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Chapter 1

Preface

These are the lecture notes for the classes MTH 818 in Fall 2012 and MTH 819 in Spring
2011. The notes are based on Hungerford’s Algebra [Hun], but the proofs given here often
diverge from Hungerford’s.

The lecture will be updated frequently.
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Chapter 2

Group Theory

2.1 Latin Squares

Definition 2.1.1. Let G be a set and φ a function such that G × G is contained in the
domain of G. map.

(a) If a, b ∈ G we write ab for φ(a, b). φ is called a binary operation on G if ab ∈ G for all
a, b ∈ G. In this case the pair (G,φ) is called a magma.

(b) e ∈ G is called an identity element if ea = ae = a for all a ∈ G.

(c) We say that (G,φ) is a Latin square if for all a, b in G there exist unique elements x, y
in G so that

ax = b and ya = b

(d) The multiplication table of (G,φ) is the matrix [ab]a∈G,b∈G.

(e) The order of (G,φ) is the cardinality |G| of G.

We remark that (G,φ) is a latin square if and only if each a ∈ G appears exactly once
in each row and in each column of the multiplication table. If there is no confusion about
the binary operation in mind, we will just write G for (G,φ) and call G a magma.

Definition 2.1.2. Let G and H be magmas and α : G→ H a map.

(a) α is called a (magma) homomorphism if α(ab) = α(a)α(b), for all a, b ∈ G.

(b) α is called an isomorphism if α is a homomorphism and there exists a homomorphism
β : H → G with αβ = idH and βα = idG.

(c) α is an automorphism if G = H and α is an isomorphism.

Definition 2.1.3. Let G and H be magmas.
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8 CHAPTER 2. GROUP THEORY

(a) The opposite magma Gop is defined by Gop = G as a set and

g ·op h = hg.

(b) An magma anti homomorphismα : G → H is a magma homomorphism α : G → Hop.
So α(ab) = α(b)α(a).

Lemma 2.1.4. (a) Let G be a magma. Then G has at most one identity.

(b) Let α : G → H be a magma homomorphism. Then α is an isomorphism if and only if
α is a bijection.

Proof. (a) Let e and e∗ be identities. Then

e = ee∗ = e∗.

(b) Clearly any isomorphism is a bijection. Conversely, assume α is a bijection and let
β be its inverse map. We need to show that β is a homomorphism. For this let a, b ∈ H.
Then as α is a homomorphism

α(β(a)β(b)) = α(β(a))α(β(b)) = ab = α(β(ab)).

Since α is one to one ( or by applying β) we get

β(a)β(b) = β(ab).

So β is an homomorphism.

2.1.5 (Latin Squares of small order). Below we list (up to isomorphism) all Latin square
of order at most 5 which have an identity element e. It is fairly straightforward to obtain
this list, although the case |G| = 5 is rather tedious). We leave the details to the reader,
but indicate a case division which leads to the various Latin squares.

Order 1,2 and 3:

e

e e

e a

e e a

a a e

e a b

e e a b

a a b e

b b e a

Order 4: Here we get two non-isomorphic Latin squares. One for the case that a2 6= e
for some a ∈ G and one for the case that a2 = e for all a ∈ G.
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(1)

e a b c

e e a b c

a a b c e

b b c e a

c c e a b

(2)

e a b c

e e a b c

a a e c b

b b c e a

c c b a e

Order 5: This time we get lots of cases:

Case 1: There exists e 6= a 6= b with a2 = e = b2.

Case 2 There exists e 6= a with a2 6= e, aa2 = e and (a2a)2 = e.

Case 3 There exists e 6= a with a2 6= e, aa2 = e and (a2a)2 6= e

Case 4 There exists e 6= a with a2 6= e, a2a = e and (aa2)2 = e.

This Latin square is anti-isomorphic but not isomorphic to the one in case 2. Anti-
isomorphic means that is there exists bijection α with α(ab) = α(b)α(a)).

Case 5 There exists e 6= a with a2 6= e, a2a = e and (aa2)2 6= e.

This Latin square is isomorphic and anti-isomorphic to the one in case 3.

Case 6 There exists e 6= a with a2 6= e, a2a = aa2 6= e

Case 7 There exists e 6= a with a2 6= e = (a2)2.

Case 8 There exists e 6= a with (a2)2 6= e and e 6= a2a 6= aa2 6= e.

In this case put c = aa2. Then c2 6= e and either cc2 = e or c2c = e. Moreover (c2c)2 6= e
respectively (cc2)2 6= e and the latin square is isomorphic to the one in Case 3.

(1)

e a b c d

e e a b c d

a a e c d b

b b d e a c

c c b d e a

d d c a b e

(2)

e a b c d

e e a b c d

a a b e d c

b b c d a e

c c d a e b

d d e c b a

(3)

e a b c d

e e a b c d

a a b e d c

b b c d e a

c c d a b e

d d e c a b

(4)

e a b c d

e e a b c d

a a b c d e

b b e d a c

c c d a e b

d d c e b a
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(5)

e a b c d

e e a b c d

a a b c d e

b b e d a c

c c d e b a

d d c a e b

(6)

e a b c d

e e a b c d

a a b c d e

b b c d e a

c c d e a b

d d e a b c

(7)

e a b c d

e e a b c d

a a b c d e

b b d e a c

c c e d b a

d d c a e b

(8)

e a b c d

e e a b c d

a a b c d e

b b d a e c

c c e d x y

d d c e y x

{x, y} = {a, b}

2.2 Semigroups, monoids and groups

Definition 2.2.1. Let G be a magma.

(a) The binary operation on G is called associative if

(ab)c = a(bc)

for all a, b, c ∈ G. If this is the case we call G a semigroup.

(b) G is a monoid if it is a semigroup and has an identity.

(c) Suppose that G is a monoid. Then a ∈ G is called invertible if there exists a−1 ∈ G
with

aa−1 = e = a−1a.

Such an a−1 is called an inverse of a.

(d) A group is a monoid in which every element is invertible.

(e) G is called abelian (or commutative) if

ab = ba

for all a, b ∈ G.

Example 2.2.2. Let Z+ denote the positive integers and N the non-negative integers.
Then (Z+,+) is a semigroup, (N,+) is a monoid and (Z,+) is a group. (Z, ·) and (R, ·) are
monoids. Let R∗ = R \ {0}. Then (R∗, ·) is a group. The integers modulo n under addition
is another example. We denote this group by (Z/nZ,+). All the examples so far have been
abelian.

Note that in a group a−1b is the unique solution of ax = b and ba−1 is the unique
solution of ya = b. So every group is a Latin square with identity. But the converse is not
true. Indeed of the Latin squares listed in section 2.1 all the once of order less than five are
groups. But of Latin squares of order five only the one labeled (6) is a group.
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Let K be a field and V a vector space over K. Let EndK(V ) the set of all K-linear maps
from V to V . Then EndK(V ) is a monoid under compositions. Let GLK(V ) be the set of
K-linear bijection from V to V . Then GLK(V ) is a group under composition, called the
general linear group of V . It is easy to verify that GLK(V ) is not abelian unless V has
dimension 0 or 1.

Let I be a set. Then the set Sym(I) of all bijection from I to I is a group under
composition, called the symmetric group on I. If I = {1, . . . , n} we also write Sym(n) for
Sym(I). Sym(n) is called the symmetric group of degree n. Sym(I) is not abelian as long
as I has at least three elements.

Above we obtained various examples of groups by starting with a monoid and then
considered only the invertible elements. This works in general:

Lemma 2.2.3. Let G be a monoid.

(a) Suppose that a, b, c ∈ G, a is a left inverse of b and c is right inverse of b. Then a = c
and a is an inverse.

(b) An element in G has an inverse if and only if it has a left inverse and a right inverse.

(c) Each element in G has at most one inverse.

(d) If x and y are invertible, then x−1 and xy are invertible. Namely x is an inverse of x−1

and y−1x−1 is an inverse of xy.

(e) Let G∗ be the set of invertible elements in G, then G∗ is a group.

Proof. (a)

a = ae = a(bc) = (ab)c = ec = c

(b) and (c) follow immediately from (a).

(d) Clearly x is an inverse of x−1. Also

(y−1x−1)(xy) = y−1(x−1(xy)) = y−1((x−1x)y) = y−1(ey) = y−1y = e

Similarly (xy)(y−1x−1) = e and so y−1x−1 is indeed an inverse for xy.

(e) By (d) we can restrict the binary operation G × G → G to get a binary operation
G∗×G∗ → G∗. Clearly this is associative. Also e ∈ G∗ so G∗ is a monoid. By (d) x−1 ∈ G∗
for all x ∈ G∗ and so G∗ is a group.

Corollary 2.2.4. Let G be a group. Then G is isomorphic to its opposite group Gop, in
fact the map x→ x−1 is an anti-automorphism of G and an isomorphism G→ Gop.

Proof. This follows from 2.2.3(d).
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2.2.5 (Products of elements). The associative law says that (ab)c = (ab)c for all a, b, c in a
semigroup. Hence also

(a(bc))d = ((ab)c)d = (ab)(cd) = a(b(cd)) = a((bc)d)

for all a, b, c, d in G. That is for building products of four elements in a given order it
does not matter how we place the parenthesis. We will show that this is true for products
of arbitrary length. The tough part is to define what we really mean with a product of
(a1, . . . , an) where ai ∈ G for some magma G. We do this by induction on n.

For n = 1, a1 is the only product of (a1).

For n ≥ 2, z is a product of (a1, . . . , an) if and only if z = xy, where x is a product of
(a1, . . . am) and y is a product of (am+1 . . . an), for some 1 < m < n.

The only product of (a1, a2) is a1a2. The products of (a1, a2, a3) are (a1a2)a3 and
a1(a2a3). Associativity now just says that every 3-tuple has a unique product.

For later use, if G has an identity we define e to be the only product of the empty tuple.

For the proof of next theorem we also define the standard product of (a1, . . . an). For
n = 1 this is a1 while for n ≥ 2 it is xan where x is the standard product of (a1, . . . , an−1).

Theorem 2.2.6 (General Associativity Law). Let G be a semigroup. Then any (non-empty)
tuple of elements of G has a unique product.

Proof. Let (a1, a2, . . . , an) be a tuple of elements of G. We will show by induction on n,
that any of its products is equal to its standard product. For n = 1 this is obvious.

So suppose n ≥ 2 and that any product of a tuple of length less than n is equal to its
standard product. Let z be any product of (a1, . . . , an). Then by definition of ‘product’ there
exist an integer 1 < m < n, a product x of (a1, . . . , am) and a product y of (am+1, . . . , an)
such that z = xy.

Suppose first that m = n− 1. By induction x is the standard product of (a1, . . . , an−1).
Also z = xan and so by definition z is the standard product of (a1, . . . , an).

Suppose next that m < n − 1. Again by induction y is the standard product of
(am+1, . . . , an) and so y = san, where s is the standard product of (am+1 . . . , an−1). Hence

z = xy = x(san) = (xs)an

As xs is a product of (a1, . . . an−1), we are done by the m = n− 1 case.

One of the most common ways to define a group is as the group of automorphism of
some object. For example above we used sets and vector spaces to define the symmetric
groups and the general linear group.

If the object is a magma G we get a group which we denote by Aut(G). So Aut(G)
is the set of all automorphisms of the magma G. The binary operation on Aut(G) is the
composition.

We will determine the automorphism for the Latin squares in 2.1. As the identity
element is unique it is fixed by any automorphism. It follows that the Latin square of order
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1 or 2, have no non-trivial automorphism ( any structure as the trivial automorphism which
sends every element to itself).

The Latin square of order three has one non-trivial automorphism. It sends

e→ e a→ b b→ a.

Consider the first Latin square of order 4. It has two elements with x 6 = 2e, namely a and
c. So again we have a unique non- trivial automorphism:

e→ e a→ c b→ b c→ a.

Consider the second Latin square of order 4. Here is an easy way to describe the multipli-
cation: ex = x, xx = e and xy = z if {x, y, z} = {a, b, c}. It follows that any permutation
of {e, a, b, c} which fixes e is an automorphism. Hence the group of automorphism is iso-
morphic to Sym(3),

Consider the Latin square of order 5 labeled (1). The multiplication table was uniquely
determine by any pair x 6= y of non-trivial elements with x2 = y2 = e. But x2 = e for all x.
So every e 6= x 6= y 6= e there exists a unique automorphism with

a→ x b→ y

Thus the group of automorphisms has order 12. The reader might convince herself that also
the set of bijection which are automorphisms or anti-automorphisms form a group. In this
case it has order 24. That is any bijection fixing e is an automorphism or anti-automorphism.

Consider the Latins square of order five labeled (2). This multiplication table is uniquely
determine by any element with x2 6= e, xx2 = e and (x2x)2 = e. a, b and d have this property
and we get two non-trivial automorphism:

e→ e, a→ b b→ d, c→ c d→ a and e→ e, a→ d b→ a, c→ c d→ b

That is any permutation fixing e and c and cyclicly permuting a, b, d is an automorphism.
Consider the Latins square of order five labeled (3). This time only a itself has the defining
property. It follows that no non-trivial automorphism exists. But it has an anti-isomorphism
fixing a, b and d and interchanging a and c.

The Latin square (4) and (5) had been (anti-)-isomorphic to (2) and (3). So consider
(6). All non-trivial elements have the defining property. So there are 4 automorphisms.
They fix e and cyclicly permute (a, b, c, d).

Finally consider the Latin square (7). Here a, c, d have the defining property. So there
are 3 automorphism. They fix e and b and cyclicly permuted (a, c, d). Here all bijections
fixing a and b are automorphism or anti-automorphism.

It might be interesting to look back and consider the isomorphism types of the groups
we found as automorphism of Latin squares. Z/nZ for n = 1, 2, 3, 4, Sym(3) and a group
of order 12. We will later see that Sym(4) has a unique subgroup of order 12 called Alt(4).
So the group of order 12 must be isomorphic to Alt(4).
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Another class of objects one can use are graphs. We define a graph to be a tuple (Γ,−),
where Γ is a set and ” − ” is an anti-reflexive, symmetric relation on Γ. The elements are
called vertices, If a and b are vertices with a− b we say that a and b are adjacent. An edge
is a pair of adjacent vertices. An automorphism of the graph Γ is an bijection α ∈ Sym(Γ)
such that a− b if and only if α(a)− α(b). In other words a bijection which maps edges to
edges. Aut(Γ) is the set of all automorphisms of Γ under composition.

As an example let Γ4 be a square:

u u

uu

1 2

34

The square has the following automorphisms: rotations by 0, 90, 180 and 270 degrees,
and reflections on each of the four dotted lines. So Aut(Γ4) has order 8.

To describe Aut(Γ4) as a subset of Sym(4) we introduce the cycle notation for elements
of Sym(I) for a finite set I. We say that π ∈ Sym(I) is a cycle of length if the exists
a1 . . . am ∈ I such that

π(a1) = a2, π(a2) = a3, . . . , π(am−1) = am, π(am) = a1

and π(j) = j for all other j ∈ I.

Such a cycle will be denoted by

(a1a2a3 . . . am)

The set {a1, . . . am} is called the support of the cycle. Two cycles are called disjoint if their
supports are disjoint.

It is clear that every permutations can be uniquely written as a product of disjoint cycle.

π = (a1
1a

1
2 . . . a

1
m1

) (a2
1a

2
2 . . . a

2
m2

) . . . (ak1a
k
2 . . . a

k
mk

)

One should notice here that disjoint cycles commute and so the order of multiplication
is irrelevant. Often we will not list the cycles of length 1.

So (135)(26) is the permutation which sends 1 to 3, 3 to 5,5 to 1, 2 to 6, 6 to 2 and fixes
4 and any number larger than 6.

With this notation we can explicitly list the elements of Aut(Γ4):

The four rotations: e, (1234), (13)(24), (1432)

And the four reflections: (14)(23), (13), (12)(34), (24).
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2.3 The projective plane of order 2

In this section we will look at the automorphism group of the projective plane of order two.
To define a projective plane consider a 3-tuple E = (P,L,R) where P and L are non-

empty disjoint sets and R ⊆ P × L. The elements of P are called points, the elements of
L are called lines and we say a point P and a line l are incident if (P, l) ∈ R. E is called a
projective plane if it has the following three properties

(PP0) Any point is incident with at least 3 lines and any line is incident with at least
three points.

(PP1) Any two distinct points are incident with a unique common line.

(PP2) Any two distinct lines are incident with a unique common point.

Note here that the definition of a projective plane is ’symmetric’ in points and lines. To
be more precise, define R∗ = {(l, P ) | (P, l) ∈ R and E∗ = (L,P,R∗). If E is a projective
plane, then also E∗ is a projective plane. The points of E∗ are the lines of E and vice versa.
E∗ is called the dual plane of E .

We say that a projective plane has order two if every point is incident with exactly three
lines and every line is incident with exactly three points.

Let E = (P,L,R be a projective plane of order two. Let P be any point. Then any
other point lies on exactly one of the three lines through P . Each of whose three lines has
2 points besides P and so we have 1 + 3 · 2 = 7 points. Note that also E∗ is a projective
plane of order 2. So E∗ has seven points, i.e E has seven lines.

A set of points is called collinear if the points in the set are incident with a common
line.

Now let A,B,C be any three points which are not collinear. We will show that the
whole projective plane can be uniquely described in terms of the tuple (A,B,C). Given
two distinct points P and Q, let PQ be the line incident to P and Q. Also let P + Q be
the unique point on PQ distinct from P and Q. Since two distinct lines have exactly on
point in common, A,B,C,A + B,A + C,B + C are pairwise distinct. Also the two lines
A(B + C) and B(A+ C) have a point D in common. It is easy to check that D is not one
of the six points we already found. Hence

D = A+ (B + C) = B + (A+ C).

Similary, D is the point incident with B(A+ C) and C(A+B) and so

D = B + (A+ C) = C + (A+B).

We have found six pairwise distinct lines:

AB,AC,BC,A(B + C), B(A+ C), C(A+B).

Now (A+B)(A+ C) must intersect BC. But B does not lie on (A+B)(A+ C) since
otherwise (A+ B)(A+ C) = (A+ B)B = AB. Similarly C is not on (A+ B)(A+ C). So
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B+C lies on (A+B)(A+C) and B+C = (A+B)+(A+C) So the seventh line is incident
with A+B,A+ C and B + C. So we completely determined the projective plane:
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An automorphism of E is a bijection α : P ∪ L → P ∪ L such that

(i) If P is a point, then α(P ) is point.

(ii) If l is a line, then α(l) is a line.

(iii) Let P be a point and l a line. Then P is incident to l if and only if α(P ) is incident
toα(l).

Note that an automorphism α of E is uniquely determined by its effect on the points.
Namely, if l = PQ is a line, then α(l) is incident with α(P ) and α(Q). So α(l) = α(P )α(Q).

Let Aut(E) be the set of automorphisms of E . If α, β ∈ Aut(E), then it is easy to
see that also α ◦ β and α−1 are also automorphism of E . Moreover, idP∪L ∈ Aut(E) and
composition of function is associative. Hence (Aut(E), ◦) is a group. We now state an
important property of the projective plane of order 2:

Lemma 2.3.1. Let E be a projective plane of order two and (A,B,C) and Ã, B̃, C̃ be triples
of non-collinear points. Then there exists a unique automorphism α of E with

α(A) = Ã, α(B) = B̃ and α(C) = C̃

Proof. This follows fairly easily from the fact that the projective plane can be uniquely
described in terms of any triple of non-collinear points. We leave the details to the dedicated
reader.

The preceeding lemma shows that |Aut(E)| is equal to the number of triples (Ã, B̃, C̃)
of non-collinear points. Now Ã can be any one of the seven points, B̃ is any of the six
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points different from Ã and C̃ is any of the four points not incident to ÃB̃. So there are
7 · 6 · 4 = 168 triples of non-collinear points. Thus

|Aut(E)| = 7 · 6 · 4 = 168.

We finish this section with a look at the operation + we have introduced on the points.
Let G = {e} ∪ P. Here e is an arbitrary element not in P. Define a binary operation on G
as follows:

e+ g = g + e, P + P = e and for distinct points P and Q, P +Q is as above.
It is easy to check that G is a group. Also the points correspond to the subgroup of

order 2 in G and the lines to the subgroups of order 4. In particular there is an obvious
isomorphism between Aut(E) and Aut(G).

2.4 Subgroups, cosets and counting

Definition 2.4.1. Let (G, ∗) and (H, ·) be groups. Then (H, ·) is called a subgroup of (G, ∗)
provided that:

(i) H ⊆ G.

(ii) a ∗ b = a · b for all a, b ∈ H.

Lemma 2.4.2. Let (G, ∗) be a group and (H, ·) a subgroup of (G, ∗). Then

(a) eH = eG where eH is the identity of H with respect to · and eG is the identity of G with
respect to ∗. In particular, eG ∈ H.

(b) a ∗ b ∈ H for all a, b ∈ H.

(c) Let a ∈ H. Then the inverse of a in H with respect to · is the same as the inverse of a
in G with respect to ∗. In particular, a−1 ∈ H.

Proof. (a)
eH ∗ eH = eH · eH = eH = eH ∗ eG

Multiplying with the inverse of eH in G from the left gives that eH = eG.
(b) Let a, b ∈ H. Then by definition of a subgroup a ∗ b = a · b and so a ∗ b ∈ H.
(c) Let b be the inverse of a in H with respect to · and c the inverse of a in G with

respect to ∗. Then

a ∗ b = a · b = eH = eG = a ∗ c

Multiplying with the inverse of a in G from the left gives b = c.

Lemma 2.4.3. Let (G, ∗) be a group and H ⊆ G. Suppose that

(i) e ∈ H.
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(ii) H is closed under multiplication, that is for all a, b ∈ H, ab ∈ H

(iii) H is closed under inverses, that is for all a ∈ H, a−1 ∈ H.

Define · : H ×H → H, (a, b)→ a ∗ b. Then (H, ·) is a subgroup of (G, ∗).

Proof. We will first verify that (H, ·) is a group.
By (ii), · is a well-defined binary operation.
Let a, b, c ∈ H. Then since H ⊆ G, a, b, c are in G. Thus since ∗ is associative,

(a · b) · c = (a ∗ b) ∗ c = a ∗ (b ∗ c) = a · (b · c)
and so · is associative.

By (i), e ∈ H. Let h ∈ H. Then e · h = e ∗ h = h and similarly h · e = h for all h ∈ H.
So e is an identity of H with respect to ·.

Let h ∈ H. Then by (iii), h−1 ∈ H. Thus h ·h−1 = h∗h−1 = e and similarly h−1 ·h = e.
Thus h−1 is an inverse of h with respect to ·.

So (H, ·) is a group. By assumption H is a subset of G and by definition of ·, a · b = a∗ b
for all a, b ∈ H. So (H, ·) is a subgroup of (G, ∗).

Let (G, ∗) be a group and (H, ·) a subgroup of G. Slightly abusing notation we will
often just say that H is a subgroup of G or that (H, ∗) is a subgroup of (G, ∗). We also
write H ≤ G if H is a subgroup of G.

Note that any subgroup of G is itself a group, where the binary operation is given by
restricting the one on G. We leave it as an exercise to the reader to verify that a subset
H of G is a subgroup if and only if H is not empty and for all a, b ∈ H, ab−1 ∈ H. The
following lemma is of crucial importance to the theory of groups.

Lemma 2.4.4. Let H be a subgroup of G. The relation ∼H on G defined by

a ∼H b if and only if a−1b ∈ H

is an equivalence relation.

Proof. Let a ∈ G. Then a−1a = e ∈ H. So a ∼H a and ∼ is reflexive.
Let a, b ∈ G with a ∼H b. Then a−1b ∈ H and so also b−1a = (a−1b)−1 ∈ H.
Thus b ∼H a. Hence ∼H is symmetric.
Suppose next that a, b, c ∈ G with a ∼H b and b ∼H c. Then a−1b ∈ H and b−1c ∈ H

and so also

a−1c = (a−1b)(b−1c) ∈ H
Thus a ∼H c and ∼H is transitive.

The reader might have noticed that the reflexivity corresponds to e ∈ H, the symmetry
to the closure under inverses and the transitivity to the closure under multiplication. Indeed
∼H can be defined for any subset of G, and it is an equivalence relation if and only if the
subset is a subgroup.
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Lemma 2.4.5. Let ∼ be a equivalence relation on the set I. For a ∈ I put [i] := {j ∈
I | i ∼ j}. [i] is called the equivalence class of ∼ containing i. Let I/ ∼ be the set of
equivalence classes of I.

(a) Each i ∈ I lies in a unique equivalence class of ∼, namely [i].

(b) |I| =
∑

C∈I/∼ |C|.

Proof. (a) Let a ∈ I. Since ∼ is reflexive, a ∼ a. So a ∈ [a] and a is contained in an
equivalence class of I. Now let C be an equivalence class of ∼ with a ∈ C. We need to
show that C = [a]. By definition of an equivalence class, C = [b] for some b ∈ I. Since
a ∈ C = [b] we have b ∼ a

Let c ∈ [a]. Then a ∼ c. Since ∼ is transitive, b ∼ c and so c ∈ [b]. Hence [a] ⊆ [b].
We proved that if a ∈ [b] then [a] ⊆ [b]. Since b ∼ a and ∼ is symmetric we have a ∼ b

and b ∈ [a]. Thus [b] ⊆ [a].
Hence [b] = [a] and (a) holds.
(b) follows immediately from (b).

Definition 2.4.6. Let H be a subgroup of the group G and g ∈ G. Then

gH := {gh | h ∈ H}

gH is called the (left) coset of H in G containing g.
G/H is the set of cosets of H in G.
|G/H| is called the index of H in G.

Proposition 2.4.7. Let H be a subgroup of G and g ∈ G.

(a) gH is the equivalence class of ∼H containing g.

(b) g lies in a unique coset of H in G, namely in gH.

(c) |gH| = |H|.

Proof. (a) We have

a ∈ gH ⇐⇒ a = gh for some h ∈ H ⇐⇒ g−1a = h for some h ∈ H

⇐⇒ g−1a ∈ H ⇐⇒ g ∼H a ⇐⇒ a ∈ [g]

So gH = [g].
(b) This follows from (a) and 2.4.5.
(c) Define f : H → gH, h → gh. Then by definition of gH, f is onto. If gh = gh′ for

some h, h′, then h = h′. Hence f is 1-1. This gives (c).

Theorem 2.4.8 (Lagrange). Let H be a subgroup of G. Then |G| = |G/H| · |H|. In
particular if G is finite, the order of H divides the order of G.
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Proof.

|G| 2.4.5(b)
=

∑
C∈G/H

|C| 2.4.7(c)
=

∑
C∈G/H

|H| = |G/H| · |H|

2.4.9 (Cycle Notation). Before working out a concrete example for Lagrange’s Theorem
we introduce the cycle notation for elements of Sym(I) for a set I. The cycle notation of π
can be computes as follows

Pick an element a in I and for i ∈ Z put ai = πi(a). Let Ia = {ai | i ∈ Z} and define
πa ∈ Sym(n) by πa(b) = π(a) if b ∈ Ia and πa(b) = b if b /∈ Ia. Then πa is called a cycle of
length |Ia| of π.

If ai 6= aj for all i 6= j ∈ Z, then k := |Ia| =∞ and we call

(. . . a−3, a−2, a−1, a0, a1, a2, a3 . . .)

the cycle notatation of πa. If ai = aj for some i < j ∈ Z choose such i, j with k := j − i− 1
minimal. Applying π−i+n to both sides of ai = aj we get an+1 = an+k. By minimality of
k, an+s 6= an+r for all 1 ≤ s < r ≤ k. Thus Ia = {an+1, . . . an+k} and k = |Ia|. Any of the
tuples

(an+1, an+2, . . . an+k)

is called a cycle notation of πa. Note that if m ∈ Z and r is the remainder of m − n then
divided by n, then

(am+1, am+1, . . . , am+k) = (an+1+r, an+2+r, . . . , an+k, an+1, an+2, . . . , an+r)

So all the cycle notations of πa can be obtained be cyclic permutation of a given one.

Let b ∈ Ia. Suppose that Ia ∩ Ib 6= ∅. Then an = bm for some n,m and so

bl = πl−m(bm) = πl−m(an) = anl−m

hence

(. . . a−3, a−2, a−1, a0, a1, a2, a3 . . .) = (. . . b−3, b−2, b−1, b0, b1, b2, b3 . . .)

It follows that Ia = Ib and so also πa = πb. Moreover, any cycle notation of πa with
respect to a is also a cycle notation for πa = πb with respect to b. Pick a family dj , j ∈ J of
elements of I such that for each a ∈ I there exists a unique j ∈ J with a ∈ Idj . Let cj be a
cycle notation of πcj . Then (cj)j∈J is called a cycle notation for π. If I is finite, we choose
J to be {1, . . . , l} and call

c1c2 . . . cl

a cycle notation of π. Each ci is of the form (ai1, ai2, . . . , aiki) and so complete cycle notation
of π is
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(a11, . . . , a1k1)(a21, . . . , a2k2) . . . (al1, . . . , alkl)

Since I is the disjoint union the Ia, for each b ∈ I there exist unique i, j with 1 ≤ i ≤ l,
1 ≤ j ≤ ki with b = aij .

The cycle notation of π is not unique, but any two only differ by the order in which the
cycles are listed and by cyclic permutations of each of its cycles. As long as the underlying
set I is known, we will also usually do not bother to list the cycles of length 1.

For example (135)(26) is the permutation which sends 1 to 3, 3 to 5,5 to 1, 2 to 6, 6 to
2, and sends 4 to 4 and also sends any number larger than 6 to itself.

Example 2.4.10. Let G = Sym(3) and H = 〈(1, 2)〉 = {(1), (1, 2)}. Then

(1) ◦H = H = {(1), (1, 2)}

(1, 2, 3) ◦H = {(1, 2, 3) ◦ (1), (1, 2, 3) ◦ (1, 2)} = {(1, 2, 3), (1, 3)}

(1, 3, 2) ◦H = {((1, 3, 2) ◦ (1), (1, 3, 2) ◦ (1, 2)} = {(1, 3, 2), (2, 3)}

Each element of Sym(3) lies in one of these three cosets, so this must be all the cosets.
Hence

|G| = 6, |G/H| = 3 and |H| = 2

So by Lagrange’s

6 = 3 · 2

Definition 2.4.11. Let G be a group. P(G) denotes the power set of G, that is the set of
subsets. For H,K ⊂ G put

HK = {hk | h ∈ H, k ∈ K}.

If K is a subgroup then HK is a union of cosets of K, namely HK =
⋃
h∈H hK. We

write HK/K for the set of cosets of K in HK. In general if J ⊆ G is a union of cosets of
H, J/H denotes the sets of all those cosets.

Lemma 2.4.12. Let G be a group. Then P(G) is monoid under the binary operation
(A,B)→ AB. The identity elements is {e}.

Proof. We have
(AB)C = {abc | a ∈ A, b ∈ B, c ∈ C} = A(BC)

So

P(G)× P(G)→ P(G), (A,B)→ AB

is an associative binary operation. Clearly {e} is an identity element.
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Lemma 2.4.13. Let H and K be subgroups of G.

(a) The map α : H/H ∩K → HK/K, h(H ∩K)→ hK is a well defined bijection.

(b) |HK| = |HK/K| · |K| = |H/H ∩K| · |K|.

(c) If G is finite then |HK| = |H||K|
|H∩K|

Proof. (a) Since (H∩K)K = K, hK = h((H∩K)K) = (h(H∩K))K and so is independent
of the choice of h ∈ h(H ∩K). α is clearly onto. Finally if hK = jK for some h, j ∈ H,
then h−1jK = K, h−1j ∈ K and so h−1j ∈ H ∩K and h(H ∩K) = j(H ∩K). Thus α is
1-1.

(b) |HK| =
∑

C∈HK/K |C| = |HK/K| · |K|
(a)
= |H/H ∩K| · |K|.

(c) By Lagrange’s |H| = |H/H ∩K| · |H ∩K|. So if G is finite, |H/H ∩K| = |H|
|H∩K| and

thus (c) follows from (b).

2.5 Normal subgroups and the isomorphism theorem

Just as we have defined (left) cosets one can define right cosets for a subgroup H of G. The
right cosets have the form Hg = {hg | h ∈ H}. In general a left coset of H is not a right
coset as the following example shows:

Example 2.5.1. Let G = Sym(3) and H = {(1), (12)}. Then

(23) ◦H = {(23), (132)} and H ◦ (23) = {(23), (123)}

So (23) ◦H 6= H ◦ (23).

Note that gH = Hg if and only if gHg−1 = H. We therefore introduce the follwing
notation:

Definition 2.5.2. Let G be a group.
For a, b ∈ G put ab = aba−1 and for I ⊆ G put aI = aIa−1 = {ai | i ∈ I}. The

map ih : G → G, b → ab is the inner automorphism of G induced by a. It is also called
conjugation by a and ab is called a conjugate of a.

Lemma 2.5.3. Let N ≤ G. Then the following statements are equivalent:

(a) gN = N for all g ∈ G.

(b) gN = Ng for all g ∈ G.

(c) Every left coset is a right coset.

(d) Every left coset is contained in a right coset.

(e) gN ⊆ N for all g ∈ G.
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(f) gn ∈ N for all g ∈ G, n ∈ N .

Proof. Suppose (a) holds. Then gNg−1 = N for all g ∈ G. Multiplying with g from the
right we get gN = Ng.

Suppose (b) holds. Then the left cosets gN equals the right coset Ng. so (c) holds.
Clearly (c) implies (d)
Suppose that (d) holds. Let g ∈ G. Then gN ⊆ Nh for some h ∈ G. Since g ∈ gN we

conclude g ∈ Nh. By 2.4.7(b), Ng is the unique right coset of N containing g and so and
Ng = Nh Thus gN ⊆ Ng. Multiplying with g−1 from the right we get gNg−1 ⊆ N . Thus
(e) holds.

Clearly (e) implies (f).
Finally suppose that (f) holds. Then gNg−1 ⊆ N for all g ∈ G. This statement applied

to g−1 in place of g gives g−1Ng ⊆ N . Multiplying with g from the left and g−1 from the
right we obtain N ⊆ gNg−1. Hence N ⊆ gN and gN ⊆ N . So N = gN and (a) holds.

Definition 2.5.4. Let G be a group and N ≤ G. We say that N is normal in G and write
N E G if N fulfills one (and so all) of the equivalent conditions in 2.5.3.

Example 2.5.5. 1. From 2.5.1 we have (2, 3)Sym(2) 6= Sym(2)(2, 3) and so Sym(2) is not
a normal subgroup of Sym(3).

2. Let H = {(1), (123), (132)}. Then H is a subgroup of Sym(3). By Lagrange’s

|Sym(3)/H| = |Sym(3)|
|H|

=
6

3
= 2

Hence H has exactly two cosets in H. One of them is

H = {(1), (123), (132)}

Since each element of Sym(3) lies in a unique coset of H, the other coset must be

Sym(3) \H = {(12), (13), (23)}

The same argument shows that H and Sym(3) \H are the only right cosets of Sym(3).
Thus every coset is a right coset and so H is normal in Sym(3).

3. Let n be a positive integer, let GLn(R) the set of invertible n×n-matrices with coefficients
in R and let SLn(R) the set of n× n-matrices with coefficients in R and determinant 1.
Note that GLn(R) is a group under matrix multiplication and SLn(R) is a subgroup of
GLn(R). GLn(R) is called a general linear group and SLn(R) a special linear group. Let
A ∈ GLn(R) and B ∈ SLn(R). Then

det(ABA−1) = det(A) det(B) det(A−1) = det(A) det(B) det(A)−1 = detB = 1

and so ABA−1 ∈ SLn(R). Thus SLn(R) is a normal subgroup of GLn(R).
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We will now start to establish a connection between normal subgroups and homomor-
phism.

Lemma 2.5.6. Let φ : G→ H be a group homomorphism.

(a) φ(eG) = eH .

(b) φ(a−1) = φ(a)−1.

(c) φ(ga) = φ(g)φ(a).

(d) If A ≤ G then φ(A) ≤ H.

(e) If B ≤ H then φ−1(B) ≤ G.

(f) Put kerφ := {g ∈ G | φ(g) = eH}. Then kerφ is a normal subgroup of G.

(g) φ is 1-1 if and only if kerφ = {eG}.

(h) If N E G, and φ is onto, φ(N) E H.

(i) If M E H, φ−1(M) E G.

Proof. Except for (c), (f) and (g) this is Exercise 2 on Homework 2.

(c) φ(ga) = φ(gag−1) = φ(g)φ(a)φ(g−1)
(b)
= φ(g)φ(a)φ(g)−1 = φ(g)φ(a).

(f) This follows from (i) applied to the normal subgroup M = {eH} of H.

(g) Suppose first that φ is 1-1 and let a ∈ kerφ. Then

φ(a) = eH = φ(eG)

and since φ is 1-1, a = eG. So kerφ = {eG}.
Suppose next that kerφ = {eG} and let a, b ∈ G with φ(a) = φ(b). Then

φ(a−1b) = φ(a)−1φ(b) = φ(a)−1φ(a) = eH .

Hence a−1b ∈ kerφ = {eG}, a−1b = eG and so a = b. Thus φ is 1-1.

For H ⊆ G define H−1 = {h−1 | h ∈ H}.

Lemma 2.5.7. Let G be a group and N EG. Let T, S ∈ G/N and a, b ∈ G with T = aN
and S = bN .

(a) TS ∈ G/N , namely (aN)(bN) = (ab)N .

(b) T−1 ∈ G/N , namely (aN)−1 = a−1N .

(c) TN = T = NT .
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(d) TT−1 = N = T−1T .

(e) G/N is a group under the binary operation G/N ×G/N → G/N, (T, S)→ TS.

(f) The map πN : G→ G/N, g → gN is an onto homomorphism with kernel N .

Proof. (a) (aN)(bN) = a(Nb)N = a(bN)N = abNN = abN .

(b) (aN)−1 = N−1a−1 = Na−1 = a−1N .

(c) We have N = eN and so by (a) TN = (aN)(eN) = (ae)N = aN = T . Similarly
NT = T .

(d) By (a) and (b) TT−1 = (aN)(a−1)N = (aa−1)N = eN = N . Similarly T−1T = N .

(f) By (a) the map G/N ×G/N → G/N, (T, S)→ TS is a well-defined binary operation
on G/N . By 2.4.12 multiplication of subsets is associative. By (c) N is an identity element
and by (f), T−1 is an inverse of T . Thus (e) holds.

(f) We have

πN (ab) = abN = (aN)(bN) = πN (a)πN (b)

So πN is a homomorphism. Clearly πN is onto. We have

kerπN = {a ∈ G | πN (a) = eG/N} = {a ∈ G | aN = N} = {a ∈ G | a ∈ N} = N

Theorem 2.5.8 (The Isomorphism Theorem). Let φ : G → H be a homomorphism of
groups. The map

φ̄ : G/ kerφ→ φ(H), g kerφ→ φ(g)

is a well-defined isomorphism. Moreover, φ = φ ◦ πkerφ.

Proof. Let g, k ∈ G. Then

(∗)

φ(g) = φ(k)

⇐⇒ φ(g)−1φ(k) = eH

⇐⇒ φ(g−1k) = eH

⇐⇒ g−1k ∈ kerφ

⇐⇒ g kerφ = k kerφ

If g kerφ = k kerφ we get from (*) that φ(g) = φ(k) and so φ is well-defined.

If φ(g kerφ) = φ(k kerφ), we get φ(g) = φ(k) and so by (*) g kerφ = k kerφ. Thus φ is
1-1.

Clearly φ̄ is onto.
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We have

φ((a kerφ)(b kerφ)) = φ(ab kerφ) = φ(ab) = φ(a)φ(b) = φ(a kerφ)φ(b kerφ)

and so φ is a homomorphism.
Also

(φ ◦ πkerφ)(a) = φ(πkerφ(a)) = φ(a kerφ) = φ(a)

and so φ = φ ◦ πkerφ

The Isomomorphism Theorem can be summarized in the following diagram:
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Example 2.5.9. Define det : GLn(R) → (R \ {0}, ·), A → det(A). Since det(AB) =
det(A) det(B), det is a homomorphism. It is easy to see that det is onto. Also ker det =
SLn(R). So 2.5.6(f) gives a new proof that SLn(R) is a normal subgroup of GLn(R). More-
over the Isomorphism Theorem implies

GLn(R)/SLn(R) ∼= (R \ {0}, ·)

2.6 Generation of subgroups and cyclic groups

Lemma 2.6.1. Let G be a group and (Gi, i ∈ I) a family of subgroups (that is I is a set
and for each i ∈ I, Gi is a subgroup of G). Then

⋂
i∈I Gi is a subgroup. If all of the Gi are

normal in G, so is
⋂
i∈I Gi.

Proof. Since e ∈ Gi for all i, e ∈
⋂
i∈I Gi. Let a, b ∈

⋂
i∈I Gi. Then ab ∈ Gi and a−1 ∈ Gi

for all i ∈ I. Hence ab ∈
⋂
i∈I Gi and a−1 ∈

⋂
i∈I Gi. Thus

⋂
i∈I Gi is a subgroup of G.

Suppose in addition that each Gi is normal in G and let g ∈ G and a ∈
⋂
i∈I Gi. Then

ga ∈ Gi and so ga ∈
⋂
i∈I Gi. Thus

⋂
i∈I Gi is normal in G.
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Definition 2.6.2. Let G be a group and J ⊆ G.

(a) The subgroup 〈J〉 of G generated by J is defined by

〈J〉 =
⋂

J⊆H≤G
H

(b) The normal subgroup 〈GJ〉 of G generated by J is defined by

〈G〉 =
⋂

J⊆HEG
H

(c) If (Ji, i ∈ I) is a family of subsets write 〈Ji | i ∈ I〉 for 〈
⋃
i∈I J〉.

(d) J ⊆ G is called normal if gJ = J for all g ∈ G.

Lemma 2.6.3. Let I be a subset of G.

(a) Let α : G→ H be a group homomorphism. Then α(〈I〉) = 〈α(I)〉.

(b) Let g ∈ G. Then g〈I〉 = 〈gI〉.

(c) If I is normal in G, so is 〈I〉.

(d) 〈I〉 consists of all products of elements in I ∪ I−1.

(e) 〈GI〉 = 〈gI | g ∈ G〉 and consists of all products of elements in
⋃
g∈G

g(I ∪ I−1).

Proof. (a) Let A = 〈I〉 and B = 〈α(I)〉). As α(A) is a subgroup of H and contains α(I) we
have B ≤ α(A). Also α−1(B) is a subgroup of G and contains I. Thus A ≤ α−1(B) and so
α(A) ≤ B. Hence B = α(A).

(b) Apply (a) to the homomorphism ig : G→ G, x→ gx.
(c) Follows from (b).
(d) Let H be the subset of G consists of all products of elements in I ∪ I−1, that is all

elements of the form a1a2 . . . an, with n ≥ 0 and ai ∈ I ∪ I−1 for all 1 ≤ i ≤ n. Here if
n = 0 we define a1 . . . an to be e. Clearly H is contained in any subgroup of G containing
I. Thus H ⊆ 〈I〉. Now it is readily verified that H is also a subgroup containing I and so
〈I〉 ≤ H.

(e) Note that
⋃
g∈G

gI is a normal subset of G. Hence by (c) H := 〈gI | g ∈ G〉 is normal

subgroup of G. So 〈GI〉 ≤ H. If I ⊆ K EG, then gI ⊆ K for all g ∈ G. Thus also H ≤ K
and so H ≤ 〈GI〉. It is also contained in every normal subgroup containing I and we get
〈GI〉 = H. The second statement now follows from (d).

Definition 2.6.4. Let G be a group and K,H ⊆ G. Then

(a) NG(H)= {g ∈ G | gH = H}. NG(H) is called the normalizer of H in G.
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(b) We say that K normalizes H provided that K ⊆ NG(H), that is kH = H for all k ∈ K.

Lemma 2.6.5. Let G be a group.

(a) Let A,B be subgroups of G. Then AB is a subgroup of G if and only if AB = BA.

(b) Let H ⊆ G. Then NG(H) is a subgroup of G.

(c) If K,H ≤ G and K ≤ NG(H), then 〈K,H〉 = KH.

(d) Let Ki, i ∈ I be a family of subsets of G. If each Ki normalizes H, so does 〈Ki | i ∈ I〉.

Proof. (a) If AB is a subgroup of G, then

AB = (AB)−1 = B−1A−1 = BA

Conversely suppose that AB = BA. The above equation shows that AB is closed under
inverses. Also e = ee ∈ AB and

(AB)(AB) = A(BA)B = A(AB)B = A2B2 = AB

So AB is closed under multiplication.

(b) Readily verified.

(c) Let k ∈ K. Then kH = H, kHk−1 = H, kH = Hk and so HK = KH. So by (a)
HK is a subgroup of G. Hence 〈H,K〉 ≤ HK ≤ 〈H,K〉 and (c) holds.

(d) Note that Ki ⊆ NG(H) for all i ∈ I. Since NG(H) is subgroup of G this implies
〈Ki | i ∈ I〉 ≤ NG(H) and (d) holds.

Definition 2.6.6. Let G be a group and a, b ∈ G and A,B ⊆ G. Then

[a, b] := aba−1b−1

and for A,B ⊆ G define

[A,B] = 〈[a, b] | a ∈ A, b ∈ B〉.

[a, b] is called the commutator of a and b and [A,B] is called the commutator group of A
and B.

Lemma 2.6.7. Let G be a group and a, b ∈ G.

(a) [a, b] = e if and only if ab = ba.

(b) [a, b] = abb−1 = a(−ba) where we used the abbreviation −ba = b(a−1) = (ba)−1 = ba−1b−1.

(c) [a, b]−1 = [b, a].

(d) [A,B] = [B,A] for any A,B ⊆ G.
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Proof. (a): [a, b] = e ⇐⇒ aba−1b−1 = e. Multipliying with ba from the right the latter
equation is equivalent to ab = ba.

(b) [a, b] = (aba−1b−1 = abb−1 and [a, b] = a(ba−1b−1) = a(−ba).

(c) [a, b]−1 = (aba−1b−1)−1 = (b−1)−1(a−1)−1b−1a−1 = bab−1a−1 = [b, a].

Let ai ∈ G for i ∈ I. Let H be a subgroup of G. Then ai ∈ H if and only if a−1
i ∈ H.

Hence

〈ai | i ∈ I〉 = 〈a−1
i | i ∈ I〉

and so

[A,B] = 〈[a, b] | a ∈ A, b ∈ B〉 = 〈[a, b]−1 | a ∈ A, b ∈ B〉 (b)
= 〈[b, a] | a ∈ A, b ∈ B〉 = [B,A].

Lemma 2.6.8. Let G be a group.

(a) Let N ≤ G. Then N E G if and only if [G,N ] ≤ N .

(b) Let A,B E G. Then [A,B] ≤ A ∩B.

(c) Let A,B E G with A ∩B = {e}. Then [A,B] = {e} and ab = ba for all a ∈ A, b ∈ B.

Proof. (a) gn ∈ N ⇐⇒ gng−1 ∈ N ⇐⇒ gng−1n−1 ∈ N ⇐⇒ [g, n] ∈ N. Thus (b) holds.

(b) By (a) [A,G] = [G,A] ≤ A and [G,B] ≤ B. Thus

[A,B] ≤ [A,G] ∩ [G,B] ≤ A ∩B

(c) By (b), [A,B] ≤ A∩B = {e}. Thus for all a ∈ A, b ∈ B, [a, b] = e and so by 2.6.7(a)
we have ab = ba.

Definition 2.6.9. Let G be a group.

(a) G is called cyclic if G = 〈x〉 for some x ∈ G.

(b) Let x ∈ G. Then |x| := |〈x〉|. |x| is called the order of x in G.

We will now determine all cyclic groups up to isomorphism and investigate their sub-
groups and homomorphisms.

Lemma 2.6.10. (a) Let H be a subgroup of (Z,+) Then H = nZ for some n ∈ N.

(b) Let n,m ∈ N. Then nZ ≤ mZ if and only if m divides n.
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Proof. (a) If H = {0}, then H = 0Z. So we may assume that H 6= {0}. Since H is a
subgroup, m ∈ H implies −m ∈ H. So H contains some positive integer. Let n be the
smallest such. Let m ∈ H and write m = rn + s, r, s ∈ Z with 0 ≤ s < n. We claim that
rn ∈ H. rn ∈ H if and only if −rn ∈ H. So we may assume r > 0. But then

rn = n+ n+ . . .+ n︸ ︷︷ ︸
r−times

and as n ∈ H, rn ∈ H. So also s = m− rn ∈ H. Since 0 ≤ s < n, the minimal choice of n
implies s = 0. Thus m = rn ∈ nZ and H = nZ.

(b) nZ ≤ mZ if and only if n ∈ mZ. So if and only if m divides n.

Lemma 2.6.11. Let G be a group and g ∈ G. Then φ : Z → G, n → gn is the unique
homomorphism from (Z,+) to G which sends 1 to g.

Proof. More or less obvious.

Definition 2.6.12. For r ∈ Z+ ∪ {∞} define r∗ =

{
r if r <∞
0 if r =∞

.

This definition is motivated by the following lemma:

Lemma 2.6.13. Let n ∈ N. Then |Z/nZ|∗ = n.

Proof. If n 6= 0, then |Z/nZ| = n and n∗ = n. If n = 0, then |Z/0Z| =∞ and ∞∗ = 0.

Lemma 2.6.14. Let G = 〈x〉 be a cyclic group and put n = |G|∗

(a) The map
Z/nZ→ G, m+ nZ→ xm

is a well-defined isomorphism.

(b) Let H ≤ G and put m = |G/H|∗. Then m divides n, and H = 〈xm〉.

Proof. (a) By 2.6.11 the map φ : Z → G,m → gm is a homomorphism. As G = 〈x〉, φ is
onto. By 2.6.10 kerφ = tZ for some non-negative integer t. By the isomorphism theorem
the map

φ : Z/tZ→ G,m+ tZ→ xm.

is a well defined isomorphism. Hence Z/tZ ∼= G. Thus t = |Z/tZ|∗ = |G|∗ = n and (a) is
proved.

(b) By 2.6.10 φ−1(H) = sZ for some s ∈ N. Since kerφ = φ−1(e) ≤ φ−1(H) we have
nZ ≤ sZ. Thus 2.6.10 implies that s divides n. As φ is onto, φ(sZ) = H and so

H = φ(sZ) = φ(〈s〉) = 〈φ(s)〉 = 〈xs〉

It follows that
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φ(sZ/nZ) = φ(〈s+ nZ〉) = 〈φ(s+ nZ)〉 = 〈xs〉 = H

and since φ is an isomorphism,

|G/H| =
∣∣Z/nZ/sZ/nZ∣∣ = |Z/sZ|.

Thus s = m and (b) is proved.

Lemma 2.6.15. Let G = 〈x〉 be a cyclic group. Let H be any group and y ∈ H. Put
n = |G|∗ and m = |y|∗. Then there exists a homomorphism G→ H with x→ y if and only
if m divides n.

Proof. Exercise.

2.7 Normal Subgroups of Symmetric Groups

In this section we will investigate the normal subgroups of symmetric group Sym(n), n a
positive integer. We start by defining a particular normal subgroup called the alternating
group Alt(n).

2.7.1 (Alternating Groups). Put

ei = (δij)
n
j=1 ∈ Rn.

Then (ei | 1 ≤ i ≤ n) is a basis of Rn. So for π ∈ Sym(n) we can define α(π) ∈ GLn(R)
by α(π)(ei) = eπ(i) for all 1 ≤ i ≤ n. Define α : Sym(n) → GLn(R), π → α(π). Let
π, µ ∈ Sym(n) and 1 ≤ i ≤ n. Then

α(µ ◦ π)(ei) = eµ(π(i)) = α(µ)(eπ(i)) = α(µ)(α(π)(ei)) = (α(µ) ◦ α(π))(ei).

So α(µ ◦ π) = α(µ) ◦α(π) and α is a homomorphism. Now define sgn = det ◦α : Sym(n)→
(R \ {0}, ·), π → det(α(π)). Since both det and α are homomorphisms, sgn is a homomor-
phism. Also if x = (i, j) ∈ Sym(n) is a 2-cycle it is easy to see that det(α(x)) = −1.

Since

(a1, a2, . . . ak) = (a1, a2)(a2, a3) . . . (ak−1, ak)

and sgn is a homomorphism,

sgn((a1, a2, . . . ak)) = sgn((a1, a2))sgn((a2, a3)) . . . sgn((ak−1, ak)) = (−1)k−1

Using that sgn is a homomorphism one more time we get

sgn((a11, a12, . . . a1k1)(a21, a22, . . . a2k2) . . . (al1, al2, . . . alkl)) =

(−1)k1−1(−1)k2−1 . . . (−1)kl−1
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This implies

sgn(x) =

{
1 if x has an even number of even cycles

−1 if x has an odd number of even cycles

An permutation π with sgnπ = 1 is called an even permutation and a permutation with
sgn(π) = −1 is called an odd permutation.

Define Alt(n) = ker sgn. Then Alt(n) is a normal subgroup of Sym(n), Alt(n) consists
of all permutation which have an even number of even cycles and if n ≥ 2,

Sym(n)/Alt(n) ∼= sgn(Sym(n)) = {1,−1} ∼= Z/2Z.

In particular,

|Alt(n)| = n!

2
for all n ≥ 2.

We have Alt(2) = {(1)}.

Alt(3) = {(1), (1, 2, 3), (1, 3, 2)}
and

Alt(4) = {(1), (1, 2, 3), (1, 3, 2), (1, 2, 4), (1, 4, 2), (1, 3, 4), (1, 4, 3), (2, 3, 4), (2, 4, 3)

(1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)}

Before continuing to investigate the normal subgroup of Sym(n) we introduce conjugacy
classes in arbitrary groups.

Definition 2.7.2. We say that two elements x, y in G are conjugate in G if y = gx = gxg−1

for some g ∈ G. It is an easy exercise to verify that this is an equivalence relation. The
equivalence classes are called the conjugacy classes of G. The conjugacy class containing x
is Gx := {xg | g ∈ G}.

Proposition 2.7.3. A subgroup of G is normal if and only if it is the union of conjugacy
classes of G.

Proof. Let N ≤ G. The following are clearly equivalent:

N E G

gn ∈ N for all n ∈ N, g ∈ G
Gn ⊆ N for all n ∈ N

N =
⋃
n∈N

Gn

N is a union of conjugacy classes
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To apply this to Sym(n) we need to determine its conjugacy classes. For this we define

Definition 2.7.4. Let π ∈ Sym(n). For i ∈ Z+ let λi be the number of cycle of length i
of π. Then the cycle type of π to be sequence (λi)

∞
i=1. Alternatively we will write the cycle

type as 1λ12λ23λ3 . . . and often will not list terms iλi for which λi = 0.

For example the cycle type of

(1, 7, 3)(2, 6)(4)(5, 8, 10)(9, 13, 16)(11)(14, 15)(16, 17)

in Sym(17) is (2, 3, 3, 0, 0, . . .) = 122333.

Proposition 2.7.5. (a) Let µ, π ∈ Sym(n) and suppose that µ has cycle notation

(a11, a12, . . . , a1k1)(a21, a22, . . . , a2k2) . . . (al1, al2, . . . , alkl)

Then the cycle notation for πµ is

(π(a11), π(a12), . . . , π(a1k1))(π(a21), π(a22), . . . , π(a2k2)) . . . (π(al1), π(al2), . . . π(alkl))

(b) Two elements in Sym(n) are conjugate if and only if they have the same cycle type.

Proof. (a) We have

(πµ(π(aij)) = π(µ(π−1(π(aij)) = π(µ(aij)) =

{
π((ai,j+1)) ifj 6= ki

π(ai,1) ifj = ki

So (a) holds.

(b) By (a) µ and πµ have the same cycle type. Conversely suppose that µ and σ in
Sym(n) have the same cycle type. Then σ has cycle notation

σ = (b11, b12, . . . b1k1)(b21, b22, . . . b2k2) . . . (bl1, bl2, . . . blkl)

Note that for each 1 ≤ k ≤ n there exist unique i, j with k = ai,j and unique s, t with
k = bs,t. So we can define π ∈ Sym(n) by π(aij) = bij . Then by (a) πµ = σ and so elements
of the same cycle type are conjugate.

Example 2.7.6. 1. (1,3,5)(2,7)(1, 4, 3)(2, 6, 7)(5, 8) = (3, 4, 5)(7, 6, 2)(1, 8)

2. Let µ = (1, 3)(2)(4, 7)(5, 6, 8) and σ = (3, 5)(8)(1, 7)(2, 4, 6)

Define π ∈ Sym(8) by

π(1) = 3, π(3) = 5, π(2) = 8, π(4) = 1, π(7) = 7, π(5) = 2, π(6) = 4 and π(8) = 6

Then πµ = σ.
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2.7.7 (Normal sugroups of Sym(3)). Lets now investigate the normal subgroups of Sym(3).
We start by listing the conjugacy classes

e 1 element

(123), (132) 2 elements

(12), (13), (23) 3 elements

Let e 6= N E Sym(3). If N contains the 2-cycles, then |N | ≥ 4. Since |N | divides
|Sym(3)| = 6 we get |N | = 6 and N = Sym(3).

If N does not contain the 2-cycles we get N = {e, (123), (132)} = Alt(3).

So the normal subgroups of Sym(3) are

(1),Alt(3), and Sym(3)

2.7.8 (Normal subgroups of Sym(4)). The conjugacy classes of Sym(4) are:

e 1 element

(123), (132), (124), (142), (134), (143), (234), (243) 8 elements

(12)(34), (13)(24), (14)(23) 3 elements

(12), (13), (14), (23), (24), (34) 6 elements

(1234), (1243), (1324), (1342), (1423), (1432) 6 elements

Let N be a proper normal subgroup of Sym(4). Then |N | divides 24 = |Sym(4)|. Thus
|N | = 2, 3, 4, 6, 8 or 12. So N contains 1, 2, 3, 5, 7 or 11 non-trivial elements. As N \ {e}
is a union of conjugacy classes, |N | − 1 is a sum of some of the numbers 3, 6, 6 and 8. In
particular, |N |−1 ≥ 3 and so |N |−1 ∈ {3, 5, 7, 11}. Thus |N |−1 is odd. Since 3 is the only
of the possible summands which is odd, we conclude that 3 is one of the summands. So
K ⊆ N , where K = {e, (12)(34), (13)(24), (14)(23)}. Then |N \K| ∈ {0, 3, 8} and |N \K| is
a sum of some of the numbers 6, 6 and 8. It follows that |N \K| = 0 or 8. In the first case
N = K and in the second case, N consist of K and the 3-cycles and so N = Alt(4). Note
also that (12)(34) ◦ (13)(24) = (14)(23) and so K is indeed a normal subgroup of Sym(4).

Thus the normal subgroups of Sym(4) are

{(1)}, {(1), (12)(34), (13)(24), (14)(23)}, Alt(4) and Sym(4).

Let us determine the quotient group Sym(4)/K. No non-trivial element of K fixes ”4”.
So Sym(3) ∩K = {e} and

|Sym(3)K| = |Sym(3)||K|
|Sym(3) ∩K|

=
6 · 4

1
= 24 = |Sym(4)|.
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Thus Sym(3)K = Sym(4). And

Sym(4)/K = Sym(3)K/K ∼= Sym(3)/(Sym(3) ∩K) = Sym(3)/{e} ∼= Sym(3)

So the quotient of Sym(4) by K is isomorphic to Sym(3).

Counting arguments as above can in theory be used to determine the normal subgroups
in all the Sym(n)’s, but we prefer to take a different approach.

Lemma 2.7.9. (a) Alt(n) is the subgroup of Sym(n) generated by all the 3-cycles.

(b) If n ≥ 5 then Alt(n) is the subgroup of Sym(n) generated by all the double 2-cycles.

(c) Let N be a normal subgroup of Alt(n) containing a 3-cycle. Then N = Alt(n).

(d) Let n ≥ 5 and N a normal subgroup of Alt(n) containing a double 2-cycle. Then
N = Alt(n).

Proof. (a) By induction on n. If n ≤ 2, then Alt(n) = {(1)} and (a) holds . So we
may assume n ≥ 3. Let H be the subgroup of Sym(n) generated by all the 3-cycles.
Then H ≤ Alt(n) and by induction Alt(n − 1) ≤ H. Let g ∈ Alt(n). If g(n) = n,
n ∈ Alt(n − 1) ≤ H. So suppose g(n) 6= n. Since n ≥ 3, there exists 1 ≤ a ≤ n with
a 6= n and a 6= g(n). Let h be the 3-cycle (g(n), n, a). Then (hg)(n) = h(g(n)) = n.
Hence hg ∈ Alt(n − 1) ≤ H and so also g = h−1(hg) ∈ H. We proved that g ∈ H and so
Alt(n) ≤ H and H = Alt(n).

(b) Let h = (a, b, c) be a 3-cycle in Sym(n). Since n ≥ 5, there exist 1 ≤ d < e ≤ n
distinct from a, b and c. Note that

(a, b, c) = (a, b)(d, e) ◦ (b, c)(d, e)

and so the subgroup generated by the double 2-cycles contains all the 3-cycles. Hence (b)
follows from (a).

(c) Let h = (a, b, c) be a 3-cycle in N and g any 3-cycle in Sym(n). By (a) it suffices to
prove that g ∈ N . Since all 3-cycles are conjugate in Sym(n) there exists t ∈ Sym(n) with
th = g. If t ∈ Alt(n) we get g = th ∈ N , as N is normal in Alt(n).

So suppose that t 6∈ Alt(n). Then t(a, b) ∈ Alt(n). Note that h−1 = (c, b, a) = (b, a, c)
and so (a,b)(h−1) = (a,b)(b, a, c) = (a, b, c) = h. Thus

t(a,b)(h−1) = t((a,b)(h−1)) = th = g

As the left hand side is in N we get g ∈ N .

(d) This is very similar to (c) : Let h = (a, b)(c, d) be a double 2-cycle in N and let g be
any double 2-cycle in Sym(n). Then g = th for some t ∈ Sym(n). Note that also g = t(a,b)h
and either t ∈ Alt(n) or t(a, b) ∈ Alt(n). Since N E Alt(n) we conclude that g ∈ N and so
by (b), N = Alt(n).
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Definition 2.7.10. Let G be a group. Then G is called simple if G 6= {e} and {e} and G
are the only normal subgroup of G.

Proposition 2.7.11. Let n ≥ 5. Then Alt(n) is simple.

Proof. If n > 5 we assume by induction that Alt(n − 1) is simple. Let N be a non-trivial
normal subgroup of Alt(n).

Case 1. N contains an element g 6= e with g(i) = i for some 1 ≤ i ≤ n.

Let H = {h ∈ Alt(n) | h(i) = i}. Then H ∼= Alt(n− 1), g ∈ H ∩N and so H ∩N is a
non-trivial normal subgroup.

We claim that H ∩ N contains a 3-cycle or a double 2-cycle. Indeed if n = 5, then
n− 1 = 4 and the claim holds as every non-trivial element in Alt(4) is either a 3-cycle or a
double 2-cycle. So suppose that n > 5. Then by the induction assumption H ∼= Alt(n− 1)
is simple. Since H ∩N is a non-trivial normal subgroup of H, this implies H ∩N = H and
again the claim holds.

By the claim N contains a 3-cyle or a double 2-cycle. So by 2.7.9(c),d we conclude
N = Alt(n).

Case 2. N contains an element g with a cycle of length at least 3.

Let (a, b, c, . . .) be a cycle of g of length at least 3. Let 1 ≤ d ≤ n be distinct from a, b
and c. Put h = (adc)g. Then h has the cycle (d, b, a, . . .). Also as N is normal in Alt(n),
h ∈ N . So also hg ∈ N .

We compute (hg)(a) = h(b) = a and (hg)(b) = h(c) 6= h(d) = b. So hg 6= (1). Hence by
(Case 1) ( applied to hg in place of g), N = Alt(n).

Case 3. N contains an element g with at least two 2-cycles.

Such a g has the form (ab)(cd)t where t is a product of cycles disjoint from {a, b, c, d}.
Put h = (abc)g. Then h = (bc)(ad)t. Thus

gh−1 = (ab)(cd)tt−1(bc)(ad) = (ac)(bd).

As h and gh−1 are in N , (Case 1) (or 2.7.9(d)) shows that N = Alt(n).

Now let e 6= g ∈ N . As n ≥ 4, g must fulfill one of the three above cases and so
N = Alt(n).

Proposition 2.7.12. Let N E Sym(n). Then either N = {e},Alt(n) or Sym(n), or n = 4
and N = {e, (12)(34), (13)(24), (14)(23)}.

Proof. For n ≤ 2, this is obvious. For n = 3 see 2.7.7 and for n = 4 see 2.7.8. So suppose
n ≥ 5. Then N∩Alt(n) is a normal subgroup of Alt(n) and so by 2.7.11, N∩Alt(n) = Alt(n)
or {e}.

In the first case Alt(n) ≤ N ≤ Sym(n). Since |Sym(n)/Alt(n)| = 2, we conclude
N = Alt(n) or N = Sym(n).
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In the second case we get

|N | = |N/N ∩Alt(n)| = |NAlt(n)/Alt(n)| ≤ |Sym(n)Alt(n)| ≤ 2.

Suppose that |N | = 2 and let e 6= n ∈ N . As n2 = e, n has a 2-cycle (ab). Let a 6= c 6= b
with 1 ≤ c ≤ n. The (abc)n has cycle (bc) and so n 6= (abc)n. A contradiction to N = {e, n}
and N E Sym(n).

Lemma 2.7.13. The abelian simple groups are exactly cyclic groups of prime order.

Proof. Let A be an abelian simple group and e 6= a ∈ A. Then 〈a〉 E A and so A = 〈a〉
is cyclic. Hence A ∼= Z/mZ for some m ≥ 0. If m = 0, 2Z is a normal subgroup. Hence
m > 0. If m is not a prime we can pick a divisor 1 < k < m. But then kZ/mZ is a proper
normal subgroup.

2.8 Direct products and direct sums

Let G1 and G2 be groups. Then G = G1 × G2 is a group where the binary operation is
given by

(a1, a2)(b1, b2) = (a1b1, a2b2).

Consider the projection maps

π1 : G→ G1, (a1, a2)→ a1 and π2 : G→ G2, (a1, a2)→ a2

Note that each g ∈ G is uniquely determined by its images under π1 and π2. Indeed we
have g = (π1(g), π2(g)). We exploit this fact in the following abstract definition.

Definition 2.8.1. Let (Gi, i ∈ I) be a family of groups. A direct product of the (Gi, i ∈ I)
is a group G together with a family of homomorphism (πi : G→ Gi, i ∈ I) such that:

Whenever H is a group and (αi : H → Hi, i ∈ I) is family of homomorphism, then there
exists a unique homomorphism α : H → G such that the diagram:

H -α
G

Gi

@
@
@@R

�
�

��	
αi πi

commutes for all i ∈ I ( thats is αi = πi ◦ α)

Lemma 2.8.2. Let (Gi, i ∈ I) be a family of groups then there exists direct product G, (πi :
G → Gi; i ∈ I). Moreover the direct product is unique up to isomorphism in the follwinh
sense: If (H, (αi : H → Gi; i ∈ I) is annother direct product of (Gi, i ∈ I), then there exists
ismorphism α : H → G with αi = πi ◦ α for all i ∈ I.
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Proof. We will first show the existence. As a set let G =×i∈Gi, the set theoretic direct
product of the G′is. That is G consists of all function f : I →

⋃
i∈I Gi with f(i) ∈ Gi for

all i ∈ I. The binary operation is defined by (fh)(i) = f(i)h(i). It is easy to check that G
is a group. Define

πi :
∏
i∈I

Gi → Gi, f → f(i).

Since πi(fg) = fg(i) = f(i)g(i) = πi(f)πi(g), πi is a homomorphism.

Let H a group and αi : H → Gi a family of homomorphism. Define α : H → G by

α(h)(i) := αi(h)for all i ∈ I

But this is equivalent to

πi(α(h)) = αi(h)

and so to

πiα = αi.

In other words, α is the unique map which makes the above diagram commutative. It
easy to verify that α is a homomorphism and so (πi, i ∈ I) meets the definition of the direct
product.

To show uniqueness, let (αi : H → Gi; i ∈ I) be annother direct product of (Gi, i ∈ I).
Since (πi : G → Gi, i ∈ I) is a direct product there exists a homomorphism α : H → G
with αi = πi ◦ α for all i ∈ I. Since (αi : H → Gi; i ∈ I) is a direct product there exists
β : G→ H with πi = αi ◦ β. Consider the composition α ◦ βα : G→ G. We have

πi ◦ (α ◦ β) = (πi ◦ α) ◦ β = αi ◦ β = πi

also

πi = πi ◦ idG

and so by the uniqueness assertion in the defintion of a direct product we conclude that
α ◦ β = idG. By symmetry also β ◦ α = idH . Thus α is an isomorphism.

Definition 2.8.3. Let (Gi | i ∈ I) be a family of groups.

(a) Let f ∈×i∈I . Then we view f as the tuple (f(i))i∈I . Conversely every tuple (gi)i∈I
with gi ∈ G we view as the function f : I →

⋃
i∈I Gi, i→ gi in×i∈I .

(b) Let g = (gi)i∈I ∈×i∈I Gi. Then

Supp(g) := {i ∈ I | gi = e}

(c)
⊕

i∈I Gi := {g ∈ ×i∈I Gi | Supp(g) is finite }.
⊕

i∈I Gi is called the direct sum of
(Gi | i ∈ I).
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Definition 2.8.4. Let G be a group.

(a) Let (ai | i ∈ I) be a family of elements in G. We say that almost all of the ai’s equal e
if {i ∈ I | ai 6= e} is finite.

(b) Let (ai | i ∈ I) be a family of elements in G with almost all of the ai eqaul to one.
Suppose also that aiaj = ajai for all i, j ∈ J . Then we define

∏
i∈I

ai = ai1ai2 . . . aik

where i1, i2 . . . ik are the pairwise distinct elemenst of I with aij 6= e. Note that since
aiaj = ajai, this defintion does not dependent on the order the i1, . . . ik are chosen.

