for some submodules P; of P. We need to show that P;
is projective. Given aR-linear maps @ : A - B and 8 : P; — B. Since P is projective there exists an
R-linear map % : P — A with
@oy=pom
Puty =¥ o0 p;. Then
aoy=aoyopy=fomop; =p

P
T 5‘/
pP1
P Yop1 A
Bom
ﬁ 04
B
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Theorem 3.7.6. Let P be a module over the ring R. Then the following are equivalent:
(a) P is projective.

(b) Every short exact sequence O — A N BP0 splits.

(c) Pis (isomorphic to) a direct summand of a free module.

Proof. () = (b):  Since P is projective we have

P B
—d
idp g idp g
P

So g oy = idp and the exact sequence is split by

(®) = (): By the exists a free module F and onto R-linear map g : F — P. This yields
the a short exact sequence:

0—>kerg—>F§>P—>0

By assumption the sequence split and so by[3.5.9] F = ker g& P. Thus P is isomorphic to a direct
summand of a free module. Any module isomorphic to free module is free and so P is also a direct
summand of a free module.

= (ad): Suppose P is a direct summand of a free module F. By[3.7.3| F is projective. So
P is the direct summand of and projective module and so by also F is projective. O

Lemma 3.7.7. Let R be ring such that every left ideal in R is a free R-module. Let M be an R-
module. Then M is a projective if and only if M is free.

Proof. Suppose first that M is projective. Then by M is a direct summand of a free R-module
F. By since all left ideal in R are free, all submodules of the free module F are free. Thus M
is free.

Conversely, if M is a free R-module, then by M is free. i

Corollary 3.7.8. Direct sums of projective modules are projective.

Proof. Let (P;);c; be a family of projective R-modules. By for each i € I there exists a free
R-module F; and an R-submodule Q; of F; with F; = P; & Q;. Then

@F,'E@Mi@@Qi

iel iel iel
Note that @, F; is a free R-module. So @;¢; M; is a direct summand of a free module and so
projective. O



176 CHAPTER 3. MODULES

Next we will dualize the concept of projective modules.

Definition 3.7.9. Let J be a module over the ring R. We say that J is injective provided for all
R-linear function 8 : B — J and all 1-1 R-linear functions a : B = A there exists a R-linear function
y:A->JwithB=yoa.

Y
J A Je——A
—
B @ B @
B B

Above we showed that free modules are projective and so every module is isomorphic to a
quotient of a projective module. To dualize this our first goal is to find a class of injective R-
modules that every R-module is isomorphic to submodule of member of that class the class. We
do this into step steps: First we find injective modules for R = Z. Then we use those find injective
modules for an arbitrary ring (with identity).

To get started we prove the following lemma, which makes it easier to verify that a given module
is injective.

Lemma 3.7.10. Let J be a module over the ring R. Then J is injective if and only if for left ideal 1
of R and all R-linear functions B : I — J there exists an R-linear functiony : R — J withy |;= .

J&——R

J R
X A — B id;
1

Proof. Given R-linear maps @ : B> A and §: B - J, we need to find an R-linear map y : B — J
with 8 = y o @. Without loss, B < A and « = idg. Then 8 = y o @ just means y |g= 3.

So we are trying to extend 5 to A to a linear map y : B — J. We will use Zorn’s lemma find
a maximal extension of 8. For this let M be the set of all R-linear maps D — J, where D an
R-submodule of A with B < D and 6 |gp= 8. Order M by (61 :D; - J) < (62 : Dy > J) if

DicD, and 6, |Dl= 01

We claim that every chain {6y : Dy — J | k € K} in M has an upper bound. Let D = U Dy
and define 6 : D - J by 6(d) = 6;(d) if d € D; for some k € K. It is easy to verify that § is well
defined, § € M and ¢ is an upper bound for {6y : Dy — J |k € K}.

Hence by Zorn’s lemma, M has a maximal element 6 : D — J. EI

"We did note not use our assumptions on J yet. Maximal extensions always exists.
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Let a € A. We will show that a € D. For this consider the R-linear map:

u:DeR—A, (d,r)—>d+ra.

Let I = my(kermu) be the projection of ker  onto R. Since ker u is am R-submodule of D @ R, [ is
a R-submodule of R, that is / is left ideal in R. We claim that

keru = {(-ia,i) | ieI}.

Indeed, let (d,r) € keru. Thend + ra = 0 and so d = —ra and (d,r) = (-ra,r). Moreover,
r = ma(d,r) € I. Conversely, let i € I. Then i = mp(d,r) for some (d,r) € keru. Then i = r,
d = —ra = —ia and so (—ia,i) = (d, r) € ker u. This proves the claim.

Consider the R-linear map

I—J, i-6(ia).
By assumption this map can be extended to an R-linear map
€:R—J withe(i)=6(ia) foralliel
Define
n:D®R— J,(d,r) > d(d) +e(r).
Then 7 is R-linear. Also fori e/,
n(=ia,i) = =6(ia) + £(i) = =6(ia) + 6(ia) = 0.
Hence ker u < kern and we obtain a R-linear map
7:(DER)/keru — J,(d,r) +keru - 6(d) + €(r).

By the Isomorphism Theorem i : (D@ R)/ker - D + ra, (d,r) — d + ra is an isomorphism and we
obtain an R-linear map

t=nou:D+Ra—J witht(d+ra)=6(d)+&(r)forallde D,reR

Then 7(d) = §(d) and so 7 € M, The maximal choice of § implies that D+ Ra = D. Thus a € D.
Since this holds foralla€ A, D=A
Thus D = A and J is injective. The other direction of the lemma is obvious. m]

Definition 3.7.11. Let R be a ring and M an R-module. M is called R-divisible if rM = M for all
non-zero r in R.

Remark 3.7.12. Let R be a ring and suppose R has a non-zero divisible module. Then R has no
zero-divisors.
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Proof. Let R be aring and M a divisible R-module. Suppose that ab = 0 for some non-zero a, b € R.

M =bM =a(bM) = (ab)M =0M =0

O
Lemma 3.7.13. Let R be a ring and M a divisible R-module,
(a) Let S be subring of R. Then M is a divisible S -module.
(b) Any R-quotient of M is a divisible R-module.
Proof. Follows directly from the definition of a divisible module. O

Example 3.7.14. (a) Let R be a ring. Then R is divisible as a left R-module if and only if R is a
division ring.

(b) Let R be an integral domain. Then field of fraction, Fy is divisible as an R-module.
Lemma 3.7.15. Let R be a ring and M an R-module.
(a) If R has no zero-divisors and M is injective, then M is divisible.
(b) If R is a PID, then M is injective if and only of M is divisible.
Proof. (a) Let 0 # ¢ e R and m € M Consider the map
Rt > M,rt > rm

Since R has non-zero divisors this is a well defined R-linear map. As M is injective this map can be
extended to an R-linear map y : R - M. Then

ty(1) = y(e1) = y(12) = Im

So Thus m € tM and M = tM. Hence M is divisible.
(b) Suppose that M is divisible. Let I be a ideal in R and 8 : I — M an R-linear map. As Ris a
PID, I = Rr for some € R. As M is divisible, 3(¢) = tm for some m € M. Define

v:R—- M,r - rm.

Then vy is R-linear and y(rt) = rtm = B(rt). We showed that the condition of [3.7.10|are fulfilled. So
M is injective. O

Proposition 3.7.16. Let R be a integral domain.
(a) Every R module can be embedded into an divisible R-module.

(b) IfR is a PID, then every R-module can be embedded into a injective module.
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Proof. (a) Let M an R- module. By [3.7.4|(b), M is isomorphic to a quotient of a free R-module. So
M~ A/B,

where A = @;¢; R for some set I and B is a submodule of A. Let D = @®;c; Fg. Then B < A < D and

A/B is a submodule of D/B isomorphic to M. Since Fy is divisible, [3.7.13| shows that D and D/B

are divisible. Thus (a)) holds.
(o) By divisible R-modules for PID’s are injective. So (b)) follows from i

Remark 3.7.17. (a) Let R be a ring and A be an abelian group. Define

A =Homgz(R,A) and Evi:A > A, 6§ > 61.
Let M be an R-module. The fact that

Ev, : Homg(M,A) - Homz(M,A),$ - Ev; o ¢

is a bijection just means that for all Z-linear maps a : M — A there exist a unique R-linear map

¢: M — A witha = Ev) o ¢:
%
A

o
M A
3 /EV1

Let R be a ring and I a set. Let V be an R-module and v = (v;) ey a family in' V. Let A be a projective
Z-module. Then by A is a free module with basis say (a;)i;. Obbserve that there exists a
unique Z-linear map v : A — V with t(a;) = v; for all i € I. Moreover, V is free R-module with
basis (v;)ier if and only if for all Z-linear functions « : A — M there exists a unique R-linear map

¢:V->Mwitha=a&ot:
M = A
3% /
\%4

The remarks shows that the class of free R-modules is “dual” to the class of R-modules

{Homg(R,A) | Aan injective Z-module}.



180 CHAPTER 3. MODULES

We proved above that every free module is projective and every module is the quotient of a free
module. We will now proceed to prove the dual versions of these two statements: Homg(R,A) is
an injective R-module for any injective Z-module A and any injective R-module is isomorphic to a
submodule of Homg(R, A) for some injective Z-module A.

Lemma 3.7.18. Let R and S be rings and D an injective R-module. Suppose that S is an (R, S )-
bimodule with S acting by right multiplication and put D = Homg (S,D). Then D is an injective
S -module.

Proof. Letf3: B — D and @ : B - A be S-linear functions with  1-1. Put 8 = Ev; o 3. By[3.6.18
a is R-linear and since D is injective there exists an R-linear functiony : A - D with 8 =y o a. By
3.6.19|Ev; is onto and so y = Ev; o 9 for some S -linear function % : A - D. Then

Evio (7o) = (Bvio§)oa=yoa=f=Ev op

Since Ev; is 1-1 this gives % o @ = 8 and so D is projective. O

Theorem 3.7.19. Let R be a ring and M an R-module.
(a) There exists a divisible Z-module A such that M is isomorphic to submodule of Homz(R,A).

(b) Every M is the submodule of an injective R-module.

Proof. (a) Let M be a R-module. By the Z-module M is a Z-submodule of some divisible Z-
module A. Note that Homg(R, M) is an R-submodule of Homz (R, A). By|3.6.15|M = Homg (R, M)
as an R-module and so M is isomorphic to an R-submodule of Homz (R, A).

(b If A is a divisible Z-module, [3.7.15]shows that A is an injective Z-module. By [3.6.19|(applied
to (Z,R) in place of (R,S )) Homz(R,A) is an injective R-module and so (b) follows from (a). O

Lemma 3.7.20. (a) Direct summands of injective modules are injective.
(b) Direct products of injective modules are injective.

Proof. Let R be aring.
@) Let J = J; @ J, with J injective. Given @ : B > A and 5 : B — J;. As J is injective there
exists y : A - J with

Yoa=piop.

Puty =m oy. Then

Yyoa=moyoa=mopioa=a.
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JieJ

1

7T]O’5/
Ji A

p1of

B

@ Suppose that (J;);e; is a family of injective R-modules. Given R-linear maps « : B > A and
: B —> X Ji. Leti e 1. Since J; is injective there exist an R-linear function y; : A — J; with
y

Yica=miof

By the universal property of X, J; there exists an R-linear function
Y= (yi)iEI ‘A ><Ji’ a— (yi(a))iel
i€l
with
oYy =Yi
for all i € 1. Hence
moyoa=yjca=mop

and so y o @ = 8. Hence [];.; J; is injective.

T Yi

(vi)ier
Xier Ji

Theorem 3.7.21. Let J be a module over the ring R. Then the following are equivalent:
(a) J is injective .

(b) Every short exact sequence O — J N B-5c-o0 splits.
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(c) There exists a divisible abelian group A such that J is isomorphic to a direct summand of
Homz(R,A).

Proof. () = (b):  Since J is injective we have

J B
id\ / — idy f
J

So o f =id; and the exact sequence is split by
() = (c): By[3.7.19| there exists a divisible abelian group A such that J is isomorphic to
a submodule of A = Homz(R,A). So the exists a 1-1 R-linear function f : / — A and we obtain a
short exact sequence:
S Mmyp o
0-J>A - A/lmf-0

By assumption the sequence split and so by AzJe®A/Imf. So (@) holds.
= (a): By[3.7.18 Homz(R,A) is injective and so by [3.7.20| any direct summand of

Homz (R, A) is injective. i

3.8 The Functor Hom

Lemma 3.8.1. Let R be a ring. Given a sequence A R B-5% of R-modules. Then the following
two statements are equivalent:

(a)
AL B2 ¢

is exact and A splits over Ker f (thats is, ker f is a direct summand of A).

(b) For all R-modules D,

Homg(D,A) 2> Homg(D, B) —%> Homg(D, C)
is exact.

Proof. We first compute ker g and Im . Let 8 € Homg(D,B). Then g o8 = 0 if and only if
Img < ker g. Thus

ker § = Homg(D, ker g).
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Also
Imf ={foa|aecHomg(D,A)} < Homg(D,Im f).

(@) = (®): Suppose first that (a) holds. Then kerg = Im f and A = ker f @ K for some
R-submodule K of A. It follows that f |x: K — Im f is an isomorphisms. Let ¢ € Homg (D, Im f).
Put

a=(flk) " og.

Then a € Homg(D, A) and f o a = ¢. Thus ¢ € Im f. Since this holds for all ¢ € Homg(F,Im f)
we conclude

Im f = Homg (D, Im f) = Homg (D, ker g) = ker g.

@)a Suppose next that (]Eb holds. Choose D = A. Since the sequence in @) is exact, Im f = ker 3.
Hence

f=foids eImg = ker g = Homg(D,ker g)
and so Im f < kerg.
Bext choose D = ker g. Then Imidp = ker g and so so

idp € ker g =Im g < Homg(D,Im f)

and so kerg = Imidp < Im f.
Hence ker g = Im f and the sequence in @) is exact. Also idp € Im f and so

idImf =idD =f07
for some y € Hom(Im f,A). Thus m shows that the exact sequence

'der
Oker f 5" AL Imf >0

is split. Thus ker f is a direct summand of A. O

Here is the dual version of the previous lemma:

Lemma 3.8.2. Let R be a ring. Given a sequence A 7, B -5 C. Then following two statements
are equivalent:

(a) ‘
AL Bt ¢

is exact and C splits over Im g.
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(b) For all R-modules D,

Homg(A, D) <— Homg(B, D) < Homg(C, D)
is exact.
Proof. Dual to the proof of3.8.1] See Homework 2. i

The following three theorem are immediate consequences of the previous two:

Theorem 3.8.3. Let R be ring. Given a sequence of R-linear maps A N B -5 C. the following
are equivalent

(a)
041 B4 ¢

is exact.

(b) For every R module D,

0 - Hom(D, A) —/> Hom(D, B) —%> Hom(D, C)
is exact.
Proof. O

Theorem 3.8.4. Let R be ring. Then the following are equivalent

(a)

AL B4 00

is exact.

(b) For every R module D,

Homgz(A, D) <— Homg(B,A) <~ Homg(C,A) < 0
is exact.
Proof. See Homework 2 O

Theorem 3.8.5. Let R be a ring. Given a sequence of R-linear maps A R B -5 C. Givena

sequence of R-modules 0 — A N B-%C . Then the following three statements are equivalent:

(a)
0—A-L Bt c—o0

is exact and splits.
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(b) For all R-modules D,

0 — Homg(D,A) =R Homg (D, B) N Homg(D,C) — o
is exact.

(c) For all R-modules D,

0 «— Homg(A, D) <— Homg(B, D) <— Homg(C, D) < 0
is exact.

Proof. See Homework 2. O

Theorem 3.8.6. Let R be a ring, A and R-module and (B;)ie; be family of R-modules. Then as
abelian groups:

(a) HOIIlR(@[e[ Bi,A) = Xiel HomR(Bi,A)
(b) Homg(A, Xie; Bi) = Xjey Homg(A, B;)
(c) Suppose A is finitely generated as an R-module. Then Homg (A, @®;c; B;) = @;c; Homg(A, B;)

Proof. See Homework 2. O

3.9 Tensor products

Lemma 3.9.1. Let R be a ring, A a right R-module, B a left R-module, E an right R-submodule of
Aand F=(e®b|ecE,be B) <AQgB. Then

®p:A/ExB— (A®g B)/F,(a+E,b) >a®b+F
is a well defined tensor product of A/E and B over R.

Proof. We will first verify that ®; is well defined: Leta € A,ec Eand b e B. Thene® b € F and so

(a+e)®@b+I=a®b+e®b+F=a®b+F

Since ® is R-balanced also ®; is R-balanced.
Suppose now that f : A/E x B — D is R-balanced.
Consider the function
g:AxB—D,(a,b) —> f(a+E,b)

Since f is Z-bilinear and nrg is Z-linear, g is Z-bilinear. Since f is R-balanced and nz-is R-linear,
g is R-balanced. So there exists a unique Z-linear function

g:A®B—> Dwithg(a®b) =g(a,b) = f(a+E,b)
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Lete € E and b € B. Then

gle®b) = f(e+E,b) = f(0p/z,b) =0

and so € ® b € kerg. Since g is Z-linear this give F < kerg and we obtain a well defined Z-linear
map

f:(A®B)/F - D,u+F —g(u)

Then f(a+E ®¢ b)) = f(a®b+F) =g(a®b) = g(a,b)
If h: A® B/F — D is a Z-linear function with /(a® b+ F) = f(a+ E,b), then h = fonp :
AQ®F — D is Z-linear function with (honr)(a®b) = g(a,b), Thus honp =gandsoalsoh=f. O

Corollary 3.9.2. Let R be a ring and I a right ideal in R.

(a) Let M be a left R-module. Then

®: R/l x M- M/{(IM),(r+1,m) - rm+ (IM)
is a well-defined tensor product of R|I and M over R.

(b) Let J aleft ideal in R. Then
®:R/IxR|J>R/(I+J), (r+L,s+J)—>rs+(I+J).
is a tensor product for (R/I,R]J) over R.

Proof. (d) By[3.6.10[2) * : R x M — M, (r,m) — rm is a tensor product of R and M over R. Note
that F := (i*m|iel,me M) =(IM) and so (a) follows from[3.9.1]
(b) We apply (a) to M = R/J. Then (IM = (IR)+J/J = (I+1)/J. Since R/J[(I+J)]J = R[I+J,
we see that (b)) holds.
m

Example 3.9.3. 1. Let R be a PID and a,b € R. Then Ra + Rb = Rgcd(a, b) and so

R/Ra ®g R/Rb = R/ gcd(a,b)R
In particular, if gcd(a,b) = 1, then R/Ra ®g R/Rb = 0.
2. Let K be set and R aring. Let S = Mgk (R). Then Rk is a left and right S -module by left and
right multiplication. Fix k € K. Put
I={AcS|egA=0}and {A €S | Aes}

Since Sex = Rx = ;S the left R-module Rk is isomorphic to S /J and the right R-module R is
isomorphic to S /1. Thus
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RK®5RK§S/I®SS/J§S/(I+J)

Since

I={AeS|Ay=0forallleK} andJ={AeS|Agx=0forallleK}

we have

I+J={AES |Akk:O}
Thus S /(1 +J) 2 R. It follows that
Rk xRg - R, (a,b) - ab = Zaibi
iel
is a tensor product of Rgx and Rk over S'.

Proposition 3.9.4. Let D be a right R-module and
f g
A—B—C-0

an exact sequence of left R-linear functions. Then

id, id,
DorA 2 DerB ¥ DeC >0

is exact sequence of Z-linear maps.

Proof. Put X =1Im f = ker g and consider the sequences

(1) A/kerfiquid_x)Bﬂ,B/XiC
and
idp®f idp®i - -
(2) DopA/ker f 2 Imf 22 Doy B Do B/x 2 Do C

Put E=(d®x|ded xeX)<D®gB and note that E = Im(idp ® idx). By[3.9.1/D ® B/X =
(D®B)/Eandd® (b+X) = (d®b+E). Thus idp ® nx = ng and so keridp ® nx = E and idp @ wx
is onto.

Since the first and the the last functions in (1) are isomorphisms, also the first and last function
in (2) are isomorphisms. It follows that
Im(idp ® f) = Im(idr ® f = Im(idp ® idy) = E = ker(idp ® 7X) = ker(idp ® g)

and idp ® g is onto. O
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Example 3.9.5. LetR=2Z,A=23,B=24,E=2Aand F=(e®b | e c E,b € B). Then

F=(2a®blacAbeB)=2(a®b|acA,beB)=2(A®gB)
A®rB=23872Z4=2Zyq34) = Zs
(A®g B)/F =Z3/2Z5 =~ Z,
AJE =Z4[2Zg =2 Z,
(AJE)®r 222 ®7 Z4 = Zgca(o4) = Z2

So (A/E) ® R and A ®g B/F are indeed isomorphic.
Consider
c:E®QrB—>AQ®rB,a®b—->a®b

Note that the image of cis F 2 Zy. Bt E=2A>2Z4andso EQr B2 Z4Q 724 = chd(4,4) =2Z4.
Thus o is not 1-1

Lemma 3.9.6. Let R be a ring.

(a) Let (A;)ier be a family of right R-modules and (B;) je; a family of left R-modules. Then

h:@A x@Bj~ @D AierBj, ((a)ier.(bj)jes) > (@i ®b;)(i jyerxs
iel Jel (i.j)elxJ

is a tensor product of @je; A; and @ jej Bj over R.

(b) Let I and J be sets. Then

Rixg Ry = Rixy, ((@i)ier (b)) jer) = (aibj) (i jyerxs

is a tensor product for Ry and Ry over R.

Proof. Note that & is R-balanced. Let f : @;e; A; x @ je; B; = D be a R-balanced function. Fori € /
and j € J define

fij = o (pi,pj) : Ai x Bj > D, (ai,b;) - f(piai,p;b;)

Since p; is Z-linear and f;; is Z-linear in the first coordinate. Z-linear in the first coordinate. By
symmetry, f is Z-linear in the second coordinate. Since p; R-linear and f is R-balanced, f;; is R-
balanced. Thus the exists unique Z-linear function f,; : A; ® RB; — D with f,(a; ® b;) = f; j(ai, b;)
for all a; € A; and b; € B;. Define

73 EB Ai®RBj—>D,(Mij)(i,j)e1xJ—> Z 71']'(%']')
(i,j)elxJ (i.j)elxJ

Then f is clearly Z-linear and
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(7°h)((ai)iel,(bj)jej)=?((ai®bj)(i,j)el><l)= > ]_Cij(ai®bj)= > fij(aibj)

(i.))e(1.7) (i./)e(I.])
- Z fpiai,pjb;) = f (Zp,-a,-, ijbj) = f((ai)iela (bj)jEJ)
(i.j)e(1.]) iel jeJ

andso f = foh.
Since @ (; j)erxs Ai ®r Bj is generated by the a; ® by, f is unique with respect to f = f o h. So @)
holds.
(b) Since R x R — R, (a,b) — ab is a tensor product of R and R over R, (b follows from (a).
]

Lemma 3.9.7. Let A be a right R-module, B a (R, S )-bimodule and C a left S -module. Then there
exists Z-linear isomorphism

(A®rB)®s C > A®r (B®s C) with (a®b)®c—>a® (b®c)
forallae A,beB,ceC.
Proof. Let c € C. Then the function

AxB->A®(B®C),(a,b) >a®(b®c)

is R-balanced and we obtain a Z-linear function
fei:A®grB—>A® (B®C), with fo(a®b)=a® (b®c)
Then the function

f:A®RBxC—A®(B®C),(u,c)~ fu

is S -balanced and we obtain an Z-linear function

F:(A®rB)®s C—>A®g(B®s C)with F(u®c) = feu

Then F((a®b) ®c) = f.(a®b) =a® (b®c). By symmetry there exists Z-linear function

G:A®r (B®s C) > (A®rB) ® C) withG(a® (b®c))=(a®b)®c
F and G are clearly inverse to each other the lemma is proved. O

In future we will just write A ®g B ®g C for any of the two isomorphic tensor products in the
previous lemma. A similar lemma holds for more than three factors. A ®g B ®s C can also be
characterized through (R, S )-balanced maps from A x B x C — T, where T is an abelian group. We
leave the details to the interested reader.
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Lemma 3.9.8. Let R be a ring, I and ideal in R, A be a right R-module and B a left R-module.
Suppose that AI = 0 and UB is zero and observe that A and B are modules for R/1. Then

A® R/I B=A®B
Proof. Just observe that a function f : A x B — D is R-balanced if and only if it is R/I-balanced. O
Lemma 3.9.9. Let R be a commutative ring and A, B, C, D R-modules.

(a) There exists a unique R-linear function

Homg (A, C) ®g Homg(B, D) -~ Homg(A®g B,C®g D) with a®B - a®p = (a®b - a/a®,8b)

(b) For an R-module E put E* = Homg(E, R). There exists a unique R-linear function

c:A*®rB* > (A®rB)",a®pf>a-f=(a®b— (aa)(Bb))

Proof. (a)) Just observe that the function (@,8) - @ ® f is R-balanced.

@) Since - : R x R — R, (a,b) — ab is the tensor product of R and R over R, this follows from
(a) applied with C = D = R.
O

Example 3.9.10. Let R be a ring, I be a left ideal in R and M an R-module. Compute Homg(R/I, M).
Let 77 : R - R/I,r — r + I be the natural epimorphism. Then by the function
7y : Homg(R/I,M) — Homg(R, M), — ¢ on;
is 1-1 and
Im,: = { € Homg(R, M) | I <kera}.
By[.6.15]

M — Homg(R,M),m — (r — rm)

is an R- isomorphism.
Note that I ¢ ker(r — rm) if and only im = 0 for all i € M and so if and only if m € Anny(I).
Thus

Anny (1) > Homg(R/I,M),m — (r + 1 — rm)
is a well-defined R isomorphism.

Example 3.9.11. Let R be a commutative ring
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(a) Let I and J sets. Compute the map o : R} ®gr R} - (R ®r R;)”.
(b) Let I and I, be ideal in R. Compute the map o : (R/I;)* ® (R/L,)* - (R/I; ® R/)".
(a) We have

(R;)* = Homg(E@ R, R) = X Homg(R,R) = X R =R’

iel iel iel

and
(R[ ®R])* = (R[ijr ERIXJ

Using these isomorphism o turns into the function
R'@r R > R™ .,  (r)ier ® (s))jes = (ri8;)(ijyerxs
(b) Put Ji = Anng(Ix). By example [3.1.13]
(R/Ik)* = HOInR(R/Ik,R) = AnnR(Ik) = Jk

and by [3.9.2|R/I, ® R/, = R/(I, n 1) and so

(R/I] ®R/12)* = (R/(I] ﬂ[z))* = AnnR(I] +12) = AnnR(Il) nAnnR(Ig) =JynJ,.

Thus o turns into the function
o:i®rJa—>JIindy (j1,)2) > jij2-

Lemma 3.9.12. Let R and S be rings and M an (R, S )-bimodule. Let

r m
T= reRmeM,seS

0 s

Define an addition and multiplication on T by

ry mp rp mp r+rp, mp+nmp
—+ =

0 S1 0 ) 0 S1 + 852

ry mi rp mp rirp rimp+misp

0 s 0 s 0 $152

(a) As an additive magma, T = R® M & S and we identify R, M with there images in T.

(b) T is aring.

191
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(¢) M is an ideal in T, TIM 2= Rx S, SM = MR = MM = 0, the action of R on M by left
multiplication is the same as the action of M as left R-module, and the action of S on M by
right multiplication is the same as the action of S on M as a right S -module.

(d) Annl$(M) = Anng(M) + M + S and Ann}=™ (M) = R + M + Anng (M)

The ring T is denoted by R x M x S.

Proof. (a)) should be obvious.

(b) By (a)) T is abelian group under addition. It is rather obvious that the distributive laws holds
and so it remains to verify that the multiplication is associative:

ry mp rp myp r3 msj rirp rimp +mpsp r3 msj

0 S1 0 5152 0 83

[a)
©n
N
[en)
©n
o

rirr3 rirpmsz + rimpS3 + nip8253

0 518283
and
ry mi rp mp r3 ms ry m rpry  rpms + nmps3
0 s 0 s 0 3 0 s 0 §253

ryrr3 rirpms +rimpS3 + njps2s3

0 515253

Identifying R,S and T with the images in T the formula for multiplication looks as follows:

(1’1 +mp + Sl) . (}’2 +my + Sz) =rr+ (r1m2 + +m1s2) + 5152

Thus

ri-rp=rirm r-m=rm r-s=0
m-r=0 myp-mp =0 m-s=0
s-r=0 s.-m=0 S1 852 = 85182

This gives (c). (d) follows from (c). i
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Example 3.9.13. Let R be commutative ring and M a faithful R-module. Let

r o m
U= reRmeM;<T=RxMxR

0 r
Show that U is commutative ring and M is an ideal in U. Compute the function
oc:(UM) @y (UM)" - (UMeUI/M)”

r om 0 m
Identify r € R with in U and m € M with .ThenU =R+M.ri-rp=riry, r-m=
0 r 0 0

rm=m-rand m -my = my -my = 0. Thus U is commutative and Anny (M) = Anng(M) + M = M.
Thus by Example [3.9.11f(b), o is the function
M xg M — M, (my,my) > my-my =0

So o is the zero function.
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Chapter 4

Fields

4.1 Extensions
Definition 4.1.1. Let F be an integral domain, K a subfield of F and a € F.
(a) F is called an extension of K. We will also say that K < F is an extension.

(b) If F is a field, F is called field extension of K % li ¢ A vector space over K is a unitary K-module.
A vector space over K is also called a K-space.

(c) The extension K < F is called a finite if dimg F finite, where F is viewed as a K space by left
multiplication.

(d) If S is a ring, R a subring if S and I C R, then
R[I]:= (T |T is a subring of S with RuIc S}

R[I] is called the subring of S generated by R and I.

(e) If Fisafieldand I C F, then
K(I):=({T | T is afield of F withKul c F}

K(I) is called the subfield of F generated by K and I.
(f) A polynomial f € K[x] is called monic if its leading coefficient is 1.
(g) ©, = d)aK denotes the unique ring homomorphism

@, :K[x] = K[a], with®,(x)=aand ®,(k) forall k € K..

So (Da(f) = f(a)

(h) The unique zero or monic polynomial m, = m¥(a) e K[x] with ker ®, = K[x]m, is called the
minimal polynomial of a over K.

195
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(i) ais called algebraic over K if m; # OF.

(j) The extension K € F is called algebraic if all b € F are algebraic over K.

(k) a is called transcendental over K if m, = Op.

Lemma 4.1.2. Let K < F be an extension and a € F. Then one of the following holds

1. @, isnot 1-1, dimg K[a] = degmy, is finite, m, is monic and irreducible, K[a] = K(a) is a field, a
is algebraic over K, and (Cli)()si<degma is a basis for K[a].

2. @, is an isomorphism, dimg K[a] = oo, m, = Ok, a is not invertible in K[a), a is transcendental
over K, (a')ieN is a basis for K[a].

Proof. Since F is an integral domain, K[a] is an integral domain. Clearly ®, is onto and so
K[x]/K[x]m, = K[x]/ ker @, = K[a]. Thus by [2.5.9|K[x]m, is a prime ideal.

Suppose first that m,, # 0. Then a is algebraic over K[a] and @, is not 1-1. Note that byma
is a prime. By Example , K[x] is am Euclidean domain and so also a PID. So we conclude
from [2.5.17] that my is irreducible and K[a] = K[x]/K[x]m, is a field. Let f € K[x]. As K[x] is a
Euclidean domain, f = g (mod m,) for a unique polynomial g € K[x] with deg g < degm,. Also
g is a unique K-linear combination of (xi)05i<degma and so (x' + K[x]ma)o<icdegm, is @ basis for
K[x]/K[x]mg. Hence (a')o<icdegm, is basis for K[a]. Thus (1) holds.

Suppose next that m, = 0. Then a is transcendental. Moreover, @, is 1-1 and so an isomorphism.
Since x is not invertible in K[x] and (x,i € N) is a basis for K we conclude that a is not invertible
in K[a] and (a',i € N) is a basis for K[a]. So (2)) holds in this case. i

Lemma 4.1.3. Any finite extension is algebraic.

Proof. Let K < F be an extension and a € F. Then dimg K[a] < dimk F < oo and implies that
a is algebraic over K. O

Lemma 4.1.4. (a) Let R be a ring and (S ;)c; a non-empty family of subring (subfields) of R. Sup-
pose that for each i, j € I there exists k € I with S;US ;j € S. Then Uje; S is a subring (subfield)
of R.

(b) Let S be aring, R a subring of S and 1< S. Then

R[I]=\{R[J]|J < 1,J is finite}.

(c) Let K < F be a field extension and I € F. Then
K(I) =\ U{K(J) | J € I, J is finite}.

Proof. @ Let T = UjesSi. Leta,beT. Thena € §; and b € §; for some i, j € 1. By assumption,
S;uS;cSyforsomek el Then —a,a+b,aband (ifa + 0 and S; is a field) a~! all are contained in
Sk and soin T. Since I # @ and 0 is contained in any subring of R, 0 € T. So T is indeed a subring
(subfield) of R.
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Let J, K be finite subsets of I. Then J U K is finite and R[J] U R[K] € R[J U K]. Thus
follows from ().

() also follows from (b). mi

Lemma 4.1.5. Let R be a ring. M an R-module and S a subring of R. Let r = (r;)c; be a family of
elements in R and m = (m;) je; family of elements in M. Put w = (rim;); jyerxJ-

(a) If R =(r)s and M = (m)g, then M = (w)s

(b) If r is linearly independent over S and m is linearly independent over R, then w is linearly
independent over S.

(c) If ris an S -basis for R and m is an R-basis for M, then w is an S -basis for M.

Proof. @ M = {m)x = (Rm) = (S rhm) = (Sw) = (w)s.
@ Suppose that ¥ ; jyexy ij7im; = 0, for some s € S 1.
Z (Z sijr,-) m]' =0
jeJ \iel

Since m is linearly independent over R, we conclude )., s;;r; = 0 for all jin J. As r is linearly
independent over S we get s;; = 0 for all (i, j) € I x J. Thus (b) holds.

follows from (a) and (b). o
Corollary 4.1.6. Let K < E be a field extension.

(a) LetV avector space over E. Then

dimK V= dlmK E - dlmE V.

(b) Let K < E be a field extension and E < F an extension. Then

dimK F = dimK E- dimE F.

(c¢) IfE < F are finite, also K < F is finite.

Proof. (a)) follows from{.1.5|(c). (b is a special case of (a). (c)) follows from (b). i
Lemma 4.1.7. Let K < F be an extension, let a € F be algebraic over K and let f € K[x].

(a) f(a)=0ifandonlyifm,| finK[x].

(b) If f is irreducible then f(a) = 0 if and only if f ~ m, in K[x]. That is if and only if f = km, for
some k € K!.

(¢) my is the unique monic irreducible polynomial in K[x] with a as a root.



198 CHAPTER 4. FIELDS

Proof. () Since f(a) = ®,(f), f(a) = 0 if and only if a € ker ®,. Since ker®, = K[x]my, this
holds if and only if m, | f.

(b) Let f be irreducible with f(a) = 0, then m, | f. Since f is irreducible we get m, ~ f. By
this means f = km, for some unit k in K[x]. It is easy to see that the units in K[x] are exactly
the non-zero constant polynomials. So k € K.

If in addition f is monic, then since also m, is monic we conclude k = 1 and f = m,. O

Lemma 4.1.8. Let K < E be a field extension, E < F an extension and b € F. If b is algebraic over
K, then b is algebraic over E and mt divides ml in E[x].

Proof. Note that m (b) = 0 and m¥ € E[x]. So by mE divides m in E[x]. Since b is algebraic
over K, mbK # 0 and so also ml'f # 0. Hence b is algebraic over E. O

Lemma 4.1.9. Let F be a field and f € F[x] a non-zero polynomial.
Then there an integer m with 0 < m < deg f, ay,...ay € F and q € F[x] such that

(@) f=q-(x-ar1)-(x=az) - (x—an)
(b) q has no roots in F.
(c) {ai,az,...an} is the set of roots of f.
In particular, the number of roots of f is at most deg f.

Proof. Suppose that f has no roots. Then the theorem holds with g = f and m = 0.

The proof is by induction on deg f. Since polynomials of degree 0 have no roots, the theorem
holds if deg f = 0.

Suppose now that theorem holds for polynomials of degree k and let f be a polynomial of degree
k + 1. If f has no root we are done by the above. So suppose f has a root a. By there exists
g, r € F[x] with f = g-(x—a)+tand degr < deg(x—a) = 1. Thusr e Fand 0 = f(a) = g(a)-(a—a)+r.
Thus r = 0 and

(%) f=8-(x-a)
Then degg = k and so by the induction assumption there exists an integer n with 0 < n < degg,
ai,...a, € F and g € F[x] such that

() g=q-(x—ar) (x-a2) (x—ay)

(i1) ¢ has no roots in F.

(iii) {ai,an,...a,} is the set of roots of g.

Putm=n+1anda, =a. From f =g- (x-a) = g- (x - a,) and (i) we conclude that (a)) holds.
By (i), (b) holds.

Let b € F. Then b is a root if and only if f(b) = Og and so by (*) if and only g(b)(b —a) = OF.
Since F is an integral domain this holds if and only if g(») =0 or b — a = Op. From a = a,, and
we conclude that the roots of f are {aj,a;...,a,}. So also (c) holds. O
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Definition 4.1.10. Let K be a field and f € K[ x]. We say that f splits over K if
f=ko(x—ki)(x=ky)...(x—ky)

for somen e Nandk; e K,0<i<n.

Lemma 4.1.11. Let K be a field and f € K[x]".

(a) Suppose K < E is a field extension, f € K[x] is irreducible and E = K[a] for some root a of f in
E, then the map

K[x]/fK[x] = E,h+ fK[x] = h(a)
is ring isomorphism.

(b) If f is not constant, then there exists a finite field extension K < E such that f has a root in E
and dimg E < deg f.

(¢) There exists a finite field extension K < F such that f splits over and dimg F < (deg f)!.

Proof. (a) By 4.1\, f ~ ma. Thus ker®, = m K[x]. Also h(a) = ®,(h) and () follows from
Isomorphism Theorem of Rings.

(b) Let g be an irreducible divisor of f in K[x]. Put E = K[x]/gK[x]. Then E is a field For
h € K[x] put & = h + gK[x] € E. Note that the map & — h is a ring homomorphism. Put a = X.
We identify k € K with k € E. Then K is a subfield of E and (ai)?fgg_l is a K basis for E. Thus
dimk E = degg < deg f. Let f = Y "'y kix' with k; € K. Then

kixi = 7

M-

Il
o

n . n — .
f(a) = Zkia’ = Zki)_cl =
i=0 i=0 i

Since g | f, f € gK[x] and so f = Og. Thus f(a) = Og and a is a root of f in E.
Let E be as in (b) and e a root of f in E. Then f = (x - e)g for some g € E[x] with
degg = deg f — 1. By induction on deg f there exists a field extension E < F such that g splits over

F and dimg F < (degg)! = (deg f — 1)!. Then f splits over F and
dimg F = dimk E - dimg F < (deg f — 1)!deg f = deg f!.
o

Example 4.1.12. Let f = x> + 1 € R[x]. Then f has no root in R and so is irreducible over R. Thus
E = R[x]/(x* + 1)R[x] is a field. For i € R[x] let & = h + fR[x] € E. We also identify r € R with 7
in E. Put i = X. Then i is a root of f in E and so i> + 1 = 0 and i*> = —1. Moreover 1,i is an R basis
for F. Let a,b,c,d € R. Then (a + bi) + (c +di) = (a+b) + (¢ +d)i and

(a+bi)(c+di) = ac + bdi* + (ad + be)i = (ac — bd) + (ad + be)i

Hence E is isomorphic the field C of complex numbers.
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Definition 4.1.13. Let K < F be an extension. Then
A(K,F) ={b € F | bis algebraic over K}
Lemma 4.1.14. Let K < F be an extension and A C F be a set of elements in F algebraic over K.
(a) If A is finite, K < K[A] is a finite field extension
(b) K< K[A] is an algebraic field extension.
(c) A(K, F) is a subfield of F.

Proof. (d) By induction on |A|. If |A| = 0, K[A] = K. So suppose A # @ and let a € A. Put
B=A~ {a} By induction K < K[B] is ﬁnite ﬁeld extension. As a is algebraic over K, a is algebraic
over K[B (see“ 4.1.8)) Thus by 4.1.2|K[B [a] is finite field extension. Hence by also
K< K[ ][a] is finite. Since K[B ][ ]= K[A] we conclude that () holds.

(b) Let b € K[A]. By [4.1.4]{b), b € K[B] for some finite B ¢ A. By (a) K < K[B] is finite and so
also algebraic @@) So bis algebralc over K.

Follows from (b applied with A the set of all elements in F which are algebraic over K. O
Proposition 4.1.15. Let K < E and E < F be algebraic field extensions. Then K < F is algebraic.

Proof. Letb e F and m = ml'f. Letm= 3", eix'and A = {eg,e;...,e,}. Then A is a finite subset of
E.

Since K < E is algebraic 4.1.14 implies that K < K[A] is finite. Alsom € K[ 1[x] and so b is
algebraic over K[A]. Hence (by #.1.2) K[A A][b] is finite. By {.1.5¢, K < K[A][b] is finite
and so by [4.1.6|also algebralc Thus b is algebralc over K. O

Proposition 4.1.16. Let K be a field and P a set of non constant polynomials over K. Then there
exists an algebraic extension K < F such that each f € P has a root in F.

Proof. Suppose first that P is finite. Put f = [],ep g- @.1.11{(c), there exists a finite extension E of K
such that f splits over E. Then each g € P has a root in E.

In the general case, let R = K[Xp] be the polynomial ring of P over K. Let I be the ideal in R
generated by f(xy), f € P.

Suppose for a contradiction that that / = R. Then 1 € Iand so 1 = ¥ .p ryf(xs) for some r € Rp.
Let Q= {feP|rs+0}. Then

(*) L=2 ref(xs)

feQ

Then by the finite case there exists a field extension K < E such that each f € Q has aroot e € E.
For f € P € Qlet ey € E be arbitray.
(O K[Xp] - E
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be the unique ring homomorphism with ®(x;) = ey for f € P and ®(k) = k for all k € K. Since
flxp) = Z;’zokix; for some k; € K we have ®(f(xf)) = X1y kie; = f(ef) =0 forall fe Q. So
applying @ to (*) we get

L=(1) = >, ©(rp)f(ef) =0
f<0

a contradiction.

Hence I # R and by I is contained in a maximal ideal M of R. Put F = R/M. Then by
F is a field. Since M # R, M contains no units. Thus Kn M = 0. Thus the map K - F,k —
k + M is a 1-1 ring homomorphism. So we may view K as a subfield of F by identifying k with
k+M.Putay=xr+ M. Then f(as) = f(xy) + M. But f(x;) eI < Mandso f(ay) =M =0r. O

Lemma 4.1.17. Let K be a field. Then the following statements are equivalent.

(a) Every non-constant polynomial over K has a root in K.

(b) Every polynomial over K splits over K.

(¢) Every irreducible polynomial in K[ x] has degree one.

(d) K has no proper algebraic extension (that is if K < F is an algebraic extension, then K = F.)
(e) K has no proper finite extension (that is if K < F is a finite extension, then K = F.)

Proof. () = (b): Let f € K[x]. If deg f = 0, f splits. So suppose deg f > 0. Then by (a)), f has
roota € Kand so f = (x—a)g for some g € K[x]. By induction on deg f, g splits over K and so also
f splits over K.

(B) = (c): Let f be irreducible. Since f is irreducible, f is neither O nor a unit. So deg f > 0.
If (b) holds, f splits over K and so is divisible by some x —a, a € K. Since f is irreducible, f ~ x—a
and sodeg f =degx—a=1.

— @): Let K < E be algebraic and e € E. Since m! irreducible, (c)) implies that mX has
degree 1. Since mK is monic this gives mX = x — a for some a € K. Since e is a root of mX, e = a € K.
Thus K = E.

(d) = (e):  Just observe that by 4.1.6{a)), every finite extension is algebraic.

= (a): Let f € K. By f has a root a in some finite extension E of K. By
assumption E = K. So a € K and (@) holds. O

Definition 4.1.18. Ler K be a field.
(a) K is algebraically closed if K fulfills one ( and so all) of four equivalent statement in
(b) An algebraic closure of K is a algebraically closed, algebraic extension of K.

Lemma 4.1.19. Let K < E be an algebraic field extension. Then the following two statements are
equivalent.

(a) E is an algebraic closure of K.
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(b) Every polynomials over K splits over E.

Proof. If E is algebraic closed, every polynomial over E and so also every polynomial over K splits
over E. Thus (a)) implies (b).

So suppose () holds. Let F be an algebraic extension of E. Let a € F. Since K < E and E <K
are algebraic we conclude from that K < F is algebraic. Thus mX is not zero and has a as a

a

root. By assumption, mKX splits over E and so a € E. Thus E = F. Hence by |4.1.17|and definition, E
is algebraically closed. o

Theorem 4.1.20. Every field has an algebraic closure.
Proof. Let K be a field and P the set of non-constant polynomial in K[x]. Define
FK = {K[Xp]/I'| I amaximal ideal in K[Xp] with f(x;) € I for all f € P}

By (the proof of) 4.1.16]if F € FK then K < F is a algebraic field extension and each non-zero
polynomial in K[x] has a root in F. By [A.4.11|there exists family of fields (K;);en with Ko = K and
Kiz1 = FK. Let E = U, Ki. By[A.6.6]E is a field. By #.1.15|and induction each K; is algebraic over
Ko. So also K < E is algebraic. Let f € E[x]. Then f € K;[x] for some i. Hence f has a root in K;,
and so in E. Thus by [4.1.T7|E is algebraically closed. i

Definition 4.1.21. Let K be a field and P a set of polynomials over K. A splitting field for P over K
is an extension E of K such that

(a) Each f € P splits over E.
(b) E=K[A], where A :={acE| f(a) =0 for some 0 + f € P}.

Corollary 4.1.22. Let K be a field and P a set of polynomials over K. Then there exists a splitting
field for P over K.

Proof. Let K be a algebraic closure for K, B := {a € K| f(a) = 0 for some f € P} and put E = K[B].
Then E is a splitting field for P over K. O

Corollary 4.1.23. Let K < F be a field extension. Then F is an algebraic closure of K if and only if
F is the splitting field of K[ x] over K.

Proof. Suppose F is an algebraic closure of K. Then each f € K[x] splits over K. Also K < F is
algebraic and so each a € F is a root of some noon-zero f € K[x]. So F is the splitting field of K[ x]
over F.

Now suppose that F is a splitting field of K[x] over K. Then}4.1.19|shows that F is an algebraic
closure of K. O



4.2. SPLITTING FIELDS, NORMAL EXTENSIONS AND SEPARABLE EXTENSIONS 203

4.2 Splitting fields, Normal Extensions and Separable Extensions

Lemma 4.2.1. Let ¢ : K| — Ky be a 1-1 homomorphism of fields. Then

(a) There exists a unique homomorphism ¢ : Ky [x] — Ky[x] with ¢(k) = ¢(k) and $(x) = x.
(b) ¢ (Zf:oo aixi) = 20 d(a)x forall ¥;_gaix' € Ky[x]

(c) ¢ is 1-1 and if ¢ is an isomorphism, ¢ is an isomorphism.

We will usually just write ¢ for .

Proof. (a) and (b follow from[2.2.19] (c) is readily verified. o

Lemma 4.2.2. Let ¢ : K| — Ky be an isomorphism of fields and for i = 1 and 2 let K; < E; be a field
extension. Let f € Ki[x] be irreducible and put f> = ¢(f1). Suppose e; is a root of f; in K;. Then
there exists a unique isomorphism  : Ki[e1] = Ka[e2] with ¢ |k, = ¢ and y(e1) = ea.

Proof. Using[d.1.T1ffa)) we have the following three isomorphism:

11

112

Kiler] Kilx]/fiKi[x] = Ko[x]/faKa[x] Kalez]
gler) - g+ fiKi[x] - ¢(g) +AKe[x] - ¢(g)(e2)

Let ¢ be the composition of these three isomorphism. Then

e = x+ fiKi[x] = x+ HKo[x] = e2

and for k € Ky,
Yk —k+ fiKi[x] = ¢(k) + foKao[x] = ¢(k)

This shows the existence of ¢. If § is any such ring homomorphism then

. deg f-1 ) deg -1 )
w( > aie’l)= > dlai)e;

i=0 i=

and so y is unique. O
Definition 4.2.3. Let K be a field and F and E extensions of K.

(a) A K-homomorphism from F to E is a K-linear ring homomorphism from F to E. K-isomorphisms
and K-automorphisms are defined similarly.

(b) AutF is the set of automorphism of F and Autk F is the set of K-automorphism of F.
(c) Eis an intermediate field of the extension K < F if K is a subfield of E and E is a subfield of F.

Lemma 4.2.4. Let F be a field, E an integral domain and ¢ : F — E a non-zero ring homomorphism.
Then ¢ is 1-1 and ¢(1¢) = 1g.
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Proof. Since ¢ is non-zero, ker ¢ +# 0. Since ker ¢ is an ideal and F has no proper ideals, ker¢ = 0
and so ¢ is 1-1.
We have

¢(1p)p(1F) = ¢(1r If) = ¢(1F) = 1gd(1F).

Since ¢ is 1-1, ¢(1g) # Og . Since E is an integral domain the Cancellation Law implies
(]5(1|:) =1 O

Lemma 4.2.5. Let K < F and K < E be field extensions and ¢ : F — K a non-zero ring homomor-
phism. Then ¢ is K-linear if and only if ¢ |x= idk.

Proof. LetkeKandaeF. If ¢ is K-linear , then

¢(k) =(klp) =k¢(1r) =klg =k
and if ¢ |c= idk, then

¢(ka) = p(k)p(a) = kp(a).

O

Lemma 4.2.6. Let K < F be a field extension. Then Aut(F) is a subgroup of Sym(F) and Autk (F)
is a subgroup of Aut(F).

Proof. Readily verified. m]

Lemma 4.2.7. Let K be a field field and P a set of polynomials. Let E; and E; be splitting fields for
P over K

(a) Fori= 1,2 let L; be an intermediate field of K < E; and let 6 : Ly — L, be a K-isomorphism.
Then there exists a K-isomorphism  : E; — Ey with /|, = 6.

(b) Ey and E; are K-isomorphic.

(c¢) Let f € K[x] be irreducible and suppose that, for i = 1 and 2, e; is a root of f in E;. Then there
exists a K-isomorphism  : E; — E; with y(e) = y(e2).

(d) Let f € K[x] be irreducible and let e and d be roots of f in E|. Then there exists € Autk(E;)
with y(e) =d.

(e) Any two algebraic closures of K are K-isomorphic.

Proof. Let M be the set of all K-linear isomorphism ¢ : F; — F, where, for i = 1 and 2, F; is an
intermediate field of K < E;. Order M by (¢: F; - F2) < (¢ : Ly — Lp) if Fy € Ly and ¢ |g, = ¢.
Let M* ={pe M |6<¢}. Since § € M*, M* is not empty.

It is easy to verify that < is a partial ordering on M. LetC = {¢s : Fs) > Fo | s € S} bea
chain in M*. Define F; = U,cs Fsi and define ¢ : F; — F, by ¢(a) = ¢5(a) if s € S with a € Fy.
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It is straightforward to verify that F; is a field, ¢ is well-defined and ¢ is a isomorphism. Moreover,
¢s < ¢ forall s €S and so ¢ is an upper bound for C.

Zorn’s Lemma implies that M* has a maximal element ¢ : F; — F;. It remains to show
that F; = E;. For this put

A;j={eicE;| f(e;) =0forsome 0+ f € P}

By definition of a splitting field, E; = K[A;]. Since K < F; < E; we just need to show that A; ¢ F;.

Solete; € Ay and O # f € P with f(e;) = 0. Let f be an irreducible divisor of f in F;[x]
with fi(e;) = 0. Put fo = ¢(f1). Since f; divides f in F;[x], f» divides ¢(f) in F,[x]. Since
f € K[x] and ¢ is a K-homomorphism, ¢(f) = f. Thus f, divides f in F,[x]. Since f splits over
E,, also f, splits over E; and so f, has a root e; € E;. By @] there exists a field isomorphism
Y : File1] — Falez] with Y|, = ¢. The maximality of ¢ implies F; = Fi[e;]. Thus e; € F;. So
A; € Fpand F; = E;. Hence F; is a splitting field for P over K. Since ¢ is a K-isomorphism we
conclude that F; is a splitting field for P = ¢(P) over K. Since F, ¢ E; this implies A; ¢ F, and
F, = E,.

() Apply (b) to 6 = idk.

By [4.2.2] there exists a K-linear isomorphisms 6 : K[e;] - K[e] with §(e;) = e>. By (a) 6
can be extended to an isomorphism ¢ : E; — E,. So (a)) holds.

(d) Follows from (c) with E; = E;.

By an algebraic closure of K is a splitting field of K[x]. So () Follows from (b) with
P =K[x]. mi

Definition 4.2.8. Let E < F be field extension and H < Aut(F).
(a) Eis called H-stable if h(e) € E forallh e H,e € E.EI
(b) IfE is H-stable, then HE := {h|g | he H}.

(c) E < Fis called normal if E < F is algebraic and each irreducible f € E[x], which has a root in
F, splits over F.

Lemma 4.2.9. Let K < E < F be field extensions. If K < F is normal, also E < F is normal.

Proof. Let f € E[x] be irreducible and suppose f has root b in F. Since K < F is algebraic, mbK #0.
By my divides mj in E[x]. Since f is irreducible, f ~ m§ in E[x] and so f divides mj. Since
K < F is normal, mbK splits over F and so also f splits over F. Thus E < F is normal. O

Lemma 4.2.10. (a) Let K < E < F be field extensions and suppose that E is the splitting field for
some set P of polynomials over K. Then E is Autk (F) stable.

(b) Let K < E < F be field extensions and suppose that F is the splitting field for some set of
polynomials over K. If E is Autk (F)-stable, then E < K is normal.

(¢) K< Eisnormal if and only if E is a splitting field of some set of polynomials over K.

'Since also ™' (E) ¢ E, this is equivalent to #(E) = E for all h ¢ H
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(d) Let K< E <F be field extensions. Suppose K < F is normal. Then K < E is normal if and only if
E is Autk (F) stable.

Proof. () Let A = {e € E| f(e) = 0forsome 0 # f € P}. Let0 # f € P, earoot of f in E and
¢ € Autg(F). Then ¢(e) is a root of ¢(f) = f and as f splits over E, ¢(e) € E. Thus ¢(A) < E.
By definition of a splitting field, E = K[A] and so ¢(E) = ¢(K)[¢(A)] = K[¢(A)] < E. So E is
Autk (F)-stable.

@) LeteeEand f = m? Let L be a splitting field for f over E and let d be a root of f in F. By
assumption F is the splitting field of some P € K[x] over F. Then L is the splitting field for Pu {f}
over K and so by [4.2.7](d) there exists ¢ € Autk(L) with ¢(e) = d. By (d), F is Autk(L)-stable and
s0 ¢ |re Autg(F). Since E is Autk (F)-stable this implies d = ¢(e) = ¢ |r (e) € Eand so d € E.
Hence f splits over E and K < E is normal.

Suppose first that K < E is normal. Let P be the set of irreducible polynomials in K[x] with
roots in E. By definition of normal each f € P splits over E. Also K < E is algebraic and so if e € E
is then e is the root of mf € P. Thus E is the splitting field of P over K.

Suppose next that E is the splitting field for some of polynomials over K. Then E is Autk (E)-
stable and (b)) applied with F = E shows that K < E is normal.

(d) In view of (c)), the forward direction of (d) follows from (a) and the backwards direction
from (b). i

Lemma 4.2.11. Let K < E be an algebraic field extension. Then the following two statements are
equivalent:

(a) K< E isnormal.
(b) IfE < L is a field extension, e € E and g is a monic divisors of mK in E[x], then g € E[x].
Proof. @) - @: Since K < E is normal, mK splits over E and so

mK = (x-e))(x-e)...(x—ep)

for some ey, ...e, € E. Since g is monic and divides ms we get

g:(x_eil)(x_eiz)"'(x_eik)
forsome 1 <ij <...<iy<nandsogeE[x].

@) = @): Let £ be an irreducible polynomial in K[x] with a root e € E. Then f = kmK for
some k € K. Let L be a splitting field for f over E and let a be a root of f in L. Then a is also a root
of mKX and thus x — a divides mX in L[x]. Hence @) implies x — a € E[x] and so a € E. Thus f splits
over E and K < E is normal. O

Lemma 4.2.12. Let K < L be an algebraic field extension and E and F intermediate fields of K < L.
Suppose that K < E is normal, then m,': = mIE”E forall b e E.
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Proof. Let By m? divides mf in L[x] As K < E is normal}4.2.11|shows that m’ € E[x]. Hence

mP e (EnF)[x]. Since m’ is irreducible in F[x] it is also irreducible in (E n F)[x]. Since m’ is

monic and has b as a root we conclude from 4.1.7 that m" = m,f”E. m]

Definition 4.2.13. Let K be a field, k € N and f = ¥ fix' € K[x].

(a) Let E a splitting field of f over K and e a root of f in E. Let m € N be maximal such that (x—e)"
divides f in E[x] (withm = oo if f = 0). Then m is called the multiplicity of e as a root of f. If
m > 1, then e is called a multiple root of f.

(b) fIKl=ym, (I’C) fix' is called the k-th derivation of f.
(c) f'= f[]] is called the derivative of f.
Lemma 4.2.14. Let K be a field and f, g € K[ x] and k € N.

(a) The function
Klx] > K[x], £~ fH"

is K-linear.
(b) (1) = Ty gl
(¢) Leta e K. Then (f(x+a))¥ = fl(x+a).
(d) (f) =kf'f
Proof. (a)) is obvious.
(b) By (a) we may assume that f = X and g = x We compute

(men)[k] _ (xm+n)[k] _ (ml': n)xmwtnfk

iék(xm)[i] (Ul = l.;k (’?)xm—i(’;)xn—j _ (szik (’?) (’;)) ek

Let A and B be disjoint set of size m and n respectively. Then a subsets of size k of A u B
intersects A in i-elements and B in j elements. It follows that

i+j=k i ]
and so 1' holds.

Define @ : K[x] - K[x], f = f(x + a) and observe that ® is a K-linear homomorphism. It
follows that

and

2Note that k! f¥] is the k-th derivative of f



208 CHAPTER 4. FIELDS

A= {f eK[x] | O(fH) = () for all k € N}

is a K-subspace of K[x]. We claim that A is closed under multiplication. Indeed let f,g € A. Then

by (B

(D((fg)[k])zq)( Z f[i]g[J]) _ Z q)(f[i])q)(g[]]) _ Z q)(f)[i]q)(g)[ﬂ

i+j=1 i+j=k i+j=k
= (0(N) ()" = o(fg)

So fg € A. Hence A is closed under multiplication and so subring of F[x].
If k > 2, then both x!*] and (x + a)!*] are equal to 0. Also x['] = 1 = (x+a)[" and 118 = 0 for
all k > 1. Thus both 1 and x are in A and since A is a subring and K-subspace of F[x], F[x] = A.

(d) By (o), (fg)’ = f'g + fg' and so by induction on k:

S =15+ fUS = 155+ f ) = (k+ 1) FRf

Lemma 4.2.15. Let K be a field, f € K[x] and ¢ € K.

(a) Suppose that f = g - (x — c)* for some k € N and g € K[x]. Then fI¥(c) = g(c).

(b) Let m e N. Then (x —¢)™ divides f in K[x] if and only if f11(c) =0 forall0 < i <m.
(¢) The multiplicity of ¢ as a root of f is smallest m € N with ") (c) #0.

(d) c is a multiple root of f if and only if f'(c) =0 = f(c).

Proof. (a)) We compute

ko ) ko . k . .
7 = (g (=B = 3 gl (=0 = (N o) = g -0 3 (o -0y
i=0 i=0 i=1

and so I (c) = g(c).