Lemma 2.8.5. let (Gi | i ∈ I) be a family of groups. For j ∈ I define ρj : Gj →
⊕

i∈I Gi
by

(ρj(g)) = (hi)i∈I where hi =

{
g if i = j

e if i 6= j

(a)
⊕

i∈I Gi is a subgroup of×i∈I Gi.

(b) For all j ∈ I, ρj is a 1-1 homomorphism.

(c) [ρi(Gi), ρj(Gj)] = {e} for all i 6= j ∈ I.

(d) Let g ∈
⊕

i∈I Gi. Then there exist uniquely determined hi ∈ Gi, i ∈ I, almost all equal
to e,with g =

∏
i∈I ρ(hi). Namely hi = gi.

(e)
⊕

i∈I Gi = 〈ρj(Gj) | j ∈ J}

Proof. (a) This follws since Supp(a−1) = Supp(a) and Supp(ab) ⊆ Supp(a) ∪ Supp(b).
(b) This is readily verified.
(c) Let j 6= k ∈ I, gj ∈ Gj and gk ∈ Gk. Then

(ρ(gj)ρ(gk))i =


gj if i = j

gk if i = k

e if j 6= i 6= k

= (ρ(gk)ρ(gj))i

Thus ρj(gj) = ρk(gk) and (c) holds.
(d) Just observe that by the definition of ρj(gj)

(
∏
i∈I

ρ(hi))j = hj .

(e) By (d) g =
∏
i∈I ρi(gi) ∈ 〈ρi(Gi) | i〉. Thus (e) holds.
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Definition 2.8.6. Let G be a group and (Gi, i ∈ I) a family of subgroups of G.Then we
say that G is the internal direct sum of (Gi, i ∈ I) and write

G =
int⊕
i∈I

Gi

provided that

(i) Gi EG for all i ∈ I.

(ii) G = 〈Gi | i ∈ I〉.

(iii) For each i, Gi ∩ 〈Gj | i 6= j ∈ I〉 = {e}.

Proposition 2.8.7. Let G be a group and (Gi, i ∈ I) a family of subgroups if Gi. Suppose
that G is the internal direct sum of (Gi, i ∈ I).

Then the map

α :
⊕
i∈I

Gi → G, (gi)i∈I →
∏
i∈I

gi

is a well-defined isomorphism.

Proof. For i ∈ I put Gi := 〈Gj | i 6= j ∈ I〉. Let g ∈ G. Since Gj E G we have gGj = Gj
and so using 2.6.3(b) we compute

gGi = 〈gGj | i 6= j ∈ I〉 = 〈Gj | i 6= j ∈ I〉 = Gi

Thus Gi EG. By 2.8.6(iii), Gi ∩Gi = {e} and so by 2.6.8(c) ab = ba for all a ∈ Gi, b ∈ Gi.
If j 6= i ∈ I then Gj ≤ Gi and so gigj = gjgi for all gi ∈ Gi and gj ∈ Gj . So (see Definition
2.8.4(b) ), α is well defined. Moreover this implies that α is a homomorphism. Note that
α(ρi(gi)) = gi. So Gi ≤ Imα. Since Imα is a subgroup of G we conclude 〈Gi | i ∈ I〉 ≤ Imα.
Hence 2.8.6(ii), Imα = G and so α is onto.

Suppose that ∏
i∈I

gi =
∏
i∈I

ai

for some (gi)∈I , (ai)i∈I ∈
⊕

i∈I . Then

aig
−1
i =

∏
i 6=j∈I

a−1
j gj

Note that the left side is in Gi and the right side in Gi. Since Gi∩Gi = {e} we conclude
that aig

−1
i = e and so ai = gi. Thus α is 1-1 and the lemma is proved.

Note that the preceeding lemma implies that if G =
⊕intGi then G is canonically

isomorphic to
⊕

i∈I Gi. For this reason we will slightly abuse language and write G =⊕
i∈I Gi, that is we drop the superscript int to denote the internal direct sum.
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Example 2.8.8. Let G = {(1), (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)} ≤ Sym(4). Let G1 =
{(1), (1, 2)(3, 4)} and G2 = {(1), (1, 3)(2, 4)}. Since G is abelian, G1 and G2 are normal
subgroup of G. Since (1, 2)(3, 4) ◦ (1, 3)(2, 4) = (1, 4)(2, 3), 〈G1, G2〉 = G. Moreover,
G1∩G2 = {(1)} and so G is the internal direct sum of G1 and G2. Note also that Gi ∼= Z/2Z
and so

G = G1 ⊕G2
∼= Z/2⊕Z/2Z.

2.9 Co-products and free groups

Having looked at the direct product and direct sum of groups we know define the coproduct
of a family of groups:

Definition 2.9.1. Let (Gi, i ∈ I) be a family of groups. Then an coproduct of (Gi, i ∈ I)
is a group G together with a family of homomorphism (ρi : Gi → G) with the following
property:

Whenever H is a group and (αi : Gi → H) a family of homomorphisms, then there
exists a unique homomorphism α : G→ Gi → H so that the diagram

G -α
H

Gi
@

@
@@I

�
�
���

ρi αi

commutes for all i ∈ I.

On an intuitive level this group is the largest group which contains the Gi’s and is
generated by them. Notice also that the defintion of the coproduct is nearly identical to
the defintion of the direct product. The difference is that all the arrows are reversed, that
is a map fro A to B is replaced by a map from B to A. But it turns out the the coproduct
is much harder to construct

Before starting the construction we need a couple of general lemmas.

Lemma 2.9.2. Let I be a set and ∼ a relation on I. Define the relation ≈ of I by a ≈ b if
there exits n ∈ N and a sequence of elements (x0, x1, . . . xn) in I such that x0 = a, xn = b
and for each 1 ≤ i ≤ n either xi−1 ∼ xi or xi ∼ xi−1. Then

(a) ≈ is an equivalence relation on I, called the equivalence relation generated by ∼.

(b) If a, b ∈ I with a ∼ b then a ≈ b.

(c) Let ∼∼∼ be an equivalence relation on I such that a ∼ b implies a∼∼∼b. Then also a ≈ b
implies a∼∼∼b.

Proof. Straightforward.



42 CHAPTER 2. GROUP THEORY

Lemma 2.9.3. Let (G, ·) be a pregroup, ∼ a relation on G and ≈ the equivalence relation
on G generated by ∼. Suppose that if a, b, c ∈ G with b ∼ c, then ab ≈ ac and ba ≈ ca.
Then

(a) The map ∗ : G/ ≈ ×G/ ≈→ G/ ≈, ([a], [b])→ [ab] is a welldefined binary operation.

(b) If · is associative, then ∗ is associative.

(c) If e is an identity in G, then [e] is an identity in G.

(d) Suppose G is a monoid and H is a subset of G such

(i) G is generated by H as a monoid.

(ii) For each h ∈ H there exists h′ ∈ G with hh′ ≈ e ≈ hh′.

Then G/ ≈ is a group.

Proof. (a) Let a, b, c, d ∈ G with a ≈ c and b ≈ d. We need to show that ab ≈ cd. By
definition of ≈ there exist n,m ∈ N and (x0, . . . xn) and (y0, . . . ym) such that x0 = a, xn = c,
y0 = b, ym = d, for all 1 ≤ i ≤ n either xi−1 ∼ xi or xi ∼ xi−1 and for all 1 ≤ j ≤ m either
yj−1 ∼ xj or yj ∼ yj−1.

The proof of ab ≈ cd will be by induction on n+m. If n+m = 0, then n = 0 = m and
so a = c and b = d. So supppose n+m > 0.

If n = 0 then m > 0 and so by induction ab ≈ cym−1. We have ym−1 ∼ ym = d or
d ∼ ym−1. In the first case by assumption cym−1 ≈ cd and in the second cd ≈ cym−1. Since
≈ is symmetric both cases imply that cym−1 ≈ cd. As ≈ is tranistive and ab ≈ cym−1 we
get ab ≈ cd.

So suppose n > 0. Then by induction ab ≈ xm−1d. As above xm−1 ∼ c implies
xm−1d ≈ cd and so ab ≈ cd.

(b) and (c) are obvious.
(d) Let h ∈ H. Then [hh′] = [e] = [hh′] and so [h] is invertible in G/ ≈. Put

K := {g ∈ G | [g] is invertible in G/ ≈}

Then H ⊆ K and e ∈ K. let a, b ∈ K. Then by 2.2.3(d), [ab] = [ab] is invertible. Hence
ab ∈ K and K is a submonoid of G. Thus (d:i) implies K = G. Hence every [g] for g ∈ G
is invertibel. Together wit (b) and (c) we conclude that G/ ≈ is a group.

Proposition 2.9.4. Let I be a set and let MI be the set of all sequences (i1, i2, . . . , in)
where n ∈ N and ij ∈ I for all 1 ≤ j ≤ n. For i = (i1, i2, . . . , in) and j = (j1, . . . jm) in MI

define

ij = (i1, i2, . . . , in, j1, . . . jm)

Then

(a) MI is a monoid, called the free monoid generated by I.
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(b) The map ρ : I →MI , i→ (i) is 1-1 and we identify i with (i).

(c) Let MI be a monoid and f : I →M a function. Then there exists a unique homorphism
of monoids f∗ : MI →M with f∗(i) = f(i) for all i ∈ I.

Proof. (a) The binary operation is clearly associative and () is an idenity element.

(b) Define f∗((i1, . . . , in)) = f(i1)f(i2) . . . f(in)) there as usually the empty product
is defined to be eM . This is clearly a homomorphism. Conversely if g : MI → M is a
homomorphism with g(i) = f(i), then

g((i1, i2, . . . in)) = g(i1i2 . . . in) = g(i1)g(i2) . . . g(in) = f(i1) . . . f(in)

Theorem 2.9.5. Let (Gi | i ∈ I) be a family of groups. Then there exists a coproduct∐
I∈I Gi of (Gi, i ∈ I).

Proof. To simplify notation we assume without loss that the Gi are pairwise disjoint. Let
X =

⋃
i∈I Gi and let W be the free monoid generated by X. Note that if a, b ∈ Gi we have

to ways to multiply a and b, namely once as elements of Gi and once as elements of W .
We therefore denote the binary operation on W by ∗ and the one on Gi be ·. t Define the
relation ∼ on W by v ∼ w if of the follwing holds:

(i) There exist x, y ∈W , i ∈ I and a, b ∈ Gi with w = x ∗ a ∗ b ∗ y and v = x ∗ (a · b) ∗ y

(ii) There exists x, y ∈W and i ∈ I with w = x ∗ eGi ∗ y and v = x ∗ y.

Let ≈ be the equivalence relation on W generated by ∼. Note that the defintion of ∼
implies that if u, c, w ∈ W with v ∼ w, then also uv ∼ uw and vu ∼ uw. Thus by 2.9.3
W/ ≈ is a monoid with identity [()].

Let i ∈ I and a, b ∈ Gi. Then by (i)

(1) a ∗ b ∼ a · b and so [a] ∗ [b] = [a · b]

By (ii)

ei ≈ () and so [ei] = [()]

If follows that a ∗ a−1 ≈ a · a−1 = eGi ≈ (). Thus by 2.9.3(d) W/ ≈ is a group.

Define ρi : Gi →W/ ≈, g → [g]. Then by (1), ρi is a homomorphism.

Now let H be a group and (αi : Gi → H) a family of homomorphism. Define β : X → H
by β(x) = αi(w) if i ∈ I with x ∈ Gi. Note here that i is uniquely determined since the
Gi’s are pairwise disjoint. By 2.9.4(c) there exists a unique homomorphism γ : W → H
with γ(x) = β(x) for all x ∈ X and so γ(a) = αi(a) for all a ∈ Gi.
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We claim that γ(v) = γ(w) whenever v ≈ w. By definition of a ≈ it it suffices to show
this if v ∼ w.

Suppose first that (i) holds. Then w = x ∗ a ∗ b ∗ y and v = x ∗ (a · b) ∗ y for some
x, y ∈W , i ∈ I and a, b ∈ Gi Hence

γ(w) = γ(x)γ(a)γ(b)γ(y) = γ(x)(αi(a)αi(b)γ(y) =

γ(x)αi(a · b)γ(y) = γ(x)γ(a · b)γ(y) = γ(v).

Suppose next that (ii) holds. Then w = x ∗ eGi ∗ y and v = x ∗ y for some x, y ∈W and
i ∈ I Hence

γ(w) = γ(x)γ(ei)γ(y) = γ(x)αi(eGi)γ(y) = γ(x)eHγ(y) = γ(x)γ(y) = γ(v).

By the claim we get a well defined map α : W/ ≈→ H, [w] → γ(w). Also as γ is a
homomorphism, α is, too. The uniqueness of α can be easily deduced from the uniqueness
of γ.

Lemma 2.9.6. Let (ρi | Gi → G, i ∈ I) be a coproduct of the family of groups (Gi, i ∈ I).
The each ρj , j ∈ J is 1-1.

Proof. Let j ∈ J . let αj = idGj and for j 6= i ∈ j define αi : Gi → Gj , g → eGj . Then by
defintion of the coproduct there exists a homomorphism β : G → Gj with αi = β ◦ ρi for
all i ∈ I. For i = j we conclude,

idGj = β ◦ ρj
Note that this implies that ρj is 1-1.

2.9.7 (Reduced Words). In this subsection we have a closer look ar the coproduct of a
family of groups Gi, i ∈ I) constructed in the proof of 2.9.5. As where we assume that the
Gi’s are pairwise disjoint, put X =

⋃
i∈I Gi, and W = MI . Let ∼ and ≈ be the relations

on W define defined in 2.9.5. Our goal now is to find canonical representative for each of
the equivalence classes of ≈.

Let x ∈ W . Then x = x1x2 . . . xn for some uniquely determined n ∈ N and xi ∈ Gji
for some ji ∈ I. n is called the length of x We say that x is reduced if xi 6= eGji (for all
1 ≤ k ≤ n) and ji 6= ji+1 for all 1 ≤ i < n. Comapring with we definition of ∼ we see that
w is not reduced if and only if there exists v ∈ W with v ∼ w. Note that the empty tuple
is reduced and any a ∈ Gi with a 6= eGi is reduced. We will show that every equivalence
class contains a unique reduced word.

For this we consider one further relation on W . Define v � w if

v = v0 ∼ v1 ∼ v2 . . . vn−1 ∼ vn = w

for some vk ∈W . Again allow for n = 0 and so v � v. Also note that v � w implies v ≈ w
( but not vice versa).
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1◦. For each w ∈W there exists reduced word v ∈W with v � w.

If w is reduced, put v = w. If w is not reduced there exists y ∈ W with y ∼ v. The
length of y is one less than the length of y. So by induction there exists a reduced word v
with v � w. Then also v � w and (1◦) is proved.

2◦. For each w ∈ W there exists a unique reduced word wr ∈ W with wr << w. wr is
called the reduction of w.

The existence has been establised in (1◦). For the uniqueness let z1 and z2 be reduced
with zi � w.

If z1 = w then w is reduced. So there does not exists y ∈W with y ∼ w and so z2 ∼ w
implies z2 = w = z1. So we may assume that z1 6= w 6= z2.

By definition of � there exist vi ∈W with zi � vi ∼ w.
We will show that there exists v ∈ W with v � v1 and v � v2. Suppose such an v

exists and let z be reduced with z � v. Then for i = 1, 2, z � vi. Since also zi is reduced
with zi � vi and since vi has length less than w, we conclude by induction that z = zi.
Thus z1 = z2 and we are done once the existence of v is established.

Suppose that for i = 1 and 2, w = xieGkiyi and vi = xiyi for some ki ∈ I, xi, yi ∈ W .
x1 = x2 have v1 = v2 we can choose v = v1. So may assume that x1 has length less than
x2. Then x2 = x1 ∗ eGk1

∗ x for some x ∈W and we can put v = x1xy2.
Suppose next that w = x1eGk1

y1, v1 = x1y2, w = x2aby2, v2 = x2(a · b)y2 for some
k1, k2 ∈ I, x1, x2, y1, y2 ∈ W and a, b ∈ Gk1 . If x1 = x2 or x1 = x2a, then ab = a and
ab = b respectively and so v1 = v2 and v = v1 works. If x1 has length less than x2, then
x2 = x1eGk1

x for some x ∈ W and we can choose v = x1x(a · b)y2. If x1 has length larger
than x2a than y2 = xeGk2

y1 for some x ∈W and we can choose x2(a · b)xy1.
Suppose finally that for i = 1, 2, w = xiaibiyi, vi = xi(ai · bi)yi for some xi, yi ∈ W ,

ai, bi ∈ Gki . Let li be the length of xi. Without loss l1 ≤ l2 and so either l1 ≤ l2−2, l1 = l2−1
or l1 = l2. If l1 ≤ l2−2, then x2 = x1a1b1x for some x ∈W . Put v = x1(a1 · b1)x(a2b1)y2 in
this case. If l1 + 1 = l2, then b1 = a2, k1 = h2 and we can put v = x1(a1b1b2)y2. If l1 = l2,
then v1 = v2 and we put v = v1.

3◦. let v, w ∈W . Then v ≈ w if and only vr = wr.

Let v, w be words. If vr = wr, then v ≈ vr = wr ≈ w and so v ≈ w.
Define the relation ∼∼∼ on W by v∼∼∼w if vr = wr. Clearly ∼∼∼ is an equivalence relation.

Let v, w ∈ W with v ∼ w. Since vr � v we get vr � w. Since vr is reduced, (2◦) gives
that vr = vw. We show that v ∼ w implies v∼∼∼w. Thus by 2.9.2(c) says that v ≈ w implies
v∼∼∼w. So v ≈ w implies vr = wr.

4◦. Let g ∈ W/ ≈. Then there exists a unique reduced word v ∈ W with g = [v].
Moreover, if g = [w] for some w ∈W , then v = wr.

Let g = [w] with w ∈ W . Then w ≈ wr and so g = [w] = [wr]. Let v ∈ W be reduced
with g = [v]. Then v ≈ w and so by (4◦), v = vr = wr.
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Let Wr be the set of reduced words. (4◦), the map Wr → W̃ , w → [w] is a bijection.
Unfortunately, Wr is not closed under multiplication, that is the product of two reduced
words usually is not reduced. But it is not difficult to figure out what the reduction of the
product is. Indeed let x = x1x2 . . . xn and y = y1y2 . . . yn) be reduced words. Let s be
maximal with y−1

t = xn−t for all 1 ≤ t < s. Then

xy ≈ (x1x2 . . . xn−sysys+1 . . . ym)

If xn−s and ys are not contained in a common Gi this is the reduction of xy.
On the other hand if xn−s and ys both are contained in Gi, then

xy ≈ x1, . . . xn−s−1(xn−s · ys)ys+1 . . . ym)

By maximality of s, xn−s · ys+1 6= eGi and it is easu to seen that word on the roght hand
side of the last equation is reduced, and so is the reduction of x ∗ y.

We remark that coproducts also exists for semigroups and for monoids. Indeed, every-
thing we did for groups carries over word for word, with one exception though. In case of
semigroups we do not include the empty tuple in the sets of words and omit 2.9.5(i) in the
definition of v ∼ w.

Example 2.9.8. Let A ∼= B ∼= Z/2Z. We will compute D = A
∐
B. To simply notation

we identify x ∈ A ∪ B with its image in D. In particular e := eG = eA = eB and ρA and
ρB are just the inclusion map from A and B respectively to D. Let e 6= a ∈ A and b 6= B
in B. Then every elements in D has one of the following forms:

e

(ab)(a ∗ b) . . . (ab)︸ ︷︷ ︸
n times

(ba)(ba) . . . (ba)︸ ︷︷ ︸
n times

b (ab)(ab) . . . (ab)︸ ︷︷ ︸
n times

a (ba)(ba) . . . (ba)︸ ︷︷ ︸
n times

Put z = ab. Then z−1 = b−1a−1 = ba. So the above list now reads z0, zn, z−n, bzn and
az−n. Note that bzn = b(ab)n = a(ab)(ab)n = a(ab)n+1 = azn+1 and so

D = {zn, zna | n ∈ Z}.

It is also easy to compute the product of two elements in D: first observe that zna =
a(ba)n−1ba = az−n and so
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zn ∗ zm = zn+m, zn ∗ zma = zn+ma, azn ∗ azm = aaz−nzm = zm−n

This can be combined in one formula: Define ε(0) = 1 and ε(1) = −1. Then for n,m ∈ N
and i, j ∈ {0, 1}:

(aizn) ∗ (ajzm) = ai+jzε(j)n+m

By now we determined the complete multiplication table of D. D is called the infinite
dihedral group.

We will know constructed a second group D̃ and show that it is isomorphic to D. Define

ã : Z→ Z m→ −m

b̃ : Z→ Z m→ 1−m

Then ã, b̃ ∈ Sym(Z), ã is a reflection at 0 and b̃ is the reflection at 1
2 Put D̃ = 〈ã, b̃〉. Since

both ã and b̃ have order two, there exist homomorphism,αA : A → D̃ and αB : B → D̃
with αA(a) = ã and αB(b) = b̃. Hence by the definition of the co-product, there exists a
homomorphism β : D → B̃ with αA = β ◦ ρA and αB = β ◦ ρB. Then

β(a) = β(ρA(a)) = αA(a) = ã

and similarly β(b) = b̃.

Hence

β(D) = β(〈a, b〉) = 〈β(a), β(b)〉 = 〈ã, b̃〉 = D̃

So β is onto. Put z̃ = ã ◦ b̃. Then

z̃(m) = ã(b̃(m)) = ã(1−m) = m− 1

So z̃ is the translation by −11. Also z̃j(m) = m − n and (ãz̃j)(m) = ã(m − j) = j −m.
Thus zj is translation by −j and ãz̃n is the reflection at j

2 .

We have β(z) = β(ab) = β(a)β(b) = ãb̃ = z̃ and so also β(aizj) = β(a)i(̃b)j = ãiz̃j .
Since the ãiz̃j , i = 0, 1, j ∈ Z are pairwise distinct, we conclude that β is 1-1. Thus β is an
isomorphism and

D ∼= D̃

Let Z = 〈z〉. Then Z ∼= (Z,+) and Z has index two in G1 ∗G2. In particular, Z ED.
Also za = aza = aaba = ba = z−1. Thus

(zn)a = z−n and zna = az−n.

In particular, if A ≤ Z then both Z and a normalize D and A E G.
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Here is a property of D which will come in handy later on:

All elements in D \ Z are conjugate to a or b.

Indeed znaz−n = znzna = z2na and znbz−n = z2nb = z2nbaa = z2n+1a. So z2na is
conjugate to a and z2n+1a is conjugate to b.

Fix n ∈ Z. Consider the relation zn = e. Put N = 〈zn〉. Then N E D and so∐
i∈{1,2}

Gi/〈(ab)n = e〉 = D/N

Since Z/D ∼= Z/nZ, D/N has order 2n. D/N is called the dihedral group of order 2n,
or the dihedral group of degree n.

Suppose now that D̄ is any group generated by two elements of order two, ā and b̄.
Then there exists a homomorphism α : D → D̄ sending a to ā and b to b̄. Let z̄ = āb̄ and
Z̄ = 〈z̄〉. Since neither a nor b are in kerα and all elements in D \ Z are conjugate to a
or b, kerα ≤ Z. Thus kerα = 〈zn〉 for some n ∈ N and so D̄ ∼= D/ kerα = D/N . So any
group generated by two elements of order 2 is a dihedral group.

Definition 2.9.9. Let I be a set. A free group generated by I is a group FI together with
a map ρ : I → FI with the following property:

Whenever H is a group and α : I → H is a function, then there exists a unique
homomorphism β : FI → H with α = β ◦ ρ.

Lemma 2.9.10. Let I be a set. Then there exists a free generated by I.

Proof. For i ∈ I let Gi = (Z,+) and let ρi : Gi → FI , i ∈ I) be a coproduct of (Gi, i ∈ I).
Define ρ : I → Fi, i → ρi(1). Now let H be a group and α : I → H be function. Define
αi : Gi → H,m → α(i)m. Then by definition of the coproduct of (Gi, i ∈ I) there exists
a unique homomorphism β : FI → H, with αi = β ◦ ρi. Then α(i) = αi(1) = β(ρi(1)) =
β(ρ(i)) and so α = β ◦ ρ. Suppose alos γ : FI → H fulfills, α = γ ◦ ρ. Then for all m ∈ Gi,

αi(m) = α(i)m = γ(ρ(i))m = γ(ρi(1)m) = γ(ρi(m))

Hence αi = γ ◦ ρi and so by the uniqueness assertion on the defintion of the coproduct,
β = γ.

Notation 2.9.11. Let I be a set. Then FI is a group with I ⊆ FI such that idI,FI : I →
FI , i→ i is a free group generated by I.

2.9.12 (Reduced words in free groups). Let I be a set and Gi = 〈i〉 = {im | m ∈ Z}, the
subgroup of FI generated by I. Then by proof of 2.9.10 Gi ∼= Z and FI is the co-product
of the (Gi, i ∈ I). So by 2.9.7, each element in FI can be uniquely written as g1g2 . . . gn
where n ∈ N, gj ∈ Gij , gj 6= eGij for all 1 ≤ j ≤ n and ij 6= ij+1 for all 1 ≤ j < n. Since

Gij = 〈ij〉 we have gj = i
mj
j for some 0 6= mj ∈ Z. Thus every element w in FI can be

uniquely written as
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w = im1
1 im2

2 . . . imnn

where n ∈ N, ij ∈ I, 0 6= mj ∈ Z and ij 6= ij+1. im1
1 im2

2 . . . imnn is called the reduced form of
g.

Let G is a group and (gi, i ∈ I) a tuple of elements in G Define α : I → G, i → gi.
Then by definition of the free group there exists a unique homomorphism β : FI → G with
α = β ◦ idI→F . Note that α = β ◦ idI→FI just means β(i) = gi for all i ∈ I. Thus

β(im1
1 im2

2 . . . imnn ) = gm1
1 gg2

2 . . . gmnn

Definition 2.9.13. Let I be a set.

(a) A group relation over I is an expression of the form v = w, where v, w ∈ FI .

(b) Let G be a group and (gi, i ∈ I) a family of elements in G. We say that (gi, i ∈ i) fulfills
the relation v = w provided that β(v) = β(w), where β is the unique homomorphism
from FI to G with β(i) = gi.

If w = im1
1 . . . imnn , then (gi, i ∈ I) fulfills the relation w = e if and only if gm1

1 . . . gmnn .

Definition 2.9.14. Let I be a set and R a set of group relations on I. Then a group with
generators I and relations R is a group G together with a family of elements (gi, i ∈ I) of
elements of G such that

(a) (gi, i ∈ I) fulfills all the relations in R.

(b) Whenever H is a group and (hi, i ∈ I) is a family of elements of H fulfilling all the
relations in R, then there exists a unique homomorphism δ : G → H with δ(gi) = hi
for all i ∈ I.

Example 2.9.15. Let I = {a, b}, G = Sym(3) and consider the relation aba−1 = b−1.

Do ga = (12) and gb = (123) fulfill the relation? In other words is

(12) ◦ (123) ◦ (12)−1 ?
= (123)−1

The left hand side is (213) and the right hand side is (321), both of which are equal to
(132). So the answer is yes.

Do ha = (12) and hb = (23) fulfill the relation?

(12) ◦ (23) ◦ (12)−1 ?
= (23)−1

The left side is (13) the right side is (23), so this time the answer is no.

Lemma 2.9.16. Let I be a set and R a set of group relations on I. Then there exists a
group G with generators I and relations R.
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Proof. Note that the relation v = w is fulfilled if and only if the relation vw−1 = e is
fulfilled. So we may assume that R = {r = e | r ∈ R} for some subset R of FI . Put
N := 〈FIR〉 = 〈wr | w ∈ FI , r ∈ R〉, so N is the normal subgroup of FI generated by R. Put
G = FI/N and let gi = iN for i ∈ N . πN : FI → G,w → wN is a homomorphism fro FI to
G with πN (i) = gi = iN and πN (r) = rN = N = eG for all r ∈ R. So (gi, i ∈ I) fulfills all
the relation in R.

Now let H be a group and (hi, i ∈ I) is a family of elements of H fulfilling all the
relations in R. Let β : FI → H be the unique homomorphism with β(i) = hi for all i ∈ I.
Let r ∈ R. Then (hi, i ∈ I) fulfills the relation r = e and so β(r) = eH . Hence r ∈ kerβ.
Since kerβ E FI , wr ∈ N for all w ∈W and so N ≤ kerβ. It follows that the map

δ : G→ G,wN → β(w)

is a well-defined homomorphism. Also δ(gi) = δ(iN) = β(i) = hi.
It remains to show that uniqueness δ. So let α : G → H be a homomorphism with

α(gi) = hi. The (α ◦ πN )(i) = α(gi) = hi and so α ◦ πN = β by uniqueness of β. Hence for
all w ∈ FI , α(wN) = (α ◦ πN )(w) = β(w) and so α = δ.

2.9.17 (Notation in groups with generators and relation). Let I be a set and R a set of
relations on R. Then

G = 〈I | R〉

means that G together with the family of elemensts (gi)i∈I is is a group with generators I
and relations R. So

G = 〈gi | i ∈ I〉

and if

(∗) in1
1 . . . inkk = jm1

1 . . . jmll

is one of the relation in R then

(∗∗) gn1
i1
. . . gnkj1 = gm1

j1
. . . gmljl .

In practical computation is is often quite cumbersome to work with elements with sup-
scripts. We therefore often just write a for the element ga in G. This should be only done
if this is clearly from the context that the conputation are done in G and that a no longer
stands for the element a in FI . Note also that this is not an identification, since the map
I → G, a → ga is (in general) not 1-1. The advantage of this convention is that, replacing
all ga by a, the equation (**) now turns into the easier

(∗ ∗ ∗) in1
1 . . . inkk = jm1

1 . . . jmll .
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This seems to be the same as (*). But it is not. (*) is a group relation between elements
of FI , not an actual equality. (***) is an actual equality of elements in G.

Example 2.9.18. 1. The group

G = 〈a, b | a2 = e, b2 = e〉

is the infinite dihedral group. To see that let Ha = 〈ha〉 and Hb = 〈hb〉 be cyclic groups
of order 2 and H = Ha

∐
Hb. Let Ga = 〈ga〉 ≤ G and Gb = 〈gb〉 ≤ G. Since g2

a = g2
b = e.

There exists homomorphism αa : Ha → Ga and αb : Hb → Gb with αa(ha) = ga
and αb(hb) = gb. So by defintion of the coproduct, there exists unique homomorphism
α : H → G with α(ha) = ga and α(hb) = gb. Conversely, since (ga, gb) fulfills the relation
a2 = e and b2 = e, there exists a unique homomorphism β : GH, with β(ga) = ha and
β(gb) = hb. It is now easy to see that α ◦ β = idG and β ◦ α = idH . So G ∼= H.

Informally what we just proved is that the ’largest’ group generated by two elements of
order two is same as the ’largest’ groups generated by two groups of order two.

2. The group
〈a, b | a2 = 2, b2 = e, (ab)n = e〉

is the called the dihedral group Dih2n of degree n or the dihedral group of order 2n

Let F = F{a,b} and K = 〈F{a2, b2} and N = 〈F{a2, b2, (ab)n}〉. Then by (1), F/K
is the infinite dihedral group. For x ∈ F let x = xK. Put z = ab and y = (ab)n.
Then N = K〈Fy〉. By 2.9.8, az = z−1a. If follows that az = z−1, ay = y−1 and
ay〉 = 〈ay〉 = 〈y−1〉 = 〈o y〉. Hence a and z normalizes 〈y〉. Since F = 〈a, z〉, 〈y〉 is normal
in F . Hence K〈y〉 is normal in F and N = K〈y〉. Thus

F/N ∼= F/N = F/〈y〉 = F/〈zn〉

By 2.9.8 F = {aizj | i ∈ 0, 1, j ∈ Z}. Since (aizj)znm = aizl+nm we see that

aizjN = akzlN ⇐⇒ i = k and j ≡ k (mod n)

Thus F/N = {aizjN | 0 ≤ i ≤ 1, 0 ≤ j < n} and so |F/N has order 2.

We will now construct a second group which is isomorphic to F/N . This is similar to
construction of the group D̃ in Example 2.9.8. The only difference is that we repalce Z
by Z/n mbZ where n is an integer with n ≥ 2.

Define ã : Z/nZ → Z/nZ,m → −m and b̃ : Z/nZ → Z/nZ,m → 1 −m. Put z̃ = ã ◦ b̃.
Then as in 2.9.8

z̃(m) = m+ 1, z̃j(m), = m− j, ãz̃j(m) = j −m

Put G̃ = 〈ã, b̃〉. Since the calculation are done modulo n we conclude that
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|z̃| = n, D̃ = {ãiz̃j | 0 ≤ 1 ≤ i, 0 ≤ j < n}, and |D̃| = 2n

So (ã, b̃) fulfills the relations for G and so there exists a unique homomorhism β : G→ G̃
with β(aN) = ã and β(bN) = b̃. Then β(aizjN) = ãib̃j and so β is a bijection. Thus
G ∼= G̃.

Here is a more geometric version of the above. Let ξ = e
2πi
n ∈ C and Un = {ξi | 0 ≤ i <

n}. So Un is the set of n-roots of unity in C and the map Z/nZ,+)→ (Un, ·), i→ ξi is an
isomorphism. z̃j corresponds to clockwise rotation by j

n2π radiants and ãzi correponds

to the reflection at the line through 0 and ξ
j
2 . Note that if j is even xi

j
2 is in Un, while

if j is odd xi
j
2 is the midpoint on the unit circle between ξ

j−1
2 and ξ

j+1
2 .

3. We will show that

G := 〈a, b, c | ab = c, ab = ba, c2 = a, c3 = b, c5 = e〉

is the trivial group.

We will follow the conventions of 2.9.17 and just write a for ga, b for gb and c for gc, that
is we treat a, b, c as elements of G, rather than elements of F{a,b,c}. Then the relations
defining G become actual equalities and so c = ab = c2c3 = c5 = e. Hence also a = c2 = e
and b = c2 = e. Thus G = {e}.

4.

G := 〈a, b | a3 = b3 = (ab)2 = e〉 ∼= Alt(4)

To see this let z = ab. Then z2 = 1. Put K = 〈z, za〉. Since both z and za have order
two (or 1), K is a dihedral group. We compute

za
2
zaz = (a2(ab)a−2) a(ab)a−1 ab = a3b(a−2a2)b(a−1a)b = a3b3 = e.

Thus zaz = z−a
2

= za
2
. In particular, (zaz)2 = e. It is easy to see that {e, z, za, za2} is

a subgroups of G and so K = {e, z, za, za2}. (This also can be deduced from (2). Indeed
(z, a2) fulfills the relation for Dih2·2 and by (2), K = {zi(zza)j | 0 ≤ i, j < 2}.) Now
(za

2
)a = za

3
= ze = z and so a ∈ NG(K). Thus 〈a〉K is a subgroup of G. It contains

a and z = ab and so also b = a−1z. Thus G = 〈a〉K. As K has order dividing 4 and
〈a〉 has order dividing 3, G has order dividing 12. Thus to show that G is isomorphic to
Alt(4) it suffices to show that Alt(4) is a homomorphic image of G. I.e we need to verify
that Alt(4) fulfills the relations.

For this let a∗ = (123) and b∗ = (124). Then a∗b∗ = (13)(24) and so (a∗b∗)2 = e. Thus
there exists a homomorphism φ : G → Alt(4) with φ(a) = a∗ and φ(b) = b∗. As a∗ and
b∗ generate Alt(4), φ is onto. As |G| ≤ |Alt(4)| we conclude that φ is an isomorphism.
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2.10 Group Actions

Definition 2.10.1. An action of a group (G, ·) on a set S is a function

� : G× S → S, (a, s)→ a � s

such that

( GA1) e � s = s for all s ∈ S.

(GA2) (a · b)s = a � (b � s) for all a, b ∈ G, s ∈ S.

A G-set is a set S together with an action of G on S.

We wll often just write, as for a � s. So the two axioms of a group action then read
es = e and (ab)s = a(bs).

Example 2.10.2. 1. Note the similarity between the definition of a groups action and
the definition of a group. In particular, we see that the the binary operation of a group
· : G×G→ G defines an action of G on G, called the action by left multiplication. Indeed
since e is an identity, 2.10.1(( GA1)) holds and since · is associative 2.10.1((GA2)) holds.

2. The function

G×G(a, s)→ a ∗ s := sa

is not an action ( unless G is abelian) since (ab) ∗ s = sab = (a ∗ s)b = (b ∗ a)s. For this
reason we define the action of G on G by right multiplication as

·rG×G, (a, s)→ sa−1.

Then (ab) ·r s = s(ab)−1 = sb−1a−1 = a ·r (b ·r s) and ·r is indeed an action.

3. Let G be a group and H a subgroup of G. Then H acts on G by left multiplication:

H ×G→ G, (h, g)→ hg

4. Let G be a group acting on the set I and let H ≤ G. Then H acts on I via

H × I → I, (h, i)→ hi

5. G acts on G via conjugation:

G×G→ G, (a, g)→ ag

Indeed eg = g and (ab)g = a(bg).
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6. Let I be a set. Then Sym(I) acts on I via

Sym(I)× I → I, (π, i)→ π(i)

Indeed, idI(i) = i for all i in I and α(β(i)) = (αβ)(i) for all α, β ∈ Sym(I), i ∈ I.

7. Let G be a group. Then Aut(G) acts on G via

Aut(G)×G→ G, (α, g)→ α(g)

Indeed by (5), Sym(G) acts on G and so by (4) alsp the subgroup Aut(G) of Sym(G)
acts on G.

The next lemma shows that an action of G on S can also by thought of as an homo-
morphism from G to Sym(S).

Lemma 2.10.3. Let G be a group and S a set.

(a) Let � : G× S → S an action of G on S. For g ∈ G define

g� : S → S, s→ gs

Then g� ∈ Sym(S) and the map

Φ�G→ Sym(S)

is an homomorphism.

Φ� is called the homomorphism corresponding to �,

(b) Let Φ : G→ Sym(S) be a homomorphism. Define

�Φ : G× S → S, (g, s)→ Φ(g)(s)

then �Φ is an action of G on S.

�Φ is called the action corresponding to Φ

(c) Φ�Φ = Φ and �Φ� = �.

Proof. To simplify notation we just write φg for g�. (a) (GA1) into φe(s) = gs = s and so
φe = idS . By (GA2)

(φg ◦ φh)(s) = g(hs) = (gh)s = φgh(s)

and so

φg ◦ φh = φgh
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Hence Φ is a homomorphism. We still need to verify that φg ∈ Sym(S). But this follows
from

idS = φe = φgg−1 = φg ◦ ◦φg−1

and so also φg−1 ◦ φg = idS . So φg−1 is an inverse for φg and φg ∈ Sym(S).
(b) Since Φ is a homomorphism Φ(e) = eSym(S) = idS and so e�Φs = Φ(e)(s) = idS(s) =

s. So (GA1) holds. Also

(gh) �Φ s = Φ(gh)(s) = (Φ(g) ◦ Φ(h))(s) = Φ(g)(Φ(h)(s)) = γ �Φ (h �Φ s)

and so also (GA2) holds.
(c) g �Φ� s = Φ�(g)(s) = g � s and
Φ�Φ(g)(s) = g �Φ s = Φ(g)(s).

Example 2.10.4. 1. Let G be a group. For a ∈ G, define φa : G → G, g → ag. Then by
2.10.2(1) and 2.10.3(a) the map

Φ : G→ Sym(G), a→ φa

is a hommorphism. If Φ(a) = idG, then a = ae = Φ(a)(e) = idG(e) = e and so Φ is 1-1.
Thus G ∼= Φ(G). In particular, G is isomorphic to a subgroup of a symmetric group.
This is known as Cayley’s Theorem.

2. Let G be group. Recall that for g ∈ G, ig is the map

ig : G→ G, a→ ga

By 2.10.2(1) G acts G by conjugation, the corresponing homomorphism is:

G→ Sym(G), g → ig

3. The homomorphism corresponding to the action of Sym(I) on I corresponds is idSym(I).
Indeed,

Definition 2.10.5. Let � by an action of the group G on the set I, H ⊆ G,g ∈ G, s ∈ S
and T ⊆ S. Then

(a) Stab�H(T ) = {h ∈ H | gt = t for all t ∈ T} and Stab�H(s) = {h ∈ H | hs = s}.
Stab�H(T ) is called the stabilizer of T in H.

(b) FixT (H) = {t ∈ T | ht = t for all t ∈ T} and FixT (g)) = {t ∈ T | gt = t}. The
elements of FixT (H) are called the fixed-points of H in T .

(c) gT = {gt | t ∈ T}, Hs = {hs | h ∈ H}, HT = {ht | h ∈ H, t ∈ T

(d) � is called a faithful action if StabG(S) = {e}. In this case we also say that S is a
faithful G-set.
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(e) T is called H-invariant (with respect to � if hT = T for all h ∈ H. T is called g-invariant
if gT = T .

(f) NH(T ) = {h ∈ H | hT = T}. NH(T ) is called the normalizer of T in H.

(g) G� := Im Φ�.

We will often just write StabH(S) in place of Stab�H(S), but of course only if its clear
from the context what the underlying action � is.

Lemma 2.10.6. Let � be an action of the group group on the set S.

(a) StabG(S) = ker Φ� EG.

(b) G/StabG(S) ∼= G� ≤ Sym(S).

(c) S is a faithful G-set if and only if Φ� is 1-1. So if S is faithful, G is isomorphic to a
subgroups of Sym(S).

(d) Let H ≤ G and T an H-invariant subset of S, then

� |H,T H × T → T, (h, t)→ ht

ia an action of H on T .

(e) The map �PG× P(G)→ P(G), (g, T )→ T is an action of G on P(G).

Proof. (a) Let g ∈ G, then

g ∈ StabG(S)

⇐⇒ gs = s for all g ∈ G

⇐⇒ g�(s) = s for all g ∈ G

⇐⇒ γ� = idS

⇐⇒ Φ�(g) = idS

⇐⇒ g ∈ ker Φ�

(b) Since G� = Im Φ�, this follows from (a) and the First Isomorphism Theorem.
(c) - (e) are readily verified.

Lemma 2.10.7. Let G be a group acting on the set S. Let s ∈ S and T ⊆ S.

(a) StabG(T ) is a subgroup of G.

(b) StabG(s) is a subgroup of G.

(c) NG(T ) is a subgroup of G.
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Proof. (a) et = e for all t ∈ T and so e ∈ StabG(T ). Let g, h ∈ StabG(T ). Then gt = t and
ht = t for all t ∈ T . Thus

(gh)t
(GA2
= g(ht) = gt = t

and so gh ∈ StabG(T ).

From gt = t we get g−1(gt) = g−1t. So by (GA2), (g−1g)t = g−1t and et = g−1t. Thus
by (GA1), t = g−1t. Hence g−1 ∈ StabG(T ). 2.4.3 now implies that StabG(T ) is a subgroup
of G.

Note that StabG(s) = StabG({s}). Thus (b) follows from (c).

(c) We have

N�G(T ) = {g ∈ G | gT = T} = Stab�PG (T ).

(Note that on the left hand side T is treated as a subset of the G-set S, and in the right
hand side, T is treated as an element of the G-set P(S).) Thus (c) follows from (b).

Example 2.10.8. 1. Let G be a group Let � be the action of G on G be conjugation and
let A ⊆ G. Let g ∈ G. Then

g ∈ Stab�G)

⇐⇒ g � a = a for all a ∈ A

⇐⇒ ga = a for all a ∈ A

⇐⇒ gag−1 = a for all a ∈ A

⇐⇒ ga = ag for all a ∈ A

Define

CG(A) := {g ∈ G | ga = ag for all a ∈ A

Then we proved CG(A) = Stab�(A) and so by 2.10.7(a), CG(A) ≤ G.

Recall from the Homework that Z(G) is defined as {g ∈ G | ga = ga for all a ∈ A}. So

Z(G) = CG(G) = Stab�G(G)

and so by 2.10.6(a), Z(G)EG, which of course we already know from the homework.

Lemma 2.10.9. Let � : G×S → S be a group action. Define a relation ∼� on S by s ∼� t
if and only t = as for some a ∈ G. Then ∼� is an equivalence relation on S.
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Proof. Since s = es, s ∼ s and ∼ is reflexive.

If t = as, then

a−1t = a−1(as) = (a−1a)s = es = s

Thus s ∼ t implies t ∼ s and ∼ is symmetric.

Finally if s = at and t = br then s = at = a(br) = (ab)r. Thus s ∼ t and t ∼ r implies
s ∼ r and ∼ is reflexive.

Definition 2.10.10. Let � : G× S → S be a group action.

(a) The equivalence classes of ∼� are called the orbits of G on S with respect to �.

(b) The set of orbits is denoted by S/�G.

(c) We say that G acts transitively on S if G has exactly one orbit on S.

Lemma 2.10.11. Let G be a group acting on the set non-empty set S.

(a) Let s ∈ S. Then the orbit of G on S containing s is Gs = {gs | g ∈ G}.

(b) The following are equivalent:

(a) For each s, t ∈ S there exists g ∈ G with t = gs.

(b) There exists s ∈ S with S = Gs.

(c) G acts transitively on S.

Example 2.10.12. Let G be group and H ≤ G.

1. The right cosets of H are the orbits for the action of H on G by left multiplication.

2. The left cosets of H are the orbits for the action of H on G by the right multiplication.

3. The conjugacy classes of G are the orbits for the action G on G by conjugation.

4. Let I be a non-empty set. Then Sym(I) acts transitively on I.

5. � : G × G/H → G/H, (g, T ) → gT is a well -defined transitive action. Indeed, if
T = tH, then g(tH) = (gT ) ∈ G/H. So � is well-defined. It is clearly an action and
G �H = {gH | g ∈ G} = G/H and so G acts transitively on G/H. This action is called
the action of G on G/H by left multiplication.

We will show that any transitive action of G is isomorphic to the action on the coset of
a suitable subgroup. But first we need to define isomorphism for G-sets.

Definition 2.10.13. Let G be a group, � an action of G on the set S, 4 an action of G
on the set T and α : S → T a function.
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(a) α is called G-equivariant if
α(g � s) = g4α(s)

for all g ∈ G and s ∈ S.

(b) α is called a G-isomorphism if α is G-equivariant and an bijection.

(c) If there exists a G-isomorphism from S to T we say that � is isomorphic to 4 or that
S and T are isomorphic G-sets and write

� ∼= 4 , (S, �) ∼= (T,4 ), or S ∼=G T

Lemma 2.10.14. Let S be a G-set, s ∈ S and put H = StabG(s).

(a) The map
α : G/H → S, aH → as

is well defined, G-equivariant and one to one.

(b) α is an G-isomorphism if and only if G acts transitively on S

(c) Stab(as) = aH for all a ∈ G.

(d) |Gs| = |G/StabG(s)|.

Proof. (a) Let a, b ∈ G. Then

aH = bH

⇐⇒ a−1b ∈ H

⇐⇒ a−1b ∈ StabG(s)

⇐⇒ (a−1b)s = s

⇐⇒ a−1(bs) = s

⇐⇒ bs = as

The forward direct shows that α is well-defined and the backward direction shows that
α is 1-1.

Also
α(a(bH)) = α((ab)H) = (ab)s = a(bs) = aα(bH)

So α is G-equivariant.

(b) By (a) α is a G-isomorphism if and only if α is onto. We have

Imα = {α(gH) | g ∈ G} = {gs | g ∈ G} = Gs

So α is onto if and only if S = Gs and so if and only if G is transitive on S.
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(c)

g ∈ StabG(as)⇐⇒ g(as) = as⇐⇒ a−1gas = s⇐⇒ a−1ga ∈ H ⇐⇒ g ∈ aHa−1 = aH

(d) Since α is 1-1, |G/H| = | Imα| = |Gs|.

Lemma 2.10.15. Suppose that G acts transitively on the sets S and T . Let s ∈ S and
t ∈ T . Then S and T are G-isomorphic if only if StabG(s) and StabG(t) are conjugate in
G.

Proof. Suppose first that α : S → T is a G-isomorphism. Let g ∈ G. Since α is 1-1 and
G-equivariant:

gs = s⇐⇒ α(gs) = α(s)⇐⇒ gα(s) = α(s)

So StabG(s) = StabG(α(s)). Since G is transitive on T , there exists g ∈ G with gα(s) =
t. Thus

StabG(t) = StabG(gα(s)) = gStabG(α(s)) = gStabG(s).

Conversely suppose that gStabG(s) = StabG(t) for some g ∈ G. Then StabG(gs) =
gStabG(s) = StabG(t) and so by 2.10.14(b) applied to S and to T :

S ∼= G/StabG(gs) = G/StabG(t) ∼= T.

Definition 2.10.16. Let G be a group and S a G-set. A subset R ⊆ S is called a set of
representatives for the orbits of G on S, provided that R contains exactly one element from
each G-orbit. In other words if the map R→ S/G, r → Gr is a bijection.

An orbit O of G on S is called trivial if |O| = 1.

Let R be an set of representatives for the orbits of G on S and any trivail orbit {s}.
Then s must be in R. Thus FixS(G) ⊆ R and R \ FixG(R) is a set of representatives for
the non-trivial G-orbits.

Proposition 2.10.17 (Orbit Equation). Let G be a group, S a G-set and R ⊆ S be a set
of representatives for S/G.

|S| =
∑
r∈R
|G/StabG(r)| = |FixS(G)|+

∑
r∈R\FixS(G)

|G/StabG(r)|.

Proof. Since the orbits are the equivalemce classes of an equivalence relation S is the disjoint
union of its orbit. Thus

|S| =
∑

O∈S/G

|O| =
∑
r∈R
|Gr|
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By 2.10.14d, |Gr| = |G/StabG(r)| and so

|S| =
∑
r∈R
|G/StabG(r)|

If r ∈ FixS(G), then gs = s for sll g ∈ G and so StabG(r) = G and |G/StabG(r)| = 1.
So

|S| =
∑

r∈FixS(G) |G/StabG(r)|+
∑

r∈R\FixS(G) |G/StabG(r)|

=
∑

r∈FixS(G) 1 +
∑

r∈R\FixS(G) |G/StabG(r)|

= |FixS(G)|+
∑

r∈R\FixS(G) |G/StabG(r)|.

Corollary 2.10.18 (Class Equation). Let G be a group and R be a set of representatives
for the conjugacy classes of G. Then

G =
∑
r∈R
|G/CG(r)| = |Z(G))|+

∑
r∈R\Z(G)

|G/CG(r)|

Proof. Let � be the action of G on G be conjugation. Then

Fix�G(G) = {g ∈ G | hg = g for all h ∈ G} = {g ∈ G | hg = gh for all h ∈ G} = Z(G)

and by 2.10.8(1) StabG(a) = CG(a). So the Class Equation follows from the orbit equation.

Example 2.10.19. By 2.7.5 has three conjugacy classes corresponding to the cyles types
13, 1121 and 31. So R = {(1), (13), (123)} is a set of representatives for the conjugacy class
of Sym(3). A straight forward calculation shows that

CSym(3)((1)) = Sym(3), CSym(3)((13)) = {(1), (13)}, CSym(3)((123)) = {(1), (123), (132)}

The orders of these centralizers are

6, 2, 3.

Sym(3) has order 6 and since |G/CG(r)| = |G|
|CG(r)| the class equation now says

6 =
6

6
+

6

2
+

6

3
= 1 + 2 + 3

These Orbit Equation become particular powerful if G is a finite p-group:
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Definition 2.10.20. Let G be finite group and p a prime. Then G is called a p-group
provided that that is |G| = pk for some k ∈ N.

Proposition 2.10.21 (Fixed-Point Equation). Let p be a prime and P a p-group acting
on a finite set S. Then

|S| ≡ |FixS(P )| (mod p).

Proof. Let R be a set of representatives the orbits of P on S and r ∈ R \ FixS(P ). Then
StabP (r) � P . By Lagrange’s Theorem |P/StabP (r)| divides |P |. Since |P | is a power of p
and |P/StabP (r)| 6= 1 we get

|P/StabP (r)| ≡ 0 (mod p).

So by the Orbit Equation 2.10.17

|S| = |FixS(P )|+
∑

r∈R\FixS(P )

|P/StabP (r)| ≡ |FixS(P ) (mod p)

Example 2.10.22. Let E = (P,L,R) be a projective plane of order two

1. Let T be a 2-group and S a finite T -set with |T | odd. By the fixed-point equation:

|S| ≡ FixS(T ) (mod 2)

and so |FixS(T )| is odd. In particular, |FixS(T )| 6= 0 and so

FixS(T ) 6= ∅

2. Let t ∈ Aut(E) with |t| = 2. Then T = 〈t〉 has order two. Since |P| = 7 we conclude
from (1) that

FixS(t) = FixS(T ) 6= ∅

So every element of order 2 in Aut(E) fixes at least point.

3. Let T ≤ Aut(E) with |T | = 8. Since the number of points is odd, (1) implies that T fixes
a point P . Also the number of lines is odd and so T also fixes a line l.

Suppose that P is not incident with l. Let A,B be distinct points on l. Then (P,A,B)
is a non-collinear triple. If α ∈ T , then α(P ) = P , α(l) = l, α(A) is one of the three
points on l, and α(B) is one of the two points on l distinct from α(A). So there are
only six choices for the triple (α(P ), α(A), α(B) and so bt 2.3.1 implies that |T | ≤ 6, a
contradiction. Hence P is incident with l. By Homework 2#7 Stab{Aut(E)|({P, l}) has
order eight and so

T = StabAut(E)({P, l})
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4. By definition of Aut(E), if (P, l) ∈ R and α ∈ Aut(E), the (α(P ), α(l) ∈ R. So Aut(E)
acts on R. Let (P,L) ∈ R. By Homework 2#7 StabAut(E)((P, l)) has order eight. Let O
be the orbit of Aut(E) on R containing (P, l). Then

|O| = |Aut(E)/StabAut(E)((P, l))| =
168

8
= 21.

On the otherhand, E has seven lines and each line is incident with 3 points and so
|R| = 21. Hence O = R and Aut(E) acts tranistively on R.

Let T ≤ Aut(E) be 2-group. Then by (1), T fixes some (P, l) ∈ R and so

T ≤ StabAut(E)((P, l))

Definition 2.10.23. Let H be a group and H ⊆ G. Then N∗G(H) = {a ∈ G | H ⊆ aH}.
N∗G(H) is called the weak normalizer of H in G.

Lemma 2.10.24. Let G be a groups and H ⊆ G.

(a) N∗G(H) is a submonoid of G and if H ≤ G, then H ⊆ N∗G(H).

(b) Let g ∈ G. Then g ∈ NG(H) if and only if {g, g−1} ⊆ N∗G(H).

(c) Suppose H ≤ G. Let a ∈ G and let � be the action G on G/H by left multiplication.
Then

Stab�G(aH) = aH and Fix�G/H(H) = N∗G(H)/H.

(d) Let � be the action og G on the subsets of G. Then Stab�(H) = NG(H).

(e) If H is finite, then N∗G(H) = NG(H).

Proof. (a) We have eH = H and if a, b ∈ N∗(H), then H ⊆ bH and so also aH ⊆ abH. Since
H ⊆ aH this implies H ⊆ abH and ab ∈ N∗G(H).

If H ≤ H then hH = H for all h ∈ H and so H ⊆ N∗G(H).

(b) gH = H if and only if gH ⊆ H and H ⊆ gH and if and only if H ⊆ g−1
H and H ⊆ gH.

(c) Let a, g ∈ G. Then gH = H if and only if g ∈ H. Hence Stab�G(H) = H and
so by 2.10.14(c) Stab�G(aH) = aStab�G(H) = aH. Note that H fixes aH if and only if
H ⊆ Stab�G(aH). That is if and only if H ≤ aH and if and only if a ∈ N∗G(H). Thus (c)
holds.

(d) g ∈ NG(H) if and only if gH = H and if and only if g ∈ Stab�G(H).

(e) As conjugation is an bijection, |H| = |gH|. So for finite H, H ≤ gH if and only if
H = gH.

Lemma 2.10.25. Let P be a non-trivial p-group.

(a) Z(P ) is non-trivial.
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(b) If H � P then H � NP (H).

Proof. (a) Consider first the action by conjugation. By 2.10.21

0 ≡ |P | ≡ |Z(P )| (mod p).

Thus |Z(P )| 6= 1. (b) Consider the action of H on P/H. By 2.10.24 and 2.10.21

0 ≡ |P/H| ≡ |NP (H)/H)| (mod p).

So |NP (H)/H| 6= 1.

Lemma 2.10.26. Let p be a prime and P a p-group.

(a) Let H ≤ P . Then there exists n ∈ N and for 0 ≤ i ≤ n, Hi ≤ P with

H = H0 EH1 EH2 E . . .EHn−1 EHn = P

and |Hi/Hi−1| = p for all 1 ≤ i ≤ n.

(b) Let m be a divisor of |P |. Then P has a subgroup of order m.

Proof. (a) The proof is by induction on |P/H|. If |P/H| = 1, then P = H and (a) holds
with n = 0 and H0 = H = P . So suppose H 6= P . The by 2.10.25(b), H � NP (H). Hence

there exits e 6= x ∈ NP (H)/H. Let |x| = pl and put y = xp
l−1

. Then |y| = p. By the
Correspondence Theorem (Homework 4#1), there exists H1 ≤ NG(H) with H1/H = 〈y〉/
Then H E H1 and |H1/H| = |〈y〉| = |y| = p. Since |P/H1| < |P/H| (a) now follwos by
induction.

(b) Apply (a) with H = {e}. Then |Hi| = pi and (b) holds.

As a further example how actions an set can be used we give a second proof that Sym(n)
has normal subgroup of index two. For this we first establish the following lemma.

Lemma 2.10.27. [equivrep] Let ∆ be a finite set and ∼ a non-trivial equivalence relation
on ∆ so that each equivalence class has size at most 2. Let

Ω = {R ⊆ ∆ | R contains exactly one element from each equivalence class of ∼}.

Define the relation ≈ on Ω by R ≈ S if and only if |R\S| is even. Then ≈ is an equivalence
relation and has exactly two equivalence classes.

Proof. For d ∈ ∆ let d̃ be the equivalence class of ∼ containing d and let ∆̃ be the set of
equivalence classes. Let A,B ∈ Ω and define

∆̃AB = {X ∈ ∆̃ | A ∩X 6= B ∩X}.

Let d ∈ A. Then d 6∈ B if and only if A ∩ d̃ 6= B ∩ d̃. So |A \B| = |∆̃AB| and

A ≈ B ⇐⇒ ∆̃AB is even
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In particular, ≈ is reflexive and symmetric. Let R,S, T ∈ Ω. Let X ∈ ∆̃. Then X ∩ R 6=
X ∩ T exactly if either X ∩R 6= X ∩ S = X ∩ T or X ∩R = X ∩ S 6= X ∩ T .

Thus
∆̃RT = (∆̃RS \ ∆̃ST ) ∪ (∆̃ST \ ∆̃RS)

Hence
(∗) |∆̃RT | = |∆̃RS |+ |∆̃ST | − 2|∆̃RS ∩ ∆̃ST |.

If R ≈ S and S ≈ T , the right side of (∗) is an even number. So also the left side is even
and R ≈ T .

So ≈ is an equivalence relation. Let R ∈ Ω. As ∼ is not trivial there exist r, t ∈ ∆ with
r ∼ t and r 6= t. Exactly one of r and t is in R. Say r ∈ R. Let T = (R ∪ {t}) \ {r}. Then
T ∈ Ω and |T \ R| = 1. Thus R and T are not related under ≈. Let S ∈ Ω. Then the left
side of (∗) odd and so exactly one of |∆̃RS | and |∆̃ST | is even. Hence S ≈ R or S ≈ T .
Thus ≈ has exactly two equivalence classes and all the parts of the lemma are proved.

Back to Sym(n). Let ∆ = {(i, j) | 1 ≤ i, j ≤ n, i 6= j}. Then Sym(n) acts on ∆.
Define (i, j) ∼ (k, l) iff (k, l) = (i, j) or (k, l) = (j, i). Define Ω as in the previous lemma.
Clearly Sym(n) acts on Ω and also on Ω/≈ (the set of equivalence classes of ” ≈ ”). Let
R = {(i, j) 1 ≤ i < j ≤ n}. Then R ∈ Ω. The 2-cycle (1, 2) maps R to (R∪{(2, 1)})\{(1, 2)}.
Thus R and (1, 2)R are not related under ≈ and so Sym(n) acts non trivially on Ω/≈, which
is a set of size 2. The kernel of the action is a normal subgroup of index two.

The following lemma is an example how the actions on a subgroup can be used to
identify the subgroup.

Lemma 2.10.28. Let n be an integer with n ≥ 5. Let G = Sym(n) or Alt(n) and let
H ≤ G with |G/H| = n. Put I = |G/H and i = H ∈ I. Let � be the action of G on I be
left multiplication. Then G acts faithfully on I, |I| = n and

(a) If G = Sym(n), then G� = Sym(I), H ∼= H� = StabSym(I)(i) ∼= Sym(n− 1).

(b) If G = Alt(n), then G� = Alt(I), H ∼= H� = StabAlt(I)(i) ∼= Alt(n− 1).

Proof. We will write XY for StabX(Y ). Let g ∈ GI . Then gH = H and so g ∈ H and
GI ≤ H. Thus |G/GI | ≥ |G/H| = n > 2 and so GI 6= Alt(n) and GI 6= Sym(n). By 2.7.12
and 2.7.11 the only normal subgroups of G are {e},Alt(n) and Sym(n). By 2.10.6(a),
GI E G and so GI = {e}, G acts faithfully on I and G ∼= G�. In particular, |G�| = |G|.
Since |I| = |G/H| = n we have Sym(I) ∼= Sym(n) and so |Sym(I)/G�| ≤ 2. Therefore
G� E G and by 2.7.12 G� = Sym(I) in (a) and G� = Alt(I) in (b) Note that H� fixes an
element i in I, namely i = H. Thus H� ≤ Sym(I)i.

Suppose G = Sym(n). Then |Sym(I)i| = |Sym(n− 1)| = |H| = |H�| and so

H ∼= H� = Sym(I)i ∼= Sym(n− 1)

Suppose G = Alt(n). Then |Sym(I)i/H
�| = 2, H� E Sym(I)i ∼= Sym(n − 1) and so by

2.7.12 H ∼= H� = Alt(I)i ∼= Alt(n− 1).
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Example 2.10.29. The goal of this example is to find a subgroup of Sym(6) whihc is
isomorphic to Sym(5) but acts tranistively on {1, . . . , 6}. For this let J be the set of
subgroups of order five in Sym(5). Let F ∈ J and (1) 6= f ∈ F . Then |f | divides F| = 5
and so |f | = 5, F = 〈f〉 and any f is a five cycle. So f = (abcde) for some pairwise
a, b, c, d, e. Since thare are 5! choices for a, b, c, d, e but (abcde) = (bcdea) . . . (eabcbde) there
are 5!

5 == 24 5-cycle in Sym(4). Each F ∈ J contains four 5-cycles and F1 ∩F2 = {(1)} for
F1 6= F2 ∈ J . Thus |J | = 24

4 = 6. For i = 1, 2 let Let Fi ∈ J and (1) 6= fiF. By 2.7.5(b),
f2 = gf1 for some g ∈ Sym(5). Thus

gF1 = g〈f1〉 = 〈gf1〉 = f2〉 = F2

and so Sym(5) acts tranistively on J . Note that Sym(5)J ≤ Sym(5)F for any F ∈ J . Since
|Sym(5)/Sym(5)F = | = |J | = 6, Sym(5)F has order 24 and so |Sym(5)J | ≤ 24. Since
Sym(5)J is normal in Sym(5) and the only normal subgroups of Sym(5) are {(1)}, Alt(5)
and Sym(5), we conclude that Sym(5)J = {(1)}. So Sym(5) acts faithfully on J . Thus
Sym(J) contains a subgroup isomorphic to Sym(5) and acting transitively on J . Since
|J | = 6 it follows that Sym(6) contains a subgroup H isomorphic to Sym(5) which acts
transitively on {1, 2, . . . , 6}.

On the other hand by 2.10.28 H fixes the point i = H in the Sym(6)-set I = Sym(6)/H.
This seems to be contradictory, but isn’t. The set I is a set with six elements on which
Sym(6) acts but it is not isomorphic to the set {1, 2, 3, 4, 5, 6}. So Sym(6) has two non-
isomorphic action on sets of size six. Indeed this also follows from Homework 4#4: Let
α : Sym(6) → Sym(6) be an isomorphism which is not inner. Let �α be the corresponding
action of Sym(6) on {1, . . . , 6}. It is fairly easy to see that since α is not inner, �α is not
isomorphic the standard action of Sym(6) on {1, . . . , 6}. (see Homework 5#1).

2.11 Sylow p-subgroup

Hypothesis 2.11.1. Throughout this section G is a finite group and p a prime.

Definition 2.11.2. A p-subgroup of G is a subgroup P ≤ G which is a p-group. A Sylow
p-subgroup S of G is a maximal p-subgroup of G. That is S is a p-subgroup of G and if
S ≤ Q for some p-subgroup Q, then S = Q. Let Sylp(G) be the set of all Sylow p-subgroups
of G.

Let n ∈ Z+ and n = pkm with k ∈ N, m ∈ Z+ and p - m, then np = pk. np is called the
p-part of n. Often a Sylow p-subgroup is defined to be a subgroup of order |G|p. This turns
out to be equivalent to our definition (see 2.11.3(b) and 2.11.7(c)), but I prefer the above
definition for two reason: 1. It is easy to see that Sylow p-subgroups exists ( see the next
lemma). 2. The given definition also makes sense for infinite groups ( allthough infinite
groups may not have a Sylow p-subgroup).

Lemma 2.11.3. (a) Any p-subgroup of G is contained in a Sylow p-subgroup of G. In
particular, Sylp(G) is not empty.
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(b) Let S ≤ G with |S| = |G|p. Then S is a Sylow p-subgroup of G.

Proof. (a) Let P be a p-sugroups and let S be a p-subgroup of G such that |S| is maximal
with respect to P ≤ S. We claim that S ∈ Sylp(G). For this let Q be a p-subgroup of G
with S ≤ Q. Then also P ≤ Q and so by maxiality of |S|, |Q| ≤ |S|. Since S ≤ Q this gives
S = Q and so S ∈ Sylp(G).

In particular, {e} is contained in a Sylow p-subgroup of G and so Sylp(G) 6= ∅.
(b) Let Q be a p-subgroup of G with S ≤ Q. By Lagrange’s, |Q| divides |G. Since |Q|

is a power of p, |Q| divides |G|p = |S|. Thuse |Q| ≤ |S| and S = Q. So S ∈ Sylp(G).

Example 2.11.4. 1. Let G = Sym(5). Then |G| = 5! = 120 = 23 · 3 · 5. Thus by 2.11.3(b),

〈(123)〉 ∈ Syl3(G)

〈(12345)〉 ∈ Syl5(G)

Dih8 ∈ Syl2(G)

Here Dih8 = 〈(14)(23), (13)〉 is the automorphism groups of the square
r r
rr

1 2

34

2. E be a projective plane of order two and G = Aut(E). Then |G| = 168 = 23 · 3 · 7. Let

Proposition 2.11.5 (Cauchy). If p divides |G|, then G has an element of order p

Proof. Let X = 〈x〉 be any cyclic group of order p. Then X acts on Gp by

xk ∗ (a1, . . . , ap) = (a1+k, a2+k . . . , ap, a1, . . . , ak).

Consider the subset
S = {(a1, . . . , ap) ∈ Gp | a1a2 . . . ap = e}.

Note that we can choose the first p− 1 coordinates freely and then the last one is uniquely
determined. So |S| = |G|p−1.

We claim that S is X invariant. For this note that

(a1a2 . . . ap)
a−1

1 = a−1
1 (a1 . . . ap)a1 = a2 . . . apa1.

Thus a1a2 . . . ap = e if and only if a2 . . . apa1 = e. So X acts on S.
From 2.10.21 we have

|S| ≡ |FixS(X)| (mod p)

As p divides |G|, it divides |S| and so also |FixS(X)|. Hence there exists some (a1, a2, . . . ap) ∈
FixS(X) distinct from (e, e, . . . , e). But being in FixS(X) just means a1 = a2 = . . . ap. Be-
ing in S implies ap1 = a1a2 . . . ap = e. Therefore a1 has order p.
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The following easy lemma is crucial for our approach to the theory of Sylow p-subgroups.

Lemma 2.11.6. Let P ∈ Sylp(G) and α ∈ Aut(G). Then α(P ) ∈ Sylp(G). In particular,
G acts on Sylp(G) by conjugation.

Proof. Since α is an bijection, |P | = |α(P )| and so α(P ) is a p-group. Let Qbe a p-
subgroup of G with α(P ) ≤ Q. Then α−1(Q) is a p-subgroup of G with P ≤ α−1(Q) and
the maximality of P implies P = α−1(Q). Thus α(P ) = Q and α(P ) is indeed a maximal
p-subgroup of G.

Let g ∈ G. Then gP = ig(P ) ∈ Sylp(G). Thus Sylp(G) is subset of P(G) invariant under
the action by conjugation. Therefore G acts on Sylp(G) be conjugation.

Theorem 2.11.7 (Sylow’s Theorem). Let G be a finite group, p a prime and P ∈ Sylp(G).

(a) All Sylow p-subgroups are conjugate in G.

(b) |Sylp(G)| = |G/NG(P )| ≡ 1 (mod p).

(c) |P | = |G|p.

Proof. Let S = GP :== {gP | g ∈ G}. So S is the set of Sylow p-subgroups conjugate to P .
First we show

1◦. P has a unique fixed-point on S and on Sylp(G), namely P itself

Indeed, suppose that P fixes Q ∈ Sylp(G). Then P ≤ NG(Q) and PQ is a subgroup

of G. Now |PQ| = |P ||Q|
|P∩Q| and so PQ is a p-group. Hence by maximality of P and Q,

P = PQ = Q.