(b) This is certainly true for m = 0. Suppose its true for m and that (x — ¢)™ divides f in K[x]
(or equally well that fl1(¢) = 0 forall 0 < i< m.) Then f = g- (x—c)" for some g € K[x]. Note that
(x —¢)™! divides f if and only if x — ¢ divides g and so if and only if g(c) = 0. By @) this holds if
and only of f"*11(¢) = 0. Thus (@) holds for m + 1 and so for all m € N.

and (b) follow from (d). o
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Example 4.2.16. Consider the polynomial f = x” in Z,[x]. Then 0 is a root of multiplicity p of f.
Also f[k] = (i)x”‘k and so 0 is root of f[k] for all 0 < k < p. Finally f[f’] = (ﬁ)xO =1 and so 0 is not

a root of f17].
Note that for any g € Z,[x] the p-derivative of g is plgl?l = 0 since p = 0 in Z,. So higher
derivatives cannot be used to compute the multiplicity of a root in fields of positive characteristic.

Definition 4.2.17. Let K < F be a field extension.

(a) An irreducible polynomial f € K[x] is called separable over K if f has no multiple roots (in a
splitting field of f). An arbitrary polynomial in K[ x] is called separable over K if f = 0 or all
irreducible divisors of f in F[x] are separable over K.

(b) b € F is called separable over K, if b is algebraic over K and mbK is separable over K.
(c¢) K< Fiscalled separable if each b € F is separable over K.

Lemma 4.2.18. Let K be a field, K an algebraic closure of K and suppose that charK = p with
p 0.

(a) For each n € Z*, the map Frobl'fn KoK k>k" isal-1 ring homomorphism.

(b) For each b € K and n e Z* there exists a unique d € K with d”" = b. We will write b”" for d.
(c) ForeachneZ", Frobgz K=K, k- K" isa field automorphism.

(d) Foreachn e Z, the map Frobgn : K=K, k— k" isa I-1 ring homomorphism.

(e) If f eK[x] and n € N, then fP" = Frob:(f)(x"").

Proof. (@) Clearly (ab)? = a’bP. Note that p divides (’l’ ) for all 1 < i < p. So by the Binomial
Theorem (a +b)? = a” + b”. Hence Frob,, is a ring homomorphism. If a € K with a” = 0, then a = 0.

So ker Frob,, = 0 and Frob,, is 1-1. Since Frob,» = Frob’;,, @) holds.

lmi Let d be a root of xP" — bf 0. Then d”" = b. The uniqueness follows from (a)).
ll Let n € N. Note that Frob?n is an inverse of Frobzn. Thus follows from (al).
(d) Follows from (c)).

(e) Let f = ¥ a;x’. Then Frob, (f) = Y a” x' and so

n

Frob (f)(xpn) = Zafnxpni = (Zaixi)p = fpn
O

Example 4.2.19. Let K = Z,(x), the field of fractions of the polynomial ring Z,[x]. If a € Z,, then
a’ = a. (Indeed since (Z!,-) is a group of order p — 1, a?™' = 1 for all a € Z!,. Thus a” = a). It
follows that f7 = f(x”) for all f € Z,[x]. Hence

Frob, (K) = {%

f.ge€Zy[x].g# 0} =Z,(x")
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So Z,(x") is a proper subfield of Z,(x) isomorphic to Z,(x).
Let K be an algebraic closure of K. Consider the polynomial ring K[7] over K in the indetermi-

nate ¢ and f = t’ — x € K[z]. We claim that f is irreducible. Note that x% is a root of f in K and
f=(- X7 )?. Let g be a non-constant monic polynomial in K[x] dividing f. Then g = (¢ - xo )k
for some 1 < k < p. Then xﬁ = +g(0) e Kand so k = p. Thus f is irreducible. Since x% is a root of
multiplicity p of f, f is not separable over K.

Lemma 4.2.20. Let K < F be a field extension such that p := charK +# 0 and b € F. Suppose that
b”" € K for some n € N. Then

(a) b is the only root ofm;)< (in any splitting field ofm;f).
(b) If b is separable over K, b € K.
(c) d”" €K forall d € K[b].

Proof. Putq=p".
lEl Note that b is a root of x? — b4, so by mbK divides x? — b? = (x — b)4. Thus @) holds.
lﬂi If m;f is separable, we conclude from IE} that m;f =x—b. Thus b € K.
Let ¢ = Frob,. Then {d? | d € K[b]} = ¢([K[b]) = ¢(K)[¢(D)] < K[b?] < K. ]

Lemma 4.2.21. Let K < E < F be field extensions and b € F. If b € F is separable over K, then b is
separable over E

Proof. By m,'f divides m;f As b is separable over K, mbK has no multiple roots. So also m,'f has
no multiple roots and b is separable over E. O

Lemma 4.2.22. Let K be a field and let f € K[x] be irreducible.

(a) f is separable if and only if f' + 0.

(b) If charK =0, all polynomials over K are separable.

Proof. (a) Let b be a root of f in splitting field of f over K. By d.2.15(c] & is a multiple root of f if
and only if f'(b) = 0. Since f is irreducible, f ~ mj. So b is a root of f” if and only if f divides f’.
As deg f’ < deg f this the case if and only if ' = 0.

@ Note that f is constant. Since charK = 0 we conclude that f/ # 0. So @ follows from

(a)) m]

Lemma 4.2.23. Let K be a field and f € K[x] monic and irreducible. Suppose p := charK # 0 and
let by, by, ...bg be the distinct roots of f in an algebraic closure K of K. Let b be any root of f. Then
there exist an irreducible separable polynomial g € K[x], n € N and a polynomial h € Frob,-»(K)[x]
such that

(a) g = Frob,.(h).
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(b) f=g(x")=n".

() g=(x=b )(x=b5)... (x=b)).

(d) h=(x-b)(x=bs)...(x-ba) €K[b1,....ba][x]
(e) f=(x=b)"(x=b)" ...(x=by)"".

(f) f is separable over K if and only if n = Q.

n

(g) dlmK[bpﬂ] K[b] = p .
(h) b is separable over K if and only if K[b] = K[bP].

(i) b"" is separable over K.

Proof. We will first show that f = g(x”") for some irreducible and separable g € K[x] and n € N. If
f is separable, this is true with g = f and n = 0. So suppose f is not separable. By f=0.
Letm = deg f. Then f = ¥, fix' and 0 = f' = Y7 ia;x'!. Hence ia; = 0 for all 0 < i < m and so p
divides i for all 0 < i < m with a; # 0. In particular, m = pl for some / € N. Put f= ZLO ap,-xi. Then
F(xP) = Xty apxP = f.If f = st for some s € K[x], then f = s(x”)#(x"). Since f is irreducible we
conclude that f is irreducible. By induction on deg f, f = g(x”") for some 7i € N and an irreducible
and separable g € K[x]. Put n =7 + 1, then f = g(x*").
@): Put & = Frob,-(g) € K[x]. Then g = Frob,(h) and so @) holds.

@): By 4.2.18(@e), h”" = g(x”") = f. Let b € K. Then b is a root of f if and only if b”" is a root
ofg. So {b",..., bg } is the set of roots of g. As Frob,» is one to one, the bf " are pairwise distinct.
Since g is separable, g = [T{x - e | e a root of g} and so (b) holds.

: Since i = Frob,,-(g) follows from @
@) By @) f=h"" and so @) implies .
(@) follows from ()

@) Note that g is the minimal polynomial of 57" over K, f is the minimal polynomial of b over
K and deg f = p" degg. Thus

, dimg K[ b de n
dimy ) K[b] = —— [ ] dees
dimg K[bP"] degg

Suppose b is not separable. Then n > 0 and b? is a root of g(xp'H ). So dimg K[6”] < p"~!
and K[b] # K[b7].

Suppose that b is separable over. Then by (4.2.21| b is separable over K[b”]. So by 4.2.20}
b e K[b”]. Thus K[b] = K[b7].
li follows since bf is a root of the separable g. O

Definition 4.2.24. Let K < F be a field extension
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(a) Let b € F. Then b is purely inseparable over K if b is algebraic over K and b is the only root of

m;,( in a splitting field of mbK.

(b) K< Fis called purely inseparable if all elements in F are purely inseparable over K.
(¢c) S =S(K,F) is the set of the elements in F which are separable over K.

(d) P =P(K,F) is the set of the elements in F which are purely inseparable over K.
Lemma 4.2.25. Any purely inseparable extension is normal

Proof. Let K < F be an purely inseparable extension and b € F. Then b is the only root of mg and
o) mg splits over F. O

Lemma 4.2.26. Let K < F be an algebraic field extension. Let p = charK. Put S = S(K,F) and
P = P(K,F).

(a) Let b e K. If p =0, then b is purely inseparable over K if and only b € K. If p > O then b is
purely inseparable over K if and only if b”" € K for some n € N

(b) KnP =S,

(c¢) If K< F is separable and purely inseparable, then K = F.
(d) K < F is purely inseparable if and only if K = S.

(e) P is a subfield of F.

(f) If K< F is normal, then P < F is separable.

(g) If b € F is separable over K, then m['j = m;f.

(h) P < FixpAutk (F) with equality if K < F is normal.

Proof. Letb € F and put f := mk. If p > 0, then byf = g(x”") with g € K[x] irreducible and
separable. Moreover, if by, b, ..., by are the distinct roots of f in an algebraic closure F of F, then
g=(x=b])(x-bl)...(x-b]), where g = p". If p = 0, then f is separable. So the same statements
holds with g = fand g = 1.

@)pr =0 and b € K, then b is only root of x — b. If p > 0 and b”" € K for some m ¢ K, then by
[4.2.20f{a)), b is the only root of f. In either case b is purely inseparable over K.

Suppose b is purely inseparable over K. Then b is the only root of f. Then k = 1 and g = x — b?.
Since g € K[x], b7 € K So (a) holds.

Suppose b is separable and purely inseparable over F. Thus b is the only root of f and f has
no multiple root. Hence f = x —b and b € K.

(o) follows from ().
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(d) Suppose first that K = S. Note that b7 is a root of the separable polynomial g and so
b? € S = K. Thus by (a) , b is purely inseparable over K

Suppose K < F is purely inseparable, then F =P andso S=SnP =K.
@) Let F be an algebraic closure of F. Then by @)

P = Fn [ Frob"_(K)
neN

and so P is subfield of F.

(f) Since b is aroot of f € F and K < F is normal, f splits over F. So the distinct roots by, ... by of

f all are contained in F. Put & = Frob, (g). By[4.2.23(d) 1% = fand h = (x—b;)(x=D2) ... (x—by).
q

Thus & splits over F and & € F[x]. Also Frob, (%) = g € K[x] and so d € K for each coefficient d of

f. Thus by (a) d € P and hence h € P[x]. Since & has no multiple roots and h(b) = 0 we conclude
that / is separable over P. Hence also b is separable over P.

By{4.2.25, K < P is normal. Since b € S,{4.2.12| gives mE = mlfﬁs. By @) SnP=Kandso
K
I’I’lb = mb .

Let b € P and ¢ € Autg(F). Then ¢(b) is a root of ¢(f) = f and since b € P, b is the only
root of f. Thus ¢(b) = b and b € FixpAutk (F)

Suppose that K < F is normal and b € FixpAutk (F)). Since K < F is normal, f splits over K. Let
bbe arootof finF. Since K < Fis norrnal implies that F is a splitting field over K of some
set of polynomials. Thus by there exists ¢ € AutxF with ¢(b) = b. Since b € Fixg (AutcF)
we conclude that b = b. Thus b is the only root of f in F and so b € P. O

Lemma 4.2.27. Let K < E < F be field extensions and suppose that K < E is purely inseparable.
Then K < F is normal if and only if E < F is normal.

Proof. If K < F is normal, 4.2.9|shows that E < F is normal.

So suppose that E < F is normal. If charK = 0, then K = E. So suppose charK = p > 0. Letb ¢ E
and put f = mg. Since K < E is purely inseparable, @i shows that there exists n € N with

fl.pm € K for all coefficients f; of f. Hence f¥" = (Frob,f)(x*") € K[x]. Since b is a root of f" we
conclude that m;f divides f*" in K[x]. Since E < F is normal, f splits over F. Hence also f7" and
m,'f split over F. Thus K < F is normal. O

Lemma 4.2.28. Let K < F be a field extension and S = S(K, F).

(a) Let E an intermediate field of K < F. Then K < F is separable if and only K < E and E < F are
separable.

(b) K< F is separable if and only if F = K[S ] for some S ¢ S.

(c) Sis an intermediate field of K < F.
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Proof. Put p := charK. If p = 0 then by [4.2.22|[a))1] algebraic extensions are separable. Hence K < F
is separable if and only if K < F is algebraic. So[.1.14|and [4.1.T5|show that (a)-(c) hold. a.
So suppose p > 0. Before proving (a) and (b) we prove

(*) Let K <L be a field extension, / c L and b € L. If all elements in [ are separable over K
and b is separable over K[/], then b is separable over K.

Let s = mllf(l). By K(I) = U{K(J) | J € I, J finite}. Hence there exists a finite subset J of
I with s € K[J][x]. So b is separable over K[J]. We know proceed by induction on |J|. If J = &,
b is separable over K and (*) holds. So suppose J # @& and let a € J. Then b is separable over
K[a][J - a] and so by induction b is separable over K[a]. Hence by {#.2.23(n), K[a][b] = K[a]b"].
Let E = K[b”]. Then b € K[a][b] = K[a][b"] = E[a] and so

E[b] < E[a] = E[b][d]
Since a is separable over K, |4.2.21| shows that a is separable over E. Put P = P(E,F). Then
4.2.26(lg) mE = mP. Since b? € E, 4.2.26((a) shows that b € P. By 4.2.26{e), P is a subfield of F
and so E < E[b] < P. Thus mEP) divides mE, and m! divides mE®! Since mE m} this gives

a =
E[b
mE:ma[ Vand

dimg E[a] = degmE = degmi ") = dimg,; E[b][a] = dimgp,) E[a]

Since dimg E[a] = dimg E[b] - dim E[5]E[a] this implies, dimg E[»] = 1 and E[b] = E. Thus So
K[b] = K[p”][b] = E[b] = E = K[b?] and by [4.2.23(lhl), b is separable over K.

(a) Suppose that K < E and E < F. are separable. Let b € F and let I = E. Then by (*¥), b is
separable over K. So K < F is separable.

Conversely suppose K < F is separable. Then clearly K < E is separable. By §.2.2T]also E < F
is separable.

(b) If K < F is separable, then F = K[S] with § = F. So suppose F = K[S] with all elements in

S separable over K. Let b € F = K[S ]. Then b is separable over K[S ] and so by (*), b is separable
over K. Thus K < F is separable.

By (b) K < K[S] is separable. Thus K[S] = S and (d) holds. o

Lemma 4.2.29. Let K < F be an algebraic field extension with intermediate fields E and F. Then
(EL) is a subfield of F.

Proof. Since F is commutative,

(EL)(EL) = (ELEL) = (EELL) < (EL)

and so (EL) is a subring of F. Let 0 # a € (EL). Since K < F is algebraic and K < (EL),
a ! €eK[a] < (EL) forall 0 # a € EL. Thus (EL) is a subfield of F. i

Lemma 4.2.30. Let K < E << F be field extensions. Then K < F is purely inseparable if and only if
K < E and E < F are purely inseparable.
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Proof. We may assume that p = charK > 0. Let b € F.
Suppose K < F is purely inseparable. Then also K < E is purely inseparable. Since mbK has only
one root and since m,'f divides m"b, mll’E has only one root. Thus b is purely inseparable over E.

Suppose that K < E and E < F are purely inseparable. Then by 4.2.26 b”" ¢ E and then
(bP")" € K for some m,n € N. Thus b""™" ¢ K and K < F is purely inseparable. O

Lemma 4.2.31. Let K < F be an algebraic field extension. Put P = P(K,F) and S = S(K,F).
(a) S <Fispurely inseparable.
(b) If K < F is normal, then F = (SP).

Proof. @) Let b € F. By 4.2.23|(i),b”" is separable over K for some n € N. Thus b”" € S and so by

4.2.26((a)m b is purely inseparable over S.

(b) By [4.2.29] (SP) is a subfield of F. By (a) S < F and so by 4.2.30|also (SP) < F is purely
inseparable. Since K < F is normal[4.2.26|[f) implies that S < F and so also SP < F is separable.

4.2.26([b) applied with K = (SP) now shows that F = (SP). o

Example 4.2.32. Construct a purely inseparable field extension E < F such that dimg F is an
arbitrary infinite cardinality.

Let K be a field with char K = p # 0, I an arbitrary set and F = K(X;), the field of fractions of
the polynomial ring K[ X;]. Put

E=K("|iel)

Then x; € Frobi_l (E) and so F < Frobi_l (E), that is a” € E for all a € F. In particular, E < F is

purely inseparable over E. Recall that N; = @,¢; N and for n € Ny, x" = [T;; x;". Also (X5 )nen, is @
K-basis for K[X;]. Put R = {i e N | r < p}. We will show We will show that

(%) (x")rer, is an E — for basis for F
Let n = (n;)ie; € Nj. For i € I choose g;,r; € N with n; = pg; + r;and 0 < r; < p. Put

q = (qi)ier, g = (Pgi)ier and r = () jer

Then g € Ny and r € R; are unique with respectto n = pg+r. Put W = (x" | r € R)e. Since
xP4 = (x?)P € E we get

X' = PP = XU e W
Thus also

K[X[] = (x" | ne N[)K 4
Let f € F. Then f = ; with f,g € R, g # 0. Then
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Fo(1Y . -
== fe!
8 8
Since (é)p eEand fgP ! eK[X;] € W we get f e Wand so W = F.

Thus (x"),er, is spans F as E-space. To show that (x"),eg, is linearly independent, let e € Eg,
with

W e need to show that e = 0. Put § = K[x] | i € I]. Then e, = ‘,5;—: for some g,, h, € S with A, # 0.

We need to show that e = 0. Multiplying with [],cz, #- we may assume that e, € S for all » € R;. So
e,+0
er = X geN, krgx?? for some k;, = (krq)qeN, € Kn;,. Thus

Y kg =0

reR; qEN]

As observed above each n € N can by uniquely written as pq + r with g € J and r € J,,. Thus the
linear independence of the (x"),en, over K shows that

kyr =0

for all g € N; and r € R;. Hence also e, = 0 = and so (x") g, is linearly independent over E and so a
basis of F over E. In particular, dimg F = |R;| and thus

M1 if |1] finit
gimgF = |7 iflf/finite
|1 if || infinite

Example 4.2.33. Construct a field extension K < F such that P(K,F) = K and S(K,F) # F. So
and|.2.31Y{b) may be false if K < F is not normal.

Let F4 be a splitting field for x>+ x+1overZ, and aaroot of x> + x+ 1 in F4. Thena # 0, 1
and so F4 # Z5 and x* + x + 1 is irreducible over Z5, Since (x*> + x+ 1) =2x+1=120, x>+ x + 1
is separable and so a is separable over Zj.

Let y and 7 be indeterminates over F4. Put E = Fy(y,z), K = Z,(3%,2%), S = F4(3%,7%) and
P = F2(y,z). Note that S = K[a] and E = P[a]. Since a is separable over Z,, « is also separable
over K and P and so K < S and P < E are separable. separable.

By|4.2.32]applied with K = F4:
S < E is purely inseparable, d> € S for all d € E and

(1,y,z,yz) is a S-basis for E

and applied with K = F;:
K < P is purely inseparable, d> € K for all d € P and
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(1,y,z,yz) is a K-basis for P

It follows that S < S(K,E) and P < P(K,E) are both separable and purely inseparable. Thus
S=S(K,E)and P = P(K,E)

Put b = y+az. Then b ¢ S and b € S. Thus x> — b? is the minimal polynomial of b over S. Put
F = S[b]. Then (1,b) is an S basis for F. Let d € FnP. Then there exists s, € S and ky, k, k3, ks € K
with

S+ty+taz=s+th=d =k +kyy+k3z+kayz

Since {1,y,z,yz} is linearly independent over S we conclude that s = ki,t = kp, at = k3 and
0 =ky4. So s,tand at are in K. If 1 # 0 we get a = atr~' € K, a contradiction. Thus =0 and d = s € K.
Thus Fn P = K. Hence

P(K,F)=FnP=Kand S(K,F) =FnS=S=*F

4.3 Galois Theory

Hypothesis 4.3.1. Throughout this section F is a field and G < Aut(F).

Definition 4.3.2. Let H < G and E a subfield of F.

(a) FH :=Fixg(H).

(b) GE :=G n Autg(F).

(c) We say that H is (G, F)-closed (or that H is closed in G with respect to F) if H = GFH.
(d) E is (G,F)-closed (or that E is closed in F with respect to G) if E = FGE.

(e) “closed” means (G,F)-closed.

(f) Stable means G-stable.

Lemma 4.33. Let T <H<Gand L <E <F. Then

(a) FH is a subfield of F containing FG (e) H<GFH
(b) GE is a subgroup of G (f) E<FGE.
(¢c) FH < FT. (g) FH is closed.
(d) GE<GL. (h) GE is closed.

Proof. (a)) and (b) are obvious. The remaining statements follow from[A.T.13|applied to the relation
{(g.m) € Gx M| g(m) = m}.
O
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Proposition 4.3.4. F induces an inclusion reversing bijection between the closed subgroups of G
and the closed subfields of F. The inverse is induced by G.

Proof. By[4.3.3]all closed subsets of G are subgroups and all closed subsets of F are subfields. The
proposition now follows from [A.1. T3(f). O

Lemma 4.3.5. Let H < T < G with T [H finite. Then dimzy FH < |T/H|.

Proof. Letke FH and W = tH € T/H. Define W(k) := t(k). Since (th)(k) = t(h(k)) = t(k) for all
h € H, this is well defined. Define

®: FH > F'" k- (W(k))WeT/H

Let L € FH be a basis for FH over FT. We claim that (®(/)),, is linear independent in FT/H
over F. Otherwise choose I € L minimal such that (®(7));e; is linear dependent over F. Then |/] is
finite and there exists 0 # k; € F, with

(%) > ki®(i) = 0.

iel

Fix b € I. Dividing by k;, we may assume that k; = 1.
Note that (*) means

(%) > kW(i)=0, forall WeT/H.

iel

LetseT. Thenfor W=tHeT/H and i€ I,

s(W(i)) = s(2(i)) = (s1) (i) = (stH) (i) = (sW) (i)
Thus applying s to (*x*) we obtain.
> s(ki)(sW)(i) =0, forall WeT/H.
iel

As every W e T/H is of the form sW’ for some W' € T/H, (namely W’ = s~'W) we get

(% %) > s(ki)W(i) =0, forall WeT/H.
iel

Subtracting (**) form (***) we conclude:

> (s(ki) —k))W(i)=0, forall WeT/H.

iel

and so
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Y (s(ki) — k)@ (i) = 0.

iel
The coefficient of ®(b) in this equation is s(1) — 1 = 0. The minimality of |/| now implies
that s(k;) —k; = O for all s € T and i € I. Thus s(k;) = k; and k; € FT for all i € I. Note that
H(i) =1idg(i) = iforall i € I. So using W = H in (**) we get ¥;; kii = 0, a contradiction to the
linear independence of L over FT.
This contradiction proves that (CD(I )) 11, 18 linear independent in FT/H over F. hence

dimzr FH = |L| < dimg FT/H = |T/H]|

So the theorem is proved. O

Note that last equality in the last equation is the only place where we used that |T/H] is finite.

Lemma 4.3.6. Letb e Fand H <G.

(a) b is algebraic over FH if and only if Hb := {¢(b) | ¢ € H} is finite.
(b) Suppose that b is algebraic over FH and let my, be the minimal polynomial of b over FH. Then

(a) mp =Tleerp X —e.

(b) my is separable and b is separable over F H.
(c) my splits over F.

(d) Put Hy:={¢ € H| $(b) = b}. Then

|H/Hy| = degmy = |Hb| = dimzy (FH)[b]

Proof. Put my, = mj, " and, if Hb is finite, f = [T, X — €.

(a) Suppose that b is algebraic over FH. Then my, # 0. Let ¢ € H. Then ¢(b) is a root of
#é(myp) = myp. Since my, has only finitely many roots, Hb is finite. Note also that f divides m; in this
case.

Suppose next that Hb is finite. Since the map Hb — Hb,e — ¢(e) is a bijection with inverse
-1
e~ ¢ (e),
¢(f)=[1x-o(e)= ] x-e=1.
ecHb ecHb

Hence all coefficient of f are fixed by ¢ and so f € (FH)[x]. Clearly b is a root of f. Thus b is
algebraic over F'H. Note also that m;, divides f in this case.

(b) Suppose now that b is algebraic over FH. Then Hb is finite. As seen above my, divides f
and f divides my;. Since both f and my are monic f = my, and so hold. Since f is no multiple
roots, f is separable and so (b:b)) is proved. Since f splits over F, holds.

By[1.7.20||H/H,| = |Hb|, By[¢.1.2(1) dimzy (FH)[b] = degmy, = deg f = |Hb| and so also
holds. O
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Corollary 4.3.7. Put K = FG and let E be an intermediate field of K < F with K < E algebraic.
Then E is G-stable if and only if K < E is normal.

Proof. Suppose first that E is stable. Let b € E and f = mbK. By f =Tleecp x — d. So f splits
over F and Gb is the set of roots of f. As E is stable, Gb € E and so f splits over E.

Suppose next that K < E is normal, then by 4.2.10|E is Autk (F)-stable. Since G < Autk(F), E
is also G- stable. O

Lemma 4.3.8. Let L < E < F with L <E finite. Then
|GL/GE| < dim|_E

Proof. If E = L, this is obvious. So we may assume E # L. Pick e € E \ L. Since L < E is finite, e
is algebraic over L and since L < FGL, e is also algebraic over FGL. Moreover, g = mef 9L divides
f=mb. Put H=GL. By |H/H,| = degg. Since FH, is subfield of F, L[e] < F, and

H,<G(L[e]) < H,
Hence H, = G(L[e]) and so

GL/G(L[e])| = |H/H.| = deg g < deg f = dim__L[e].

By induction on dim; E,

|g(L[€])/gE| < dim,_[e] E.

Multiplying the two inequalities we obtain the result. O
Theorem 4.3.9. (a) Let H < T < G with H closed and T [H finite. Then T is closed and
dimgr FH = |T/H|.
(b) Let L < E <F with L closed and L < E finite. Then E is closed and
|GL/GE| = dim|_E.
Proof. (a) We have

11 5 dimer FH SN (G(FT)jG(FH)| P2 \g(F Ty H) B2 1/8.

So all the inequalities are equalities. Hence T = GFT and

dim}-T FH = |T/H|

(b) This time we have

dim, E 5% 61/0E| "2 dimyoL FGE S dim, 7GE B0 dim, E
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So all the inequalities are equalities. Hence E = FGE and

dim__E = |GL/GE|

Proposition 4.3.10. (a) Let H < G with H finite. Then H is closed and dimzy F = |H|.
(b) Put K =FG and let K < E < F with K < E finite. Then E is closed and dimg E = |G/GE|.

Proof. (a) Note that F{ide} = F and so GF{ide} = {idr}. Hence the trivial group is closed and
has finite index in H. So (@) follows from[4.3.9a

(b) By[4.3.3([g). K = FG is closed. Moreover, GK = Gn Autk (F) = G. Thus by [4.3.9|(b), applied
with L = K, E is closed and

dimg E = |GK/GE| = |G/|GE|

O

Definition 4.3.11. A field extension L < E is called Galois if L is closed in E with respect to Aut(E),
that is if L = Fixg (Aut_(E)).

Lemma 4.3.12. Put K = FG. Then K < F is a Galois Extension. Moreover, if K < F is finite, then
G= AutK(F).

Proof. By4.3.3(hh) applies with (Aut(F),G) in place of (G, H), Fixg(G) is closed in F with respect
to Aut(E). So L < E is Galois.
Moreover, if K < F is finite, then by applied to G and to Autk (F) in place of H.
|Autk (F)| = dimg F = |G|
Since G < Autg(K), this implies G = Autg(K). o

Theorem 4.3.13 (Fundamental Theorem Of Galois Theory). Let K < F be a finite Galois extension
and put G = Autg (F). Then

(a) F is inclusion reversing bijection from the set of subgroups of G to the set of intermediate field
of K<F.

(b) Let H< G and E = FH. Then dimg F = |H| and H = Autg (F).

Proof. (a) Since K < F is Galois, K is closed. Since K < F is finite, 4.3.10|(b) implies that G is finite
and so by 4.3.10] all intermediate field of K < F and all subgroups of G are closed. So byd.3.4] F
induces a inclusion reversing bijection between the subgroups of G and intermediate fields of K < F.

(b) By [4.3.10{fa) dime F = |H|. By[4.3.12]applied to H in place of G, H = Autg(K). o
Lemma 4.3.14. Put K = FG and let E be a G-stable intermediate field of K < F.
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(a) Fixg(GF) = K and K < E is Galois.
(b) IfK < E is finite, then G = Auty (E).

Proof. (d) Fixe(G®) = FixeGNE =KnE =K
(B) Follows from () and O

Lemma 4.3.15. (a) Let E<Fand g € G. Then *(GE) = G(g(E)).

(b) Let H< G and g € G. Then F(*H) = g(FH).

(¢) Let H<4G. Then FH is G-stable.

(d) Let E < F and suppose E is G-stable. Then GE < G and GE =~ G/GE.
(e) Let H< G be closed. Then H < G if and only if F H is G-stable.

(f) Let E be a closed subfield of F. Then E is stable if and only if GE is normal in G.

Proof. (d) Since GE = Stabg (E), (&) follows from [1.7.11}fe).
(b) Since FH = Fixg(H), (b) follows from 1.7.11|(f)
If H 4G then by (b), FH = g(FH).

(d) Follows from [1.7.10fa) and b}

(e) The forward direction follows from (c). By (d), if FH is stable , then GFH < G. If H is
closed, then GF H = H and so the backward direction holds.
(f) Follows from (e]) applied to H = GE. i

Lemma 4.3.16. Put K = FG and let K < E < F with K < E algebraic. Then
(a) K< E is separable.
(b) IfE is closed, then the following are equivalent:

(a) GE<G.

(b) E is stable

(c) K<E isnormal.

Proof. (@) follows from #.3.6](b:b) (applied to H = G and so FH = K).

(o) By B.3.15|{f) (b:a) and (b:b) are equivalent. By (b:b) and are equivalent. o
Theorem 4.3.17. Let K < F be an algebraic field extension. Then the following are equivalent:
(a) K< Fis Galois
(b) K< F is separable and normal.

(c) F is the splitting field of a set over separable polynomials over K.
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Proof. () = (b):  Suppose first that K < F is Galois and put G = Autk(F). Then K = FG. So

by[.3.16{fd) K < F is separable. Since F is closed and GF = {idg} < G,[4.3.16|{b) gives that K < F is
normal.

(®) = (a):  Suppose next that K < F is normal and separable. Since K < F is normal
4.2.26(|h), shows that Fixg(Autk(F)) = P(K,F). Since K < F is separable, P(K,F) = K and so
Fixg(Autk (F)) = K and K < F is Galois.

(o) = (): By@.2.10|(c) , F is the splitting field of some P < K[x] over K. Let 0 # f € P and
g an irreducible factor of f. Then g(b) = 0 for some b € F. Since K < F is seperable, b and so also
g is seperable over K. So f is separable over K and (c] holds.

(B) = (c):  Suppose F is the the splitting field of a set P of separable polynomials over K.
4.2.10((c) implies that K < F is normal. Put

A={beF|f(b)=0forsome0 + f € P}

By definition of a splitting field, F = K[A]. Since each f € P is separable, each a € A is separable
over F. Thus by 4.2.28((b), K < F is separable. i

Proposition 4.3.18. Suppose that K < F is algebraic and Galois. Let K < E < F and put G =
Autk (F) and H = G(E). Then

(a) H = Autg(E), E <F is Galois and E = F(H) is closed .
(b) K < E is Galois if and only if GE is normal in G.
(c) Eis Ng(H)-stable and Ng(H)/H = Ng(H)E = Autk (E)

Proof. @) We have H = GE = Stabg(E) = Autyy, (r)(F) = Autg(F). By @ K<Fis
normal and separable. Hence by B.2.9 E < F is normal and by #.2.21] E < F is separable. So by
4.3.17, E < F is Galois. This implies that

E = Fixp(Aute (F)) = F(GE) = FH

and so E is closed.

(b) As K < F is separable, K < E is separable. Hence by K < E is Galois if and only if
K < E is normal. Since E is closed, (b)) now follows from 4.3.16|(b).

Let g € Ng(GE)-stable. Since F(H) = E we conclude from[4.3.15|(b) that

g(E)=g(FH)=F(*H)=F(H) = E

So E is Ng(GE)-stable. Hence by [1.7.10(b) Ng(H)/GE = Ng(H)E.
Clearly N (H)E < Autg(K). Let i € Autg(K). Since K < F is normal, F is a splitting filed over

K and so by h = g|e for some g € Autk(F). Then g(E) = E and so by |4.3.15((a)),

*H=*G(E) =G(¢(E)) = G(E) = H.
Thus g € Ng(H) and 1 € N (H)E. Hence (c) holds. i
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4.4 Finite Fields

In this section we study the Galois theory of finite fields.

Lemma 4.4.1. Let F be a finite field and F the subring generated by 1. Then Fo = Z,, for some
prime p. In particular, F is isomorphic to a subfield of the algebraic closure of Z,,.

Proof. Let p = charF. Then pZ is the kernel of the homomorphism Z — F, n - nlg. Also Fy is its
image and so Fp = Z,,. m|

Theorem 4.4.2. Let p be a prime, Fg a field of order p, F an algebraic closure of Fo and G :=

{Frobl'jn |neZ}

(a) Letn e Z* and q = p". Let F, be the set of roots of x? — x. Then
F, = {aeF|a’ = a} = Fixg(Frob,) = F((Frob,))
and F, is a subfield field of order q.
(b) Fo=F, = FG = Fixg(Frob,).
(c) G is an infinite cyclic subgroup of Aut(F).

(d) Let E be a proper subfield of F. Then E is closed if and only if E = F,u for some n € Z* and if
and only if F is finite.

(e) All subgroups of G are closed.

(f) G is a inclusion reversing bijection between the finite subfields of F and the non-trivial sub-
groups of G.

(g) Fpn <Fpiifand only if m divides n.
(h) Letn,m e Z* and q = p". Then Fy < Fyn is a Galois extension and
Autg, (Fgn) = {Frob, |0 <i<m.}
In particular, Autg Fgn is cyclic of order m.

Proof. @) Note that (x4 — x)’ = gx?"!' = 1 = —1 has no roots and so by 4.2.15(d) x? — x has no
multiple roots. Hence |F,| = ¢. Since a? —a = 0 if and only if a? = a and if and only if Frob,(a) = a

we see that (a)) holds.
(b) Since Fo < F, and |Fo| = p = |F,|, Fo = F. Also G = (Frob,,) and so () follows from (a).

H Since F, # F, Frob, = Frob;’7 # idr and so Frob,, has infinite order. This proves .

(d) Let E be a proper field of F. Then E = FH for some 1 #+ H < G. Since G = (Frob,). Then
H = (Frob))) = (Frob,) for some n € Z* and so by @, E = F((Frob,)) = F .

By (b) F» has order p" and so is finite.
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Suppose E is finite. Then Fq < E is finite. finite. Since Fy is closed, #.3.10|b) shows that E is
closed. Thus (d)) holds.

Let H<G.If H = 1, then H is closed. So suppose H # 1. Then H = (Frob,), where g = p"
with n € Z*. Since F, is closed we have
F(OF,) = Fy

Note that (Frob,) is the only subgroup of G with fixed field of order g and so G(F,) = (Frob,) = H.
Thus H is closed and () is proved.

(@) Since G is an inclusion reversing bijection between the non-trivial closed subgroups of G and
the proper closed subfields of F, (f) follows from (d) and (e}

(a) Note that
Fpm S Fpn p— ng?‘l S gF[)m p— <Fr0bpn> S <Fr0bpm>,

Since Frob,,» = Frob), and Frob,, has infinite order this holds if and only if m | n.

() Since H is abelian, all subgroups of H are normal. Hence by [4.3.16| (applied to (F,F,, H) in
place of (F,K,G)) F,» is H-stable. Thus by 4.3.14{( again applied with H in place of G) F, < Fyn

is Galois and Autg, Fyn = H . By|4.3.15b,
HF" = H|FF 4 = (Frob,)/(Froby) = Z/mZ.

Thus (h) holds. O

4.5 Transcendence Basis

Definition 4.5.1. Let K < F be a field extension and s = (s;)ic; a family of elements in F. We say
that (s;)ies is algebraically independent over K if the evaluation homomorphism:

O, : K[X;] = K[s;,i e I], f— f(s)

is isomorphism.

A subset S of F is called algebraically independent over K, if (s)ses is algebraically indepen-
dent.

s is called algebraically dependent over K if s is not algebraically independent over K.

Remark 4.5.2. Let K < F be a field and s = (s;)ie; a family of elements in F.

(a) s is algebraically dependent over K if and only if @ is not 1-1 and only if there exists O # f €
K[X;] with f(s) =0

(b) s is algebraically independent over K if and only if s; + sj for all i # jand {s; | i € I} is
algebraically independent over K.
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(c) s is algebraically dependent over K if and only if for a finite subsets J of I, (s;)jes is alge-
braically independent over |K.

(d) Let b € K. Then {b} is algebraically independent over K if and only if b is transcendental over
K.

Lemma 4.5.3. Let K < F be a field extension and s = (s;)e; be algebraically independent family in
F over K. Then there exists a unique K-isomorphism ® : K(X;) — K(sili € I) with ®(x;) = s; for
all i € I. Moreover, @S(]é) = f(s)g(s) ! forall f,g e K[X;], g 0.

Proof. Since s is algebraic independent, f(s) # 0 for all 0 # f € K[x]. So f(s) is invertible in F.
Hence by [2.7.1(h) there exists a unique ring homomorphism
d)s : K(X[) — F
with @,(f) = f(s) for all f € K[X;]. Moreover,
- (f _
(L) =1y
8
Since ®; is non-zero homomorphism of fields, @ is 1-1. Clearly Im @ = K(s; | i € I) and so the
lemma is proved. O

Lemma 4.54. Let K < F be a field extension.

(a) Let S and T disjoint subsets of F. Then S U T is algebraically independent over K if and only if
S is algebraically independent over K and T is algebraically independent over K(S ).

(b) Let S ¢ F be algebraically independent over K and let b € F\ S. Then S U {b} is algebraically
independent over K if and only if b is transcendental over K.

Proof. (a) By #.5.3|S u T is algebraically independent over K if and only if the there exists an
K-isomorphism
K(Xsur) = K(SuT) withx, > r,VreSuT.
Applying [4.5.3 two more times, S is algebraically independent over K and T is algebraically
independent over K(S ) if and only if there exists K-isomorphism
K(Xs)(X7) - K(S)(T) with x; > s,VseS and x; > t,VreT.

Since K(SuT) = K(S)(T) and K(Xgyr) is canonically isomorphic to K(Xs ) (X7 ) we conclude
that (@) holds.

(b) Follows from (a)) applied to 7' = {b}. o

Definition 4.5.5. Let K < F be a field extension. A transcendence basis for K < F is a algebraically
independent subset S of K < F such that F is algebraic over K(S).
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Lemma 4.5.6. Let K < F be field extension ,S ¢ F and suppose that S algebraically independent
over K.

(a) S is a transcendence basis if and only if S is a maximal K-algebraically independent subset of

F.
(b) S is contained in a transcendence basis for K < F.

(¢) K< F has a transcendence basis.

Proof. @) S is a maximal algebraically independent set if and only if S U {b} is algebraically
dependent for all b € F N\ S. By £.5.4p, this is the case if and only if each b € F is algebraic over
K(S).

(b) Let M be the set of K-algebraically independent subsets of F containing S. Since S € M,
M is not empty. Order M by inclusion. Then M is a partially ordered set. We would like to apply
Zorn’s lemma. So we need to show that every chain D of M has an upper bound. Note that the
elements of D are subsets on F. So we can build the union D := UD. Then E ¢ D for all E € D.
Thus D is an upper bound for D once we establish that D € M. That is we need to show that D
is algebraically independent over K. As observed before we just this amounts to showing that each
finite subset J € D is algebraically independent. Now each j € J lies in some E; € D. Since D is
totally ordered, the finite subset {E; | j € J} of D has a maximal element E. Then j € E; € E for all
jeJ.SoJc E and as E is algebraically independent, J is as well.

Hence every chain in M has an upper bound. By Zorn’s Lemma [A.3.8] M has a maximal
element 7. By (a) T is a transcendence basis and by definition of M, S c T.

follows from (b)) applied to S = &. |

Proposition 4.5.7. Let K < F be a field extension and S and T transcendence basis for K < F. Then
|S| =|T|. |S| is called the transcendence degree of F < K and is denoted by tr-degy F.

Proof. Well order S and T. For s € S define s :={beS |b<s}and s* :={beS |b< s}
Similarly define r* forr € T. Let s € S. As K(T) < F is algebraic, mT) £ 0 and we can choose

a subset J € T such that mk(") e K(J). Then s is algebraic over K(J) and so also algebraic over
K(s7,J). Let j be the maximal element of J. Then J C j* and so s is algebraic over K(s7, j*) .
Hence we can choose ¢(s) € T minimal such that s being algebraic over K(s,¢(s)*). Similarly
forze T lety(t) € S be minimal such that 7 is algebraic over K(77,y(r)").

We will show that functions ¢ : § — T and s : T — § are inverse to each other. For this let
seS.Putt=¢(s)and L :=K(s7,77)

We claim that s is transcendental over L. Otherwise, there exists a finite subset J of = such
that s is transcendental over K(s~,J). Let j be the maximal element of J. Then s is algebraic over
K(s™,j*) and j <, a contradiction to the minimal choice of 7 = ¢(s). .

Thus s is transcendental over L. Note that s is algebraic over K(s7, ") = L(¢), So if # would be
algebraic over L also s would be algebraic over L, a contradiction. Hence ¢ is transcendental over
L =K(r7,s7). Since ¢ is algebraic over K(1~,¥(7)") we get ¢(1)* ¢ s~ and so y(t) ¢ s.

Since s is algebraic over L(7), implies that {7, s} is algebraic dependent over L. Since
s is transcendental over L another application of shows that 7 is algebraic over L(s) =
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K(s*,77). Thus by definition of y, y(r) < s. Together with () £ s this gives, () = s. Therefore
Yo ¢ =idg. By symmetry ¢ o ¢ = idy and so ¢ is a bijection. Hence |T| = |S]|. i

Example 4.5.8. Let K be a field and let s be transcendental over K. Let F be an algebraic closure
of K(s). Put so = s and inductively let s;,; be a root of x*> — 5; in F. Then s; = sl-z+l and so
K(s;) < K(sis1). Note that s;,; is transcendental over K and so K(s;) = K(s%,) # K(s;). Put
E = U, K(si). Then K(s;) < E is algebraic. Thus for all i € I, {is;} is a transcendence basis
for E over K. We claim that that K(b) # E for all b € E. Indeed, b € K(s;) for some i and so

K(b) < K(s;) € E.

4.6 Algebraically Closed Fields

In this section we study the Galois theory of algebraically closed field.

Lemma 4.6.1. Let ¢ : K| — Ky be a field isomorphism and F; an algebraically close field with
Ki < Fi. Suppose that tr-degy i = tr-degy, Fa. Let S; be a transcendence basis for F; over K; and
A:81 — 81 a bijection. Then there exists an isomorphism  : F1 - Fy with Y|, = ¢ and Y|s, = A.

Proof. By[4.5.3|we obtain an isomorphism 6:
Ki(§1) — Ki(Xs,) —— Ka(Xs,) —— Ka(S2)
Kisk —— k& —— ¢(k) —— ¢(k)
Si38 ——  x,  —— Xy —— Av)

Since K;(S;) < F; is algebraic and F; is algebraic closed, F; is an algebraically closure of K;(S;).
Hence by |4.2.7|(a), 6 extends to an isomorphism ¢ : F; - F». m]

Lemma 4.6.2. Let K < F be a field extension and suppose that F is algebraically closed. Then
Autk (F) acts transitively on the set of elements in F transcendental over K.

Proof. Let s; € F, i=1,2, be transcendental over K. By 4.5.6p there exists a transcendence basis S
for K< F with s; € §;. Let 1: S| — S be a bijection with A(s;) = s2. By applied with ¢ = idk
there exists ¢ € Autk (F) with ¢/(s) = A(s) for all s € S1. Then ¥ (1) = 5. i

Example 4.6.3. By results from analysis, both 7 and e are transcendental over Q. Since C is alge-
braically closed we conclude from4.6.2] that there exists e € Autg(C) with () = e.

Definition 4.6.4. Let K be the field and K the intersection of all the subfield. Then Ky is called the
base field of K. of K.

Lemma 4.6.5. Let K be the field and Kg the base field of K. Put p = charK. If charp = 0 then
Ko 2 Q and if p is a prime then Ky = Z/pZ

Proof. Let Z = {nlp | ne€Z}. The Z is a subring and Ky is the field of fraction of Z. If p = 0, then
Z=Zandso Koz Qandif p>0,thenZ=Z, and Ky = Z. O
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Corollary 4.6.6. (a) Let K be a field. Then for each cardinality c there exists a unique (up to K-
isomorphism) algebraically closed F with K < F and tr-degy F = ¢. Moreover, F is isomorphic
to the algebraic closure of K(X;), where I is a set with |I| = c.

(b) Let p = 0 or a prime and c a cardinality. Then there exists a unique (up to isomorphism)
algebraically closed field F with characteristic p and transcendence degree c over its base
field. Moreover, if K=Q ( for p=0) and K = Z, (for p > 0) and I is a set of cardinality c, then
the algebraic closure of K(X;) is such a field.

Proof. Follows immediately from[4.6.1] O
Lemma 4.6.7. Let K be a field. Then the following are equivalent.

(a) K has no proper purely inseparable field extension.

(b) Let K be an algebraic closure of K. Then K < K is Galois.

(c) All polynomials over K are separable.

(d) charK =0 or (charK = p # 0 and for each b € K there exists d € K with d” = b).

(e) charK =0 or (charK = p # 0 and Frob[}f is an automorphism of K.)

Proof. Put p = charK.

== (Eb: Since K is the algebraic closure of K, K < K is algebraic and normal. Put
P := P(K,K). Since K < K is normal, implies that P < K is separable. Since K < P is
purely inseparable @ gives K = P. Hence K < K is normal and separable and thus by K<K
is Galois.

@) — : Since K < R_is Galois, implies that K < K is separable. Let f € K[x] be
irreducible. Then f has root in K. This root is separable over K and so f is separable.

= (d): We may assume p > 0. Let b € K and f an irreducible monic factor of x” — b.
Then f has a unique root in K and f is separable. Thus f = x —d for some d € K. Then d is a root of
xP —bandsod’ =b.

@) - (H): We may assume p > 0. By 4.2.18 Frob'p< is a monomorphism. By @) Frob,, is
onto.

() = (@): If p =0, all field extensions are separable. So we may assume p > 0. Let K < F
be purely inseparable. Let b € F. Then d := b”" ¢ K for some n € N. Since Frob;f is onto also

Froblfn = (Frob;f)" is onto. So d = ¢”" for some e € K. Since Frobgn is 1-1 we get b = e € K. Hence
F=K |

Definition 4.6.8. A field K which fulfills one and so all of the equivalent conditions in[4.6.7is called
perfect.

Lemma 4.6.9. (a) All field of characteristic O are perfect.
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(b) All algebraically closed fields are perfect.
(c) All finite fields are perfect.

Proof. (a) follows for example from [{.6.7(d). If K is an algebraically closed field, then Frob,
is an automorphism by [4.2.18|(c). If K is a finite field, then as Frob, is 1-1, its onto and so an
automorphism. O

Lemma 4.6.10. . Let K < F be a field extension and A = A(K, F).
(a) Letbe F~AandaeA Thena+b ¢A.
(b) If K < F is not algebraic, then F = (F \ A).

Proof. @) Suppose a + b € A. Since A is a subfield of F we get b = (a + b) — a € A, a contradiction.
@ Let a € A. Since K < F is not algebraic, there exists b € F ~ A. By @), a+b ¢ A and so
a=(a+b)-be(F\A). o

Proposition 4.6.11. Let K < F field extension with F algebraically closed. Put G := Autgk(F),
P:=P(K,F)and A=A(K,F). LeeK<E<FwithE+F

(a) Ais an algebraic closure of K and K < A is normal.

(b) IfE is G-stable then GF = Auty (E).

(c¢) Eis G-stable if and only K < E is normal.

(d) Fixg(G) =P.

(e) Eis G-closed if and only if E < F is Galois and if only if E is perfect.

(f) Suppose A # F. Then AutaF is the unique minimal non-trivially closed normal subgroup of G.

Proof. (d) Note that K < A is algebraic. Let f € K[x] be a non-constant polynomial. Since F is

algebraically closed, f has aroot b € F. Then b is algebraic over K and so b € A. Thus f has a root

in A and so by definition (see [d.1.18)), A is an algebraic closure of K. In particular, K < A is normal.
(b) By [.6.1]every ¢ € AutcE can be extended to some ¢ € AutcF. So (b) holds.

Suppose K < E is normal, then by 4.2.10(a)), E is G-stable.
Suppose that K < E is G-stable. We will first show that E < A. Suppose not and pick e € E \ A.

Then e is transcendental over K. By .6.2] Ge consists of all the transcendental elements in F and so
Ge = F N A. As E is G-stable, Ge ¢ E. [4.6.10]implies F = (F \ A) = (Ge) < E, a contradiction to
E+F.

Hence E <A. By (b)

(%) G" = Autk (A).
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and since E is G stable we conclude that E is Autk (A)-stable. Since K < A is normal, 4.2.10((d)
shows that also K < E is normal.

(d) Let b € F~ A. Then by #.6.10/b + 1 € F \ A and so by [4.6.2] there exists o € G with
o(b) =b+1+#b. Thus b ¢ Fixg(G) and so Fixg(G) < A. Thus

() Fixe(G) = Fixa(G*) © Fixa(Autg(A)) B220 p

E is G-closed if and only if

(1) FiXF(AutE(F)) =E

and so if and only if E < F is Galois. Put B = A(E,F). By (**) applied to E < F in place of K < F,
Fixg (Autg(F)) = Fixg (Autg(B)). So (1) is equivalent to

(2) Fixg (Autg(B)) = B.

By definition of a Galois extension (2) holds if and only if E < B is Galois. By (a) applied to
E < F, B is an algebraic closure of E. So by {.6.7|E < B is Galois if and only if E is perfect. So (g]
is proved.

(f) Let H be a closed normal subgroup of G with H # {idg}. By [4.3.15[¢), F(H) is G-stable.
Since H # G, F(H) # F. By (¢, K < F(H) is normal and so algebraic. Hence F(H) < A and

H-closed

Auta(F) =G(A) <G(F(H)) H.

By[.3.3|h), G(A) is closed in G. By () K < A is normal and so A is G-stable. Thus by [4.3.15](d)
G(A) is a normal subgroup of G. Since A is algebraically closed shows that A is perfect and

so by (¢), A is closed. Thus F(G(A)) = A # F and so G(A) # {ide}. Hence Auta(F) = G(A) is a
non-trivial, closed normal subgroup of G. O
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Chapter 5

Simple Rings and Simple Modules

5.1 Jacobson’s Density Theorem

Definition 5.1.1. Let R be a ring and M an R-module. M is called minimal if M has no proper
R-submodule. M is called simple R-module M is minimal and RM # 0.

Example 5.1.2. 1. Let [ is be left ideal in R, then R/I is simple if and only if / is a maximal left
ideal in R and R* ¢ 1.

2. Let D be a division ring and V is an D-module. We will show that V is a simple Endp (V)
module. For this we first show that for each u,v € V with u # Oy there exists @ € Endp (V) with
a(u) = v. For this let B be a basis for V with u € B. Then there exists a unique D-linear map
V - W with a(w) = v for all w € B. In particular, a(u) = v.

Now let U be any non-zero Endp(V)-submodule of B. Let u € U* and v € V. Then by the above
there exists @ € Endp(V) with @(u) =v. Thusve U and U = V.

Lemma 5.1.3 (Schur’s Lemma). Let M, N be simple R-modules and f € Homg(M,N). If f # 0,
then f is R-isomorphism. In particular, Endg(M) is a division ring.

Proof. Since f # 0, kerf + M. Also ker f is an R-submodule and so ker f = 0 and f is 1-1.
Similarly, Im f # 0, Im f = N and so f is onto. So f is a bijection and has an inverse f~!. An easy
computation shows that f~! e Homg(N, M)). Choosing N = M we see that Endg(M) is a division
ring. O

Definition 5.1.4. Let R be a ring and M be an R-module.

(a) Let N € M. N is called R-closed in M if N = Anny(Anng(N).

(b) Let I € R. I is called M-closed in R if [ = Anng(Anny (1).

Lemma 5.1.5. Let R be a ring and M an R module. Let U € U € M and S €S C R.

(a) U < Anng(S) if and only if S < Anny(R).

233
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(b) Anng(U) € Anng(U).
(c) Anny(S) € Anny(S).
(d) U c Anny (Anng(U)).
(e) S € Anng(Anny(S)).
(f) U is R-closed in M if and only if U = Anny(S) for some S € M.
(g) S is M-closed in R if and only if S = Anng(U) for some U € M.

(h) I — Anny(I) is an inclusion reversing bijection between the M-closed subsets of R and R-
closed subsets of M with inverse W — Anng(W).

Proof. This follows from applied to the relation {(r,m) € Rx M | rm = 0}. i
Lemma 5.1.6. Let R be a ring and M an R-module.

(a) Let W be an R-closed subset of M (that is W = Anny(I) for some I € R). Then W is an
Endg(M)-submodule of M.

(b) Let I be an M-closed subset of R (that is R = Anng(W) for some W € M). Then I is left ideal in
R,'

(c) Let I be an R-closed subsets of R. Then W is an R-submodule of M if and only of Anng(W) is
an ideal in R.

(d) Let I be an M-closed subset of R. Then I is an ideal in R if and only if Anny/(I) is an R-
submodule of M.

(e) 1 — Anny(I) is an inclusion reversing bijection between the M-closed ideals of R and R-closed
R-submodules of M with inverse W — Anng(W).

Proof. (a) Let m € Anny (1), i € I and ¢ € Endg(M). Then

i(¢m) = ¢(im) = ¢0 =0
and so ¢m € Anny(1).

(b) By[3.1.24J[c), Anng(W) is a left ideal in R.

If 7 is ideal in R, the [3.1.24{|d) shows that W := Anny,(I) is an R-submodule of M. If W is
an R-submodule of M, then by [3.1.24le)), Anng(W) is an ideal in R. Since I is closed I = Anng(W)
and so / is an ideal in R.

(d) Put 7 = Anng(W). Since W is R-closed, W = Anng (/) and (d) follows from (c).
(e) follows from (c) and [5.1.3(h). o
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Lemma 5.1.7. . Let M be a simple R-module, V a R-closed subset of M and w € M ~ V. Put
I = Anng(V). Then M = Iw and the map B : I/Ann;(w) — M,i + Ann;(w) — iw is a well defined
R-isomorphism.

Proof. Since V is closed, V = Anng(V) and so Iw # 0. By|3.1.24{] is a left ideal in R. Define

¢o:1—>M,i—iw

Then ¢ is R-linear, Im ¢ = Iw and ker ¢ = Ann;(w). Thus by Isomorphism Theorem of modules,

B:1/Ann;(w) - Im,i+ Annj(w) — iw.

is a well-defined R-isomorphism. In particular, /w is an R-submodule of M. Since Iw # 0 and e
M is simple, M = Iw and the lemma is proved. O

Lemma 5.1.8. Let M be simple R-module and D = Endg(M). Let V < W be D-submodules of M
with dimp(W/V) finite. If V is closed in M with respect to R, then also W is closed in M with
respect to R. In particular, all finite-dimensional D subspaces of M are closed.

Proof. By induction on dimp W/V we may assume that dimp W/V = 1. Let w € W \ V. Then
W =V +Dw. Put I = Anng(V) and J = Ann;(w). We will show that W = Anng(J). So let
m € Anny(J). Then J € Ann;(m) and hence the map « : I/J — M,i+ J — im is well defined
and R-linear. By the map B : I/J - M,i+ J — iw is an R-isomorphism. Put § = af~!. Then
§: M — M is R-linear and §(iw) = im for all i € I. Hence ¢ € D and

i(m=-6(w)) =im—id(w)) =im—-65(iw) =im—im=0

] foralli e I. Since V is closed, V = Anny (/) and so 6(w) —m € V. Thus m € §(w) + V < W and
Anny(J) c W
Since Anny,(J) is a D-submodule of M containing V and w, W = V + Dw < Anny(J). Hence
W = Anny (J) and so by [5.1.5([f), W is R-closed in M.
Since M is a simple R-module, RM # 0 and so Anny;(R) # M. Since M is simple this implies
Anny (R) = 0. So 0 is a R-closed in M. Hence the first statement of the lemma implies the second.
o

Definition 5.1.9. Let M be an R-module and D < Endg(M) a division ring. Then we say that R acts
densely on M with respect to D if for each finite D-linearly independent family (m;)?_, in M and
each family (w;)", in M there exists r € R with

rm; = w;
forall1<i<n.

Theorem 5.1.10 (Jacobson’s Density Theorem). Let R be a ring and M a simple R-module. Put
D := Endg(M), then R acts densely on M with respect to D.
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Proof. Let (m;)_, be finite D-linear independent family in M and and (w;)_, a family of M. By
induction on n we will show that there exists » € R with rm; = w; for all 1 < i < n. Forn = 0,
there is nothing to prove. By induction there exists s € R with sm; = w; for all 1 < i < n. Put
V =(m|1<i<n)p. Then by V is R-closed and so by there exists # € Anng(V)
with tm,, = w, — sm,. Putr = s+t Forl <i < n,tm; =0 = and so rm; = sm; = w;. Also
rm; = sm; + tm; = sm, + (w, — sm,) = w, and the theorem is proved. O

Definition 5.1.11. Let R be a ring and M an R-module.
(a) Let W< M. Then Ng(W) ={reR|rW c W}.
(b) R|p is the image of R in End(M) under *g : R — End(M),r — (m — rm).

Corollary 5.1.12. Let M be a simple R-module, D = Endg(M) and W a finite dimensional D-
submodule of M. . Then Ng(W) is a subring of W, W is an Ng(W)-submodule of M, Anng(W) is
an ideal in Ng(W) and then

Nz(W)/Anng(W) = Ng(W)*" = Endp(W).

Proof. Letr,s €e Ng(W) and w € W. Then (r+ s)w = rw + sw € W and (rs)w = r(sw) € W. Thus
Nz (W) is a subring of R. Consider

@ :Ng(W) - Endp(W),r — (m — rm)
Then ker® = Anng(W) and Im® = Ng(W)*¥ = E. So the first isomorphism theorem for rings
shows that Anng(W) is an ideal in Ng(W) and Ng(W)/Anng(W) = Ng(W)*W.
Let ¢ € Endp(W) and choose a basis (m;)"-, for W over D. By there exists r € R with
rvi = ¢v; forall 1 <i < n. Then rW < W and so r € Ng(W). Since both ®(r) and ¢ are in Endp (W)
and map m; — ¢m;, ®(r) = ¢. Thus @ is onto and Nx(W)*W = Endp(W). i

Corollary 5.1.13. Let R be ring, M be a simple R-module and put D = Endg(M)°P. Suppose that
M is a finite dimensional D-module. Then

R/Anng(M) = R|y = Endp (M)

Proof. Note that Ng(M) = R. So|5.1.13|follows from|5.1.12|applied with W = M. o

5.2 Semisimple Modules

Definition 5.2.1. Let R be a ring and M an R-module. M is called a semisimple R-module if M is
the (internal) direct sum of simple R-submodules.[]

"Note that this holds if and only if M is isomorphic to the external direct sum of simple R-modules
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Lemma 5.2.2. Let R be ring, M an R-module, N an R-submodule of M, S a set of simple R-
submodules of M and T € S. Suppose that

NnYZI=0, > I=@PTI, and ~ M=N+)§8
Then there exists M c S with L € M such that

M=Ne@PM
Proof. Let M be set of all sets T such that

TcTcS, NﬂZTzO and ZT=EBT.

Since Z € M, M # @. Order M by inclusion and let (D;);e; be a chain in M. Let D = U;; D;.
We will show that D € M (and so D is an upper bound for (D;);e;). If i € I, then D; € M and so
ZcD;cS.HencealsoZcDcCS.

Note that (3 D;);es is chain of submodules of M and so Y. D = U,; Y. D;. By definition of I,
Nn>D;=0forallielandsoalsoNn> D =0.