2◦. S ≡ 1 (mod p).

By (1◦) FixS(P ) = 1 and by Fixed-Point Formula 2.10.21 |S| ≡ |FixS(G)| (mod p). So
(2◦) holds.

3◦. Sylp(G) = S and so (a) holds

Let Q ∈ Sylp(G). Then |FixS(Q)| ≡ |S| ≡ 1 (mod p). Hence Q has a fixed-point T ∈ S.
By (2◦) applied to Q, this fixed-point is Q. So Q = T ∈ S.

4◦. (b) holds.

By (2◦) and (5◦) |Sylp(G)| = |S| ≡ 1 (mod p). Note that NNG(P ) is the stabilizer of
P in G with respect to conjugation. As G is transitive on S we conclude from 2.10.14(d)
that |S| = |G/NG(P )|. Thus (b) holds.

5◦. p does not divides |NG(P )/P |.
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Suppose it does. Then by Cauchy’s theorem there exists 1 6= a ∈ NNG(P )/P with
|a| = p. Put A = 〈a〉. Then A| = p. By the Correspondence Theorem (Homework 4#1),
A = Q/P for some P ≤ Q ≤ NG(P ). Since |Q| = |Q/P | · |P | = |A|cdot|P | = p|P |, Q is a
p-group with P � Q, a contradiction to the maximality of P .

6◦. (c) holds.

By (b) and (5◦), p divides neither |G/NG(P )| nor |NG(P )/P |. Since

|G| = |G/NNG(P )| · |NG(P )/P | · |P |

we get that p does not divide |G/P |. Hence |G|p divides |P |. By Lagrange’s |P | divides |G|
and so also |G|p. Thus |P | = |G|p. and (c) holds.

Corollary 2.11.8. Let P ∈ Sylp(G) and M EG.

(a) Let Q be a p-subgroup of G. Then Q ∈ Sylp(G) if and only if |Q| = |G|p and if and
only if p does not divide |G/Q|.

(b) P EG if and only if P is the unique Sylow p-subgroup of G.

(c) P ∩M ∈ Sylp(M) and PM/M ∈ Sylp(G/M).

Proof. (a) Since |Q| is a power of p, |Q| = |G|p if and only if p does not divide |G||Q| . If

|Q| = |G|p then by 2.11.3(b), Q ∈ Sylp(G) and if Q ∈ Sylp(G) then by 2.11.7(c), |Q| = |G|p.
(b) Since all Sylow p-subgroups are conjugate, Sylp(G) = {gP | g ∈ G}. Hence Sylp(G) =

{P} if and only if P = gP for all g ∈ G.
(c) By (a) p does not divide |G/P |. Also

|G|
|P |

=
|G|
|MP |

|MP |
P

= |G/M
/
PM/M | · |M/P ∩M |

and so neither
|G/M

/
|PM/M | nor |M/P ∩M | are divisible by p. So (c) follows from (a)

As an application of Sylow’s theorem we will investigate groups of order 12,15,30 and
120. We start with a couple of general observation.

Lemma 2.11.9. Let P ∈ Sylp(G) and put N = StabG(Sylp(G)).

(a) Let sp := |Sylp(G)|. Then sp divides |G|
|G|p ,sp ≡ 1 (mod p) and sp|Gp| divides |G|.

(b) P E PN . In particular, P is the unique Sylow p-subgroup of PN .

(c) N ∩ P E G. In particular P ≤ N if and only if P E G and if and only if N = G.

(d) The map
Sylp(G)→ Sylp(G/N) Q→ QN/N

is a bijection.
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Proof. (a) By 2.11.7(b), sp = |G/NG(P )| ≡ 1 (mod p). Also

|G|
|G|p

=
|G|
|P |

=
|G|

|NG(P )|
| |NG(P )|
|P |

= sp · |
|NG(P )|
|P |

|

So sp divides |G||G|p .

(b) Since N ≤ NG(P ), P E PN . So by 2.11.8(b) (applied to PN in place of G), PN
has exactly one Sylow p-subgroup.

(c) Since P E PN , N ∩P E N . So by 2.11.8(b), N ∩P is the only Sylow p-subgroup of
N . Let g ∈ G. Then by 2.11.6 gN ∩ P is a Sylow p-subgroup of N and so equal to N ∩ P .
Thus N ∩ P EG.

(d) By 2.11.8(c) PN/N ∈ Sylp(G/N).

Since every Sylow p-subgroup of G/N is of the form (PN/N)gN = P gN/N the map is
onto. Suppose that PN/N = QN/N . Then Q ≤ PN and so by (b) Q = P . Thus the map
is also one to one.

Lemma 2.11.10. Let G be a finite group of order 2n with n odd. Then G index a normal
subgroup of index 2.

Proof. By Cayley’s Theorem 2.10.4(1), G is isomorphic to G·, (the image of G in Sym(G)
under the homomorphism Φ· corresponding the action · of G and G by left multiplication.
Let t ∈ G be an element of order 2. Since tg 6= g for all g ∈ G, t and so also t· = Φ·(t) has
no fixed-points on G. Hence t· has n-cycles of length 2 and so t· is an odd permutation.
Thus G· � Alt(G) and G· ∩Alt(G) is normal subgroup of index 2 in G·.

Lemma 2.11.11. (a) Let G be a group of order 12. Then either G has unique Sylow
3-subgroup or G ∼= Alt(4).

(b) Let G be group of order 15. Then G ∼= Z/3Z× Z/5Z.

(c) Let G be a group of order 30. Then G has a unique Sylow 3-subgroup and a unique
Sylow 5-subgroup.

Proof. (a) By 2.11.9a the number of Sylow 3 subgroups divides 12
3 is 1 (mod 3). Thus

|Syl3(G)| = 1 or 4. In the first case we are done. In the second case let N = StabG(Syl3(G)).
By 2.11.9, G/N still has 4 Sylow 3-subgroups. Thus |G/N | ≥ 4 · 3 = 12 = |G|, N = {e}
and G is isomorphic to a subgroup of order 12 in Sym(4). Such a subgroup is normal and
so G ∼= Alt(4) by 2.7.12.

(b) The numbers of Sylow 5-subgroups is 1 (mod 5) and divides 15
3 = 5. Thus G has

a unique Sylow 5-subgroup S5. Also the number of Sylow 3 subgroups is 1 (mod 3) and
divides 15

3 = 5. Thus G has a unique Sylow 3-subgroup S3. Then S3 ∩ S5 = 1, |S3S5| = 15
and so G = S3S5. Hence by 2.8.7

G ∼= S3 × S5
∼= Z/3Z× Z/5Z ∼= Z/15Z
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where the latter isomorphism holds since we just proved that any group of order 15 is
isomorphic to Z/3Z× Z/5Z.

(c) By 2.11.10 any group which as order twice an odd number has a normal subgroup
of index two. Hence G has a normal subgroup of order 15. This normal subgroup contains
all the Sylow 3 and Sylow 5-subgroups of G and so (c) follows from (b).

Lemma 2.11.12. Let G be a group of order 120. Then one of the following holds:

(a) G has a unique Sylow 5-subgroup.

(b) G ∼= Sym(5).

(c) |Z(G)| = 2 and G/Z(G) ∼= Alt(5).

Proof. Let P ≤ Syl5(G) and put I = Syl5(G).
If |I| = 1, (a) holds.
So suppose that |I| > 1. Then by2.11.9(a), |I| ≡ 1 (mod 5) and |I| divides |G/P | = 24.

The numbers which are larger than 1, are less or equal to 24 and are 1 (mod 5) are 1, 6, 11, 16
and 21. Of these only 6 divides 24. Thus |I| = 6. Let φ : G→ Sym(I) be the homomorphism
corresponding to the action of G on I. Put N = kerφ and H = φ(G). Then H is subgroup
of Sym(I) ∼= Sym(6) and H ∼= G/N . By 2.11.9(d), G/N (and so also H) has exactly six
Sylow 5-subgroups. In particular the order of H is a multiple of 30. By 2.11.11c, |H| 6= 30.

Suppose that |H| = 120. Then N = 1 and so G ∼= H in this case. Now H ≤ Sym(I) ∼=
Sym(6). Thus 2.10.28(a) implies G ∼= H ∼= Sym(5).

Suppose next that |H| = 60. If H � Alt(I), then H ∩ Alt(I) is a group of order 30
with six Sylow 5-subgroups, a contradiction to 2.11.11. Thus H ≤ Alt(I) ∼= Alt(6). So by
2.10.28(b), H ∼= Alt(5). Since |N | = 2 and N E G, N ≤ Z(G). Also φ(Z(G)) is a abelian
normal subgroup of H ∼= Alt(5) and so φ(Z(G)) = e. Hence N = Z(G) and

G/Z(G) = G/N ∼= H ∼= Alt(5).
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Chapter 3

Rings

3.1 Rings

Definition 3.1.1. A ring is a tuple (R,+, ·) such that

(a) (R,+) is an abelian group.

(b) (R, ·) is a semigroup.

(c) For each r ∈ R both left and right multiplication by r are homomorphisms of (R,+)

3.1.2 (Ring Axioms). Unwinding definitions we see that a ring is a set R together with two
binary operations + : R×R→ R, (a, b)→ a+ b and · : R×R→ R, (a, b)→ ab such that

(R1) (a+ b) + c = a+ (b+ c) for all a, b, c ∈ R

(R2) There exists 0R ∈ R with 0R + a = a = a+ 0R for all a ∈ R.

(R3) For each a ∈ R there exists −a ∈ R with a+ (−a) = 0R = (−a) + a.

(R4) a+ b = b+ a for all a, b ∈ R.

(R5) a(bc) = (ab)c for all a, b, c ∈ R.

(R6) a(b+ c) = ab+ ac for all a, b, c ∈ R.

(R7) (a+ b)c = ab+ ac for all a, b, c ∈ R.

Definition 3.1.3. Let R and S be rings. A ring homomorphism is a map φ : R→ S such
that φ : (R,+) → (S,+) and φ : (R, ·) → (S, ·) are homomorphisms of semigroups. A bji-
jetcive ring homomorphism is called a ring isomorphism and R and S are called isomorphic
and we write R ∼= S if there exists a ring isomorphism from R to S.

Note that φ : R → S is an homomorphism if and only if φ(r + s) = φ(r) + φ(s) and
φ(rs) = φ(r)φ(s) for all r, s ∈ R.

73
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Definition 3.1.4. Let (R,+·) be a ring. An identity in R is an element 1R which is an
identity for ·, what is 1Rr = r = r1R for all r ∈ R. If there exists an identity in R we say
that R is a ring with identity. R is called commutative if · is commutative, that is rs = sr
for all r, s ∈ R.

In the following lemma we collect a few elementary properties of rings.

Lemma 3.1.5. Let R be a ring.

(a) 0a = a0 = 0 for all a ∈ R

(b) (−a)b = a(−b) = −(ab) for all a, b ∈ R.

(c) (−a)(−b) = ab for all a, b ∈ R.

(d) (na)b = a(nb) = n(ab) for all a, b ∈ R,n ∈ Z.

(e) (
∑n

i=1 ai)(
∑n

j=1 bj) =
∑n

i=1

∑m
j=1 aibj

Proof. This holds since since right and left multiplication by elements in R are homomor-
phisms of (R,+). For example any homomorphism sends 0 to 0. So (a) holds. We leave
the details to the reader.

Example 3.1.6. 1. (Z,+, ·), (C,+, ·) and (Z/nZ,+, ·) are rings.

2. Let A be an abelian group and End(A) the set of endomorphisms of A, (that is the
homomorphisms from A to A). Define (α+β)(a) = α(a)+β(a) and (α◦β)(a) = α(β(a)).
Then (End(A),+, ◦) is a ring called the endomorphism ring of A.

3. Let V be a vector space over R. Let EndR(V ) be set of R-linear maps from V to V .
Then (EndR(V ),+, ◦) is a ring called the endomorphism ring of V over R.

4. Let (A,+) be any abelian group. Define ·0 : A → A, (a, b) → 0R. Then (A,+, ·0) is a
ring, called the ring on A with zero-multiplication.

5. Up to isomorphism there is unique ring with one element:

+ 0

0 0

· 0

0 0

6. Up to isomorphism there are two rings of order two :

+ 0 1

0 0 1

1 1 0

· 0 1

0 0 0

1 0 n
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Here n ∈ {0, 1 for n = 0 we have a ring with zero-multiplication For n = 1 this is
(Z/2Z,+, ·).

7. Rings of order order 3 up to isomorphism:

+ 0 1 −1

0 0 1 −1

1 1 −1 0

−1 −1 0 1

· 0 1 −1

0 0 0 0

1 0 n −n

−1 0 −n n

Indeed if we define n = 1 · 1, then (−1) · 1 = −(1 · 1) = −n. Here n ∈ {0, 1,−1}. For
n = 0 this is a ring with zero multiplication. For n = 1 this is (Z/3Z,+, ·). For n = −1
we see that −1 is an identity and the ring for n = −1 is isomorphic to the ring with
n = 1 case under the bijection 0↔ 0, 1↔ −1.

At the end of this section we will generalize these argument to find all rings whose
additive group is cyclic.

8. Direct products and direct sums of rings are rings. Indeed, let (Ri, i ∈ I) be a family
of rings. For f, g ∈ ×i∈I Ri define f + g and fg by (f + g)(i) = f(i) + g(i) and
(fg)(i) = f(i)g(i). With this definition both ×i∈I Ri and

⊕
i∈I Ri are rings. each Ri

as an idendity 1i, then (1i)i∈I is an indentity of×i∈I Ri. Note that if I is infinite

= (1i)i∈I

usually is not in
⊕

i∈I Ri and so
⊕

i∈I Ri usually does not have an indentity.

If each Ri is commutative then both×i∈I Ri and
⊕

i∈I Ri have an identity.

Definition 3.1.7. Let R be a ring and G be semigroup. The semigroup ring R[G] of G
over R is defined as follows:

For g ∈ G let Rg = R. As an abelian group we put R[G] =
⊕

g∈GRg. Define

(rg)g∈G · (sg)g∈G = (tg)g∈G

where tg =
∑
{(h,l)∈G×G|hl=g} rhsl

Note that since the elements in
⊕

g∈GRg have finite support all these sums are actual
finite sums.

For r ∈ R and g ∈ G we denote ρg(r) by rg, so (see 2.8.5)

(rg)g = r and (rg)h = 0R for h 6= g

Lemma 3.1.8. Let G be a semigroup and R a ring.
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(a) (R[G],+, ·) is a ring.

(b) For each a ∈ RG ther exists uniquely determined rg ∈ R, g ∈ G with rg = 0R for almost
all g ∈ G and

a =
∑
g∈G

rgg

(c)
∑

g∈G rgg +
∑

g∈G sgg =
∑

g∈G(rg + sg)g.

(d)
∑

g∈G rgg ·
∑

h∈G shh =
∑

g∈G,h∈G(rgsh)gh.

(e) If R and G have an identities, then 1ReG is an identity in R[G].

(f) If R and G are commutative, R[G] is too.

Proof. This is Homework 6#1.

3.1.9 (Identities in Group Rings). If R[G] has an identity, then R has an identity. Indeed
r =

∑
rgg is an identity in R[G]. Let a =

∑
rg. We will show that a is an identity in R.

Let s ∈ R# and g ∈ G. Then

sh = r(sh) =
∑

(rgs)gh.

Summing up the coefficients we see that s = (sumg∈Grg)s = as. Similarly sa = s and so a
is an identity in R. If R has an identity 1, we identify g with 1g.

Here is an example of a semigroup G without an identity so that ( for any ring R with
an identity) R[G] has an identity. As a set G = {a, b, i}. Define the multiplication by

xy =

{
x if x = y

i if x 6= y

Then

(xy)z = (xy)z =

{
x if x = y = z

i otherwise

Hence the binary operation is associative and G is a semigroup. Put r = a+ b− i ∈ R[G].
We claim that r is an identity. We compute ar = ra = aa + ab − ai = a + i − i = a,
br = rb = ba + bb − bi = i + b − i = b and ir = ri = ia + ib − ii = i + i − i = i. As R[G]
fulfills both distributive laws this implies that r is an identity in R[G].

Suppose R[G] is commutative, then

(rs)(gh) = (rg)(sh) = (sh)(rg) = (sr)(hg) = (rs)(hg).

So if rs 6= 0 for some r, s ∈ R we get gh = hg and G is commutative.
But if rs = 0 for all r, s ∈ R then also xy = 0 for all x, y ∈ R[G]. So R[G] is commutative,

regardless whether G is or not.
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Example 3.1.10. let R be a ring and G a semigroup.

1. If G = {eG} the R[G] ∼= R.

2. View N has a monoid under addition. Then R[N] is called the the polynomial ring over
R in one variable. To avoid confusion between the addition in N and R we will adopt the
following conventions: We write x for the element 1 ∈ N and use multiplicative notation
for N. Then xn = n, xnxm = n+m = xn+m and

R[N] = {
∑

i∈N rii | ri ∈ R, almost all ri = 0R} =
∑m

i=0 rix
i | m ∈ N, ri ∈ R}

(
∑m

i=0 rix
i) + (

∑m
i=0 six

i) =
∑m

i=0(ri + si)x
i

(
∑

i rix
i) · (

∑
j sjx

j) =
∑

i

∑
j risjx

i+j =
∑

n (
∑n

k=0 rksn−k)x
k

We will denote this ring by R[x].

Definition 3.1.11. Let R be a ring and a ∈ R.

(a) R# \ {0}.

(b) a is left ( resp. right) zero divisor if a 6= 0R and there there exists b ∈ R# with ab = 0
(resp. ba = 0). a is a zero divisor if a is a left or a right zero divisor.

Suppose now that R has an identity.

(c) a is called (left,right) invertible if it is (left,right) invertible in (R, ·). An invertible
element is also called a unit.

(d) R∗ is the set of units in R.

(e) R is called an integral domain if R is commutative, 1R 6= 0R and R no zero-divisors.

(f) R is called a division ring if 1R 6= 0R and all it non-zero elements are invertible. A field
is a commutative division ring.

Note that a ring with identity is a zero ring ( that is R = {0R} if and only if and only
if 1R = 0−R. So in (e) and (f) the condition 1R 6= 0R can be replaced to R 6= {0R}.

Lemma 3.1.12. Let R be a ring. Then the following statements are equivalent:

(a) R has no right zero-divisors.

(b) If a, b ∈ R with ab = 0R, then a = 0R or b = 0R.

(c) R has no left zero-divsors.

(d) The Right Cancellation Law holds, that is

Whenever a, b, c ∈ R with c 6= 0R and ac = bc, a = b.
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(e) The left Left Cancellation Law holds, that is

Whenever a, b, c ∈ R with c 6= 0R and ca = cb, a = b.

Clearly (a) and (b) are equivalent and similarly (b) and (c) are equivalent.
Suppose that R has no left zero-divisors and a, b, c ∈ R with c 6= 0R and ab = ac. Then

0R = ac− bc = (a− b)c

Since R has no left zero-divisors this implies a − b = 0R and so a = b. Thus the Right
Cancellation Law holds.

Suppose the Right Cancellation Law holds and let a, b ∈ R with b 6= 0R and ab = 0R.
Then ab = 0R = 0R · b and so by the Right Cancellation Law, a = 0R. So R has no left
zero-divisors. Thus (c) and (d) are equivalent. Similarly (a) and (e) are equivalent.

Example 3.1.13. 1. R is a field, Q and C are fields. Z is an integral domain.

2. For which n ∈ Z+ is Zn an integral domain? If n = 1, then Z1 is a zero ring and so not
an integral domains. So suppose n ≥ 2. Then 1 6= 0 in Zn and thuas Zn is an integral
domain if and only,

n | kl =⇒ n | k or n | l

and so if and only if n is a prime. The following lemma implies that Z/pZ is a field for
all primes p.

Lemma 3.1.14. All finite integral domains are fields

Proof. Let R be a finite integral domain and a ∈ R#. As R is an integral domain, multi-
plication by a is a one to one map from R# → R#. As R is finite, this map is onto. Thus
ab = 1R for some b ∈ R. Since R is commutative ba = 1 − R and so all non-zero elements
are invertible.

For a ring R we define the opposite ring Rop by (Rop,+op) = (R,+), and a ·op b = b · a.
If R and S are rings then a map φ : R→ S is called an anti-homomorphism if φ : R→ Sop

is ring homomorphism. So φ(a+ b) = φ(a) + φ(b) and φ(ab) = φ(b)φ(a).
Let End(R) be the set of ring homomorphism. Then End(R) is monoid under compo-

sition. But as the sum of two ring homomorphisms usually is not a ring homomorphism,
End(R) has no natural structure as a ring.

The map Z→ Z/nZ m→ m+ nZ is a ring homomorphism.
For r ∈ R let Rr : R → R, s → sr and Lr : R → R, s → rs. By definition of a ring

Ra and Lr are homomorphisms of (R,+). But left and right multiplication usually is not
a ring homomorphism. The map L : R → End((R,+)), r → Lr is a homomorphism but
the map R : R → End((R,+)), r → Rr is an anti-homomorphism. Note that if R has an
identity, then both R and L are one to one.
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Definition 3.1.15. (a) Let G be a group We say that G has finite exponent of there exists
n ∈ Z+ with gn = e for n for all g ∈ G. If G has finite exponent then exponent
exp(G) of G is the smallest positive integer m with gm = e for all g ∈ G, otherwise
exp(G) =∞.

(b) Let (R,+, ·) be a ring. If (R,+) is finite then the characteristic charR of R is the
exponent of (R,+). If (R,+) has infinite exponent then charG = 0.

Lemma 3.1.16. Let R be a ring with identity.

(a) Let n ∈ Z then n1R = 0R if and only if nr = 0R for all r ∈ R.

(b) Suppose 1R 6= 0R and that R has no zero-divisors. Then charR is 0 or a prime.

Proof. (a) If nr = 0R then clearly n1R = 0R. So suppose n1R = 0R. Then for all r ∈ R

nr = n(1Rr) = (n1R)r = 0Rr = 0R

(b) Suppose n := charR 6= 0. If n = 1, then 0R = 1 · 1R = 1R, contrary to the
assumptions. So n > 1. Let n = st with s, t ∈ Z+. Then

0R = n1R = (st)1R = st1R1R = (s1R)(t1R)

Since R has no zero divisors we conclude that s1R = 0R or t1R = 0R. The minimality
n implies s = n or t = n. Hence n is a prime.

Let r ∈ R. If R has an identity we define r0 = 1. If R does not have an identity we will
use the convention r0s = s for all s ∈ R.

Lemma 3.1.17 (Binomial Theorem). Let R be ring, a1, a2 . . . , an ∈ R and m ∈ Z+.

(a)

(

n∑
i=1

ai)
m =

n∑
i1=1

n∑
i2=1

. . .

n∑
im=1

ai1ai2 . . . aim

(b) If aiaj = ajai for all 1 ≤ i, j ≤ n, then

(

n∑
i=1

ai)
m =

∑
{(mi)∈Nn|

∑n
i=1 mi=m}

(
m

m1,m2, . . . ,mn

)
am1

1 am2
2 . . . amnn

Proof. (a) Follows form 3.1.5e and induction on m.

For (b) notice that ai1 . . . aim = am1
1 am2

2 . . . amnn , where mk = |{j | ij = k}|. So (b)
follows from (b) and a simple counting argument.

Lemma 3.1.18. Let n,m, k ∈ Z+.
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(a) If gcd(m, k) = 1 or gcd(n,m) = 1, then gcd(f, k) = 1 for some f ∈ Z with f ≡ n
(mod m).

(b) There exists f ∈ Z so that gcd(f, k) = 1 and fn ≡ gcd(n,m) (mod m)

Proof. (a) Suppose first that gcd(m, k) = 1. Then 1 − n = lm + sk for some integers l, s.
Thus 1 = (n+ lm) + sk. Put f = n+ lm, then gcd(n+ lm, k) = 1.

Suppose next that gcd(n,m) = 1. Write k = k1k2 where gcd(k1,m) = 1 and all primes
dividing k2 also divide m. By the first part there exists l ∈ Z with gcd(n + lm, k1) = 1.
Now any prime dividing k1, divides m and (as gcd(n,m) = 1), does not divide m. Hence it
also does not divide m+ lm. Thus gcd(n+ lm, k) = gcd(n+ lm, k1) = 1.

(b) Let d = gcd(n,m). Replacing n be n
d and m by m

d we may assume that d = 1. Then
n∗n ≡ 1 (mod m) for some n∗ ∈ Z. Since gcd(n∗,m) = 1 we can apply (a) to n∗,m and k.
So there exists f with gcd(f, k) = 1 and f ≡ n∗ (mod m). Then also fn ≡ 1 (mod m).

Lemma 3.1.19. Let R be a ring with (R,+) cyclic. Then R is isomorphic to exactly one
of the following rings:

1. Z with regular addition but zero-multiplication.

2. (nZ/nmZ,+, ·), where m ∈ N, n ∈ Z+ and n divides m.

Proof. Let m ∈ N so that (R,+) ∼= (Z/mZ,+) and let a be generator for (R,+). So
a · a = na for some n ∈ Z. Then for all k, l ∈ Z, (ka) · (la) = klna and so the multiplication
is uniquely determine by n. Note that (−a)(−a) = na = (−n)(−a). So replacing a be −a
we may assume that n ∈ N. Also if m > 0 we may choose 0 < n ≤ m.

Suppose first that n = 0. Then by our choice m = 0 as well. So (R,+) ∼= (Z,+) and
rs = 0 for all r, s ∈ R.

Suppose next that n > 0. Then the map

nZ/nmZ→ R, nk + nmZ→ ka

is an isomorphism. If m = 0, these rings are non-isomorphic for different n. Indeed R2 = nR
and so |R/R2| = n. Therefore n is determined by the isomorphism type R.

For m > 0, various choices of n can lead to isomorphic rings. Namely the isomorphism
type only depends on d = gcd(n,m). To see this we apply 3.1.18 to obtain f ∈ Z with
gcd(f,m) = 1 and fn ≡ d (mod m). Then 1 = ef + sm for some e, s ∈ Z and so f + mZ
is invertible. Hence also fa is a generator for (R,+) and

(fa) · (fa) = f2na = (fn)(fa) = d(fa).

Also R2 = dR and |R/R2| = m
d . So d is determined by the isomorphism type of R.
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3.2 Ideals and homomorphisms

Definition 3.2.1. Let (R,+, ·) be a be a ring.

(a) A subring of R is a ring (S,4 ,�) such that S is a subset of R and

s4 t = s+ t and s�r = s · t

for all s, t ∈ R.

(b) An left (right) ideal in R is a subring I of R so that rI ⊆ I Ir ⊆ I for all r ∈ R.

(c) An ideal in R is a left ideal which is also a right ideal.

Lemma 3.2.2. Let R be a ring and S ⊆ R such that

(i) 0R ∈ S.

(ii) a+ b ∈ S for all a, b ∈ S.

(iii) −a ∈ S for all a ∈ S.

(iv) ab ∈ S for all a, b ∈ S.

Define +S : S × S → S, (a, b) → a + b and ·S : S × S, (a, b) → a · b. Then (S,+S , ·S) is a
subring of S.

If S fulfills (i),(ii), (iii) and

(iv′) rb ∈ S for all r ∈ R, b ∈ R,

then S is a left ideal.

If S fulfills (i),(ii), (iii) and

(iv′′) ar ∈ S for all r ∈ R, a ∈ R,

then S is a right ideal in G

If S fulfills, (i),(ii), (iii) , ((iv′)) and ((iv′′)) then S is an ideal.

Proof. Straightforward and we leave the few details to the reader.

Example 3.2.3. 1. Let n ∈ Z. Then nZ is an ideal in Z.

2. Let V be a vector space over R. Let W be any subset Define

Ann(W ) = {α ∈ EndR(V ) | α(w) = 0V for all w ∈W}.

Ann(W ) is called the annihilator of W in End(W ). We will show that Ann(W ) is left
ideal in EndR(V ).
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Let α, β ∈ Ann(W ), γ ∈ EndR(V ) and w ∈W , then

0EndR(V )(w) = 0W

(α+ β)(w) = α(w) + β(w) = 0V + 0V = 0V

(γ ◦ α)(w) = γ(α(w) = γ(0V ) = 0V

and so by 3.2.2 Ann(W ) is an ideal.

Lemma 3.2.4. Let φ : R→ S be a ring homomorphism.

(a) If T is a subring of R, φ(T ) is a subring of S.

(b) If T is a subring of S then φ−1(T ) is a subring of R.

(c) kerφ an ideal in R.

(d) If I is an (left,right) ideal in R and φ is onto, φ(I) is a (left,right) ideal in S.

(e) If J is a (left,right) ideal in S, then φ−1(J) is an (left,right) ideal on R.

Proof. Straight forward.

Theorem 3.2.5. Let R and S be rings. Suppose that one of the following holds.

(i) α : R → S is a ring homomorphism and β : G → (S, ·) a semigroup homomorphism
such that

α(r)β(g) = β(g)α(r) for all r ∈ R, g ∈ G

(ii) S = R∗[G∗] for some ring S∗ and semigroup G∗, α : R→ R∗ is a ring homomorphism,
and β : G→ G∗ is semigroup homomorphism.

Then
γ : R[G]→ S

∑
g∈G

rgg →
∑

α(rg)β(g)

is a ring homomorphism.

Proof.

γ

∑
g∈G

rgg +
∑
g∈G

sgg

 = γ

∑
g∈G

(rg + sg)g

 =
∑
g∈G

α(rg + sg)β(g) =

=
∑
g∈G

(α(rg) + α(sg))β(g) =
∑
g∈G

α(rg)β(g) +
∑
g∈G

α(sg)β(g) =

γ

∑
g∈G

rgg

+ γ

∑
g∈G

sgg


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and

γ

∑
g∈G

rgg ·
∑
h∈G

shh

 = γ

∑
k∈G

 ∑
(g,h)∈G,gh=k

rgrh

 k

 =
∑
k∈G

α

 ∑
(g,h)∈G,gh=k

rgrh

β(k)

=
∑
k∈G

 ∑
(g,h)∈G,gh=k

α(rgrh)

β(k) =
∑
k∈G

 ∑
(g,h)∈G,gh=k

α(rgrh)β(gh)


=
∑
g∈G

∑
k∈G

α(rgsk)β(gk) =
∑
g∈G

∑
k∈G

α(rg)α(sk)β(g)β(k) =∑
g∈G

α(rg)β(g)

 ·(∑
k∈G

α(sk)β(k)

)
= γ

∑
g∈G

rgg

 · γ(∑
k∈G

skk

)

Example 3.2.6. 1. Let S be a commutaive ring, R a subring of S and s ∈ S. Define
α : R → S, r → r and β : (N,+) → (S, i), n → si. Then α is a ring homomorphism and
β a semigroup homomorphism. Then by 3.2.5

γs : R[x]→ S,

n∑
i=0

rix
i → ris

i

is a ring homomorphism. For f ∈ R[x] we denote γs(f) by f(s). Then

For all f, g ∈ R[x] and s ∈ S:

(f + g)(s) = γs(f + g) = γs(f) + γs(g) = f(s) + g(s)

(f · g)(s) = γs(f · g) = γs(f)γs(g) = f(s) · f(g)

2. Let α : R → S be a ring homomorphism and β : G → H a semigroup homomorphism.
Then by 3.2.5

γ : R[G]→ S[H]
∑
g∈G

rgg →
∑

α(rg)β(g)

is a ring homomorphism. What is the image and the kernel of γ? Clearly γ(R[G]) =
α(R)[β(G)]. Let I = kerα. To compute ker γ note that

γ(
∑
g∈G

rgg) =
∑
h∈H

α(
∑

g∈β−1(h)

rg)h

and so ∑
g∈G

rgg ∈ ker γ ⇐⇒
∑

t∈β−1(h)

rt ∈ I for all h ∈ β(G).
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If β is a group homomorphism we can describe ker γ just in terms of I = kerα and
N := kerβ. Indeed the β−1(h)’s (h ∈ β(G)) are just the cosets of N and so∑

g∈G
rgg ∈ ker g ⇐⇒

∑
t∈T

rt ∈ I for all T ∈ G/N.

Let as consider the special case where R = S, α = idR and H = {e}. Identify R[e] with
R via re↔ r. Then γ is the map

R[G]→ R,
∑

rgg →
∑

rg.

The kernel of γ is the ideal

R◦[G] =
{∑

rgg |
∑

rg = 0
}

R◦[G] is called the augmentation ideal of R[G].

Definition 3.2.7. Let R be a ring and A,B ⊆ R. Then

(a) A+B := {a+ b | a ∈ A, b ∈ B}.

(b) 〈A〉 is subgroup of (R,+) generated by A.

(c) For 1 ≤ i ≤ n let Ai ⊆ R. Then

A1A2 . . . An := 〈a1a2 . . . an | ai ∈ Ai, 1 ≤ i ≤ n〉

(d) (A) =
⋂
{I | I is an ideal in R,A ⊆ I}. (A) is called the ideal in R generated by A.

Lemma 3.2.8. Let R be a ring and A,B ⊆ R.

(a) If If A is a left ideal, then AB is a left ideal.

(b) If B is a right ideal, then AB is a right ideal.

(c) If A is a left ideal in R and B is right ideal, then AB is a ideal in R.

(d) If A and B are (right,left) ideals then A+B is a (left,right) ideal.

(e) Let (Ai, i ∈ I) be a family if (left,right) ideals of R the
⋂
i∈I Ai is a (left,right) ideal.

(f) (A) is an ideal.

(g) RA + 〈A〉 =
⋂
{I | A ⊆ I, I is a left idealinR}. If R has an identity then RA + 〈A〉 =

RA.

(h) AR+〈A〉 =
⋂
{I | A ⊆ I, I is a right ideal in R}. If R has an identity then AR+〈A〉 =

AR.
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(i) If (A) = RA+AR+RAR+ 〈A〉. If R has an identity, then (A) = RAR.

Proof. Let r ∈ R, a ∈ A and b ∈ B.

(a) Since A is a left ideal, ra ∈ A and so r(ab) = (ra)b ∈ AB. Since left multiplication
by r is a homomorphism, we conclude from 2.6.3(c) that

rAB = r〈ab | a ∈ A, b ∈ b〉 = 〈rab | a ∈ A, b ∈ B〉 ≤ AB

So AB is left ideal in R. (b) Similar to (a).

(c) Follows from (a) and (b).

(d) Suppose A and B are left ideals. Then r(a+ b) = ra+ rb ∈ A+B and so A+B is
a left ideal. The remaining statements are proved similarly.

(e) Suppose each Ai is an left ideal. By 2.6.1
⋂
i∈I Ai is subgroup of (R,+). Let

a ∈
⋂
i∈I Ai. The a ∈ Ai and so rai ∈ Ai for all i ∈ I. Thus rai ∈

⋂
i∈I Ai and so

⋂
i∈I Ai

is a left ideal. The remaining statements are proved similarly.

(f) (A) is the intersection of the ideals containing A and so by (e), is an ideal.

(g) Clearly RA + 〈A〉 is contained in every left ideal containing A, and so also in the
intersection of this ideals. So it suffices to show that RA + 〈A〉 is a left ideal. We have
r〈A〉 = 〈rA〉 ≤ RA and by (a) also rRA ≤ RA. Hence r(RA+ 〈A〉 ≤ RA ≤ RA+ 〈A〉 and
RA+ 〈A〉 is a left ideal.

If R has an identity, the 〈A〉 = 1RA ≤ RA.

(h) Similar to (g).

(i) As in (g) for the first statement it suffices to show that RAR + RA + AR + 〈A〉 is
an ideal. By (g) RA + 〈A〉 is a left ideal. Also AR = 〈AR〉 and so by (g) RAR + AR =
R(AR) + 〈AR〉 is a left ideal. Hence by (d), RAR+RA+AR+ 〈A〉 is a left ideal. Similary
it is a right ideal and so an ideal.

If R has an identity, then RA = RA1R, AR = 1RRA and 〈A〉 = 1RA1R all all are
contained in RAR. Thus (A) = RAR.

Lemma 3.2.9. Let I be an ideal in the ring R.

(a) The binary operations

+·R/I : R/I ×R/I → R/I, (a+ I, b+ I) → (a+ b) + I and

·R/I : R/I ×R/I → R/I, (a+ I, b+ I) → ab+ I

are well-defined.

(b) (R/I,+R/I , ·R/I) is a ring.

(c) The map

π : R→ R/I, r → r + I

is a ring homomorphism with kernel I.
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Proof. (a) That +R/I is well-defined follows from 2.5.7. i, j ∈ I. Then (a + i)(b + j) =
ab+ ib+ aj + ij. As I is an ideal, ib+ aj + ij ∈ I and so (a+ i)(b+ j) + I = ab+ I. Thus
also ·R/N is well-defined.

(b) By 2.5.7 (R/I,+) is a group. The remaining axiom of a ring are readily verified.

(c) By 2.5.7 is a well-defined homomorphism of abelian groups with kerπ = I. Since

φ(ab) = ab+ I = (a+ I) ·R/I (b+ I) = π(a) ·R/N π(b)

and so π is ring homomorphism.

A little warning: Let a, b ∈ R/I. Then a ·R/I b is usually not equal to a · b. (Note that
a, b are subsets of R and so a · b = 〈xy | x ∈ a, y ∈ b〉.) For example consider R = Z and
a = b = I = 2Z. Then

2Z · 2Z = 4Z and 2Z ·Z/2Z 2Z = (0 + 2Z) ·Z/2Z (0 + 2Z) = 0 + 2Z

Nevertheless we still usually just write ab for a ·R/N b if its clear from the context that
are viewing a, b as elements of R/I and not as subsets of R.

Theorem 3.2.10 (The Isomomorphism Theorem for Rings). Let φ : R → S be a ring
homomorphism. Then the map

φ : R/ kerφ→ φ(R), r + kerφ→ φ(r)

is a well-defined isomorphism of rings.

Proof. By the Isomorphism Theorem for groups 2.5.8, this is a well-defined isomorphism
for the additive groups. We have

φ((a+ kerφ)(b+ kerφ)) = φ(ab+ kerφ) = φ(ab) = φ(a)φ(b) = φ(a+ kerφ)φ(b+ kerφ)

and φ is a ring isomorphism.

We will see below that any ring R can be embedded into a ring S with an identity.
This embedding is somewhat unique. Namely suppose that R ≤ S and S has an identity.
Then for n,m ∈ Z and r, s ∈ R we have (n1 + r)+)(m1 + s) = (n + m)1 + (r + s) and
(n1 + r)(m1 + s) = (nm)1 + (mr+ns+ rs). So already Z1 +R is a ring with 1, contains R
and the addition and multiplication on Z1 + R is uniquely determined. But there is some
degree of freedom. Namely Z1 +R does not have to be a direct sum.

Let R̂ = Z×R as abelian groups. We make R̂ into a ring by defining

(n, r) · (m, s) = (nm, ns+mr + rs).

Then (1, 0) is an identity in R̂. The map φ : R̂→ S, (n, r)→ n1+r is a homomorphism with
image Z1 + R. Let us investigate kerφ. (n, r) ∈ kerφ iff r = −n1. Let kZ be the inverse
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image of Z1 ∩ R in Z. Also put t = k1 and Dk,t = {(lk,−lt) | l ∈ Z}. Then kerφ = Dk,t.

Hence R̂/Dk,t
∼= Z1 +R.

Now which choices of k ∈ Z and t ∈ R can really occur? Note that as t = −n1,
tr = kr = rt. This necessary condition on k and t turns out to be sufficient:

Let k ∈ Z. t ∈ R is called a k-element if tr = rt = kr for all r ∈ R. Note that a
1-element is an identity, while a 0-element is an element with tR = Rt = 0. Also if a and
b are k-elements, then a− b is a 0-element. So if a k-elements exists it unique modulo the
zero elements.

Suppose now that t is a k-element in R. Define Dt,k has above. We claim that Dk,t =
Z(k,−t) is an ideal in R. For this we compute( using rt = kr)

(n, r) · (k,−t) = (nk, kr − nt− rt) = (nk, kr − nt− kr) = (nk,−nt) = n(k,−t).

So Dk,t is a left ideal. Similarly, Dt,k is a right ideal. Put Rk,t = R̂/Dk,t. Then Rk,t
is a ring with identity, contains R ( via the embedding r → (0, r) + Dk,t) and fulfills
Z1 ∩R = kZ1 = Zt.

Note that if t is an k-element and s an l-element, then −t is an −k element and t + s
is an (k + l)-element. Therefore the sets of k ∈ Z for which there exists a k-element is a
subgroup of Z and so of the form iZ for some i ∈ N. Let u be a i-element. Ri,u is in some
sense the smallest ring with a identity which contains R. Also if R has no 0-elements, u
and so Ri,u is uniquely determined.

For example if R = nZ, then i = n = u and Ri,u ∼= Z. Indeed R̂ = Z × nZ, Dnn =
{(jn,−jn) | j ∈ Z}, R̂ = Z(1, 0)oplusDn,n and the map Rn,n → Z, (j, r) +Dn,n → j + r is
an isomorphism between Rn.n and Z.

Next we will show that R can be embedded into a ring with identity which has same
characteristic as R. Put n = charR, then 0 is an n-element. Also Dn,0 = nZ × {0} and
Rn,0 ∼= Z/nZ × R as abelian groups. So Rn,0 has characteristic n. On the other hand
R̂ = R0,0 always has characteristic 0.

Definition 3.2.11. Let I be an ideal in the ring R with I 6= R.

(a) I is prime ideal if for all ideals A,B in R

AB ≤ I ⇐⇒ A ≤ I or B ≤ I

(b) I is a maximal ideal if for each ideal A of R.

I ≤ A ⊆ R⇐⇒ A = I or A = R.

Example 3.2.12. Let I be an ideal in Z with I 6= Z. Then I is a subgroup of Z and so
I = nZ for some n ∈ N with n 6= 1. Let A = aZ and B = bZ with a, b ∈ N. Then AB = abZ
and so AB ≤ I if and only if n | ab. Also nZ ≤ aZ if and only if n | a and so I is a prime
ideal if and only if
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⇐⇒ n | ab⇐⇒ n | a or n | a

This is this is case if and only if n = 0 or n is a prime. So the prime ideals in Z are {0}
and pZ, p a prime.

I is a maximal ideal if and only if nZ ≤ aZ implies nA = aZ or aZ = Z. So if and only
if a | n implies n = a or n = 1. This is the case if and only if n is a prime. So the maximal
ideals in Z are pZ, p a prime.

Lemma 3.2.13. Let P be an ideal in the ring R with P 6= R.

(a) If for all a, b ∈ R,
ab ∈ P ⇐⇒ a ∈ P or b ∈ P

then P is a prime ideal

(b) If R is commutative, the converse of (a) holds.

(c) If R is commutative, then P is a prime ideal if and only R/P has no zero divisors.

Proof. (a) Let A and B are ideals in R with AB ≤ P . We need to show that A ≤ P or
B ≤ P . So suppose A � P and pick a ∈ A \ P . Since ab ∈ P for all b ∈ B we conclude
b ∈ P and B ≤ P .

(b) Suppose that P is prime ideal and a, b ∈ R with ab ∈ P . Note that (a) = 〈a〉+Ra =
{na+ ra | n ∈ a, r ∈ R}. Let n,mZ and r, s ∈ R. Then

(na+ ra)(mb+ sa) = (nm)ab+ (ns+mr + rs)ab

and so (a)(b) ⊆ (ab) ⊆ P . As P is prime ideal , (a) ⊆ P or (b) ⊆ P . Hence a ∈ P or b ∈ P .
(c) Just note that the condition in (a) is equivalent to saying that R/P has no zero

divisors.

Lemma 3.2.14. Let R be a non-zero commutative ring with identity and P an ideal in R.
Then P is prime ideal if and only if R/P is an integral domain.

Proof. If P is a prime ideal or if R/P is an integral domain we have that R 6= P . So the
lemma follows from 3.2.13c.

Theorem 3.2.15. Let R be a ring with identity and I 6= R be an ideal. Then I is contained
in a maximal ideal. In particular every non-zero ring with identity has a maximal ideal.

Proof. The second statement follows from the first applied to the zero ideal. To prove the
first we apply Zorn’s lemma A.6. For this letM be the set of ideals J of R with I ⊆ J ( R.
OrderM by inclusion and let C be a nonempty chain inM. Let M = ∪C. By A.7 M is an
ideal. Clearly I ⊆M . Also 1R is not contained in any member of C and so 1R 6∈M . Hence
M 6= R and M ∈ M. Thus every chain has an upper bound and so by Zorn’s Lemma M
has a maximal element M . If M ⊂ A for some ideal A 6= R, then I ⊆ A, A ∈M and so by
maximality of M in M, A = M . Thus M is a maximal ideal.
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Theorem 3.2.16. Let M be a maximal ideal in the ring R. Then M is a prime ideal if
and only R2 ⊆ M . In particular if R is a ring with R2 = R or a ring with identity then
every maximal ideal is a prime ideal.

Proof. We will show that R2 ⊆M if and only if M is not a prime ideal.

Suppose R2 = RR ⊆ M . Since R is an ideal in R and R * M , we conclude that M is
not a prime ideal.

Suppose that M is not a prime ideal. Then AB ⊆ M for some ideals A and B with
A �M and B �M . By 3.2.8(d), A+M and B +M are ideals in R. So he maximality of
M implies R = A+M = B +M . Thus R2 = (A+M)(B +M) ⊆ AB +M ⊆M .

If R has an identity, then R2 = R and if R2 = R, then R2 �M . So the second statement
follows from the first.

Definition 3.2.17. Let R be a ring.

(a) A subring of S of R is called proper, if S 6= {0R} and S 6= R.

(b) R is called simple if R2 6= {0R} and R has no proper ideals.

Lemma 3.2.18. (a) Let R be a division ring. Then R has non proper left or right ideals.
In particular, R is simple.

(b) Let R be commutative ring with identity. The R is simple if and only if R is a field.

Proof. (a) Let I be an non-zero left ideal in R and pick 0R 6= i ∈ I. Then 1R = i−1i ∈ RI ⊆
R and so R = R1R ⊆ I. Similarly R has no -proper right ideals. Since 0r 6= 1R = 12

R ∈ R2,
R2 6= {0R} and so R is simple.

(b) Let R be simple commutative ring with identity. 0R 6= a ∈ R. Since R has an
identity, Ra is non-zero ideal. As R is simple Ra = R. Thus ra = 1R for some r. As R is
commutative, ar = 1R and so r has an inverse. Since R is simple, R 6=6= {0R} and so also
1R 6= 0R. Hence R is a field.

If R is a field, then by (a), R is simple.

Lemma 3.2.19. Let R be a ring and M an ideal in R. Then R/M is simple if and only if
M is a maximal ideal with R2 �M .

Proof. In both cases M 6= R and so we may assume R 6= M . (R/M)2 6= 0R/M if and only
if R2 � M . R/M has no proper ideals if and only if there does not exists an ideal J with
I � J � R and so if and only if M is a maximal ideal.

If I is an ideal we will sometimes write a ≡ b (mod I) if a+I = b+I, that is if a−b ∈ I.
If R = Z and I = nZ then a ≡ b (mod nZ) is the same as a ≡ b (mod n).

Theorem 3.2.20 (Chinese Remainder Theorem). Let (Ai, i ∈ I) be a family of ideals in
the ring R.
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(a) The map θ :

R/
⋂
i∈I

Ai →
∏
i∈Ai

R/Ai

r +
⋂
i∈I

Ai → (r +Ai)i∈I

is a well defined monomorphism.

(b) Suppose that I is finite, R = R2 +Ai and R = Ai +Aj for all i 6= j ∈ I. Then

(a) If |I| > 1, then R = Ai +
⋂
i 6=j∈I Aj.

(b) θ is an isomorphism.

(c) For i ∈ I let bi ∈ R be given. Then there exists b ∈ R with

b ≡ bi (mod Ai) for all i ∈ I

Moreover, b is unique (mod
⋂
i∈I Ai).

Proof. (a) The map r → (r + Ai)i∈I is clearly a ring homomorphism with kernel
⋂
i∈I Ai.

So (a) holds.

(b:a) For ∅ 6= J ⊆ I put AJ =
⋂
j∈J Aj . We will show by induction on |J | that

R = Ai +AJ

for all ∅ 6= J ⊆ I \{i}. Indeed if |J | = 1 this is part of the assumptions. So suppose |J | > 1,
pick j ∈ J and put K = J \ {j}. Then by induction R = Ai +AK and R = Ai +Aj . Note
that as Aj and AK are ideals, AjAK ⊆ Aj ∩AK = AJ Thus

R2 = (Ai +Aj)(Ai +AK) ⊆ Ai +AjAK ⊆ Ai +AJ

Hence R = Ai +R2 = Ai +AJ .

(b:b) By (a) we just need to show that θ is onto. For |I| = 1, this is obvious. So suppose
I| ≥ 2. Let

x = (xi)i∈I ∈
∏
i∈Ai

R/Ai.

We need to show that x = θ(b) for some b ∈ R. Let xi = bi +Ai for some bi ∈ R. By (ba),
we may choose bi ∈

⋂
j∈i 6=I Aj . So bi ∈ Aj for all j 6= i. Thus

θ(bi)j =

{
xi if j = i

0 if j 6= i

Put b
∑

i∈I bi. Then θ(b)j = xj and so θ(b) = x.

(b:c) This is clearly equivalent to (b:b)
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The special case R = Z is an elementary result from number theory which was know
to Chinese mathematicians in the first century A.D. To state this result we first need to
observe a couple of facts about ideals in Z.

Let n,m be positive integers. gcd(n,m) denotes the greatest common divisor and
lcm(n,m) the least common multiple of n and m. Then

nZ ∩mZ = lcm(n,m)Z

and
nZ+mZ = gcd(n,m)Z

In particular n and m are relatively prime if and only if nZ+mZ = Z. So part (b:c) of the
Chinese Remainder Theorem translates into:

Corollary 3.2.21. Let m1, . . .mn be positive integers which are pairwise relatively prime.
Let b1, . . . , bn be integers. Then there exists an integer b with

b ≡ bi (mod mi) for all 1 ≤ i ≤ n

Moreover, b is unique (mod m1m2 . . .mn)

3.3 Factorizations in commutative rings

Definition 3.3.1. Let R be a commutative ring and a, b ∈ R.

(a) We say that a divides b and write a | b, if (b) ⊆ (a).

(b) We say that a and b are associate and write a ∼ b, if (a) = (b)

(c) We say that a is proper if {0} 6= (a) 6= R.

Lemma 3.3.2. Let R be a commutative ring and a, b ∈ R.

(a) a ∼ b⇐⇒ a | b and b | a.

(b) The relation | on R is reflexive and transitive.

(c) The relation ∼ on R is an equivalence relation.

(d) If R has an identity, then a | b if and only if b = ra for some r ∈ R.

Proof. Obvious.

Lemma 3.3.3. Let R be a commutative ring with identity and u ∈ R. The following are
equivalent

(a) u is a unit.

(b) u | 1R
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(c) u | r for all r ∈ R

(d) r ∼ ur for all r ∈ R.

(e) u ∼ 1R

(f) (u) = R

(g) u is not contained in any maximal ideals of R.

Proof. (a) =⇒ (b): If u is a unit, then ru = 1R for some r ∈ R and so u | 1R.

(b) =⇒ (c): Since 1R | r, u | 1R implies u | r.
(c) =⇒ (d): We have u | 1R. Hence 1R = su for some s ∈ R. Thus r = 1Rr = (su)r =

s(ur) and so ur|r. Clearly r|ur and so u ∼ ur.
(d) =⇒ (e): Choosing r = 1R in (d) we see that 1r =∼ u1R = u.

(e) =⇒ (f): Suppose u ∼ 1R, then (u) = (1R) = R.

(f) =⇒ (g): Suppose R = (u) and let M be a maximal ideal of R. If u ∈M , then also
R = (u) ⊆M , a contradiction. Hence u /∈M .

(g) =⇒ (a): Suppose u is not a unit. The 1R 6 Ru = (u) and so by 3.2.15 there exists
a maximal ideal M of R with (u) ⊆M . A contradiction.

Lemma 3.3.4. Let R be an integral domain. Let a, b, u ∈ R# with b = ua. Then b ∼ a if
and only if u is a unit.

Proof. The ”if” part follows from 3.3.3(d). So suppose that b ∼ a. Then a = vb for some
v ∈ R. Thus 1Rb = b = ua = u(vb) = (uv)b. Since the cancellations law hold in integral
domains we conclude that uv = 1R. So u is a unit.

3.3.5 (R∗). Note that by 2.2.3(e), (R∗, ·) is a group. Also R∗ acts onR by left multiplication.
The previous lemma now says that in an integral domain the orbits of R∗ on R are exactly
the equivalence classes of ∼.

Definition 3.3.6. Let R be a ring.

(a) An ideal I is called a principal ideal if its generated by one element, that is I = (r) for
some r ∈ R.

(b) R is called a principal ideal ring if every ideal is a principal ideal.

(c) R is principal ideal domain (PID), if R is an integral domain and a principal ideal ring.

Definition 3.3.7. Let R be a commutative ring with identity and c a proper element.

(a) c is called irreducible if for all a, b ∈ R

c = ab =⇒ a or b is a unit



3.3. FACTORIZATIONS IN COMMUTATIVE RINGS 93

(b) c is called a prime if for all a, b ∈ R

p | ab =⇒ p|a or p | b.

Lemma 3.3.8. Let p be nonzero element in the integral domain R. Then following are
equivalent:

(a) p is a prime

(b) (p) is a prime ideal

(c) R/(p) is an integral domain

Proof. Note that in each case p is not a unit, that is R 6= (p). So we may assume that p is
not a unit.

Observe that for d ∈ R, p | d if and only if d ∈ (p). Let a, b ∈ R. Then p | ab implies
p | a or p | b if and only if ab ∈ (p) implies a ∈ (p) or b ∈ (p). Using 3.2.13 we conclude that
p is a prime if and only if (p) is a prime ideal. By 3.2.14 (p) is a prime ideal if and only if
R/(p) is an integral domain.

Lemma 3.3.9. Let c be a proper element in the integral domain R. Then the following are
equivalent

(a) c is irreducible.

(b) For all a ∈ R,

a | c =⇒ a ∼ c or a is a unit

(c) (c) is maximal in the set of proper principal ideals.

Proof. (a) =⇒ (b): Let a ∈ R with a | c. Then c = ab for some b ∈ R. Since c is
irreducible, a is a unit or b is a unit. If b is a unit then by 3.3.3 ab ∼ a and so a ∼ c. Hence
(b) holds

(b) =⇒ (c): Since c is proper, (c) 6= R. Suppose (c) ⊆ (a) for some a ∈ R with
(a) 6= R. Then c | a. Thus by (b), a ∼ c or a is a unit. if a is a unit (a) = R, a
contradiction. Hence a ∼ c and so (a) = (c) and (c) holds.

(c) =⇒ (a): Let a, b ∈ R with and c = ab. Then (c) ⊆ (a) and so by (c), (a) = (c) or
(a) = R. In the first case a ∼ c and so by 3.3.4 b is a unit. In the second case a is a unit.
Hence c is irreducible.

Lemma 3.3.10. Let R be an integral domain.

(a) Every prime element in R is irreducible.

(b) Every associate of a prime is a prime and every associate of an irreducible element is
irreducible.
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Proof. (a) Let p be a prime and suppose p = ab for some a, b ∈ R. Since p | p, p | ab. Since
p is a prime, p | a or p | b. Without loss p | a. Since also a | p we get p ∼ a. Thus 3.3.4
implies that b is unit. Hence p is irreducible.

(b) By definition of proper, the property ’a is proper” only dependents on the ideal
generated by a. By 3.3.8 and 3.3.9 also the properties ”prime” and ”irreducible” also only
depends on the ideal generated by a. This gives (b).

Lemma 3.3.11. Let R is principal ideal domain. Then the following are equivalent

(a) p is a prime

(b) p is irreducible.

(c) (p) is a maximal ideal.

(d) R/(p) is a field.

Proof. (a) =⇒ (b): This is 3.3.10

(b) =⇒ (c): By 3.3.9is (p) is a maximal proper principal ideal. Since every ideal in a
PID is a principal ideal, (p) is a maximal ideal. So (c) holds. holds.

(c) =⇒ (d): This follows from 3.2.18 3.

(d) =⇒ (a): . By 3.2.16, (p) is a prime ideal. So by 3.3.8 p is a prime.

Lemma 3.3.12. Let R be an integral domain and a ∈ R. Suppose that a = p1 · . . . · pn with
each pi a prime in R.

(a) If q ∈ R is a prime with q | a, then q ∼ pi for some 1 ≤ i ≤ n.

(b) If a = q1 . . . qm with each qi a prime. Then n = m and there exists π ∈ Sym(n) with
qi ∼ pπ(i).

Proof. (a) Suppose first that n = 1. Then q | p1. Since p1 is a prime, p1 is irreducible and
so by 3.3.9, q is a unit or q ∼ p1. q is a prime and so not a unit. hence q ∼ p1 and (a) holds
for n = 1.

Suppose n > 1 and put b = p2 . . . pn. Then a = p1b and so q | p1b. Since q is a prime,
q | p1 or q | b. If q | p1, the n = 1 case gives q ∼ p1. If q | b, then induction on n implies
q ∼ pj for some j ≤ 2 ≤ n.

(b) We may assume that n ≤ m. Suppose first that m = 1. Then also n = 1 and
p1 = q1.

Suppose now that m > 1. Since qm | a we conclude from (a) that qm ∼ pi for some
1 ≤ i ≤ n. Without loss, i = n. Then pn ∼ qm and so upn = qm for some unit u ∈ R.
hence qm−1qm = qm−1upn = (uqm−1pn and qm by pn and qm−1 by uqm−1 we may assume
that pn = qm Thus

(p1 . . . pn−1)pn = a = (q1 . . . qm−1)pn
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Suppose that n = 1, then by 3.3.4 (q1 . . . qm−1) is a unit. It follows that q1q2 . . . qm−1u =
1R for some u ∈ R. But then q1 is a unit, a contradiction to the definition of a prime. Thus
n > 1.

Since R is an integral domain, R has no non-zero zero-divisors and so the Cancellation
Law 3.1.12 implies

p1 . . . pn−1q1 . . . qm−1

So by induction on n−1 = m−1 and there exists µ ∈ Sym(n−1) with qi ∼ pµ(i) for all
1 ≤ i ≤ n− 1. Thus the lemma holds if we define π ∈ Sym(n) by π(n) = n and π(i) = µ(i)
for 1 ≤ i ≤ n− 1.

Definition 3.3.13. A unique factorization domain (UFD) is an integral domain in which
every proper element is a product of primes.

Lemma 3.3.14. Let R be a UFD and r ∈ R. Then r is a prime if and only if r is
irreducible.

Proof. By 3.3.10 each prime in R is irreducible. Now let r be irreducible. Then by definition
of a UFD, r = p1 . . . pn where each pi is a prime. Then p1 | r. Since r is irreducible we
conclude from 3.3.9 that p1 is a unit or p1 ∼ r. p1 is not a unit and so p1 ∼ r. Since
associates of primes are primes (3.3.10(b)) r is a prime.

Our next goals is to show that every PID is a UFD. For this we need a couple of
preparatory lemmas.

Lemma 3.3.15. Let I be chain of ideals in the ring R. If
⋃
I is finitely generated as an

ideal, then
⋃
I ∈ I.

Proof. Suppose that
⋃
I = (F ) for some finite F ⊆

⋃
I. For each f ∈ F there exists If ∈ I

with f ∈ If . Since I is totally ordered, the finite set {If | f ∈ F} has a maximal element
I then I ∈ I, F ⊆ I and so ⋃

I = (F ) ⊆ I ⊆
⋃
I

Thus I =
⋃
I.

Lemma 3.3.16. Let R be an integral domain and I a non-empty set of principal ideals.
Then one of the following holds:

1.
⋂
I = {0R}.

2. I has a minimal element.

3. There exists an infinite strictly ascending series of principal ideals.
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Proof. Assume that (2) does not hold. We claim that there exists an infinite descending
series

Ra1 ) Ra2 ) . . . Ran ) Ran+1 ) . . .

with Rai ∈ I for all i. Indeed since I is not empty there exists I1 ∈ I. Since I1 is principal,
I1 = Ra1 for some a1. Suppose that we already found Rai ∈ I, 1 ≤ i ≤ n with Rai ) Rai+1

for all 1 ≤ i < n. By assumption Ran is not a minimal element of I and so Ran ) Ran+1

for some Ran+1 ∈ I. So our claim holds by induction.

If
⋂∞
i=1Rai = {0R}, then also

⋂
I = {0R} and (1) holds. Hence we may assume that

there exists 0R 6= a with a ∈ Ran for all n ∈ Z+. Then a = rnan for some rn ∈ R. Since
an+1 ∈ Ran, an+1 = san for some s ∈ R. Thus

rnan = a = rn+1an+1 = rn+1san

As R is an integral domain, rn = rn+1s and so Rrn ⊆ Rrn+1. If Rrn+1 = Rrn, then
Rrn+1 = Rsrn+1. So rn+1 ∼ srn+1 and by 3.3.4, s is a unit. As an+1 = san we conclude
that Ran = Ran+1, a contradiction. Thus

Rr1 ( Rr2 ( . . . Rrn ( Rrn+1 ⊆ . . .

is an infinite strictly ascending series of ideal and (3) holds.

Lemma 3.3.17. Let R be a ring in which every ideal is finitely generated.

(a) Any nonempty set of ideals in R has a maximal member.

(b) Suppose in addition that R is an integral domain. Then every non empty set of principal
ideals with nonzero intersection has a minimal member.

Proof. (a) By 3.3.15, R has no strictly ascending series of ideals. Thus (a) holds.

(b) follows from (a) and 3.3.16.

Lemma 3.3.18. Every principal ideal domain is a unique factorization domain.

Proof. Let S be the set of proper elements in R which can be written as a product of primes.
Let a be proper in R. We will first show

1◦. a is divisible by a prime.

Indeed, by 3.2.15 there exists be a maximal ideal I with with (a) ⊂ I. Since R is a PID,
I = (s) for some s ∈ R. Then by 3.3.9 s is irreducible and so by 3.3.11 s is a prime. Since
(a) ⊆ (s), s | a and (1◦) holds.

2◦. Put S = {(s) | s ∈ S, s | a}. Then S 6= ∅.
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By (1◦) there exists a prime s with s | a. Then s ∈ S and so (2◦) holds.

By (2◦) and 3.3.17b, S has a minimal member, say (b) with b ∈ S. Since b | a, a = ub
for some u ∈ R. Suppose that u is not a unit. Then by (1◦) applied to u, there exists a
prime p dividing a. Then pb divides a and pb ∈ S. Thus (pb) ∈ S and (pb) ⊆ (b). The
minimality of (b) gives (b) = (pb). Hence pb | b and so pb | b. But then by 3.3.4, p is a unit,
a contradiction.

Thus u is a unit. Since b is a product of primes and any associate of a prime is a prime,
we conclude that a is a product of primes.

3.4 Euclidean Rings

Definition 3.4.1. Let R be a commutative ring.

(a) A pre-Euclidean function on R is a function d : R→ Λ, where Λ is a well-ordered set,
such that for all a, b ∈ R with b 6= 0R

(i) d(0R) < d(b) and

(ii) if d(b) ≤ d(a), then there exists t ∈ R with d(a− tb) < d(a)

(b) R is called an Euclidean domain if R is an integral domain and there exists an pre-
Euclidean function on R.

Example 3.4.2. 1. Let d : Z → Z,m → |m| be the absolute value function. Let a, b ∈ Z
and 0 < |b| ≤ |a|. If a and b are both positive or both negative, then |a − b| < |a|. If
one of a, b is positive and the other negative, then |a+ b| > |a|. So d is a pre-Euclidean
function. Thus Z is an Euclidean domain.

2. Let F be any field, Λ = {−∞} ∪N. Let 0F 6= f, g ∈ F[x] of degree n and m respectively.
Suppose that n < m. Let a and b be the leading coefficients of f and g, respectively.
ba−1xm−nf is a polynomial of degree m and leading coefficient b. Thus g − ba−1xm−nf
has degree less than g and so d is a pre-Euclidean function.

Note also that fg is a polynomial of degree xn+m with leading coefficient ab. Thus
fg 6= 0K and so F[x] is an integral domain. Hence F[x] is a Euclidean domain.

Lemma 3.4.3. Let d be a pre-Euclidean function on a ring R. Let a, b ∈ R with b 6= 0R.
Then there exist q, r ∈ R with

a = qb+ r and d(r) < d(b).

Proof. Since the co-domain of d is well ordered we can choose q ∈ R with

(∗) d(a− qb) = min{d(a− sb) | s ∈ R}

Put r = a − qb and suppose that d(r) ≥ d(b). Then r 6= 0R and by the definition
of a pre-Euclidean function there exists t ∈ R such that d(r − tb) < d(r). But r − tb =
a − qb − tb = a − (q + t)b and we obtain a contradiction (*). Hence d(r) < d(b) and the
lemma is proved.
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Definition 3.4.4. Let R be an ring, Λ a well-ordered set and d : R → Λ a function such
that for all a, b ∈ R with b 6= 0R:

(i) d(0R) < d(b).

(ii) If ab ∈ R], then d(b) ≤ d(ab).

(iii) There exists q, r in R with

a = sb+ r and d(r) < d(b).

Then d is called a Euclidean function

Lemma 3.4.5. Let R be a ring with identity and d a pre-Euclidean function on R. Let
a ∈ R. If a = 0R define d∗(a) = d(a), otherwise put

d∗(a) = min{d(b) | 0R 6= b ∈ Ra}.

Then d∗ is a Euclidean function.

Proof. Since R has an identity, a = 1Ra ∈ Ra and d∗(a) ≤ d(a). We need to verify the
conditions i- iii in the definition of an Euclidean function. For x 6= 0R in R we choose
x̃∗ ∈ Rx with d 6= 0R and d∗(x) = d(x∗).

(ii): By definition of a pre-Euclidean function d(0R) < d(a∗) and so d∗(0R) < d∗(a).
(ii): Suppose ab 6= 0R. We have (ab)∗ ∈ Rab ⊆ Rb and so by definition of d∗(b),

d∗(b) ≤ d((ab)∗) = d∗)ab).
(iii): By 3.4.3 there exists q̃ and r̃ with

a = q̃b∗ + r∗ and d(r̃) < d(b∗).

Since b∗ ∈ Rb, b∗ = tb for some t ∈ R. Put s = q̃t and r = q̃. Then

a = s̃b∗ + r̃ = q̃ta+ r̃ = qb+ r

and
d∗(r) ≤ d(r) < d(b∗) = d∗(b).

So d∗ is indeed an Euclidean function.

Theorem 3.4.6. Let d be a pre-Euclidean function on the ring R and I a non-zero left
ideal in R. Let 0R 6= a ∈ I with d(a) minimal, then I = Ra. In particular every Euclidean
domain is a PID.

Proof. So suppose that I 6= {0R}. Let 0R 6= b ∈ I with d(b) minimal. Let a ∈ I. By 3.4.3
there exist q, r ∈ R such that a = qb+ r with

d(r) < d(b)

Since r = a− qb and both a, b are in I we get r ∈ I. So the minimal choice of d(b) implies
r = 0R. Thus a = qb and so a ∈ Rb. Thus I = Rb.
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Next we introduce greatest common divisor in arbitrary commutative rings. But the
reader should be aware that often no greatest common divisor exist.

Definition 3.4.7. Let X be a subset of the commutative ring R and d ∈ R

(a) We say d is a common divisor of X and write d | X if X ⊆ (d), that is if d | x for all
d ∈ X.

(b) We say that d is greatest common divisor of X and write d ∼ gcd(X) if d|X and e|d
for all e ∈ R with e|X.

(c) We say that X is relatively prime if all commons divisors of X are units.

Note that if a greatest common divisor exists it is unique up to associates. A common
divisor exists if and only if (X) is contained in a principal ideal. A greatest common divisor
exists if and only if the intersection of all principal ideals containing X is a principal ideal.
(Here we define the intersection of the empty set of ideals to be the ring itself). The easiest
case is then (X) itself is a principal ideal. Then the greatest common divisors are just the
generators of (X). An element in (X) generates (X) if and only if it’s a common divisor.
So if the ring has an identity, (X) is a principal ideal if and only if X has a common divisor
of the form

∑
x∈X rxx, where as usually all but finitely many rx’s are supposed to be 0.

Note that from the above we have the following statement:
Every subset of R has a greatest common divisor if and only if any intersection of

principal ideals is a principal ideal. That is if and only if the set of principal ideals in R is
closed under intersections.

In particular, greatest common divisors exists in PID’s and can be expressed as a linear
combination of the X.

Greatest common divisors still exists in UFD’s, but are no longer necessarily a linear
combination of X. Indeed let P be a set of representatives for the associate classes of
primes. For each 0 6= r ∈ R,

x = ur
∏
p∈P

pmp(r)

for some mp(r) ∈ N and a unit ur. Let

mp = min
x∈X

mp(x).

Since mp ≤ mp(x) only finitely many of the mp are nonzero. So we can define

d =
∏
p∈P

pmp .

A moments thought reveals that d is a greatest common divisor.

Here are a couple of concrete examples which might help to understand some of the
concepts we developed above.
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First let R = Z[i], the subring of C generated by i. R is called the ring of Gauian

integers.
Note that R = Z + Zi. We will first show that R is an Euclidean ring. Indeed, put

φ(a1 + a2i) = a2
1 + a2

2. Then φ(xy) = φ(x)φ(y) and φ(x) ∈ Z+. So (ER1) holds. Let
x, y ∈ R with x 6= 0. Put z = y

x ∈ C. Then y = zx. Also there exists d = d1 + d2i ∈ C
with q := z − d ∈ R and |di| ≤ 1

2 . In particular, φ(d) ≤ 1
2

2
+ 1

2

2
= 1

2 . Put r = y − qx then
r = zx− qx = (z − q)x = dx. So φ(r) = φ(d)φ(x) ≤ 1

2φ(x). Hence also (ER2) holds.
Let a be a prime in R and put P = (a). Since φ(a) = āa ∈ P , P ∩Z 6= 0. Also 1 6∈ P and

so P ∩Z is a proper ideal in Z. Since R/P has no zero divisors, Z+P/P ∼= Z/P ∩Z has no
zero divisors. Thus P ∩ Z = pZ for some prime integer p. Let Q = pR. Then Q ≤ P ≤ R.
We will determine the zero divisors in R/Q. Indeed suppose that ab ∈ Q but neither a
nor b are in Q. Then p2 divides φ(ab). So we may assume that p divides φ(a). Hence
a2

1 = −a2
2 (mod p). If p divides a1 it also divides a2, a contradiction to a 6∈ Q. Therefore we

can divide by a2 (mod p) and conclude that the equation x2 = −1 has a solution in Z/pZ.
Conversely, if n2 ≡ −1 (mod p) for some integers n we see that (up to associates) n+ i+Q
and n− i+Q are the only zero divisors.