LetS eDandputJ={iel|S € D;}. Forieldefine D! =D;\{S}. Alsolet D' =D~ {S}.
Since (D;);e; is a chain,

D=JD; andso D' =JD]
jeJ jeJ
Note that (3. D}) jes is a chain of R-submodules of M and so ¥, D’ = Uje; D’

By definition of M, Y D; =@ Djandso S N Y D;- =0forall je J. It follows that S n Y. D" = 0.
Thus the definition of an internal direct sum implies ). D = @ D. Hence D € M.

We proved that every chain in 9t has an upper bound. So we can apply Zorn’s lemma to obtain
a maximal element M in 9Mi. Put W =3 M.

Suppose for a contradiction that that M + N+ W. By assumption M = N+ S and so there exists
S eSwithS ¢ N+ W. ThenS # (N+W)nS and since S is a simple R-module, (N + W) nS =0.
So

(N+W)n(S+W)=W+((N+W)nS)=W andso Nn(S+W)<NnW=0.
Also Wn S =0 implies that

S(Mu{S})=W+S=WaS=(PM)aS =@ (Mui{s}).
Thus Mu{S} e M. Since S £ N+W, S ¢ M and we obtain a a contradiction to the maximality
of M.

Thus

M=N+W=NeW=Ne) M=NoePM

and the lemma is proved. O
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Lemma 5.2.3. Let S a set of simple R-submodules of the R-module M. Also let N be a R-submodule
of M and suppose that M = Y. S.

(a) There exists a subset M of S with M = N & & M.

(b) M =&T forsomeT cS.

(¢c) M/[N2@®T for some subset T of S.

(d) M|N is semisimple.

(e) N2 @®T for some subset T of S.

(f) N is semisimple.

(g) If N is a simple R-module, then N = S for some S € S.

(h) Suppose N is a maximal N-submodule of M, then M/N = S for some S € S.

(i) M is semisimple R-module.

Proof. (a)): This follow from[5.2.2) applied with Z = &.
(b)) follows from (a)) applied with N = 0.
follows from ().
(d) follows from (c)).

(e): Put W =3 M. By (a), M = N® W and so M/W = N. N = M/W. So (g) follows from
applied to W in place of N.
(@) follows from (g).

(g): Suppose N is simple. Then the set 7 from (e only contains one element, say S. So N = §
and (g) is proved.

Suppose that N is a maximal R-submodule of M. Then the set 7 from (b) only contains one
elements, say S. Thus M/N = S.
follows from (f). i

Corollary 5.2.4. Let R be a ring, M a semisimple R-module and A and B R-submodules of M with
A < B. Then A/B is semisimple.

Proof. |5.2.3({f) implies that B is semisimple. Then [5.2.3({d) applied to (A, B) in place of (N, M)
shows that B/A is semisimple. i

Lemma 5.2.5. Let M a semisimple R-module and N an R-submodule of M with N + M. Let M be
the set of maximal R-submodules of M containing N. Then "M = N.

Proof. By M/N is a semisimple R-module. Thus replacing M by M/N we may assyme that
N =0. Let S be a set of simple R-submodules of M with M =@ S. ForS € S,putS* =>g.res 7.
Then M/S* = S and so S * is a maximal R-submodule of S. Then 0 < M € NgesS* = 0 and so
AM=0=N. i
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5.3 Simple Rings

Lemma 5.3.1. Let R be non-zero ring with identity. Then there exists a simple R-module.

Proof. Let C be non-empty chain of proper left ideal in R. Then 1 ¢ UC and so C is a proper left
ideal in R. Hence by Zorn’s Lemma, R has a maximal left ideal /. Since R has an identity, R> =R ¢ I
and so by R/I is a simple R-module. m

Proposition 5.3.2. Let R be a simple ring and M a simple R-module. Put D = Endg(M). Then M
is a faithful R-module and R is isomorphic to subring of Endp (M) acting densely on M.

Proof. By definition of a simple R-module, RM # 0 and so Anng(M) # R. Since M is simple and
Anng(M) is an ideal in M, Anng(M) = 0. Thus R 2 R|y. By[5.1.10} R and so also R|y acts densely
on M. O

Proposition 5.3.3. Let M be faithful, simple R-module and put D = Endg(M). Suppose that n :=
dimp M is finite.

(a) R~ R|y =Endp(M).
(b) R = M" as a left R-module. In particular, R is semisimple as a left R-module.

(c) Let I be a maximal left ideal in R. Then I = Anng(m) for some m € M* and R|I = M as an
R-module.

(d) Let I € R. Then I is closed in M with respect to R if and only if I is a left ideal.
(e) Let W < M. Then W is closed in M with respect to R if and only if W is a D-subspace M.

(f) The map I — Anng([I) is an inclusion reversing bijection between the left ideals in R and the
D-subspaces of M with inverse M — Anny, ().

(g) Each simple R-module is isomorphic to M.
(h) R is a simple ring with identity.

Proof. (a)): Since M is faithful Anng(M) = 0. Thus R = R/Anng(M) and (b)) follows from[5.1.13
(b) Let (m;)}, be D basis for M. M over D. Define

Y:R—>M"r— (rm)},.

Then vy is R-linear, Let (w;)?, € M". By the density theorem there exists r € R with rm; = w;
for all 1 <i < n. Hence y is onto. Let r € kery. Then rm; = 0 for all 1 <i < n, Since Anny(r) is a
D-subspace of M we conclude that Anny,(r) = M. Since M is a faithful R-module, r = 0 and so y is
1-1. Thus 7y is an R-isomorphism.

By (b) [5.2.3|(h), R/I = M. Note that by (a)), R has an identity 1. Let ¢ : R/I - M be an
R-isomorphism and put m = ¢(1+1). Then Anng(m) = Anng(1+17) and By[3.1.26{Anng(1+7) = 1.
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(d) Let I be an left ideal in R and M the set of maximal ideals in R containing /. By (b), R is
a semisimple R-module and so [5.2.5] implies that N M = I. By (c)), for each J € M there exists
my € M with J = Anng(my). Put N = {m; | J € M}. Then

Anng(N) = () Anng(my) = () J=1
JeM JeM

So I is closed in R with respect to M. By [5.1.6]each closed subset of T is a left ideal in R and so
(d) holds.

Since M is finite dimensional over D, any D subspace of M is finite dimensional over D and
so by closed by [5.1.8] By[5.1.6]each closed subset of M is a D-subspace and so (e holds.

@) B I - Anny, (1) is a inclusion reversing bijection between the closed subsets of R and
the closed subsets of M with inverse W — Anng(W). Thus (f) follows from (d) and (e).

Let W be a simple R-module and w € W!. Then R/Anng(w) = Rw = W. Hence Anng(w) is
maximal left ideal in R and so (c) W = R/Anng(w) = M.

Let I be an ideal in R. Then Anny (/) is an R-submodule of M. Since M is simple,
Anny(I) = 0 or Anny(I) = M. By (f), I = Anng(Anny(I) and so I = Anng(0) = R or
I = Anng(M) = 0. Since R has an identity, R? # 0 and so R is simple. m|

Definition 5.3.4. A ring R is called Artinian for every non-empty set of left ideals in R has a minimal
element.

Lemma 5.3.5. Let R be an Artinian ring and M a simple R-module. Then M is finite dimensional
over D = Endg(M).

Proof. Suppose that dimp M = oco. Then there exists an infinite strictly ascending series

M <My<M3z<...<
of finite dimensional D-subspaces. By [5.1.8]each M; is closed. Thus

Anng(M;) > Anng(M>) > Anng(M3) > ...

is a strictly descending chain of left ideals in R, contradicting the definition of an Artinian ring. O

Theorem 5.3.6. Let R be a simple Artinian ring. Then there exists a simple R-module M, M is
ungiue up to isomorphism and if D := Endg(M)?, then n = dimp M is finite and R = Endp (M) =
M,,(D).

Proof. Since R is Artinian, R has a minimal left ideal M. Suppose that RM = 0 and put I = {r €
R | Rr = 0}. Then I is an ideal in R with M ¢ I. Since R is simple we get / = R and so R* = 0, a
contradiction to the definition of a simple ring. Thus RM # 0 and so M is a simple R-module. By

dimp (M) is finite and by M is a faithful R-module. Thus by [5.3.3(fhl), M is unique up to
isomorphism and by [5.3.3({a), R = Endp (M). O
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Definition 5.3.7. Let R be a ring and M an R-module. Let « be an ordinal and T = (Tg)geq be
Jamily of R-submodules of M. For 0 < < a define Bg = U<, Tg. Then a is called an ascending
composition series for R on M provided that

(i) To=0and B, = M.
(ii) for each 0 < B < a, Bg is a maximal R-submodule of Tg.
The R-modules Tg|Bg, 0 < B < @ are called the composition factors of T.
Example 5.3.8. I. Let R be a ring, M an R-module, n € N and

0=Tog<T1<To<...<Ti.1 <Ti<.. Ty_1 <Ty,=M

be finite chain of R-submodules such that T;/T;_y is simple R-module for all 0 < i < n. Then
(T})o<i<n+1 is an ascending composition series of M with B; = T;_y for all 0 < i <n+ 1.

2. Let R be a ring and M an R-module and (S g)o+pea a family simple R-submodules of M with
M = @o<pea Sp- For B < a define Tg = Y oypSy. Then for 0 < B < @, Bg = YocyepSy- SO
By = M and for 0 < 8 < @, B, < Ty, Tg = Bg® Sg and Tg/Bg = Sp. In particular, (Tg)geq is a
composition series for R.

3. Let R be a PID with field of fraction F. Let p be prime in R and
Ry = {}% +R|aeRneN}cF/R.
For n € N define
Tnz{I%+R|aeR,neN}gF/R
Then (Ty)neN is an ascending R-composition series for Rye, and for all 0 # n € N, B, = T),_

and T,/B,, = R/ pR.

Lemma 5.3.9. Let R be a ring, M an R-module and let T, B, T*, B* be R submodules of M. Suppose
that
T=(TnT")+B, T°"=(TnT")+B* and TnB* =T"NnB

Then
T/B

1R

(TnT*)/(BnB*) = T*/B*
as R-modules.
Proof. Since TNnB* =T*nBwehave T*NnB=BnB and (TNnT*)nB=T*"nB=BnB*. Using
T=(Tn T) + B and the Second Isomorphism Theorem for modules:
T/IB=(TnT*)+B/B2(TnT*)/[(TnT*)nB=(TnT")/(BNnB")
By symmetry, also 7*/B* 2 (T nT*)/(Bn B*). i
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Lemma 5.3.10. Let R be a ring, M an R-module and let T, B, T*, B* be R submodules of M. Suppose
B is a maximal R-submodule of T and B” is a maximal R-submodule of T*. Then the following
statements are equivalent:

(a) (T~B)NnT*+@and (T ~B)nB* =g.
(b)) T=(T+T*)+B T*"=(TnT*)+B andTnB*=T*nB.
(c) (T*~B*)NT+@and (T*~B*)NnB=g.

Proof. Note first that (a)) is equivalent to

(#) TnT*¢B and TnB*cB

Suppose that (*) holds. Suppose for a contradiction that 7* n B £ B*. Since B* is maximal
R-submodule of T*, T* = (T* nB) + B*. Since T* N B< T nT* the modular law implies

TnT*=(T*"nB)+((InT*)nB*)<B+(TnB*)<B

a contradiction.

Hence T* n B < B*. Together with 7 n B* < B, this gives T* N B=BnB* =T n B*. So the last
statement in (b)) holds. Also since 7*NB < B* and TnT" £ B we conclude that 7 nT* ¢ B*. Since
B is a maximal R-submodule of 7* and B* is maximal R-submodule of 7* we get T = (TnT*) + B
and T* = (T nT*) + B*. Thus (b holds.

Suppose that (b) holds. Since T = (T NT*) + Bwe get TnT* ¢ Bandsince TnB* =T* N B,
T n B* < B. So (*) holds.

We proved that (*) is equivalent to (b). Hence (a)) is equivalent to (b). By symmetry, (c) is
equivalent to (b) and the lemma is proved. i

If (a) and (b)) are equivalent, then by symmetry also (c) and (b)) are equivalent.

Theorem 5.3.11 (Jordan-Hélder). Let R be a ring, M and R-module and suppose (Tg)pgeq and
(T3 )pear are ascending R-composition series for M. Then there exists a bijection ® : a \ {0} —
@ \ {0} such that

Tp/Bp = Tap/ Bag

forall0 < B < a,
In particular, |a| = |a*| and if @ is finite, @ = ™.

Proof. Let 0 < B < a. Then Tg ~ Bg # @. Since M = Bj. = Uyc,+ T, there exists y € @ with

a*

(Tg~ Bg) N T, # @. So we can choose ®f € a* minimal with

(Tﬂ N Bﬁ) N T&;B *+ .
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Note that ©8 # 0.
Lety € @*. If y < @B, then by minimality of ®B, (T ~ Bg) N T, = @. Since B; = U3 T, this
gives (Tp~ Bg) N By = @. If @B <y, then @ # (Tg \ Bg) N T, < (T \ Bg) n B}. It follows that

y=0f ((Tﬁ\Bﬁ)nT;;t@ and (Tﬁ\Bﬁ)mB;:@)

For 0 # y € a” let ®*y € a be minimal with (T} \ B}) N Te+, # @. By symmetry.
p=0y = ((I;\B)nTyzo and (T} \B))nBs=0)

Thus by|[5.3.10|y = ®B if and only if 8 = ®*y. Hence @ is a bijection with inverse ®*. If y = ®g,
also shows that

TﬂZ(TﬁﬂT;)+Bﬁ, T;Z(TIBF‘IT;)+B;, TﬂﬂB;ZT;ﬁBﬁ
and so by[5.3.9
Tlg/B,g = T;/B;
as R-modules. O

Corollary 5.3.12. Let R be a ring, M a semisimple R-module and suppose S and T are sets of
simple R-submodules of M with M = @S and M = @ T. Then there exists a bijection ® : S - T
such that forall S in S, S ~ @S as an R-module.

Proof. By|[5.3.8|(3) there exists ascending series for M with factors S and T respectively. Thus the
corollary follows from the Jordan Holder Theorem [5.3.11] m|

Definition 5.3.13. Let R be a ring and M an R module.

(a) We say that a class S of R-modules is closed under isomorphism if T € S. whenever S and T
are R-modules with S € Sand S =g T.

(b) Let S be class of simple R-modules. Then M is called S-semisimple of M is semisimple and any
simple R-submodule is isomorphicto S € S.

(c) Let S be a simple R-module. Then M is called S - homogeneous if M is a semisimple R-module
and any simple R-submodule of M is isomorphic to M.

Note that M is S -homogeneous if and only if M is {S }-semisimple.

Lemma 5.3.14. Let R be a ring, M an R-module S a class of simple R-modules closed under
isomorphism. Then the following statements are equivalent.

(a) M is S-semisimple.
(b) M =@®T for some set of T of R-submodules of M with T ¢ S.
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(c) M =Y T for some set of T if R-submodules with T € S.

(d) M=2@T for some subset of T of S.

Proof. () = (b): Since M is semisimple M = @ T for some set of simple R-submodules of R.
Since M is S-semisimple, each T € T is contained in S and so 7 € S. So (b)) holds.

(®) = (c): Obvious.
= (@): By[5.2.3({i), M is semisimple. By [5.2.3|[g), each simple R-submodule is isomor-

phic to one T € 7 and so is contained in S.
() < (d): Obvious. O

Lemma 5.3.15. Let R be a ring, S a class of simple R-module, M an S -homogeneous R module. If
N is a S-semisimple, then both N and M|N are S-semisimple. R-modules.

Proof. By[5.2.3|[f), N is semisimple. Any simple R-submodule of N is also an R-submodule of M
and so isomorphic to some § € S.

Let M = Y 'R for some set of simple R-submodules of V. The by M/N =@ T for some
subset 7 of R. Each element of 7 is contained in R and so isomorphic to some S € S. Hence M/N

is S-semisimple by [5.3.14](d). i

Remark 5.3.16. Let R be a ring, M and R-module and D = Endg(M ). Then M is a right D-module
via ma = am for allm € R and a € D and M is a (R, D)-bimodule.

Proof. Since Endg(M) is subring of End(M), M is a left Endg(M)-module and so a right D-
module. Moreover, for all » € R,m € M and a € D we have

r(ma) = r(am) = r(am) = r(ma)
and so M is a (R, D)-bimodule. o

Lemma 5.3.17. Let R be a ring, S a simple R-module and put D = Endg(M)°P. Let U and U be
vector spaces over D and let V an S -homogeneous R-module.

(a) S ®p U is an S -homogeneous R-module.

(b) The function
U - Homg(S,S ®@p U),u - (s > s®u)

is an D-isomorphism.

(c¢) The function
HomD(U, U) - HOH]R(S ®p U,S ®p U),a —ids @

is a Z-isomorphism.

(d) The function
EndD(U) - EndR(S ®p U),CZ —1idg ®

is a ring homomorphism
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(e) The function
S x Homg(S,V) = V,(s,a) — as

is a (R, Z)-tensor product for Homg(S, V) and V over D.

(f) The function U — S ®gU is inclusion preserving bijection between the D-subspaces of Homg(S, V)
and the R-submodules of V with inverse W — Homg(S, W).

(g) {aS |0+ aecHomg(S,V)} is the set simple R-submodules of V.

Proof. By Schur’s Lemma D is a division ring and so by U has a D-basis u = (u;);e;. Thus
by U = D; = @, D as an D-module for some set /. So also / & Dj for some set I. By
V > §; as an R-module for some set J.

(a) We have

SepUzSepPD=PSepD=PS =5,
i€l i€l i€l
and so S ®p U is S-homogeneous by [5.3.14]
(b) Since S is simple S = Rm for all 0 # m € S. Thus S is a finitely generated R-module and we

can apply|3.8.6{[c). So
Homg(S,S ®p U) 2 Homg(S,EP S ) = PHomg(S,S) =PD = U
i€l iel iel

Letu = Y ,c;diu; € U. Under the above chain isomorphism

(S —->s5® M) — (S — (Sd,'),'el) — (S — Sd,'),'d — (di)iel — u
So the function in (b)) is indeed an isomorphism.

We have

Homg (S ®p U,S ®p U) = Homg(EP S, S ®p U) = X Homg(S,S ®p U) = XU
iel iel iel
~ X Homp(D, U) 2 Homp (P D, U) = Homp (U, U)

iel iel

Let (it),.; be a D-basis for U. Let @ € Homp (U, U) and define for i € I define a; € Homp (D, U)
by a(ii;d) = a;(d) for alld € D. Putv; = a(ii;) = @;(1). Then under the above chain of isomorphism

ids R — X(ids ® CK,‘) - (ids ® Oli)iel - (vi)iei
iel
- (@) > Xai - «

iel

So the function in (c]) is indeed an isomorphism.
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@) By (c) applied with U = 0 the function is a Z-isomorphism. Let @, € Endp(U). Then
(ids ® @) o (ids ® B) = ids ® (@ o B) and so the function a ring homomorphism.

(e) Let s € S, ¢ Homg(S, V) and d € D. Since S is a (R, D)-bimodule, the opposite version of
3.6.5|la) shows that Homg(S, V) is a left D-module via

(da)s = a(sd)

In particular, the function in @ is D-balanced. The function is also R-linear in the first coordi-
nate and so by [3.6.12|(c) there exists an R-linear function @ : § ®p Homg(S, V) with ®(s® @) = as
forall s €S, @ € Homg(S,V). T

S ®p Homg(S,V) = S ®p Homg(S,EDS) = P (S ®o Homg(S,S)) =P(S @ D) =PS =V
jeJ jeJ jeJ jeJ

Let 7: V — §; be an R-isomorphism, s € S and @ € Homg(S). For je Jlett; = mjo1. So

7v = (7;v) jes. Note also that 7j o @ € Endg(S) = D and so s(7joa) = (tj0@)s = 7j(as). Thus the
above chain of isomorphism:

s®a - s®Toa — (s®(7'joa))j€]:(s(Tjoa/))jE]:(Tj(a/s))jEJ -  aa

So @ is an isomorphism and (g]) is proved.

({f: By () V = S ®> Homg(S,V). So if U is a D-submodule of Homg(S, V), then S ®p U
is and R-submodule of V. Also if W is an R-submodule of V, Homg(S, W) is D-submodule of
Homg(S, V).

Letu € U. Then u € Homg(S, V). Let s € S. Then by (€], s ® u = us. So function s - (s ® u) is
just u. Thus the isomorphism in (b) is the identity function on U. Hence U = Homg(S, S &p U).

By W is S -homogeneous. So @ applied with W in place of V gives S ®p Homg(S, W) =
W. So the functions in (f) are inverse to each other. m|

Proposition 5.3.18. Let R be a ring and S a set of representatives for the simple R-modules. Let
M be an R-module, N an R-submodule of M and P € S. For S € S let Mg be the sum of the
R-submodules of M isomorphic to S. Define Mp = Y g5 Ms, so Mp is the sum of R-submodules
isomorphic to some member of P.

(a) N-is P-semisimple of only if N < Mp.

(b) Let S €S. Then N is S -homogeneous if and only if N < M.
(c) N is a semisimple R-module if and only if N < M.

(d) Let Q< S. Then

Mpn MQ = MPQQ and MPUQ =Mp + MQ.
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(e) Mp =@sep Ms.
(f) Np=MpnU.

(g) If N is semisimple, then

N = @(MS ﬂN)
SeS

Proof. (a) By[5.3.14] N is P-homogeneous if and only if N is the sum of submodules isomorphic to
a member of P. Hence Mp is P-semisimple and contains any P-semisimple R-submodule of M.
By[5.3.15]any submodule of the P-semisimple module Mp is P-semisimple.

@ N is S -homogeneous if and only if N is {S }-semisimple. So @) implies @

N is semisimple if and only if N is S-semisimple. So (a) implies (c).

(d) Observe that N is P n Q-semisimple if and only if N is P-semisimple and Q-semisimple.

Thus by (a), N < Mpng if and only if N < Mp n Mg. Thus Mpng = Mp N Mg. The second
statement in (d) follows immediately from the definition of P U Q.

(€) By definition Mp = Y5.p Ms. Let S € P. Since {S} n (P~ {S} = @, (d) gives

MS N Z Mr ZM{S} ﬂMp\{S} ZMQ =0
S+TeP

So () holds by definition of an internal direct sum.

() Let U be an R-submodule of N. By (a)) applied to N and to M, U is P-semisimple if and only
if U<Nandifand only if U < Nn Mp. Thus Np = Nn Mp.

Since N is semisimple, N = Ns. By (&) applied to N in place of M, N = Ns = @scs Ns. By
(g), Ns = Ms n N and so (g holds. m|

Proposition 5.3.19. Let R be a ring and S a set of representatives for the simple R-modules. Let M
and N be R-modules. For S € S define Ds = Endg(S )°? and Ms = Homg (R, M).

(a) HOIIIR(Ms,N) = HOITIR(Ms,NS).
(b) Ns = Homg(S, Ns).

(c) Suppose M is semisimple. Then the function

Homg(M,N) - X Homg(Ms,Ns), a — (a|MS)S&S
SeS

is a Z-isomorphism and

Homg(M,N) = X Homp, (Ms, Ns)
SeS

as abelian groups.
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(d) Suppose M is semisimple. Then the function

El’ldR(M) g @HOHIR(Ms), a — (cx|MS )SGS
SeS

is a ring isomorphism and

Endg(M) = P Endp, (Ms)
SeS

as rings.

Proof. (a) Let @ € Homg(Ms,N). Then Ima = Ms/kera. Since Mg is S-homogeneous, [5.3.15
shows that M / ker @ is S -homogeneous. Hence also Im « is S -homogeneous. Thus|5.3.18|(b) shows
that Ima < Ny.

(b)) Follows from (a)) applied with M = S.
Since M is semisimple, [5.3.18][g) shows that M = @gy Ms. Hence using (a) and [3.8.6((a)

Homg(M,N) = Homg(®ses,N) = X Homg(Ms,N) = X Homg(Ms, Ng)
SeS SeS

By @) Ns = Hom(S, Ny ). Since Ny is S -homogeneous 5.3.17 show that Ng = § ®p, Ns. By

symmetry Mg = S ®p, My and so by [5.3.17(d)

HOIIIR(MS ,Ng ) z EndDS (MS ,Ng )
Thus (c)) holds.
(d) follows (c) and observing that the relevant functions are multiplicative homomorphism. O

Definition 5.3.20. Let R be ring.

(a) Let M be an R-module. A submodule N of M is called regular if M = (RM) + N. Jy(R) is the
intersection of the regular maximal R-submodules of M, with Jy(R) = M if M has no regular
maximal R-submodule. Jy;(R) is called the Jacobson radical of the R-module M.

(b) Define
J(R) =({Anng(S) | Sa simple R-module}

J(R) is called the Jacobson radical of R.
Remark 5.3.21. Let R be ring.

(a) Let M be an R-module and N a maximal R-submodule if M. Then N is a regular R-submodule
if and only if RM ¢ N, if and only if M| N is simple, and if and only if Anng(M/N) + R.

(b) Suppose R has an identity and I is maximal left ideal in R. Then Anng(R/I) < I.
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Proof. () Since N is maximal R-submodule of R, either M = (RM) + N or RM ¢ N. Thus N is
regular if and only if RM ¢ N, if and only if Anng(M/N) # R, if and only if R(M/N) # 0 and if and
only if M/N is simple.

(b) Just observe that 7 = Anng(1 +I/I). O

Lemma 5.3.22. Let R be a ring and M an R-module.

(a) Let I be an ideal of R with I < Anng(M) and note that M is an R/I module. Then
Tu(R) = Iu(R/I).
(b) Let U be an R-submodule of M. Then

Iuw < Uu(R)+U)JU

and if U <Jp(R) then

Imju =Im(R)/U.
In particular, Jyyy,,(r)(R) = 0.

(c) Let I be an ideal of R. Then

IR/T) <J(R) + I/,
and if I <J(R), then
J(R/T) =J(R)/I.
In particular, J(R/J(R)) = 0.

Proof. (a) Just note that a regular maximal R-submodule of M is the same as regular maximal
R/I-submodule of M.

(b) Let N be an R-submodule of M with U < N < M. Then U is maximal regular submodule of
M if and only if N/U is regular maximal regular R-submodule of M/N. Taking intersection shows
that the first statement in @ holds. If U < Jy/(R) then U < N for all regular maximal submodule of
M and so (b)) holds.

Note that every simple R/I module is also a simple R-module. So the first statements holds.
If 7 < J(R), then every simple R-module is also an R/I module and so (c) holds. i

Lemma 5.3.23. Let R be a ring and M an R-module.

(a) Then Jp(R) = 0 if and only if M isomorphic to a subdirect product of simple R-modules, that
is if and only if there exists family (S;)ie; of simple R-modules and a 1-1 R-linear function
@M — Xy S;such thatmiod: M — S; is onto forall i € I.

(b) Ju(R) =0 for all semisimple R-modules.
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Proof. (@) Let B be the set regular maximal R-submodules of M. Then J3(R) = N B.
Suppose first that Jy;(R) = 0 and let B be the set regular maximal R-submodules of M. Define

¢:M—> X M/Mg,m— (m+ B)gp
BeB

Then

ker¢g = () B=Ju(R)=0
BeB

Hence ¢ is 1-1. Also M/B is a simple R-module and 75 o ¢ is onto for all B € B. Thus M is
isomorphic to a subdirect product of simple R-modules.

Suppose next that (S;);e; is family of simple R-modules and ¢ : M — X;¢;S; is 1-1 R-linear
map such that 7r; o ¢ is onto for all i € I. Then S; = Im(rxr; 0 ¢) = M/ker(m; o ¢) is a simple R-module
and so ker(7; o ¢) is a regular maximal R-submodule of M. Moreover

Ju(R) =B c(ker(mio¢) =kerg = 0.

iel
and so Jy(R) = 0.

(a) A semisimple R-module is a direct sum of simple R-modules and so also a subdirect product
of semisimple R-modules. Thus (a)) follows from (b). O

Lemma 5.3.24. Let R be a ring. Let S be set of representatives for the isomorphism classes of
simple R-modules. Then

J(R) =({Anng(S) | Sa minimal R-module} and J(R) = Anng(6D S)
In particular, J(R) = 0 if and only if R has a faithful semisimple R-module.

Proof. The first statement holds since Anng(S) = R for all minimal R-modules. For the second just
observe that Anng(@ S) = Nges Anng(S). O

Lemma 5.3.25. Let R be a ring. Then Jr(R) < J(R) with equality if R has an identity.

Proof. Let M be simple R-module and 0 # m € R. Then R/Anng(m) = Rm = M is simple and
so Anng(m) is a regular maximal R-submodule of R. So Jg(R) < Anng(m) and hence Jg(R) <
Anng(M) and Jg(R) < J(R). Suppose now that R has an identity and let / be (regular) maximal
submodule of R. Then R/I is a simple R-module and so J(R) < Anng(R/I) < Anng(1+1/I) =1. So
J(R) <JR(R). O

Theorem 5.3.26 (Artin-Wedderburn). Let R be an Artinian ring with J(R) = 0. Let S be set of
representatives for the isomorphism classes of simple R-modules. Put M = @ S and D = Endg(M).
For S € S put Dy = Endg(S )P and ng = dimp, S. Then S is finite and

R = R|M = EndD(M) = @ EndDS (S) = @M}’lgns(DS)
SeS SeS

where all the isomorphism are ring isomorphism.
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Proof. By |[5.3.19(ld) Endg(M) = @s.s Endg(S) and so D = @g.s Ds. It follows that My is maxi-
mal homogeneous D-submodule of M and applying[5.3.19((d) to D in place of R the function

Endp (M) — D Endp, S, a - (a|uy)ses
SeS

is ring isomorphism.

Let S € S. Then by ng is finite and hence by [5.1.13| R/Anng(S) = R|s = Endp,(S),
R/Anng(S) has an identity, R/Anng(S) is a simple ring and any simple R/Anng(S) -module is
isomorphic to §. In particular, since R has an identity, R = R> + Anng(S).

Let S,7 € S. If Anng(S) < Anng(7T'). Then both 7 and S are simple modules for R/Anng(S).
Thus S and T are isomorphic as R/Anng(S )-module and so also as R-modules. Thus S = T.
So if § # T then Anng(7T) < Anng(S) + Anng(7) and since R/Anng(T) is a simple ring R =
Anng(S) + Anng(T).