Suppose that no integer n with n2 ≡ −1 (mod p) exists. Then R/Q is an integral
domain and so a field. Hence Q = P and a ∼ p in this case.

Suppose that n is an integer with n2 ≡ −1 (mod p). As P is a prime ideal and (n +
i)(n− i) ∈ Q ≤ P , one of n± i is in P . We conclude that a ∼ n± i.

Next let R = Z[
√

10]. We will show that R has some irreducible elements which are not
primes. In particular, R is neither UFD, PID or Euclidean. Note that R = Z+ Z

√
10. For

r ∈ R define r1, r2 ∈ Z by r = r1 +r2

√
10. Define r̃ = r1−r2

√
10 and N(r) = rr̃ = r2

1−10r2
2.

N(r) is called the norm of r. We claim that r → r̃ is a ring automorphism of R. Clearly it
is an automorphism of (R,+). Let r, s ∈ R. Then

rs = (r1 + r2

√
10)(s1 + s2

√
10) = (r1s1 + 10r2s2) + (r1s2 + r2s2)

√
10

It follows that r̃s = r̃s̃. In particular,

N(rs) = rsr̃s = rsr̃s̃ = rr̃ss̃ = N(r)N(s)

and N : R → Z is a multiplicative homomorphism. Let r be a unit in R. Since N(1) = 1,
we conclude that N(r) is unit in Z and so N(r) = ±1. Conversely, if N(r) = ±1, then
r−1 = r̃

N(r) = N(r)r̃ ∈ R and r is a unit. For example 3+
√

10 is unit with inverse −3+
√

10.

As
√

10 is not rational, N(r) 6= 0 for r ∈ R#.
We claim that all of 2, 3, f := 4 +

√
10 and f̃ are irreducible. Indeed suppose that ab

is one of those numbers and neither a nor b are units. Then N(a)N(b) ∈ {4, 9, 6} and so
N(a) ∈ {±2,±3} and

N(a) ≡ 2, 3 (mod 5)

But for any x ∈ R we have

N(a) ≡ a2
1 ≡ 0, 1, 4 (mod 5)



3.5. LOCALIZATION 101

So indeed 2, 3, f and f̃ are primes. Note that 2 · 3 = 6 = −ff̃ . Hence 2 divides ff̃ but
(as f and f̃ are irreducible) 2 divides neither f nor f̃ . So 2 is not a prime. With the same
argument none of 3, f and f̃ are not primes.

We claim that every proper element in R is a product of irreducible. Indeed let a be
proper in R and suppose that a is not irreducible. Then a = bc with neither b nor c units.
Then as N(a) = N(b)N(c) both b and c have smaller norm as a. So by induction on the
norm, both b and c can be factorized into irreducible.

Since R has irreducibles which are not primes, we know that R can not be a PID. But
let us verify directly that I = (2, f) = 2R + fR is not a principal ideal. First note that
ff̃ = −6 ∈ 2R. Since also 2f ∈ 2R we If̃ ∈ 2R. Since 4 does not divide N(f), f 6∈ 2R
and so I does not contain a unit. Suppose now that h is a generator for I. Then h is not
a unit and divides f . So as f is irreducible, h ∼ f and I = (f). But every element in (f)
has norm divisible by N(f) = 6, a contradiction to 2 ∈ I and N(2) = 4.

3.5 Localization

Let R be a commutative ring and ∅ 6= S ⊆ R.In this section we will answer the following
question:

Does there exists a commutative ring with identity R′ so that R is a subring of R′ and
all elements in S are invertible in R ?

Clearly this is not possible if 0 ∈ S or S contains zero divisors. It turns out that
this condition is also sufficient. Note that if all elements in S are invertible in R′, also
all elements in the subsemigroup of (R, ·) generated by S are invertible in R′. So we may
assume that S is closed under multiplication:

Definition 3.5.1. A multiplicative subset of the ring R is a nonempty subset S with st ∈ S
for all s, t ∈ S.

Lemma 3.5.2. Let S be a multiplicative subset of the commutative ring R. Define the
relation ∼ of R× S by

(r1, s1) ∼ (r2, s2) if t(r1s2 − r2s1) = 0 for some t ∈ S.

Then ∼ is an equivalence relation.

Proof. ∼ is clearly reflexive and symmetric. Suppose now that (r1, s1) ∼ (r2, s2) and
(r2, s2) = (r3, s3). Pick t1 and t2 in S with

t1(r1s2 − r2s1) = 0 and t2(r2s3 − r3s2) = 0.

Multiply the first equation with t2s3 and the second one with t1s1. Then both equation
contain the term t1t2r2s1s3 but with opposite sign. So adding the two resulting equations
we see:

0 = t2s3t1r1ss − t1s1t2r3s2 = t1t2s2(r1s3 − r3s1)

Thus (r1, s1) ∼ (r3, s3).
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Let S,R and ∼ as in the previous lemma. Then S−1R denotes the set of equivalence
classes of ∼. r

s stands for the equivalence class containing (r, s). Note that if 0 ∈ S, ∼ has
exactly one equivalence class. If R has no zero divisors and 0 6∈ S then r1

s1
= r2

s2
if and only

if r1s2 = r2s1.

Proposition 3.5.3. Let S be a multiplicative subset of the commutative ring R and s ∈ S

(a) The binary operations

r

s
+
r′

s′
=
rs′ + r′s

ss′
and

r

s
· r
′

s′
=
rr′

ss′

on S−1R are well-defined.

(b) (S−1R,+, ·) is an ring.

(c) s
s is an identity.

(d) The map

φS : R→ S−1R, r → rs

s

is a ring homomorphism and independent from the choice of s.

(e) φS(s) is invertible.

Proof. (a) By symmetry it suffices to check that the definition of + and · does not depend
on the choice of (r, s) in r

s . Let r1
s1

= r
s so t(rs1 − r1s) = 0 for some t ∈ S.

Then

t[(rs′ + r′s)s1s
′ − (r1s

′ + r′s1)ss′] = t(rs1 − r1s)s
′s′ = 0

and so + is well defined. Also

t(rr′s1s
′ − r1r

′ss′) = t(rs1 − r1s)r
′s′ = 0

and so · is well defined.

(b) It is a routine exercise to check the various rules for a ring. Maybe the least obvious
one is the associativity of the addition:

(
r1

s1
+
r2

s2
)+
r3

s3
=
r1s2 + r2s1

s1s2
+
r3

s3
=
r1s2s3 + r2s1s3 + r3s1s2

s1s2s3
=
r1

s1
+
r2s3 + r3s2

s2s3
=
r1

s1
+(
r2

s2
+
r3

s3
)

We leave it to the reader to check the remaining rules.

(c) and (d) are obvious. For (e) note that φS(s) = s2

s has s
s2

as its inverse.

The ring S−1R is called the ring if fraction of R by S. It has the following universal
property:
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Proposition 3.5.4. Let R be a commutative ring, S0 a non-empty subset and S the mul-
tiplicative subset of R generated by S. Suppose that R′ is a commutative ring with identity
and α(R) → R′ is a ring isomorphism so that α(s0) is a unit for all s0 ∈ S0. Then there
exists a unique homomorphism

α∗ : S−1R→ R′ with φS(r)→ α(r).

Moreover,

α∗(
r

s
) = α(r)α(s)−1.

Proof. Note that as α(S0) consists of units so does α(S). So once we verify that

α∗(
r

s
) = α(r)α(s)−1.

is well defined, the remaining assertion are readily verified.
So suppose that r1

s1
= r2

s2
. Then

t(r1s2 − r2s1) = 0

for some t ∈ S. Applying α we conclude

α(t)(α(r1)α(s2)− α(r2)α(s1)) = 0.

As α(t), α(s1) and α(s2) are units, we get

α(r1)α(s1)−1 = α(r2)α(s2)−1

Hence α∗ is indeed well-defined.

When is r
s = 0? The zero element in S−1R is 0

s Hence r
s = 0 if and only if there exists

t ∈ S with 0 = t(rs− 0s) = trs for some t ∈ S. This is true if and only if tr = 0 for some
t ∈ S. Put

RS = {r ∈ R | tr = 0 for some t ∈ S}.

So r
s = 0 if and only r ∈ RS .
What is the kernel of φ = φS? φ(r) = rs

s . Hence r ∈ kerφ if and only if rs ∈ RS and so
if and only if r ∈ RS . Thus kerφ = RS . So φ is one to one if and only if RS = 0. This in
turn just means that S contains no zero divisors. In this is the case we will identify R with
it image in S−1R

Let Ř be the set of all non-zero, non zero divisors. and assume Ř 6= ∅. We claim that
Ř is a multiplicative set. Indeed let s, t ∈ Ř. Suppose that rst = 0 for some r ∈ R. Then
as t ∈ Ř, rs = 0 and as s ∈ Ř, r = 0 so st ∈ Ř. The Ř−1R is called the complete ring of
fraction of R.

If R has no zero divisors, then Ř = R# and the complete ring of fraction is a field. This
field is called the field of fraction of R and denoted by FR.
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The standard example is R = Z. Then FZ = Q.
If K is a field then FK[x] = K(x), the field of rational functions over K. Slightly more

general if R has no-zero divisors then FR[x] = FR(x), the field of rational function over the
field of fractions of R.

We will now spend a little but of time to investigate the situation where S does contain
some zero divisors.

Define

φ∗ : S−1R→ φ(S)−1φ(R),
r

s
→ φ(r)

φ(s)

We claim that φ∗ is a well defined isomorphism. For this we prove the following lemma.

Lemma 3.5.5. Let α : R → R′ be a homomorphism of commutative rings and S and S′

multiplicative subsets of R and R′ respectively. Suppose that α(S) ⊆ S′.

(a) α(S) is a multiplicative subset of R′.

(b)

α∗ : S−1R→ S′−1R′,
r

s
→ α(r)

α(s)

is a well defined homomorphism.

(c) Suppose that S′ = α(S). Then

kerα∗ = {r
s
| r ∈ R, s ∈ S, Sr ∩ kerα 6= ∅} and α∗(S−1R) = α(S)−1α(R)

Proof. (a) Just note that α(s)α(t) = α(st) for all s, t ∈ S.
(b) Note that φS′(α(s)) is invertible. Hence α∗ is nothing else as the homomorphism

given by 3.5.4 applied to the homomorphism:

φS′ ◦ α : R→ S′−1R′

(c) Let r
s ∈ kerα∗. As seen above this means t′α(r) = 0 for some t′ ∈ S′. By assumption

t′ = α(t) for some t ∈ T . Thus r
s = 0 if and only if tr ∈ kerα for some t ∈ S.

That α∗(S−1R) = α(S)−1α(R) is obvious.

Back to the map φ∗. By the previous lemma φ∗ is a well defined homomorphism and
onto. Let r

s ∈ kerφ∗. Then tr ∈ kerφ for some and t ∈ S. As kerφ = RS , t̃tr = 0 for some
t̃ ∈ S. Hence r ∈ RS and r

s = 0. Therefore φ∗ is one to one and so an isomorphism.
Note also that φ(R) ∼= R/RS . Let R̄ = R/RS and S̄ = S + RS/RS . As φ∗ is an

isomorphism we get

S−1R ∼= S̄−1R̄

We have R̄S̄ = 0. So in some sense we can always reduce to the case where S has no zero
divisors.
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In the next lemma we study the ideals in S−1R. For A ⊂ R and T ⊆ S put

T−1A = {a
t
| a ∈ A, t ∈ T}

Proposition 3.5.6. Let S be a multiplicative subset of the commutative ring R.

(a) If I is an ideal in R then S−1I is an ideal in S−1R

(b) If J is an ideal in R then I = φ−1
S (J) is an ideal in R with J = S−1I.

(c) The map I → S−1I is a surjection from the set of ideals in I to the set of ideals to
S−1R.

Proof. Put φ = φS .
(a) is readily verified.
(b) Inverse images of ideals are always ideals. To establish the second statement in (b)

let j = r
s ∈ J . As J is an ideal

s2

s

r

s
=
rs2

s2
=
rs

s
∈ J

Thus φ(r) ∈ J and r ∈ I. So j = r
s ∈ S

−1I.
Conversely, if r ∈ I and s ∈ S then since φ(r) ∈ J an dJ is an ideal:

r

s
=
rs2

s3
=

s

s2

rs

s
=

s

s2
φ(r) ∈ s

s2
J ⊆ J

So (b) holds.
(c) follows from (a) and (b).

If R has an identity the previous proposition can be improved:

Proposition 3.5.7. Let R be a commutative ring with identity and S a multiplicative subset
R.

(a) Suppose R has an identity. Let I be an ideal in R. Then

φ−1
S (S−1I) = {r ∈ R | Sr ∩ I 6= ∅}.

(b) Define an ideal I in R to be S−1-closed if r ∈ I for all r ∈ R with rS ∩ I 6= ∅. Then

τ : I → S−1I

is a bijection between the S−1-closed ideals and the ideals in S−1R. The inverse map is
given by

τ−1 : J → φ−1
S J.

(c) I ∩ S = ∅ for all S−1 closed ideals with I 6= R.
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(d) A prime ideal P in R is S−1 closed if an only if P ∩ S = ∅.

(e) τ induces a bijection between the S−1 closed prime ideals in R and the prime ideals in
S−1R.

Proof. (a) Let r ∈ R then the following are equivalent:

φ(r) ∈ S−1I.

φ(r) = i
s for some i ∈ I, s ∈ S

r
1 = i

s for some i ∈ I, s ∈ S
t(rs− i) = 0 for some i ∈ I, s, t ∈ S
tsr = ti for some i ∈ I, s, t ∈ S
sr ∈ I for some s ∈ S
Sr ∩ I 6= ∅.
So (a) holds.

We write φ for φS and say ”closed” for S−1 closed.

(b) follows from (a) and 3.5.6b,c.

(c) Suppose I is closed and s ∈ S ∩ I. Then S−1I contains the unit φ(s) and so
S−1I = S−1R. Thus I = φ1(S−1R and I = R.

(d) Let P be a prime ideal in R. Suppose that S ∩ P = ∅ and let r ∈ R and s ∈ S with
rs ∈ P . Then by 3.2.13b, r ∈ P or s ∈ P . By assumption s 6∈ P and so r ∈ P . Thus P is
closed. Conversely, if P is closed, (c) implies P ∩ S = ∅.

(e) Let P be a closed prime ideal. We claim the S−1R is a prime ideal in R. First since
τ is an bijection, S−1P 6= R. Suppose that r

s
r′

s′ ∈ S
−1P . Then also φ(rr′) ∈ S−1P . As P is

closed, rr′ ∈ P . As P is prime we may assume r ∈ P . But then r
s ∈ S

−1P and so S−1P is
a prime.

Suppose next that I is closed and S−1I is a prime. If rr′ ∈ I, then φ(r)φ(r′) ∈ S−1I.
As S−1I is prime we may assume that φ(r) ∈ S−1I. As I is closed this implies r ∈ I and
so I is a prime ideal.

Let R be a commutative ring with identity. By 3.2.13 an ideal P in R is a prime ideal
if and only if R \ P is a multiplicative subset of R. Let P be the prime ideal. The ring

RP := (R \ p)−1R

is called the localization of R at the prime P . For A ⊆ R write AP for (R \ p)−1A.

Theorem 3.5.8. Let P be a prime ideal in the commutative ring with identity R.

(a) The map Q→ QP is a bijection between the prime ideals of R contained in P and the
prime ideals in RP .

(b) PP is the unique maximal ideal in RP . r ∈ R is a unit if and only if r 6∈ PP .
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Proof. (a) Put S = R \ P and let Q a prime ideal in R. Then Q ∩ S = ∅ if and only if
Q ⊂ P . Thus (a) follows from 3.5.7.

(b) Let I be a maximal ideal in RP . Then by 3.2.16 I is prime ideal. Thus by (a)
I = QP for some Q ⊆ P . Thus I ⊆ PP and I = PP . The statement about the units now
follows from 3.3.3.

Actually we could also have argued as follows: all elements in RP \ PP are of the form
s
s′ and so invertible. Hence by 3.3.3 PP is the unique maximal ideal in R.

Definition 3.5.9. A local ring is a commutative ring with identity which as a unique
maximal ideal.

Using 3.3.3 we see

Lemma 3.5.10. Let R be a commutative ring with identity. The the following are equiva-
lent:

(a) R is a local ring.

(b) All the non-units are contained in an ideal M � R.

(c) All the non-units form an ideal.

We finish this section with some examples.
Let p be an prime integer. Then Z(p) = { nm ∈ Q | p - m}. Since 0 and (p) are the only

prime ideals of Z contained in (p), O and n
m ∈ Q | p - m, p | n} are the only prime ideal in

Z(p). What are the ideals? Every non zero ideal of Z is of the form (t) for some t ∈ Z+.

Write t = apk with p - a. Suppose (t) is closed. As a ∈ S = Z \ (p) and apk ∈ (t) we
conclude that pk ∈ (t). Thus a = 1 and t = pk. It is easy to see that (pk) is indeed closed.

So we conclude that the ideals in Z(p) are

pkZ(p) = { n
m
∈ Q | p - m, pk | n}

In particular Z(p) is a PID.
We reader might have notice that in the above discussion Z can be replaced by any PID

R, p by any prime in R and Q by FR.

3.6 Polynomials rings, power series and free rings

Let R be a ring and (A,+) a semigroup written additively. Since (A,+) is a subgroup of
the multiplicative group of R it is convenient to the following exponential notation’. Denote
a ∈ A be xa and define xaxb = xa+b. The the elements in R[A] can be uniquely written as
f =

∑
a∈A fax

a where fa ∈ R, almost all fa = 0. Also

fg =
∑
a∈A

∑
b∈A

= fafbx
a+b =

∑
c∈A

(
∑
a+b=c

fafb)x
c
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Let R be a ring and I a set. Put I =
⊕

i∈I N, the free abelian monoid on I. The
semigroup ring

R[I].

is called the polynomial ring over R in the variables I and is denoted by R[I]

We will use the above exponential notation. Let i ∈ I. Recall that φi(1) ∈ I is defined
as

(ρi(1))j =

{
1 if i = j

0 if i 6= j
.

We write xi for xρi(1). Let α ∈ I, then α is a tuple (αi)i∈I , αi ∈ N, where almost all αi are
zero. So

xα =
∏
i∈I

xαii

. Every element f ∈ R[I] now can be uniquely written as

f =
∑
α∈I

fαx
α

where fα ∈ R and almost all fα are zero. The element of R[I] are called polynomials.
Polynomials of the form rxα, with r 6= 0, are called monomials. As almost all αi are zero

rxα = rx
αi1
i1
x
αi2
i2

. . . x
αin
in

for some ik ∈ I.

The fαx
α with fα 6= 0 are called the monomials of f . So every polynomial is the sum

of its monomials.

Note that the map r → rx0 is monomorphism. So we can and do identify r with rx0.

If I = {1, 2, . . .m} we also writeR[x1, . . . , xm] forR[I]. Then every element inR[x1, . . . , xm]
can be uniquely written as

∞∑
n1=0

∞∑
n2=0

. . .
∞∑

nm=0

rn1,...,nmx
n1
1 xn2

2 . . . xnmm

If I has a unique element i we write x for xi and R[x] for R[I]. Then each f ∈ R[x] has
the form f = r0 + r1x+ r2x

2 + . . .+ rnx
n, where n is maximal with repect to rn 6= 0. rn is

called the leading coeficient of f and n the degree of f ,

Note that if I happens to have the structure of a semigroup, the symbol R[I] has a
double meaning, the polynomial ring or the semigroup ring. But this should not lead to
any confusions.

If y = (yi, i ∈ I) is a family of pairwise commuting elements is some semigroup, and
α ∈ I we define

yα =
∏
i∈I

yαii
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Note that as almost all αi are zero and the yi pairwise commute, this is well-defined. Also
if we view the symbol x as the family (xi, i ∈ I), this is consistent with the xα notation.

The polynomial ring has the following universal property:

Proposition 3.6.1. Let Φ : R → S be a ring homomorphism and y = (yi)i∈I a family of
elements in S such that

(a) For all r ∈ R and all i ∈ I
Φ(r)yi = yiΦ(r)

(b) for all i, j ∈ I
yiyj = yjyi

Then there exists a unique homomorphism

Φy : R[I]→ S; with rxi → Φ(r)yi for all r ∈ R, i ∈ I.

Moreover,

Φy :
∑
α∈I

fαx
α →

∑
α∈I

Φ(fα)yα.

Proof. As I is the free abelian monoid on I, (b) implies that there exists a unique homo-
morphism β : I → (S, ·) with α(xi) = yi. The existence of Φy now follows from 3.2.5. The
uniqueness is obvious.

The reader should notice that the assumption in the previous proposition are automat-
ically fulfilled if S is commutative. So each f ∈ R[I] gives rise to a function fΦ : SI → S
with fΦ(y) = Φy(f).

Example: Suppose I = {1, 2, . . .m}, R = S is commutative and α = id = idR and

f =
∑

rn1,...,nmx
n1
1 . . . xnmm

Then
f id(y1, . . . , yn) =

∑
rn1,...,nmy

n1
1 . . . ynmm .

The reader should be careful not to confuse the polynomial f with the function f id. Indeed
the following example shows that f id can be the zero function without f being zero.

Let R = Z/pZ, I = 1, p a prime integer,and

f = x(x− 1)(x− 1) . . . (x− (p− 1))

Then f is a polynomial of degree p in (Z/pZ)[x]. But f id(y) = 0 for all y ∈ Z/pZ.

Lemma 3.6.2. Let R be a ring and I andJ disjoint sets. Then there exists a unique
isomorphism

R[I][J ]→ R[I ∪ J ] with rxi → rxi and rxj → rxj

for all r ∈ R, i ∈ I, j ∈ J .
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Proof. Use 3.6.1 to show the existence of such a homomorphism and its inverse. We leave
the details to the reader.

Let R be a ring and G a semigroup. In the definition of the semigroup ring R[G] we
had to use the direct sum rather than the direct product since otherwise the definition of
the products of two elements would involve infinite sums. But suppose G has the following
property

(FP ) |{(a, b) ∈ G×G | ab = g}| is finite for all g ∈ G.

Then we can define the power semigroup ring of G over R, R[[G]]by

(R[[G]],+) = (
∏
g∈G

R,+)

and
(rg)g∈G · (sg)g∈G = (

∑
(h,k)∈G×G|hk=g

rhsk)g∈G

If G is a group then it fulfills (FP ) if and only if G is finite. So we do not get anything
new. But there are lots of infinite semigroups with (FP ). For example G = N. R[[N]] is
isomorphic to R[[x]] the ring of formal power series. Other semigroups with (FP ) are the
free (abelian) monoids (or semigroups) over a set

Let I be a set. Then the power semigroup ring

R[[
⊕
i∈I
N]]

is called the ring of formal power series over R in the variables I and is denoted by R[[I]].
The elements of R[[I]] are called formal power series. We use the same exponential notation
as for the ring of polynomials. Every formal power series can be uniquely written as a formal
sum

f =
∑
α∈I

fαx
α

Here fα ∈ R. But in contrast to the polynomials we do not require that almost all fα are
zero.

If I = {1} the formal power series have the form:

f =
∞∑
n=0

fnx
n = f0 + f1x+ f2x

2 . . . fnx
n . . .

with fn ∈ R. Note that there does not exist an analog for 3.6.1 for formal power series,
since the definition of Φy(f) involves an infinite sum.

Lemma 3.6.3. Let R be ring with identity and f ∈ R[[x]].

(a) f is a unit if and only if f0 is.
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(b) If R is commutative and f0 is irreducible, then f is irreducible.

Proof. (a) Note that (fg)0 = f0g0 and 10 = 1 so if f is a unit so is f0. Suppose now that
f0 is a unit. We define g ∈ R[[x]] by defining its coefficients inductively as follows g0 = f−1

0

and for n > 0,

gn = −f−1
0

∑
i = 0n−1fn−igi

. Note that this just says
∑n

i=0 fn−igi = 0 for all n > 0. Hence fg = 1. Similarly f has a
left inverse h by2.2.3 g = h is a left inverses.

(b) Suppose that f = gh. Then f0 = g0h0. So as f0 is irreducible, one of g0, f0 is a unit.
Hence by (a) g or h is a unit.

As an example we see that 1− x is a unit in R[[x]]. Indeed

(1− x)−1 = 1 + x+ x2 + x3 + . . . .

Lemma 3.6.4. Let D be a division ring.

(a) (x) = {f ∈ D[[x]] | f0 = 0}

(b) The elements of (x) are exactly the non-units of D[[x]].

(c) Let I be a left ideal in D[[x]]. Then I = xkD[[x]] = (xk) for some k ∈ N.

(d) Every left ideal in D[[x]] is a right ideal and D[[x]] is a principal ideal ring.

(e) (x) is the unique maximal ideal in D[[x]].

(f) If D is a field, D[[x]] is a PID and a local ring.

Proof. (a) is obvious and (b) follows from 3.6.3.

(c) Let k ∈ N be minimal with xk ∈ I. Let f ∈ I and let n be minimal with fn 6= 0.
Then f = xng for some g ∈ D[[x]] with g0 6= 0. Hence g is unit and xn = g−1f ∈ I. So
k ≤ n and f = (xn−kg)xk ∈ D[[x]]xk = (xk). Thus I = (xk).

(d),(e) and (f) follow immediately form (c).

3.7 Factorizations in polynomial rings

Definition 3.7.1. Let R be a ring and I a set and f ∈ R[I]. We define the degree function

deg : R[I]→ N ∪ {−∞}

as follows :

(a) if f is a monomial rxα, then deg f =
∑

i∈I αi,
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(b) if f 6= 0 then deg f is the maximum of the degrees of its monomials.

(c) if f = 0 then deg f = −∞

Sometimes it will be convenient to talk about the degree degJ f with respect to subset
of J of I. This is defined as above, only that

degJ(rxα) =
∑
j∈J

αj

Alternatively, degJ f is the degree of f as a polynomial in R′[J ], where R′ = R[I \ J ].
A polynomial is called homogeneous if all its monomials have the same degree. Let

f ∈ R[X] then f can be uniquely written as

f =
∞∑
i=0

h(f, i)

where h(f, i) is zero or a homogenous polynomial of degree i. Note here that almost all
h(f, i) are zero. Let h(f) = h(f,deg f).

Lemma 3.7.2. Let R be a ring, I a set and f, g ∈ R[I].

(a) deg(f + g) ≤ max(deg f, deg g) with equality unless h(g) = −h(f).

(b) If f and g are homogeneous, then fg is homogeneous. Also either deg(fg) = deg(f) +
deg(g) or fg = 0.

(c) h(fg) = h(f)h(g) unless h(f)h(g) = 0.

(d) R[I] has no zero divisors if and only if R has no zero divisors.

(e) deg fg ≤ deg f + deg g with equality if R has no zero divisors.

Proof. (a),(b) and (c) are readily verified.
(d) If R has zero divisors, then as R is embedded in R[I], R[I] has zero divisors.
Suppose next that R has no zero divisors. Let f, g ∈ R[I]#. We need to show that

fg 6= 0. By (c) we may assume that f and g are homogeneous.
Consider first the case that |I| = 1. Then f = axn, g = bxm and fg = (ab)xn+m. Here

a, b ∈ R# and so ab 6= 0. Thus also fg 6= 0. If I is finite, R[I] = R[I \ {i}][i] and so by
induction R[I] has no zero divisors.

For the general case just observe that f, g ∈ R[J ] for some finite subset J of I.
(e) If R has no zero divisors, (d) implies h(f)h(g) 6= 0. Thus by (b) and (c),

deg f = deg h(fg) = deg h(f)h(g) = deg h(f) + deg h(g) = deg f + deg g.

Lemma 3.7.3. Let R be a ring, P an ideal in R and I a set.
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(a) Let P [I] = {f ∈ R[I] | fα ∈ P for all α ∈ I}. Then P [I] is an ideal in R[I] and

R[I]/P [I] ∼= (R/P )[I]

(b) If R has an identity, P [I] = P ·R[I] is the ideal in R[I] generated by P .

Proof. (a) Define φ : R[I]→ (R/P )[I],
∑

α∈I fαx
α →

∑
α∈I(fα +P )xα. By 3.6.1 φ is a ring

homomorphism. Clearly φ is onto and kerφ = P [I] so (a) holds.

(b) Let p ∈ P then pxα ∈ P · R[I]. Thus P [I] ≤ P · R[I]. The other inclusion is
obvious.

Corollary 3.7.4. Let R be a commutative ring with identity, I a set and p ∈ R. Then p is
a prime in R if and only if p is a prime in R[I].

Proof. R is a prime if and only if R/pR is an integral domain. So by 3.7.2d if and only if
(R/pR)[I] is an integral domain. So by 3.7.3 if and only if R[I]/pR[I] is a prime ideal and
so if and only if p is a prime in R[I].

Theorem 3.7.5 (Long Divison). Let R be a ring and f, g ∈ R[x]. Suppose that the leading
coefficient of g is a unit in R. Then there exist uniquely determined q, r ∈ R with

f = qg + r and deg r < deg g

Proof. Let h(f) = axn and h(g) = bxm. If n < m, we conclude that q = 0 and r = f is the
unique solution.

So suppose that m ≤ n. Then any solution necessarily has h(f) = h(q)h(g) and so
s(q) = ab−1xn−m. Now f = qg − r if and only if

f − ab−1xn−mg = (q − ab−1xn−m)g + r

So uniqueness and existence follows by induction on deg f .

Let R be a ring and f ∈ R[x]. Define the function

f r : R→ R, c→
∑
α∈N

fαc
α

The function f r is called the right evaluation of f . Note here that as R is not necessarily
commutative , fαc

α might differ from cαfα. If R is commutative f r = f id.

The map f → f r is an additive homomorphism but not necessarily a multiplicative
homomorphism. That is we might have (fg)r(c) 6= f r(c)gr(c). Indeed let f = rx and
g = sx. Then fg = (rs)x2, (fg)r(c) = rsc2 and f r(c)gr(c) = rcsc.

Lemma 3.7.6. Let R be a ring, f, g ∈ R[x] and c ∈ R. If gr(c)c = cgr(c) then

(fg)r(c) = f r(c)gr(c).
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Proof. As f → f r is a additive homomorphism we may assume that f = rxm for some
r ∈ R, m ∈ N. Thus

fg =
∑
α∈N

rgαx
α+m

and so

(fg)r(c) =
∑
α∈N

rgαc
α+m =

= r(
∑
α∈N

gαc
α)cm = rgr(c)cm = rcmgr(c) = f r(c)gr(c)

Corollary 3.7.7. Let R be a ring with identity, c ∈ R and f ∈ R[x].

(a) Then there exists a unique q ∈ R[x] with

f = q(x− c) + f r(c).

(b) f r(c) = 0 if and only if f = q(x− c) for some q ∈ R[x].

Proof. (a) By3.7.5 f = q · (x− c) + r with deg r < deg(x− c) = 1. Thus r ∈ R. By 3.7.6

f r(c) = qr(c)(c− c) + r = r

Hence r = f r(c). The uniqueness follows from 3.7.5

(a) follows from (b).

Corollary 3.7.8. Let R be an commutative ring with identity and c ∈ R.

(a) R[x]/(x− c) ∼= R.

(b) x− c is a prime if and only R is an integral domain.

Proof. Proof. Consider the ring homomorphism idc : R[x]→ R, f → f(c) (see 3.6.1 Clearly
idc is onto. By 3.7.7b ker idc = (x − c) so (b) follows from the Isomorphism Theorem for
rings.

(b) Note that x − c is a prime if and only if R[x]/(x − c) has non-zero divisors. Thus
(a) follows from (b).

Corollary 3.7.9. Let F be a field. Then F[x] is an Euclidean domain. In particular, F[x]
is a PID and a UFD. The units in F[x] are precisely the nonzero elements in F.

Proof. Just note that by 3.7.5 K[x] is a Euclidean domain.
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Let R be a subring of the commutative ring S. Write R→ S for the inclusion map from
R to S. Let I be a set, f ∈ R[I] and c ∈ SI . We say that c is a root of f if

fR→S(c) = 0.

Let R be any ring, f ∈ R[x] and c ∈ R. We say that c is a root of f if f r(c) = 0. Note
that for R commutative this agrees with previous definition of a root for f in R.

Theorem 3.7.10. Let D be an integral domain contained in the integral domain E. Let
0 6= f ∈ D[x]. Let m ∈ N be maximal so that there exists c1, . . . cm ∈ E with

m∏
i=1

x− ci | f

in E[x]. Let c be any root of f in E. Then c = ci for some i. In particular, f has at most
deg f distinct roots in E.

Proof. Let f = g
∏m
i=1 x− ci with g ∈ E[x]. By maximality of m, x− c - g. By 3.7.8 x− c

is a prime in E[x] and so

x− c |
m∏
i=1

x− ci

By 3.3.12, x− c ∼ x− ci for some i. Thus x− c = x− ci and c = ci.

We remark that the previus theorem can be false for non-commuative divison rings. For
example the polynomial x2 + 1 = 0 has at infinitely many roots in the division ring H of
quaternions, namely any ai+ bj + ck with a2 + b2 + c2 = 1.

Let R be a ring, f ∈ R[x] and c b a root of f in D. Then by 3.7.10 We can write f
has f = g(x− c)m with m ∈ Z+, g ∈ R[x] and so that c is not a root of g. m is called the
multiplicity of the root g. If m ≥ 2 we say that c is a multiple root

As a tool to detect multiple roots we introduce the formal derivative f ′ of a polynomial
f ∈ R[x].

f ′ :=
∑
α∈Z+

nfαx
α−1

Put f [0] = f and inductively, f [k+1] = (f [k])′ for all k ∈ N.

Lemma 3.7.11. Let R be a ring, f, g ∈ R[x] and c ∈ R. Then

(a) (cf)′ = cf ′

(b) (f + g)′ = f ′ + g′.

(c) (fg)′ = f ′g + fg′.

(d) If ff ′ = f ′f , (fn)′ = nfn−1f ′.
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Proof. (a) and (b) are obvious.

(c) By (b) we may assume that f = rxm and g = sxn are monomials. We compute

(fg)′ = (rsxn+m)′ = (n+m)rsxn+m−1

f ′g + fg′ = mrxm−1sxn + rxmnsxn−1 = (n+m)rsxm+n−1

Thus (c) holds.

(d) follows from (c) and induction on n.

Lemma 3.7.12. Let R be a ring with identity, f ∈ R[x] and c ∈ R a root of f .

(a) Suppose that f = g(x− c)n for some n ∈ N and g ∈ R[x]. Then

f [n](c) = n!g(c).

(b) c is a multiple root of f if and only if f ′(c) = 0.

(c) Suppose that (deg f)! is neither zero nor a zero divisor in R. Then the multiplicity of
the root c is smallest number m ∈ N with f [m](c) 6= 0.

Proof. (a) We will show that for all 0 ≤ i ≤ n, there exists hi ∈ R[x] with

f [i] =
n!

(n− i)!
g(x− c)n−i + hi(x− c)n−i+1

For i = 0 this is true with h0 = 0. So suppose its true for i. Then using 3.7.11

f [i+1] = (f [i])′ =
n!

(n− i)!
(g′(x−c)n−i+g(n−i)(x−c)n−i−1)+h′i(x−c)n−i+1+hi(n−i+1)xn−i

This is of the form n!
(n−i−1)!g(x−c)n−i−1 plus a left multiple of (x−c)n−i. So the statements

holds for i+ 1.

For i = n we conclude f [n] = n!g + hn(x− a) Thus (a) holds.

(b) Since c is a root, f = g(x − a) for some g ∈ R[x]. So by (a) applied to n = 1,
f ′(c) = g(c). Thus (b) holds.

(c) Let m the multiplicity of c has a root of f . So f = g(x− c)m for some g ∈ R[x] with
g(c) 6= 0. Let n < m. Then f = (g(x− c)m−n)(x− c)n and (a) implies f [n](c) = 0. Suppose
that f [m](c) = 0. Then by (a), m!g(c) = 0. As m ≤ deg f we get (deg f)! g(c) = 0. Thus by
assumption g(c) = 0, a contradiction. This f [m](c) 6= 0 and (c) holds.

Consider the polynomial xp in Z/pZ[x]. Then (xp)′ = pxp−1 = 0. This shows that the
condition on (deg f)! in part (c) of the previous theorem is necessary.

Let D be an UFD, I a set and f ∈ D[I]. We say that f is primitive if 1 is a greatest
common divisor of the coefficents of f .
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Lemma 3.7.13. Let D be a UFD, F its field of fractions and I a set. Let f ∈ F[I]. Then
there exists af , bf ∈ D and f∗ ∈ D[I] so that

(a) f∗ is primitive in D[I].

(b) af and bf are relatively prime.

(c) f =
af
bf
f∗.

Moreover af , bf and f∗ are unique up to associates in D.

Proof. We will first show the existence. Let f =
∑

α∈I fαx
α with fα ∈ F. Then fα = rα

sα
with rα, sα ∈ D. Here we choose sα = 1 if fα = 0. Let s =

∏
α∈I sα. Then sf ∈ D[I]. Let

r = gcdα∈I sfα and f∗ = r−1sf . Then f∗ ∈ D[I], f∗ is primitive and f = r
sf
∗. Let e the a

greates common divisor of r and s and put af = r
e and bf = s

e . Then (a),(b) and (c) hold.

To show uniqueness suppose that f = a
b f̃ with a, b ∈ D relative prime and f̃ ∈ D[I]

primitive. Then

ba∗f = bfaf̃

Taking the greatest common divisor of the coefficents on each side of this equation we see
that baf and bfa are associate in D. In particular, a divides baf and as b is realtively prime
to a, a divides af . By symmetry af divides a and so a = uaf for some unit u in D. Similarly
b = vbf for some unit v ∈ D. Thus vbfaff

∗ = ubfaf f̃ . As D is an integral domain we
conclude f̃ = u−1vf∗.

Let f be as in the previuos theorem. The fraction cf =
af
bf

is called the content of f .

Note that cf ∈ F and f = cff
∗.

Lemma 3.7.14. Let D be a UFD, F its field of fraction, I a set and f, g ∈ F[I]#.

(a) cfg = ucfcg for some unit u ∈ D.

(b) (fg)∗ = u−1f∗g∗

(c) The product of primitive polynomials is primitive.

(d) If f | g in F[I], then f∗ | g∗ in D[I].

(e) Suppose f is primitive. Then f is irreducible in D[I] if and only if its irreducible in
F[I]

(f) Suppose f is primitive.Then f is a prime in D[I] if and only if it is a prime in F[I].

Proof. Note that fg = cfcgf
∗g∗. So (a), (b) and (c) will follow once the show that the

product of two primitive polynomials is primitive. Suppose not. Then there exist primitive
f, g ∈ D[I] and a prime p in D dividing all the coefficients of fg. But then p | fg in D[I].
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By 3.7.4 p is prime in D[I] and so p divides f or g in D[I]. A contradiction as f and g are
primitive.

(d) Suppose that f | g. Then g = fh for some h ∈ F[I]. By (b) g∗ = f∗h∗ and so (d)
holds.

(e) Suppose that f is irreducible in F[I] and f = gh with g, h ∈ D[x] Then by (a) both g
and h are primitive. On the other hand since f is irreducible in F[I], one of g or h is a unit
in F [I] and so in F. It follows that one of g and h is a unit in D. So f is also irreducible
in D[I].

Suppose that f is irreducible in D[I] and f = gh for some g, h ∈ F[x]. Then f = f∗ ∼
g∗h∗ and as f is irreducible in D[I], one of g∗, h∗ is a unit in D. But then one of g and h
is in F and so a unit in F[I].

(f) Suppose that f is prime in D[I] and that f | gh in F[I]. By (d) f = f∗ | g∗h∗ and
as f is a prime in D[I] we may assume f | g∗. As g∗ divides g in F [I] f does too. So f is a
prime in F [I].

Suppose that f is a prime in F [I] and f | gh in D[I] for some g, h ∈ D[I]. Then as f
is a prime in F [I] we may assume that f | g in F [I]. But (d) f = f∗ | g∗ in D[I]. As g∗

divides g in D[I], f does too . So f is a prime in D[I].

Theorem 3.7.15. Let D be a UFD and I a set, then D[I] is a UFD.

Proof. Let f be in D[I]. We need to show that f is the product of primes. Now f ∈ D[J ]
for some finite f and by 3.7.4 a prime factorization in D[J ] is a prime factorization in D[I].
So we may assume that J is finite and then by induction that |I| = 1.

Note that f = cff
∗ with f∗ ∈ D[x] primitive and cf ∈ D. As D is a UFD, cf is a

product of primes in D and by3.7.4 also a prodcut of primes in D[x]. So we may assume
that f is primitive. Suppose that f = gh with g, h ∈ D[x] with neither g nor h a unit. As
f is primitive, g and h both have positive degree smaller than f . So by induction on deg f
both g and h are a product of primes. So we may assume that f is irreducible. Let F = FD.
By 3.7.13 f is irreducible in F[x]. As F[x] is Euclidean, f is a prime in F[x]. Hence by 3.7.13
f is a prime in D[x].



Chapter 4

Modules

4.1 Modules and Homomorphism

In this section we introduce modules over a ring. It corresponds to the concept of group
action in the theory of groups.

Definition 4.1.1. Let (R,+, ·) be a ring and (M,+) an abelian group. A ring action of R
on M is function

� : R×M →M, (r,m)→ rm

such that for all r, s ∈ R and a, b ∈M :

(a) r � (a+ b) = ra+ rb.

(b) �(r + s)a = ra+ sa.

(c) r � (s � a) = (r · s)a.

In this case (M,+, �) is called an R-module.

Abusing notation we will call M an R-module and write ra for r � a.

Lemma 4.1.2. Let R be a ring and M an abelian group

(a) Let � : R×M →M an ring action of R on M . For r ∈ R define

r� : M →M,m→ r�

Then r� ∈ End(M) and the map

Φ�G→ End(S)

is ring homomorphism.

Φ� is called the ring homomorphism associated to �,

119
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(b) Let Φ : R→ EndR(M) be a homomorphism. Define

�Φ : R×M →M, (r,m)→ Φ(R)(m)

then �Φ is an ring action of R on M .

�Phi is called the action associated to Φ

(c) Φ�
Φ

= Φ and �Φ� = �.

Proof. This is very similar to 2.10.3 and we leave the details to the reader.

Example 4.1.3. Let R be a ring and A an abelian group.

1. A is a Z-module via n � a = na for all n ∈ Z and a ∈ A.

2. A is an End(A)-module via φm = φ(m) for all φ ∈ Φ, m ∈M .

3. A is an R-module via, ra = 0R for all r ∈ R, a ∈ A.

4. R is an R-module via left multiplication.

5. Let (Mi, i ∈ I) a family of R-modules. Then×i∈IMi and ⊕i∈IMi are R-modules via

r � (mi)i∈I = (rmi)i∈I

6. Let R be ring, M an R-module, G a group and Ω an G-set. Let MΩ = ×ω∈ΩM =
{f : Ω → R}. Then G acts an MΩ via (gf)(ω) = f(g−1ω) and M is an R-module via
(rf)(ω) = rf(ω). Finally MΩ is a R[G]-module via

(
∑
g∈G

rgg)f =
∑
g∈G

rggf

Definition 4.1.4. Let V and W be R-modules and f : V → W be a function. Then f is
called R-linear or an R-homomorphism if

f(a+ c) = f(a) + f(c) and f(ra) = rf(a)

for all a, c ∈ R, r ∈ R.

Definition 4.1.5. Let R be a ring with identity and M an R-modules.

(a) M is a unitary R-module provide that

1Rm = m

for all m ∈M .

(b) If R is a division ring and M is unitary then M is called a vector space over R.
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We often will say that f : V → W is R-linear instead of f : V → W is a R-modules
homomorphism. Terms like R-module monomorphism, R-module isomorphism, ker f and
so on are defined in the usual way. If V and W are R-modules, HomR(V,W ) denotes the set
of R-linear maps from V to W . Since sums of R-linear maps are R-linear, HomR(V,W ) is an
abelian group. EndR(V ) denotes set of R-linear endomorphsims of V . Since compositions
of R-linear maps are R-linear, EndR(V ) is a ring. Note that V is also a module for EndR(V )
via φv = φ(v).

Definition 4.1.6. Let R be a ring and (V,+�) an R-module. An R-submodule of R is a
R-module (W,4 , � ) such that

(i) W ⊆ V .

(ii) a4 b = a+ b for all a, b ∈W .

(iii) r� a = r � a for all r ∈ R, a ∈W .

Lemma 4.1.7. Let R be a ring, V an R-module and W an R-submodule of W . Then

�V/W : R× V/W → V/W, (r, v +W )→ rv +W

is a well-defined ring action of R on (V/W,+V/W ). Moreover the map

π : V → V/W, v → v +W

is an onto R-homomorphism with kerπ = W .

Proof. Let v, v′ ∈ V with v +W = v′ +W . Then v′ = v + w for some w ∈ W . Let r ∈ R.
Since W is an R-submodule, rw ∈W thus rv +W = rv + rw +W = r(v +w) +W and so
�V/W is well-defined. Straight forward calculations show that �V/W is a ring action.

By 2.5.7(f), π is a well-defined onto homomorphism of abelian groups with kerπ = W .
We have

π(rv) = rv +W = r(v +W ) = rπ(v)

and so π is R-linear.

Theorem 4.1.8 (Isomorphism Theorem for Modules). Let R be a ring and f : V →W an
R-linear map. Thenf(V ) is an R-submodule of W and

f : V/+ ker f → f(W ), v + ker f → f(v)

is a well-defined R-linear isomorphism.

Proof. By the isomorphism theorem for groups 2.5.8, this is a well defined isomorphism of
abelian groups. We just need to check that it is R-linear. So let r and v ∈ V . Then

f(r(v + ker f)) = f(rv +W ) = f(rv) = rf(v) = rf(v + ker f).
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Definition 4.1.9. Let R be a ring, M an R-module, S ⊆ R and X ⊂M .

(a) 〈X〉 is the subgroup of (M,+) generated X.

(b) SX = 〈sx | s ∈ S, x ∈ X〉

(c) AnnS(X) = {s ∈ S | sx = 0M for all x ∈ X}. AnnS(X) is called the annihilator of X
in S

(d) AnnX(S) = {x ∈ X | sx = 0M for alls ∈ S}. AnnX(S) is called the annihilator of X
in S.

(e) 〈X〉R := {W | W is an R submodule of M,X ⊆ M}. 〈X〉R is called R-submodule of
M generated by X.

(f) M is called finitely generated if M = 〈I〉R for some finite subset I of R.

Lemma 4.1.10. Let R be a ring, M an R-module, S, T ⊆ R and X ⊆M .

(a) SX = 〈S〉〈X〉.

(b) S(TX) = (ST )X.

(c) If S is left ideal in R, then SX is an R-submodule of M .

(d) 〈X〉+RX = 〈X〉R.

(e) If M is unitary, then RX = 〈X〉R

(f) If S is a subgroup of (R,+) and (xi, i ∈ I) is a family of elements with X = 〈xi | i ∈ I〉
then then SX = {

∑
i∈I sixi | si ∈ S, si = 0R for almost all i}

Proof. (a) Clearly SX ⊆ 〈S〉〈X〉. Since ST is a subgroup of (M,+) it is easy to verify that
U = {r ∈ R | rX ⊆ SX} is a subgroup of (R,+). Since S ⊆ U , we get 〈S〉 ⊆ U and so
〈S〉X ⊆ SX. Similarly V = {m ∈ M | 〈S〉m ⊆ ST} is a subgroup of M , 〈X〉 ⊆ V and
〈S〉〈X〉 ⊆ ST .

(b) S(TX) = 〈s(tx) | s ∈ S, t ∈ T, x ∈ X〉 = 〈(st)x | s ∈ S, t ∈ T, x ∈ X〉 = (ST )X.
(c) Since S is a left ideal, RS ⊆ S. Thus using (b)

R(SX) = (RS)X ⊆ SX

By definition SX is a subgroup of (M,+) and so SX is an R-submodule of M .
(d) By (a), R〈X〉 = RX and by (c) R(RX) ⊆ RX. Then R(〈X〉 + RX) ⊆ RX and

〈X〉+RX is an R-submodule of M containing, X. Thus 〈X〉R ⊆ 〈X〉+RX .
Clearly 〈X〉 + RX ⊆ W for each R-submodule of W of M with X ⊆ W and so 〈X〉 +

RX ⊆ 〈X〉R.
(e) If M is unitary, then X ⊆ 1RX ⊆ RX and so 〈X〉+RX = RX. So (e) follows from

(d).
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(f) Put Y = {
∑

i∈I sixi | si ∈ S, si = 0R for almost all i}.
It is easy to verify that Y is a subgroup of (M,+) and so Y = S{xi | i ∈ I}. Thus by

(a), Y = SX.

Lemma 4.1.11. Let R be ring, M a R-module, S ⊆ R and X ⊆M . Then

(a) AnnR(X) is a left ideal in R.

(b) If X is a R-submodule of M , then AnnR(X) is an ideal in R

(c) Let I be a right ideal in R. Then AnnM (I) is R-submodule in M .

(d) S ⊆ AnnR(X) if and only if X ⊆ AnnM (X).

(e) Suppose that one of the following holds:

1. R is commutative.

2. All left ideals in R are also right ideals.

3. AnnR(X) is a right ideal.

Then AnnR(X) = AnnR(〈X〉R).

(f) Let m ∈M . Then the map

R/AnnR(m)→ Rm, r + AnnR(m)→ rm

is a well defined R-isomorphism. (Note here that by (a), AnnR(x) is an R-submodule.
So R/AnnR(m) is an R-module. Also by 4.1.10(c), Rm is an R-module.)

Proof. (a) and (b) Let r, s ∈ AnnR(X), t ∈ R and x ∈ X. Then

0Rx = 0R

(r + s)x = rx+ sx = 0M + 0M = 0M

(−r)x = −(rx) = −0M

(tr)x = t(rx) = t0M = 0M

Hence 0M , r+ s,−r and tr all are in AnnR(X). Thus by 3.2.2 AnnR(X) is a left ideal in R.
If X is an R-submodule of M , then tx ∈ X and so (rt)x = r(tx) = r0M = 0M . Thus

rt ∈ AnnR(X) and and AnnR(X) is an ideal.
(c) Let x, y ∈ AnnM (I), r ∈ R and i ∈ I. Since I is a right ideal, ir ∈ I.

i0M = 0M

i(x+ y) = ix+ iy = 0M + 0M = 0M i(−x) = −(ix) = −0M = 0M

i(rx) = (ir)x = 0M
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Hence 0M , x + y, −x and rx all are contained in AnnM (I). Thus AnnM (I) is an
R-submodule of M .

(d) Both statements are equivalent to t sx = 0M for all s ∈ S, x ∈ X.
(e) Note that (e:1) implies (e:2) and by (a), (e:2) implies (e:3) So in any case AnnR(X)

is a right ideal in R. Hence by (c)

W := AnnM (AnnR(X))

is an R-submodule. By (d), X ⊆W and so since W is an R-submodule, 〈X〉R ≤W . Thus
by (d), So AnnR(X) ≤ AnnR(〈X〉R..

Since X ⊆ 〈X〉R, AnnR(〈X〉R) ⊆ AnnR(X). Thus (e) holds.
(f) Consider the map

f : R→M, r → rm.

Let r, s ∈ R. Then f(r + s) = (r + s)m = rm+ sm = f(r) + f(s). Also for r, s ∈ R

f(rs) = (rs)m = r(sm) = rf(s)

So f is R-linear. Since AnnR(m) = ker f , (f) follows from the Isomorphism Theorem
4.1.8

Example 4.1.12. Let K be a field. Let R = Mnn(K) be the ring of n × n matrices
with coefficients in K. Then Kn is a module for R via (mij)ij(kj)j = (

∑n
j=1mijkj)i. Let

e1 = (δ1i)i ∈ Kn, where δ1i = 1K if i = 1 and 0K if i 6= 1. If A ∈ Mnn(K), then Ae1 is the
first columns of A. Hence AnnR(e1) consists of all matrices whose first column is zero and
(e1) = Re1 = Kn. Thus AnnR((e1)) = 0 and AnnR(e1) 6= AnnR((e1)). So the conclusion of
4.1.11(e) does not hold in general.

Moreover, by 4.1.11(f), Kn ∼= R/AnnR(e1) as an R-module.

4.2 Free modules and torsion modules

In this section R is a ring with identity and all modules are assumed to be unitary. δij = 1R
if i = j and δij = 0R if i 6= j.

Definition 4.2.1. Let V be an R-module and (vi, i ∈ I) family if elements in V

(a) V is called free with respect to (vi, i ∈ I) if for all unitray R-modules W and all family
of elements (wi, i ∈ I) there exists a unique R-linear map f : V → W with f(vi) = wi
for all i ∈ I.

(b) (vi, i ∈ I) is called R-linearly independent, if for all ri ∈ Ri, almost all zero, we have

∑
i∈I

rivi = 0V ⇐⇒ ri = 0R

(c) (vi, i ∈ I) is called a R-spanning set of V = 〈vi | i ∈ I〉R.
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(d) (vi, i ∈ I) is called a R-basis if is a R-linearly independent R-spanning set.

(e) Let c be a cardinality. The we say that V is free of rank c if V is free with respect to
some (wj , j ∈ J) with |J | = c.

Lemma 4.2.2. Let V be an R-module and (vi, i ∈ I) a family of elements in V . Then the
following statements are equivalent.

(a) (vi, i ∈ I) is a basis for V .

(b) The map f :
⊕

i∈I R, (ri)i∈I →
∑

i∈I rivi is an R-isomorphism.

(c) For each v ∈ V there exists uniquely determined ri ∈ R, i ∈ I almost zero with v =∑
i∈I rivi.

(d) V is free with respect to (vi)i∈I .

Proof. (a) =⇒ (b): . Since (vi, i ∈ I is a linearly independent, ker f = {(0R)i} and so f is
1-1. So (vi, i ∈ I) is a spanning set,

V = {
∑
i∈I

rivi | ri ∈ R, almost all 0R} = Im f =

and so f is onto. It is easy to check that f is R-linear and so (b) holds.

(b) =⇒ (c): (c) is true since f is a bijection.

(c) =⇒ (d): Let W be a unitary R-module and (wi)i∈I a family of R. If f : V → W
is R linear with f(vi) = wi, then

(∗) f(
∑
i∈I

rivi =
∑
i∈I

riwi

By (c) (*) uniquely defines a defines a function from V to W . It is easy to check that
it’s R-linear. Since V and W are unitary, f(vi) = f(1Rvi) = 1Rwi = wi. and so (d) holds.

(d) =⇒ (a): Let ri ∈ R, i ∈ I, almost all zero, with
∑

i∈I rivi = 0V . Fix j ∈ I. Since
V is free with respect to (vi, i ∈ I) there exist an R-linear map V → R with f(vi) = δij .
Then

0R = f(0V ) = f(
∑
i∈I

rivi) =
∑
i∈I

rif(vi) =
∑
i∈I

riδij = rj

So (vi, i ∈ I) is linearly independent. Let W = 〈vi | i ∈ I〉R. Consider R-linear maps

π : V → V/W, v → v +W (4.1)

α : V → V/W, v → 0V/W (4.2)
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Then π(vi) = viW = W = 0V/W = α(vi) for all i ∈ I. The uniqueness assertion in
the definition of a free module shows that π = α. Since Imα = {0V/W } and Imπ = V/W
we conclude V/W = {0V/W and so V = W . Hence V/W = {0V /W} and V = W . Thus
(vi, i ∈ I) is a spanning set.

We will now investigate when all submodules of free R-modules are free. First an
example.

Example 4.2.3. Let R = Zn with n ∈ Z+, n not a prime. Let V = R, viewed as an
Zn-module by left multiplication. Let m is a proper divisor of m. Then W = mZ/nZ is an
submodule of R. W which is not free. A obvious necessary condition for all submodules of
all free modules for a ring R to be free is that all submodules of R itself are free. The next
theorem shows that this condition is also sufficient.

Theorem 4.2.4. (a) Suppose that all left ideals in the ring R are free as R-modules. Then
every submodule of a free module is free.

(b) Suppose R is a PID and V is a free R-module of rank r. Then every R-submodule of
V is free of rank less or equal to r.

Proof. (a) Let M be a free module with basis B and A a R-submodule in M . According to
the well ordering principal (A.10) we can choose a well ordering ≤ on B. For b ∈ B define

M∗b =
∑

e∈B,e<b
Re and Mb =

∑
e∈B|e≤b

Re

Note that Mb = B∗b ⊕Rb. Put Ab = Mb ∩A and A∗b = M∗b ∩A. Then

Ab/A
∗
b = Ab/Ab ∩M∗b ∼= Ab +M∗b /M

∗
b ≤Mb/M

∗
b
∼= Rb ∼= R

.

By assumption every submodule of R is free and so Ab/A
∗
b is free. Let Eb ⊂ Ab such

that (e + A∗b , e ∈ Eb) is a basis for Ab/A
∗
b . Let E =

⋃
b∈B Eb. We claim that E is a basis

for A.

Let m ∈ M . Then m =
∑

b∈b rbb with rb =∈ R and almost all mb = 0. So we can
choose bm ∈ B maximal with respect rbm 6= 0. Clearly for e ∈ Eb, be = b. In general, bm is
minimal in B with m ∈Mbm .

Now suppose that
∑

e∈E ree = 0 so that almost all, but not all re = 0. Let b be maximal
with b = be and re 6= 0 for some e ∈ E. The e ∈ Eb for all e with be = e and e ∈ A∗b for all
e with re 6= 0 and be 6= b. Thus

0 =
∑
e∈E

ree+A∗b =
∑
e∈Eb

ree+A∗b

But this contradicts the linear independence of the (e+A∗b , e ∈ Eb).
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Hence E is linear independent. Suppose that A � RE and pick a ∈ A \RE with b = ba
miniaml. Then a ∈ Ab. Hence

a+A∗b =
∑
e∈Eb

ree+A∗b

Put d =
∑

e∈Eb ree. Then d ∈ RE ≤ A, a − d ∈ A∗b . By minimality of b, a − d ∈ RE and
so a ∈ d+RE = RE.

So A ≤ RE, A = RE and E is a basis for A.
(b) Let I be a left ideal in R. Then I = Ri for some i ∈ R. Since R is an integral

domain, AnnR(i) = {0R} and so by 4.1.11(f), R ∼= R/AnnR(i) ∼= Ri. Then I is free of rank
at most 1. Hence |Eb| ≤ 1 for all b ∈ B so (b) holds.
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Among commutative rings R ( with identity) only PID’s have the property that every
left ideal in R is free. Indeed if a, b ∈ R#, then ba − ab = 0 and so a and b are linear
dependent. Hence every ideal is cyclic as a module and so a principal ideal. Suppose that
ab = 0 for some non-zero a, b ∈ R. Then bRa = 0 and so Ra is not free, a contradiction.
Thus R is also an integral domain and so a PID.

Corollary 4.2.5. Let R be a PID and M an R-module and W an R-submodule of M . If
M = RI for some I ⊆ M , then W = RJ for some J ⊆ W with |J | ≤ |I|. In particular, if
M is finitely generated as an R-module, so is M .

Proof. Let V be a free R-module with basis (vi)i∈I and let φ : V → M be R-linear with
φ(vi) = i for all i ∈ I. Then

Φ(V ) = Φ(〈vi | i ∈ I〉) = 〈Φ(vi) | i ∈ I〉R = 〈i | i ∈ I〉R = RI = M.

Let A = Φ−1(W ). By 4.2.4 A has a basis (ak)k∈K with |K| ≤ |I|. Put J = Φ(K). Since Φ
is onto, Φ(A) = M . Thus

M = Φ(A) = Φ(〈ak, k ∈ K〉R) = 〈Φ(ak), k ∈ K〉 = RΦ(K) = RJ

and |J | ≤ |K| ≤ |I|.

Definition 4.2.6. Let M be a unitary R-module and m ∈M .

(a) m is called a torsion element if rm = 0M for some r ∈ R].

(b) M is called a torsion module if all elements are torsion elements.

(c) M is called torsion free if 0M is the only torsion element.

(d) M is a bounded R-module if there exists r ∈ R] with rm = 0M for all m ∈M .

Note that m is not a torsion element if and only if (m) is linearly independent.

Example 4.2.7. Let R = Z. For n ∈ Z let Zn = Z/nZ.
Consider M = Z2 ⊕ Z3. Since 2(1, 0) = (2, 0) = (0, 0), (1, 0) is a torsion element. Also

3(0, 1) = (0, 3) = (0, 0) and so (0, 1) is a torsion element. In fact 6(a, b) = (2(3a), 3(2b)) =
(0, 0) for all (a, b) ∈M and so M is bounded.

Consider M = Z ⊕ Z. If r ∈ Z] and (a, b) ∈ M with r(a, b) = (0, 0), then ra = rb = 0
and so a = b = 0. Thus M is torsion free.

Consider M =
⊕

i∈Z+ Zi. Let m = (mi)i∈Z+ ∈M . By definition of the direct sum there
exists k ∈ Z+ with mi = 0 for all i > k. We claim that k!m = 0M . Indeed of i ≤ k, then
i | k! and so k!mi = 0 in Zi. And if i > k, then mi = 0 and again k!mi = 0. Thus M is a
torsion module. But M is not bounded, indeed suppose that r ∈ Z+ with rm = 0M for all
m ∈M . Let i ∈ Z+ and pick m ∈M with mi = 1. From rm = 0 we get 0 = rmi = r1 = r
in Zi and so i | r. Hence |r| ≥ i for all i ∈ Z+, a contradiction.

Lemma 4.2.8. Let M be a module for the integral domain R.
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(a) Let I be a finite set of torsion elements in M . Then RI is a bounded R-submodule of
M .

(b) Let T(M) be the set of torsion elements in M . Then T(M) is R-submodule of M .

(c) M/T(M) is torsion free.

Proof. (a) For i ∈ I pick ri ∈ R# with rii = 0M . Put r =
∏
i∈I ri. Since R is com-

mutative, r is well defined and since R has no zero-divisors, r 6= 0R. Let j ∈ I, then
rj = (

∏
j 6=i∈I ri)rjj = 0M . Since AnnM (r) is an R-submodule of M we conclude that

RI ≤ AnnM (r) and so RI is bounded.
(b) Since 1R0M = 0M , 0M is a torsion element. If x, y ∈ T(M) and r ∈ R, then by (a),

x+ y ∈ T(M),−x ∈ T (M) and rx ∈ T (M). Thus T(M).
(c) Let x ∈ M/T(M) be a torsion element. Pick m ∈ M with x = m + T(M) and

r ∈ R] with rx = 0M/T(M). Then rm ∈ T(M) and so s(rm) = 0M for some s ∈ R]. Hence
(sr)m = 0M and as R is an integral domain, sr 6= 0R. So m ∈ T (M), x = m + T(M) =
0M/T(M) and M/T(M) is torsion free.

Theorem 4.2.9. Let M be an R-module.

(a) Any linearly independent subset of M lies in a maximal linear independent subset.

(b) Let L be a maximal linear independent subset of M . Then RL is a free R-module with
basis L and M/RL is a torsion module.

Proof. Here a subset E of M is called linearly independent if (e)e∈E is linearly independent.
(a) Let E be a linearly independent subset of M . Let L be the set of linearly independent

subsets of M containing E. Since E ∈ L, L 6= ∅. Order L by inclusion. Let C be a non-
empty chain in L and put D =

⋃
C. We will show that D is linearly independent. For this

let rd ∈ R, d ∈ D, almost all zero with
∑

d∈D rdd = 0V . Since almost all rd’s are zero we can
choose pairwise distinct di, 1 ≤ i ≤ n ∈ D such that rd = 0R for all d ∈ D \ {d1, d2, . . . dn}.
Since di ∈ D =

⋃
C, there exists Ci ∈ C with di ∈ Ci. Since C is a chain we may assume that

C1 ⊆ C2 ⊆ . . . Cn and so di ∈ Cn for all 1 ≤ i ≤ n. Note that
∑

i=1 rdidi =
∑

d∈D rdd = 0V .
Since Cn is linearly independent we conclude that rdi = 0R for all 1 ≤ i ≤ n and so also
rd =)R for all d ∈ D. Thus D is linearly independent, D ∈ L and D is an upper bound for
C.

Thus the assumptions of Zorn’s Lemma A.6 are fulfilled and we conclude that L contains
a maximal element L. Then L is a maximal linearly independent subset of M containing
E.

(b) Let v ∈ V . We will show that v+RL is a torsion element in V/RL. If v ∈ RL, then
v + RL = 0V/RL and so v + TL is torsion element. So suppose v /∈ RL. Then v L and by
maximality of L, {v} ∪ L is linearly dependent. Hence there exist r ∈ R and rl ∈ R, l ∈ L
almost all but not all equal zero to 0R such that

rv +
∑
l∈L

rll = 0V
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If r = 0R, then since L is linearly independent, rl = 0R for all l ∈ L, a contradiction.
Thus r ∈ R] and rv = −

∑
l∈L rll ∈ RL. Hence r(v + RL) = 0V/RL and V/RL is a torsion

module.

We remark that if L is a maximal linear independent subset of M , then RL does not
have to be a maximal free submodule. Indeed the following example shows that M does not
even have to have a maximal free submodule. (Zorn’s lemma does not apply as the union
of a chain of free submodules might not be free)

Example 4.2.10. Let R = Z and M = Q with Z acting on Q by left multiplication. As
Q has no zero divisors, Q is torsion free. In particular, every non-zero element a is linearly
independent. We claim {a} is a maximal linearly independent subset. Indeed, let a, b ∈ Q].
Then a = n

m and b = p
q with n, p ∈ Z and m, q ∈ Z]. Then

(mp)a+ (−nq)b = mp
n

m
− nqp

q
= pn− np = 0

and {a, b} is linearly dependent.

We conclude that every non-zero free submodule of Q is of the form Za, a ∈ Q]. Since
Za � Za2 we see that Q has no maximal free Z-submodule. In particular, Q is not free
Z-module.

Q as a Z module has another interesting property: every finitely generated submodules
is cyclic (that is generated by one element). Indeed, if A is generated by ni

mi
, 1 ≤ i ≤ k, put

m = lcm1≤i≤kmi and Then mA ∼= A and mA ≤ Z. So mA and A are cyclic.

Corollary 4.2.11. Let D be a division ring and V a D-module.

(a) V is torsion free.

(b) Any torsion D-module is a zero module.

(c) Every linear independent subset of V is contained in a basis of V .

(d) V has a basis and so is a free D-module.

Proof. (a) Let d ∈ D] and v ∈ V with dv = 0V . Since D is a division ring ed = 1D for some
e ∈ D. Thus v = 1Dv = edv = e0V = 0V and so V is torsion free.

(b) This follows from (a).

(c) Let L be linearly dependent subset of V . By 4.2.9 L is contained in a maximal
linearly dependent subset B. Also by 4.2.9, V/RB is a torsion module. By (b) applied to
V/RB we conclude that V/RB is a zero-module and so V = RB. Hence B is a basis.

(d) By (c) applied to L = ∅, V has a basis and so by 4.2.2 V is free.

Lemma 4.2.12. Let R be a ring V an R-module and W be an R-submodule of V . If V/W
is a free R-module, then there exists a free R-submodule F of V with V = F ⊕W .
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Proof. Let (vi)i∈I be a tuple of elements in V such that (vi + W )i∈I is a basis for V/W .
Put F = 〈vi, i ∈ I〉R. Let v ∈ V . Since (vi +W )i∈I spans V/W :

v +W =
∑
i∈R

ri(vi +W )

for some ri ∈ R almost all zero. Hence v ∈
(∑

i∈I rivi
)

+W ⊆ F +W and so V = F +W .

Now let w ∈ F ∩W . Then w =
∑

i∈R rivi for some ri ∈ R almost all zero. Then∑
i∈I

ri(vi +W ) = w +W = W = 0V/W .

Since (vi + W )i∈I is linearly independent in V/W we conclude ri = 0R for all i ∈ I.
Thus w = 0V and F ∩W = {0V } and so V = F ⊕W .

Since V/W = (F +W )/W ∼= F/F ∩W ∼= F , F is a free R-module.

Lemma 4.2.13. Let M be a torsion free R-module for the integral domain R. Suppose that
one of the following holds:

1. M is finitely generated.

2. If N is a submodule of M such that M/N is a torsion module, then M/N is bounded.

Then there exists a free R-submodule W such that M is isomorphic to a submodule W .

Proof. Note that by 4.2.8 condition (1) implies condition (2). So we may assume that (2)
holds. By 4.2.9 there exists a free submodule W of V such that M/W is torsion. By (2)
there exists r ∈ R] with rx = 0M/W . Hence rM ≤W .

Consider the map

α : M →W,m→ rm.

Since R is commutative, α is a R-linear. As M is torsion free, α is 1-1. Thus M ∼= α(M) =
rM ≤W .

Lemma 4.2.14. Let D be a division ring, V a D-module and W a D-submodule. Then
there exists a D-submodule K of V with V = K ⊕W .

Proof. By 4.2.11(b), V/W is a free D-module and so the lemma follows from 4.2.12.

Lemma 4.2.15. Let f : A→ B be group homomorphism and C ⊆ A with f(C) = B. Then
A = ker f · C.