Since J(R) = 0, Nses Anng(S ), The Chinese remainder theorem now shows that the
function

R—> @ R/Anng(S), r — (r+Anng(S))ses
SeS

is an isomorphism. Thus

R= @ R/Anng(S) = @ Endp, (S) = Endp(M)
SeS SeS

Note the composition of the isomorphism is just homomorphism from R to End(M) given by
ring action of R on M and so has image R|y;. Thus R|y = Endp(M).
Finally, Endp, (S') = M, ., (Ds ) and so all parts of the Theorem are proved.
o

Lemma 5.3.27. Let R be a ring, I a nilpotent ideal in R and S simple R-module. Then IS = 0. In
particular, I <J(R).

Proof. Since I is nilpotent, I" = 0 for some n € Z*. Hence also IS = 0 and we can choose m € Z*
minimal with I"'S = 0. If m = 1, then IS = 0. So suppose m = k + 1 for some k € Z*. By minimality
of m, I*S # 0. Note that (I*S ) is an R-submodule of S and since S is simple, S = (I*S). Thus

IS < (IS) = (1I*S) = (I"S) = (0) = 0

and the lemma holds. |

Proposition 5.3.28. Let R be an Artinian ring. Then J(R) is nilpotent, that is J(R)" = 0 for some
neN.

Proof. Put J = J(R) and choose n € N with K := (J") minimal. If K? = 0, then J** = 0 and J is
nilpotent. So suppose for a contradiction that K* # 0. Put A = {a € K | Ka = 0} = Anng(K).
Then A is an ideal in K with A # K and we can choose left ideal L of R in K minimal with A # L.
Then either L/A is a simple R-module or RL ¢ A. In either case JL € A and so KJL = 0. Thus also
(KJ)L = 0. By minimality of K, K = (J"*!) = (KJ). Thus KL = 0, contrary to the choice of L. O
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Proposition 5.3.29. Let R be a ring with identity. Then the following statements are equivalent:
(a) R is semisimple R-module (by left multiplication).

(b) R is direct sum a finite family of simple R-modules.

(¢) R is Artinian and J(R) = 0.

(d) There exists a finite set M of maximal left ideals with N M = Q.

(e) All unitary R-modules are semisimple.

(f) All short exact sequence of unitary R-modules split.

(g) All unitary R-modules are projective.

(h) All unitary R-modules are injective.

(i) Each maximal R-submodule of R is a direct summand of R (as an R-module).

Proof. () = (b):  Suppose R is semisimple R-module. Then R = @ S for some set of S if
simple R-submodules of R, Then 1g > 5.5 es for some almost zero family (ey) s With e € S for all
seS. Put7T={{S eS|es #0}. Then Ig = Yye7e; and so R = Rlg € Yper Re, € Y T. Hence
R =@ T and (b) holds.

(B) = (c): Let S be a finite set of simple R-submodules of R with R = @S. Then R is
a semisimple R module and since R has an identity, R is a faithful R-module. Hence by
J(R) =0.

Let I be an R-submodule of R. Then by [5.2.3|fe), I = @ T for some subset 7 of S. Define
deg(I) = |T| and note that by this does not depended on the choice of 7. We claim that
deg(7) < deg(K) for all R-submodules K of I with / < K. Indeed by [5.2.3|(f), K is semisimple
R-module and so by [5.2.3|fa), K = I & L for some R-submodule L of K. It follows that deg(K) =
deg(I) +deg(L) > deg .

Now let Z be any non-empty set of left ideals in R. Choose [ € 7 with deg / minimal. The claim
implies that / is minimal element of Z and so R is Artinian.

= (d): Let B be the set of maximal left ideal of R. Then

NB < Jz(R) < I(R) =0

Since R is Artinian we can choose a finite subset M of B with N M minimal. Then for all
BeB,

B2 (Mu{B})c M.
The minimality of U M shows that Y\ M c Bandso M cNB=0.
(d) = (@): Define

¢#:R—> X R/M,r— (r+M)pyem-
MeM
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Then ¢ is R-linear and ker¢p = MM = 0. So ¢ is 1-1. Since R as an identity, each R/M, M € M is
a simple R-module. Since M is finite we conclude that Xpcaq R/M = @ pepq R/M is semisimple.
Hence by [5.2.3((f) also ¢(R) is semisimple. Since ¢ is 1-1 this shows that R is semisimple as an
R-module.

(@) = (e): Let T be the sum of simple M-submodules of R. Then by B.2.3|fi), 7 is a
semisimple R-module and so it suffices to show that m € T for all 0 #+ m € M. Since M is unitary
m € Rm. Now Rm = R/Anng(m). Since R is semisimple, shows that R/Anng(m) is
semisimple. SoRm < T andmeT.

— (ﬁ): Let A f B_% . o be a short exact of sequence of
unitary R-modules. If () holds, then B is a semisimple R-module and so by [5.2.3|[a)), Im f is a direct
summand of B. Hence by the short exacts sequence splits.

({ < (2@ : Note that (f) holds if and only if for all unitary R-modules C all short exact

sequences

0— AL Bt ,c_— 0

of unitary R-modules split. By this holds if an only if all unitary R-modules C are projective.

([ < (@) : Note that (f) holds if and only if for all unitary R-modules A all short exact
sequences

0— AL B, c_— 0

of unitary R-modules split. By|3.7.21|this holds if an only if all unitary R-modules A are injective.

({ = (@: Let M be maximal R-submodule of R. Then by assumption the short exact
sequence 0 - M — R — R/A — 0 splits and so by [3.5.9] M is a direct summand of R.

== (a): Let T be the sum of the simple R-submodules of R. Suppose that T # R. Since R
has an identity, T is contained in a maximal left ideal M if R. By assumption R = M & S for some
R-submodule S of R. Then S = R/M is simple and so S < 7. Thenthe S <TnS <MnS,a
contradiction.

O

Lemma 5.3.30. Let R be a ring and F a subring of R. Suppose that F is a division ring and R is a
finite dimensional vector space over F as F-module by left multiplication.

(a) R is an Artinian ring.
(b) Any simple R-module is, as an F-module, a finite-dimensional vector space.

Proof.

Let M be non-empty set of left ideal in R. Then each M € M is F-subspace of R. Since R is finite
dimensional over R we can choose M € M with dimg minimal. Then M is a minimal element of
M and so M is finite dimensional.
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Let S be a simple R-module and choose 0 # s € S. Then S = R/Anng(s). Since R is a finite
dimensional E-space also R/Anng(s) and S are finite dimensional F-spaces. i

Definition 5.3.31. Let F be a field. An F-algebra is a ring R with identity such that F is a subring of
Z(R) and 1g = 1R. R is called a finite dimensional F-algebra if R is finite-dimensional as F-module
by left multiplication.

Lemma 5.3.32. Let D be a division ring and F an algebraically closed subfield of Z(D). If dimg D
is finite then F = D.

Proof. Letd € D. Since da = ad for all d € D we conclude from [2.2.19|that the function

®:F[x] > D.f ~ f(d)

is a homomorphism. Since F[x] is infinite dimensional over F and D is finite dimensional @ is
not 1-1. So we can choose 0 # f € @ of minimal degree with f(d) = 0. Then deg f # 0 and
since f is algebraically closed, f = (x — a) - g for some g € F[x]. By minimality g(d) # 0. Since
0= f(d)=(d-a)-g(a)and D is a division ring we conclude thatd —a=0andsod=acF. O

Lemma 5.3.33. Let F be a field and R a finite dimensional F-algebra. Let S be set of representatives
for the simple R-modules. Let S € S. Put Dg = Endg(S ), ng = dimp, S and let F|s be the image
of Fin End(S).

(a) F=Fl|s as aring, F|s <Z(Ds) and Dy is finite dimensional over Fs.
(b) IfF is algebraically closed, F|s = Dg.
(c¢) IfF is algebraically closed and J(R) = 0 then
R= @ Ende(S) = @ My, s (F)
SeS SeS

Proof. (a) By[5.3.30((b). S is a finite dimensional vector space over F. Since S # 0 this shows that
S is a faithful S-module and so F = F|g. For r e Rlet 7r: S — S, s — rs be the image r in End(S).
Let g € End(S) and s € S. Then

r(gs) =7(gs) = (Fog)s and g(rs)=g(7)s=(goF)s

Hence

(%) g €Dg — Fog=goFforallreR

Let f € F. Recall that F < Z(R). So (*) applied with g = f shows that f € Dg. Thus F|s < Ds.
Applying (*) with r = f now shows that F|g < Z(Dg).

Since F < R, Dg = Endg(S) < Ende(S). Since S is finite dimensional over F, also Endg(S)
and Dy are finite dimensional over F (and so also over Fs.
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follows from (a) and Lemma
By|[5.3.30{la) R is an Artinin ring. Since J(R) = 0 the Artin-Wedderburn-Theorem |5.3.26/shows that

Rz~ @EndDS (S) = @MnSnS(DS)
SeS SeS

Thus (c]) follows from (b)). i

Theorem 5.3.34 (Maschke). Let F be a field and G a finite group and put n = |G|. Let V be an
F[G]-module and W be an F[G]-submodule of V.

(a) There exists an F[G|-submodule U of V with W n U = Anny (n) and nV < W + U.

(b) If char F does not divide n, then W is a direct summand of V as an F[G]-module.

Proof. Let T be an F-subspace of V with V.= W& T. Let a be the projection of V on W, so
a|w = idy and Ima@ = W. Define

B:V V- g (a(g))
geG

Then 8 is F-linear and for all s € G.

B(hv) = 3" g 'a(ghv) = > hh~'ga(gh)) =hy. 3" (gh)e(gh)) =h )" ga(gv) = hB(v)

geG geG geG geG

So B is F[G]-linear. In particular, U := kerf is an F[G]-subspace of V. Let w € W. Then also
gw e W and so a(gw) = gw for all g € G. Then

B(w) = Z 8710’(8W) = Z gilgw = Z w=nw

8cG geG geG
So w € kera if and only if nw = 0. Thus U n W = Anny (n).
Let v e V. Since a(gv) € W and W is F[G]-submodule, g'a(gv) € W and so also S(v) € W.

BB(v)) = nB(v) = B(nv)
Thus nv - B(v) ekerpand nv = B(v) + (nv-B(v)) eImB+kerf < W+ U. SonV < W+ U and
(a) is proved.
@) Suppose char F does not divide n. Then nlp # 0 and so (nlg) is invertible in F. It follows
that Anny(n) = Anny(nlg) =0and nV = (nlg) = V. So (@) gives WnU =0and V = W + U. So
V=We U and W is a direct summand of V. m]

Corollary 5.3.35. Let F be field and G a finite group. Suppose that charF + |G|. Then F[G] is an
Artinian ring with J(F[G]) = 0.

Proof. Note that F[G] is a finite dimensional F-algebra and so by [5.3.30) F[G] is an Artinian ring.
By|5.3.34{(b) any maximal left ideal in F[G] is a direct summand of F[G] has left F[G]-module and

s0[5.3.29|implies that J(F[G]) = 0. i
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Chapter 6

Representations of finite groups

6.1 Semisimple Group Algebra

Definition 6.1.1. Let R be a ring and V and W R-modules.
(a) FHomg(V,W) = {f €e Homg(V,W) | Im f € (I)g for some finite I < W }.
(b) FEndg(V) = FHomg(V,V).

Lemma 6.1.2. Let R,S,T be rings, V an (R, S )-bimodule and W an (R,T) bimodule. Put V* =
Homg(V,R).

(a) FHomg(V, W) is an (S, T)-submodule of Homg(V, W).

(b) There exists a unique Z-linear function

O =0(V,W):V* @ W — FHomg(V, W), witha®v - (v - (av)w )
Moreover @ is (S, T)-linear.

(c) Let f:V — Vand h: W — W be R-linear. Put ® = ®(V,W). Then

O(ao f,hw) = ho ®(a,w)o f
foralla e V* andw e W.

Proof. (d) Let f,g € FHomg(V,W), s € S and t € T. Then Im f < (I)g and Img < (J)g for some
finite subsets 7 and J is W. Then Im(f+g) € Im f+Img < (IuJ)g. Im(sf) = f(Vs) SIm f c (I)R
and Im(f7) = (Im f)t < (I)rt = (It)g.

@ Let @ € V' and w € V. Since @ and R - W,r - rw are both R-linear, the composition
#(a,w) : V- Wy — (av)wis also R-linear. Note that Im(¢(a,w)) < Rw < (w)g and so ¢(a,w) €
FHomg(V, W). So we obtain a function:

257
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¢ : V' x W - FHomg(V, W), (a,w) = ¢(a,w)
Note that ¢ is Z-bilinear. Let re R, s € S, 1€ T,v eV and win W. Then

d(ar,w)v = ((ar)v)w = ((av)r)w = (av)(rw) = ¢(a,rw)v
850, w)v = ((s0))w = (a(vs))w = B, w) (v5) = (s, w))

and

¢(a,wr)v = (av)(wr) = ((av)w)t = (¢(@, w)v)t = (¢(a, w)1)v

Hence

¢lar,w) = g(a,rw),  p(sa,w) = sp(a,w)  ¢(a,wi) = p(a, w)t

So ¢ is (S, R, T)-linear. The uniqueness and existence of ® now follows from definition of a tensor
product. Moreover, by Lemma 3.6.12 V* @g W is also an (S, T')-tensor product of V* and W over
R and so @ is (S, T)-linear.

Letu € V. Then

(CTJ(CVOf, hw))u = ((CZOf)u)(hw) = (a/(fu))(hw)) = h((a/(fu))w)
h((d)(oz,w))(fu)) = (hoq)(a/,w) Of)u

Lemma 6.1.3. Let R be a ring, V an R-module and W a free R-module with basis (w;)c;. Let
n; € Homg(W,R) be defined by w = ¥ ;;(miw)w; for all w € W. Let f € Homg(V) and define
fi =7T;o f

(a) f e FHomg(V,W) if and only of (f;)ier is almost 0.
(b) The function
FHomg(V,W) - @ V", f = (f})ier
iel
is a well defined Z isomorphism.
(c¢) The function
¥ :FHomg(V,W) > V' @W,f > > fiow;
iel

is inverse to the function ® : V* @g W,a @ w - (v > (av)w).
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Proof. (a) For K < I put Wg = (wy | k € K)g. We claim that that f ¢ FHomg(V, W) and only if
Im f € W for some finite K < I. The backwards direction is obvious. Suppose now that Im f € (L)g
for some finite subsets L of V. Then for each [/ € L the exists a finite subset K; of [ with / € Wg,. Put
K = Ujer Wk,. Then I € W for all € L and so Im f € (L)g © Wk. This proves the claim.

Note that Im f € Wk if and only if 7;(Im f) = O for all i € I ~ K and if and only if f; = 0 for
all i € I \ K. The above claim now shows that f € FHomg(V, W) if and only if there exists a finite
subset K of I with f; = 0 for all i € I ~ K and so if and only if (f;);c; is almost trivial. Thus (a) holds.

@ Since the function Homg(V, W) = X;e; V*, f = (f;)ies is an Z-isomorphism, @) follows
from (a).
We have

(Y fiow)v= (fiv)wi= D (m(fv))wi = fv

iel iel iel

and so ®(¥(f)) = f.
LetaeV',veVandwe W.Put f = O(a®w).

7i(fv) = mi((@v)w) = (av)(mw) = (a- (mw))v
So fi =a- (m,) and

Zf,- QWw; = Z(a- (mw)) ® w; = Za@ (riw)w; =a ® Z(mw)wi —a®w
iel iel iel iel
and so ¥ (P(a@w)) =a@w. o

Lemma 6.1.4. Let R be a commutative ring and V a free R-module with basis (w;)icj. Let f €
Endz(V) and let be A the matrix of f with respect to (w;)ej.

(a) There exists a unique Z-linear function

tr: FEndg (V) = R with (v » (av)w) - aw
forallw eV and @ e Homg(V,R).

(b) Let g € FEndg(V). Thentr(fog) =tr(go f).

(c) Let h:V — U be an R-isomorphism and g € FEndg(V). Then tr(ho goh™') = tr(g).
(d) f € FEndg(V) if and only almost all columns of A are zero.

(e) Suppose f € FEndg(V) and define tr(A) = ¥, Aii. Then tr(f) = tr(A).

Proof. @) LetreR, @ € V' and win V. Since R is commutative,

(ar)w = (aw)r = r(aw) = a(rw)
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and so the function V* xg V — R, (@, w) — aw is R-balanced. So the exists unique Z-linear function

A:V @V ->R with a®w->aw
forall@ € V* and w € V. By there exists a Z isomorphism

O: V' xgV->Homg(V,W) with a®w - (v (av)w)
Thus (a) holds with tr = A o @',

Note that V is an (R,Endg(V))-bimodule and so by [6.1.2 ® is (Endg(V),Endg(V))-
linear. Hence foralla e V¥, we V.

tw(fo®@(aev))=t(®(ao f,v)) = (ao flv=a(fv))=tu(d(ee fv)) =tr(®la®v)o f)
The uniqueness assertion in (a) now implies that tr(f o g) = tr(g o f) for all g € FEndg(V)

Put(I):QD(U, U)andleta eV andwe V. By

ho®(a,w)oh ™ =d(aoh™, hw).
and so
tr(ho®(a@w)oh™) =te(D(aoh™ ,hw)) = (@0 h™")(hw)
= a(h_1 (hw)) =a(w) =tr(®(a®w))

The uniqueness assertion in @) now implies that tr(ho go h™!) = tr(g) for all g € FEndg (V).

@) Define 7; and f; as in Since fw; = ¥ je; Aijw;, fiwi = mj(fwi) = A;j. Note f; = 0 if and
only if fw; = 0 for all i € I and so if and only if column j of A is zero. So by|6.1.3|la), f € FEndg(V)
if and only if almost all columns of A are zero.

@)By,f= CD( ZjelfJ-@wj) and so and
u(f) =2 fiwj=2 Aj

jel jeJ
O

Remark 6.1.5. Let R be a ring with identity and suppose there exists elements a,b in R such that
a is invertible and ab # ba. Then the trace of the 1-1 matrix [b] is b, while the trace of the 1-1
matrix [a][b][a]™" is aba™'. So for non-commutative ring similar matrix can have distinct trace. In
particular, there does not exists a canonical definition of the trace of R-linear functions.

Hypothesis 6.1.6. For the remainder of this chapter G is a finite group and K is an algebraically
closed field with charK + |G|. S = S(K[G]) is a set representatives for the isomorphism classes of
simple K[G] modules. For S € S put ds = dimg S and As = Ngsres Anng(g)(T). Let es is be the
multiplicative identity of As.

Let C be the set of conjugacy classes of G , that is the set of orbits of G acting on G by conjuga-
tion. For H € G put ay = ¥ jegh € K[G]. For C € C choose g¢ € C.
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Theorem 6.1.7. Let S € S.

(a) J(K[G]) = 0 and all unitary K[G|-modules are semisimple.

(b) K[G] = @DsesAs.

(c) As 2K[G]|s = Endk(S) is simple ring and dimg Ag = d3.

(d) Endg(g)(S) =K|s forall S €S.

(e) |G| = Xses ds.

(f) Then Z(As) = Kes and (es )ses is a basis for Z(K[G]) over K

(8) Letb =Y . beg € K[G]. Then b € Z(K[G]) if and only if by = by, for any conjugate g, h € G.
(h) (ac)cec is a K- basis for Z(K[G]).

(i) |S| = dimg Z(K[G]) = [C|.

Proof. (d) By[5.3.35J(R) = 0 and so by [5.3.29]all K[G]-modules are semisimple.

Since J(R) = 0, (b), () and (d) follow from [5.3.33|(c)
() Follows immediately from (b and (c)).

Since K is commutative, K|s < Endg (S ) and by Exercise 3(d) on Homework 6. Endgpg, (5)(S) =
K|s. Thus Z(Endk(S)) = K|s = Kgidg. Since Ag is isomorphic to Endk (S ), this gives Z(Ag) =
Kes. Using (b) we get

Z(K[G)) :Z(( EBAS) = P Z(As) = @ Kes

SeS SeS SeS

and so (f) holds.
Let b = ¥ ,c bgg € K[G]. Then the following are equivalent:

b e Z(K[G])
ab = ba Vb e K[G]
bh = hb VheG
hbh™! = b VheG

346 behgh™ = Tpeg beg VheG
4G bi1gn8 = Xbec kg8  VheG
bj-1g, = kg VheG

bg = by, VCeC,g,heC

So (g) holds.
follows immediately from (f) and (. O
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Definition 6.1.8. Let @ ¢ Hom(G,K"), so a is homomorphism form G to the multiplicative group
(KE,-). The S, is the K[G] with S o, = K as a K-module and gk = a(g)k for all g € G and k € K.

Lemma 6.1.9. (a) Every 1-dimensional unitary K[G|-module is simple.

(b) Let S be a I-dimensional simple K[G]-module. Then there exists a unique « € Hom(G,K") with
S = S has K[G]-module.

Proof. (a) A 1-dimensional K[G]-module has no proper K-subspace and so also no proper K[G]-
submodules. (IEI) Pick 0 # s € S. Let g € G. Since dim S is 1-dimensional here exists a(g) € K! with
gs =a(g)s. Letk e K. Since K < Z(K[G]), g(ks) = (gk)s = (kg)s = k(ks) = k(a(g)s) = a(g)(ks).
So a(g) does not depend on the choice of s, the function S, — S,k — ks is a K[G]-isomorphism
and a is unique such that S, = S. O

Lemma 6.1.10. Suppose G is abelian.
(a) |G| =|C|=1S.
(b) All simple K[G|-modules are 1-dimensional over K.

(c) For each simple K[G-module S there exists a unique a € Hom(G,K") with S = S, as an K[G]-
module.

(d) [Hom(G,K")| =G|

(e) Let V be any unitary K[G]-module. Then there exists a K-basis (v;)ie; and a family («;);er in
Hom(G,K") with
gvi = ai(g)vi

forall g € G, i € I. In particular, then matrix of g|y with respect to (v;); is diagonal.

Proof. @) Since G is abelian, "g = g for all ,g € G and so C = {{g} | g € G}. Thus |C| = |G|. By

[6.1.7((iD. [C| = |S] and so (&) holds.
(b}6.1.7(e), |G| = Sges d. Since ds > 1 and |S| = |G| this gives ds = 1 forall S € S.
By (a) S is 1-dimensional and so (c) follows from[6.1.9]
@) By (c) |[Hom(G,K")| = |S and so @ follows from @)

() By[6.1.7((g), V is a semisimple K[G]-module and so V = @;; V; for a family (V;);e; of simple
R-submodules of V. Fori e Ilet0 # v; € V;. By V; is 1-dimensional over K and so (v;);es is a
K-basis for V. By (c) V; = S, for some @; ¢ Hom(G,K") and so gv; = a(g)v:. i

Lemma 6.1.11. Suppose G is abelian and G = @', G; for some family (G;)_, of cyclic subgroups
of G. Let g; € G with G; = (g;).
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(a) Let a e Hom(G,K") and define & = a(g;). Then £%! = 1 and
n n
L\ _ i
o(I1)-11¢
i= i=

forallleZ"
(b) Let (&), be a family of elements in KH with flgd = 1. Define
m n
«: G- K. [Tef > &
i=1 i=1
Then a is a well-defined homomorphism and a(g;) = & forall 1 <i<m.

Proof. Readily verified. O

6.2 Characters

Definition 6.2.1. Let M be a finite dimensional K[G]-submodule. Recall that for r € K[G], r|y is
the function

Hly M —> M,m— rm

and note that r|y; € Endg (M). Define
try : K[G] — K, r > tr(r|ar)
and let

xu : K[G] = K, g = tr(g|n)

be the restriction of try to G. xp is called the character of the K[G]-module M.
The S x C matrix

[xs(gc)lses
CceC
is called the character table of G over K.

Definition 6.2.2. (a) A class function is a function f : G — K which is constant on every conjugacy
class. (So f(g) = f(gc) forallCeCandgeC.)

(b) Fun.(G,K) denotes the set of all class function.
(c) For any function f: G — K, f denotes the unique K-linear function
f:K[G] =K, with f(g) = f(g) forallge G

(So f( Xk, g) = Lkef(2))
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Lemma 6.2.3. Let M be a finite dimensional unitary K[G |-module.

(@) xu(1) = dimg V.
(b) Let @ e Hom(G,K"). Then ys, = a.

(c) Let g € G and let ()", be a family in Hom({g),K*) with M = @™, S, as a K[{(g)]-module.
Then m = dimg V and

m
xu(g) =2 ai(g)
i=1
In particular x(g) is a sum of m |g|-th root of unities in K.

Proof. (@) Since M is a unitary module, 1|y = idy and so x (1) = tr(ids) = dimg M.
(b) Note the matrix of g|s; with respect to the basis 1 of S, is the 1 x 1- matrix [@(g)]. So
xm(g) = a(g).

Note that the matrix of g with respect to the standard basis of @7, S, = K" is the diagonal
matrix

a1(g) 0 0 0
0 a(g) 0 0
0 0 a’m—l(g) 0
0 0o ... 0 am(g) |
and so ym(g) = X1 @i(g). -

Lemma 6.2.4. Let f € Fun(G,K). Then f € Fun.(G,K) if and only if ¥, f(g)g € Z(K(G)).
Proof. This follows immediately from [6.1.7(g). m]

Remark 6.2.5. By definition K[G], as a set, consists of all almost-zero functions from G to K.
Since G is finite K|G] = Fun(G,K). On other words there is no difference between the element
Y ¢ec kg € K[G] and the function g — kg in K. now says that Fun.(G,K) = Z(K[G]).

Also if f € Fun(G,K) = K[G], then f is in K[G]* = Homk (K[G],K) and the function

KIG] > K[G]".f = [~
is K-isomorphism.
Lemma 6.2.6. Let M be a KG-module.
(a) xu is a class function.

(b) If N is an KG-module isomorphic to M, then yn = x m.
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(c) If (M;)!", be a family of R-submodules of M with M = @, M;. Then

m
AM = ZXMI'
i=1

Proof. (a) Let h, g € G. Since %) is a homomorphism and using[6.1.4{[c) we have

xu("g) = te(hla o glu o hly ) = te(glm) = xa(e)
@) Let ¢ : M — N be K[G]-isomorphism. Then g|N = ¢ o gy o ¢~! and a similar calculation as
in (a) proved (b).
For g € G. For 1 <i < mlet B; be a basis for M; and A; matrix of g|y;, with respect to B;. Put

B = U, B;. Then B is basis for M and the matrix A of g|y with respect to B is the block diagonal
matrix

(A, 0 ... 0 0 |
0 A -~ 0 0
A=
0 0 At 0O
0 0 0 An

and so

xmu(g) =tr(A) = itr(Ai) = iXM,-(g)-

i=1
O

Lemma 6.2.7. Let I be finite G-set and recall from[3.1.6|that K; is a K[G]-module via gf = fog™"|;
forall f eK;and g € K. Then

xxi(8) = [Fix;(g)l-

Proof. For i e Ilet v; = (6;j)jer in Ky, then (v;);es is a basis for K; and gv; = v, for all g € G. EI
Hence matrix of g|k, with respect to the basis (v;)es is

A = [6gijier
jel

In particular, A; = 1 if gi = i and A;; = 0 if gi # i. In other words A;; = 1 of i € Fix;(g) and A;; = 0
if i ¢ Fix;(g). It follows that

xx,(8)=> A= > 1=|Fix/(g)|

iel i€Fix; (g)

"Thus 8 Yicrkivi = Yier kivgi.
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Lemma 6.2.8. Ler g € G.

(a) K[G] = Y5es 8P as K[G]-module by left multiplication.
(D) xk[G] = Lses dsXs-

(¢) xxi)(1) =G|

(d) If g # 1, then xk(61(8) = Lsesdsxs(g) =0.

Proof. @: By [6.1.7(b), K[G] = @scs As as aring and by [5.3.3((b), As = S as a left Ag-module.
So (a)) holds.

(b)) follows from (&) and[6.2.6{(c).

and (d): View G as a G-set by left multiplication and note that K[G] = K¢ as K[G]-module.
Thus by [6.2.7 xk[6](g) = |[Fixg(g)|- Note that Fixg(1) = G and if 1 # g € G, then Fixg(g) = @.
Thus () and (d) hold. m

Lemma 6.2.9. Let S € S and C € C.
(a) es = |%S| Yo xs(8 g = % Ycecxs (8¢ )ac.
(b) ac = Yses %Xs (8c)es.

Proof. @) Let es = Y ge kog With kg € K. Let 1 € G. Then heg = ¥, kghg. Hence by [6.2.§](c), @),
xk(c)(hg) =G| if h = g~ and 0 otherwise. So

(*) Xk(c)(hes) = k|G-

On the other hand
(**) eS|T=0f0rallS¢TeS and eS|S =idg
Thus

)?T(hes) =0 and /\75 (heg) =Xs (h)

By[6.2.8{{b)

Xk[G] = 2, dsxs andso k(g (hes) =dsxs (h).
SeS

Hence (*) implies
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dy dy
kj-1 = —xs(h) andso k= —ys(h™").
G| Gl
Thus (a)) holds.

() By[6.1.7]ac = Yges Ises for some Ig € K. By (¥*) gr(es) = 8srds and so

Irdr = ¥r(ac) = ZéXT(g) = |Clxr(gc)-
g€

So Iy = |cxriee), o

Theorem 6.2.10 (Orthogonality Relations). (OR 1) Forall S,T € S,

Y xs(exr(g” ) =6sr

1
Z —|CG(gC)|XS (gC)XT(gc |G| %

CceC

(OR2) Forall C,D €C,

Z;g/\,/s (gc)xs (8p') = Ca(gc)dcn.
Se

Proof. Note first that

G|
ICs(gc)

for all C € C. Let A and B be the matrices for the change of bases for Z(KG) from (ac)cec to
(es)ses and back. Then by

(+) ICl =

A= [ré|)(s(g ]sc and B= [|dC| S(gc)]cs-

Since AB=1s we getforall 7,S €S

d C 1 d _
os7= 3 Hﬂg>L%x@>:—~lzKuA&um@a
2 1a ids &
1 dr

1 1
xr(g xs(g) = xr(g xs(8)
“olds & 22 G %
Together with (*) this gives ().
Since BA =1¢ we getforall C,D e C
C] ds
>, 4 (&0) |

= xs(gp') = 6cp.
$es Gl
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and so
- G
> xs(gc)xs(gp') = G .
SeS |C|
Together with (x) this gives (2). o

6.3 Integral Extensions

Definition 6.3.1. Let R and S be commutative rings with identity such that R < S and 1 = 15. Then
s is called integral over R if there exists a monic polynomial f € R[x] with f(s) = 0. A(R,S) is the
set of elements of S integral over R.