Proof. Let a ∈ A. Then f(a) = f(c) for some c ∈ C and so f(ac−1) = eB. Thus ac−1 ∈ ker f
and a = (ac−1)c ∈ ker f · C.
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4.3 Modules over PIDs

We continue to assume that R is a ring with identity. Moreover, with module we always
mean unitary module.

Definition 4.3.1. Let M be an R-module. Then M is called cyclic if M = 〈m〉R for some
m ∈M .

Lemma 4.3.2. Let R be a PID, M an R-module, m ∈M and p a prime in R. Suppose that
pkm = 0M for some k ∈ N and let l ∈ N be minimal with plm = 0M . Then AnnR(m) = plR
and Rm ∼= R/pkR as an R-module.

Proof. Put S = AnnR(m). Then S is an ideal in R and since R is a PID, S = Rs for
some s ∈ R. Since plm = 0M , pl ∈ S and s | pk. Thus s ∼ pt for some t ∈ N with t ≤ l.
Then S = Rpt and ptm = 0M . By minimality of l, l = t. Thus S = Rpl and by 4.1.11(d),
Rm ∼= R/Rpl.

Theorem 4.3.3. Let R be a PID and p ∈ R a prime. Suppose that M is an R-module
with pkM = {0M} for some k ∈ N. Then M is a direct sum of non-zero cyclic submodules
of M .

Proof. The proof is by induction on k. If k = 0, then, since M is unitary, M = {0M} and
the theorem holds.

So suppose k > 0. Since pk−1(pM) = pkM = {0M} we conclude by induction on k that
there exist non-zero cyclic submodules Ai, i ∈ I of pM with M =

⊕
i∈I Ai. Since Ai is

cyclic Ai = 〈ai〉R = Rai for some ai ∈ Ai. Thus

1◦. pM =
⊕

i∈I Rai

Since Ai is non-zero, ai 6= 0M . Since ai ∈ pM there exists bi ∈ B with ai = pbi. Put
B = 〈bi, i ∈ I〉R =

∑
i∈I Rbi. We claim that

2◦. B =
⊕

i∈I Rbi

For this let ri ∈ R, i ∈ I, almost all zero with

(∗)
∑
i∈I

ribi = 0M .

We need to show that ribi = 0M for all i ∈ I. From (*) we have∑
i∈I

riai =
∑
i∈I

ripbi = p
∑
i∈I

ribi = p0M = 0M .

Thus (1◦) implies that riai = 0M for all i ∈ I. Let Si = AnnR(ai). By 4.3.2 Si = Rpli

for some li ∈ N. Since ai 6= 0M , li 6= 0R. Since ri ∈ Si we get pli | ri. Thus p | ri and
ri = tip for some ti ∈ R. Then ribi = tipbi = tiai. Thus
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(∗∗) ribi = tiai.

Substitution into (*) gives: ∑
i∈I

tiai = 0M .

Thus by (1◦), tiai = 0M and by (**) ribi = 0M . Thus (2◦) holds.

3◦. M = AnnM (p) +B.

We have pB = p
∑

i∈I Rbi =
∑

i∈I Rpbi =
∑

i∈I Rai = pM . Define α : M → pM,m →
pm. Then α is R-linear and α(B) = pM . Thus by 4.2.15 M = kerα+B = AnnM (p) +B.

4◦. R/Rp is a field and AnnM (p) is module for R/Rp.

Since p is a prime, R/Rp is a field by 3.3.11. Since Rp ≤ AnnR(AnnM (p)), AnnM (p) is
an R/Rp module via (r +Rp)m = rm.

5◦. There exists an R-submodule D of AnnM (p) with AnnM (p) = D ⊕ AnnB(p) and
M = D ⊕B.

Since R/Rp is a field we conclude from 4.2.14 that AnnM (p) = D ⊕ AnnB(p) for some
R/Rp submodule D of AnnM (p). Then D is also an R-submodule of AnnM (p). We have
M = AnnM (p) + B = D + AnnB(p) + B = D + B and D ∩ B = D ∩ AnnM (p) ∩ B =
D ∩AnnB(p) = {0M}. So M = D ⊕M .

We now can complete the proof of the theorem. By 4.2.11(b), the R/Rp-module D has
a basis (dj)j∈J . Then D =

⊕
j∈J R/pR · bj =

⊕
j∈J Rdj . Together with (2◦) and (5◦) we

get

M = D ⊕B =
⊕
j∈J

Rdj ⊕
⊕
i∈I

Rbi

Theorem 4.3.4. Let M be a finitely generated module for the PID R. Then there exists a
free submodule F ≤M with M = F ⊕ T(M).

Proof. By 4.2.8, M/T(M) is torsion free, so by 4.2.13 M/T(M) is isomorphic to a submod-
ule of a free module. Hence by 4.2.4 M/T(M) is free. Thus by 4.2.12 M = F ⊕ T(M) for
a free R-submodule F of M .

Definition 4.3.5. Let R be a commutative ring, r ∈ R and A ⊆ R.

(a) We say that r is a common divisor of A and write r | A if r | a for all a ∈ A.
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(b) We say that r is a greatest common divisor and write r ∼ gcdA if r is common divisor
of A and s | r for all common divisor s of A.

We remark that in a general commutative ring a given set of elements might not have
a greatest common divisor.

Lemma 4.3.6. Let R be a commutative ring, r ∈ R and A ⊆ R.

(a) r | A if and only if (A) ⊆ (r).

(b) Suppose s ∈ R is a gcd of A, then r is a gcd of A if and only if r ∼ s.

(c) The following two statement are equivalent:

(a) r is a gcd of A.

(b) For all s ∈ R : s | A⇐⇒ s | r.

Proof. (a) By definition of dividing, r | a if and only if (a) ⊆ (r). Since (r) is an ideal,
(a) ⊆ (r) for all a ∈ A if and only if (A) ⊆ (r). Thus (a) holds.

(b) If s ∼ r, then (s) = (r). Since the definition of a gcd only depends (s) and not on
s, we conclude that r is a gcd of A.

Suppose r is a gcd of A. Then since s is a common divisor of A, s | r. By symmetry
r | s and so r ∼ s.

(c) Suppose r is a gcd. If s | A, then s | r by definition of a gcd. If s | r, then since r | A
also s | A.

Suppose for all s ∈ R we have s | A⇐⇒ s | r. Since r | r we get r | A. Also s | r for all
s with s | A and so r is a gcd of A.

Definition 4.3.7. Let R be commutative ring, b ∈ R, a ∈ R A ⊆ R. Define

ab := sup{n ∈ N
∣∣ bn | a} and Ab := sup{n ∈ N

∣∣ bn | A}
Note here that if bn | a for all n ∈ N, then ab =∞. For example if a = 0R then ap =∞

for all b ∈ R.

Lemma 4.3.8. Let R be a UFD and P a set of representatives for the primes in R, that
is P is a set of primes and each prime in R is associate to exactly one element in P.

(a) Let p be a prime and a ∈ R. If a = 0R, then ap = ∞. If a is a unit then ap = 0. If a
is proper and a = p1p2 . . . pn with each pi a prime in R, then

ap = |{i | 1 ≤ i ≤ n, pi ∼ p}|.

(b) Let a ∈ R]. Then a ∼
∏
p∈P p

ap.

(c) Let a, b ∈ R and p a prime. Then (ab)p = ap + bp.
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(d) Let a, b ∈ R. Then a | b if and only if ap ≤ bp for all p ∈ P.

(e) Let a ∈ R and B ⊆ R. Then a | B if and only if ap ≤ Bp for all p ∈ P.

(f) Let A ⊆ R. If A ⊆ {0R}, then 0R is a gcd of A. If A * {0R}, then
∏
p∈P p

Ap is a gcd
of A.

Proof. Let a, b ∈ R with a | b, let p be a prime in R and let k ∈ N.
Suppose a is proper and let a = p1 . . . pn there each pi is a prime. For each p ∈ P, let

a∗p = |{i | pi ∼ p}|. Then it is easy to see that a ∼
∏
p∈P p

a∗p . So pa
∗
p | a and a∗p ≤ ap. Since

a | b, b = ac for some c ∈ R. Thus∏
p∈P

pb
∗
p ∼ b = ac ∼

∏
p∈P

pa
∗
p

∏
p∈P

pc
∗
p =

∏
p∈P

pa
∗
p+c∗

So by the uniqueness of prime factorizations 3.3.12(b) we get b∗p = a∗p+c∗p. Thus a∗p ≤ b∗p.
Since pap | a, we conclude that ap ≤ a∗p and so ap = a∗p. Hence (a), (b), (c) and the forward
direction of (d) are proved.

Suppose ap ≤ bp for all p ∈ P. Put c =
∏
p∈P p

bp−ap . Then by (b), ac ∼ b and so a | b.
Thus (d) holds.

If follows immediately from the definition of Bp that Bp = min{bp | b ∈ B}. So we have

a | B ⇐⇒ a | b, ∀b ∈ B ⇐⇒ ap ≤ bp, ∀b ∈ B, p ∈ P ⇐⇒ ap ≤ Bp∀p ∈ P

So (e) holds.
Put r =

∏
p∈P p

Ap and let s ∈ R. Then by (a) rp = Ap. Hence

s | r ⇐⇒ sp ≤ rp ⇐⇒ sp ≤ Ap ⇐⇒ s | A.

Hence by 4.3.6(c), r is a gcd of A.

Lemma 4.3.9. Let R be a commutative ring, A ⊆ R and r ∈ R. Suppose that A is a
principal ideal in R. Then r is a gcd for A if and only of (A) = (r).

Proof. By assumption there exists t ∈ R with (A) = (t). Let s ∈ R. Then

s | A 4.3.6(a)⇐⇒ (A) ⊆ (s)⇐⇒ (t) ⊆ (s)⇐⇒ s | t.

So by 4.3.6(c), t is a gcd of A. Hence by 4.3.6(b), r is a gcd of A if and only if (r) = (t)
and so if and only if (r) = (A).

Theorem 4.3.10. Let R be a PID and M a torsion module for R. Let P a set of repre-
sentatives for the primes in R. For p ∈ P put Mp =

⋃
k∈Z+ AnnM (pk). Then

M =
⊕
p∈P

Mp.
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Proof. Let m ∈ M . Since M is a torsion modules there exists r ∈ R# with rm = 0M . By
3.3.18 PIDs are UFDs and so by 4.3.8(b) there exist pairwise distinct pi ∈ P and ki ∈ Z+,
1 ≤ k ≤ n, with r ∼ pk1

1 . . . pknn . So we may assume that

r = pk1
1 . . . pknn .

Put ai =
∏
j 6=i p

kj
j . Then r = pkii ai. Since pi - ai we conclude that gcdni=1 ai ∼ 1R and

so by 4.3.9 1R =
∑
siai for some si ∈ R. Put mi = siaim. Then

m = 1Rm =

(
n∑
i=1

siai

)
m =

n∑
i=1

siaim =

n∑
i=1

mi

and

pkii mi = pkii siaim = si(p
ki
i ai)m = si(rm) = 0M .

Thus mi ∈ AnnM (pkii ) ≤Mpi and m =
∑n

i=1mi ∈
∑

p∈PMp. Therefore

M =
∑
p∈P

Mp.

Let p ∈ P. Put

Mp′ :=
∑

p6=q∈P
Mq.

In remains to show that Mp′ ∩Mp = {0M}. For this let k ∈ Z+ and 0M 6= m ∈Mp′ . Then
there exist primes p1, p2, . . . pn and mi ∈ Mpi such that p 6= pi and m =

∑n
i=1mi. Then

plii mi = 0M for some li ∈ N. Put a =
∏n
i=1 p

li
i . Then am = 0M and p - a. Hence by 4.3.9

1R = ra + spk for some r, s ∈ R and m = ram + spkm = spkm. Thus pkm 6= 0M and so
m /∈Mp.

Lemma 4.3.11. Let R be a ring, and (Mi)i∈I a family of non-zero R-modules. If
⊕

i∈IMi

is finitely generated, then I is finite.

Proof. Let A be a finite subset of M :=
⊕

i∈IMi with M = 〈A〉R. By definition of “direct
sum” each m is a tuple (mi)i∈I with almost all mi zero. So for a ∈ A we can choose a
finite subset Ja of I with ak = 0 for all k ∈ I \ Ja. Put J =

⋃
a∈A Ja. Then J is finite. We

will show that J = I. For this let i ∈ I and put W = {m ∈ M | mi = 0}. Then W is a
R-submodule of M and since Mi 6= 0, W 6= M . Since M = 〈A〉R we get A * W and so
ai 6= 0 for some a ∈ A. Thus i ∈ Ja ⊆ J , I = J and I is finite.

Theorem 4.3.12. Let M be a finitely generated module for the PID R. Then M is direct
sum of finitely many cyclic R-modules. Moreover, each of the summand can be chosen be
isomorphic to R or R/pkR for some prime ideal p ∈ R and some k ∈ Z+. In other words,

M ∼= R⊕R⊕ . . .⊕R︸ ︷︷ ︸
k-times

⊕R/pk1
1 R ⊕ R/pk2

2 R ⊕ . . . ⊕ R/pknn R
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for some k, n ∈ N, k1, k2 . . . , kn ∈ Z+ and primes p1, p2, . . . , pn ∈ R.

Proof. By 4.3.4, M = F ⊕ T (M), where F is a free R-module. So F is a direct sum of
copies of R. Also by 4.3.10 T (M) =

⊕
p∈PMp, where P is set of representatives for the

associate classes of primes in R. Let p ∈ P. Since M is finitely generated and MP is a
homomorphic image of M , Mp is finite generated. Thus Mp = 〈I〉R for some finite subset I
of MP . For i ∈ I pick li ∈ N with plii = {0M} and put l = maxi∈I li. Then plMp = {0M}.
Thus by 4.3.3 Mp is the direct sum of non-zero cyclic submodules. By 4.3.2 each of these
cyclic submodules is isomorphic to R/pkR for some k ∈ Z+.

It follows that M is a direct sum modules of the form R or R/pkR, p ∈ P, k ∈ Z+.
Since M is finitely generated, 4.3.11 this direct sum is a finite direct sum.

Corollary 4.3.13. (a) Let A be a finitely generated abelian group. Then A is the direct
sum of cyclic groups.

(b) Let A be an elementary abelian p-group for some prime p. (That is A is abelian and
pA = 0). Then A is the direct sum of copies of Z/pZ.

Proof. Note that an abelian group is nothing else as a module over Z. So (a) follows from
4.3.12 and (b) follows from 4.3.3 and 4.3.2

(b) can also by proved by observing that A is also a module over the field Z/pZ and so
has a basis.

4.4 Exact Sequences

Definition 4.4.1. A (finite or infinite) sequence of R-linear maps

. . .
fi−2−→ Ai−2

fi−1−→ Ai−1
fi−→ Ai

fi+1−→ Ai+1
fi+2−→ . . .

is called exact if for all suitable j ∈ Z

Im fj = ker fj+1

We denote the zero R-module with 0. Then for all R-modules M there exists unique
R-linear maps, 0→M and M → 0.

The sequence

0→ A
f−→ B

is and only if f is one to one.

A
f−→ B → 0

is exact if and only if f is onto.

0→ A
f−→ B → 0

is exact if and only if f is an isomorphism.
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A sequence of the form

0→ A
f−→ B

g−→ C → 0

is called a short sequence. If it is exact we have that f is one to one, ker g = Im f and g
is onto. Since f is one to one we have Im f ∼= A and so ker g ∼= A. Since g is onto the
isomorphisms theorem says B/ ker g ∼= C. So the short exact sequence tells us that B has
a submodule which isomorphic to A and whose quotient is isomorphic to C.

Given two exact sequences

A :
fi−1−→ Ai−1

fi−→ Ai
fi+1−→ and B :

gi−1−→ Bi−1
gi−→ Bi

gi+1−→

A homomorphism of exact sequences ϕ : A → B is a tuple of R-linear maps (hi : Ai → Bi)
so that the diagram

fi−1−−−−→ Ai−1
fi−−−−→ Ai

fi+1−−−−→ Ai+1
fi+2−−−−→yhi−1

yhi yhi+1

gi−1−−−−→ Bi−1
gi−−−−→ Bi

fi+1−−−−→ Bi+1
gi+2−−−−→

commutes. idA : A → A is defined as (idAi). ϕ is called as isomorphism if there exists
ϑ : B → A with ϑϕ = idα and ϕϑ = idB. It is an easy exercise to show that ϕ is an
isomorphism and if and only if each hi is.

Theorem 4.4.2 (Short Five Lemma). Given a homomorphism of short exact sequences:

0 −−−−→ A
f−−−−→ B

g−−−−→ C −−−−→ 0yα yβ yγ
0 −−−−→ A′

f ′−−−−→ B′
g′−−−−→ C ′ −−−−→ 0

Then

(a) If α and γ are one to one, so is β.

(b) If α and γ are onto, so is β.

(c) If α and γ are isomorphisms, so is β.

Proof. (a) Let b ∈ B with β(b) = 0. Then also g′(β(b)) = 0 and as the diagram commutes
γ(g(b)) = 0. As γ is one to one g(b) = 0. As ker g = Im f , b = f(a) for some a ∈ A. Thus
β(f(a)) = 0 and so f ′(α(a)) = 0. As f ′ is one to one, α(a) = 0. As α is one to one, a = 0.
So b = f(a) = 0 and β is one to one.

(b) Let b′ ∈ B′. As γ and g are onto, so is γ◦g. So there exists b ∈ B with g′(b′) = γ(g(b)).
As the diagram commutes γ(g(b)) = g′(β(b)). Thus d := b′−β(b) ∈ ker g′. As ker g′ = Im f ′

and α is onto, ker g′ = Im(f ′ ◦ α). So d = f ′(α(a)) for some a ∈ A. As the diagram
commutes, d = β(f(a)). So
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b′ − β(b) = d = β(f(a))

Hence b′ = β(b+ f(a)) and β is onto.
(c) follows directly from (a) and (b).

Theorem 4.4.3. Given a short exact sequence 0 → A
f−→ B

g−→ C → 0. Then the
following three statements are equivalent:

(a) There exists a R-linear map γ : C → B with g ◦ γ = idC .

(b) There exists a R-linear map η : B → A with η ◦ f = idA.

(c) There exists τ : B → A⊕ C so that

0 −−−−→ A
f−−−−→ B

g−−−−→ C −−−−→ 0www yτ www
0 −−−−→ A

ρ1−−−−→ A
⊕
C

π2−−−−→ C −−−−→ 0

is an isomorphism of short exact sequences.

Proof. (a)⇒ (c) Consider

0 −−−−→ A
ρ1−−−−→ A

⊕
C

π2−−−−→ C −−−−→ 0www y(f,γ)

www
0 −−−−→ A

f−−−−→ B
g−−−−→ C −−−−→ 0

Here (f, γ) : A⊕C → B, (a, c)→ f(a) + γ(c). It is readily verified that this is a homomor-
phism. The Short Five Lemma 4.4.2 implies that is an isomorphism.

(b)⇒ (c) This time consider

0 −−−−→ A
f−−−−→ B

g−−−−→ C −−−−→ 0www y(η,g)

www
0 −−−−→ A

ρ1−−−−→ A
⊕
C

π2−−−−→ C −−−−→ 0

(c)⇒ (a)& (b) Define η = π1 ◦ τ and γ = τ−1ρ2. Then

η ◦ f = π1 ◦ (τ ◦ f) = π1 ◦ ρ1 = idA

and

g ◦ γ = (g ◦ τ−1) ◦ ρ2 = π1 ◦ ρ2 = idC
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An exact sequence which fulfills the three equivalent conditions in the previous theorem
is called split.

To make the last two theorems a little more transparent we will restate them in an
alternative way. First note that any short exact sequence can be viewed as pair of R
modules D ≤M . Indeed, given D ≤M we obtain a short exact sequence

0 −−−−→ D −−−−→ M −−−−→ M/D −−−−→ 0

Here D → M is the inclusion map and M → M/D is the canonical epimorphism. Con-
versely, every short exact sequence is isomorphic to one of this kind:

0 −−−−→ A
f−−−−→ B

g−−−−→ C −−−−→ 0yf www yḡ−1

0 −−−−→ Im f −−−−→ B −−−−→ B/ Im f −−−−→ 0

Secondly define a homomorphism Φ : (A ≤ B) → (A′ ≤ B′) to be a homomorphism
Φ : B → B′ with Φ(A) ≤ A′

Such a Φ corresponds to the following homomorphism of short exact sequences:

0 −−−−→ A −−−−→ B −−−−→ B/A −−−−→ 0yΦA

yΦ

yΦB/A

0 −−−−→ A′ −−−−→ B′ −−−−→ B′/A′ −−−−→ 0

Here ΦA : A → A′ : a → Φ(a) and ΦB/A : B/A → B′/A′ : b + A → Φ(b) + A′. Since
Φ(A) ≤ A′ both of these maps are well defined.

Lets translate the Five Lemma into this language:

Lemma 4.4.4. Let Φ : (A ≤ B)→ (A′ ≤ B′) be a homomorphism.

(a) If ΦA and ΦB/A are one to one, so is Φ.

(b) If ΦA and ΦB/A are onto so is Φ.

(c) If ΦA and ΦB/A are isomorphism, so is Φ.

Proof. This follows from the five lemma, but we provide a second proof.

(a) As ker ΦB/A = 0, ker Φ ≤ A. So ker Φ = ker ΦA = 0.

(b) As ΦB/A is onto, B′ = Φ(B) +A′. As Φ(A) = A′ we conclude B′ = Φ(B).

(c) Follows from (a) and (b).

The three conditions on split exact sequences translate into:

Lemma 4.4.5. Given a pair of R-modules A ≤ B. The following three conditions are
equivalent.
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(a) There exists a homomorphism γ : B/A→ B with b̄ = γ(b̄) +A for all b̄ ∈ B.

(b) There exists a homomorphism η : B → A with η(a) = a for all a ∈ A.

(c) There exists a R-submodule K of B with B = A
⊕
K.

Proof. Again this follows from 4.4.3 but we give a second proof:
(a)⇒ (c): Put K = γ(B/A). Then clearly K + A = B. Also if γ(b + A) ∈ A we get

b+A = A = 0B/A. Thus γ(b+A) = 0 and K ∩A = 0.
(b)⇒ (c) Put K = ker η. The clearly K ∩ A = 0. Also if b ∈ B. Then η(b) ∈ A and

η(b− η(b)) = η(b)− η(b) = 0. Thus b = η(b) + (b− η(b)) ∈ A+B. Thus B = A+K.
(c) ⇒ (a): Define γ(k +A) = k for all k ∈ K.
(c) ⇒ (b): Define η(a+ k) = a for all a ∈ A, k ∈ K

Finally if A is a R-submodule of B we say that B splits over A if the equivalent conditions
in the previous lemma hold.

4.5 Projective and injective modules

In this section all rings are assumed to have an identity and all R-modules are assumed to
by unitary.

We write φ : A� B if φ : A→ B is onto. And φ : A� B if φ is one to one.

Definition 4.5.1. Let P be a module over the ring R. We say that P is projective provided
that

P A

B

@
@
@@R

�
�

��		
β α =⇒

P -γ
A

B

@
@
@@R

�
�
��		

β α

where both diagrams are commutative.

Lemma 4.5.2. Any free module is projective.

Proof. Given α : A � B and β : FR(I) → B. Let i ∈ I. Since α is onto, β(i) = α(ai) for
some ai ∈ A. By the definition of a free module there exists γ : FR(I)→ A with γ(i) = ai.
Then

α(γ(i) = α(ai) = β(i).

So by the uniqueness assertion in the definition of a free module α ◦ γ = β.

Let A and B be R-modules. We say that A is a direct summand of B if A ≤ B and
B = A⊕ C for some C ≤ B.

Note that if A is a direct summand of B and B is direct summand of C then A is a direct
summand of C. Also if Ai is a direct summand of Bi, then

⊕
i∈I Ai is a direct summand of⊕

i∈I Bi.
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Lemma 4.5.3. Any direct summand of a projective module is projective.

Proof.

Let P be projective and P = P1
⊕
P2 for some sub-

modules Pi of P . We need to show that P1 is projec-
tive. Given α : A � B and β : P1 → B. Since P is
projective there exists γ̃ : P → A with

α ◦ γ̃ = β ◦ π1

Put γ = γ̃ρ1. Then

α ◦ γ = α ◦ γ̃ ◦ ρ1 = β ◦ π1 ◦ ρ1 = β

P

�
�
��	�
�
��� @

@
@@R

P1
-

γ̃π1 ρ1

A

B

γ
@
@
@@R

�
�
��		

β α

Theorem 4.5.4. Let P be a module over the ring R. Then the following are equivalent:

(a) P is projective.

(b) Every shot exact sequence 0→ A
f−→ B

g−→ P → 0 splits.

(c) P is (isomorphic to) a direct summand of a free module.

Proof. (a)⇒ (b): Since P is projective we have

P -γ
B

P

@
@
@@R

�
�

��		
idP g

So the exact sequence is split by 4.4.3a.
(b) ⇒ (c): Note that P is the quotient of some free module F . But then by (b) and

4.4.3c, P is isomorphic to a direct summand of F .
(c)⇒ (a): Follows from 4.5.2 and 4.5.3.

Corollary 4.5.5. Direct sums of projective modules are projective.

Proof. Follows from 4.5.4c.

Next we will dualize the concept of projective modules.

Definition 4.5.6. A module J for the ring R is called injective if

J A

B
@

@
@@I

�
�
���

β α =⇒

J �
γ

A

B
@
@

@@I

�
�
���

β α

where both diagrams are commutative.
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Above we showed that free modules are projective and so every module is the quotient
of a projective module. To dualize this our first goal is to find a class of injective R-modules
so that every R-modules is embedded into a member of the class. We do this into step
steps: First we find injective modules for R = Z. Then we use those to define injective
modules for an arbitrary ring (with identity).

To get started we prove the following lemma, which makes it easier to verify that a given
module is injective.

Lemma 4.5.7. Let J be a module over the ring R. Then J is injective if and only if for
all left ideals I in R:

J R

I
@

@@I

�
���β =⇒

J� γ R

I
@
@@I

�
���β

where both diagrams are commutative.

Proof. Given α : B� A and β : B → J , we need to find γ : B → J with β = γα. Without
loss, B ≤ A and α is the inclusion map. β = γα now just means γ |B= β.

That is we are trying to extend β to A. We will use Zorn’s lemma find a maximal
extension of β. Indeed let

M = {δ : D → J | B ≤ D ≤ A, δ |B= β}

Order M by δ1 ≤ δ2 if
D1 ⊆ D2 and δ2 |D1= δ1

We claim that every chain {δi : Di → J | i ∈ I} inM has an upper bound. Let D =
⋃
i∈I Di

and defone δ : D → J by δ(d) = δi(d) if d ∈ Di for some i ∈ I. It is easy to verify that δ is
well defined, δ ∈M and δ is an upper bound for deltai : Di → J | i ∈ I.

Hence by Zorn’s lemma, M has a maximal element δ : D → J .
The reader might have noticed that we did not use our assumptions on J yet. Maximal

extensions always exists.
Suppose that D 6= B and pick b ∈ B \D.
Consider the R-linear map:

µ : D ⊕R→ A, (d, r)→ d+ rb

Let I be the projection of kerµ onto D. Then as kerµ is a submodule of D ⊕ R, I is a
submodule of R, that is a left ideal. Moreover, kerµ = {(−ib, i) | i ∈ I and I consists of
all r ∈ R with rb ∈ D. Consider the map ξ : I → J, i → δ(ib)). By assumption ξ can be
extended to a map

ξ : R→ J with ξ(i) = δ(ib).

Define Ξ : D ⊕ R → J, (d, r)→ δ(d) + ξ(r). Then Ξ is R-linear. Also Ξ(−ib, i) = −δ(ib) +
ξ(i) = −δ(ib) + δ(ib) = 0. Hence kerµ ≤ ker Ξ and we obtain a R-linear map

Ξ̄ : (D
⊕

R)/ kerµ→ J.
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So by the Isomorphism Theorem we conclude that

D +Rb→ J, d+ rb→ δ(d) + ξ(r)

is a well defined R-linear map. Clearly its contained inM, a contradiction to the maximal
choice of δ.

Thus D = B and J is injective. The other direction of the lemma is obvious.

Lemma 4.5.8. Let R be a ring and M an R-module. Then

∆ : HomR(R,M)→M, φ→ φ(1)

is a Z-isomorphism.

Proof. Clearly ∆ is Z-linear. To show that ∆ is an bijective we will find an inverse. Let
m ∈M . Define

Γ(m) : R→M, r → rm

. The claim that Γ(m) is R-linear. Indeed its Z-linear and

Γ(m)(sr) = (sr)m = s(rm)

for all s, t ∈ R. So Γ(m) ∈ HomR(R,M). Also

∆(Γ(m)) = Γ(m)(1) = 1m = m

and for φ ∈ HomR(R,M),

(Γ(∆(φ))(r) = r∆(φ) = rφ(1) = φ(r1) = φ(r)

So Γ(∆(φ)) = φ and Γ is the inverse of ∆.

Let R be an integral domain. We say that the R-module M is divisible if rM = M for
all r ∈ R#. Note that every quotient of a divisible module is divisible. Also direct sums
and direct summand of divisible modules are divisible

If R is divisible as an R-modules if and only if R is a field. The field of fraction, FR is
divisible as an R-module.

Lemma 4.5.9. Let R be an integral domain and M an R-module.

(a) If M is injective, then M is divisible.

(b) If R is a PID, M is injective if and only of M is divisible.

Proof. (a) Let 0 6= t ∈ R and m ∈M Consider the map

Rt→M, rt→ rm
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As I is an integral domain this is well defined and R-linear. As M is injective this homomor-
phism can be extended to a homomorphism γ : R → M . Then tγ(1) = γ(t1) = γ(t) = m.
Thus m ∈ tR and R = tR so M is divisible.

(b) Suppose that M is divisible. Let I be a ideal in R and β : I → M a R-linear map.
As R is a PID, I = Rr for some t ∈ R. As M is divisible, β(t) = tm for some m ∈ M .
Define

γ : R→M, r → rm

Then γ is R-linear and γ(rt) = rtm = β(rt). We showed that the condition of 4.5.7 are
fulfilled. So M is injective.

Proposition 4.5.10. Let R be a integral domain.

(a) Every R module can be embedded into an divisible R-module.

(b) If R is a PID, then every R-module can be embedded into a injective module.

Proof. (a) Let M a R module. Then

M ∼= A/B

where A =
⊕

i∈I Rfor some set I and B is a submodule of A. Let D =
⊕

i∈I FR. Then
D is divisible and B ≤ A ≤ D. Also D/B is divisible and A/B is a submodule of D/B
isomorphic to M .

(b) follows from (a) and 4.5.9.

An abelian group A is called divisible if it is divisible as Z-module.
Let R be a ring and A,B and T be R-modules. Let φ : A → B be R-linear. Then the

maps
φ∗ : HomR(B, T )→ HomR(A, T ), f → f ◦ φ

and
φ̌ : HomR(A, T )→ HomR(B, T ), f → φ ◦ f

are Z linear. Suppose that ψ : B → C is R-linear. Then

ˇ(ψ ◦ φ) = φ̌ ◦ ψ̌ and (φ ◦ ψ)∗ = ψ∗ ◦ φ∗.

Lemma 4.5.11. Let R be a ring, M a R-module, D a right R-module and A an abelian
group.

(a) HomZ(D,A) is an R-module via rφ(d) = φ(dr).

(b) The map

Ξ = Ξ(M,A) : HomR(M,HomZ(R,A))→ HomZ(M,A), Ξ(Φ)(m) = Φ(m)(1)

is an Z-isomorphism.
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(c) Ξ(M,A) depends naturally on M and A. That is

(a) Let β : A→ B be Z-linear. Then the following diagram is commutative:

HomR(M,HomZ(R,A))
Ξ(M,A)−−−−−→ HomZ(M,A)y ˇ̌β

yβ̌
HomR(M,HomZ(R,B))

Ξ(M,B)−−−−−→ HomZ(M,B)

That is Ξ(β̌ ◦ Φ) = β ◦ Ξ(Φ) for all Φ ∈ HomR(M,HomZ(R,A)).

(b) Let η : M → N be R-linear. Then the following diagram is commutative:

HomR(M,HomZ(R,A))
Ξ(M,A)−−−−−→ HomZ(M,A)xη∗ xη∗

HomR(N,HomZ(R,A))
Ξ(N,A)−−−−→ HomZ(N,A)

That is Ξ(Ψ) ◦ η = Ξ(Ψ ◦ η) for all Ψ ∈ HomR(N,HomZ(R,A)).

(d) If A is divisible, HomZ(R,A) is an injective R-module.

Proof. (a) Let r, s ∈ R, φ, ψ ∈ HomZ(D,A) and d, e ∈ D.

(rφ)(d+ e) = φ((d+ e)r) = φ(dr + er) = φ(dr) + φ(er) = (rφ)(d) + (rφ)(e)

Thus rφ ∈ HomZ(D,A).

(r(φ+ ψ))(d) = (φ+ ψ)(dr) = φ(dr) + ψ(dr) = (rφ+ rψ)(d)

((r + s)φ)(d) = φ(d(r + s)) = φ(dr) + φ(ds) = (rφ+ sφ)(d)

((rs)φ)(d) = φ(d(rs)) = φ((dr)s) = (sφ)(dr) = (r(sφ))(d)

So HomZ(D,A) is indeed a R-module.

(b) Clearly Ξ is Z-linear. Suppose that Ξ(Φ) = 0. Then Φ(m)(1) = 0 for all m ∈ M .
Let r ∈ R. Then

0 = Φ(rm)(1) = (rΦ(m))(1) = (Φ(m))(1r)) = Φ(m)(r)

Thus Φ(m)(r) = 0 for all r. So Φ(m) = 0 for all m and so Φ = 0. So Ξ is on to one.

To show that Ξ is onto, let α ∈ HomZ(M,A).

Define Φ ∈ HomR(M,HomZ(R,A)) by

Φ(m)(r) = α(rm)
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Clearly Φ(m) is indeed in HomZ(R,A). We need to verify that Φ is R-linear. Let s ∈ R.
Then (Phi(sm))(r) = α(rsm) and (sΦ(m))(r) = Φ(m)(rs) = α(rsm). So Φ(sm) = sΦ(m)
and Φ is R-linear.

Also

(Ξ(Φ)(m) = (Φ(m))(1) = α(1m) = α(m)

and so Ξ(Φ) = α and Ξ is onto.

(ca)

(β̌ ◦ Ξ)(Φ)(m) = β(Ξ(Φ)(m)) = β(Φ(m)(1))

and

(Ξ ◦ ˇ̌β)(Φ)(m) = ˇ̌β(Φ))(m)(1) = (β̌(Φ(m))(1) = β(Φ(m)(1)).

(cb) Let Ψ ∈ HomR(N,HomZ(R,A)). Then

(η∗ ◦ Ξ)(Ψ)(m) = η∗(Ξ(Ψ))(m) = Ξ(Ψ)(η(m) = Ψ(η(m))(1)

and

(Ξ ◦ η∗)(Ψ)(m) = Ξ(η∗(Ψ))(m) = (η∗(Ψ(m))(1) = Ψ(η(m))(1).

(d) Let I be a left ideal in R and β : I → HomZ(R,A). By 4.5.7 we need to show that
β extends to γ : R→ HomZ(R,A). Let Ξ = Ξ(I, A) be given by (b). Put β̃ = Ξ(β). Then

β̃ : I → A

is Z-linear. Since A is divisible, it is injective as an Z-module. So β̃ extends a Z-linear map
γ̃ : .R→ A. That is β̃ = γ̃ ◦ ρ, where ρ : I →M is the inclusion map.. By (b) there exists
an R-linear γ : M → HomZ(R,A) with Ξ(γ) = γ̃. By (cb)

Ξ(γ ◦ ρ) = Ξ(γ) ◦ ρ = γ̃ ◦ ρ = β̃ = Ξ(β)

As Ξ is one to one, we conclude β = γ ◦ ρ and so γ is the wanted extension of β.

Theorem 4.5.12. Let R be a ring. Every R-module can be embedded into an injective
R-module.

Proof. Let M be a R-module. By 4.5.10 M is a subgroup of some divisible abelian group A.
Let ρ : M → A be the inclusion map. Then ρ̌ : HomR(R,M)→ HomZ(R,A), φ→ ρ ◦φ is a
R-momomorphism. By 4.5.8 M ∼= HomR(R,M) and so M is isomorphic to an R-submodule
of HomZ(R,A). By 4.5.11 HomZ(R,A) is injective.

Lemma 4.5.13. (a) Direct summands of injective modules are injective.

(b) Direct products of injective modules are injective.
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Proof. (a) Let J = J1 ⊕ J2 with J injective. Given α : B � A and β : B → J1. As J is
injective there exists γ̃ : A→ J with

γ̃ ◦ α = ρ1 ◦ β.

Put γ = π1 ◦ γ̃ Then
γ◦̃α = π1 ◦ γ̃ ◦ α = π1 ◦ ρ1 ◦ α = α.

(b) Suppose that Ji, i ∈ I is a family of injective modules. Given α : B → A and
β : B →

∏
i∈I Ji. Since Ji is injective there exists γi : A→ Ji with

γi ◦ α = πi ◦ β

Put γ = (γi)i∈I .
Then

πi ◦ γ ◦ α = γi ◦ α = πi ◦ β

and so γ ◦ α = β. Hence
∏
i∈I Ji is injective.

Theorem 4.5.14. Let M be an R-module. Then the following are equivalent:

(a) M is injective.

(b) If A is a R-module with M ≤ A, then A splits over M .

Proof. (a)⇒ (b) Since M is injective we obtain

M�
γ

A

M

@
@
@@I

�
�
���

idM idM→A

Hence by 4.4.5, A splits over M .
(b)⇒ (a) By 4.5.12, M is a submodule of an injective module. So by assumption, M is

a direct summand of this injective module. Thus by 4.5.13 M is injective.

4.6 The Functor Hom

If A ≤ B, idA→B denotes the inclusion map A→ B, a→ a.

Lemma 4.6.1. Let R be a ring. Given a sequence A
f−→ B

g−→ C of R-modules. Then the
following two statements are equivalent:

(a)

A
f−→ B

g−→ C

is exact and A splits over ker f .
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(b) For all R-modules D,

HomR(D,A)
f̌−→ HomR(D,B)

ǧ−→ HomR(D,C)

is exact.

Proof. We first compute ker ǧ and Im f̌ . Let β =∈ HomR(D,B). Then g ◦ β = 0 if and
only if Imβ ≤ ker g. Thus

ker ǧ = HomR(D, ker g).

Also

Im f̌ = f ◦HomR(D,A) := {f ◦ α | α ∈ HomR(D,A)} ≤ HomR(D, Im f).

Suppose first that (a) holds. Then ker g = Im f and A = ker f⊕K for some R-submodule
K of A. It follows that f |K : K → Im f is an isomorphisms. Let φ ∈ HomR(D, Im f). Let

α = idK→A ◦ (f |K)−1 ◦ φ

Then α ∈ HomR(D,A) and f ◦ α = φ. So

Imf̌ = HomR(D, Im f) = HomR(D, ker g) = ker ǧ.

Suppose next that (b) holds. Let D = ker g. Then

idker g→B ∈ ker ǧ = Im ǧ ≤ HomR(D, Im f)

thus ker g ≤ Im f . Next choose D = A. Then

f = f ◦ idA ∈ ker ǧ = HomR(D, ker g)

Hence Im f ≤ ker g and so 0→ A→ B → C → 0 is exact.
Finally choose D = Im f . Then idIm f→B ∈ ker ǧ and so

idIm f→B = f ◦ γ

for some γ ∈ Hom(Im f,A). So by 4.4.5, A splits over A.

Here is the dual version of the previous lemma:

Lemma 4.6.2. Let R be a ring. Given a sequence A
f−→ B

g−→ C equivalent.

(a)

A
f−→ B

g−→ C

is exact and C splits over Im g.



150 CHAPTER 4. MODULES

(b) For all R-modules D,

HomR(A,D)
f∗←− HomR(B,D)

g∗←− HomR(C,D)

is exact.

Proof. Dual to the proof of4.6.1. We leave the details to the reader.

The following three theorem are immediate consequences of the previous two:

Theorem 4.6.3. Let R be ring. Then the following are equivalent

(a)

0→ A
f−→ B

g−→ C

is exact.

(b) For every R module D,

0→ Hom(D,A)
f̌−→ Hom(D,B)

ǧ−→ Hom(D,C)

is exact.

Proof.

Theorem 4.6.4. Let R be ring. Then the following are equivalent

(a)

A
f−→ B

g−→ C → 0

is exact.

(b) For every R module D,

HomR(A,D)
f∗←− HomR(B,A)

g∗←− HomR(C,A)← 0

is exact.

Proof.

Theorem 4.6.5. Let R be a ring. Given a sequence of R-modules 0→ A
f−→ B

g−→ C →
. Then the following three statements are equivalent:

(a)

0 −→ A
f−→ B

g−→ C −→ 0

is split exact.



4.6. THE FUNCTOR HOM 151

(b) For all R-modules D,

0 −→ HomR(D,A)
f̌−→ HomR(D,B)

ǧ−→ HomR(D,C) −→ o

is exact.

(c) For all R-modules D,

0←− HomR(A,D)
f∗←− HomR(B,D)

g∗←− HomR(C,D)←− 0

is exact.

Proof.

Theorem 4.6.6. Let A and Bi, i ∈ I be R-modules. Then

(a) HomR(
⊕

i∈I Bi, A) ∼=
∏
i∈I HomR(Bi, A)

(b) HomR(A,
∏
i∈I Bi)

∼=
∏
i∈I HomR(A,Bi)

(c) HomR(A,
⊕

i∈I Bi)
∼=
⊕

i∈I HomR(A,Bi)

Proof. Pretty obvious, the details are left to the reader.

Let R and S be rings. An (R,S)-bimodule is abelian group M so that M is a left
R-module, a right S module such that

(rm)s = r(ms)

for all r ∈ R, s ∈ S and m ∈M .
For example R is a (R,R) modules if we view R as a left R- and right R-module by

multiplication from the left and right, respectively.

Lemma 4.6.7. Let R and S be rings. Let φ : A → A′ be R-linear and let B a (R,S)-
bimodule. Then

(a) HomR(A,B) is a right S-module by

(fs)(a) = f(a)s.

(b)
φ∗ : HomR(A′, B)→ HomR(A,B), f → f ◦ φ

is S-linear.

(c) HomR(B,A) is a left S-module with action of S given by

(sf)(b) = f(bs)
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(d)
φ̌ : HomR(B,A)→ HomR(B,A′), f → φf

is S linear.

Proof. Straightforward.

Let R be a ring and M a R-module. The dual of M is the module

M∗ := HomR(M,R)

As R is an (R,R)-bimodule, M∗ is a right R-module. The elements of M∗ are called linear
functionals on M .

From 4.6.6 we have
(
⊕
i∈I

Mi)
∗ ∼=

∏
i∈I

M∗i

By 4.5.8 R∗ =∼= R, (but the reader should be aware that here R is a right R-module
that is the action is given by right multiplication.)

We conclude
F (I)∗ ∼= RI

and so if I is finite then F (I)∗ is isomorphism to the free right-module on I.
An R-module M is called cyclic of M = Rm for some m ∈M .

Lemma 4.6.8. Let R be a ring and M = Rm a cyclic R modules. Let I = AnnR(m) and
J = {r ∈ R | Ir = 0}.

(a) J is an right ideal in R.

(b)
τ : M∗ → J, f → f(m)

is an isomorphism of right R-modules.

Proof. (a) Let j ∈ J , r ∈ R and i ∈ I. Then i(jr) = (ij)r = 0r = 0 and so jr ∈ J . Thus
(a) holds.

(b) Let a ∈ AnnR(m). Then af(m) = f(am) = f(0) = 0 and so f(m) ∈ J . So τ is well
defined. It is clearly Z-linear and

(fr)(m) = f(m)r

So τ(fr) = τ(f)r and τ is right R-linear.
Let j ∈ J . Then Ij = 0 and so the map

ξ(j) : M → R, rm→ rj

is well defined and R-linear.

τ(ξ(j) = ξ(j)(m) = ξ(j)(1m) = 1j = j
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and
(ξ(τ(f)))(rm) = rτ(f) = rf(m) = f(rm)

and so ξ(τ(f)) = f and τ is a bijection.

If R is commutative, left and right modules are the same. So we might have that
M ∼= M∗ as R-modules. In this case M is called self-dual. For example free modules of
finite rang over a commutative ring are self-dual. Let R be a ring, the double dual of a

module M is M∗∗ := (M∗)∗. Define

ϑ : M →M∗∗, ϑ(m)(f) = f(m).

It is readily verified that ϑ is R-linear. If M = FR(I) is free of finite rang we see that ϑ
is an isomorphism. If M = FR(I) is free of infinite rang, then ϑ is a monomorphism but
usually not an isomorphism.

In general ϑ does not need to be one to one. For example if R = Z, n ∈ Z+ and
M = X/nZ, then it is easy to see that M∗ = 0. Indeed let φ ∈ M∗ and m ∈ M . Then
nm = 0 and so nφ(m) = φ(nm) = 0. Thus φ(m) = 0 Since M∗ = 0, also M∗∗ = 0.

Let us investigate kerϑ in general. Let m ∈ M then ϑ(m) = 0 if and only if φ(m) = 0
for all φ ∈M∗.

4.7 Tensor products

Let R be a commutative ring and A,B,C R-modules. A function f : A×B → C is called
R-bilinear if for each a in A and b in B the maps

f(a, ∗) : B → C, y → f(a, y) and f(∗, b) : A→ C, x→ f(x, b)

are R-linear.
For example the ring multiplication is R-linear. Also if M is any R-module. Then

M∗ ×M → R, (f,m)→ f(m)
Let R be any ring, A a right and B a left R-module. Let C be any abelian group. A

map f : A×B → C is called R-balanced, if is Z bilinear and

f(ar, b) = f(a, rb)

for all a ∈ A, b ∈ B, r ∈ R. M∗ ×M → R, (f,m) → f(m) is an example of a R-balanced
map.

Definition 4.7.1. Let A be a right and B a left module for the ring R. A tensor product
for (A,B) is an R-balanced map:

⊗ : (A×B)→ A⊗R B, (a, b)→ a⊗ b

such that for all R-balanced maps f : A×B → C there exists a unique Z-linear

f̄ : A⊗B → C with f(a, b) = f̄(a⊗ b).
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Theorem 4.7.2. Let R be a ring, A be a right and B a left R-module. Then there exits a
tensor product for (A,B).

Proof. Let A⊗R B the abelian group with generators {x(a, b) | a ∈ A, b ∈ B and relations

x(a, b) + x(a′, b) = x(a+ a′, b), a, a′ ∈ A, b ∈ B,

x(a, b) + x(a, b′) = x(a, b+ b′), a ∈ A, b, b′ ∈ B
and

x(ar, b) = x(a, rb), a ∈ A, b ∈ B, r ∈ R
Write a⊗ b for x(a, b) and define

⊗A×B → A⊗B, (a, b)→ a⊗ b

. We leave it as any easy exercise to verify that this is indeed an tensor product.

Let R be a ring. Then ⊗ : R ×R R → R, (r, s) → rs is a tensor product. Indeed given
any R-balanced map, f : R×R→ C. Define

f̄ : R : R→ C, r → f(r, 1)

As f is Z-bilinear, f̄ is Z-linear. Also

f̄(r ⊗ s) = f̄(rs) = f(rs, 1) = f(r, s)

So indeed ⊗ is a tensor product. With the same argument we have:

Lemma 4.7.3. Let R be a ring, A a right and B a left R-module. Then

A⊗R R ∼= A and R⊗R B ∼= B

Proof.

With a little bit more work we will prove

Lemma 4.7.4. Let R be a ring, J a right ideal in R and I a left ideal in R . Then

⊗ : R/J ×R R/I → R/J + I, (r + J, s+ I)→ (rs+ (I + J)

is a tensor product for (R/J,R/I).

Proof. Note here that I + J is neither a left nor a right ideal in R. It is just an additive
subgroup, R/I + J is an abelian group but in general not a ring. First we need to check
that ⊗ is well defined:

(r + j)(s+ i) + (I + J) = rs+ (js+ ri+ ji) + (I + J) = rs+ (I + J)

Note here that as J is a right ideal js+ ji ∈ J and as I is a left ideal ri ∈ I.

Clearly ⊗ is R-balanced. Suppose now that f : R/J ×R/I → C is R-balanced.
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Define
f̄ : R/(I + J)→ C, r + (I + J)→ f(r + J, 1 + I)

Again we first need to verify that this is well-defined.

f(r + i+ j + J, 1 + I) = f((r + J) + (i+ J), 1 + I) = f(r + I, 1 + I) + f((1 + J)i, 1 + I) =

= f(r + I, 1 + I) + f(1 + J, i(1 + I)) = f(r + I, 1 + I) + f(1 + I, 0R/I) = f(r + J, 1 + I)

So f̄ is well defined and clearly Z linear.

f̄(r + J ⊗ s+ I) = f̄(rs+ I + J) = f(rs+ J, 1 + I) = f((r + J)s, 1 + I) = f(r + j, s+ I)

and ⊗ is indeed a tensor product.

If R is PID we conclude

R/Rm⊗R R/Rn ∼= R/ gcd(n,m)R

In particular, if n and m are relative prime R/Rm⊗R/Rn = 0
Let M be a finite dimensional vector space over the division ring D. Let x ∈M,φ ∈M∗,

R = EndD(M), I = AnnR(x) and J = AnnR(y). Then M ∼= R/I and M∗ = R/J . Thus
M∗⊗RM ∼= R/(I+J). We leave it as an exercise to verify that R/I+J ∼= D. We conclude
that

M∗ ×M → D.(f,m)→ f(m)

is a tensor product of (M∗,M).

Lemma 4.7.5. Let R,S, T be rings, α : A→ A′ (R,S)- linear and β : B → B′ (S, T )-linear.

(a) A⊗S B is an (R, T ) bimodule in such a way that

r(a⊗)b = (ra⊗ bt)

for all r ∈ R, a ∈ A, b ∈ B, s ∈ S.

(b) There exists a unique Z-linear map

α⊗ β : A⊗S → B → A′ ⊗B′ with a⊗ b→ α(a)⊗ β(b)

for all a ∈ A, b ∈ B. Moreover, α⊗ β is (R, T )-linear.

Proof. (a) Let r ∈ R, and t ∈ Y . We claim that

φ(r, t) : A×B → A⊗S B, (a, b)→ ra⊗ bt

is S-balanced. Indeed its clearly Z-bilinear and

r(as)⊗ bt = (ra)s⊗ bt = ra⊗ s(bt) = ra⊗ (sb)t
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So its S-balanced. Hence we obtain a map a Z-linear

Φ(r, t) : A⊗S B → A⊗S B, with a⊗ b→ ra⊗ bs.

Let r, r′ ∈ R and t ∈ T . It is easy to verify that

Φ(r + r′, t)(a⊗ b) = (Φ(r, t) + Φ(r′, t)(a⊗ b)

and
Φ(rr′, 1)(a⊗ b) = (Φ(r, 1) ◦ φ(r′, 1))(a⊗ b)

Thus by the uniqueness assertion in the definition of the tensor product,

Φ(r + r′, t) = Φ(r, t) + Φ(r′, t) and Φ(rr′, 1) = Φ(r, 1) ◦ Φ(r′, 1).

Thus A⊗ B is a left R-module by rv = Φ(r, 1)(v). SimilarlyA⊗ B is a right T -module by
vt = Φ(1, t)v. Also r((a⊗ b)t = ra⊗ bs = (r(a⊗ b))t So (rv)t = r(vt) for all ∈ R, t ∈ T, v ∈
A⊗R B. Thus (a) holds.

(b) The map
A×B → A′ ⊗S B′, (a, b)→ α(a)⊗ β(b)

is S-balanced. So α ⊗ β exists. That its (R, T )-linear is easily verified using arguments as
in (a).

Proposition 4.7.6. Let D be a right R-module and

A
f−→ B

g−→ C → 0

an exact sequence of R. Then

D ⊗R A
idD⊗f−→ D ⊗R B

idD⊗g−→ D ⊗ C → 0

is exact sequence of Z-modules.

Proof. As D × C is generated by the d⊗ c and g is onto, id)D ⊗ g is onto. Also

((idD ⊗ g) ◦ (idD ⊗ f)(d⊗ a) = d⊗ (g(f(a)) = 0

So
Im(idD ⊗ f) ≤ ker g(idD ⊗ g)

.
Let E = Im f and

H = Im idD ⊗ idE→B = 〈d⊗ e, d ∈ D, e ∈ E〉 ≤ D ⊗R B

Note that H = Im(idD ⊗ f). We will show that H = F := ker(idD ⊗ g). Without loss
C = B/H and g is the canonical epimorphism. We claim that the map

D ×B/E → (D ⊗B)/H, (d, b+ E)→ d⊗ b+H
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is well defined and R-balanced.
Indeed d⊗ (b+ e) +H = (d⊗ b) + (d⊗ e) +H = d⊗ b+H So it well defined. Its clearly

R-balanced.
Hence we obtain an onto Z-linear map:

D ⊗R B/E → (D ⊗B)/H, with d⊗ (b+ E)→ (d⊗ b) +H.

idD ⊗ g induces an isomorphism

(D ⊗B)/F → D ⊗R B/E, with (d⊗ b) + F → d⊗ (b+ E)

The composition of these two maps give on onto map

τ : (D ⊗B)/F → (D ⊗B)/H with (d⊗ b) + F → (d⊗ b) + E.

As D ⊗ B is generated by the d ⊗ b we get τ(v + F ) = v + E for all v ∈ D ⊗ B. Since
τ(0) = 0 we conclude that f ∈ E for all f ∈ F . Thus F ≤ E and E = F .

Lemma 4.7.7. (a) Let (Ai, i ∈ I) be a family of right R modules and (Bj , j ∈ J) a family
of left R-modules. Then⊕

i ∈ I ⊗R
⊕

j ∈ J ∼=
∑
i∈I

∑
j∈J

Ai ⊗Bj

(b) Let R be a ring and I, J sets. Then

F (I)⊗ F (J) ∼= F (I × J)

as a Z-modules.

(c) Let R and S be rings with R ≤ S. Let I be a set and view S as an (S,R)-bimodule.
Then

S ⊗R FR(I) ∼= FS(I)

as S-module.

Proof. (a) is readily verified using the universal properties of direct sums and tensor prod-
ucts.

(b) Since R⊗R R ∼= R, (b) follows from (a).
(c) As S ⊗R R ∼= S, (c) follows from (a).

Lemma 4.7.8. Let A be a right R module, B a (R,S)-bimodule and C a left S-module.
Then there exists Z-linear isomorphism

(A⊗R B)⊗ SC → A⊗R (B ⊗ SC) with (a⊗ b)⊗ c→ a⊗ (b⊗ c)

for all a ∈ A, b ∈ B, c ∈ C.



158 CHAPTER 4. MODULES

Proof. Straightforward form the universal properties of tensor products.

In future we will just write A⊗R B⊗S C for any of the two isomorphic tensor products
in the previous lemma. A similar lemma holds for more than three factors. A ⊗R B ⊗S C
can also be characterized through (R,S)-balanced maps from A×B × C → T , where T is
an abelian group. We leave the details to the interested reader.

Proposition 4.7.9. Let A be a right R module, B a (R,S)-bimodule and C a right S-
module. Then the map:

Ξ : HomS(A⊗R B,C)→→ HomR(A,HomS(B,C),Ξ(f)(a)(b) = f(a⊗ b)

is a Z-isomorphism.

Proof. Note that Ξ(f)(a) : B → C, b → f(a, b) is indeed S-linear. Also Ξ(f) : A →
HomS(B,C) is R-linear and Ξ is Z-linear. It remains to show that Ξ is a bijection. We do
this by defining an inverse. Let α : A→ HomS(B,C) be R-linear. We claim that the map

A×B → C; (a, b)→ α(a)(b)

is R balanced. Indeed it is Z-bilinear and

α(ar)(b) = (α(a)r)(b) = α(a)(rb).

So there exist
Θ(α) : A⊗B → C with Θ(α)(a× b) = α(a)(b)

for all a ∈ A, b ∈ B. It is readily verified that Θ(α) is S-linear. So

Θ : HomR(A,HomS(B,C)→ HomS(A⊗R B,C)

We claim that Θ and Ξ are inverses:

Ξ(Θ(α))(a)(b) = Θ(α)(a⊗ b) = α(a)(b)

So Ξ(Θ(α)) = α.
Θ(Ξ(f))(a⊗ b) = Ξ(f)(a)(b) = f(a⊗ b)

and so Θ(Ξ(f)) = f .

Here is a special case of the previous proposition. Suppose R is a commutative ring and
A and B, R-modules. Applying 4.7.9 with C = R. We get that

(A⊗B)∗ ∼= HomR(A,B∗)

Suppose that R is commutative and A,B are R-modules we obtain a Z-linear map:

σ : A∗ ⊗B∗ → (A⊗B)∗ with γ(α⊗ β))(a⊗ b) = α(a)β(b).
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Indeed this follows from α⊗ β : A⊗B → R⊗R ∼= R.

If A and B are free of finite rang it is easy to see that this is an isomorphism. If A
and B are free, σ is still one to one, but not necessarily onto. Suppose that Ak = R/Ik,
k ∈ {1, 2}, is a cyclic R-module. Put Jk = AnnR(Ik). Then by 4.6.8, A∗k

∼= Jk. Also
A1 ⊗ A2

∼= R/(I1 + I2). Now AnnR(I1 + I2) = AnnR(I1) ∩ AnnR(I2) = J1 ∩ J2. Thus
(A1 ⊗R A2)∗ ∼= J1 ∩ J2. σ from above ( with A = A1, B = A2) now reads:

σ : J1 ⊗R J2 → J1 ∩ J2 (j1, j2)→ j1j2

We will know give an example where σ = 0 but J1 ⊗ J2 6= 0. Let S be a ring and M an
(S, S)-bimodule. Define MoS to be the ring with additive group M⊕S and multiplication

(m1, s1) · (m2, s2) = (m1s2 + s1m2, s1s2)

It is easy to verify that M × S is a ring. As an example we verify that the multiplication
is associative

((m1, s1)·(m2, s2))·(m3, s3) = (m1s2+s1m2, s1s2)·(m3, s3) = (m1s2s3+s1m2s3+s2s2m3, s1s2s3)

A similar calculation shows that the right side is also equal to (m1, s1) · ((m2, s2) · (m3, s3)).
Identify (m, 0) with m and (0, s) with s. Then

M o S = M + S, s1 · s2 = s1s2, s ·m = sm,m · s = ms and m1 ·m2 = 0

for all s, s1, s2 ∈ S and m,m1,m2 ∈ m. Also M is an ideal in M o S and (M o S)/M ∼= S.
Indeed the map M o S → S, (m, s)→ s is an onto ring homomorphism with kernel M .

Suppose now that S is commutative and M a faithful S module. Put R = M oS. Then
R is commutative. As M2 = 0 and AnnS(M) = 0, AnnR(M) = M . Also M ∩M = M =
M +M . We conclude (R/M)∗ ∼= M , R/M ⊗R/M ∼= R/M , (R/M ⊗R/M)∗ ∼= M and

σ : M ⊗RM →M, (m1,m2)→ m1m2 = 0

Suppose that M = FS(I) is a free S-module. Then as an R-module,

M ∼=
⊕
i∈I

R/M

Thus

M ⊗RM ∼=
⊕
i∈I

⊕
j∈I

R/M

and so M ⊗RM 6= 0 ( unless I 6= ∅).
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4.8 Composition series

Definition 4.8.1. Let R be a ring, M an R-module and C a set of R-submodules in R. We
say that C is a R-series on M provided that

(a) C is a chain, that is for any A,B ∈ C, A ≤ B or B ≤ A.

(b) 0 ∈ C and M ∈ C.

(c) C is closed under unions and intersections, that is if D ⊆ C, then

⋃
D ∈ C and

⋂
D ∈ C.

For example any finite chain

0 = M0 < M1 < M2 < M3 < . . . < Mn−1 < Mn = M

of R-submodules of M is an R-series.
If R = M = Z and p is a prime then

0 < . . . < pk+1Z < pkZ < pk−1Z < . . . < pZ < Z

is a Z-series. More generally, if n1, n2, n3, . . . is any sequence of integers larger than 1, then

0 < n1 . . . nk+1Z < n1 . . . nkZ < . . . < n1n2Z < n1Z < Z

is a Z series on Z.

Definition 4.8.2. Let R be a ring, M an R-module and C an R-series on M .

(a) A jump in C is a pair (A,B) with A,B ∈ C, A � B and so so that

D ≤ A or B ≤ D for all D ∈ C.

Jump(C) is the set of all jumps of C.

(b) If (A,B) is a jump of C then B/A is called a factor of C.

(c) C is a R-composition series on M provided that all the factors of C are simple R-modules.

Let C be R-series on M . For B ∈ C define

B− =
⋃
{A ∈ C | A � B}.

Note that B− ∈ C and B− ≤ B.
Suppose that B− 6= B. Let D ∈ C. Then B ≤ D or D � B. In the latter case, D ≤ B−

and so (B−, B) is a jump of C.
Conversely, if (A,B) is a jump it is easy to see that A = B−. Thus
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Jump(C) = {(B−, B) | B ∈ C, B− 6= B}.

Consider the series

0 < n1 . . . nk+1Z < n1 . . . nkZ < . . . < n1n2Z < n1Z < Z.

As n1 . . . nk+1)Z/n1 . . . nkZ ∼= Z/nkZ as R-modules, this series is a composition series if
and only if each nk is a prime. If we chose nk = p for a fixed prime p we get a composition
series all of whose factors are isomorphic. On the other hand we could choose the nk to
be pairwise distinct primes and obtain a composition series so that now two factors are
isomorphic.

Proposition 4.8.3. Let R be a ring and M a R-module. Let M be the set of chains of
R-submodules in M . Order M by inclusion and let C ∈ M. Then C is a composition series
if and only if C is a maximal element in M.

Proof. =⇒ Suppose that C is a composition series but is not maximal in M. Then C ( D
for some D ∈ M. Hence there exists D ∈ D \ C. We will show that there exists a jump of
C so that the corresponding factor is not simple, contradicting the assumption that C is a
composition series. Define

D+ =
⋂
{E ∈ C | D ≤ E} and D− =

⋃
{E ∈ C | E ≤ D}.

As C is closed under unions and intersections both D+ and D− are members of C. In
particular, D− 6= D 6= D+. From the definition of D+, D ≤ D+, also D− ≤ D and so

D− � D � D+.

Thus D/D+ is a proper R-submodule of D+/D− and it remains to verify that (D−, D+)
is a jump. For this let E ∈ C. As D is totally ordered, E ≤ D or D ≤ E. In the first case
E ≤ D− and in the second D+ ≤ E.

⇐= Let C be a maximal element of M. We will first show that

(*) Let E be an R-submodule of G such that for all C ∈ C, E ≤ C or C ≤ E. Then
E ∈ C.

Indeed, under these assumptions, {E}∪C is a chain of submodules and so the maximality
of C implies E ∈ C.

From (*) we conclude 0 ∈ C and M ∈ C. Let D ⊆ C and put E =
⋃
D. We claim

that E fulfills the assumptions of (*). For this let C ∈ C. If C ≤ D for some D ∈ D then
C ≤ D ≤ E. So suppose that C � D for each D ∈ D. As C is totally ordered, D ≤ C for
each D ∈ D. Thus E ≤ D. So we can apply (*) and E ∈ C. Thus C is closed under unions.

Similarly, C is closed under intersections. Thus C is a series and it remains to show
that all its factors are simple. So suppose that (A,B) is a jump of C so that B/A is not
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simple. Then there exists a proper R-submodule Ē of B/A. Note that Ē = E/A for some
R-submodule E of M with

A � E � B.

As (A,B) is a jump, E 6∈ C. Let C ∈ C. Then C ≤ A or B ≤ C. So C ≤ E or E ≤ C.
Thus by (*), E ∈ C, a contradiction

Corollary 4.8.4. Every R-modules has a composition series.

Proof. LetM be as in 4.8.3. We leave it as an routine application of Zorn’s Lemma A.6 to
show thatM has a maximal element. By 4.8.3 any such maximal element is a composition
series.

In the next lemma we will find series for direct sums and direct products of modules.
For this we first need to introduce the concept of cuts for a totally ordered set (I,≤).

We say that J ⊆ I is a cut of I if for all j ∈ J and all i ∈ I with i ≤ j we have i ∈ J . Let
Cut(I) be the set of all cuts of I. Note that ∅ ∈ Cut(I) and I ∈ Cut(I). Order Cut(I) by
inclusion. We claim that Cut(I) is totally ordered. Indeed, let J,K ∈ Cut(I) with K 6⊆ J .
Then there exists k ∈ K \J . Let j ∈ J . Since k 6∈ J and J is a cut, k 6≤ j. Since I is totally
ordered, j < k and since K is a cut, j ∈ K. So J ⊆ K and Cut(I) is totally ordered.

Let i ∈ I and put i+ = {j ∈ I | j ≤ i}. Note that i+ is a cut of I. The map I → Cut(I),
i→ i+ is an embedding of totally ordered sets. Put i− = {j ∈ I | j < i}. Then also i− is a
cut.

We leave it as an exercise to verify that unions and intersection of arbitrary sets of cuts
are cuts.

As an example consider the case I = Q ordered in the usual way. Let r ∈ R and define
r− = {q ∈ Q | q < r}. Clearly r− is a cut. We claim that every cut of Q is exactly one of
the following cuts:

∅; Q; q+ (q ∈ Q); r− (r ∈ R)

Indeed, let be J be a non-empty cut of Q. If J has no upper bound in Q, then J = Q.
So suppose that J has an upper bound. By a property of the real numbers, every bounded
non-empty subset of R has a least upper bound. Hence J has a least upper bound a. Then
J ⊆ r+.

If r ∈ J , then r ∈ Q and r+ ⊆ J ⊆ r+. So J = r+.

If r 6∈ J we have J ⊆ r−. We claim that equality holds. Indeed let q ∈ r−. As r is a
least upper bound for J , q is not an upper bound for J and so q < j for some j ∈ J . Thus
q ∈ J and J = r−.

Lemma 4.8.5. Let (I,≤) be a totally ordered set and R a ring. For i ∈ I let Mi be a non
zero R-module. Let M ∈ {

⊕
i ∈ IMi,

∏
i∈IMi. For J a cut of I define

M+
J = {m ∈M | mi = 0∀i ∈ I \ J}
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and if J 6= ∅,
M−J = {m ∈M | ∃j ∈ J with mi = 0∀i ≥ j}.

Put M−∅ = 0.

(a) For all k ∈ I, M−
k+ = M+

k− and M+
k+/M

+
k−
∼= Mk.

(b) Let M =
⊕

i∈IMi. Then

(a) C := {M+
J | J ∈ J ∈ Cut(I)} is an R-series on M .

(b) Jump(C) = {(M+
k− ,M

+
k+) | k ∈ I}.

(c) C an R-composition series if and only if each Mk, k ∈ I is a simple R-module.

(c) Let M =
∏
i∈IMi Then

(a) C := {M+
J ,M

−
J | J ∈ J ∈ Cut(I)} is an R-series on M .

(b) Jump(C) := {(M−J ,M
+
J ) | ∅ 6= J ∈ Cut(I)}.

(c) C is an R-composition series if and only if each non-empty subset ofI has a maximal
element and each Mk, k ∈ I is a simple R-module.

Proof. (a) The first statement follows directly from the definitions. For the second note
that the map Mk+ →Mk,m→ mk is onto with kernel Mk− .

(b) & (c) Note that M−J ≤M
+
J .

Let Cut∗(I) be the set of cuts without a maximal element. So

Cut(I) = {k+ | k ∈ K} ∪ Cut∗(I).

Let J ∈ Cut∗(I). We claim that M−J = M+
J if M =

⊕
i∈IMi and M−J 6= M+

J if M =∏
i∈IMi.

So suppose first that M =
⊕

i∈IMi and let 0 6= m ∈M+
J and pick k ∈ J maximal with

mk 6= 0 ( this is possible as only finitely many mi’s are not 0). Since J has no maximal
element there exists j ∈ J with k < j. Then mi = 0 for all i ≥ j and so m ∈M−J .

Suppose next that M =
∏
i∈IMi. For j ∈ J pick 0 6= mj ∈Mj . For i ∈ I \J let mi = 0.

Then (mi) ∈M+
J but (mi) 6∈M−J .

From the claim we conclude that in both cases

C := {M+
J ,M

−
J | J ∈ Cut(I)}

We will show now that C is a chain. For this let J and K be distinct cuts. Since Cut(I)
is totally ordered we may assume J ⊂ K. Then

M−J ≤M
+
J ≤M

−
K ≤M

+
K .

and so C is totally ordered.
Also 0 = M+

∅ and M = M+
I .
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Let D be a subset of C. We need to show that both
⋂
D and

⋃
D are in D. Let D ∈ D.

Then D = M εD
JD

for some JD ∈ Cut(I) and εD ∈ {±}.
Put J =

⋂
D∈D JD. Suppose first that M−J ∈ D.

Then M−J ⊆ D for all D ∈ D and ⋂
D = M−J .

So suppose that M−J 6∈ D. Then M+
J ≤ D for all D ∈ D and so M+

J ⊆
⋂
D. We claim

that ⋂
D = M+

J .

Indeed, let m ∈
⋂
D and i ∈ I \ J . Then i 6∈ JD for some D ∈ D. As

m ∈ D = M εD
JD
≤M+

JD

we get mi = 0. Thus m ∈M+
J , proving the claim.

So C is closed under arbitrary unions.
Let K =

⋃
{JD | D ∈ D}.

Suppose that M+
K ∈ D. Then M ⊆M+

K for all D ∈ D and⋃
D = M+

K .

So suppose that M+
K 6∈ D. Then

⋃
D ⊆M−K . We claim that⋃

D = M−K .

If K = ∅ each JD is the empty set. So we may assume K 6= ∅. Let m ∈ M−K . Then by
definition there exists k ∈ K with mi = 0 for all i ≥ k. Pick D ∈ D with i ∈ JD. Then

m ∈M−JD ≤M
εD
JD

= D ≤
⋃
D.