Lemma 6.3.2. Let R and S be commutative rings with identities such that R < S and 1g = 1g.

(a) Let s € S. Then s is integral over R if and only of R|[s] is finitely generated as an R-module by
left multiplication.

(b) IfR is a PID, then A(R,S) is subring of R.

Proof. () Suppose first that f(s) = 0 for some monic polynomial f € R[x]. Put m = deg f and let
g € R[x]. Then g = ¢f + r for some ¢, r € R[x] with degr < m. It follows that g(s) = r(s) and so
R[s] = (s"'| 0 <i<m)g.

Suppose next that R[ s] is finitely generated as an R-module. Then there exists fi, ..., f, € R[x]
with R[s] = (fi(s) | 1 <i < n)g. Put m = max<;c, deg f.. Then R[s] = (s' | 0 < i < m). It follows
that s™*! = 3 r;s' for some r; € R and so s is integral over R.

(b) Let a,b € S be integral over R. Then b is also integral over R[a]. Thus by (d) R[a] is a
finitely generated R-module and R[a, b] is a finitely generated R[a]-module. Hence [4.1.5]fa) implies
R[a,b] is a finitely generated R-module. Since R is a PID, shows that every R-submodule of
R[a,b] is finitely generated. It follows that R[s] is a finitely generated R-module for all s € R[a, b].
Hence R[a,b] € A(R,S ) and A(R, S ) is a subring of F.

Lemma 6.3.3. Let R be a PID and F a field containing R. Put
Fr={ab"' |a,beRb+0)f] and A=A(RF).
(a) AnFgr=R.

(b) LetaeA. Then m'® € R[x].

2Note that Fy is a field of fraction of R.
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Proof. (a) See Lemma L on the solutions of Homework 3.

@) Let E be splitting field of m, = m'* over F and f € R[x] a monic polynomial in R[x] with
f(a) = 0. Then m, divides f in E[x] and so each root of m, is also a root of f. It follows that all
roots of m, are integral over R and so are contained in B := A(R,E). Since B is a subring of E and
mq = [17%, (x — a;) with a; € B, m, € B[x]. By (a) B Fg = R and since m, € Fg[x], m, € R[x]. O

Lemma 6.3.4. Let R be a PID and V and W finitely generated unitary R-module.
(a) Homg(V, W) is a finitely generated R-module.
(b) Let @ € Endg(V). Then there exist a monic polynomial f € F[x] with f(a) =0,

Proof.

Since V is finitely generated, V = (vy,...,v,)g for some finite family (v; *, in V. Note that the
R-linear function

n
n:R" >V, (r)i, - Zriv,-
i=1

is onto and so the R-linear function
Homg(V,W) - Homg(R",W), @ > aon
is 1-1. Also

Homg(R", W) =~ Homg (R, W)" = W"

and so Homg (R", W) is a finitely generated R-module. Since R is PID any R-submodule of Homg(R", W)
is finitely generated and so also Homg(V, W) is finitely generated.

Let S = R|y be the image of R in Endg(V). By (), Endg(V) is a finitely generated R-module
and since R is a PID also the submodule S [a] of End — R(V) is a finitely generated R-module. It
follows that S [«] is a finitely generated S module and so by there exists a monic polynomial
g=Y"ogix' € S[x] with g(a) = 0. Then g; = fi|s for some f; € R with f, = 1. Put f = ¥ fix".
Then f(a) = g(a) = 0. o

6.4 Complex character

Lemma 6.4.1. Let A, A4,... A, be roots of unity on C. Put a = Z;‘Ll Ai.
(a) Ais algebraic integer; |A| = 1 and A = 17",

(b) ais an algebraic integer, that is a is integral over Z.

(c) |a| <d.

(d) |la| =difand onlyif 1y =, = ... = 4.
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(e) a=difandonlyif 1 =y =...=5=1.
(f) If 5 is an algebraic integer, then either a = 0 or |a| = d.

Proof. (a) Let m € Z* with A = 1. Then A is a root of ¥ = 1 and so an algebraic integer. Also

(A2)™ = A™a™ = 1 and since AA is a positive real number, A1 = 1. So |1 =1, A1=1and 1= 27",
(o) By (d) 2; € A(Z,C) forall 1 <i <d. By[6.3.2{p), A(Z, C) is a subring of C and so (b)) holds.
By the tringualar inequality and ()

d

d
(+) <3 ll=3 1=

i=1

@) Equality holds in (*) if and only if there exists r; € R20 1 < i< d with A; = r;d;. Then

1:|/li|:|r,-/11|:r,-|/l,~|:r11:r1
andsoA; = A forall1 <i<d.
(e) If a = d, (d) shows that ; = A; forall 1 <i<dandsod=a=dA; and 4; = 1.
@) Let n € N with A7 = 1 forall 1 <i < d. Let F be splitting field of x" — 1 over Q in C.

Then Q < F is normal and separable and so Galois. Let f be the minimal polynomial of & over Q,
H = Autq(F) and E = {h) | h € H}. Since Q < F is Galois, Fixg(H) = Q and 4.3.6(b:a) shows that

f:Hx—e

eeE
Put k = [I,cge. If e € R then e = () for some / € H. Note that

d
h(a) = ;h(ﬂi)

and each £(4; is a root of unity in C. So by @), |h(a)| < d and |e] = [n(§)| < 1. Thus

K =TTlel < 1.

ecE

Suppose now that § is an algebraic integer. Then by f € Z[x]. Since the constant
coefficient of f is (~1)% we get k € Z. Since |k| < 1 this gives k = 0, 1 or —1. In the first case, since
f isirreducible, f = x and so also § = 0and a = 0. If |k| = 1 we get |e| = 1 for all e € E. In particular,
|5/ =1and so |a| = d. o

Lemma 6.4.2. Let M be a finite dimensional unitary C[G|-module and put dy = dimc M and
M* =Homc¢(M,C).

(a) xm(g) is an algebraic integer for all g € G.

(b) xm(g™") =xm(g).
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(c) Xm = Xmr
(d) xm(g)l < du.

(e) \xm(g)| = duy if and only if g acts as a scalar on M, that is gy = Aidy for some A € C.

(f) xm(g) = dum if and only if g € Stabg(M).

Proof. Putd = dy. By|6.1.10(e) applied to (g) in place of G there exists a C basis (v;)?.; of M with

gvi = Av;

for all 1 <i < d, where A; = ;(g) for some o; € Hom({(g),C!). In particular, A; is |g|-root of
unity and so A; = A. Also the matrix A of g|y with respect to (v;)%, is a d x d-diagonal matrix with
diagonal entries 4;,1 <i<d.

(a) We have yu(g) = ¥, A; and so by [6.4.1{{b). xm(g) is an algebraic integer.

@) The matrix of g7!|;is A™' = A and so yp(g7!) = tr(A) = trA = yy(g).
Define ¢; € M by ¢;(v;) = 6;;. Then (¢;)_, is C basis for M*. We compute

(86:)(v)) = i(g™'v;) = ¢i(A5'v)) = i (v;) = A

and 5o g@; = A;¢;. So the matrix of g|y+ with respect to (¢;)?, is A and so (c) holds.

(@) Since xu(g) = XL, A;, this follows from [6.4. 1{(d).

By lxm(g)| = dif and only if 3} = A, =... = A; and so if and only if A = A, Id; and
if and only if g 3= A1idy.

@) By)(M(g) =difandonlyif ; = A, =... = Ay = 1 and so if and only if A = Idy, if
and only if g |y= idy, and if and only if g € Stabg(M). e. i

Lemma 6.4.3. Suppose K=CandletC € Cand S € S. Then acls = %}(g (gc)ids and L%'XS (gc)
is an algebraic integer.

Proof. By|6.2.9 EI) ac =Y res %)(T (gc)er. Since er |s= ds7idg the first statement holds.

Define ac : Z[G]) = Z(G)),b — ach. By |6.3.4({b) there exists a monic polynomial f € Z[x]
with f(a¢) = 0. Then f(ac)b =0 for all b € Z[G]. In particular, f(ac)1 =0 and f(ac) = 0. Hence
also f(ac) |s=0 and the first statement shows that

€l Cl

0= f(ac)ls = f(%)(s (gc)idg) = f(@)(s(gc))ids

so f (%XS (gc)) = 0. Hence LZ—CS‘)(S (gc) is the root of a monic integral polynomial in C and so an
algebraic integer.
i

Proposition 6.4.4. Suppose K = C. Then dy divides |G| for all S € S.
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Proof. By the first orthogonality relation [6.2.10|(1)) applied with S =T,

1 1 _1
= ) i —xs(gcxs(gc ) = 1.
Gl Cz;z ICs(gc)l ‘
Multiplication with % gives:
5 [Chs (sc) [Clys (8c) s (g _lel
ds

CeS |d |

By|6.4.3 |Cl)|(5 (IgC) is an algebraic intgeger, by |6.4.2 ; XS (ggl) is an algebraic integer and so by

6.4.1((b), also | | is an algebraic integer. Hence by [6.4.1 ﬁ), ld—Gsl is an integer. O

6.5 Burnside’s p?g” Theorem
In this short section we will show that all finite groups of order p®¢ are solvable, where p and g are
primes and a and b are integers.
Definition 6.5.1. Let y be a character of G over C. Then
kery = {g¢G|x(g)=x(1)}
Zx) = {g¢Gl(=x(1)}
Lemma 6.5.2. Suppose K=C and let S € S. Then
(a) ker ys = Stabg(S).
(b) Z(xs ) consists of all g € G which act as scalars on S. Moreover, Z(xs )/ kerxs = Z(G/ker xs).

Proof. (a)) follows from [6.4.2](f).

@ The first part of @ follows from. For the second statement note that G/ ker x5 = G|u
and so we may assume that G € Endg (M).

Then Z(G) = G nEndkg(S). By Endkg(S) = K|s and so Z(G) = G nK]s. Thus also
the second statement in (b)) holds. m]

Lemma 6.5.3. Suppose K = C and there exist S € S and C € S with ged (a’s, |C\) = 1. Then either
x(gc)=00rCcZ(xs).

Proof. Since ged (dg, |C |) = 1 there exist integers a, b with ads + b|C| = 1. Multiplying with )%fc)
gives
C
avs (gc) + pICls (8c) _ xs(sc)
ds ds
By [6.4.3]16.4.2[a) and [6.4.T|[b) the left side of this equation is an algebraic integer. The right side

is the sum of ds roots of unity devided by ds. So by [6.4.1{(f), xs (gc) =0or |ys(gc)| =ds = xs(1).
In the second case C € Z(ys ). mi




6.5. BURNSIDE’S P*Q® THEOREM 273

Proposition 6.5.4. Suppose there exits C € C with |C| = p' for some prime p and some t € N. If
K =Cand G # 1, then there exists S € S with C € Z(ys ) and ker ys # G.

Proof. Let T be the unique simple module in S with Stabg(7) = G (so dimg T = 1 and gr = ¢ for
allge G,teT.) Since G # 1,|S| =|C| #+ l and S # {T}. If C = {1}, the proposition holds for any
T+SeS.

So suppose C # {1}. The Second Orthogonality Relation applied with D = {1} gives

> xs(gexs(1)=0
SeS

and so

1=- > xs(gc)ds.
T+SeS
Put A=A(Z,C). By H % ¢ A. Thus 1 ¢ pA and the preceeding equation shows that there

exists T + S € S with ys(gc)ds ¢ pA. Then ys(gc) # 0 and since ys (gc) € A we conclude that p
does not divide ds in Z. Since |C| = p' we get ged (ds,|C|) = 1 and the proposition follows from
6.5.3 O

Definition 6.5.5. A group H is called solvable if there exists a finite chain of subgroups
Ag=19A14...4A,_14A,=H
of H such that A;[A;_, is abelian for all 1 <i < n.

Theorem 6.5.6 (Burnside’s pp”-Theorem). Let p and q be primes, a,b € N and G a finite group of
order p®qP. Then G is solvable.

Proof. By induction on |G|. Since trivial groups are solvable, the theorem holds for G| = 1. Suppose
|G| # 1 and say ¢” # 1. Let Q be a Sylow g-subgroup of G. Then Q # 1 and by Z(Q) # 1.
Choose 1 # g € Z(Q). Then ¢° ‘ |C6(g)| and so |G/Cg(g)| = p' for some 0 < t < a. Put C = Y. Then
|C| = p' and by [6.5.4]C < Z() for some character y of G over C with ker y # G. Thus by induction
ker y is solvable. By[6.5.2] Z(x)/ker y is abelian and so solvable. Since C < Z(x), Z(x) # 1. Hence
G/Z(x) has smaller order than G and by induction also G/Z(y) is solvable. Thus

I dker(y) < Z(x) <G

is a subnormal series of G with all factors solvable. The definition of a solvable group now shows
that G is solvable. O
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Appendix A

Set Theory

A.1 Relations and Function

Definition A.1.1. Let x and y be objects. Then (x,y) = {{x},{x,y}}. (x,y) is called the ordered
pair of x and y.
Lemma A.1.2. Let a,b,c,d be objects. Then (a,b) = (c,d) if and only of a = c and b = d.

Proof. We first show
1°.  Leta,b,¢ and d be objects with @ = ¢ and {a,b} = {¢,d}. Then b = d.
Since b € {a,b} and {a,b} = {¢, d} we have b ¢ {c d}. Sob =¢orb =d. In the second

case . 1°) holds. Thus we may assume b = &. Since @ = ¢ this gives b = @. Since d € {¢,d} and
{¢,d} = {a,b},d e {a,b} and sod = a or d = b. Since b = a either case gives d = b and so also

b =d. Thus is proved.
Suppose now that that (a,b) = (c,d). By the definition of an ordered pair, (a,b) = {{a},{a,b}}
and (¢,d) = {{c},{c,d}}. Thus

(%) {{a}.{a.b}} = {{c}.{c.d}}.

Since {a} € {{a},{a,b}}, (*) implies {a} € {{c},{c,d} and so {a} = {c} or {a} = {c,d}.
Since ¢ € {c} and c € {c¢,d} either case gives ¢ € {a}. Thus
() c=a.

Hence also {a} = {c} and so (*) shows that the assumptions of are fulfilled for a = {a},
b={a,b},¢={c}andd = {c,d}. Thus implies {a,b} = {c,d}. Since a = ¢, another application
of gives b =d. i

Definition A.1.3. (a) A relation R is a class all of whose members are ordered pairs.

275
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(b) If R is relation then R = {(b,a) | (a,b) € R}. R is called the opposite of R.

(c¢) Let R be a class. Then
Dom(R) = {x | (y, x) € R for some y}

Dom(F) is called the domain of F.
Im(R) = {y | (y,x) € R for some x}
ImR is called the image of R.

(d) Let R be a relation and x,y objects. Then we say that x is in R-relation to y and write xRy if
(x,y) €R.

(e) A function is a relation F such that for all x,y,z, (y,x) € F and (z,x) € F imply y = z.

(f) Let F be a function and x € Dom(F'). Then Fx denotes the unique object such that (Fx, x) € F.
So y = Fx if and only if yFx. We will also use the notations F(x) and F for Fx.

(g) Let A and B be classes. We says that F is a function from A to B and write F : A — B, if F is a
function, A = Dom(F) and Im(F) ¢ B.

Example A.1.4. (a) Let A be any class. Then idy = {(a,a) | a € A} is a function from A to A,
called the identity function on A.

(b) Let A and B be classes with A € B. Then idy is a function from A to B.

Definition A.1.5. Let R and S be relations. Then R o S is the relation defined by
RoS ={(a,c) | aRb and bS ¢ for some b}
Lemma A.1.6. (a) LetR, S and T be relations. Then
Ro(SoT)={(a,d)|aRb,bSc and cTd for some c,d} = (RoS)oT

(b) Let f and g be functions. Then f o g is a function,

Dom(f o g) = {acDomf | gac Domf} = {a|aecDomf and ga € Domf}

and

(fog)a=f(ga)
forallaeDom(fog).
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(c) LetR: A — BandS : B— C be functions. Then S o R is a function from A to C and

(S oR)a=S(Ra)
forall a e A.
Proof. Readily verified. O
Definition A.1.7. Let R be a relation.
(a) R is the function with domain the class of all functions and RS = R o S for all functions S.

(b) Let R* is the function with domain the class of all functions and R*S = S o R for all functions
S.

(c) Let a be an object. Then Ev, is the function with domain the class of all functions f with
a e Domf and Ev,f = fa.

Lemma A.1.8. Let R and S be relations. Then
(RoS)Y=RoS
(RoS) =S"oR"

and

Proof. Let T be a function. Then
(RoS)YT =(RoS)oT=Ro(SoT)=Ro(ST)=R(ST)=(Ro§)T
(RoS)'T=To(RoS)=(ToR)oS =(R*T)oS =S*(R*T) = (S* oR*)T
and

(R*oS)T =R*(ST)=(SoT)oR=So(ToR)=S(R*T) = (S oR")T

Lemma A.1.9. Let f be function and a an object. Then

EVaonfOEVa
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Proof. Note that the domain of both functions is contain in the class of functions. Let g be a
function. Then g € Domf. Thus g € Dom(Ev, o f) if and only if fg € Dom(Ev,), if and only if
go f eDom(Ev,) and if and only if a € Dom(f o g). In this case

(Evao f)g =Eva(f8) = (fg)a=(fog)a
g € Dom(f o Ev,) if and only if (¢ € Dom(Ev,) and Ev,g € Domy). This holds if and only if a

is in the domain of g and ga is in the domain of f and so if and only if @ € Dom(f o g). In this case

(foEva)g = f(Evag) = f(ga) = (fog)a

O

Proposition A.1.10. Let A and B be partially ordered sets and f : A - Band g : B - A be
functions. Suppose that f and g are non-decreasing and for all a € A,b € B

(*) fa<b < a<gbh

Put
A={acA|f(ga)=a} and  B={beB|g(fb)=>b.}

(a) a<g(fa)forallacA.

(b) f(gb) <bforallbeB.

(c) A=Img

(d) B=Imf.

(e) The function f |;: A — B is a well-defined bijection with well-defined inverse g |z: B — A.

Proof. Observe first that the assumption of the lemma are fulfilled for (B, A, g, f,>) in place of

(A,B, f,g,<). Hence @ implies @ and (c) implies @)
(a) : Note that fa < fa and so by (*) applied with b = fa, a < g(fa). Thus () and so also (b))
holds.

: If a = g(fa), then a = gb for b = ga. So suppose a = gb for some b € B. @ implies
fa = f(gb) < b. Since g is non-decreasing this gives g(fa) < gb = a. By (d) a < g(fa) and so
a = g(fa). Thus (d) and so also (d) holds.

(Eb By (c) fa € B for all a € A and so functions are well-defined. By definition of A and B they
are inverse to each other. O

Definition A.1.11. Let R be a relation and A and B be sets.

(a) RaB denotes the set
RsB={acA|aRb forall b e B}

RaB is called the R-complement of B in A.
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(b) Let D ¢ B. We say that D is A-closed in B with respect to R if

D = Rg(R4D)
Example A.1.12. (a) Let A and B be sets and + the unequal relation. Then #4 B=A \ B.

(b) Let G be a group and R the commuting relation on G. (So aRb if a,b € G and ab = ba). Then
R4B = C4(B).

(c) Let G be group acting ona set S. Let R = {(g,5) €eGxS |gs=s}. Let ACGand T € S. Then
RrS = Stabu (T) and Ry A = Fixy(A).

(d) Let S be a ring, M an R-module, I €S and W € M. Put R = {(s,m) € S x M | sm = 0}. Then
Rs (W) = Anng (W) and Ry (I) = Anny,(1).

Proposition A.1.13. Let R be relation and A and B sets. Let C< C CAand D< D c B.

(a) C CRuD, if and only of cRd for all ¢ € C,d € D, if and only if dRc for all d € D, ¢ € C and if and
only if D € RpC.

(b) RaD = Ngep Ra{d} and RpC = Neec R{c}
(¢) RyD € RuD and RgC < RgC.
(d) DS Rg(RoD) and C € Ry (RpC).

(e) D is A-closed in B with respect to R if and only if D = RgE for some E € A. C is B-closed in A
with respect to R if and only if C = R4F for some F C B.

(f) Let A be set of all subsets of A which are B-closed in A with respect to R and B be set of all
subsets of B which are A-closed in B with respect to R. Then
A-B, C-RsC

is well-defined, inclusion reversing, bijection with well-defined inclusion reversing, inverse

B—-A, D-—RsD

Proof. (@) and (b)) follow immediately from the definition of R4 B.
follows from (a)).

Partial order the set of subsets of A by inclusion and the set of subsets of B by reverse inclusion.
Then (a) and () show that the assumptions of [A.1.10]are fulfilled. Hence (d) to (f) hold. O
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A.2 Functions and Magma

Definition A.2.1. Let A be a set, (B,+) a magma and f,g : A — B be functions. Define

f+g:A—B, a— f(a)+f(b)

Remark: Here and below I’m using the symbol + for the binary operations since the main
applications will be to the additive group of the ring. But I will only sometimes assume that “+” is
commutative.

Lemma A.2.2. (a) Let f: A — Band g : B— C be magma homomorphisms. Then go f is a magma
homomorphism.

(b) Let A, B be sets and C a magma. Let f : A — B and g,h: B — C be functions. Then
(g+h)of=gof+hof

(c) Let A be a set, B and C magma. Let f,g : A - B be functions and h : B - C a magma
homomorphism. Then

ho(f+g)=hof+hog

(d) Let f : A - Band g : A > B be magma homomorphism and suppose that (w + x) + (y +z) =
(w+y) + (x+2) forall w,x,y,z € B.EI Then f + g is a magma homomorphism.

Proof. Let x,y€cA.

(aD
(feg)(x+y) =f(g(x+y)) = f((g(x) +8(y)) = f(g(x)) + f(g(y)) = (feg)(x) + (fog)(y)
(®)
((g+h)of)(x) = (g+h)(f(x)) = g(f(x)) +h(f(x)) = (g°f)(x) + (ho f)(x) = (go f+ho f)(x)
(c)
(ho (f+8))(x)=h((f+g)(x)) =h(f(x) +g(x)) =h(f(x))+n(g(x))
= (ho f)(x) + (hog)(x) = (ho f+hog)(x)
(d
(f+8)(x+y) =flx+y)+g(x+y) = (f(x) +f() + (g(x) +g(¥))

= (f(x) +2(0)) + () +8() = (f+)(x) + (f +&)(¥)

O

'This holds for example if B is an abelian semigroup. If B has an identity it holds if and only if B is an abelian monoid.
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Lemma A.2.3. (a) Let f: A - B a magma homomorphism and C a set. Then

f: Fun(C,A) - Fun(C,B), g > fog.
is a magma homomorphism.

(b) Let f:A — Ba function and C a magma. Then

/" :Fun(B,C) —» Fun(A,C),g > go f
is a magma homomorphism.

Proof. (a)) follows from[A.2.2][b)) and (b) from [A.2.2]fa). i

Lemma A.2.4. Let A and B be sets. Note that Fun(A, A) is a monoid under composition.
(a) The function
Fun(B, B) - Fun(Fun(A, B),Fun(A,B)),f > f=(g > fog)
is homomorphism of monoids,
(b) The function
Fun(A,A) - Fun(Fun(A,B),Fun(A,B)),f > f"=(g—>gof)
is anti-homomorphism of monoids.

Proof. By [A2.2)[c) the function in (a) is a magma homomorphism and the function in (b) is a
magma anti-homomorphism. Since g oid4 = g = idp o g for all g € Fun(A, B), the functions are
(anti) homomorphism of monoids. O

Lemma A.2.5. Let A, B be sets and C a magma. Then the function
Fun(A x B,C) - Fun(A,Fun(B,C)), f— fa
is magma isomorphism.
Proof. Let f,g:Ax B — C be function and a € A, b € B. Then
(f+8)ab=(f+g)(a.b) = f(a,b) +g(a,b) = fab+gab
Thus (f+g)a=fa+gaforallac Aand (f+g)a = fa+ga. o

Definition A.2.6. Let f : A x B — C be functions.
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(a) Suppose B and C are magma. Then f is called magma-homomorphism in the second coordinate
if
f(a,b+b) = f(a,b) + f(a,b)
forallae A and b,b € B.

(b) Suppose A, B and C are magma. Then f is called a magma bihomomorphism if f is a magma
homomorphism in the first and second coordinate.

Lemma A.2.7. Let f : AxB — C be a function and suppose B and C are magma. Then the following
are equivalent:

(a) f is a magma-homomorphism in the second coordinate.
(b) f.is magma -homomorphism for all a € A.
(¢) fa is a function from A to Hom(B, C).

(d) fpis a magma homomorphism from B to Fun(A, C).

Proof. (&) < (b) :

f(a,b+D) = f(a,b) + f(a,b) forallaeA,b,beB
<~ fa(b) = fu(b) forallac A,b,b e B

(®) < () : Obvious.
(@) — (d) :

f(a,b+D) = f(a,b) + f(a,b) forallaeA,b,beB
A frp(@) = fo(a)+ fz(a)  forallacA,b,beB
= Jpp =fo+ f3 forall b,b € B

Example A.2.8. Let A be a set and B a magma.
Consider the function

n: Fun(A,B) xA - B, (f,a)— fa

Then for f € Fun(A, B) and a € A, nya = n(f,a) = fa and so 7y = f. Thus gyn(a,p) = idpun(a,5)
is a magma homomorphism. Thus 7 is magma homomorphism in the first coordinate. Hence for all
acA,
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ng: Fun(A,B) - B, f— fa
is a magma homomorphism and we obtain a function:
A A~ Hom(Fun(A,B),B), a—m,

Lemma A.2.9. Let A,B,C be magma and f : A x B — C a function. Then the following are
equivalent:

(a) f is a magma bihomomorphism.
(b) fa is a magma homomorphism from A to Hom(B, C).
(c) fpis a magma homomorphism from B to Hom(A, C).

Proof. By[A.27] f is a magma homomorphism in the second coordinate if and only if f4 is function
from A to Hom(B, C); and f is magma homomorphism in first coordinate if and only if f4 magma
homomorphism from A to Fun(B,C). So () and (b)) are equivalent. By symmetry also (&) and
are equivalent. O

A.3 Zorn’s Lemma

This chapter is devoted to prove Zorn’s lemma: Let M be a nonempty partially ordered set in which
every chain has an upper bound. Then M has a maximal element.
To be able to do this we assume throughout this lecture notes that the axiom of choice holds:

Hypothesis A.3.1 (Axiom of choice). Let I be a non-empty set and (A;);e; a family of non-empty
sets. Then

XA[ g
iel

Note that this means that there exists a function f with domain / and f(i) € A; for all i € I.
Naively this just means that we can pick an element from each of the sets A;.

Definition A.3.2. A partially ordered set is a set M together with a reflexive, anti-symmetric and
transitive relation” <”. That is for all a,b,c € M

(a) a<a (reflexive)
(b) a<bandb<a=—a=a (anti-symmetric)
(c) a<bandb<c=—=a<c (transitive)

Definition A.3.3. Let (M, <) be a partially ordered set, a,b € M and C ¢ M.

(a) a are called comparable if a < b or b < a.
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(b) (M,<) is called totally ordered if any two elements are comparable.
(¢) C is called a chain if any two elements in C are comparable.
(d) An upper bound m for C is an element m in M such that that c < m for all c € C.

(e) An element m € M is called a smallest element (or a least element) of C if m € C and m < c for
all c € C.

(f) An element m € C is called a largest element (or a greatest) elements of C if me C and c < m
forallceC.

(g) An element m € C is called a maximal element of C if ¢ = m for all ¢ € C withm < c.

(h) An element m € C is called a minimal element of C if c = m for all c € C with c < m.

(i) A function f : M — M is called increasing if a < f(a) forall a € M.

Lemma A.3.4. Let M be partially ordered set and A € M. Then A has at most one least element.

Proof. Let a and b be least elements of A. Since a € A and b a least element of A, b < a. By
symmetry b < a. Since < is anti-symmetric, a = b. O

As the main step toward our proof of Zorn’s lemma we show:

Lemma A.3.5. Let M be a non-empty partially ordered set in which every non-empty chain has a
least upper bound. Let f : M — M be an increasing function. Then f(mg) = mg for some mg € M.

Proof. Since M # @ we can choose a € M. Let B:= {me€ M | a < m}. If b € B, then a < b and
b < f(b). Soa < f(b) and f(b) € B. Note also that the least upper bound of any non-empty chain
in B is contained in B. So replacing M by B we may assume that

1°.  a<mforallmeM.

Define a subset A of M to be closed if:
(Cli) acA
(Clii) f(b) e AforallbeA.
(Cliii) If C is a non-empty chain in A then its least upper bound is in A.

Since M is closed, there exists at least one closed subset of M.

2°, Let D be chain in M and suppose D is closed. Then D has a least upper bound d in M and
f(d)=d.
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By ([i]), D is not empty and so D has a least upper bound d. By , d € D and by , f(d) e
D. Since d is a upper bound for D, f(d) < d and since f is increasing, d < f(d). Since < is
antisymmetric f(d) = d.

In view of(2°) we just have to find a closed chain in M. For this let A be the intersection of all
the closed subsets of M and observe that A itself is closed.
e € A is called extreme if

(Ex) f(b) <eforallbe Awithb<e

Note that a is extreme, so the set E of extreme elements in A is not empty.

3°.  Letebeextreme and b € A. Then b < e or f(e) < b. In particular, e and b are comparable.

To prove (3°) put
Ac={beA|b<eorf(e) <b}

We need to show that A, = A. Since A is the unique minimal closed set this amounts to proving that
A, is closed.

Clearly a € A,. Let b € A,. If b < e, then as e is extreme, f(b) < e and so f(b) € A,. If b = e,
then f(e) = f(b) < f(b) and again f(b) € A,. If f(e) < b, then f(e) <b < f(b) and f(e) < f(b)
by transitivity. So in all cases f(b) € A,.