So the claim is true and C is closed under unions.
Hence C is an R-series on M .
Next we investigate the jumps of C. As seen above every cut is of the form (B−, B) for

some B = M ε
J ∈ C with B 6= B−.

Suppose first that J = k+ for k ∈ I. As M−
k+ = M+

k− we may and do assume ε = +.
Thus M−

k+ = M+
k− = (M+

k+)− and M+
k− ,M

+
k+) is a jump with factor isomorphic to Mk.

Suppose next that J ∈ Cut∗(I). Then M−J =
⋃
j∈JMj+ ≤ (M−J )−. We conclude that

(M+
J )− = (M−J )=M

−
J . If M =

⊕
i∈IMi then as seen above M−J = M+

J . So we only get a
jump if ε = + and M = M =

∏
i∈IMi.

The factor M+
J /M

−
J can be describes as follows. Identify M+

J with
∏
j∈JMj . Define

x, y ∈
∏
j∈JMj to be equivalent if and only if there exists j ∈ J with xi = yi for all i ∈ J

with j ≤ i. It is easy to check that this is an equivalence relation, indeed x and y are
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equivalent if and only if y − x ∈ M−J . In particular, M+
J /M

−
J is the set of equivalence

classes. We claim that M+
J /M

−
J is never a simple module. For this let J = J1 ∪ J2 with

J1 ∩ J2 = ∅ so that for each j1 ∈ J1 there exists j2 ∈ J2 with j1 < j2, and vice versa. (
We leave the existence of J1 and J2 as an exercise). Then M+

J /M
−
J is the direct sum of the

images of
∏
j∈JiMj in M+

J /M
−
J .

Finally we claim that every non-empty subset of I has a maximal element if and only if
every non-empty cut of I has a maximal element. One direction is obvious. For the other
let J be a non-empty subset of I and define J∗ = {i ∈ I | i ≤ j for some j ∈ J}. Clearly
J∗ is a cut and J ⊆ J∗. Suppose J∗ has a maximal element k. Then k ≤ j for some j ∈ J .
As j ∈ J∗ we conclude j ≤ k and so j = k and k is the maximal element of J .

It is now easy to see that (bc) and(cc) hold and all parts of the lemma are proved.

Corollary 4.8.6. Let R be a ring and I a set. Let M be one of FR(I) and RI . Then there
exists an R-series C of on M so that all factors of C are isomorphic to R and |Jump(C)| =
|I|. Moreover, if R is a division ring C is a composition series.

Proof. By the well-ordering principalA.10 there exists a well ordering ≤∗ be a well ordering
on I. Define a partial order ≤ on I by i ≤ j if and only if j ≤∗ i. Then every non-empty
subset of I has a maximal element and all non empty cuts of I are of the form k+, k ∈ K.
The result now follows from 4.8.5

As an example let R = Q. If I = Q we see that the countable vector space FQ(Q) as
an uncountable composition series. But note that the number of jumps is countable. If
I = Z− we conclude that uncountable vector space QZ− as a countable composition series.
So the number of jumps in a composition series can be smaller than the dimensions of the
vector space. But the next proposition shows that the number of jumps never exceeds the
dimension.

Proposition 4.8.7. Let D be a division ring and V a vector space over D. Let C be a D
series on V , and B a D-basis for V . Then

|JumpC| ≤ B.

In particular, any two basis for V have the same cardinality.

Proof. Choose some well ordering on B. Let 0 6= v ∈ V . Then v =
∑

b∈B db(v)b with
db(v) ∈ D, where almost all db(v), b ∈ B are zero. So we can choose h(v) ∈ B maximal with
respect to dh(v)(v) 6= 0.

Define a map
φ : Jump(C)→ B

(A,B)→ min{h(v) | v ∈ A \B}

We claim that φ is one to one. Indeed suppose that (A,B) and (E,F ) are distinct jumps
with b = φ((A,B)) = φ((E,F )). As C is totally ordered and (A,B) and (E,F ) are jumps
we may assume A ≤ B ≤ E ≤ F . Let v ∈ B \A with h(v) = b and db(v) = 1. Let w ∈ F \E
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with h(w) = b and db(w) = 1. Since v ∈ A ∈ E, w− v ∈ F \E. Also db(w− v) = 1− 1 = 0
and so h(w − v) < b a contradiction to b = φ(E,F ).

So φ is one to one and |Jump(C)| ≤ |B|.
The second statement follows from the first and 4.8.6.

Lemma 4.8.8. Let C be a series for R on M .

(a) Let 0 6= m ∈M . Then there exists a unique jump (A,B) of C with m ∈ B and m 6∈ A.

(b) Let D,E ∈ C with D < E. Then there exists a jump (A,B) in C with

D ≤ A < B ≤ E

Proof. (a) Let B =
⋂
{C ∈ C | m ∈ C} and A =

⋃
{C ∈ C | m 6∈ C}.

(b) Let m ∈ E \D and let (A,B) be as in (a).

The following lemma shows how a series can be reconstructed from its jumps.

Lemma 4.8.9. Let R be a ring, M an R-module and C an R-series on M . Let Ĉ = {C ∈
C | C 6= C−. Then the map

α : Cut(Ĉ)→ C, K →
⋃
K

is a bijection.

Proof. Note first that as C is closed under unions α(K) is indeed in C. We will show that
the inverse of α is

β : C → Cut(Ĉ), D → {A ∈ Ĉ | A ≤ D}.

It is easy to verify that β(D) is a cut.

Clearly, K ⊆ β(α(K)). Let E ∈ Ĉ with E 6∈ K. Then as K is a cut, A < E for all
A ∈ K. But then A ≤ E− and so α(K) ≤ E− < E. Thus E 6≤ α(K) and E 6∈ β(α(K)).
Hence β(α(K)) = K.

Clearly α(β(D) ≤ D. Suppose that α(β(D)) < D. Then by 4.8.8b there exists a jump
(A,B) of C with α(β(D)) ≤ A < B ≤ D. But then B ∈ β(D) and so B ≤ α(β(D)), a
contradiction.

Lemma 4.8.10. Let C be a series for R on M and W an R-submodule in M . Then

(a)

C ∩W := {D ∩W | D ∈ C}

is an R-series on M .



4.8. COMPOSITION SERIES 167

(b) Let
JumpW (C) = {(A,B) ∈ Jump(C) | A ∩W 6= B ∩W}.

Then the map

JumpW (C)→ Jump(C) ∩W, (A,B)→ (A ∩W,B ∩W )

is a bijection. Moreover,

B ∩W/A ∩W ∼= (B ∩W )+A/A ≤ B/A

(c) If C is a R-composition series on M then C∩W is a R-composition series on W . More-
over, there exists an embedding φ : Jump(C ∩W )→ Jump(C), so that so corresponding
factors are R-isomorphic. The image of φ consists of all the jumps (A,B) of C with
B = A+ (B ∩W ).

Proof. (a) Clearly C ∩W is a chain of R-submodules in W . Also 0 = 0 ∩W ∈ C ∩W ,
W = M ∩W ∈ C ∩W and its is easy to verify that M∩W is closed under unions and
intersections.

(b) Let (A,B) ∈ JumpW (C). We will first verify that (A∩W,B∩W ) is a jump of C∩W .
Let D ∈ C ∩W . Then D = E ∩W for some E ∈ C. As (A,B) is a jump, E ≤ A or B ≤ E.
Thus D = E ∩W ≤ A∩W or B ∩W ≤ E ∩W = D. To show that the map is bijective we
will construct its inverse. For D ∈ C ∩W define

D− =
⋃
{C ∈ C | C ∩W ≤ D} and D+ =

⋂
{C ∈ C | D ≤ C ∩W}.

Then it easy to verify that D+ ∩W = D = D− ∩W . Let (D,E) be a jump in C ∩W .
Let C ∈ C. Since (D,E) is a jump in C ∩W , C ∩W ≤ D or E ≤ C ∩W . In the first case
C ≤ D+ and in the second E− ≤ C. So (D+, E−) is a jump of C. It is readily verified that
maps (D,E)→ (D+, E−) is inverse to the map (A,B)→ (A ∩W,B ∩W ).

The last statement in (b) follows from

B ∩W/A ∩W = (B ∩W )/(B ∩W ) ∩A ∼= (B ∩W )+A)/A.

(c) Note that A∩W 6= B∩W if and only if (B∩W )+A/A 6= 0. Since C is a composition
series, B/A is simple. Thus (B ∩W )+A/A 6= 0 if and only if B = (B ∩W ) + A. Thus by
(b) all factors of C ∩W are simple and C ∩W is a R-composition series on W .

Theorem 4.8.11 (Jordan-Hölder). Let R be a ring and M a module. Suppose R has a
finite composition series C on M and that D is any composition series for R on M . Then
D is finite and there exists a bijection between the set of factors of C and the set of factors
of D sending a factor of C to an R-isomorphic factor of D.

Proof. Let W be the maximal element of D −M . Then D −M and ( by 4.8.10 C ∩W are
composition series for W . By induction on |D|, D∩W is finite and has the same factors as
D −M .
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For E ∈ C ∩W define E+ and E− as in 4.8.10. Let calE = {E+, E− | E ∈ D ∩W .
Then E is a finite series on M . Since W+ = M 6≤ W we can choose L ∈ E minimal
with respect to L 6≤ W . Then L = Eε for some E ∈ C ∩W and ε ∈ {±}. Suppose first
that L = E−. Since 0− = 0 ≤ W , E 6= 0 and so there exists F ∈ C ∩ W such that
(F,E) is a jump in C ∩W . But then (F+, E−) ∈ JumpW (C), F+ ≤ W and by 4.8.10c,
E− = F++(E−∩W ) ≤W a contradiction. So E+ = L 6= E−. By 4.8.8b there exists a jump
(A,B) of C with E− ≤ A < B ≤ E+. Then E = E−∩W ≤ A∩W ≤ B∩W ≤ E+∩W = E
and so E = A ∩W = B ∩W . So by definition (see 4.8.8b), (A,B) 6∈ JumpW (C). Also
B 6≤ W and so as M/W is simple, M = B + W . If A 6≤ W , then also M = A + W and
B = B ∩M = B ∩ (A + W ) = A + (B ∩W ) ≤ A a contradiction. Hence A ≤ W and
A = B ∩W . Thus

B/A = B/B ∩W ∼= B +W/W = M/W

We claim that Jump(C) = JumpW (C) ∪ {(A,B)}. So let (X,Y ) be a jump of C not
contained in JumpW (C). By 4.8.10c, Y 6≤ X + (Y ∩W ) and so also Y 6≤ X + W . Thus
Y 6≤ W and X ≤ W . As A ≤ W , Y 6≤ A. As (A,B) is a jump B ≤ Y . As B 6≤ W , B 6≤ X
and so X ≤ A. Thus X ≤ A < B ≤ Y and as (X,Y ) is a jump, (A,B) = (X,Y ).

By 4.8.10c, the factors of JumpW (C) are isomorphic to the factors of C ∩W and so with
the factors of D −M . As B/A ∼= M/W it only remains to show that D is finite. But thus
follows from 4.8.9.

4.9 Matrices

Let R be a ring and I, J sets. Define

MR(I, J) = {(mij)i∈I,j∈J | mij ∈ R}

M = (mij)i∈I,j∈J is called an I×J-matrix over R. For j ∈ J , put M j = (mij)i∈I , M
j ∈ RI

is called the j’th column of M . For i ∈ I put Mi = (mij)j∈J , Mi is called the i’th row of
M . Note that as abelian groups, MR(I, J) ∼= RI×J . Define

Mc
R(I, J) = {M ∈MR(I, J) | ∀j ∈ J, {i ∈ I,mij 6= 0} is finite}

Let M ∈MR(I, J). Then M ∈Mc
R(I, J) if and only if each column of M lies in

⊕
J R.

If I, J,K are sets we define a multiplication

Mc(I, J)×Mc(J,K)→Mc(I,K)

by

(aij)(bjk) = (
∑
j∈J

aijbjk)i∈I,k∈K

Fix k ∈ K. Then there exists only finitely j ∈ J with bjk 6= 0, so the above sum is
well defined. Also for each of these j’s there are only finitely many i ∈ I for which aij
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is not 0. Hence there exists only finitely many i’s for which
∑

j∈J aijbjk is not 0. So
(aij)(bjk) ∈Mc

R(I,K).

Put MR(I) =MR(I, I) and Mc
R(I) =Mc

R(I, I)

Lemma 4.9.1. Let R be a ring and V,W,Z free R-modules with bases I, J and K, respec-
tively.

(a) Define mA(j, i) ∈ R by A(i) =
∑

j∈J mA(i, j)j and put MA(J, I) = (mA(j, i)). Then
the map

M(J, I) : HomR(V,W )→Mc
Rop(J, I)

A→ MA(J, I)

is an isomorphism of abelian groups.

(b) Let A ∈ HomR(V,W ) and B ∈ HomR(W,Z). Then

MB(K,J)MA(J, I) = MBA(K, I).

(c) Let M(I) := M(I, I). Then M(I) : EndR(V )→Mc
Rop(I) is ring isomorphism.

Proof. (a) Note first that as J is a basis of W , the mA(j, i)’s are well defined. To show
that MA(J, I) is a bijection we determine it inverse. Let M = (mji) ∈MRop(J, I) . Define
AM ∈ HomR(V,W ) by

AM (
∑
i∈I

rii) =
∑
j∈J

(
∑
i∈I

rimji)j

It is easy to check that AM is R-linear and that the map M → AM is inverse to MA(J, I).

(b)

(BA)(i) = B(A(i)) = B(
∑
j∈J

mA(j, i)j) =
∑
j∈J

mA(j, i)B(j) =

=
∑
j∈J

mA(j, i)(
∑
k∈K

mB(k, j)k) =
∑
k∈K

(
∑
j∈J

mA(j, i)mB(k, j))k

Thus

mBA(k, i) =
∑
j∈J

mA(j, i)mB(k, j) =
∑
j∈J

mB(k, j) ·op mA(j, i)

So (b) holds.

(c) Follows from (b) and (c).

Definition 4.9.2. Let R be a ring, V and W R-modules, A ∈ EndR(V ) and B ∈ EndR(W ).
We say that A and B are similar over R if there exists a R-linear isomorphism Φ : V →W
with Φ ◦A = B ◦ Φ.
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We leave it as an exercise to show that ”similar” is an equivalence relation. Also the
condition Φ ◦A = B ◦ Φ is equivalent to B = Φ ◦A ◦ Φ−1.

Let I and J be sets and φ : I → J a function. If M = (mj̃j) is a J × J matrix, let Mφ

be the I × I matrix (mφ(̃i)φ(i)).

Lemma 4.9.3. Let R be a ring, V and W R-modules, A ∈ EndR(V ) and B ∈ EndK(V ).
Suppose that V is free with basis I. Then A and B are similar if and only if there exists a
basis J for W and a bijection φ : I → J with

MA(I) = Mφ
B(J)

Proof. Suppose first that A and B are similar. Then there exists an R-linear isomorphism
Φ : V → W with Φ ◦ A = B ◦ Φ. Let J = Φ(I). As I is a basis for V and Φ is an
isomorphism, J is a basis for W . Let φ = Φ |I . We compute

B(φ(i)) = Φ(A(i)) = Φ(
∑
ĩ∈i

MA(̃i, i)̃i) =
∑
ĩ∈i

MA(̃i, i)φ(̃i)

Hence MB(φ(̃i), φ(i)) = MA(̃i, i) and MA(I) = Mφ
B(J).

Suppose conversely that there exist a basis J for W and a bijection φ : I → J with
MA(I) = Mφ

B(J). Then mA(̃i, i) = mB(φ(̃i), φ(i)).

Let Φ : V →W be the unique R-linear map from V to W with Φ(i) = φ(i) for all i ∈ I.
As I and J are bases, Φ is an isomorphism. Moreover,

Φ(A(i)) = Φ(
∑
ĩ∈I

mA(̃i, i)̃i) =
∑
ĩ∈I

mA(̃i, i)φ(̃i) =

=
∑
ĩ∈I

mB(φ(̃i), φ(i))φ(̃i) =
∑
j∈J

mB(j, φ(i))j = B(φ(i))

Hence Φ ◦A and B ◦ Φ agree on I and so Φ ◦A = B ◦ Φ.

Let R be a ring and V a module over R. Let A ∈ EndR(V ). Define α : R → EndZ(V )
by α(r)v = rv, we will usually right ridV for α(r). Note that A commutes with each ridV
and so by 3.6.1 there exists a ring homomorphism αA : R[x]→ EndZ(V ) with r → ridV and
x→ A. Let f =

∑n
i=0 rix

i ∈ R[x]. We will write f(A) for αA(f). Then f(A) =
∑n

i=0 riA
i.

It follows that V is a R[x]-module with

fv = f(A)(v) =

n∑
i=0

riA
i(v)

To indicate the dependence on A we will sometimes write VA for the R[x] module V
obtain in this way.
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Lemma 4.9.4. Let R be a ring and V and W R-modules. Let A ∈ EndR(V ). and B ∈
EndR(V ). Then the R[x]-modules VA and WB are isomorphic if and only if A and B are
similar over R.

Proof. Suppose first that VA and VB are isomorphic. Then there exists an R[x]-linear
isomorphism Φ : V →W . In particular Φ is R-linear and Φ(xv) = xΦ(v) for all v ∈ V . By
definition of VA and WB thus means Φ(A(v)) = B(Φ(v) and so A and B and are similar.

Conversely, if A and B are similar there exists an R-linear isomorphism Φ : V → W
with Φ ◦ A = B ◦ Φ. Hence Φ(rv) = rΦ(v) and Φ(xv) = xΦ(v) for all r ∈ R and v ∈ V .
Since Φ is Z-linear this implies Φ(fv) = fΦ(v) for all f ∈ R[x]. Hence Φ is an R[x]-linear
isomorphism.

Lemma 4.9.5. Let R be a ring and f =
∑n

i=0 aix
i a monic polynomial of degree n > 0.

Let I = R[x]f be the left ideal in R[x] generated by f .

(a) {xi | i ∈ N} is a basis for R[x] as a left R-module.

(b) For 0 ≤ i < n let hi be a monic polynomial of degree i. Then {hi + I | 0 ≤ i < n} is
basis for R[x]/I.

(c) Let A ∈ EndR(R[x]/I) be defined by A(h+ I) = hx+ I.

(a) The matrix of A with respect the basis

1 + I, x+ I, . . . xn−1 + I

is

M(f) :=



0 0 0 . . . 0 0 −a0

1 0 0 . . . 0 0 −a1

0 1 0 . . . 0 0 −a2

0 0 1 . . . 0 0 −a3

...
...

...
...

...
...

...

0 0 0 . . . 1 0 −an−2

0 0 0 . . . 0 1 −an−1


(b) Suppose that f = gm for some monic polynomial g of degree s and some m ∈ Z+.

Let E1s be the matrix k × k with eij = 0 if (i, j) 6= (1, s) and e1s = 1. Then the
matrix of A with respect to the basis

1+I, x+I, . . . xs−1, g+I, xg+I, . . . , xs−1g+I, . . . , gm−1+I, xgm−1+I, xs−1gm−1+I,
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has the form

M(g,m) :=



M(g) 0 0 . . . 0 0 0

E1s M(g) 0
. . . 0 0 0

0 E1s M(g)
. . . 0 0 0

...
. . .

. . .
. . .

. . .
. . .

...

0 0 0
. . . M(g) 0 0

0 0 0
. . . E1s M(g) 0

0 0 0 . . . 0 E1s M(g)


Proof. (a) is obvious as any polynomial can be uniquely written as R-linear combination of
the xi.

(b) We will first show by induction on deg h that every h + I, h ∈ R[x] is a R linear
combination of the hi, 0 ≤ i < n. By 3.7.5 h = qf + r for some q, r ∈ R[x] with deg r <
deg f = n. Since h + I = r + I we may assume that h = r and so i := deg h < n. Let a
be the leading coefficient of h. Then deg h − ahi < deg h and so by induction is a linear
combination of the hi’s.

Suppose now that
∑n−1

i=0 λi(hi + I) = 0 + I for some λi ∈ K, not all 0. Then h :=∑n−1
i=0 λihi ∈ I. Let j be maximal with λj 6= 0. Then clearly j = deg h and the leading

coefficient of h is λj . In particular h 6= 0.
Note that all non-zero polynomials in I have degree larger or equal to n. But this

contradicts 0 6= h ∈ I and deg h = j < n. Thus (b) holds.
(ca) is the special case g = f and m = 1 of (cb). So it remains to prove (cb). Note that

deg xigj = i+ js. Hence by (b) {xigj + I | 0 ≤ i < s, 0 ≤ j < m} is a basis for R[x]/I.
Let yi,j := xigj + I. Then

A(yi,j) = xi+1gj + I.

Thus
A(yi,j) = yi+1,j for all 0 ≤ i < s− 1, 0 ≤ j < m.

Let g =
∑s

i=0 bix
i. As g is monic bs = 1 and so xs = g −

∑s−1
i=0 bix

i.
Hence

A(ys−1,j) = xsgj + I = (gj+1 −
s−1∑
i=0

bix
igj) + I = (gj+1 + I)−

s−1∑
i=0

biyi,j .

If j < m− 1, gj+1 + I = y0,j+1 and so

A(ys−1,j) = y0,j+1 −
s−1∑
i=0

biyi,j
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If j = m− 1 then gj+1 = gm = f ∈ I and so

A(ys−1,m−1) = −
s−1∑
i=0

biys−1,m−1

Thus (cb) holds.

Theorem 4.9.6 (Jordan Canonical Form). Let K be a field, V a non-zero finite dimensional
vector space over K and A ∈ EndK(V ). Then there exist irreducible monic polynomials
f1, . . . , ft ∈ K[x] , positive integers m1, . . .mt and a basis

yijk, 0 ≤ i < deg fk, 0 ≤ j < mk, 1 ≤ k ≤ t

of V so that the matrix of A with respect to this basis has the form

M(f1,m1 | . . . | ft,mt) :=



M(f1,m1) 0 . . . 0 0

0 M(f2,m2)
. . . 0 0

...
. . .

. . .
. . .

...

0 0
. . . M(ft−1,mt−1) 0

0 0 . . . 0 M(ft,mt)


Proof. View V as a K[x]-module by fv = f(A)(v) for all f ∈ K[x] and v ∈ V ( see before
4.9.4). Since K[x] is a PID (3.4.6) we can use Theorem 4.3.12. Thus VA is the direct sum
of modules Vk, 1 ≤ k ≤ t with Vk ∼= K[x]/(fmkk ), where fk ∈ K[x] is either 0 or prime,
and mk ∈ Z+. By 4.9.5(a) K[x] is infinite dimensional over K. As V is finite dimensional,
fk 6= 0. So we may choose fk to be irreducible and monic. By 4.9.5(cb), Vk has a basis
yijk, 0 ≤ i < deg fk, 0 ≤ j < mk so that the matrix of A |Vk with respect to this basis is
M(fk,mk). Combining the basis for Vk, 1 ≤ k ≤ t, to a basis for V we see that the theorem
is true.

The matrix M(f1,m1 | f2,m2 | . . . | ft,mt) from the previous theorem is called the
Jordan canonical form of A. We should remark that our notion of the Jordan canonical
form differs slightly from the notion found in most linear algebra books. It differs as we do
not assume that all the roots of the minimal polynomial ( see below) of A are in K. Note
that if K contains all the roots then fk = x − λk and M(fk) is the 1 × 1 matrix (λk) and
E1s is the 1× 1 identity matrix. So the obtain the usual Jordan canonical form.

We remark that the pairs (fk,mk), 1 ≤ k ≤ t are unique up to ordering. Indeed let f be
an irreducible monic polynomial of degree s and m a positive integer. Then the number of
k’s with (fk,mk) = (f,m) is d

s where d is the dimension of the K-space

ker fm(A)/ ker fm(A) ∩ Im f(A)

We leave the details of this computation to the dedicated reader.
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The following two polynomials are useful to compute the Jordan canonical form of A.
The minimal polynomial mA and the characteristic polynomial χA.

mA is defined has the monic polynomial of minimal degree with mA(A) = 0. i.e mA

is monic and (mA) is the kernel of the homomorphism αA : K[x] → EndK(V ). mA can be
computed from the Jordan canonical form. For each monic irreducible polynomial let ef be
maximal so that (f, ef ) is one of the (fk,mk) ( with ef = 0 if f is not one of the fk. )Then

mA =
∏

fef

The characteristic polynomial is defined as

χA = (−1)nfm1
1 fm2

2 . . . fmkk

where n is the dimension of V . The importance of the characteristic polynomials comes
from the fact that χA can be computed without knowledge of fk’s. Indeed

χA = det(A− xidV ).

To see this we use the Jordan canonical form of f . Note that

det(A− xidV ) =
t∏

k=1

det(M(fk,mk)− xI)

and
det(M(f,m)− xI) = (det(M(f)− xI))m.

Finally its is easy to verify that

det(M(f)− xI) = (−1)deg ff.



Chapter 5

Fields

5.1 Extensions

Definition 5.1.1. Let F be an integral domain, K a subfield of F and a ∈ F .

(a) F is called an extension of K. We will also say that K ≤ F is an extension.

(b) If F is a field, F is called field extension of K

(c) A vector space over K is a unitary K-module. A vector space over K is also called a
K-space.

(d) If V is a K-space, then dimK V is the cardinality of a K basis for V . (Note here
that 4.2.11(d), V has a basis and by Homework 1#3, any two basis have the same
cardinality.)

(e) The extension K ≤ F is called a finite if dimK F finite, where F is viewed as a K space
by left multiplication.

(f) If S is a ring, R a subring if S and I ⊆ R, then

R[I] :=
⋂
{T | T is a subring of S with R ∪ I ⊆ S}

R[I] is called the subring of S generated by R and I.

(g) If F is a field and I ⊆ F , then

K(I) :=
⋂
{T | T is a field of F with K ∪ I ⊆ F}

K(I) is called the subfield of F generated by K and I.

(h) A polynomial f ∈ K[x] is called monic if its leading coefficient is 1K.

175



176 CHAPTER 5. FIELDS

(i) Φa = ΦKa denotes the unique ring homomorphism

Φa : K[x]→ K[a], with Φa(x) = a and Φa(k) for all k ∈ K.

(See Example 3.2.6(1).)

(j) The unique zero or monic polynomial ma = mK(a) ∈ K[x] with ker Φa = K[x]ma is
called the minimal polynomial of a over K.

(k) a is called algebraic over K if ma 6= 0F .

(l) The extension K ⊆ F is called algebraic if all b ∈ F are algebraic over K.

(m) a is called transcendental over K if ma = 0F .

Note that we used the symbol K[I] also to denoted the polynomial ring in the variables
I. To avoid confusion we will from now denote polynomials ring by K[xi, i ∈ I]. The field
of fraction of K[xi, i ∈ I] is denoted by K(xi, i ∈ I).

Lemma 5.1.2. Let K ≤ F be an extension and a ∈ F . Then one of the following holds

1. Φa is not 1-1, dimKK[a] = degma is finite, ma is monic and irreducible, K[a] = K(a)
is a field, a is algebraic over K, and (ai, 0 ≤ i < degma) is a basis for K[a].

2. Φa is an isomorphism, dimKK[a] = ∞, ma = 0K, a is not invertible in K[a], a is
transcendental over K, (ai, 0 ≤ i <∞) is a basis for K[a].

Proof. Since F is an integral domain, K[a] is an integral domain. Clearly Φa is onto and so
K[x]/K[x]ma

∼= K[x]/ ker Φa
∼= K[a]. Thus by 3.3.8 K[x]ma is a prime ideal.

Suppose first that ma 6= 0. Then a is algebraic over K[a] and Φa is not 1-1. Note
that by 3.3.8 ma is a prime. By Example 3.4.2(2), K[x] is am Euclidean domain and so
also a PID. So we conclude from 3.3.11 that ma is irreducible and K[a] ∼= K[x]/K[x]ma

is a field. Let f ∈ K[x]. As K[x] is a Euclidean domain, f ≡ g (mod ma) for a unique
polynomial g ∈ K[x] with deg g < degma. Also g is a unique K-linear combination of
(xi, 0 ≤ i < degma and so (xi +K[x]ma, 0 ≤ i < degma) is a basis for K[x]/K[x]ma. Hence
(ai, 0 ≤ i < degma) is basis for K[a]. Thus (1) holds.

Suppose next that ma = 0K. Then a is transcendental. Moreover, Φa is 1-1 and so an
isomorphism. Since x is not invertible in K[x] and (xi, i ∈ N) is a basis for K we conclude
that a is not invertible in K[a] and (ai, i ∈ N) is a basis for K[a]. So (2) holds in this
case.

In this case mK
a is the monic, irreducible polynomial of minimal degree with respect to

mK
a (a) = 0. So any algebraic extension is a field extension. Also by the previous theorem

any finite extension is algebraic and so a field extension. Note that every finite integral
domain is a finite extension of some Z/pZ. So we obtain a second proof that every finite
integral domain is a field (cf. 3.1.14).
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Lemma 5.1.3. (a) Let S be a ring, R a subring of S and I ⊆ S. Then

R[I] =
⋃
{R[J ] | J ⊆ I, J is finite}.

(b) Let K ≤ F be a field extension and I ⊆ F. Then

K(I) =
⋃
{K(J) | J ⊆ I, J is finite}.

Proof. (a) Let T =
⋃
{R[J ] | J ⊆ I, J is finite}. Clearly R∪ I ⊆ T ⊆ K[I] and we just need

to verify that T is a subring of F . For this let a, b ∈ T . Then a ∈ R[Ja] and b ∈ R[Jb]
for some finite subset Ja and Jb of I. Then 0S , a + b, −a, and ab all are contained in
K[Ja ∪ Jb] ⊆ T . So T is indeed a subring and T = R[I].

(b) Similar to (a).

Lemma 5.1.4. (a) Let R be a ring with identity, M a unitary R-module and S a subring
of R. Let r = (ri)i∈I be a tuple of elements in R and m = (mj)j∈J tuple of elements in
M . Put rm = (rimj)(i,j)∈I×J .

(a) If R = 〈r〉S and M = 〈m〉R, then M = 〈rm〉S
(b) If r is linearly independent over S and m is linearly independent over R, then rm

is linearly independent over S.

(c) If r is an S-basis for R and m is an R-basis for M , then rm is an S-basis for M .

(b) Let K ≤ E be a field extension and V a vector space over E. Then

dimK V = dimK E · dimE V.

(c) Let K ≤ E be a field extension and E ≤ F an extension. Then

dimK F = dimK E · dimE F.

In particular, if K ≤ E and E ≤ F are finite, also K ≤ F is finite.

Proof. (a:a) Let m ∈ M . Since 〈m〉R = M , m =
∑

j∈J kjmj for some, almost all 0,
kj ∈ R, j ∈ J . j ∈ J . Since 〈r〉S = R, kj =

∑
i∈I sijri for some, almost all zero, sij ∈ S,

where we choose sij = 0 if kj = 0. Then

m =
∑
j∈J

kjmj =
∑
j∈J

(∑
i∈I

sijri

)
mj =

∑
(i,j)∈I×j

sijrimj

Thus (a:a) holds.

(a:b) Suppose that
∑

(i,j)∈I×J sijrimj = 0, for some almost all zero sij ∈ S. Then
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∑
j∈J

(∑
i∈I

sijri

)
mj = 0

Since m is linearly independent over R, we conclude
∑

i∈I sijri = 0 for all j in J . As r
is linearly independent over S we get sij = 0 for all (i, j) ∈ I × J . Thus (a:b) holds.

(a:c) follows from (a:a) and (a:b). (b) follows from (a:c) and (c) follow from (c) .

Lemma 5.1.5. Let K ≤ F be an extension, let a ∈ F be algebraic over K and let f ∈ K[x].

(a) f(a) = 0 if and only if ma | f in K[x].

(b) If f is irreducible then f(a) = 0 if and only if f ∼ ma in K[x]. That is if and only if
f = kma for some k ∈ K].

(c) ma is the unique monic irreducible polynomial in K[x] with a as a root.

Proof. (a) Since f(a) = Φa(f), f(a) = 0 if and only if a ∈ ker Φa. Since ker Φa = K[x]ma,
this holds if and only if ma | f .

(b) Let f be irreducible with f(a) = 0, then ma | f . Since f is irreducible we get
ma ∼ f . By 3.3.3 this means f = kma for some unit k in K[x]. It is easy to see that the
units in K[x] are exactly the non-zero constant polynomials. So k ∈ K]

(c) If in addition f is monic, then since also ma is monic we conclude k = 1 and
f = ma.

Lemma 5.1.6. Let K ≤ E be a field extension, E ≤ F an extension and b ∈ F . If b is
algebraic over K, then b is algebraic over E and mE

b divides mK
b in E[x].

Proof. Note that mK
b (b) = 0 and mK

b ∈ E[x]. So by 5.1.5 mE
a divides mK

b in E[x]. Since b is
algebraic over K, mK

b 6= 0 and so also mE
b 6= 0. Hence b is algebraic over E.

Definition 5.1.7. Let K be a field and f ∈ K[x]. We say that f splits over K if

f = k0(x− k1)(x− k2) . . . (x− kn)

for some n ∈ N and ki ∈ K, 0 ≤ i ≤ n..

Lemma 5.1.8. Let K be a field and f ∈ K[x]].

(a) If K ≤ E is a field extension, f ∈ K[x] is irreducible and E = K[a] for some root a of f
in E, then the map

K[x]/fK[x]→ E, h+ fK[x]→ h(a)

is ring isomorphism.

(b) If f is not constant, then there exists a finite field extension K ≤ E such that f has a
root in E and dimK E ≤ deg f .
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(c) There exists a finite field extension K ≤ F such that f splits over and dimK F ≤ (deg f)!.

Proof. (a) By 5.1.5(b), f ∼ ma. Thus ker Φa = maK[x]. Also h(a) = Φa(h) and (a) follows
from Isomorphism Theorem of Rings.

(b) Let g be an irreducible divisor of f in K[x]. Put E = K[x]/gK[x]. Then E is a field
For h ∈ K[x]. Let h = h+ gK[x] ∈ E. Note that the map h→ h is a ring homomorphism.
Put a = x. We identify k ∈ K with k ∈ E. Then K is a subfield of E, ai, 0 ≤ i < deg g is a
K basis for E and so dimK E = deg g ≤ deg f . Let f =

∑n
i=0 kix

i with ki ∈ g. Then

f(a) =

n∑
i=0

kia
i =

n∑
i=0

kix
i =

n∑
i=0

kixi = f.

Since g | f , f ∈ gK[x] and so f = 0E. Thus f(a) = 0E and a is a root of f in E.

(c) Let E be as in (b) and e a root of f in E. Then f = (x− e)g for some g ∈ E[x] with
deg g = deg f − 1. By induction on deg f there exists a field extension E ≤ F such that g
splits over F and dimE F ≤ (deg g)! = (deg f − 1)!. Then f splits over F and

dimK F = dimK E · dimE F ≤ (deg f − 1)! deg f = deg f !.

Example 5.1.9. Let f = x2+1 ∈ R[x]. Then f has no root in R and so is irreducible over R.
Thus E = R[x]/(x2 + 1)R[x] is a field. For h ∈ R[x] let h = h+ fR[x] ∈ E. We also identify
r ∈ R with r in E. Put i = x. Then i is a root of f in E and so i2 + 1 = 0 and i2 = −1.
Moreover 1, i is an R basis for F. Let a, b, c, d ∈ R. Then (a+bi)+(c+di) = (a+b)+(c+d)i
and

(a+ bi)(c+ di) = ac+ bdi2 + (ad+ bc)i = (ac− bd) + (ad+ bc)i

Hence E is isomorphic the field C of complex numbers.

Lemma 5.1.10. (a) Any finite extension is algebraic.

(b) If K ≤ E is a finite field extension and E ≤ F is a finite extension, then K ≤ F is a
finite extension.

Proof. (a) LetK ≤ F a finite extension and a ∈ F . Then by 4.2.5 dimKK[a] ≤ dimK F <∞.
Thus by 5.1.2 a is albegraic over K.

(b) follows from 5.1.4c

‘

Lemma 5.1.11. Let K ≤ F be an extension and A ⊆ F be a set of elements in F algebraic
over K.

(a) If A is finite, K ≤ K[A] is a finite extension
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(b) K ≤ K[A] is an algebraic extension.

(c) The set of elements in F algebraic over K form a subfield of F .

Proof. (a) By induction on |A|. If |A| = 0 , K[A] = K. So suppose A 6= ∅ and let a ∈ A. Put
B = A \ {a}. By induction K ≤ K[B] is finite. As a is algebraic over K, a is algebraic over
K[B] (see 5.1.6) Thus by 5.1.2 K[B] ≤ K[B][a] is finite. Hence by 5.1.10(b) also K ≤ K[B][a]
is finite. Since K[B][a] = K[A] we conclude that (a) holds.

(b) Let b ∈ K[A]. By 5.1.3(a), b ∈ K[B] for some finite B ⊆ A. By (a) K ≤ K[B] is
finite and so also algebraic (5.1.10(b)). So b is algebraic over K.

(c) Follows from rf b applied to A being the set of all algebraic elements in L.

Proposition 5.1.12. Let K ≤ E and E ≤ F be algebraic field extensions. Then K ≤ F is
algebraic.

Proof. Let b ∈ F and m = mE
b . Let m =

∑n
i=0 eix

i and A = {e0, e2 . . . , en}. Then A is a
finite subset of E.

Since K ≤ E is algebraic, 5.1.11 implies that K ≤ K[A] is finite. Also m ∈ K[A][x] and
so b is algebraic over K[A]. Hence (by 5.1.2) K[A] ≤ K[A][b] is finite. By 5.1.4c, K ≤ K[A][b]
is finite and so by 5.1.10 also algebraic. Thus b is algebraic over K.

Proposition 5.1.13. Let K be a field and P a set of non constant polynomials over K.
Then there exists an algebraic extension K ≤ F such that each f ∈ P has a root in F.

Proof. Suppose first that P is finite. Put f =
∏
g∈P g. 5.1.8(c), there exists a finite extension

E of K such that f splits over E. Then each g ∈ P has a root in E.

In the general case let R = K[xf , f ∈ P ] be the polynomial ring of P over K. Let I be
the ideal in R generated by f(xf ), f ∈ P . We claim that I 6= R. So suppose that I = R,
then 1 ∈ I and so 1 =

∑
f∈P rff(xf ) for some rf ∈ R, almost all 0. Note that each rf only

involves finitely many xg, g ∈ P . Hence there exists a finite subset J of I such that rf = 0
for f /∈ J . Thus rf ∈ K[xg, g ∈ J for all f ∈ J . Therefore

(∗) 1 =
∑
f∈J

rff(xf ).

On the other hand by the finite case there exists a field extension K ≤ E such that each
f ∈ J has a root ef ∈ E. Let

Φ : K[xg, g ∈ J ]→ E

be the unique ring homomorphism with Φ(xf ) = ef for all f ∈ J and Φ(k) = k for all k ∈ K.
Since f(xf ) =

∑n
i=0 kix

i
f for some ki ∈ K we have Φ(f(xf )) =

∑n
i=0 kie

i
f = f(ef ) = 0 . So

applying Φ to (*) we get

1 = Φ(1) =
∑
f∈J

Φ(rf )f(af ) = 0
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a contradiction.
Hence I 6= R and by 3.2.15 I is contained in a maximal ideal M of R. Put F = R/M .

Then by 3.2.18 F is a field. Since M 6= R, M contains no units. Thus K ∩M = 0. Thus
the map K→ F, k → k +M is a 1-1 ring homomorphism. So we may view K as a subfield
of F by identifying k with k + M . Put af = xf + M . Then f(af ) = f(xf ) + M . But
f(xf ) ∈ I ⊆M and so f(af ) = M = 0F.

Lemma 5.1.14. Let K be a field. Then the following statements are equivalent.

(a) Every polynomial over K splits over K.

(b) Every non-constant polynomial over K has a root in K.

(c) K has no proper algebraic extension (that is if K ≤ F is an algebraic extension, then
K = F .)

(d) K has no proper finite extension (that is if K ≤ F is a finite extension, then K = F .)

Proof. (a) =⇒ (b): Obvious.
(b) =⇒ (c): Let K ≤ E be algebraic and e ∈ E. Then by (b), mK

e has a root k ∈ K.
Since mK

e is irreducible we get mK
e = x − a. Since e is a root of mK

e , e = k ∈ K. Thus
K = E.

(c) =⇒ (d): Just observe that by 5.1.10(a), every finite extension is algebraic.
(d) =⇒ (a): Let f ∈ K. By 5.1.8 f has a root a in some finite extension E of K. By

assumption E = K. So a ∈ K and (a) holds.

Definition 5.1.15. Let K be a field.

(a) K is algebraically closed if K fulfills one ( and so all) of four equivalent statement in
5.1.14.

(b) An algebraic closure of K is a algebraically closed, algebraic extension of K.

Lemma 5.1.16. Let K ≤ E be an algebraic field extension. Then the following two state-
ments are equivalent.

(a) E is an algebraic closure of K.

(b) Every polynomials over K splits in E.

Proof. If E is algebraic closed, every polynomial over E and so also every polynomial over
K splits over E. Thus (a) implies (b).

So suppose (a) holds. Let F be an algebraic extension of E. Let a ∈ F. Since K ≤ E and
E ≤ K are algebraic we conclude from 5.1.12 that K ≤ F is algebraic. Thus mK

a is not zero
and has a as a root. By assumption, mK

a splits over E and so a ∈ E. Thus E = F. Hence
by 5.1.14, E is algebraically closed.

Theorem 5.1.17. Every field has an algebraic closure.
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Proof. Let K0 be a field. By 5.1.13 applied to the set of non-constant polynomials there
exists an algebraic field extension K1 of K0 such that every non-zero polynomial over K0

has a root in K1. By induction there exist fields

K0 ≤ K1 ≤ K2 ≤ K3 ≤ . . .

such that that every non zero polynomial in Ki has a root in Ki+1. Let E =
⋃∞
i=0Ki. By

A.7 E is a field. By 5.1.12 each Ki is algebraic over K0. So also K0 ≤ E is algebraic. Let
f ∈ E[x]. Then f ∈ Ki[x] for some i. Hence f has a root in Ki+1 and so in E. Thus by
5.1.14 E is algebraically closed.

Definition 5.1.18. Let K be a field and P a set of polynomials over K. A splitting field
for P over K is an extension E of K such that

(a) Each f ∈ P splits over E.

(b) E = K[A], where A := {a ∈ E | f(a) = 0 for some 0 6= f ∈ P}.

Corollary 5.1.19. Let K be a field and P a set of polynomials over K. Then there exists
a splitting field for P over K.

Proof. Let K be a algebraic closure for K, B := {a ∈ K̄ | f(a) = 0 for some f ∈ P} and put
E = K[B]. Then E is a splitting field for P over K.

5.2 Splitting fields, Normal Extensions and Separable Ex-
tensions

Lemma 5.2.1. Let φ : K1 → K2 be a 1-1 homomorphism of fields. Then

(a) There exists a unique homomorphism φ̃ : K1[x]→ K2[x] with φ̃(k) = φ(k) and φ̃(x) = x.

(b) φ̃
(∑∞

i=0 aix
i
)

=
∑∞

i=0 φ(ai)x
i for all

∑
i=0 aix

i ∈ K1[x]

(c) φ̃ is 1-1 and if φ is an isomorphism, φ̃ is an isomorphism.

We will usually just write φ̃ for φ.

Proof. (a) and (b) follow from 3.2.5. (c) is readily verified.

Lemma 5.2.2. Let φ : K1 → K2 be an isomorphism of fields and for i = 1 and 2 let Ki ≤ Ei
be a field extension. Let f1 ∈ K1[x] be irreducible and put f2 = φ(f1). Suppose ei is a root
of fi in Ki. Then there exists a unique isomorphism ψ : K1[e1]→ K2[e2] with ψ |K1= φ and
ψ(e1) = e2.
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Proof. Using 5.1.8(a) we have the following three isomorphism:

K1[e1] ∼= K1[x]/f1K1[x] ∼= K2[x]/f2K2[x] ∼= K2[e2]

g(e1) → g + f1K1[x] → φ(g) + f2K2[x] → φ(g)(e2)

Let ψ be the composition of these three isomorphism. Then

ψ : e1 → x+ f1K1[x]→ x+ f2K2[x]→ e2

and for k ∈ K1,

ψ : k → k + f1K1[x]→ φ(k) + f2K2[x]→ φ(k)

Thus shows the existence of ψ. If ψ̃ is any such ring homomorphism then

ψ̃

(
deg f−1∑
i=0

aie
i
1

)
=

deg f−1∑
i=0

φ(ai)e
i
2

and so ψ is unique.

Definition 5.2.3. Let K be a field and F and E extensions of K.

(a) A K-homomorphism from F to E is a K-linear ring homomorphism from F to E.
K-homomorphism. K-isomorphism and K-automorphism are defined similarly.

(b) Aut(K) is the set of automorphism of K and AutK(F ) is the set of K-automorphism of
F.

(c) E is an intermediate field of the extension K ≤ F if K is a subfield of E and E is a
subfield of F .

Lemma 5.2.4. Let φ : F → K a non-zero homomorphisms of fields. Then φ is 1-1 and
φ(1F) = 1E.

Proof. Since φ is non-zero, kerφ 6= 0. Since kerφ is an ideal and F has no proper ideals,
kerφ = 0 and so φ is 1-1.

We have

φ(1F)φ(1F ) = φ(1F 1F) = φ(1F) = 1Eφ(1F).

Since φ is 1-1, φ(1F) 6= 0E and so the Cancellation Law implies φ(1F) = 1E

Lemma 5.2.5. Let K ≤ F and K ≤ E be field extensions and φ : F → K a non-zero ring
homomorphism. Then φ is K-linear if and only if φ(k) = k for all k ∈ K.
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Proof. Let k ∈ K and a ∈ F. If φ is K-linear

φ(k) = φ(k1F ) = kφ(1F ) = k1E = k

and if φ(k) = k then

φ(ka) = φ(k)φ(a) = kφ(a).

Lemma 5.2.6. Let K ≤ F be a field extension. Then Aut(F) is a subgroup of Sym(F) and
AutK(F) is a subgroup of Aut(F).

Proof. Readily verified.

Lemma 5.2.7. Let F be a field and f ∈ F[x] a non-zero polynomial.

Then there an integer m with 0 ≤ m ≤ deg f , a1, . . . am ∈ F and q ∈ F[x] such that

(a) f = q · (x− a1) · (x− a2) · (x− am).

(b) q has no roots in F .

(c) {a1, a2, . . . am} is the set of roots of f .

In particular, the number of roots of f is at most deg f .

Proof. Suppose that f has no roots. Then the theorem holds with q = f and m = 0.

The proof is by induction on deg f . Since polynomials of degree 0 have no roots, the
theorem holds if deg f = 0.

Suppose now that theorem holds for polynomials of degree k and let f be a polynomial
of degree k + 1. If f has no root we are done by the above. So suppose f has a root a. By
3.4.3 there exists g, r ∈ F[x] with f = g · (x− a) + t and deg r < deg(x− a) = 1. Thus r ∈ F
and 0 = f(a) = g(a) · (a− a) + r. Thus r = 0 and

(∗) f = g · (x− a)

Then deg g = k and so by the induction assumption there exists an integer n with 0 ≤ n ≤
deg g, a1, . . . an ∈ F and q ∈ F [x] such that

(i) g = q · (x− a1) · (x− a2) · (x− an)

(ii) q has no roots in F .

(iii) {a1, a2, . . . an} is the set of roots of g.
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Put m = n + 1 and am = a. From f = g · (x − a) = g · (x − am) and (i) we conclude
that (a) holds. By (ii), (b) holds.

Let b ∈ F . Then b is a root if and only if f(b) = 0R and so by (*) if and only
g(b)(b − a) = 0F . Since F is an integral domain this holds if and only if g(b) = 0 or
b− a = 0F . From a = am and (iii) we conclude that the roots of f are {a1, a2 . . . , am}. So
also (c) holds.

Lemma 5.2.8. Let K be a field field and P a set of polynomials. Let E1 and E2 be splitting
fields for P over K

(a) For i = 1, 2 let Li be an intermediate field of K ≤ Ei and let δ : L1 → L2 be a
K-isomorphism. Then there exists a K-isomorphism ψ : E1 → E2 with ψ |Li= δ.

(b) E1 and E2 are K-isomorphic.

(c) Let f ∈ K[x] be irreducible and suppose that, for i = 1 and 2, ei is a root of f in Ei.
Then there exists a K-isomorphism ψ : E1 → E2 with ψ(e1) = ψ(e2).

(d) Let f ∈ K[x] be irreducible and let e and d be roots of f in E1. Then there exists
ψ ∈ AutK(E1) with ψ(e) = d.

(e) Any two algebraic closures of K are K-isomorphic.

Proof. Let M be the set of all K-linear isomorphism φ : F1 → F2 where, for i = 1 and 2,
Fi is an intermediate field of K ≤ Ei. Order M by φ ≤ ψ if φ is the restriction of ψ to a
subfield. Let M∗ = {φ ∈M | δ ≤ φ}. Since δ ∈M∗, M∗ is not empty.

It is easy to verify that ≤ is a partial ordering. Let C = {ψs : Fs1 → Fs2 | s ∈ S}
be a chain in M∗. Define Fi =

⋃
s∈S Fsi and φ : F1 → F2, a → φs(a), whenever a ∈ Fs1.

It is straightforward to check that Fi is a field, φ is well-defined and φ is a isomorphism.
Moreover φs ≤ φ for all s ∈ S and so φ is an upper bound for C.

Thus by Zorn’s Lemma A.6M∗ has a maximal element φ : F1 → F2. It remains to show
that Fi = Ei. For this put

Ai = {ei ∈ Ei | f(ei) = 0 for some 0 6=∈ P}

By definition of a splitting field, Ei = K[Ai]. Since K ≤ Fi ≤ Ei we just need to show
that Ai ⊆ Fi.

So let e1 ∈ A1 and 0 6= f ∈ P with f(e1) = 0. Let f1 ∈ F1[x] be an irreducible divisor
of f with f1(e1) = 0. Put f2 = φ(f1). Since f1 divides f in F1[x], f2 divides φ(f) in F2[x].
Since f ∈ K[x] and φ is a K-homomorphism, φ(f) = f . Thus f2 divides f . Since f splits
over E2, also f2 splits over E2 and so f2 has a root e2 ∈ E2. By 5.2.2 there exists a field
isomorphism ψ : F1[e1] → F2[e2] with ψ |F1= φ. Hence by maximality of φ, F1 = F1[e1].
Thus e1 ∈ F1. So A1 ⊆ F1 and F1 = E1. Hence F1 is a splitting field for P over K. Since
φ is a K-isomorphism we conclude that F2 is a splitting field for P = φ(P ) over K. Since
F2 ⊆ E2 this implies A2 ⊆ F2 and F2 = E2.
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(b) Apply (b) to δ = idK.
(c) By 5.2.2 there exists a K-linear isomorphisms δ : K[e1]→ K[e2] with δ(e1) = e2. By

(a) δ can be extended to an isomorphism ψ : E1 → E2. So (a) holds.
(d) Follows from (c) with E2 = E1.
(e) Follows from (b) with P the set of all polynomials.

Definition 5.2.9. Let E ≤ F and H ≤ Aut(F).

(a) E is called H-stable if h(e) ∈ E for all h ∈ H, e ∈ E.

(b) ‘stable’ means G-stable.

(c) If E is H-stable, then HE := {h |E | h ∈ H}.

(d) E ≤ F is called normal if it is algebraic and each irreducible f ∈ E[x], which has a root
in F, splits over F.

Lemma 5.2.10. (a) Let K ≤ E ≤ F be field extensions and suppose that E is the splitting
field for some set P of polynomials over K. Then E is AutK(F) stable.

(b) K ≤ E is normal if and only if E is a splitting field of some set of polynomials over K.

Proof. (a) Let A = {e ∈ E | f(e) = 0 for some 0 6= f ∈ P}. Let f ∈ P , e a root of f in
E and φ ∈ AutK(F). Then φ(e) is a root of φ(f) = f and as f splits over E, φ(e) ∈ E.
Thus Φ(A) ⊆ E. By definition of a splitting field, E = K[A] and so φ(E) = φ(K)[φ(A)] =
K[φ(A)] ≤ E. So E is AutK(F)-stable.

(b) If K ≤ E is normal, E is the splitting field of the set of polynomial over K with roots
in E.

So suppose that E is the splitting field for some set P of polynomials over K. Let e ∈ E
and f = mK

e . Let F be a splitting field for f over E and let d be a root of f in F. Note
that F is splitting field for P ∪ {f} over K and so by 5.2.8(d) there exists φ ∈ AutK(F)
with φ(e) = d. By (a) d = φ(e) ≤ E and so d ∈ E. Hence f splits over E and K ≤ E is
normal.

Lemma 5.2.11. Let K ≤ L be an algebraic field extension and E and F intermediate fields.
Suppose that K ≤ E is normal, then mF

b = mF∩E
b for all b ∈ E.

Proof. Let g = mF
b and f = mK

b . As K ≤ E is normal and b is a root of f in E, f splits over
E. Since f is monic we conclude

f = (x− e1)(x− e2) . . . (x− en)

with ei ∈ E. By 5.1.6, g divides f in L[x] and so g = (x− ei1)(x− ei2) . . . (x− eik) for some
1 ≤ i1 < . . . il ≤ n. This implies g ∈ E[x] and so g ∈ (E ∩ F)[x]. Since g is irreducible in
F[x] it is also irreducible in (E ∩ F)[x]. Since g is monic and has b as a root we conclude
that g = mF∩E

b .
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Definition 5.2.12. Let K be a field and f ∈ K[x].

(a) Let E a splitting field of f over K and e a root of f in E. Let m ∈ N be maximal such
that (x − e)m divides f E[x]. Then m is called the multiplicity of e as a root of f . If
m > 1, then e is called a multiple root of f .

(b) If f =
∑n

i=0 kix
i, then f ′ :=

∑n
i=1 ikix

i−1. f ′ is called the derivative of f .

(c) For n ∈ N define f [n] inductively by f [0] = f and f [n+1] = (f (n))′. f [n] is called the n-th
derivative of f .

Lemma 5.2.13. Let K be a field and f, g ∈ K[x]

(a) The derivative function K[x]→ K[x], f → f ′ is K-linear.

(b) (fg)′ = f ′g + fg′.

(c) For all n ∈ Z+, (fn)′ = nfn−1f ′.

Proof. (a) is obvious. (b) By (a) we may assume that f = xm and g = xn

(fg)′ = (xn+m)′ = (n+m)xn+m−1

f ′g + fg′ = mxm−1xn + xmnsxn−1 = (n+m)xm+n−1

Thus (b).
(c) Follows from (b) and induction on n.

Lemma 5.2.14. Let K be a field, f ∈ K[x] and c a root of f .

(a) Suppose that f = g · (x− c)n for some n ∈ N and g ∈ K[x]. Then f [n](c) = n!g(c).

(b) c is a multiple root of f if and only if f ′(c) = 0.

(c) Suppose that charK = 0 or deg f < charK. Then the multiplicity of c as a root of f is
smallest m ∈ N with f [m](c) 6= 0.

Proof. (a) We will show that for all 0 ≤ i ≤ n, there exists hi ∈ K[x] with

(∗) f [i] =
n!

(n− i)!
· g · (x− c)n−i + hi · (x− c)n−i+1

For i = 0 this is true with h0 = 0. So suppose its true for i. Then using 3.7.11

f [i+1] = (f [i])′ =

n!
(n−i)!

(
g′ · (x− c)n−i + g · (n− i) · (x− c)n−i−1

)
+ h′i · (x− c)n−i+1 + hi · (n− i+ 1)(x− c)n−i

= n!
(n−i−1)! · g · (x− c)

n−i−1 +
(

n!
(n−i)! · g · (n− i) + h′i · (x− c) + (n− i+ 1) · hi

)
· (x− c)n−i
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Thus (*) also hold for i+ 1 and so for all i ∈ N.
For i = n we conclude f [n] = n!g + hn · (x− a). Thus (a) holds.
(b) Since c is a root, f = g · (x− a) for some g ∈ K[x]. Then c is a multiple root of f if

and only if g(c) = 0. By (a) applied with n = 1, f ′(c) = g(c). Thus (b) holds.
(c) Let m the multiplicity of c as a root of f . So f = g · (x− c)m for some g ∈ K[x] with

g(c) 6= 0. Let n < m. From f = g · (x − c)m−n · (x − c)n and (a) we get f [n](c) = 0. As
m ≤ deg f we have charK = 0 or m < charK. Since g(c) 6= 0 we get m!g(c) 6= 0. Hence by
(a) f [m](c) = m!g(c) 6= 0 and (c) holds.

Example 5.2.15. Consider the polynomial f = xp in Zp[x]. Then 0 is a root of multiplicity
p of f . But then f ′ = pxp−1 = 0. This shows that the condition on (deg f)! in part c the
previous theorem is necessary.

Definition 5.2.16. Let K ≤ F be a field extension.

(a) An irreducible polynomial f ∈ F[x] is called separable over E if f has no multiple roots.
An arbitrary polynomial in F[x] is called separable over F if all its irreducible factors
are separable over F.

(b) b ∈ F is called separable over K, if b is algebraic over K and mK
b is separable over K.

K ≤ F is called separable if each b ∈ F is separable over K.

Lemma 5.2.17. Let K be a field, K an algebraic closure of K and suppose that charK = p
with p 6= 0.

(a) For each n ∈ Z+, the map Frobpn : K→ K, k → kp
n

is a 1-1 ring homomorphism.

(b) For each b ∈ K and n ∈ Z+ there exists a unique d ∈ K̄ with dp
n

= b. We will write
bp
−n

for d.

(c) If K is algebraically closed then each Frobpn, n ∈ Z is an automorphism.

(d) For each n ∈ Z, the map Frobpn : K→ K, k → kp
n

is a 1-1 ring homomorphism.

(e) If f ∈ K[x] and n ∈ N, then fp
n

= Frobpn(f)(xp
n
).

Proof. (a) Clearly (ab)p = apbp. Note that p divides
(
p
i

)
for all 1 ≤ i < p. So by the

Binomial Theorem 3.1.17 (a + b)p = ap + bp. So Frobp is a field homomorphism. If a ∈ K
with ap = 0, then a = 0. So ker Frobp = 0 and Frobp is 1-1. Since Frobpn = Frobnp , (a)
holds.

(b) Let d be a root of xp
n − b = 0. Then dp

n
= b. The uniqueness follows from (a).

(c) For all n ∈ Z, Frobp−n is the inverse of Frobpn . So Frobpn is a bijective. For m ∈ N,
Frobpm is a ring homomorphism and all Frob(pn) are automorphism.

(d) Follows from (c).
(e) Let f =

∑
aix

i. Then Frobpn(f) =
∑
ap

n

i x
i and so

Frobpn(f)(xp
n
) =

∑
ap

n

i x
pni =

(∑
aix

i
)pn

= fp
n
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Example 5.2.18. Let K = Zp(x), the field of fractions of the polynomial ring Zp[x]. If

a ∈ Zp, then ap = a. (Indeed since (Z]p, ·) is a group of order p− 1, ap−1 = 1 for all a ∈ Z]p.
Thus ap = a). It follows that fp = f(xp) for all f ∈ Zp[x]. Hence

Frobp(K) =

{
f(xp)

g(xp)

∣∣∣∣f, g ∈ Zp[x], g 6= 0

}
= Zp(xp)

So Zp(xp) is a proper subfield of Zp(x) isomorphic to Zp(x).

Let K be an algebraic closure of K. Consider the polynomial ring K[t] over K in the

indeterminate t and f = tp − x ∈ K[t]. We claim that f is irreducible. Note that x
1
p is

a root of f in K and f = (t − x
1
p )p. Let g be a non-constant monic polynomial in K[x]

dividing f . Then g = (t − x
1
p )k for some 1 ≤ k ≤ p. Then x

k
p = ±g(0) ∈ K and so k = p.

Thus f is irreducible. Since x
1
p is a root of multiplicity p of f , f is not separable.

Lemma 5.2.19. Let K ≤ F be a field extension such that p := charK 6= 0 and b ∈ F.
Suppose that bp

n ∈ K for some n ∈ N. Then

(a) b is the only root of mK
b (in any algebraic closure of K.)

(b) If b is separable over K, b ∈ K.

(c) dp
n ∈ K for all d ∈ K[b].

Proof. Put q = pn.

(a) Note that b is a root of xq − bq, so by 5.1.5 mK
b divides xq − bq = (x− b)q. Thus (a)

holds.

(b) If mK
b is separable, we conclude from (a) that mK

b = x− b. Thus b ∈ K.

(c) Let φ = Frobq. Then {dq |, d ∈ K[b]} = φ([K[b]) = φ(K)[φ(b)] ≤ K[bq] ≤ K.

Lemma 5.2.20. Let K ≤ E ≤ F be field extensions and b ∈ F. If b ∈ F is separable over
K, then b is separable over E

Proof. By 5.1.6 mE
b divides mK

b . As b is separable over K, mK
b has no multiple roots. So

also mE
b has no multiple roots and b is separable over E.

Lemma 5.2.21. Let K be a field and let f ∈ K[x] be monic and irreducible.

(a) f is separable if and only if f ′ 6= 0.

(b) If charK = 0, all polynomials over K are separable.

Proof. (a) By 3.7.12 b is a multiple root of f if and only if f ′(b) = 0. Since f is irreducible,
f = mK

b . So b is a root of f ′ if and only if f divides f ′. As deg f ′ < deg f , this the case if
and only if f ′ = 0.

(b) follows from (a).
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Lemma 5.2.22. Let K be a field and f ∈ K[x] monic and irreducible. Suppose p :=
charK 6= 0 and let b1, b2, . . . bd be the distinct roots of f in an algebraic closure K of K. Let
b be any root of f . Then there exist an irreducible separable polynomial g ∈ K[x], n ∈ N
and a polynomial h ∈ Frobp−n(K)[x] such that

(a) f = g(xp
n
) = hp

n
.

(b) g = Frobpn(h).

(c) g = (x− bp
n

1 )(x− bp
n

2 ) . . . (x− bp
n

d ).

(d) h = (x− b1)(x− b2) . . . (x− bd) ∈ K[b1, . . . , bd][x].

(e) f = (x− b1)p
n
(x− b2)p

n
. . . (x− bd)p

n
.

(f) f is separable over K if and only if n = 0.

(g) dimK[bpn ]K[b] = pn.

(h) b is separable over K if and only if K[b] = K[bp].

(i) bp
n

is separable over K.

Proof. We will first show that f = g(xp
n
) for some separable g ∈ K[x] and n ∈ N. If f is

separable, this is true with g = f and n = 0. So suppose f is not separable. By 5.2.21(a)
f ′ = 0. Let f =

∑
aix

i. Then 0 = f ′ =
∑
iaix

i−1 and so iai = 0 for all i. Thus p divides i
for all i with ai 6= 0. Put f̃ =

∑
apix

i. Then f̃(xp) =
∑
apix

pi = f . By induction on deg f ,
f̃ = g(xp

m
) for some irreducible and separable g ∈ K[x]. Let n = m+ 1, then f = g(xp

n
).

Since f is irreducible, g is irreducible.
Let h = Frobp−n(g) ∈ K̄[x]. Then g = Frobpn(h). Thus by 5.2.17(e), hp

n
= g(xp

n
) = f .

Let b ∈ K̄. Then b is a root of f if and only if bp
n

is a root of g. So {bp
n

1 , . . . , bp
n

d } is the set
of roots of g. As Frobpn is one to one, the bpni are pairwise distinct. Since g is separable,
g =

∏
{x− e | e a root of g} and so (a) holds.

(d) now follows from h = Frobp−n(g).
(d) By (a) f = hp

n
and so (d) implies (e).

(f) follows from (e)
(g) Note that g is the minimal polynomial of bp

n

i over K, f is the minimal polynomial
of bi over K and deg f = pn deg g. Thus

dimK[bpn ]K[b] =
dimKK[b]

dimKK[bpn ]
=

deg f

deg g
= pn

(h) Suppose b is not separable. Then n > 0 and so bp is a root of g(xp
n−1

). So
dimKK[bp] ≤ pn−1 and K[b] 6= K[bp].

Suppose that b is separable over. Then by 5.2.20 b is separable over K[bp]. So by 5.2.19,
b ∈ K[bp]. Thus K[b] = K[bp].

(i) follows since bp
n

i is a root of the separable g.
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Definition 5.2.23. Let K ≤ F be a field extension Let b ∈ F. Then b is purely inseparable
over K if b is algebraic over K and b is the only root of mK

b . K ≤ F is called purely
inseparable if all elements in F are purely inseparable over K.

Lemma 5.2.24. Let K ≤ F be an algebraic field extension with charK = p 6= 0.

(a) Let b ∈ K then b is purely inseparable if and only if bp
n ∈ K for some n ∈ N

(b) Put S := {b ∈ F | b is separable over K}. K ≤ F is purely inseparable if and only if
K = S.

(c) Let P := {b ∈ F | bpn ∈ K for some n ∈ N}.. Then P is the of elements in F purely
inseparable over K and P is a subfield of F.

(d) If K ≤ F is normal, then P ≤ F is separable.

(e) If b ∈ F is separable over K, then mP
b = mK

b .

(f) P ≤ FixFAutK(F) with equality if K ≤ F is normal.

Proof. Let b ∈ F. Let f := mK
b . Then by 5.2.22 f = g(xp

n
) with g ∈ K[x] separable.

Moreover, if b1, b2, . . . , bk are the distinct roots of f in an algebraic closure F of F,, then
g = (x− bq1)(x− bq2) . . . (x− bqk), where q = pn.

(a) If bp
m ∈ K for some m ∈ K, then by 5.2.19(a), b is the only root of f and so b is

purely inseparable over K. If
Suppose b is the only root of f . Then k = 1 and g = x− bq. Since g ∈ K[x], bq ∈ K So

(a) holds.
(b) Suppose first that K = S. Since bq is a root of the separable, g, bq ∈ S = K. Thus

by (a) , b is purely inseparable over K
Suppose next that K ≤ F is purely inseparable. Then as seen above bq ∈ K. If b is

separable over K then by 5.2.22(f), n = 0 and b = bq ∈ K. Thus S = K.
(c) Let c, d ∈ P with d 6= 0. Then there exists r, s ∈ N with cp

r ∈ K and dp
s ∈ K. Put

t = max(r, s). Then

(c± d)p
t

= cp
t ± dpt ∈ K and (cd±1)p

t
= cp

t
(dpt)±1 ∈ K

In follows that c± d and cd±1 ∈ P and so p is a subfield of F.
(d) Since b is a root of f ∈ F and K ≤ F is normal, f splits over F. So the distinct

roots b1, . . . bk of f all are contained in F. Put h = Frob 1
q
(g). By 5.2.22(d) hq = f and

h = (x − b1)(x − b2) . . . (x − bk). Thus h splits over F and h ∈ F[x]. Since hq = f ∈ K[x]
we see that dq ∈ K for each coefficient d of f . Hence d ∈ P and h ∈ P[x]. Since h has no
multiple roots and h(b) = 0 we conclude that h is separable over P.

(e) t = mP
b . As t ∈ P[x], tq ∈ K[x] for some power q of p. Since tq[b] = 0 we conclude f

divides tq. As f is separable, f divides t and so f = t.
(f) Let b ∈ P and φ ∈ AutKF. The bq ∈ K and so φ(b)q = φ(bq) = bq. Thus b = φ(b) and

P ≤ FixF(AutKF ).
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Next let b 6∈ P and suppose that K ≤ F is normal. Then f splits over F and by (a) there
exists a root d 6= b of f in F. By 5.2.10(b) F is a splitting field over K. So 5.2.8(d) implies
that there exists φ ∈ AutKF with φ(b) = d. Hence b 6∈ FixF(AutKF ).

Lemma 5.2.25. (a) Let K ≤ E ≤ F be field extensions. Then K ≤ F is separable if and
only K ≤ E and E ≤ F are separable.

(b) K ≤ F is separable if and only if F = K[S] for some S ⊆ F such that each b ∈ S is
separable over K.

Proof. Put p := charK. If p = 0 then by 5.2.21(a)ll algebraic extensions are separable. So
5.1.11 and 5.1.12 show that (a) and (a) holds a.

So suppose p > 0. Before proving (a) and (b) we prove

(*) Let K ≤ L be a field extension, I ⊂ L and b ∈ L. If all elements in I are separable
over K and b is separable over K[I], then b is separable over K.

Let s = m
K(I)
b . By 5.1.3 K(I) =

⋃
{K(J) | J ⊆ I, J finite}. Hence there exists a finite

subset J of I with s ∈ K[J ][x]. So b is separable over K[J ]. We know proceed by induction
on |J |. If J = ∅, b is separable over K and (∗) holds. So suppose J 6= ∅ and let a ∈ J .
Then b is separable over K[a][J − a] and so by induction b is separable over K[a]. Hence
by 5.2.22(h), K[a, b] = K[a, bp]. Let E = K[bp]. Then b ∈ K[a, b] = K[a, bp] = E[a]. By
5.2.20 a is separable over E. Since bp ∈ E, E ≤ E[b] is purely inseparable. So by 5.2.24e

mE
a = m

E[b]
a . Thus dimE E[a] = dimE[b] E. Hence E = E[b]. So K[b] = K[bp] and by 5.2.22(h),

b is separable over K.

(a) Suppose that K ≤ E and E ≤ F. are separable. Let b ∈ F and let I = E. Then by
(*), b is separable over K. So K ≤ F is separable.

Conversely suppose K ≤ F is separable. Then clearly K ≤ E is separable. By 5.2.20 also
E ≤ F is separable.

(b) If K ≤ F is separable, then F = K[S] with S = F. So suppose F = K[S] with all
elements in S separable over K. Let b ∈ F = K[S]. Then b is separable over K[S] and so by
(*), b is separable over K. Thus K ≤ F is separable.