Let D be a non-empty chain in A, and m its least upper bound. If d < e for all d in D, then e is
an upper bound for D and so m < e and m € A,.. So suppose that d £ e for some d € D. Asd € A,,
f(e) <d <mand again m € A,.

We proved that A, is closed. Thus A, = A and holds.

4°, E is closed

As already mentioned, a € E. Let e € E. To show that f(e) is extreme let b € A with b < f(e).
By b <eor f(e) <b. Inthe latter case is b < b, a contradiction. If b < e, then since e is extreme,
f(b) <e< f(e). If e =b, then f(b) = f(e) < f(e). So f(e) is extreme.

Let D be a non-empty chain in £ and m its least upper bound. We need to show that m is
extreme. Let b € A with b < m. As m is a least upper bound of D, b is not an upper bound and there
exists e € D with e £ b. By (3%), e and b are comparable and so b < e. As e is extreme, f(b) <e<m
and so m is extreme. Thus E is closed.

As E isclosed and E € A, A = E. Hence by , any two elements in A are comparable. So A
is a closed chain and by (2°), the lemma holds. O

As an immediate consequence we get:

Corollary A.3.6. Let M be a non-empty partially ordered set in which every non-empty chain has
a least upper bound. Then M has a maximal element.
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Proof. Suppose not. Form € M let U,, = {u € M | m < u}. Then U, is not empty and so by the
Axiom of choice there exists

fe X Un

meM
Then f is a function from M to M and m < f(m) for all m € M. But this contradicts m

Lemma A.3.7. Let M be any partial ordered set. Order the set of chains in M by inclusion. Then
M has a maximal chain.

Proof. Let M be the set of chains in M. The union of a chain in M is clearly a chain in M and is a
least upper bound for the chain. Thus by M has a maximal element. i

Theorem A.3.8 (Zorn’s Lemma). Let M be a nonempty partially ordered set in which every chain
has an upper bound. Then M has a maximal element.

Proof. By there exists a maximal chain C in M. By assumption C has an upper bound m. Let
l € M withm <. Then CuU {m, [} is a chain in M and the maximality of C implies / € C. Thus [ < m,
m = [ and m is maximal element. O

As an application of Zorn’s lemma we prove the Well-Ordering Principal.

Definition A.3.9. (a) A totally ordered set M is called well-ordered if every non-empty subset of
M has a minimal element.

(b) We say that a set T can be well-ordered if there exists a relation < on T such that (T,<) is a
well ordered set.

Example A.3.10. Let J be a non-empty well-ordered set and let (/) je; a family of non-empty well
-ordered sets. Let m; be the minimal element of ;. For a, b € X s I; define

Supp(a) ={jeJ|aj+m;} J(a,b)={jeJ]|a;+b;}.

Put
K= {a e XI; ‘ |Supp(a)| is ﬁnite}.
jeJ

Note that J(a,b) € Supp(a) U Supp(b) and so J(a,b) is finite for all @ + b € K and we can
define j(a,b) € J = max J(a,b). Define an ordering on K by

a<b — a+bandaj<bjwhere j= j(a,b)

We claim that this is a well ordering on K.

Suppose a < b and b < ¢ and let j = j(a,b) and k = j(b,c). If j <k, thena;=b; = ¢, forall [ > k
and a; < by <cysoa<c. Andif j>k,thena;=b;=c;forall /> janda; < b;=cjand againa < c.
So K is totally ordered.

Let A be a non-empty subset of K. Suppose A has no minimal element. Note that if b,a € A
with b <aand j = j(a,b), then bj <a;. Soa;+ m;jand j(a,b) € Supp(a). Thus we can define
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j(a) = max j(a,b) and J =min j(a)
2

Under all a € A with j(a) = j pick one with a; minimal Let b < a. Then j(a,b) < j(a) and so
a = by forall k > j = j(a). Let ¢ < b. Then ¢ < a and so also a; = ¢, and an thus j(b,c) < j. Thus
Jj(b) < j and by minimality of j, j(b) = j. The minimality of a; implies b; = a;. Since also ¢ < a,
we get ¢; = bj and so j(c,b) < j. Thus implies j(b) < j, a contradiction.

Theorem A.3.11 (Well-ordering principal). Every set M can be well ordered.

Proof. Let W be the set of well orderings a = (M, <,) with M, € M. As the empty set can be well
ordered, W is not empty. For a,8 € W define a < S if

<1 M, c M,B
<2 <glm,=<q-

<3 a<gbforallae My,be Mg~ M,

It is easy to see that < is a partial ordering on W. We would like to apply Zorn’s lemma to obtain
a member in W. For this let A be a chain in W. Put M, = Uyeq M, and for a,b € M, define a <, b
if there exists @ € A with a,b € M,, and a <, b. Again it is readily verified that <, is a well-defined
partial ordering on M. To show that <, is a well-ordering, let I be any non-empty subset of M* and
pick a € A so that InM,, # @. Let m be the least element of In M, with respect to <,. We claim that
m is also the least element of / with respect to <. Indeed leti € I. If i € M, then m <, i by choice
of m. So alsom <, i. If i ¢ M,, pick B € A withi € Mg. As A is a chain, « and 8 are comparable.
Asie Mg~ M, we get a < and (< 3) implies m <g i. Again m <, i and we conclude that (M., <)
is a well-ordered set and so an element of W. Observe that (M., <, ) is an upper bound for A in W.

So by Zorn’s Lemma there exists a maximal element & € W. Suppose that M, + M and pick
m € M\ M,. Define the partially ordered set (M.,<,) by M, = Myu{m}, <.|y,xm,=<q and i <, m
forall i € M,. Then (M., <,) is contained in W and @ < (M., <.), a contradiction to the maximality
of a.

Thus M, = M and <, is a well-ordering on M. O

Remark A.3.12 (Induction). The well ordering principal allows to prove statement about the ele-
ments in an arbitrary set by induction.

This works as follows. Suppose we like to show that a statement P(m) is true for all elements
min a set M. Endow M with a well ordering < and suppose that we can show

P(a) is true for all a < m = P(m)is true

then the statement is to true for all m € M.
Indeed suppose not and put I = {i € M | P(i) is false }. Then I has a least element m. Put then
P(a) is true for all a < i and so P(i) is true by the induction conclusion.
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A.4 Ordinals

Definition A.4.1. Let a,b be sets. Then ac b means a € b or a = b.
Definition A.4.2. An ordinal is a set S such that

(i) Each element of S is a subset of S.

(ii) € is awell-ordering on S.

Example A.4.3. The following sets are ordinals:

@.{e}.{e.{e}}.{e.{2}.{e.{2}}}...
If we denote @ by 0, {@&} by 1,{@,{@}} by 2 and so on, then
n+1=nu{n}={0,1,2,...,n}.
Lemma A.4.4. Let a,8 and y be a ordinal.
(a) Define a +1=au{a}. Then a + 1 is an ordinal.
(b) Every element of ordinal is an ordinal.
(c¢) Exactly one of B € a,a = B and 8 € a holds.
(d) IfacBandB ecy. Then a €.
(e) aeBifandonlyifa ¢ Bandifandonlyifa+1¢€p.
(f) aebifandonlyifa c B andifandonly if @ e §+ 1.

(g) Let A be a non-empty set of ordinals, then A is an ordinal. Moreover, N A € A and so NA is
the minimal element of A.

(h) Let A be a set of ordinals. Then |J A is an ordinal.

Proof. (@) Let x e @+ 1. Then x € ¢ or x = @. If x C @ and so also x € @ + 1. Then x = @, then
again x C a. So every element of @ + 1 is a subset of @. Now let y by any non-empty subset of @ + 1.
If y = {a}, then @ is a minimal element of y. If y # {@}, then y \ {@} is a subset of @ and so has
minimal element m with respect to €. Then m € @ and so m is also a minimal element of y. Since
zeaforall z€a+ 1 with z # a it is readily verified that ’€’ is a total ordering on & + 1.

(b) Let B € @ and y € B. Since S is subset of @, ¥ is an element and so also a subset of @. If
0 € v, we conclude that 6 € a. Since 6 € y and y € 8 and '€’ is a transitive relation on « have that
0 € 8. Thus vy is a subset of 8. Since ’€’ is a well-ordering on @ and S is a subset of @, €’ is also a
well-ordering on a.

Let y € a. By induction (on the elements of & + 1) we may assume thaty e 8, y =S or B €.
If y=p0,then 8 € a. If B € y then B € a, since v is a subset of @. So we may assume that y € g8 for
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all y € @. Thus a ¢ 5. We also may assume that o # 8 and so there exist 6 minimal in S with ¢ ¢ a.
Let 7 € 6. Then 1 € B and so 17 € @ by minimality of 6. Thus § € @. Since ¢ ¢ « and v is both and
element of @ and a subset of @, 6 #y and § ¢ y. As both 6 and y are in § and ’€’ is an ordering on 3
we conclude thaty € 6. Thusa € d and so @ = § € 5.

(d) This follows since S is a subset of y

and (f): If @ € B, then since 3 is an ordinal. @ ¢ 8. Also no set is an element of itself and so
a # (B and

Suppose now that @ ¢ 5. Then a # 8. Note also that 8 ¢ 5 and so 8 ¢ a. Thus (c]) implies a € 8
andsoa+1=au{a}cp.

Thus
aepf — aGp
and so also
aepf — acp
Thus

a+lef <= a+1cf < acPfand acff < acBf and a¢f < a&pf

and

aef+l < acfora=0 < acf

So (e and (f) are proved.

(g) Any subset of a well-ordered set is well-ordered. So N A is well-ordered with respect to "e.
Let x € NA. Then x e aforalla € A and so x € a for all a € A. Hence x € [JA. Thus JA is an
ordinal. If NA # a for all a € A, then N A & a and by @), NAecaforallaec A. Hence YA€ NA, a
contradiction to (€.

Let x1,x2,x3 € UA. Then x; € a; for some a; € A. Then x; € a; and so x; € A. By (c) and
@ there exists a € {ay,as,a3} with a; < a for all a. Thus x1, xp, x3 € a. Since ’€” is an ordering on
a we conclude that "¢’ is also an ordering on | JA. Let d be a non-empty subset of | JA and define
B={acA|dna#+ @z}t By (g), B has a minimal element b. Then b N d has a minimal element m
and m is also a minimal element of d. Thus ’¢’ is a well-ordering on J A. O

Definition A.4.5. (a) Let A be a set. |A| is the smallest ordinal such that there exist a bijection from
A to |A|. |A| is called the cardinality of A.

(b) A cardinal is the cardinality of some set.
(c) Rg is the smallest ordinal such that a + 1 € R for all a € Ry.
(d) An ordinal « is called finite of a € R.

(e) A set A is called finite if |A| is finite, otherwise its called infinite. A is called countable infinite if
|A| = Ro. A is called countable if its finite or countable infinite. A is called uncountable if is not
countable, that is R € |A|.
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(f) wq is the smallest uncountable cardinal, that is w is the smallest cardinal with Rg € w.
Lemma A.4.6. (a) w; has no maximal element.
(b) Any countable subset of w has an upper bound in w.

Proof. Note first that by minimal choice of w1, all elements of w; are countable.

(a) Let @ € wy. Since « is countable, also @ + 1 is countable. So @ + 1 # w;. Note that w| ¢ @ + 1
and so by[A.4.4(c) , @ + 1 € w;. So a is not maximal in w; and so w; has no maximal elements.

(b) Let A be a countable subset of w; and put @ = UA. By «a is an ordinal. Also all
elements of w; are subsets of w; and so « is a subset of w;. Since countable unions of countable
sets are countable, « is countable. The minimal choice of w; shows that @ € w; Let b € A. Then
B < @ and so by [A.4.4|[f) B¢ a. Thus « is an upper bound for A. O

Definition A.4.7. Let G be a function and a an ordinal.
(a) Let f € Fun(a). Then f is called G-defined if for all B € a, f|g € Dom(G) and f(B) = G(f|s).
(b) G is called an a-defining function if f € Dom(G) for all B € a and all G-defined f € Fun(B).

Lemma A.4.8. Let a be an ordinal and G an a-defining function. Then there exists a unique G-
defined function f € Fun(a).

Proof. Put
I = {ye a| there exists a unique G-defined g, € Fun(y)}

Let B€ a with 8 ¢ I. We will show that 8 € I. Define f € Fun(B) by f(y) = G(gy) for all y € 8.
Note here that y € 1. Also g, € Dom(G) since g, is G-defined and G is an a-defining function.

1°.  Supposeye pandh e F(y) is G-defined. Then h = fl,.
Let 6 € y. Then h|s is G-defined and since § € B € I, h|s = gs. Since h is G-defined

h(s) = G(hls) = G(gs) = £(9).
2°.  fis G-defined.
Let y € 8. Then g, is G-defined and (1°) implies f|, = g, and so

flyeDom(G)  and  f(v)=G(gy) =G(fly)

Thus f is G-defined.
Conversely let & € Fun(8) be G-defined. Then by h = f. So f is the unique G-defined
function on .

We proved that 8 € [ for all 8¢ o with 8 € I. Thus @ € I and the theorem is proved. O

Corollary A.4.9. Let H: A > A be function and a € A. Then there exists a unique family (a;);N in
A with with ag = a and Ha; = a;4 for all i € N.
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Proof. LetieN and f € Fun(i,A). If i = 0 define G(f) =a. Ifi >0define Gf = H(f(i—1)). So G
is function from U;en Fun(i, A) to A.

We claim that G is an N-defining function. Let i € N and let f € Fun(i) be G-defined. Then
f li=1 is G-defined and so by induction on i, f |;—1 is contained in the domain of G. So fj € A for all
Jj<i—1.Also f(i-1)=H(f(i—1)) € A. Hence f € Fun(i,A) and so f € Dom(G).

We proved that G is an N-defining function. Thus by [A.4.§] there exists unique G-defined f €
Fun(N). If i € Z*, then fi=G(f |;)) =H(f(i—1)) € D. Also f0=G(f |z) = G(D) =a.

Suppose (b;)icn is another family in A with @ = ap and Ha; = a;41. Then by = a = ap and if
a; = b, then a;.1 = Ha; = Hb; = bj,1. So by induction, a; = b; for all i € N. O

Corollary A.4.10. Let (M, <) be a non-empty partially ordered set and suppose there does not exist
a strictly increasing function h : N - M. Then M has a maximal element.

Proof. Suppose not. Then for each m € M, M,, = {n € M | m < n} is not empty. By the axiom of
choice there exists g € X,,eps M. So g : M — M is a strictly increasing function. Let m € M. So by
there exist a function 2 : N — M with 2(0) =m and h(i+ 1) = g(hi)) < hi for all i € N. Hence
h is strictly increasing, contrary to the assumption. O

Corollary A.4.11. Let C be a class of sets and F € Fun(C) such that @ + F(a) ¢ C for all a € C.
Let a € C. Then there exist a family (a;);en in C with ag = a and a; € F(a;) for all i € N.

Proof. Let D be the class of subsets of C. For A € D define H(A) = Uy F(a). Then H(A) € C
for all A € D and so H(A) € D. Thus by there exists a family (D;);n in D with Dy = {a}
and H(D;) = D;,; for alli e N. Thus D = ;N D; is a subset of D with a € D. By axiom of choice
X 4ep F(5) # @. So there exist function 7' € Fun(D) with Td € F(d) for all. Letd € D. Thend € D;
for some i € I and so Td € F(d) € H(D;) = D;s1. So Td € D for all d € D. Another application of
A.4.9|provides a family (a;);en With ag = a and T'(a;) = a4 for all i € N. Thus a;1 = T(a;) € F(d;)
and the corollary is proved. O

Corollary A.4.12. Let D be a class of sets, « an ordinal and D € D. Suppose that U, D, € D for
all B € a and all increasing families (D, )ye in D. Let H : D — D be an increasing function. Then
there exists a unique family (Dg)geq in D such that

(a) Do =D,
(b) H(D;) = Diy1 forallie awithi+1<a.
(c) Di=UjDjif j € ais limit ordinal.

Proof. Lety e a and f:y — D be an increasing function. Define G f € D as follows:

If y =0, define Gf = D. If y = p+ 1, define Gf = H(fp) and if y is a non-zero limit ordinal
define Gf = Usey f7.

Note that
1°. G is a function from Uye, Funip. (7, D) to D.

Next we show:
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2°.  LetBe aandlet f ¢ Fun(B) G-defined.

(a) f(0)=D.

(b) f(y+1)=H(fy) forally <Bwithy+1<p.
(¢) f() = Usey £8 if y < is a limit ordinal.

(d) Then f is an increasing function from 3 to D.

If B8 = 0, this is obvious. So suppose 8 # 0 and let y € 5.
Then by definition of a G-defined function, f |,€ Dom(G) and

fr=G(f |7)

In particular, fy € D and f |, is an increasing function from y to D. Thus f is a function from
BtoD.

(@ £(0) =G(f o) = G(0) = D.
(b) Suppose y + 1 < 5. Then

fly+1)=G(f ’y+1) = H((f ‘7+1)7) =H(f(y))
Suppose vy is a limit ordinal. Then
f=G6(rL=U{ke=Urs
o<y o<y

(d) Let 6 € y. If y is a limit ordinal, (c) shows that f5 < fy. So suppose y = p + 1. Since f |, is
increasing f6 ¢ fp. By (b)) and since H is increasing

fp S H(fp)=f(p+1) = f(y) Soagain f5 c fy and f is increasing. Thus also (d) holds.

3°. G is an a-defining function.

LetB € @, and f € Fun(B) is G-defined. Then by @) f 1s an increasing function from 8 to D and
so f € Dom(G). Hence (3°) holds.

By (3°) and there exists a unique G-defined function f € Fun(a). (2°) now shows that the
lemma holds for (f7)eq- i

A.5 Cantor-Bernstein

Lemma A.5.1. Let A and B be sets and suppose there exist 1-1 functions f :A - Band g : B — A.
Then there exists a bijection h: A — B.

Proof. PutC=g(B),D=g(f(A))anda=gof. Thenais 1-1,D=a(A),DcCcA. Since gis a
bijection from B to C, its suffices to construct a bijection from A to C.
Let E = {*(a) |a € A\ C,k € N}. Define
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a(a) ifacE

B:A—A a—
a oface ANE

Let e € E. Then by definition of 8, 8(e) = a(e). By definition of E, e = a*(x) for some x € AN C
and some k € N. Thus 8(e) = a(e) = o1 (b) € E.

Let a,b € A with (a) = B(b). Suppose first that a ¢ E. Then B(b) = B(a) = a ¢ E. Since
B(e) € E for all e € E, this gives b ¢ E and so a = B(b) = b. Suppose that a € E. Then also b € E and
so a(a) =B(a) =B(b) = a(b). Since « is 1-1, this gives a = b.

SoBis 1-1. If a € E, then B(a) = a(a) € D € C. Suppose a € AN E. If x € A\ C, then
x=a(x) e E. Thus a € C and so 8(a) = a € C. Hence B(A) < C.

Now let c € C. If ¢ € E, then ¢ = o*(b) forsome be A~ C and k € N. Since c € C, ¢ # b = a°(b)
and so k > 0. Then x = o~ (b) € E and B(x) = a(x) = &*(b) = c. So c € B(A).

Suppose that ¢ ¢ E. Then (c¢) = ¢ and again “B(A). Thus C < B(A). So B(A) = C and Bis a
bijection from A to C. O

A.6 Algebraic Structure

Definition A.6.1. Let (S;);c; be a family of set. Define

®Ssi= X S;
iel iel
NES%]

Definition A.6.2 (Structures). Let S be set.

(a) Let I and K be sets. An I-ary operation on S with constants K is a function f such that ST ® K
is contained in the domain of S .

Such an operation is called closed on S if

f(x)eS
forallxeS'® K.

(b) An operation on S is an I-ary operation on S with constants K for some set I and K.

(c¢) A structure G on S is set of triple (I, K, ) such that f is closed I-ary operation with constants
KonsS.

(d) Let G be a structure on S. A subset T of S is called G-closed if G is a structure on T, that is

f()eT
forall (I,LK, f)€Gand x € T' ® K.
A G-closed subsets of S is also called a G-subset of S .
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Example A.6.3. (a) Let G be a group. Let G be the structure in G consisting of

fir GxG® gz -G (ab)—ab

f: Gogog -G a—-a’l
f3: g {0} -G 0 —eg
fa: GeG -G (ab)—"a

Here the set on the right side of ® is the set of constants.

Then T <€ G is G-closed if and only if

ab = fi(a,b) €T foralla,beT
al = f(a) €T forallaeT
eGg = f3(0) eT

ba fi(a,b) €T forallaeT,beG

So the G-closed subsets of G are the normal subgroups of G. If we remove the function f; from
G, the G-closed subsets of G is would be subgroups of G.

(b) Consider a group G acting on a set S. Let G be the structure on S given by

fi: SG—S,(s,8)—gs
Let T ¢ S. Then T is G-closed if and only if

gt=fi(t,g)eTforallteT,geG

So T is G-closed if and only if T is G-invariant.

(c) Consider aring R. Let G be the structure on R given by

fi: RxRe® @ —R (ab)—a+b

fr: R®g —-R a—-a
f: g {0} >R 0 - Og
fa: R®R —R (ab) —>ba

Let I ¢ R. Then I is G-closed if and only if
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a+b = fi(a,b) €T foralla,beT
—-a = fa(a) €T forallaeT
Ok = f3(0) €T
ba = fi(a,b) €T forallaeT,beR

So the G- subsets of R are just the left ideals in R.

If we replace f; by

fs: RxR®2Z—R, (a,b)—ab

the closed subsets will be the subrings.

If we replace fy by

fo: R®R-—>R, (ab)—ab

the G-subsets will be the right ideals in R. If we use f4 and fg, the G-closed subsets will be the
ideals

Proposition A.6.4. G be a structure on the set S and (Ty)gep a non-empty family of G-closed
subsets of S. Then Ngep Ty is G-closed.

Proof. Put T = Nyeo Ty Let (1K, f) € Gand x = (y,k) € T'® K. Let ¢ € Q and note that y; € T,
forall i € I. Thus x € T/ @ K and since T, is G-closed we get f(x) € T,. Since this holds for all
q€Q, f(x)eT. Thus T is G-closed. o

Definition A.6.5. A family (Ty)4eo of sets is called directed if for each q, p € Q there exists r € Q
withT,uT,cT,.

Proposition A.6.6. Let G be a structure on the set S and (Ty)ge0 a non-empty family of G-closed
subsets of S. Suppose that

(i) (Ty)qgeo is directed.
(ii) I is finite for all (I, K, f) € G.
Then Uyep Ty is G-subset of S.

Proof. Put T = Uyep Ty Fix (I,K, f) € G and let x = (y,k) € T' @ K. Then for each i € I there
exists g; € Q with y; € T,,. Since I is finite and (T ) e is directed we can choose g € Q with T, € T,
foralliel. Thusy; € T, forallie/andso xe Té ® K. Since T, is G-closed we get f(x) e T, cT.
Thus T is G-closed . m|
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Corollary A.6.7. (a) Let G be a group and (Gy)gep a non-empty family of (normal, ) subgroups of
G. Then Nyeg Ty is a (normal, )subgroup of G.

(b) Let G be a group and (G4)4eo a non-empty directed family of (normal, )subgroups of G. Then
Ugeo Ty is a (normal, ) subgroup of G.

(c) Let R be a ring and (14)4co a non-empty family of (left,right, ) ideals in R. Then Nyeq Iy is an
(left,right, ) ideal in R.

(d) Let R be a ring and (I;)4e0 a non-empty direct family of (left,right, ) ideals in R. Then Uy I,
is an (left,right, )ideal in R.

Definition A.6.8. Let G-be a structure of the set S and T a subset of G. The set

(T)g:=({H|T cHCS,H is G-closed}

is called the G-subset generated by T, or the G-closure of T.



Appendix B

Categories

B.1 Definition and Examples

In this chapter we give a brief introduction to categories.

Definition B.1.1. A category Cat is a triple of (C,Hom, Com) such that
(i) Cis class;
(ii) Hom is a function from C x C to the class of sets;

(iii) Com is a function with domain C x C x C such that for each A,B,C € C, Com(A,B,C) is a
Junction
Com(A, B,C) : Hom(B,C) x Hom(A, B) - Hom(A, C)

(iv) the elements of C are called the objects of Cat.

(v) If A and B are objects and f € Hom(A, B) are then the triple (f, A, B) id called a morphism
from A to B and is denoted by f : A — B. (Note here that f does not have to be a function from
AtoB.

(vi) For objects A, B,C and morphisms f : A - B and g : B - C we denote Com(A, B,C)(g, f)
by g o f. (Note that this is a bit ambiguous, since g o f also depends on A, B and C, but this
should not lead to confusion). g o f is called the composition of g and f. If f = (f,A, B) and
g= (g, B,C) wewrite gof for (go f,A,C). Note that the notation g o f is unambiguous.

(vii) If f:A—> B, g: B~ Cand h: C - D are morphisms then
ho(gof)=(hog)of

(viii) For each object A there exists a morphism from A to A, denoted by ids, such that for all
morphism f:A - Bandg:B— A

foidg=f and idgog=g

297
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Definition B.1.2. Let Cat be a category..

(a) A morphism f: A — B is called an equivalence if there exists a morphism g : B — A with
fog=idp and gof=idy

(b) Two objects A and B are called equivalent if there exists an equivalence f : A — B.
Remark B.1.3. Let Cat be a category.
(a) The composition of two equivalences in a category is an equivalence.

(b) Let A be an object. Then (Hom(A,A),Com(A,A,A)) is a monoid. f : A — A is an equivalence
if an only if f is invertible in Hom(A, A). So the set of equivalences from A to A form a group.

Proof. Straightforward. O

Example B.1.4. 1. Let S be the class of all sets. Let Hom(A, B) = Fun(A, B) be the set of all
functions from A — B. Let Com(A, B,C) be regular composition. Then (S,Hom,Com) is a
category called the category of sets. A morphism in this category is an equivalence if an only if
it is a bijection.

2. The class of all groups with morphisms the group homomorphisms and the regular composition
is a category called the category of groups.

3. By Remark|[B.1.3|a category with one objects is essentially the same thing as a monoid.

4. Let G be a monoid. Let C = G. For a,b € G define Hom(a,b) = {x | xa = b}. So x : a - b means
xa = b. Define composition by multiplication. If x:a — b and y : b — ¢ are morphisms then

(yx)a =y(xa)=yb=c

and so yx is indeed morphism from a to c. Note that e is the identity in Hom(a,a) for all a € G.
So (C,Hom, Com) is category.

5. The class of all partially ordered sets with morphisms the increasing functions and regular com-
position is category.

6. Let (I,<) be a partially ordered set. Let a,b € I. If a > b define Hom(a,b) = @. If a < b let
Hom(a, b) have a single element, which we denote by "a — b”. Define composition by

(b—>c)o(a—Db)=(a—rc).

this is well defined as partial orderings are transitive. Associativity is obvious. Since < q is
reflexive a — a is an identity for A. So (I,Hom, Com) is a category.

Conversely, suppose Cat is a category such that C is a set and |[Hom(A, B)| < 1 for all A,B € C.
Define A < B if [Hom(A, B)| = 1. Then (C,<) is a partially ordered set.
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7. Let Cat be any category. Let D be the class of morphisms in Cat. Given morphisms f : A - B
and g : C — D in C define Hom(f,q) to be the sets of all pairs (a,b) where a : A - C and
b : B — D are morphism such that goa = b o f, that is the diagram:

BLD

commutes.

Ifh: E — F is a further morphism and (c,d) € Hom(g, h) define (a,b) o (c,d) = (aoc,bod).
Then (a,b) o (c,d) e Hom(f, h):

A—2sCc "> E
N O
B—.p_“,F

The resulting category is called the category of morphisms for Cat.

8. Let Cat be a category. The opposite category Cat® is defined as follows: The objects of Cat’?
are the objects of Cat.

Hom®P (A, B) = Hom(B, A) for all objects A, B.
f € Hom®P (A, B) will be denoted by

f:AZB or f:A<B.
op
fog=gof.

The opposite category is often also called the dual or arrow reversing category. Note that two
objects are equivalent in C if and only if they are equivalent in CP.

B.2 Universal Objects and Products

Definition B.2.1. (a) An object I in a category is called universal ( or initial) if for each object C
of C there exists a unique morphism [ — C.

(b) Anobject I in a category is called couniversal ( or terminal) if for each object C of C there exists
a unique morphism C — 1.

Note that / is initial in C if and only if its terminal in C°P.

The initial and the terminal objects in the category of groups are the trivial groups.
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Let I be a partially ordered set. A object in C; is initial if an only if its a least element. Its
terminal if and only if its a greatest element.

Let G be a monoid and consider the category C(G). Since g : e — g is the unique morphism
form e to G, e is a initial object. e is a terminal object if and only if G is a group.

Theorem B.2.2. [uniuni] Any two initial (resp. terminal) objects in a category I are equivalent.

Proof. Let A and B be initial objects. In particular, there exists f : A - Band g : B — A. Then
id4 and g o f both are morphisms A — A. So by the uniqueness claim in the definition of an initial
object, id4 = g o f, by symmetry idg = f o g.

Let A and B be terminal objects. Then A and B are initial objects in C°? and so equivalent in
C°P. Hence also in C. m]

Definition B.2.3. Let C be a category and (A;,i € I) a family of objects in C. A product for (A;,i € I)
is an object P in C together with a family of morphisms m; : P — A; such that any object B and family
of homomorphisms (¢; : B — A;,i € I) there exists a unique morphism ¢ : B — P so that w; o ¢ = ¢;
foralliel. Thatis the diagram commutes:

¢ B

NA

A;

P

commutes for all i € I.

Any two products of (G;,i € I) are equivalent in C. Indeed they are the terminal object in the
following category £

The objects in £ are pairs (B, (¢;,i € I)) there B is an object and (¢; : B — A;,i € I) is a family
of morphism. A morphism in & from (B, (¢;,i € I)) to (D, (;,i € I) is a morphism ¢ : B - D with
pi=yiopforalliel.

A coproduct of a family of objects (G;,i € I) in a category C is its product in CP. So it is an
initial object in the category £. This spells out to:

Definition B.2.4. Ler C be a category and (A;,i € I) a family of objects in C. A coproduct for
(A;,i € I) is an object P in C together with a family of morphisms n; : A; — B such that for any
object B and family of homomorphisms (¢; : A; — B, i € I) there exists a unique morphism ¢ : P -~ B
so that g om; = ¢; forallic I
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