Lemma 5.2.26. Let K ≤ F be an all algebraic field extension and E and L intermediate
field. Then EL is a subfield of F.

Proof. Since F is commutative, EL = LE and so EL is a subring of F. Let 0 6= a ∈ EL.
Since K ≤ F is algebraic and K ≤ EL, a−1 ∈ K[a] ≤ EL for all 0 6= a ∈ EL. Thus EL is a
subfield of F.

Definition 5.2.27. Let K ≤ F be a field extension. Then S(K,F) consist of the elements in
F, which are separable over K and P(K,F) of the elements in F which are purely inseparable
over K.

Lemma 5.2.28. Let K ≤ F be an algebraic field extension with charK = p 6= 0. Put
P = P(K,F) and S = S(K,F).
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(a) S is a subfield of F.

(b) S ≤ F is purely inseparable.

(c) If K ≤ F is normal, then F = SP.

Proof. (a) Follows from 5.2.25(a).
(b) Let b ∈ F. By 5.2.22(i),bp

n
is separable over K for some n ∈ N. Thus bp

n ∈ S and so
by 5.2.24(a)m b is purely inseparable over S.

(c) By 5.2.26 SP is a subfield of F. By (b), SP ≤ F is purely inseparable and since K ≤ F
is normal, SP ≤ F is separable 5.2.24(d) Thus F = SP.

5.2.29 (Polynomial Rings). Let R be a ring and I a set. Define

J :=
⊕
i∈I
N = {(ni)i∈I | ni ∈ N, almost all 0}

Note that J is a monoid under the addition (ni) + (mi) = (ni + mi). Let S be the semi
group ring of J over R. Since we use addition notation for N but multiplicative notation in
R its is convenient to introduce the following notation: we write xn for n ∈ J and define
xnxm = xn+m. Then every elements in S can be unique written as∑

n∈J
rnx

n

where rn ∈ R for n ∈ J , almost all 0.
We denote S be R[xi, i ∈ I].
Suppose that R has an identity 1. Let n(i) = (δij), where δij = 1 if i = j and 0

otherwise. Define xi := xn(i). (Note that xi also depends on I and so on rare occasion we
will write xi,I for xi.). Then for n = (ni)i∈I ∈ J , xn =

∏
i∈I x

ni
i . Since r → rx0J is a 1-1

ring homomorphism, we can and do identify r with rx0J .
Suppose now that φ : R → T is a ring homomorphism, that T is commutative ring

with identity and t = (ti)i∈i is a family of elements in T . For n = (ni)i∈I ∈ J define
tn =

∏
i∈I t

ni
i . Then the maps

J → (T, ·), n→ tn

is a homomorphism of semigroups and so by 3.2.5 the map

γ : R[xi, i ∈ I]→ T,
∑
n∈J

rnx
n
∑
n∈J

φ(rn)tn

is a ring homomorphism.
If R has an identity, then γ(r) = β(r) and γ(xi) = ti for all i ∈ I. Moreover γ is the

unique homomorphism with this property. In the case that R is a subring of T φ(r) = r, γ
is called the evaluation homomorphism and we denote γ(f) by f(t). So if f =

∑
n∈J rnx

n

then
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f(t) =
∑
n∈J

rnt
n

Suppose now that I = I1∪I2 with I1∩I2 = ∅.Put Jk :=
⊕

i∈Ik N. Give a = (ai)i∈I1 ∈ J1

and b = (bi)i∈I2 we can define c = (ci)i∈I by ci = ai if i ∈ J1 and ci = bi if i ∈ J2. We
denote c by (a, b). Let 0k = (0)i∈Ji = 0Ji . Then the maps J1 → J, a → (a, 02) and
J2 → J, b → (01, b) are 1-1 homomorphism of semigroups. Using 3.2.5 we obtain ring
homomorphism

α : R[xi, i ∈ I1]→ R[xi, i ∈ I],
∑
a∈J1

rax
a →

∑
a∈J1

rax
(a,02)

Note that x(a,02)x(01,b) = x(a,b). Hence using 3.2.5 one more time a ring homomorphism.

β : R[xi, i ∈ I1][xi, i ∈ I2]→ R[xi, i ∈ I],
∑
b∈J2

∑
a∈J1

ra,bx
a

xb →
∑

(a,b)∈J1×J2

ra,bx
(a,b)

β is clearly 1-1 and onto and so an isomorphism.

(We remark that isomorphism is special case of R[G1][G2] ∼= R[G1 × G2], whenever,
G1, G2 are semigroups) Thanks to this canonical isomorphism we will usually identify
R[xi, i ∈ I1][xi, i ∈ I2] with R[xi, i ∈ I] and view R[xi, i ∈ I1] as a subring of R[xi, i ∈ I].
In particular we identify xa with x(a,02) and xi,I1 with xi,I . (So writing xi for xi,I1 creates
no harm).

Suppose now that R = K is a field. The it is easy to see that K[xi, i ∈ I] is an
integral domain. (For |I| = 1 see Example 3.4.2, the same argument works in general,
alternatively reduced to the case I| finite and proceed by by induction) We denote the field
of fraction of K[xi, i ∈ I] by K(xi, i ∈ I). Consider the case |I2| = {k}. From Homework
3#1 we obtain canonical isomorphism between the field of fractions of K[xi, i ∈ I1][xk] and
K(xi, i ∈ I1)(xk). The former is canonical isomorphic to the field of fraction of K[xi, i ∈ I],
that is to K(xi, i ∈ I). A similar argument gives a canonical isomorphism

K(xi, i ∈ I1)(xi, i ∈ I2) ∼= K(xi, i ∈ I)

Example 5.2.30. 1. Let K be a field with charK = p 6= 0, I a set and F = K(xi, i ∈ I), the
field of fractions of the polynomial ring R = K[xi, i ∈ I] in the indeterminates (xi, i ∈ I).
Put E = K(xpi , i ∈ I). The each xi is purely inseparable over E. Note that the elements
in F with ap ∈ E form a subfield of F. This contains K and all xi and so is equal to F.
Thus fpinE for all f ∈ F and E ≤ F is purely inseparable. We will show that dimE F =∞
if |I| is infinite. Put

J = {(ni)i∈I | ni ∈ N, almost all 0} and Jp = {(ri)i∈I | ri < p}
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For n = (ni) ∈ I define xn :=
∏
∈I x

ni
i ∈ R. Then (xn)n∈J is K-basis for R. We will

show that (xr)r∈Jp is a E basis for F.

For this let n = (ni) ∈ J . For l ∈ N define ln = (lni)i∈I ∈ J . Pick qi, ri ∈ I with
ni = pqi + ri with qi, ri ∈ Z, 0 ≤ ri < p. Put q = (qi), r = (ri). Then r ∈ Jp, n = pq + r
and

xn = xpqxr

Since xpq ∈ E, we conclude that xn is in the E-span of (xr)r∈Jp . Hence also R is in the
E-span of (xr)r∈Jp . Let f ∈ F . Then f = g

h with f, g ∈ R, g 6= 0. Since (1
g )p ∈ E and

f

g
=

(
1

g

)p
fgp−1

we conclude that (xr)r∈Jp spans F over E.

Suppose now that er ∈ E for r ∈ Jp almost all 0 and

∑
r∈Jp

erx
r = 0

We need to show that er = 0 for all r ∈ Jp. Multiplying with an appropriate element of
Rp := K[xpi , i ∈ I] we may assume that er ∈ Rp for all r ∈ R. Thus er =

∑
q∈J kq,rx

pq

for some kq,r ∈ K, q ∈ J almost all 0. Thus

∑
r∈Jp

∑
q∈J

kq,rx
pq+r = 0

Each element in n ∈ J can by uniquely written as pq + r with q ∈ J and r ∈ Jp. Thus
the linear independence of the (xn)n∈J shows that

kq,r = 0

for all q and r. Hence also er = 0 for all r ∈ Jp. Thus (xr)r∈Jp is linearly independent.

2. Next we give an example of a field extension K ≤ F such that P(K,F) ≤ F is not separable
and P(K,F)S(K,F) 6= F. So 5.2.24(e) and 5.2.28(c) may be false if K ≤ F is not normal.

Let F4 be a splitting field for x2 + x+ 1 over Z2 and a a root of x2 + x+ 1 in F4. Then
a 6= 0, 1 and so F4 6= Z2. Let y and z be indeterminates over F4. Put E = F4(y, z),
K = Z2(y2, z2), S = F4(y2, z2) and P = F2(y, z). Since (x2 + x+ 1)′ = 1 6= 0, x2 + x+ 1
is separable. Thus a is separable over K and so K ≤ S is separable. Since d2 ∈ K for
all d ∈ P and d2 ∈ S for all K ≤ P and S ≤ E are purely inseparable. If d is separable
over K, then K(d) = K(d2) ⊆ S. So S consist of all the elements in E, separable over K.
Since S 6= K, K ≤ E is not purely inseparable. Thus the field consisting of the purely
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inseparable elements in E over K is not equal to K. It contains P and since dimPK = 2,
it is equal to K. Let b = y+ az. Then b2 = y2 + a2z2 = (y2 + z2) + az. Thus K(b2) = S,
x2 + (y2 + z2 + az) is the minimal polynomial of b over S and so (1, b) is an s-basis for
F := S[b]. Thus F = {s + tb | s, t ∈ S} = {s + ty + taz | s, t ∈ S}. So (1, y, z, yz) is
a K-basis for P and an S basis for E. Let d ∈ F ∩ P. Then there exists s, t ∈ S and
k1, k2, k3.k4 ∈ K with

s+ ty + taz = d = k1 + k2y + k3z + k4yz

Since {1, y, z, yz} is linearly independent over S we conclude that s = k1, t = k2 and
az = k3. So s, t and at are in K. If t 6= 0 we get a = att−1 ∈ K, a contradiction. Thus
t = 0 and f = s ∈ K. Thus F ∩ P = K. Hence

P(K,F) = F ∩ P = K and S(K,F) = F ∩ S = S 6= F

It follows that P(K,F) ≤ F is not separable and P(K,F)S(K,F) = KS = S 6= F.

5.3 Galois Theory

Hypothesis 5.3.1. Throughout this section F is a field and G ≤ Aut(F).

Definition 5.3.2. Let H ≤ G and E a subfield of F.

(a) FH := FixF(H).

(b) GE := G ∩AutE(F ).

(c) We say that H is (G,F)-closed or that H is closed in G if H = GFH.

(d) E is (G,F)-closed if E = FGE.

(e) ”closed” means (G,F)-closed.

Lemma 5.3.3. Let T ≤ H ≤ G and L ≤ E ≤ F. Then

(a) FH is a subfield of F containing FG

(b) GE is a subgroup of G

(c) FH ≤ FT .

(d) GE ≤ GL.

(e) H ≤ GFH

(f) E ≤ FGE.
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(g) FH is closed.

(h) GE is closed.

Proof. (a) and (b) are readily verified. (c) Let t ∈ T and a ∈ FH. Since t ∈ H, t(a) = a
and so FH ⊆ FT .

(d) Similar to (c).
(e) Note that h(a) = a for all a ∈ GH, h ∈ H. So H ≤ GFH.
(f) Similar to (e).
(g) By (e) H ≤ GFH and so by (c) FGFH ≤ FH, On the other hand, by (f) applied

to E = FH, FH ≤ FGFH. So (g) holds.
(h) Similar to (h)

Proposition 5.3.4. F induces an inclusion reversing bijection between the closed subgroups
of G and the closed subfields of F. The inverse is induced by G.

Proof. By 5.3.3(g), F sends a closed subgroup to a closed subfields and by 5.3.3(h) , G sends
a closed subfields to a closed subgroup. By definition of closed, F and G are inverse to each
other, then restricted to closed objects. Finally by 5.3.3(c) and (d), F and G are inclusion
reversing.

Lemma 5.3.5. Let H ≤ T ≤ G with T/H finite. Then dimFT FH ≤ |T/H|.

Proof. Let k ∈ FH and W = tH ∈ T/H. Define W (k) := t(k). Since (th)(k) = t(h(k)) =
t(k) for all h ∈ H, this is well defined. Define

Φ : FH → FT/H , k → (W (k))W∈T/H

Let L ⊆ FH be a basis for FH over FT . We claim that (Φ(l))l∈L is linear independent
over F. Otherwise choose I ⊆ L minimal such that (Φ(i))i∈I is linear dependent over F.
Note that |I| is finite. Then there exists 0 6= ki ∈ F, with

(∗)
∑
i∈I

kiΦ(i) = 0.

Fix b ∈ I. Dividing by kb we may assume that kb = 1.
Note that (*) means

(∗∗)
∑
i∈I

kiW (i) = 0, for all W ∈ T/H.

Suppose that ki ∈ FT for all i. Note that H(i) = idF(i) = i for all i ∈ I So using
W = H in (**) we get

∑
i∈I kii = 0, a contradiction to the linear independence of I over

FT . So there exists d ∈ I and µ ∈ T with µ(kd) 6= kd. Note that µ(t(k)) = (µt)(k) and so
µ(W (k)) = (µW )(k). Thus applying µ to (∗∗) we obtain.
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∑
i∈I

µ(ki)(µW )(i) = 0, for all W ∈ T/H.

As every W ∈ T/H is of the form µW ′ for some W ′ ∈ T/H, (namely W ′ = µ−1W ) we
get

(∗ ∗ ∗)
∑
i∈I

µ(ki)W (i) = 0, for all W ∈ T/H.

Subtracting (**) form (***) we conclude:∑
i∈I

(µ(ki)− ki)W (i) = 0, for all W ∈ T/H.

and so ∑
i∈I

(µ(ki)− ki)Φ(i) = 0.

The coefficient of Φ(b) in this equation is µ(1) − 1 = 0. The coefficient of Φ(d) is
µ(kd)−kd 6= 0. We conclude that (Phi(j)j∈I\{b} is linear dependent over F, a contradiction
the minimal choice of |I|.

This contradiction proves that (Φ(l))l∈L is linear independent over F.

Thus

dimFT FH = |L| ≤ dimF FT/H = |T/H|

So the theorem is proved.

We remark that the last equality in the last equation is the only place where we used
that |T/H| is finite.

Lemma 5.3.6. Let b ∈ F and H ≤ G.

(a) b is algebraic over FH if and only if Hb := {φ(b) | φ ∈ H} is finite.

(b) Suppose that b is algebraic over FH and let mb be the minimal polynomial of b over
FH. Then

(a) mb =
∏
e∈Hb x− e.

(b) mb is separable and b is separable over FH.

(c) mb splits over F.

(d) Put Hb := {φ ∈ H | φ(b) = b}. Then

|H/Hb| = degma = |Hb| = dimFH FH[b]



5.3. GALOIS THEORY 199

Proof. Suppose b is algebraic over FH and let ma be the minimal polynomial of b over FH.
Let φ ∈ H. Then φ(b) is a root of φ(ma) = ma. Since ma has only finitely many roots, Hb
is finite.

Suppose next Hb holds. Let f :=
∏
e∈Hb x− e. Since the map Hb→ Hb, e→ φ(e) is a

bijection with inverse e→ φ−1(e),

φ(f) =
∏
e∈Hb

x− φ(b) =
∏
e∈Hb

x− ef.

Hence all coefficient of f are fixed by φ and so f ∈ FH[x]. Clearly b is a root of f and
so b is algebraic over FH. Thus (a) holds.

Moreover mb divides f . Let e ∈ Hb. Then e = φ(b) for some φ ∈ H. Then φ(mb) = mb

and as b is a root of m, φ(b) is a root of mb. Hence f divides mb and f = mb. Thus (b:a)
hold. Since f is separable and splits over F also (b:b) and (b:c) holds.

By 2.10.14 |H/Hb| = |Hb|, By 5.1.2(1) dimFH FH[b] = degm = deg f = |Hb| and so
also (b:d) holds.

Lemma 5.3.7. Let L ≤ E ≤ F with L ≤ E finite. Then

|GL/GE| ≤ dimL E

Proof. If E = L, this is obvious. So we may assume E 6= L. Pick e ∈ E \ L. Then e is
algebraic over L and since L ≤ FGL, e is also algebraic over FGL. Moreover, g = mFGLe

divides f = mL
e . Put H = GL. By 5.3.6 |H/He| = deg g. Note that He = G(L[e]) and so

|GL/G(L[e])| = |H/He| = deg g ≤ deg f = dimL L[e].

By induction on dimL E,

|G(L[e])/GE| ≤ dimL[e] E.

Multiplying the two inequalities we obtain the result.

Theorem 5.3.8. (a) Let H ≤ T ≤ G with H closed and T/H finite. Then T is closed and

dimFT FH = |T/H|.

(b) Let L ≤ E ≤ F with L closed and L ≤ E finite. Then E is closed and

|GL/GE| = dimL E.

Proof. (a) Using 5.3.3,5.3.5, 5.3.7 and H = GFH we compute

|T/H| ≥ dimFT FH ≥ |GFT/GFH| = |GFT/H| ≥ |T/H|.

So all the inequalities are equalities. Thus T = GFT and
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dimFT FH = |T/H|.

(b) This time we have

dimL E ≥ |GL/GE| ≥ dimFGLFGE = dimLFGE ≥ dimL E

So all the inequalities are equalities. Thus E = FGE and

dimL E = |GL/GE|

Proposition 5.3.9. (a) Let H ≤ G with H finite. Then H is closed and dimFH F = |H|.

(b) Put K = FG and let K ≤ E ≤ F with K ≤ E finite. Then E is closed and dimK E =
|G/GE|.

Proof. (a) Note that F{idF} = F and so GF{idF} = {idF}. Hence trivial group is closed
and has finite index in H. So (a) follows from 5.3.8a

(b) By 5.3.3(g), K = FG is closed. Moreover, GK = G∩AutK(F) = G. Thus by 5.3.8(b),
applied with L = K, E is closed and

dimK E = |GK/GE| = |G/|GE|

Definition 5.3.10. A field extension L ≤ E is called Galois if L = FixE(AutL(E)).

Lemma 5.3.11. Put K = FG. Then K ≤ F is a Galois Extension. Moreover, if K ≤ F is
finite, then G = AutK(F).

Proof. Since G ≤ AutK(F) we have

K ≤ FixF(AutF(K)) ≤ FixF(G) = K

Thus equality holds everywhere and K = FixF(AutK(F) and K ≤ F is Galois.
Moreover, if K ≤ F, then by 5.3.9 applied to G and to AutK(F) in place of H.

|AutK(F)| = dimK F = |G|

Since G ≤ AutF(K), this implies G = AutF(K).

Theorem 5.3.12 (Fundamental Theorem Of Galois Theory). Let K ≤ F be a finite Galois
extension and put G = AutK(F). Then

(a) F is inclusion reversing bijection from the set of subgroups of G to the set of intermediate
field of K ≤ F.
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(b) Let H ≤ G and E = FH. Then dimE F = |H| and H = AutE(F).

Proof. (a) Since K ≤ F is Galois, G = FixF(AutK(F)) = K. Since K ≤ F is finite, 5.3.9(b)
implies that G is finite and so by 5.3.9 all intermediate field of K ≤ F and all subgroups of
G are closed. So by 5.3.4, F induces a inclusion reversing bijection between the subgroups
of G and intermediate fields of K ≤ F.

(b) By 5.3.9(a) dimE F = |H|. By 5.3.11 applied to H in place of G, H = AutF(K).

Lemma 5.3.13. Put K = FixF(G) and let K ≤ E ≤ F with E stable.

(a) FixE(GE) = K and K ≤ E is Galois.

(b) If K ≤ E is finite, then GE = AutK(E).

Proof. (a) FixE(GE) = FixFG ∩ E = K ∩ E = K
(b) Follows from 5.3.12 applied to K ≤ E in place of K ≤ F and H = GE.

Lemma 5.3.14. (a) Let E ≤ F and g ∈ G. Then g(GE) = G(g(E)).

(b) Let H ≤ G and g ∈ G. Then F(gH) = g(FH).

(c) Let H EG. Then FH is stable.

(d) Let E ≤ F and suppose E is stable. Then GEEG and GE ∼= G/GE.

(e) Let H ≤ G be closed. Then H EG if and only if FH is stable.

(f) Let E be a closed subfield of F. Then E is stable if and only if GE is normal in G.

Proof. Let g ∈ G and b ∈ F. By 2.10.14(c)

(∗) StabG(g(b)) = gStabG(b)

(a) Intersecting (*) over all b ∈ E gives (a).

(b) By (*) H ≤ StabG(b) if and only if gH ≤ StabG(g(b)). Thus b ∈ FH if and only if
g(b) ∈ F(gH). This gives (b).

(c) If H EG then by (b), FH = g(FH).

(d) Suppose E is stable. Note the GE is exactly the kernel of the restriction map,
φ→ φ |E. Hence GEEG and (d) follows from the First Isomorphism Theorem 2.5.8.

(e) The forward direction follows from (c). By (d), if FH is stable , then GFH EG. If
H is closed, then GFH = H and so the backward direction holds.

(f) Follows from (e) applied to H = GE.

Lemma 5.3.15. Put K = FixF(G) and let L ≤ K ≤ E ≤ F. Suppose that L ≤ E algebraic,
and L ≤ K is purely inseparable. Then E is stable if and only if L ≤ E is normal.
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Proof. Suppose first that E is stable. Let e ∈ E and f = mK
e .By 5.3.6, f splits over F and

Ge is the set of roots of f . As E is stable, Ge ≤ E and so f splits over E. Since K/L is pure
inseparable, f q ∈ L[x] for some q ∈ N. So mL

e divides f q. We conclude that mL
e splits over

E and so L ≤ E is normal.

If L ≤ E is normal, then by 5.2.10 E is AutL(F)-stable. Since G ≤ AutF(K) ≤ AutL(F),
E is stable.

Lemma 5.3.16. Put K = FG and let K ≤ E ≤ F with K ≤ E algebraic. Then

(a) K ≤ E is separable.

(b) If E is closed, then the following are equivalent:

(a) GE EG.

(b) E is stable

(c) K ≤ E is normal.

Proof. (a) follows from 5.3.6(b:b) (applied to H = G and so FH = K). (b) By 5.3.14(f)
(b:a) and (b:b) are equivalent. By 5.3.15 (b:b) and (b:c) are equivalent.

Theorem 5.3.17. Let K ≤ F be an algebraic field extension. Then the following are
equivalent:

(a) K ≤ F is Galois

(b) K ≤ F is separable and normal.

(c) F is the spitting field of a set over separable polynomials over K.

Proof. (a) =⇒ (b): Suppose first that K ≤ F is Galois and put G = AutK(F). Then
K = G. So by 5.3.16(a) K ≤ F is separable. Since F is closed and GF = {idF} E G,
5.3.16(b) gives that K ≤ F is normal.

(b) =⇒ (a): Suppose next that K ≤ F is normal and separable. Since K ≤ F is normal
5.2.24(f), shows that FixF(AutK(F)) = P(K,F). Since K ≤ F is separable, P(K,F) = K and
so FixF(AutK(F)) = K and K ≤ F is Galois.

(b) =⇒ (c): Let P = {mK
b | b ∈ F}. Since K ≤ F is normal, each mK

b splits over K.
Since K ≤ F is separable, each mK

b is separable. Hence F is a splitting field for P over K
and (c) holds.

(b) =⇒ (c): Suppose F is the the splitting field of a set P of separable polynomials
over K. Then by 5.2.10b K ≤ F is normal. Let A consists of all a ∈ F such that a is a root
of some non-zero p ∈ P . By definition of a splitting field, F = K[A]. Since each p ∈ P is
separable, each a ∈ A is separable over F. Thus by 5.2.25(b), K ≤ F is separable.

Proposition 5.3.18. Suppose that K ≤ F is algebraic and Galois, and suppose G =
AutF(K). Let K ≤ E ≤ F.
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(a) GE = AutF(E), K ≤ E is Galois and E is closed .

(b) K ≤ E is Galois if and only of GE is normal in G.

(c) NG(GE)/GE ∼= NG(GE)E = AutK(E)

Proof. (a) GE = G∩AutE(F) = AutE(F). By 5.3.17(a),(b) K ≤ F is normal and separable.
Hence also E ≤ F is normal and separable. So by 5.3.17, E ≤ F is Galois. This implies that

E = FixF(AutE(F)) = FGE

and so E is closed.

(b) As K ≤ F is separable, K ≤ E is separable. Hence by 5.3.17 K ≤ E is Galois if and
only if K ≤ E is normal. Since E is closed, (b) now follows from 5.3.16(b).

(c) As FGE = E we conclude from 5.3.14(b) that E is NG(GE)-stable. So NG(GE)/GE ∼=
NG(GE)E by the 2.5.8. Clearly NG(GE)E ≤ AutE(K). Let h ∈ AutE(K). By 5.2.8 h = g |E
for some g ∈ AutK(F). Then g ∈ NG(GE) and (c) holds.

Definition 5.3.19. Let K ≤ E be an algebraic field extension. A normal closure of K ≤ E
is an extension L of E such that K ≤ L is normal and no proper proper subfield of L
containing E is normal over K.

Lemma 5.3.20. Let K ≤ E be an algebraic field extension.

(a) Suppose E = K(I) for some I ⊆ E and let E ≤ L be a field extension. Then the following
are equivalent:

(a) L is a normal closure of K ≤ E .

(b) L is a splitting field for {mK
b | b ∈ I} over K.

(c) L is a splitting field for {mK
b | b ∈ I} over E.

(b) There exists a normal closure L of K ≤ E and L is unique up to E-isomorphism.

(c) Let L be a normal closure of K ≤ E. Then

(a) K ≤ L is finite if and only if K ≤ E is finite.

(b) K ≤ L is Galois if and only if K ≤ L is separable and if and only if K ≤ E is
separable.

(d) Let E be an algebraic closure of E. Then

(a) E is an algebraic closure of K.

(b) E contains a unique normal closure L of K ≤ E. L is called the normal closure of
K ≤ E in E.
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Proof. (a) Put P = {mK
b | b ∈ I}, A = {b ∈ L | f(b) = 0K for some b ∈ L} and D = K(A).

Note that b ∈ A for all b ∈ I and so

(∗) E = K(I) ≤ D

Next we show:

(**) Let K ≤ F ≤ L such that K ≤ F is normal. Then D ⊆ F and K ≤ D is normal.

Note that each mK
b , b ∈ I has a root in L, namely b. Since K ≤ F is normal each mK

b

splits over L. So A ⊆ F, D = K[A] ≤ F and D is a splitting field for P over K. Thus by
5.2.10(b), K ≤ D is normal.

(a:a) =⇒ (a:b): Suppose first that L is a normal closure of K ≤ E. Then K ≤ L is
normal and so by (**) K ≤ D is normal. By (*) E ≤ D and so the definition of a normal
closure implies L = D.

(a:b) =⇒ (a:c): Suppose next L is a splitting field of P over K. Then L = K[A] = E[A]
and L is also a splitting field for P over E.

(a:c) =⇒ (a:a): Suppose next that L is a splitting field of P over E. Then L = E[A]
and D is a splitting field for P over E. Hence by rf[normalstable] b, K ≤ D is normal. By
(*) E ≤ D and so L = E[A] ≤ D ≤ L. Thus L = D and K ≤ L is normal. If K ≤ F ≤ L and
K ≤ F is normal, then by (**) D ≤ F. Since D = L and F ≤ L we get F = L and so L is a
normal closure of K ≤ E.

(b) By (a) applied with I = E a normal closure of K ≤ E is the same as splitting field
of {mK

b | b ∈ E}. Thus by 5.1.19 K ≤ E has a normal closure and by 5.2.8(b), the normal
closure is unique up to K-isomorphism.

(c:a) If K ≤ E is finite, then E = K(I) for some finite subset I of E. Note the splitting
field of a finite set of polynomials over K is a finite extension of K So K ≤ L is finite by (a).

(c:b) Suppose that if K ≤ L is Galois. Then by 5.3.17 K ≤ L is separable. If K ≤ L
is separable, then also K ≤ E is separable. So suppose K ≤ E is separable, then by (a), L
is the splitting field of the set of separable polynomials {{mK

b | b ∈ E} and so by 5.3.17,
K ≤ L is Galois.

(d:a) Since K ≤ E and E ≤ E are algebraic, K ≤ E is algebraic (5.1.12. Also E is
algebraicly closed and thus (d:a) holds.

(d:b) Let E ≤ L ≤ E. Then by (a) L is a normal closure of K ≤ E if and only if L is
generated by K and all the roots of the mK

b , b ∈ E. So (d:b) holds.

Lemma 5.3.21. Let K ≤ E be a normal field extension. Put P = P(K,E) and S = S(K,E).
Then P = FixE(AutK(E)), K ≤ P is purely inseparable, P ≤ E is Galois, K ≤ S is Galois
and the map

τ : AutK(E)→ AutK(S), φ→ φ |E

is an isomorphism of groups.
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Proof. By definition K ≤ P is purely inseparable. By 5.2.24(c), 5.2.24 f, P = FixE(AutK(E))
and so by 5.3.11 (applied with F = E and G = AutK(E)) P ≤ E is Galois.

Let φ ∈ AutK(E) and s ∈ S. Then φ(s) is a root of mK
s . Since s is separable over K

, we conclude that φ(s) is separable over K. So φ(s) ∈ K. Thus S is AutK(E) stable and
so by 5.3.15, K ≤ S is normal. K ≤ S is separable and thus by 5.3.17, K ≤ S is Galois.
Let φ ∈ AutK(E) with φ |S= idS. Then S ⊆ FixF(φ). By definition of P, P ≤ FixF(φ). By
5.2.28(c), E = SP. Hence E ≤ FixE(φ) and φ = idE. Thus τ is 1-1. Let ψ ∈ AutK(S). Since
K ≤ E is normal is normal, we conclude from 5.2.8(a) that ψ = φ |S for some φ ∈ AutK(E).
So τ is onto.

5.4 The Fundamental Theorem of Algebra

In this section we show that the field C of complex numbers is algebraically closed. Our
proof is based on the following well known facts from analysis which we will not prove:

Every polynomial f ∈ R[x] of odd degree has a root in R.
Every polynomials of degree 2 over C is reducible.
dimRC = 2.

Some remarks on this assumptions. The first follows from the intermediate value the-
orem and the fact that any odd polynomial has positive and negative values. The second
follows from the quadratic formula and the fact that every complex number has a complex

square root (
√
reφi =

√
re

φ
2
i). The last property follows from C = R+ Ri.

Definition 5.4.1. Let s be a prime, K ≤ F a finite field extension and f ∈ K[x].

(a) f is a s′-polynomial if s does not divide deg f

(b) K ≤ E is a s′-extension s does not divide dimK F.

Lemma 5.4.2. Let K be a field and s a prime. Then the following are equivalent.

(a) Every irreducible s′-polynomial over K has degree 1.

(b) Every s′-polynomial over K has a root in K

(c) If K ≤ E is a s′ extension then K = E.

Proof. (a) =⇒ (b): Let f ∈ K[x] with s - deg f . Let f = f1 . . . fk with fi irreducible.
Then deg f =

∑k
i=1 deg fi and so s - fi for some 1 ≤ i ≤ k. By (a) , fi has degree 1. Hence

fi and so also f has a root in K.
(b) =⇒ (c): Let K ≤ E be an s′-extension and b ∈ E. Then degmK

b = dimKK[b]
divides dimK E. Hence mK

b is an irreducible s′ polynomial and so by (a) has a root d in K.
As f is irreducible we get b = d ∈ K and E = K.

(c) =⇒ (a): Let f be irreducible s′-polynomial. Then K[x]/fK[x] is an extension of
degree deg f . So its is an s′-extension of K and by (c), deg f = 1.
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Lemma 5.4.3. Let K ≤ F be a finite purely inseparable extension. Put p = charK. If
p = 0, then K = F and if p 6= 0, then dimK F = pm for some m ∈ N.

Proof. If p = 0, then K ≤ F is separable and so K = F. So suppose p 6= 0. We proceed by
induction on dimK F. If dimK F = 1, then K = F. So suppose dimK F > 1 and let b ∈ F \K.
By 5.2.22 there exists n ∈ N such that bp

n
is separable over K and dimK[bpn ]K[b] = pn. Since

bp
n ∈ F and K ≤ F is purely inseparable, bp

n ∈ K and so dimKK[b] = pn. By Homework
3#6 K[b] ≤ F is purely inseparable and so by induction dimK[b] E = pl for some l ∈ N. Thus

by the dimension formula 5.1.4(c), dimK E = pnpl = pk+l.

Proposition 5.4.4. Let K ≤ F be an algebraic extension and s a prime. Suppose that

(i) Every s′-polynomial over K has a root in K.

(ii) All polynomials of degree s over F are reducible.

Then F is algebraically closed.

Proof. Let F be an algebraic closure of F and b ∈ F. We need to show that b ∈ F. For this
let E a normal closure of K ≤ K[b] in F . By 5.3.20(c:a), K ≤ E is finite.

Put P = P(K,E). By 5.3.21 K ≤ P is purely inseparable and P ≤ E is Galois. We will
show that

(∗) P ≤ F

If char p = 0, then P = K. So suppose charK = p, p a prime. Assume first that p 6= s,
then by 5.4.3 K ≤ P is an s′-extension and so by 5.4.2 P = K. Assume next that p = s and
suppose first exits b ∈ P \ F. By 5.2.24(a),bp

n ∈ K for some n ∈ N. Hence we can choose
n ∈ Z+ minimal with bp

n ∈ F. Put a = bpn−1. Then a ∈ P \ F and ap ∈ F. 5.2.19 implies
degmK

a = p = s, a contradiction to (ii). Thus (*) holds.

Put S = S(K,E). Then by 5.3.21, K ≤ S is Galois. Put G = AutK(S). Since K ≤ E is
finite, G is finite.

By 2.11.7 there exists a Sylow s-subgroup S of G. Put L = FixS(S). Then by the
FTGT, 5.3.12 dimL S = |S| and so

dimK L =
dimK S
dimK L

=
|G|
|S|

Since S is a Sylow s-subgroup we conclude that K ≤ L is a s′ extension. Thus by
5.4.2 L = K and so G = S. Thus G is a s-group. Since K ≤ S ∩ F ≤ S, 5.3.12 implies
S ∩ F = FixS(H) for some H ≤ G.

Suppose for a contradiction that H 6= {idS}. Then by 2.10.26(a), there exists T E H
with |H/T | = s. Put D = FixS(T ). Then dimS∩FD = |H/T | = p. Let d ∈ D \ (S∩F). Then
degmS∩F

d = s. By 5.2.11 mS∩F
d = mF

d and so degmF
d = s a contradiction to (ii).
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Thus H = {idS} and so S ∩ F = FixS(idS) = S. Thus S ≤ F. Together with (*) we get
SP ≤ F. By 5.2.28(c), E = PS and so E ≤ F. Since b ∈ E we have b ∈ F. As b ∈ F was
arbitrary this means, F = F and so F is algebraically closed.

Theorem 5.4.5. The field of complex numbers is algebraically closed.

Proof. By the three properties of R ≤ C listed above we can apply 5.4.4 with s = 2. Hence
C is algebraically closed.

Lemma 5.4.6. Let K ≤ E be algebraic and K an algebraic closure of K. Then E is K-
isomorphic to some intermediate field Ẽ of K ≤ K.

Proof. Let E be an algebraic closure of E. Then by 5.3.20(d:a) E is an algebraic closure of
K. By 5.2.8(e) there exists an K-isomorphism φ : E→ K. Put Ẽ = φ(E).

Lemma 5.4.7. Up to R-isomorphisms, C is the only proper algebraic extension of R

Proof. Note that C is an algebraic closure of R. So by 5.4.6 any algebraic extension of R
is R-isomorphic to an intermediate field E of R ≤ C. As dimRC = 2, we get E = R or
E = C.

5.5 Finite Fields

In this section we study the Galois theory of finite fields.

Lemma 5.5.1. Let F be a finite field and F0 the subring generated by 1. Then F0
∼= Zp for

some prime p. In particular, F is isomorphic to a subfield of the algebraic closure of Zp.

Proof. Let p = charF. Then pZ is the kernel of the homomorphism Z→ F, n→ n1F. Also
F0 is its image and so F0

∼= Zp.

Theorem 5.5.2. Let p be a prime, F0 a field of order p, F an algebraic closure of F0 and
G := {FrobFpn | n ∈ Z}

(a) G is subgroup of Aut(F).

(b) F0 = FixF(G) = FixF(Frobp).

(c) A proper subfield of F is G-closed if and only if its finite.

(d) All subgroups of G are closed.

(e) G is a inclusion reversing bijection between the finite subfields of F and the non-trivial
subgroups of G.

(f) Let q ∈ Z, q > 1. Then F has a subfield of order q if and only if q is a power of p. If q
is a power of p then F has a unique subfield of order q, Fq.
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(g) Let n ∈ Z+ and q = pn. Then

Fq = FixF(Frobq) = {a ∈ F | aq = a}

So Fq consists exactly of the roots of xq − x.

(h) Fpm ≤ Fpn if and only if m divides n.

(i) Let n ∈ Z+,m ∈ N and q = pn. Then Fq ≤ Fqm is a Galois extension and

AutFq(Fqm) = {Frobqi | 0 ≤ i < m.}

In particular, AutFqFqm is cyclic of order m.

Proof. Note first that G = 〈Frobp〉 is a cyclic subgroup of Aut(F). Let H be a non-trivial
subgroup of G. Then H = 〈Frobq〉 where q = pn for some n ∈ Z+. Put Fq = FH =
Fix(Frobq. Let b ∈ F. Then b ∈ Fq if and only if bq = b. Fq consist exactly of the roots of
xq − x. Note that (xq − x)′ = qxq−1 − 1 = −1 has no roots and so by 3.7.12 xq − x has no
multiple roots. Hence |Fq| = q. In particular F0 = Fp and (c) holds. Also F0 is closed and
every proper closed subfield of F is finite.

Since Fq = FH, Fq is closed by 5.3.3e. So FGFq = Fq. Since H is the only subgroup of
G with fixed field Fq, GFq = H = 〈Frobq〉. Thus H is closed.

By 5.3.9b, every finite extension of F0 in F is closed. So every finite subfield of F is
closed. Thus (c) to (g) are proved.

(g)
Fpm ≤ Fpn ⇐⇒ GFpn ≤ GFpm ⇐⇒ 〈Frobpn〉 ≤ 〈Frobpm〉.

By 2.6.10b this is the case if and only if m divides n.
(i) Since H is abelian, all subgroups of H are normal. Hence by 5.3.16 (applied to

(F,Fq, H) in place of (F,K, G)) Fqm is H-stable. Thus by 5.3.13 ( again applied with H in
place of G) Fq ≤ Fqm is Galois and AutFqFqm = HFqm . By 5.3.14b,

Hqm ∼= H/FFqm = 〈Frobq〉/〈Frobqm〉 ∼= Z/mZ.

Thus (i) holds.

5.6 Transcendence Basis

Definition 5.6.1. Let K ≤ F be a field extension and s = (si)i∈I a family of elements in
F. We say that (si, i ∈ I) is K-algebraically independent if the evaluation homomorphism:

K[xi, i ∈ I]→ K[si, i ∈ I], f → f(s)

is 1-1.
A subset S of F is called algebraically independent over K, if (s)s∈S is linearly indepen-

dent.
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Recall here that if f =
∑

n∈J fnx
n, then f(s) =

∑
n∈J fns

n. Here J =
⊕

i∈I N, xn =∏
i∈I x

ni
i , sn =

∏
i∈I s

ni
i .

Note that s is algebraically dependent if and only if there exists 0 6= f ∈ K[xi, i ∈ I]
with f(s) = 0. In particular, if |I| = 1, s is algebraically dependent over K if and only if s is
algebraic over K. Also since each f ∈ K[xi, i ∈ I] only involves finitely many variables, s is
algebraically independent if and only if every finite subfamily is algebraically independent.

If si = sj for some i 6= j then s is a root of xi − xj and so s is algebraically dependent.
On the other hand, if the si, i ∈ I are pairwise distinct, s is linear independent if and only
if the underlying set S = {si | i ∈ I} is algebraically independent over K.

Lemma 5.6.2. Let K ≤ F be a field extension and s = (si)i∈I be algebraically independent
over K. Then there exists a unique K-isomorphism Φ̃s : K(xi, i ∈ I) → K(si, i ∈ I) with
α(xi) = si for all i ∈ I. Moreover, Φ̃s(

f
g ) = f(s)g(s)−1 for all f, g ∈ K[xi, i ∈ I], g 6= 0.

Proof. By definition of algebraic independent, the map Φs : K[xi, i ∈ I]→ K[si, i ∈ I] 1-1.
It is easy to see that Φs it is onto and then that

Φ̃s : K(xi, i ∈ I)→ K(si, i ∈ I),
f

g
→ f(s)g(s)−1

is well-defined isomorphism. Clearly Φ̃s(xi) = si and Φ̃s(k) = k. So Φs exists. The
uniqueness is readily verified.

Lemma 5.6.3. Let K ≤ F be a field extension.

(a) Let S and T disjoint subsets of F. Then S ∪ T is algebraically independent over K if
and only if S is algebraically independent over K and T is algebraically independent
over K(S).

(b) Let S ⊆ F be algebraically independent over K and let b ∈ F \ S. Then S ∪ {b} is
algebraically independent over K if and only if b is transcendental over K.

Proof. (b) By 5.6.2 S ∪ T is algebraically independent if and only if the there exists an
K-isomorphism K(xr, r ∈ S ∪ T ) → K(S ∪ T ) with xr → r, ∀r ∈ S ∪ T . S is algebraically
independent over K and T algebraically independent over K(S) is equivalent to the existence
of aK-isomorphismK(xs, s ∈ S)(xt, t ∈ T )→ K(S)(T ) with xs → s, ∀s ∈ S and xt → t,∀t ∈
T . Since K(S∪T ) = K(S)(T ) we conclude from 5.2.29 that the two property are equivalent.

(b) Follows from (a) applied to T = {b}.

Definition 5.6.4. Let K ≤ F be a field extension. A transcendence basis for K ≤ F is a
algebraically independent subset S of K ≤ F such that F is algebraic over K(S).

Lemma 5.6.5. Let K ≤ F be field extension ,S ⊆ F and suppose that S algebraically
independent over K.

(a) S is a transcendence basis if and only if S is a maximal K-algebraically independent
subset of F.
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(b) S is contained in a transcendence basis for K ≤ F.

(c) K ≤ F has a transcendence basis.

Proof. (a) S is a maximal algebraically independent set if and only if S∪{b} is algebraically
dependent for all b ∈ F \ S. By 5.6.3b, this is the case if and only if each b ∈ F is algebraic
over K(S).

(b) Let M be the set of K-algebraically independent subsets of F containing S. Since
S ∈ M, M is not empty. Order M by inclusion. Then M is a partially ordered set. We
would like to apply Zorn’s lemma. So we need to show that every chain D of M has an
upper bound. Note that the elements of D are subsets on F. So we can build the union
D :=

⋃
D. Then E ⊆ D for all E ∈ D. Thus D is an upper bound for D once we

establish that D ∈ M. That is we need to show that D is algebraically independent over
K. As observed before we just this amounts to showing that each finite subset J ⊆ D is
algebraically independent. Now each j ∈ J lies in some Ej ∈ D. Since D is totally ordered,
the finite subset {Es | j ∈ J} of D has a maximal element E. Then j ∈ Ej ⊆ E for all
j ∈ J . So J ⊆ E and as E is algebraically independent, J is as well.

Hence every chain inM has an upper bound. By Zorn’s Lemma A.6M has a maximal
element T . By (a) T is a transcendence basis and by definition of M, S ⊆ T .

(c) follows from (b) applied to S = ∅.

Proposition 5.6.6. Let K ≤ F be a field extension and S and T transcendence basis for
K ≤ F. Then |S| = |T |. |S| is called the transcendence degree of F ≤ K and is denoted by
tr− degK F.

Proof. Well order S and T . For s ∈ S define s− := {b ∈ S | b < s} and s+ := {b ∈ S | b ≤ s}.
Similarly define t± for t ∈ T . Let s ∈ S. As K(I) ≤ F is algebraic there exists a finite
subset J ⊆ T such that s is algebraic over K(J) and so also algebraic over K(s−, J). Let j
be the maximal element of J . Then J ⊆ j+ and so s is algebraic over K(s−, j+) . Hence
we can define a function φ : S → T , where φ(s) ∈ T is minimal with respect to s being
algebraic over K(s−, φ(s)+). Similarly define ψ : T → S.

We will show that φ and ψ are inverse to each other. Let s ∈ S and put t = φ(s).
Put L := K(s−, t−) We claim that s is transcendental over L. If not, we can choose J as
above with J ⊆ t−. But then s is algebraic over K(s−, j+). Since j < t this contradicts the
minimal choice of t.

Thus s is transcendental over L. Note that s is algebraic over K(s−, t+) = L(t), So if
t would be algebraic over L it also would be algebraic over L, a contradiction. Hence t is
transcendental over L = K(t−, s−). Since t is algebraic over K(t−, ψ(t)+) we get ψ(t)+ * s−

and so ψ(t) ≮ s.

Since s is algebraic over L(t), 5.6.5(b) implies that t, s are algebraic dependent over L.
Since s is transcendental over L another application of 5.6.5(b) shows that t is algebraic
over L(s) = K(s+, t−). Thus by definition of ψ, ψ(t) ≤ s. Together with ψ(t) ≮ s this gives,
ψ(t) = s. Therefore ψ ◦ φ = idS . By symmetry φ ◦ ψ = idT and so φ is a bijection.
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Example 5.6.7. Let K be a field and let s be transcendental over K. Let F be an algebraic
closure of K(s). Put s0 = s and inductively let si+1 be a root of x2−si in F. Then si = s2

i+1

and so K(si) ≤ K(si+1). Note that si+1 is transcendental over K and so K(si) = K(s2
i+1) 6=

K(si). Put E =
⋃∞
i=0K(si). Then K(si) ≤ E is algebraic. Thus each {si} is a transcendence

basis for K ≤ E. We claim that that K(b) 6= E for all b ∈ E. Indeed, b ∈ K(si) for some i
and so K(b) ≤ K(si) ⊆ E.

5.7 Algebraically Closed Fields

In this section we study the Galois theory of algebraically closed field.

Lemma 5.7.1. Let φ : K1 → K2 be a field isomorphism and Fi an algebraically close field
with Ki ≤ Fi. Suppose that tr degK1

F1 = tr degK2
F2. Let Si be a transcendence basis for Fi

over Ki and λ : S1 → S2 a bijection. Then there exists an isomorphism ψ : F1 → F2 with
ψ |K1= φ and ψ |S1= λ.

Proof. Let Si be a transcendence basis for Fi : Ki. By assumption there exists a bijection
λ : S1 → S2. By 5.6.2 there exists a unique isomorphism

δ : K1(S1)→ K2(S2)

with δ(k) = φ(k),∀k ∈ K1 and δ(s) = φ(s),∀s ∈ S1. Since Fi : Ki(Si) is algebraically closed,
Fi is an algebraically closure of Ki(Si). Hence by 5.2.8(a), δ extends to an isomorphism
ψ : F1 → F2.

Lemma 5.7.2. Let K ≤ F be a field extension and suppose that F is algebraically closed.
Then AutK(F) acts transitively on the set of elements in F transcendental over K.

Proof. Let si ∈ F, i=1,2, be transcendental over K. By 5.6.5b there exists a transcendence
basis Si for K ≤ F with si ∈ Si. Let λ : S1 → S2 be a bijection with λ(s1) = s2. By 5.7.1
there exists ψ ∈ AutKF with ψ(s) = λ(s) for all s ∈ S1. Thus ψ(s1) = s2.

Example 5.7.3. By results from analysis, both π and e are transcendental over Q. Since C
is algebraically closed we conclude from 5.7.2 that there exists α ∈ AutQ(C) with α(π) = e.

Definition 5.7.4. Let K be the field and K0 the intersection of all the subfield. Then K0

is called the base field of K. of K.

Lemma 5.7.5. Let K be the field and K0 the base field of K. Put p = charK. If char p = 0
then K0

∼= Q and if p is a prime then K0
∼= Z/pZ

Proof. Let Z = {n1F | n ∈ Z}. The Z is a subring and K0 is the field of fraction of Z. If
p = 0, then Z ∼= Z and so K0

∼= Q and if p > 0, then Z ∼= Zp and K0 = Z.

Corollary 5.7.6. (a) Let K be a field. Then for each cardinality c there exists a unique (up
to K-isomorphism) algebraically closed F with K ≤ F and tr degF : K = c. Moreover,
F is isomorphic to the algebraic closure of K(xi, i ∈ I), where I is a set with |I| = c.
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(b) Let p = 0 or a prime and c a cardinality. Then there exists a unique (up to isomorphism)
algebraically closed field F with characteristic p and transcendence degree c over its base
field. Moreover, the algebraic closure of Fp(xi, i ∈ I), where I is a set with cardinality
I and Fp is Q respectively Zp, is such a field.

Proof. Follows immediately from 5.7.1

Lemma 5.7.7. Let K be a field. Then the following are equivalent.

(a) K has no proper purely inseparable field extension.

(b) Let K be an algebraic closure of K. Then K ≤ K is Galois.

(c) All polynomials over K are separable.

(d) charK = 0 or charK = p 6= 0 and for each b ∈ K there exists d ∈ K with dp = b.

(e) charK = 0 or charK = p 6= 0 and Frobp is an automorphism.

Proof. (a) =⇒ (b): Since K is the algebraic closure of K, K ≤ K is algebraic and normal.
Put P := P(K,K). Since K ≤ K is normal, 5.2.24(e) implies that P ≤ K is separable. Since
K ≤ P is purely inseparable (a) gives K = P. Hence by K ≤ K is normal and separable and
thus by 5.3.17 K ≤ K is Galois.

(b) =⇒ (c): Since K ≤ K is Galois, 5.3.17 implies that K ≤ K is separable. Let
f ∈ K[x] be irreducible. Then f has root in K. This root is separable over K and so f is
separable.

(c) =⇒ (d): Let b ∈ K and f an irreducible monic factor of xp − b. Then f has a
unique root in K̄ and is separable. Thus f = x− d for some d ∈ K with dp = b.

(d) =⇒ (e): By 5.2.17 Frobp is a monomorphism. By (d) Frobp is onto.

(e) =⇒ (a): Let K ≤ F be purely inseparable. Let b ∈ F. Then d := bp
n ∈ K for some

n ∈ N. Thus b = Frob−np (d) ∈ K and F = K.

Definition 5.7.8. A field K which fulfills one and so all of the equivalent conditions in
5.7.7 is called perfect.

Lemma 5.7.9. Finite fields and algebraically closed fields are perfect.

Proof. Let K be a field. If K is finite, then as Frobp is one to one, its onto. If K is
algebraically closed, Frobp is an automorphism by 5.2.17d.

Proposition 5.7.10. Let K ≤ F field extension with F algebraically closed. Put G :=
AutK(F), P := P(K,F) and let A be the set elements in F which are algebraic over K. Let
K ≤ E ≤ F with E 6= F

(a) A is an algebraic closure of K and K ≤ A is normal.

(b) If E is G-stable then EG = AutK(E).



5.7. ALGEBRAICALLY CLOSED FIELDS 213

(c) E is G-stable if and only K ≤ E is normal.

(d) FixF(G) = P.

(e) E is G-closed if and only if E ≤ F is Galois and if only if E is perfect.

(f) Suppose A 6= F. Then AutAF is the unique minimal non-trivially closed normal subgroup
of G.

Proof. (a) Note that K ≤ A is algebraic. Let f ∈ K[x] be a non-constant polynomial. Since
F is algebraically closed, f has a root b ∈ F. Then b is algebraic over K and so b ∈ A. Thus
f has a root in A and so by definition (see 5.1.15), A is an algebraic closure of K. If g is
a polynomial with a root on A, then g splits over A, since A is algebraically closed. Thus
K ≤ A is normal.

(b) By 5.7.1 every φ ∈ AutKE can be extended to some ψ ∈ AutKF. So (b) holds.
(c) Suppose K ≤ E is normal, then by 5.2.10a, E is G-stable.
Suppose that K ≤ E is G-stable. We will first show that E ≤ A. Suppose not and pick

e ∈ E such that e is transcendental over K. By 5.7.2 Ge consists of all the transcendental
elements in F. As E is G-stable, Ge ⊆ F. So E contains all the transcendental elements.

Let b ∈ A∩E. Suppose for a contradiction that b+e is algebraic over K. Then K ≤ K(b)
and K(b) ≤ K(b, b + e) are algebraic.Thus by 5.1.11 also K ≤ K(b, b + e) is algebraic and
so e = (e + b) − b is algebraic over K, a contradiction. Hence b + e is transcendental over
K. Thus b + e ∈ E and b ∈ K(b + e, e) ≤ E. It follows that F = E, a contradiction to the
assumptions.

Hence E ≤ A. . So by (b)

(∗) GA = AutK(A).

Hence E is AutK(A)-stable and so by 5.3.15 K ≤ E is normal.
(d) Let b ∈ F \ A. Then also b + 1 ∈ F \ A and by 5.7.2 there exists σ ∈ G with

σ(b) = b+ 1 6= b. Thus b /∈ FixF(G) and so FixF(G) ≤ A. Thus

(∗∗) FixF(G) = FixA(GA)
(*)
= FixA(AutK(A))

5.2.24(f)
= P

(e) E is G-closed if and only if

(1) FixF(AutE(F)) = E

and so if and only if E ≤ F is Galois. Since (1) does not dependent on K we may replace
K by E. Then G = AutE(F) and (1) becomes

(2) FixF(G) = K
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By (**) FixF(G) = FixA(AutK(A)) and so (2) is equivalent to

(3) FixA(AutK(A)) = K

By definition of a Galois extension (3) holds if and only if K ≤ A is Galois. Since A
is an algebraic closure of K, 5.7.7 implies that K ≤ A is Galois if and only if K is perfect.
Since E = K, (e) is proved.

(f) Let H be a closed normal subgroup of G with H 6= {idF}. Then FixF(H) is 5.3.14(e),
FixF(H) is G-stable. Since H 6= G, FixF(H) 6= F. So by (c), K ≤ FixF(H) is normal
and so algebraic. Hence FixF(H) ≤ A and AutA(F) ≤ Aut(FixF(H)). Since H is closed,
Aut(FixF(H)) = H and so AutA(F) ≤ H.

By 5.3.3(h), AutA(K) is closed in G. By (a) K ≤ A is normal and so by 5.3.14(e)
AutA(F) is a normal subgroup of G. By 5.7.9 A is perfect and so by (e), A ≤ F is Galois.
Thus FixA(AutK(F)) = A 6= F and so AutK(F) 6= {idF}. Thus AutK(F) is a non-trivial,
closed subgroup of G.



Chapter 6

Multilinear Algebra

Throughout this chapter ring means commutative ring with identity 1 6= 0. All modules
are assumed to be unitary. We will write (non)-commutative ring for a ring which might
not be commutative.

6.1 Multilinear functions and Tensor products

Let (Mi, i ∈ I) be a family of sets. For J ⊆ I put MJ =
∏
j∈JMj and for m = (mi)i∈I ∈MI

put mJ = (mj)j∈JMJ . If I = J ∪ K with L ∩ K = ∅, the map MI → MJ ×MK ,m →
(mJ ,mK) is a bijection. We use this canonical bijection to identify MI with MJ ×MK .

Let W be a set and f : MI →W a function. Let b ∈MK . Then we obtain a function a
function fb : MJ →W,a→ f(a, b).

Definition 6.1.1. Let R a ring, Mi, i ∈ I a family of R-modules and W an R-module. Let
f : MI →W be a function. f is R-multilinear if for all i ∈ I and all b ∈MI−i the function

fb : Mi →W,a→ f(a, b)

is R-linear.

Note here that fb R-linear just means f(ra, b) = rf(a, b) and f(a+ã, b) = f(a, b)+f(ã, b)
for all r ∈ R, a ∈Mi, b ∈MI−i and i ∈ I.

The function f : Rn → R, (a1, a2, . . . , an) → a1a2 . . . an is multilinear. But the
function g : Rn → R, (a1, . . . , an)→ a1 is not R-linear.

Lemma 6.1.2. Let Mi, i ∈ I be a family of R-modules, f : MI → W an R-multilinear
map, I = J ]K and b ∈MK . Then fb : MJ →W is R-multilinear.

Proof. Let j ∈ J and a ∈MJ−j . Then (a, b) ∈MI−j and (fb)a = f(a,b) is R-linear. So fb is
R-multilinear.

215
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Lemma 6.1.3. Let R a ring, Mi, i ∈ I a finite family of R-modules, W an R-module and
f : MI →W be a function. Then f is multilinear if and only if

f((
∑
j∈Ji

rijmij)i∈I) =
∑
α∈JI

(
∏
i∈I

riα(i))f((miα(i))i∈I)

whenever (Ji, i ∈ I) is a family of sets, mij ∈Mi and rij ∈ R for all i ∈ I and j ∈ Ji.

Proof. Suppose first that f is multilinear. If |I| = 1 we need to show that f(
∑

j∈J rjmj) =∑
j∈J rjf(mj) But this follows easily from the fact that f is linear and induction on J . So

suppose that |I| ≥ 2, let s ∈ I, K = I − s. Then by induction

f((
∑
j∈Ji

rijmij)
definition of fb= f∑

j∈Js rsjmsj
((
∑
j∈Ji

(rijmij)i∈K

=
∑
α∈JK

(
∏
i∈K

riα(i)f
∑
j∈Js rsjmsj

(miα(i))i∈K

=
∑
α∈JK

(
∏
i∈K

riα(i)f(
∑
j∈Js

rsjmsj , (miα(i))i∈K

∑
α∈JI

∏
i∈I

riα(i)f(miα(i))

The other direction is obvious.
Example: Suppose f : M1 ×M2 ×M3 →W is multilinear.
Then

f(m11 + 2m12, 4m21, 3m31 +m32 =

= 12f(m11,m21,m31) + 4f(m11,m21,m32) + 24f(m12,m21,m31) + 8f(m12,m21,m32)

Definition 6.1.4. Let R be a ring and Mi, i ∈ I a family of R-modules. A tensor product
for (Mi, i ∈ I) over R is a R-multilinear map f : MI →W so that for each multilinear map
g : MI → W̃ there exists a unique R-linear ğ : W → W̃ with g = ğ ◦ f .

Lemma 6.1.5. Let R be a ring and (Mi, i ∈ I) a family of R-modules. Then (Mi, i ∈ I) has
a tensor product over R. Moreover, it is unique up to isomorphism, that is if fi : MI →Wi,
i=1,2, are tensor products, than there exists a R-linear isomorphism g : W1 → W2 with
f2 = g ◦ f1.

Proof. Let F = FR(MI), the free module on the set MI . So F has a basis z(m),m ∈ MI .
Let D be the R-submodule if F generated by the all the elements in F of the form

z(ra, b)− rz(a, b)

and
z(a, b) + z(ã, b)− z(a+ ã, b)

where r ∈ R, a ∈Mi, b ∈MI−i and i ∈ I.
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Let W = F/D and define f : MI →W,m→ z(m) +D.

To check that f is multilinear we compute

f(ra, b)− rf(a, b) = (z(ra, b) +D)− r(z(a, b) +D) = (z(ra, b)− rz(a, b)) +D = D = 0W

and

f(a+ã, b)−f(a, b)−f(ã, b) = (z(a+ã, b)+D)−(z(a, b)+D)−z(ã, b)+D) = (z(a+ã, b)−z(a, b)−z(ã, b))+D = D = 0W .

So f is R-.multilinear.

To verify that f is a tensor product let f̃ : MI → W̃ by R-multilinear. Since F is
a free with basis z(m),m ∈ M . There exists a unique R-linear map g̃ : F → W̃ with
g̃(z(m)) = f̃(m) for all m ∈MI . We claim that D ≤ ker g̃. Indeed

g̃(z(ra, b)− rz(a, b)) = g̃(z(ra, b)− rg̃(z(a, b) = f̃(ra, b)− rf̃(a, b),

Here the first equality holds since g̃ is R-linear and the second since f̃ is multilinear.

Similarly g̃(z(a + ã) − z(a, b) − z(ã, b)) = g̃(z(a + ã)) − g̃(z(a, b)) − g̃(z(ã, b)) = f̃(a +
ã)− f̃(a, b)− f̃(ã, b) = 0.

Hence ker g̃ contains all the generators of D and since ker g̃ is an R-submodule of F ,
D ≤ ker tildeg. Thus the map g : W → W̃ , e+D → g̃(e) is well defined and R-linear. Note
that g(f(m)) = g̃(f(m)) = g̃(z(m)) = f̃(m) and so f̃ = g ◦ f . To show the uniqueness of g
suppose that h : W → W̃ is R-linear with f̃ = h◦f . Define h̃ : F → W̃ by h̃(e) = h(e+D).
Then h is R linear and h̃(z(m)) = h(z(m) +D) = h(f(m)) = f̃(m) = g̃(z(m)). Since z(m)
is a basis for F this implies h̃ = g̃. Thus g(e+D) = g̃(e) = h̃(e) = h(e+D) and g = h, as
required.

So f is indeed a tensor product.

Now suppose that fi : MI → Wi,i=1,2 are tensor products for (Mi, i ∈ I over R. Let
{1, 2} = {i, j}. Since fi is a tensor product and fj is multilinear, there exists gi : Wi →Wj

with fj = gifi. Then (gjgi)fi = gj(gifi) = gjfj = fi. Note that also idWifi = fi and so the
uniqueness assertion in the definition of the tensor product implies gjgi = idWi . Hence g1

and g2 are inverse to each other and g1 is a R-linear isomorphism.

Let (Mi, i ∈ I) be a family of R-modules and f : MI →W a tensor product. We denote
W by

⊗i∈I
R Mi f((mi)i∈I by ⊗i∈Imi. Also if there is no doubt about the the ring R and

the set I in question, we just use the notations
⊗
Mi, ⊗mi and (mi)

If I == {1, 2 . . . , n} we also write M1⊗M2⊗ . . .⊗Mn for
⊗
Mi and m1⊗m2⊗ . . .⊗mn

for ⊗mi.

With this notation we see from the proof of 6.1.5
⊗
Mi is as an R-module generated

by the elements of the form ⊗mi But these elements are not linear independent. Indeed we
have the following linear dependence relations:

(ra)⊗ b = r(a⊗ b) and (a+ ã)⊗ b = a⊗ b+ ã⊗ b.
Here r ∈ R, a ∈Mi, b = ⊗j∈Jbj with bj ∈Mj and i ∈ I.
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Lemma 6.1.6. Let I be finite. Then
⊗I R = R. More precisely, f : RI → R, (ri) →∏

i∈I ri is a tensor product of (R, i ∈ I).

Proof. We need to verify that f meets the definition of the tensor product. Let f̃ : RI → W̃
be R-multilinear. Define g : R → tildeW, r → rf̃((1))), where (1) denotes the element
r ∈ RI with ri = 1 for all i ∈ I. Then clearly g is R-linear. Moreover,

f̃((ri)) = f̃((ri1)) = (
∏
i∈I

ri)f̃((1)) = g(
∏
i∈I

ri) = g(f((ri))

Thus f̃ = gf .

Next let g̃ : R → W̃ be linear with f̃ = g̃f . Then g̃(r) = g̃(r1) = rg̃(1) = rg̃(
∏
i∈I 1) =

rg(f((1)) = rf̃((1)) = g(r) and so g is unique.

Lemma 6.1.7. Let (Mi, i ∈ I) be a family of R-modules. Suppose that I is the disjoint
union of subsets Ij , j ∈ J . For j ∈ J let fj : MIj → Wj be R-multilinear. Also let
g : WJ →W be R-multilinear. Then

g ◦ (fj) : MI →W,m→ g((fj(mj))

is R-multilinear.

Proof. Let f = g ◦ (fj). Let m ∈ MI and put wj = fj(mJ). Let w = (wj) ∈ WJ . Then
f(m) = g(w).

Let i ∈ I and pick j ∈ J with i ∈ Ij . Put b = (mk)k∈I−i and v = (wk)k∈J . Then
w = (wj , v), m = (mi, b) and fb(mi) = f(m) = g(wj , v) = gv(wj). Let d = (ml)k∈Ij−i).
Then mIJ = (mi, d). Thus wj = fj(mIj ) = fj(mi, d) = (fj)d(mi).

Hence fb(mi) = gv(wj) = gv((fj)d(mi)). So fb = gv ◦ (fj)d. Since g is multilinear, gv
is R linear. Since fj is a multilinear product, (fj)d is R-linear. Since the composition of
R-linear maps are R-linear, fb is R-linear. So f is R-multilinear.

Lemma 6.1.8. Let Mi, i ∈ I be a family of R-modules, f : MI → W an R-multilinear
map, I = J ]K and b ∈MK .

(a) There exists a unique R-linear map f̆b : ⊗J →W with f̆b(⊗Jmj) = fb((mj)).

(b) The function fK : MK → HomR(
⊗JMj ,W ), b→ f̆b is R-multilinear.

(c) There exists a unique R-linear map f̆K :
⊗KMk → HomR(

⊗JMj ,W ) with f̆K(⊗Kmk)(⊗Jmj) =
f((mi)).

(d) There exists a unique R-bilinear map, fK,J :
⊗KMk×

⊗JMj →W with fK,J(⊗Kmk,⊗Jmj) =
f((mi))
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Proof. (a) Follows from 6.1.2 and the definition of a tensor product.

(b) Let k ∈ K, a, ã ∈ Mk, r ∈ R, b ∈ MK−a and d ∈ MJ . The (a, b) ∈ MK and
(a, b, d) ∈MI . We compute

(rf(a,b))(⊗Jdj) = rf(a, b, d) = f(ra, b, d) = f(ra,b)(⊗Jdj).

By the uniqueness assertion in (b), rf(a,b) = f(ra,b). Thus fK(ra, b) = rfK(a, b)

Similarly

(f(a,b) + f(ã,b))(⊗Jdj) = f(a, b, d) + f(ã, b, d) = f(a+ ã, b, d) = f(a+ã,b))(⊗Jdj)

and f(a,b) + f(ã,b) = f(a+ã,b). Hence fK(aã, b) = fK(a+ ã, b) and fK is R-multilinear.

(c Follows from (b) and the definition of a tensor product.

(d) Define fK,J(a, b) = f̆K(a)(b). Since f̆K and f̆K(a) are R-linear and fK,J is bilinear.
Thus (d) follows from (c).

Lemma 6.1.9. Let R be a ring and A,B and C R-modules. Then there exists an R-
isomorphism

A⊗B ⊗ C → A⊗ (B ⊗ C)

which sends a⊗ b⊗ c→ a⊗ (b⊗ c) for all a ∈ A, b ∈ B, c ∈ C.

Proof. Define f : A×B×C → A⊗(B⊗C), (a, b, c)→ a⊗(b⊗c). By 6.1.7, f is multilinear.
So there exists an R-linear map f̆ : A⊗B⊗C → A⊗ (B⊗C) with g(a⊗b⊗c) = a⊗ (b⊗c).

By 6.1.8 there exists an R-linear map g = ⊗{1},{2,3}: A ⊗ (B ⊗ C) → A ⊗ B ⊗ C with
g(a⊗ (b⊗ c)) = a⊗ c.

Note that (gf̆)(a⊗ b⊗ c) = g(a⊗ (b⊗ c)) = a⊗ b⊗ c. Since A⊗B ⊗C is generated by
the a⊗ b⊗ c, we get gf̆ = id. Similarly f̆g = id and so f̆ is an R-isomorphism.

Lemma 6.1.10. Let I be a finite set and for i ∈ I let (Mij , j ∈ Ji) be a family of R-modules.
Then there exists an R-isomorphism,⊗

i∈I
(
⊕
j∈Ij

Mij)→
⊕
α∈JI

(
⊗
i∈I

Miαi).

with

⊗i∈I (mij)j∈Ji → (⊗i∈I miαi)α∈JI

Proof. Let Mi =
⊕

j∈JiMij and let πij : Mi → Mij the projection map of Mi onto Mij .
Note here if mi ∈ Mi, then mi = (mij)j∈Ji with mij ∈ Mij and πij(mi) = mij . Let
α ∈ JI =

∏
i∈I Ji. Define

fα : MI →
⊗
i∈I

Miα(i), (mi)→ ⊗i∈I miαi .
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Since ⊗ is multilinear and πij is linear, 6.1.7 implies that fα is multilinear. Hence there
exists a unique R-linear map

f̆α :
⊗
i∈I

Mi →
⊗
i∈I

Miα(i)

with f̆α(⊗mi) = ⊗miαi . We claim that for a given m = (mi) there exists only finitely many
α ∈ IJ with fα(m) 6= 0. Indeed there exists a finite subset Ki ⊆ Ji with mij = 0 for all
j ∈ Ji \Ki. Thus α(m) = 0 for all α ∈ JI \KI . Since I and Ki are finite, KI is finite. Thus

f̆ = (f̆α)α∈JI :
⊗
i∈I

(
⊕
j∈Ij

Mij)→
⊕
α∈JI

(
⊗
i∈I

Miαi).

is R-linear with

(∗) f̆(⊗i∈I (mij)j∈Ji ) = (⊗i∈I miαi)α∈JI

To show that f̆ is an isomorphism, we define its inverse. For j ∈ Ji let ρij : Mij → Mi

be the canonical embedding. So for a ∈ Mij , ρij(a) = (ak)k∈Ij , where ak = 0 of k 6= j and
aj = a. Let α ∈ JI and define

ρα :
∏
i∈I

Miαi →
⊗
i∈I

Mi, (miαi)→ ⊗i∈I ρiαi(miαi).

Then ρα is R-multilinear and we obtain an R linear map

ρ̆α :
⊗
i∈I

Miαi →
⊗
i∈I

Mi

with

ρ̆α(⊗i∈I miαi) = ⊗i∈I ρiαi(miαi).

Define

ρ̆ :
⊕
α∈JI

(
⊗
i∈I

Miαi)→
⊗
i∈I

Mi, (dα)→
∑
α∈IJ

ρα(dα).

Then ρ̆ is R linear. We claim that ρ̆ ◦ f̆ = id and f̆ ◦ ρ̆ = id.

Let m = (mi) = ((mij)) ∈Mi. Then mi =
∑

j∈Ji ρij(mij) and by multilinearity of ⊗.

⊗i∈I mi =
∑
α∈JI

⊗i∈I ρiαi(miαi)

By (*) and the definition of ρ̆.

ρ̆(f̆(⊗i∈I mi)) =
∑
α∈IJ

ρ̆α(⊗i∈Imiαi) =
∑
α∈IJ

⊗i∈I ρiαi(mialphai) = ⊗i∈I mi.

Hence ρ̆f̆ = id.
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Let d = (dα) ∈
⊕

α∈JI (
⊗

i∈IMiαi). To show that (f̆ ρ̆)(d) = d we may assume that
dα = 0 for all α 6= β and that dβ = ⊗i∈Imiβi with miβi ∈Miβi . Put mij = 0 for all j 6= βi.
Then mi := (mij) = ρiβi(miβi

Then

ρ̆(d) =
∑
α∈JI

ρ̆α(dα) = ρ̆β(⊗i∈Imiβi) = ⊗i∈I ρiβi(miβi) = ⊗i∈I mi

Let α ∈ JI with α 6= 0. Then αi 6= βi for some i ∈ I and so miαi = 0. Hence

f̆α(ρ̆(d)) = 0 = dα if α 6= β and f̆α(ρ̆(d) = ⊗i∈Imiβi = dβ if β = α.

Thus f̆(ρ̆(d)) = (f̆α(ρ̆(d)) = (dα) = d. Hence f̆ ρ̆ = id and f̆ is an isomorphism with
inverse ρ.

Corollary 6.1.11. Let (Mi, i ∈ I) be a finite family of R-modules. Suppose that Mi is a
free R-module with basis Ai, i ∈ I. Then

⊗
i∈IMi is a free R-module with basis

(⊗i∈I ai | a ∈ AI}

.

Proof. For j ∈ Ai let Mij = Rj . Then Mi =
⊕

j∈AiMij . For a ∈ Ai, put Ta =
⊗

i∈IMiai .
Since each Mij

∼= R, 6.1.6 implies Ta ∼= R. More precisely, ⊗i∈Iai is a basis for Ta. By
6.1.10

⊗
i∈IMi

∼=
⊕

a∈AI Ta. Hence (⊗i∈I ai | a ∈ AI} is indeed a basis for
⊗

i∈IMi.

We will denote the basis from the previous theorem by
⊗

i∈I Ai. If I = {1, . . . , n} and
Ai = {ai1, ai2, . . . , aimi} is finite we see that

⊗
i∈IMi has the basis

a1j1 ⊗ a2j2 ⊗ . . .⊗ anjn , 1 ≤ j1 ≤ m1, . . . , 1 ≤ jn ≤ mn.

Lemma 6.1.12. (a) Let (αi : Ai → Bi, i ∈ I) a family of R-linear maps. Then there exists
a unique R-linear map.

⊗αi :
⊗

Ai →
⊗

Bi

with

(⊗αi)(⊗ai) = ⊗αi(ai)

(b) Let (αi : Ai → Bi, i ∈ I) and (βi : Bi → Ci, i ∈ I) families of R-linear maps. Then
⊗(βi ◦ αi) = (⊗βi) ◦ ⊗(αi).

Proof. (a) Define f : AI →
⊗
Bi, (ai) → ⊗αi(ai). By 6.1.7 f is R-multilinear. So (b)

follows from the definition of the tensor product.

(b) Both these maps send ⊗ai to ⊗(βi(αi(ai)).



222 CHAPTER 6. MULTILINEAR ALGEBRA

6.2 Symmetric and Exterior Powers

Let I be a finite set, R a ring and M an R-module. Let Mi = M for all i ∈ M . Then
MI = M I . Let π ∈ Sym(I) and m = (mi) ∈ M I . Define mπ ∈ M by (mπ)i = mπ(i). ( So
if we view m as a function from I → M , mpi = m ◦ π) For example if π = (1, 2, 3), then
(m1,m2,m3)π = (m2,m3,m1). Note that for π, µ ∈ Sym(I), m(πµ) = (mπ)µ.

Definition 6.2.1. Let I be a finite set, R a ring and M an R-modules. Let f : M I → W
be R-multilinear.

(a) f is symmetric if f(mπ) = f(m) for all m ∈M,π ∈ Sym(I).

(b) f is skew symmetric if f(mπ) = (sgnπ)f(m) for all m ∈M,π ∈ Sym(I).

(c) f is alternating if f(m) = 0 for all m ∈M I with mi = mj for some i 6= j ∈ I.

Lemma 6.2.2. (a) Let f : M I →W be alternating. Then f is skew symmetric.

(b) Suppose that f : M I → W is skew symmetric and that w 6= −w for all 0 6= w ∈ W .
Then f is alternating.

(c) Let f : Mn → W be multilinear with f(m) = 0 for all m ∈ Mn with mi = mi+1 for
some 1 ≤ i < n. Then f is alternating.

Proof. (a) Let π ∈ Sym(I) and m ∈M we need to show that f(πm) = sgnf(πm). Since π
is the product of two cycles we may assume that π itself is a 2-cycle. So π = (i, j) for some
i 6= j ∈ I. Let a = mi, b = mj , d = mI\{i,j} and g = fd. Then m = (a, b, d), f(m) = g(a, b)
and (πf)(m) = f(b, a, d) = g(b, a).

Since f and so also g is alternating we compute

0 = g(a+ b, a+ b) = g(a, a) + g(a, b) + g(b, a) + g(b, b) = g(a, b) + g(b, a)

Thus f(πm) = g(b, a) = −g(a, b) = (sgnπ)f(m)
(b) Suppose that mi = mj for some i 6= j and let π = (i, j). Then m = πm and so

f(m) = f(πm) = (sgnπ)f(m) = −f(m) Thus by assumption on W , f(m) = 0 and f is
alternating.

(c) By induction on n. Let m ∈M with mi = mj for some 1 ≤ i < j ≤ n. Let m = (a, b)
with a ∈ Mn−1, b ∈ M . Let g = fb, that is g(d) = f(d, b) for d ∈ Mn−1. By induction g
is alternating. So if j 6= n, f(m) = g(a) = 0. So suppose j = n. Let π = (i, n − 1). By
induction and (b), f(mπ) = g(aπ) = −g(a) = −f(m). But (mπ)n−1 = mi = mj = mn =
(mπ)n and so by assumption f(mπ) = 0. Hence also f(m) = 0.

Definition 6.2.3. Let R be a ring, M an R-module, I a finite set and f : M I → W an
R-multilinear function.

(a) f is called an Ith symmetric power of M over R provided that f is symmetric and for
every symmetric function g : M I → W̃ , there exists a unique R-linear map ğ : W → W̃
with g = ğ ◦ f .
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(b) f is called an Ith exterior power of M over R provided that f is alternating and for
every alternating function g : M I → W̃ , there exists a unique R-linear map ğ : W → W̃
with g = ğ ◦ f .

Lemma 6.2.4. Let R be a ring, M an R-module and I a finite set. Then an I-th sym-
metric and an I-th exterior power of M over R exist. Moreover they are unique up to
R-isomorphism.

Proof. Let A be the R-submodule of
⊗IM generated by the elements ⊗m − ⊗mπ, m ∈

MI , π ∈ Sym(I). Let W = (
⊗IM)/A and define f : MI → W by f(m) = ⊗m + A.

We claim that f is an I-th symmetric power for M over R. So let g : MI → W̃ be
symmetric. Then g is multilinear and so by the definition of a tensor product there exists
a unique R-linear map g̀ :

⊗IM → W̃ with g̀(⊗m) = g(m). Since g(m) = g(mπ) for
all m ∈ M,π ∈ Sym(I) we have g̀(⊗m) = g̀(⊗mπ). Thus ⊗m − ⊗mπ ∈ ker g̀. Hence
also A ≤ ker g̀. So there exists a uniquely determined and well defined R-linear map
ğ : W → W̃ , d+A→ g̀(d) for all d+A ∈W . So f is an I-symmetric power of M over R.

Next let B be the R-submodule of
⊗IM generated by the elements ⊗m where m ∈M

with mi = mj for some i 6= j ∈ I. Let W =
⊗

IM/B and define f : MI → W by
f(m) = ⊗m + B. As above it is now a routine exercise to verify that f is an R-exterior
power of M over R.

Finally the uniqueness of the symmetric and alternating powers are verified in the usual
way.

We will denote the I-th symmetric power of M over R by M I → SIM, (mi)→
∏
i∈I mi.

The exterior power is denoted by M I →
∧IM, (mi)→ ∧i∈Imi.

Lemma 6.2.5. (a) SnR ∼= R for all n ≥ 1

(b)
∧1R ∼= R and

∧nR = 0 for all n ≥ 2.

Proof. (a) By 6.1.6 Rn → R, (ri) →
∏
ri is the n-th tensor power of R. Since the map is

symmetric and is also the n-th symmetric power.
(b) An alternating map in one variable is just a linear map. So

∧R = R. Now suppose
n ≥ 2, a, b ∈ R, c ∈ Rn−2 and f : Rn →W is alternating. Then f(a, b, c) = abf(1, 1, c) = 0.
Hence ΛnR = 0.

Lemma 6.2.6. Let (Mi, i ∈ I) be an R modules, I a finite set and suppose that I is the
disjoint unions of the subsets Ik ∈ K and Mk is an R-module with Mi = Mk for all i ∈ Ik.
Let g : MI →W be multilinear. Then

(a) Suppose that for all k ∈ K and b ∈ I \ Ik, gb : M Ik
k → W is alternating. Then there

exists a unique R-linear map

ğ :
⊗
k∈K

(

Ik∧
Mk)→W
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with
ğ(⊗j∈J(∧i∈Ikmi) = g((mi))

for all (mi) ∈M I .

(b) Suppose that for all k ∈ K and b ∈ I \Ik, gb : M Ik
k →W is symmetric Then there exists

a unique R-linear map

ğ :
⊗
k∈K

(SIkM)→W

with
ğ(⊗j∈J(∧i∈Ikmi) = g((mi))

for all (mi) ∈M I .

Proof. This is easily proved using the methods in 6.1.2 and 6.1.9

Lemma 6.2.7. Let R be a ring, I a finite set and (Mj , j ∈ J) a family of R-modules. Let

∆ = {d ∈ NJ |
∑

j∈J dj = |I|}. For j ∈ J let {Ijd | j ∈ J} be a partition of I with |Ijd| = dj
for all j ∈ J . For d ∈ ∆ put A(d) = {α ∈ Jn | |α−1(j)| = dj}. For α ∈ A(d) and j ∈ J put

Ijα = α−1(j) = {i ∈ I | αi = j}. Let πα ∈ Sym(I) with πα(Ijd) = Ijα. Then

(a) The function

f : (
⊕
j∈J

Mj)
I →

⊕
d∈∆

(
⊗
j∈J

SI
j
dMj)

((mij)j∈J)i∈I)→ (
∑

α∈A(d)

⊗
j∈J

(
∏
i∈Ijd

mπα(i)j) )d∈∆

is an I-th symmetric power of
⊕

j∈JMj over R.

(b) The function

f : (
⊕
j∈J

Mj)
I →

⊕
d∈∆

(
⊗
j∈J

Ijd∧
Mj)

((mij)j∈J)i∈I)→ (
∑

α∈A(d)

sgnπα

⊗
j∈J

(
∧
i∈Ijd

mπα(i)j) )d∈∆

is an I-th exterior power of
⊕

j∈JMj over R.

Proof. (b) View each α = (αi)i∈I ∈ Jn as the function I → J, i → αi. Since {Ijd | j ∈ J
of I is a partition of I, each Ijd is a subset of I and each i ∈ I is contained Ijd for a unique

j ∈ J . Define αd ∈ JI by (αd)i = j where i ∈ Ijd.

Let α ∈ JI . Note that {Ijα | j ∈ J} is a partition of I. Define d = dα ∈ ∆ by (dα)j = |Ijα|.
So d is unique in ∆ with α ∈ A(d). Note that Ijαd = Ijd. We will now verify that there exists

a πα ∈ Sym(I) with πα(Ijd) = Ijα. Since |Ijα| = |Ijd|, there exists a bijection πjα : Ijd → Ijα.
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Define πα ∈ Sym(I) by πα(i) = πjα(i), where i ∈ Ijd. Since πjα(i) ∈ Iαj , α(πjα(i)) = j.
But j = αd(i) and so α ◦ πα = αd.

Conversely if π ∈ Sym(I) with α ◦ π = αd then πj : Ijd → Ijα, i → π(i) is a well defined
bijection.

Define

f jd : Mn →
dj∧
Mj , m→ ∧

i∈Ijd
mij

and

fd : Mn →
⊗
j∈J

(

dj∧
Mj), m→ ⊗j∈Jf jd(m))

We will now show sgnπαfd ◦ πalpha does not depend on the particular choice of πα.
For this let π ∈ Sym(n) with αd = α ◦ π. Put σ = π−1πα and σj = (πj)−1πjα. So Then
σj ∈ Sym(Ijd) and and

(f jd ◦ πα(m) = f jd(mπα) = ∧
i∈Ijd

(mπα)ij = ∧
i∈Ijd

(m
πjα(i)j

=

= ∧
i∈Ijd

mπj(σj(i))j = (sgnσj)(∧
i∈Ijd

mπj(i)j) = (sgnσj)(f jd ◦ π)(m)

Thus f jd ◦ πα = (sgnσj)f jd ◦ π Taking the tensor product over all j ∈ J and using
sgnσ =

∏
j∈J sgnσj we get fd ◦ πα = sgnσfd ◦ π. But sgnπ = sgnπαsgnsigma and so

sgnπαfd ◦ παsgnπfd ◦ π

So we can define fα = sgnπfd ◦ π, where π ∈ Sym(n) with αd = απ.
Let µ ∈ Sym(n) and j ∈ J . Then (αµ)(i) = j if and only if α(µ(i)) = j. Thus

µ(Ijαµ) = Ijα. Hence dαµ = dα = d. Put ρ = παµ Then

αd = (αµ) ◦ ρ = α ◦ (µ ◦ ρ

So by definition of fα
fα(m) = (sgn(µ ◦ ρ))(fd ◦ (µ ◦ ρ) = (sgnµ)(sgnρ)(fd ◦ ρ)(mµ) = sgnµfαµ(mµ). So we

proved:

(**) fαµ(mµ) = (sgnµ)fα(m)

For d ∈ ∆ define f̄d =
∑

α∈A(d) fα We will show that f̄d is alternating. By 6.1.7, fad lpha

is multilinear. Hence also f̄d is multilinear.
Now suppose that mk = ml for some k 6= l ∈ I. Put µ = (k, l) ∈ Sym(I).
Let α ∈ A(d). Suppose that α = αµ, that is αk = αl. Let j = α(i). Then k, l ∈ Ijα) .

Since ml = mk, mlj = mij Thus ∧
i∈Ijαmij = 0 , f jα(m) = 0 and so also fα(m) = 0.
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Suppose next that α 6= αµ. Since mk = ml, m = mµ. So by (**)

fαµ(m) = fαµ(mµ) = sgnµfα(m) = −fα(m)

Hence fαµ(m) + fα(m) = 0. It follows that f̄d(m) =
∑

α∈A(d) fα(m) = 0 and f̄d is alternat-
ing.

Now define

f = (f̄d) : Mn →
⊕
d∈∆

(
⊗
j∈J

dj∧
Mj), m→ (f̄d(m))d∈∆.

To complete the proof of (b) it remains to verify that f is an I-th exterior power of M .
Since each fd is alternating, f is alternating. Let g : Mn →W be alternating.

By 6.2.6 there exists a unique R-linear map

ğd :
⊗
j∈J

(

Ijd∧
Mj)→W

with

ğd(⊗j ∈ J ∧i∈Ijd mi = g(m)

where m ∈M I with mi ∈Mj for all i ∈ Ijd.
Define

ğ :
⊕
d∈∆

(
⊗
j∈J

dj∧
Mj)→W, (ud)d∈∆ →

∑
d∈∆

ğd(ud)

Let m ∈M I . Since g is multilinear,

g(m) =
∑
α∈JI

wα

where wα = g(miα(i)).
Let π = πα. Since g is alternating and αd = απ,

wα = sgnπg(mπi,αd(i))

Note that ⊗j ∈ J ∧
i∈Ijd

mi ∧i∈Ijd mπiαd(i) = fd(mπ)) and so by definition of ğd and the

previous equation

wα = sgnπğd(fd(mπ)) = ğd(fα(m))

Thus
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g(m) =
∑
α∈JI

wα) =
∑
d∈∆

∑
α∈A(d)

ğd(fα(m)) ==

=
∑
d∈∆

ğd(
∑

α∈A(d)

fα(m)) =
∑
d∈∆

ğdf̄d(m)) = ğ((f̄d(m)d∈∆) = ğ(f(m))

Thus g = ğ ◦ f . So f is indeed an exterior power and (b) is proved.
(a) To prove (a) we change the proof for (b) as follows: Replace

∧
by S. Replace ∧ by

·. Replace every sgnlambda by 1. Finally the following argument needs to be added:
Let µ ∈ Sym(I). Then using (**) and A(d) = {αµ | α ∈ A(d) we get

f̄d(m) =
∑
α∈Ad

fα(m) =
∑

α∈A(d)

fαµ(mµ) =
∑
α∈Ad

fα(mµ) = f̄d(mµ).

Thus f̄d is symmetric.

A remark on the preceding theorem. The proof contains an explicit isomorphism. But
this isomorphism depends on on the choice of the partitions Ikd . And the computation of
the isomorphism depends on the choice of the πα. Here is a systematic way to make these
choices. Assume I = {1, . . . , n} and choose some total ordering on J . Let d ∈ ∆ and let
Jd = {j ∈ J | dj 6= 0. Note that |Jd| ≤ |I| and so Jd is finite. Hence Jd = {j1, . . . ju
with j1 < j2 < . . . < ju. To simplify notation we write k for jk. Choose I1

d = {1, 2, . . . , d1,

I2
d = {d1 +1, d1 +2, . . . , d1 +d2} and so on. Now let α ∈ A(d). So Ijd = {s+1, s+2, . . . s+dj ,

where s =
∑

k<j dkDefine πα as follows. Send 1 to the smallest i with α(i) = 1, 2 to the
second smallest element with α(i) = 1, d1 to the largest element with α(i) = 2, d1 + 1 to
the smallest element with α(i) = 2 and so on.

Finally we identify
∧IjdMj with

∧dj Mj by identifying ∧i∈I
dj
vi ∈

∧IjdMj with ∧djt=1vs+t ∈∧dj Mj , where s =
∑

k<j dk.

Let m = (mi) ∈M I such that for all i ∈ I there exists a unique j ∈ J with mij 6= 0. So
mi = mij for a unique j ∈ J . Denote this j by α(i). Then α ∈ JI . Note that f̄d(m) = 0

for all d 6= dα. So suppose that α ∈ A(d). Let Ijα = {ij1, i
j
2, . . . i

j
dj
} with ij1 < ij2 < . . . < idj .

Then since ∧ is skew symmetric there exists ε ∈ {1,−1} with

∧m = m1,α(1) ∧m2,α(2) ∧ . . . ∧mn,α(n) =

= εmi11,1
∧mi12,1

∧ . . . ∧mid1 ,1
∧mi22,2

. . . ∧mid2 ,2
∧ . . . ∧miu1 ,u

∧ . . . ∧miudu ,u

Then ε = sgnπα and f̄d(m) is

ε(mi11,1
∧mi12,1

∧ . . . ∧mid1 ,1
)⊗ (mi22,2

. . . ∧mid2 ,2
)⊗ . . .⊗ (miu1 ,u

∧ . . . ∧miudu ,u
)

For example suppose that |I| = 3 and |J | = 2. We want to compute f(m11 +m12,m21 +
m22,m31 +m32). Since f is multilinear we need to compute f(m1α(1),m2α(2),m3α(3) where
α(i) ∈ J = {1, 2}.
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If α = (1, 1, 1) then dα = (3, 0) and

f̄(3,0)(m11,m21,m31) = m11 ∧m21 ∧m31

If α = (1, 1, 2) then dα = (2, 1) and

f̄(2,1)(m11,m21,m32) = (m11 ∧m21)⊗m32

If α = (1, 2, 1) then dα = (2, 1) and

f̄(2,1)(m11,m22,m31) = −(m11 ∧m31)⊗m22

If α = (1, 2, 2) then dα = (1, 2) and

f̄(1,2)(m11,m22,m32) = m11 ⊗ (m22 ∧m32)

If α = (2, 1, 1) then dα = (2, 1) and

f̄(2,1)(m11,m21,m32) = (m21 ∧m31)⊗m12

If α = (2, 1, 2) then dα = (1, 2) and

f̄(1,2)(m12,m21,m32) = −m21 ∧ (m12 ⊗m32)

If α = (2, 2, 1) then dα = (1, 2) and

f̄(1,2)(m12,m22,m31) = m31 ⊗ (m12 ∧m22)

If α = (2, 2, 2) then dα = (0, 3) and

f̄(0,3)(m12,m22,m32) = m12 ∧m22 ∧m32.

Thus the four coordinates of f(m) are:
d = (3, 0) :

m11 ∧m21 ∧m31

d = (2, 1) :

(m11 ∧m21)⊗m32 − (m11 ∧m31)⊗m22 + (m21 ∧m31)⊗m12

d = (1, 2) :

m11 ⊗ (m22 ∧m32)−m21 ∧ (m12 ⊗m32) +m31 ⊗ (m12 ∧m22)

d = (0, 3) :
m12 ∧m22 ∧m32

Lemma 6.2.8. Let R be a ring, n a positive integer and M a free R-modules with basis B.
Let ” ≤ ” be a total ordering on B.
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(a) (b1b2 . . . bn | b1 ≤ b2 ≤ . . . bn ∈ B) is a basis for SnM .

(b) (b1 ∧ b2 ∧ . . . ∧ bn | b1 < b2 < . . . bn ∈ B) is a basis for SnM).

Proof. For b ∈ B put Mb = Rb. Then Mb
∼= R and M =

⊕
b∈BMb. We will apply 6.2.7

with I = {1, . . . , n} and J = B. Let ∆ be as in the statement of that theorem. Let d ∈ ∆.

(a) By 6.2.5, StMb
∼= R with basis bt. By 6.1.6⊗

b∈B
(SdbMb) ∼= R

and has ⊗b∈Bbdb has a basis. (a) now follows from 6.2.7(a)

(b) By 6.2.5
∧tMb = 0 for all t ≥ 2. So

⊗
b∈B

(

db∧
Mb) ∼= R = 0

if db ≥ 2 for some b ∈ B and

⊗
b∈B

(

db∧
Mb) ∼= R

if db ≤ 1 for all b ∈ B. Moreover, it has basis ⊗b∈B,db=1b. (b) now follows from 6.2.7(b).

Example: Suppose M has basis {a, b, c, d}. Then S3M has basis

d3, cd2, c2d, c3, bd2, bcd, bc2, b2d, b2c, b3, ad2, acd, ac2, abd, abc, ab2, a2d, a2c, a2b, a3

and
∧3M has basis

b ∧ c ∧ d, a ∧ c ∧ d, a ∧ b ∧ d, a ∧ b ∧ c

Corollary 6.2.9. Let R be a ring and n,m positive integer. Then

(a) SmRn ∼= R(n+m+1
m )

(b)
∧mRn ∼= R(nm).

Proof. This follows from 6.2.8

Lemma 6.2.10. Let R be a ring and M an free R-module with finite basis A and B. Then
|A| = |B|.

Proof. Let n = |A|. Then M ∼= Rn. So by 6.2.9(b), n is the smallest non-negative integer
with

∧n+1M = 0. So n is uniquely determined by M and n = |B|.

Definition 6.2.11. Let R be a ring and M and free R-module with a finite basis B|. Then
|B| is called the rank of M .
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6.3 Determinants and the Cayley-Hamilton Theorem

Lemma 6.3.1. Let I be finite set and R a ring.

(a) Let α : A→ B be R-linear. Then there exists a unique R-linear map

∧Iα :

I∧
A→

I∧
B

with

∧Iα(∧ai) = ∧α(ai).

(b) Let α : A→ B and β : B → C be R-linear. Then

∧I(β ◦ α) = ∧Iβ ◦ ∧Iα.

Proof. (a) Define g : AI →
∧I B, (ai) → ∧α(ai). If ai = aj for some i 6= j then also

α(ai) = α(bi) and so g(a) = 0. Thus g is alternating and (a) follows from the definition of
an exterior power.

(b) Both these maps send ∧ai to ∧β(α(ai)).

Theorem 6.3.2. Let R be a ring and n a positive integer.

(a) Let R be a ring, 0 6= M a free R-module of finite rank n, and α ∈ EndR(V ). Then there
exists a unique r ∈ R with ∧nα = rid∧nM . We denote this r by detα.

(b)

det : EndR(V )→ R,α→ detα

is a multiplicative homomorphism.

(c) There exists a unique function det :MR(n)→ R ( called determinant) with the follow-
ing two properties:

(a) When viewed as a function in the n columns, det is alternating.

(b) Let In be the n× n idendity matrix. Then det In = 1.

(d) Let A = (aij) ∈MR(n). Then

detA =
∑

π∈Sym(n)

sgnπ

n∏
i=1

aiπi

(e) Let A = (aij) ∈ MR(n) and aj = (aij) the j-th column of A. Then ∧aj = detA ∧ ej,
where ej = (δij) ∈ Rn.
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(f) Let R be a ring, 0 6= M a free R-module of finite rank n, α ∈ EndR(V ). and B a basis
for M . Let A =MB(α) be the matrix for α with respect to B. Then

detα = detA

(g) Let A ∈MR(n). Then

detA = detAT

where aTij = aji.

Proof. (a) By 6.2.9,
∧IM ∼= R. Thus by 4.5.8, EndR(

∧IM) = Rid. So (a) holds.
(b) follows from 6.3.1.
(c) Let ei = (δij) ∈ Rn. Then by 6.2.8, e := ∧ni=1ei is a basis for

∧nRn. Define
τ :

∧nRn → R, re → r. Let A ∈ MR(n) a view A as (ai)1≤i≤n with ai ∈ Rn. Define
detA = τ(∧i∈Iai. Since In = (ei), det In = 1. So det fulfills (Det Alt) and Det I.
Suppose now f : (Rn)n → R is alternating with f((ei)) = 1. Then by definition of an
I-th exterior power there exists an R-linear map f̆ :

∧nRn → R with f = f̆ ◦ ∧. Then
f̆(e) = ĕ(∧ei) = f((ei) = 1 and so f̆ = τ and f = det . Thus (c) holds.

(d) We will apply 6.2.7 with I = J = {1, . . . , n} and Mj = Rej . So
⊕

j∈J = Rn. Let

δ ∈ ∆. If dj ≥ 2 for some j ∈ J then
∧IjdMj = 0. If dj ≤ 1 for all j, then

∑
j∈J dj = n = |I|

forces dj = 1 for all j ∈ J . Let d ∈ ∆ with dj = 1 for all j ∈ J . Also Rej → R, rej → R is
an 1-st exterior power. Let α ∈ JI . Then α ∈ A(d) if and only if |α−1(j)| = 1 for all j ∈ J .
This is the case if and only of α ∈ Sym(n). Also πα = α. Hence 6.2.7 implies that

f : (Rn)n → R (mij)→
∑

α∈Sym(n)

n∏
i=1

miπi

is an n-th exterior power of Rn. Note that f((ei)) = 1. So this this choice of
∧nRn we

have e = 1, τ = idR and det = f . so (d) holds.
(e) was proved in (c).
(f) For A ∈ MB(R) let α = αA be the corresponding elements of EndR(M). So α(b) =∑
d∈B adbd. Let ab = (adb, the b-th column of A. Suppose that ab = ac with b 6= c. Then

α(b) = α(c) and so (∧α)(∧b) = ∧α(b) = 0. Hence detα = 0. Also det In = det id = 1 and
so A → det(αA) fulfilled (Det Alt) and (Det I). Thus the uniqueness of detA implies
detA = detα.

(g) Using (d) we compute

detAT =
∑

π∈Sym(n)

sgnπ
∏
i∈I

aTiπ(i) =
∑

π∈Sym(n)

sgnπ
∏
i∈I

aπ(i)i =

=
∑

π∈Sym(n)

sgnπ
∏
i∈I

aiπ−1(i) =
∑

π∈Sym(n)

sgnπ
∏
i∈I

aiπ(i) = detA
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Definition 6.3.3. Let R be a ring and s : A→ B → C R-bilinear.

(a) An s-basis for is a triple ((ad | d ∈ D), (bd | d ∈ D), c) such that D is a set, (ad | d ∈ D)
is a basis for A, (bd, d ∈ D) is a basis for B and {c} is a basis for C with s(ad, be) = δdec
for all d, e ∈ D.

(b) We say that is s is a pairing if there exists an s-basis. s is a finite pairing if s is pairing
and rankA = rankB is finite.

Note that if s : A → B → C is a pairing, then A,B and C are free R-modules and
C ∼= R as an R-module. Also s is non-degenerate, that is s(a, b) = 0 for all b ∈ B implies
a = 0, and s(a, b) = 0 for all a ∈ A implies b = 0.

The converse is only true in some special circumstances. For example if R is a field,
s : A → B → C is bilinear, dimR C = 1 and dimRA is finite, then it is not to difficult to
see that s is a pairing.

But if dimRA is not finite this is no longer true in general. For example let B = A∗ =
HomR(A,R) and s(a, b) = b(a). Then dimRB > dimRA and so s is not a pairing.

For another example define s : Z → Z → Z(a, b) → Z, (a, b) → 2ab. The s is not a
pairing. Indeed suppose ({a}, {b}, c) is an s basis. Then c = s(a, b) = 2ab, a contradiction
to Z = Zc.

Lemma 6.3.4. Let R be a ring, I, J,K finite sets with K = I ] J and let s : A × B → R
be R-bilinear. Let ∆ = {E ⊆ K | |E| = |J |} and for E ∈ ∆ choose πE ∈ Sym(K) with
πE(J) = E.

(a) There exists a unique R-bilinear map

sJK :
K∧
A×

J∧
B →

I∧
A

with
sJK(∧ak,∧bj) =

∑
E∈∆

det(s(aπE(j), bj′)j,j′∈J)
∧
i∈I

aπE(i)

(b) sJK is independent form the choice of the πE.

(c) Let α ∈ EndR(A) and β ∈ EndR(B with s(α(a), b) = s(a, β(b)) for all a ∈ A, b ∈ B.
Then

(∧Iα) (sJK(u , (∧Jβ)(v) ) = sJK( (∧Kα)(u) , v )

for all u ∈
∧K A andv ∈

∧J B.

(d) Suppose there exists a basis E = (ed, d ∈ D) for A and a basis F = (fd, d ∈ D) for B
such that s(ed, fd′) = δdd′. Let α ∈ DK and β ∈ DJ be one to one. Then

sJK((
∧
k∈K

eα(k),
∧
j∈J

fβ(k)) =

{
±
∧
k∈K\α−1(β(J)) eα(k) if β(J) ⊆ α(K)

= 0 if β(J) 6⊆ α(K)
.
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Proof. (a) and (b) We first show that

fE(a, b) := sgnπE det(s(aπE(j), bj′)j,j′∈J
∧
i∈I

aπE(i)

is independent from the choice of πE . Indeed let π ∈ Sym(K) with π(J) = E. Let
σ = π−1πE . Let σJ ∈ Sym(J) be defined by σJ(j) = σ(j). Similarly define σI . Then

det(s(aπE (j), bj′)) = det(s(a(πσJ (j), bj′) = sgnσJ det(s(aπi, bj′)

and ∧
i∈I

aπE(i) =
∧
i∈I

aπσI(i) = sgnσI
∧
i∈I

aπ(i).

Using that sgnπ = sgnσsgnπE = sgnσIsgnσjsgnπE and multiplying the last two equa-
tions together we obtain the claimed independence from the choice of πE .

Define

f : AK ×BJ →
J∧
A, (a, b)→

∑
E∈∆

fE(a, b)

In view of 6.2.6 it remains to show that fb and fa are alternating for all a ∈ AK and b ∈ BJ .
That fa is alternating is obvious. So suppose b ∈ BJ and a ∈ AK with ak = al for distinct
k, l ∈ K. Let E ∈ ∆ and put π = πE . If k and l are both in π(J) then det(s(aπj , bj′)) = 0.
If k, l are both in I then

∧
i∈I aπ(i) = 0. So in both these cases fE(a, b) = 0. Suppose now

that k ∈ π(I) and l ∈ π(J). Let σ = (k, l) ∈ Sym(K) and E′ = σ(E) 6= E. We may choose
πE′ = σπ. ak = al now implies fE′(a, b) = sgnσfE(a, b) and so fE′(a, b) + fE(a, b) = 0. If
follows that fb(a) = f(a, b) = 0 and fb is alternating.

(c) Let a ∈ AK , b∈BJ . Note that β ◦ b = (β(bj)). Let E ∈ ∆. Then

(
I∧
α)(fE(a, β ◦ b)) = (

I∧
α)(sgnπE det(s(aπE(j), β(bj′))

∧
i∈I

aπE(i)) =

= sgnπE det(s(α(aπE(j), bj′)
∧
i∈I

α(aπE(i))) = fE(α ◦ a, b)

Thus (c) holds.

(d) Suppose E ∈ ∆ and fE(a, b) 6= 0 where a = (eα(k)) and b = (fβ(j)). Let A =
s(eα(πE(j)), fβ(j′). Then detA 6= 0. Let t ∈ E. Then t = πE(j) for some ∈ J and so
(s(eα(t), t, αfβ(j′)j′∈J is a row of A. This row cannot be zero and s(eα(t), t, αfβ(t′) 6= 0 for
some t′ ∈ J . But then α(t) = β(t′). It follows that β(J) ⊆ α(I) and E = α−1β(I). Also
detA = ±1 and so (ca) holds.

Proposition 6.3.5. Let R be a ring and M an R-module.
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(a) Let I, J and K finite sets with K = I ] J Then there exists a unique bilinear map

∧ :

I∧
M ×

J∧
M →

K∧
M, (a, b)→ a ∧ b

with

(∧i∈Imi) ∧ (∧j∈Jmj) = ∧k∈K mi

for all (mi) ∈Mk+l.

(b) Define

∧
M =

∞⊕
i=0

i∧
M

and

∧ :
∧
M ×

∧
M →

∧
M, (ai)

∞
i=o ∧ (bj)

∞
j=0 = (

k∑
i=0

ai ∧ bk−i)∞k=0.

Then (
∧
M,+,∧) is a (non)-commutative ring with R =

∧0M ≤ Z(
∧
M).

Proof. (a) Define f : M I ×MJ →
∧KM, ((ai), (aj)) → ∧k∈Kak. Clearly f(ai) and f(aj) is

alternating and so (a) follows from 6.2.6.

(b) First of all (
∧
M,+) is an abelian group. By (a) ∧ is bilinear. So the distributive

laws hold. Let l,m, n be non-negative integers and mk ∈M for 1 ≤ k ≤ l +m+ n. Then

(
l∧

i=1

mi ∧
l+m∧
i=l+1

mi) ∧
l+m+n∧
i=l+m+1

mi =
l+m+m∧
i=1

mi =
l∧

i=1

mi ∧ (
l+m∧
i=l+1

mi ∧
l+m+n∧
i=l+m+1

mi)

and so ∧ is associative.

So (
∧
M,+,∧) is indeed a (non)-commutative ring. That R ≤ Z(

∧
M) follows from the

fact that ∧ is R-linear.

Lemma 6.3.6. Let R be a ring and s : A×B → C a finite pairing.

(a) The functions

sA : A→ HomR(B,C), a→ sa

and

sB : B → HomR(A,C), b→ sb

are R-linear isomorphism.

(b) Let f ∈ EndR(B). Then there exists a unique fs ∈ EndR(A) with s(fs(a), b) =
s(a, f(b)) for all a ∈ A, b ∈ B.
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(c) Suppose (ad, d ∈ D), (bd, d ∈ D) and (c) are s-basis for (A,B,C). Let MD(f s) =
MD(f)T

Proof. Let ((ad |, d ∈ D), (bd | d ∈ D), c) be an s basis. (a) For e ∈ D define φe ∈
HomR(B,C) by φe(

∑
rdbd

= rec. Then (φd, d ∈ D) is a basis for HomR(B,C). Since
s(ae, bd) = δedc. sA(e) = φe. Hence (a) holds.

(b) Define f̃ ∈ EndR(HomR(B,C) by f̃(φ) = φ ◦ f . Let g ∈ EndR(A), a ∈ A and b ∈ B.
Then

s(a, f(b)) = sA(a)(f(b)) = ((f̃)(sA))(a)(b)

and

s(g(a), b) = sA(g(a))(b)

Hence s(a, f(b) = s(g(a), b) for all a ∈ A, b ∈ B if and only if f̃ ◦ sA = sA ◦ g. By (a), sA
has an inverse so fs = s−1

A f̃ sA is the unique element fulfilling (c).

(c) Let g ∈ EndR(B). Put U = Mf (D) and V = Mg(D). So g(ad) =
∑

h∈D vhdah and
f(bd) =

∑
h∈D uhdbh. Thus

s(ae, f(bd)) =
∑
h∈D

uhds(ae, bh) = uedc

and

s(g(ae), bd) = sumh∈Dvhes(ah, bd) = vdec

Hence s(a, f(b)) = s(g(a), f) for all a ∈ A, b ∈ B if and only if vde = ued for all d, e ∈ D.
So (c) holds ( and we have a second proof for (b)).

Recall that for an R-module M , M∗ denote the dual module, so M∗ = HomR(M,R).

Lemma 6.3.7. Let R be a ring, M a free module of finite rank over R and I a finite set

(a) There exists a unique R-bilinear function sI :
∧IM∗×

∧IM → R with sI(
∧
φi,
∧
mi) =

det(φi(mj))i,j∈I .

(b) sI is a finite pairing.

(c)
∧IM∗ ∼= (

∧IM)∗ as R-modules.

Proof. Define s : M∗ ×M → R, (φ,m) → φ(m). (a) follows from 6.3.4(a) applied with
A = M∗, B = M,K = I, J = I and ”I = ∅”. And (b) follows from part (d) of the same
lemma. Finally (c) is a consequence of (b) and 6.3.6(a).

Proposition 6.3.8. Let R be a ring and M a R-module of finite rank. Let f ∈ EndR(M).
Then there exists fad ∈ EndR(M) with f ◦ fad = fad ◦ f = det f idM .
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Proof. Consider t : M ×
∧
Mn−1 →

∧
Mn, (m, b) → m ∧ b. We claim that t is a finite

pairing. For this let (ai, 1 ≤ i ≤ n) be a basis for M . Put bi = a1 ∧ a2 ∧ ai−1 ∧ ai+1 ∧ an.
Let c = a1 ∧ . . . an. By 6.2.8, (bi, 1 ≤ i ≤ n) is a basis for

∧n−1M and {c} is a basis for∧nM . Also ai∧bj = 0 for i 6= j and ai∧bi = (−1)i1c . ((ai), ((−1)i−1bi), c) is a t basis. Let
fad = (bigwedgen−1f)t be given by 6.3.6(b). So fad ∈ EndR(M) is uniquely determined by

fad(m) ∧ b = m ∧ (
n−1∧

f)(b)

for all m ∈M, b ∈
∧n−1M .

In particular,

(fad(f(m) ∧ b) = f(m) ∧ (
n−1∧

f)(b) = (
n∧
f)(m ∧ b) = (det f)(m ∧ b) = m ∧ (det f)b

Note that also (det f)m ∧ b = m ∧ (det f)b and so by 6.3.6

fad ◦ f = ((det f)id∧n−1M )t = (det f)idM

To show that also f ◦ fad = idM we use the dual M∗ of M . Recall that f∗ ∈ EndR(M∗)
is define by f∗(φ) = φ ◦ f . It might be interesting to note that f∗ = fs, where s is the
pairing s : M∗ →M, (φ,m)→ φ(m).

Applying the above results to f in place of f∗ we have

f∗ad ◦ f∗ = (det f∗)idM∗

By 6.3.2(g) we have det f∗ = det f . So dualizing the previous statement we get

f ◦ (f∗ad∗ = det f idM

So the proposition will be proved once we show that f∗ad∗ = fad or f∗ad = fad∗ .
To do this we will compute that matrix of fad with respect to the basis (ai). Let D be

the matrix of f with respect to (ai) and E the matrix of
∧n−1 f with respect to ((−1)i−1bi).

We compute

(
n−1∧

f)(bi) = ∧h6=if(ah) = ∧h6=i(
n∑
k=1

dhkak

Let Dij be the matrix (dkl)k 6=i,l 6=j . Then the coefficient of bj in ∧h6=i(
∑n

k=1 dhkak is readily
seen to be detDij .

It follows that

Eij = (−1)i−1−1j−1 detDij = (−1)i+j detDij

Let (φi) be the basis of M∗ dual to (ai). So φi(aj) = δij . Then the matrix for f∗ with
respect to (φi) is DT . Note that (DT )ij = (Dji)

T and so the (i, j) coefficient of the matrix
of f∗ad is
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(−1)i+j det(DT )ij = (−1)i+j det(Dji)
T = (−1)i+j detDji

Thus f∗ad has the matrix ET with respect to (φi). So does (fad∗. Hence f∗ad = fad∗ and
the proposition is proved.

Lemma 6.3.9. Let R and S be rings with R ≤ S. Let M be an R module. Then there
exists bilinear function

· : S × S ⊗RM → S ⊗M, (s, m̃)→ sm̃

with
s(t⊗m = st⊗m

for all s, t ∈ S and m ∈M . Moreover, (S ⊗RM, c · 0 is an S-module.

Proof. Let s ∈ S. By 6.1.12 there exists a unique sidS⊗ idM ∈ EndR(S⊗RM) which sends
t⊗m to st⊗m. We will write s⊗ 1 for sidS ⊗ idM . It is readily verified that s→ s⊗ 1 is
a ring homomorphism. So the lemma is proved.

Lemma 6.3.10. Let R and S be rings with R ≤ S.Let M be a free R-module with basis B.

(a) S ⊗RM is a free S-module with basis 1⊗A := {1⊗ b | b ∈ B.

(b) Let α ∈ EndR(M), A the matrix of α with respect to B and s ∈ S. Then sA is the
matrix of s⊗ α with respect to 1⊗ B.

Proof. (a) Note that M =
⊕

b∈B Rb and Rb ∼= R. By 6.1.10 S ⊗R M ∼=
⊕

b∈B S ⊗R Rb.
Also by 6.1.6 S ⊗R b ∼= S.

(b) Let d ∈ B Then

(s⊗ α)(1⊗ d) = s⊗ α(d) = s⊗ (
∑
e∈B

bede) =
∑
e∈B

(sbed(1⊗ e)

So (b) holds.

Definition 6.3.11. Let R be a ring, M a free R-module of finite rank and α ∈ EndR(M).

(a) Let S be a ring with R as a subring. Let s ∈ S. Then s ⊗ α denotes the unique
R-endomorphism of S ⊗RM with

(s⊗ 1)(t⊗m) = (st⊗ α(m)

for all t ∈ S,m ∈M .

(b) Consider x⊗ 1− 1⊗ α ∈ EndR[x](R[x]⊗RM). Then

χα = det(x⊗ 1− 1⊗ α) ∈ R[x]

is called the characteristic polynomial of α.
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(c) Let n be positive integer and A ∈ MR(n). Consider the matrix xIn − A ∈ MR[x](n).
Then χA = det(xIn −A) is called the characteristic polynomial of A.

Lemma 6.3.12. Let R be a ring, M an R-module with finite basis I, n = |I|, α ∈ EndR(M)
and A the matrix of α with respect to A.

(a) χα = χA.

(b) For J ⊂ I let AJ = (aij)i, j ∈ J . The coefficient of xm in χA is

(−1)n−m
∑

J⊂I,|J |=n−m

detAJ

(c) χα is monic of degree n.

Proof. (a) By 6.3.10(b) the matrix for x ⊗ 1 − 1 ⊗ α with respect to xIn − A. Thus (a)
follows from 6.3.2(f)

(b) Let D = xIn −A. Let ai be the i column of Ai. Let ei = (δij). The D = (xei − ai).
For J ⊂ I let A∗J be the matrix with whose k-column is ak if k ∈ J and ek if k 6∈ J . Then
since det is multilinear

detD =
∑
J⊆I

x|I|−|J |(−1)|J | detA∗J

.
Let T (J) be the matrix with

t(J)ij =


aij if i, j ∈ J
1 if i = j 6∈ J
0 otherwise

Then it is easy to see that detA∗(J) = detT (J) = detA(J) and (b) follows.
(c) Follows from (b)

Theorem 6.3.13. Let R be a ring, M be a free R-module of finite rank. Let α ∈ EndR(M).
Then

χα(α) = 0.

Proof. Define
φ : R[x]×M →M, (f,m)→ f(α)(m).

Since φ is bilinear there exists a unique R-linear map

Φ : R[x]⊗RM →M with Φ(f ⊗m) = f(α)(m).

Let β = x⊗ 1− 1⊗ α ∈ EndR[x](R[x]⊗RM).
Let f ∈ R[x] and m ∈M . Then
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β(f ⊗m) = xf ⊗m− f ⊗ α(m) = fx⊗m− f ⊗ α(m)

and so
Φ(β(f ⊗m)) = (f(α)α)(m)− (f(α)(α(m)) = 0

Hence Φβ = 0.
By 6.3.8 there exists βad ∈ EndR[x](R[x]⊗RM) with β ◦ βad = detβ ⊗ 1.
It follows that

0 = (Φ ◦ β) ◦ βad = φ ◦ (β ◦ βad) = Φ ◦ (detβ ⊗ 1)

So
0 = φ((detβ ⊗ 1))(1⊗m) = φ(detβ ⊗m) = (detβ)(α)(m)

By definition χα = detβ and so the Cayley Hamilton Theorem is proved.

Theorem 6.3.14. Let M be a finitely generated R-module and α ∈ EndR(M). Then there
exists a monic polynomial f ∈ R[x] with f(A) = 0.

Proof. Let I be a finite subset of M with M = RI. Let F = FR(I) be the free R-module
on I. So F has a basis (ai, i ∈ I). Let π be the unique R-linear map from F to M with
ai → i for all i ∈ I. Since M = RI, M = π(F ). By 4.5.2 there exists β ∈ EndR(F ) with

π ◦ β = α ◦ π

We claim that (*) π ◦ f(β) = f(α) ◦ π for all f ∈ R[x]

For this let S = {f ∈ R[x] | π ◦ f(β) = f(α) ◦ π}. Let f, g ∈ S. Then

π ◦ (fg)(α) = π ◦ (f(α ◦ g(α)) = (π ◦ f(α) ◦ g(α) = (f(α) ◦ π) ◦ g(α) =

= f(α) ◦ (π ◦ g(α)) = f(α) ◦ (g(α) ◦ π) = (f(α) ◦ g(α)) ◦ π) = (fg)(α) ◦ π

Since π is Z-linear, also f − g ∈ S. Thus S is a subring of R[x]. Since R and x are in
S, S = R[x] and (*) is proved. Let f = χβ. The f is monic and by 6.3.13 f(β) = 0. By (*)

f(α) ◦ π = π ◦ f(β) = 0

Since π is onto this implies f(α) = 0.
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Chapter 7

Hilbert’s Nullstellensatz

Throughout this chapter ring means commutative ring with identity and R is a ring. All
R-modules are assumed to be unitary.

7.1 Multilinear Maps

Definition 7.1.1. Let (Vi, i ∈ I) a family of R-modules, an R module and f :×i∈IMi →
M a function. Let I = J ∪K with J ∩K = ∅,

(a) VJ :=×j∈J Vj.

(b) If u = (uj)j∈JVJ and v = (vk)k∈K ∈ VK , then we identify (u, v) ∈ VJ × VK with the
tuple w = (wi)i∈I where wi = ui if i ∈ J and wi = vi if i ∈ K. We also write f(u, v)
for f((u, v)).

(c) For u ∈ VJ define fu : VK →W, v → f(u, v). Sometimes we will write fJu for fu.

(d) f is called R-multilinear if for all i ∈ I and all u ∈ VI\i,, fu : Vi →W is R-linear.

(e) An R-multilinear map is called bilinear of |I| = 2 and trilinear if |I| = 3.

(f) W I =×i∈IW .

Example 7.1.2. (a) If |I| = 1 a R-multilinear map is R-linear map.

(b) Rn ×Rn → R,
(
(ri)

n
i=1, (si)

n
i=1

)
→
∑n

i=1 risi is R-bilinear.

(c) Let V be an R-module. Note that EndR(V ) is an R module via (rφ)(v) = rφ(m). Then
EndR(V )× V → V, (φ, v)→ φ(v) is R-bilinear.

Definition 7.1.3. Let V and W be R-modules and I a set. Put Vi = V for all i ∈ I and
so VJ = V J for all J ⊆ I. An R-multilinear function f : V I → V is called

(a) symmetric if fu(v, w) = fu(v, v),

241
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(b) skew-symmetric if fu(v, w) = −fu(w, v);

(c) alternating if fu(v, v) = 0.

for all i 6= j ∈ I, u ∈ V I\{i,j} and v, w ∈ V .

Lemma 7.1.4. (a) Every alternating map is skew-symmetric.

(b) If f : M I → N is skew symmetric and 2n 6= 0N for all n ∈ N ], then f is alternating.

Proof. Let i 6= j ∈ I, u ∈M I\{i,j}, v, w ∈M and put g = fu.
(a) 0 = g(v + w, v + w) = g(v, v) + g(v, w) + g(w, v) + g(w,w) = g(v, w) + g(w, v).
(b) From g(v, w) = −g(w, v) applied with v = w we get g(v, v) = −g(v, v). So 2g(u, u) =

0 and g(u, u) = 0

Lemma 7.1.5. Let I be a set, (Ij)j∈J a partition of I, (Vi)i∈I and (Wj , j ∈ J) families of
R-modules and Z an R-module. Let f : WJ → Z be R-multilinear and for each j ∈ J let
gj : VIj →Wj be R-multilinear. Then

VI → Z, (vi)i∈I → f

((
gj
(
(vi)i∈Ij

))
j∈J

)
is R-multilinear.

Proof. Readily verified.

Lemma 7.1.6. Let I be finite set, (Vi, i ∈ I) be family of R-modules and W an R-module.
Suppose that for each i ∈ I, Vi is a free R-module with basis Bi ⊆ Vi. Put Bi =×i∈I Bi ⊆ VI
and let g : BI →W be a function. Then there exists a unique R-multilinear map f : VI →W
with f |BI= g.

Proof. Suppose first that f : VI → W is R-multilinear with f |BI= g. Let v = (vi)i∈I ∈ VI .
Then since Bi is a basis for Vi there exists uniquely determined ribi ∈ R, bi ∈ Bi with

vi =
∑
bi∈Bi

ribibi

Since f is R-multilinear we conclude that

(∗)

f(v) = f
( (∑

bi∈Bi ribibi
)
i∈I

)
=

∑
(bi)i∈I∈Bi

(∏
i∈I ribi

)
f
(

(bi)i∈I
)

=
∑

(bi)i∈I∈Bi
(∏

i∈I ribi
)
g
(

(bi)i∈I
)

So f is uniquely determined. Conversely it is readily verified that (*) defines an R-
multilinear map. If v ∈ BI , then ribi = δvibi and so

∏
i∈I ribi =

∏
i∈I δvibi , which is 0 unless

vi = bi for all i ∈ I, in which case it is 1. So f(v) = g(v) for v ∈ BI .
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Proposition 7.1.7. Let n ∈ Z+, Mn(R) the ring of n × n-matrices with coefficients in R
and A ∈Mn(R). We define the determinant det(A) of A inductively on as follows: If n = 1
and A = (a), define det(A) = a. Suppose next n > 1 and that det(B) has been defined for
all (n− 1)× (n− 1)-matrices. For 1 ≤ i, j ≤ n let Aij be the n× n matrix defined obtained
from A by deleting row i and column j. Define

det
j

(A) :=
n∑
i=1

(−1)i+jaij det(Aij

Then detj(A) = detl(A) for all 1 ≤ j, l ≤ n and we define det(A) = detj(A). View det
function in the n-columns :

det : (Rn)n → R, ((aij)
n
i=1)nj=1 → det

(
(aij)

)
Then det is alternating and R-linear. Also det(In) = 1,

Proof. We will first show that detj(A) = detl(A). Without loss j < k. We have

detj(A) =
∑n

i=1(−1)i+jaij det(Aij)

=
∑n

i=1

∑
k=1,k 6=i(−1)i+j(−1)εaijakl det((Aij)kl)

where (Aij)kl) is the matrix obtained by deleting row i and k and columns j and l from A
and ε is as follows:

Observe that column l of A is column l− 1 of Aij . If k < i, then row k of A is row k of
Aij . If k > i, then row k of A is row k − 1 of Aij . Hence

ε =

{
k + l − 1 if k < i

k + l − 2 if k > i

Similarly

detl(A) =
∑n

k=1(−1)k+lakl det(Akl)

=
∑n

k=1

∑
i=1,i 6=k(−1)k+l(−1)ηaklaij det(Akl)ij)

where (Akl)il) is the matrix obtained by deleting row k and i and columns l and j from A
and η is as follows:

Observe that column j of A is column j of Akl. If k < i, then row i of A is row i− 1 of
Akl. If k > i, then row i of A is row i of Akl. Hence

η =

{
i+ j − 1 if k < i

i+ j if k > i

If i < k we conclude
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(−1)i+j(−1)k+l+ε = (−1)i+j+k+l−1 = (−1)k+l(−1)η

and if k > i then

(−1)i+j(−1)k+l+ε = (−1)i+j+k+l−2 = (−1)i+j+k+l = (−1)k+l(−1)η

Thus show that detj(A) = detl(A) and so we can define det(A) = detj(A) for any
1 ≤ j ≤ n. Clearly detj is R-linear as a function in column j of A ( with the remaining
columns fixed). Since det = detj we conclude that det is R-multilinear as a functions of its
columns.

To show that det is alternating suppose that column r and column s of A are equal
for some 1 ≤ r < s of A. Suppose n ≥ 3. Then we may choose j 6= r and j 6= s. Then
for each i, Aij has two equal columns. Thus by induction det(Aij) = 0R for all i and so
det(A) = detj(A) = 0R.

So suppose n = 2. Then A =

a a

b b

 and so detA = ab − ba = 0R. Thus det is

alternating.

Suppose A = In. Then for i 6= j, Aij has a zero column and so det(Aij = 0R. For i = j,
Aii = In−1 and so by induction detAii = 1R. So det In = 1R.

Lemma 7.1.8. Let n ∈ N and A = (aij) ∈ Mn(R). Define the Aad = (bij) ∈ Mn(R) by
bij = (−1)ij det(Aji). Then

AadA = det(A)In

Aad is called the adjoint of A.

Proof. Fix 1 ≤ i, j ≤ n and let D = (drs) be n× n obtained from A by replacing column i
of A by column j if A. So

drs =

{
ars if s 6= i

arj if s = i

Note that Aki = Dki. The (i, j)-coefficient of AadA is

∑n
k=1 bikakj =

∑n
k=1 akj(−1)i+k det(Aki)

=
∑n

k=1 dki(−1)i+k det(Dki)

The definition of det = deti shows that this is equal to detD. If i = j, then D = A and
so detD = detA. If i 6= j, then the i and j columns of D are equal and so detA = 0R.
Thus AadA = det(A)In.
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Proposition 7.1.9. Let V and W be R-modules and I a finite set. Suppose V is free of
finite rank and B is a finite R-basis for V . Choose a total order on I and a total order on
B. Let

BI< = {(bi)i∈I | bi < bj for all i < j ∈ I}

Let g : BI< → W be any function. Then there exists unique alternating R-multilinear
function with f : V I →W with f |BI<= g.

Proof. Let f : V I → I be a alternating R-multilinear function with f |BI<= g. To show that

f is unique it suffices to show that f(b) is uniquely determined for all b = (bi)i∈I ∈ BI , (see
7.1.6). If bi = bj for some i 6= j ∈ I, then since f is alternating f(b) = 0R. So suppose
that bi 6= bj ∈ i. Then there exists a unique π ∈ Sym(I) such that b ◦ π ∈ BI< (note here
that b ◦ π = (bπ(i))i∈I). Observe that there exist 2-cycles πj = (aj , bj) ∈ Sym(I), 1 ≤ j ≤ k

such that π = π1π2 . . . πk. By 7.1.4(a), f(c ◦ µ) = −f(c) for all c ∈ V I and any two cycle
µ ∈ Sym(I). f(b) = (−1)kf(b ◦ π) = (−1)kg(b ◦ π) and so also f(b) is uniquely determined.

To show the existence of f we assume without loss that I = {1, 2, . . . , n} with the usual
ordering. Let v = (vi)i∈I ∈ V I . Then vi =

∑
b∈B aibb for some unique aib ∈ R, i ∈ I, b ∈ B.

Let A = (aib) ∈MI×B(R). For b = (bi)i∈I ∈ BI< let Ab be the n× n submatrix (aibj )1≤i,j≤n
of A. Define

f(v) :=
∑
b∈BI<

det(Ab)g(b)

Since det is an alternating it is easy to see that f is alternating and R-multilinear.
Suppose v ∈ BI< and b ∈ BI<. Then ribj = δdibj Thus Ab has a zero column unless each bj is
equal to some di. Since both b and d are increasing, this shows that det(Ab) = 0R for all
b 6= v. For b = v, Ab = In and so det(Av) = 1. So f(v) = g(v) and f |BI<= g.

Lemma 7.1.10. Let V and W be R-modules and I a set.

(a) Let LI(V,W ) is the set of R-multilinear map from V I → W . Then LI(V,W ) is an
R-module via:

(f + g)(v) = f(v) + g(v) and (rf)(v) = rf(v)

for all f, g ∈ LI(V,W ), r ∈ R and v ∈ V I .

(b) V I is an R and an EndR(V )-module via u + v = (ui + vi)i∈I , rv = (rui)i∈I and
sv = (s(vi))i∈I for all u = (ui)I∈I , v = (vi)i∈I ∈ V I , r ∈ R and s ∈ EndR(V ).

(c) The monoid ( EndR(V ), ◦) is acting on LI(V,W ) on the right via

(fs)(v) = f(sv)

for all f ∈ LI(V,W ), s ∈ EndR(V ) and v ∈ V I .
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(d) LI(V,W ) is a EndR(W )-module via

(tf)(v) = t(f(v))

for all f ∈ LI(V,W ), t ∈ EndR(W ) and v ∈ V I .

(e) Let
∧
I(V,W ) be the the set of alternating R-multilinear map from V I → W . Then∧

I(V,W ) is an EndR(V )-invariant R-submodule of LI(V,W ).

Proof. Readily verified.

Corollary 7.1.11. Let V and W be free R-modules with basis B and D and I a set. Suppose
I and B are finite and choose a total orderings on I and a total ordering on B. For b ∈ BI<
and d ∈ D let f bd : V I →W be the unique alternating R-multilinear map with

f bd(c) =

{
d if b = c

0W if b 6= c

Then
∧
I(V,W ) is a free R-module with basis (f bd)(b,d)∈BI<×D.

Proof. Let f ∈
∧
I(V,W ) and let abd ∈ R for b ∈ BI< and d ∈ D, almost all 0. Then

f =
∑

(b,d)∈BI<×D abdf
bd

⇐⇒ f(c) =
∑

(b,d)∈BI<×D abdf
bd(c) for all c ∈ BI<

⇐⇒ f(c) =
∑

d∈D acdd for all c ∈ BI<

Since D is a R-basis for B we see that there exists uniquely determined acd fulfilling the last
of these equations.

Definition 7.1.12. Let V and W be R-modules, n ∈ N and I a set. Then
∧
I(V ) =∧

I(V,R),
∧
n(V,W ) =

∧
{1,2,...,n}(V,W ) and

∧
n(V ) =

∧
{1,2,...,n}(V ) .

Lemma 7.1.13. Let V be a free R-module of finite rank n. Let α ∈ EndR(V ).

(a) There exists a unique rα ∈ R with

fα = rf for all f ∈
∧
n(V )

(b) The map det : EndR(V ) → R,α → rα is a multiplicative homomorphism, that is
det(αβ) = det(α) det(β) for all α, β ∈ EndR(V ).

(c) If A is the matrix of α with respect to some R-basis of V , then det(α) = det(A).
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Proof. (a) Let B = {b1, b2, . . . bn} be basis for V . Order B by b1 < b2 . . . bn and put
b = (b1, b2, . . . bn). Put I = {1, 2, 3 . . . , n} order in the usual way. Then clearly BI< = {b}
and 1 is an R-basis for R. Thus by 7.1.11 f b1 is an R-basis for

∧
n(V ). Hence

f b1α = rαf
bl

for a unique rα ∈ R. Also each f ∈
∧
n(V ) is of the form f = rf b1 for some r ∈ R. Since α

acts R-linearly on
∧
n(V ) we conclude that (a) holds.

(b) Let α, β ∈ EndR(V ) and f ∈
∧
n(V ). Then

f(αβ) = (fα)β = (rαf)β = rbeta(rαf) = (rβrα)f = (rαrβ)f

Hence rαβ = rαrβ and (b) holds.
(c) We will compute det(α). We have

det(α) = rα = rα1R = rαf
b1(b) = (rαf

b1)(b) = (f b1α)(b) = f b1(α(b)) = f b1
(
(α(bj)j∈I

)
Let A = (aij) be the matrix for α with respect to B. Then α(bj) =

∑
i∈I aijbi. So

det(α) = f b1

((∑
i∈I

aijbi

)
j∈J

)
Since f bl is alternating we see the function τ : MI(R) → R,A → det(α) is alternating

and R-multilinear in the columns of A. Also if A = idn, then α = idV , det(idV ) = 1R
and so τ(In) = 1R. 7.1.9 shows that τ is uniquely determined and so τ = det, that is
det(α) = det(A).

Lemma 7.1.14. Let V be an R-module and I a finite set. Then V I is an MI(R)-module
via

Av =
(∑
i∈I

aijvj
)
i∈I

for all A = (aij)(i,j)∈I×I ∈ MI(R) and v = (vj)j∈I ∈ V I .

Proof. Let A = (aij), B = (bjk) and C := AB. Then C = (cik) with cik =
∑

j∈I aijbjk. Let

v = (vk)k∈I ∈ V I . Then

A(Bv) = A
(∑

k∈I bjkvk
)
j∈I

=
(∑

j∈I aij
(∑

k∈I bjkvk
))

i∈I

=
(∑

k∈I
(∑

j∈I aijbjk
)
vk

)
i∈I

=
(∑

k∈I cikvk
)
i∈I

= Cv = (AB)v
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Definition 7.1.15. Let n ∈ N and A ∈ Mn(R). Note that xIn−A ∈ Mn(R[x]) and R[x] is
a commutative ring. So we can define

χA := det(xIn −A) ∈ R[x]

χA is called the characteristic polynomial of A.

Theorem 7.1.16 (Cayley Hamilton). Let n ∈ N and A ∈ Mn(R). Then χA(A) = On,
where On = 0Mn(R) is the n× n-zero matrix over R.

Proof. By 3.2.5 the maps R[x] → Mn(R), f → f(A) is a ring homomorphism. Note that
(for example by 7.1.14) Rn is an Mn(R) module via Bv = (

∑n
j=1 bijvj)

n
i=1 for all B = (bij) ∈

Mn(R) and all v = (vj)
n
j=1 ∈ Rn. Thus V := Rn is also an R[x] module via fv = f(A)v for

all f ∈ R[x] and v ∈ V . Note that xv = Av for all v ∈ Rn. Since V is an R[x]-module we
conclude from 7.1.14 that V n is a Mn([R[x])-module. Put ek = (δkj)

n
j=1 ∈ V . Then

xek = Aek =

 n∑
j=1

aijδkj

n

i=1

= (aik)
n
i=1 =

n∑
i=1

aikei

Let D = xIn−AT ∈ Mn(R[x]) and e = (ej)
n
j=1 ∈ V n. Then D = (dij) with dij = δijx−aji.

Hence

De =

 n∑
j=1

dijej

n

i=1

=

 n∑
j=1

(δijx− aji)ej

n

i=1

=

xei − n∑
j=1

ajiej

n

i=1

= (xei−xei)ni=1 = 0V n

Hence also Dad(De) = 0V n and so (DadD)e = 0V n . By 7.1.8 DadD = det(D)In we have
(DadD)e = (det(D)ei))

n
i=1. Hence det(D)ei = 0V for all 1 ≤ i ≤ n. By Homework 6#10,

det(D) = det(Dtr) = χA and so χAei = 0 for all v ∈ V . But χAei = χA(A)ei and so the
i-column of χA(A) is zero. Thus χA(A) = 0n.

Lemma 7.1.17. Let V and W be R[x]-modules and π : W → W a function. Then π is
R[x]-linear if and only if π is R-linear and π(xv) = xπ(v) for all v ∈ V .

Proof. The forward direction is obvious. So suppose π is R-linear and π(xv) = xπ(v) for
all v ∈ V . Let S = {f ∈ R[x] | π(fv) = fπ(v) for all v ∈ V }. We will show that S is a
subring of R[x]. Indeed let f, g ∈ S and v ∈ V . Then

π((f + g)v(= π(fv + gv) = π(fv) + π(gv) = fπ(v) = gπ(v) = (f + g)π(v)

and
π((fg)(v) = π(f(gv)) = fπ(gv)f(gπ(v)) = (fg)π(v))

So f + g, fg ∈ V . Similarly 0R and −f ∈ S. So S is a subring of R[x]. Since π is
R-linear, R ⊆ S and by assumption x ∈ S. Thus S = R[x] and π is R[x]-linear.
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Theorem 7.1.18. Let M be a finitely generated R-module and α ∈ EndR(M). Then there
exists a monic polynomial f ∈ R[x] with f(α) = 0EndR(M).

Proof. Let I be a finite subset of M with M = 〈I〉R = RI. Then for each j ∈ I there
exist aij ∈ R, i ∈ I with α(j) =

∑
i∈I aiji. (Note here that the aij are not necessarily

unique.) View RI as an R[x]-module via fv = f(A)v and view M as an R[x] module via
fm = f(α)(m). Define π : RI → M, (ri)i∈I →

∑
i∈I rii. Then π is onto and R-linear. Let

ei = (δij)j∈I . By definition of π and A

xπ(ej) = xj = α(j)
n∑
i=1

aiji

and

π(xej) = π(Aej) = π((aij)i∈I) =
∑
i∈I

aiji

Thus xπ(ej) = π(xej).. Since x acts R-linearly on RI and M this implies xπ(v) = pi(xv)
for all v ∈ Rn. Thus by 7.1.17, π is R[x] linear. Put f = χA. Then f is monic, f ∈ R[x],
f(A) = 0 and so for all v ∈ Rn,

f(α)(π(v)) = fπ(v) = π(f(v)) = π(f(A)v) = π(0v) = π(0) = 0.

Since π is onto we conclude that f(α) = 0.

7.2 Ring Extensions

Definition 7.2.1. Let R and S be rings with R ≤ S and 1S = 1R. Then S is called a ring
extension of R. Such a ring extension is denoted by R ≤ S.

Definition 7.2.2. Let R ≤ S be a ring extension.

(a) Let s ∈ S. s is called integral over R if f(s) = 0 for some monic polynomial f ∈ R[x].

(b) R ≤ S is called integral if all s ∈ S are integral over R.

(c) R ≤ S is called finite if S is finitely generated as an R-module ( by left multiplication)

Example 7.2.3. (1) Suppose R ≤ S is a ring extension with R a field and S an integral
domain. Let s ∈ S. Then s is integral over R if and only if s is algebraic over R. R ≤ S
is integral if and only if its algebraic. Note that then by 5.1.11 S is a field. R ≤ S is a
finite ring extension if and only if its a finite field extension.

(2) Let R = Z and S = C. Then
√

2 is integral over Z. 1
2 is not integral over Z. Indeed

suppose that 1
2 is integral over Z. Then there exists a0, a1, . . . , an−1 ∈ Z with
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a0 + a1
1

2
+ a2

1

4
+ . . . an−1

1

2

n

+
1

2n
= 0

Multiplication with 2n shows that

1 = −(a02n + a12n−1 + . . .+ an−12)

since the left hand side of this equation is even, we derived a contradiction.

Theorem 7.2.4. Let R ≤ S be a ring extension and s ∈ S. Then the following statements
are equivalent:

(a) s is integral over R.

(b) R ≤ R[s] is finite.

(c) There exists a subring T of S containing R[s] such that R ≤ T is finite.

(d) There exists a faithful R[s]- module M , which is finitely generated as an R-module.

Proof. (a) =⇒ (b): Suppose f(s) = 0 for a monic f ∈ R[x]. Let J = {g ∈ R[x] | g(s) = 0}.
Then R[s] ∼= R[x]/J and R[x]f ≤ J .

We claim that R[x]/R[x]f is finitely generated as an R-module. Indeed let g ∈ R[x].
Since f is monic we can apply the division algorithm and so g = qf + r, where q, r ∈ R[x]
with deg q < deg f . Let n = deg f . We conclude that g + R[x] is in the R span of
(xi +R[x]f)n−1

i=0 .

This proves the claim. Since R[x]/J is isomorphic to a quotient of R[x]/R[x]f , also
R[X]/J and R[s] are finitely generated as an R-module.

(b) =⇒ (c): Just choose T = R[s].

(c) =⇒ (d): Put B = T . Since 1 ∈ T , aT 6= 0 for all 0 6= a ∈ R[s]. Thus T is a
faithful R[s] module.

(d) =⇒ (a): By 7.1.18 there exists a monic f ∈ R[x] with f(s)M = 0. Since M is
faithful for R[s], f(s) = 0.

Corollary 7.2.5. Let R ≤ S be a finite ring extension. Then R ≤ S is integral.

Proof. This follows immediately from 7.2.4(c) applied with T = S.

Lemma 7.2.6. Let R ≤ E and E ≤ S be finite ring extensions. Then R ≤ S is a finite
ring extension.

Proof. Let I be a finite subset of E with RI = E and J a finite subset of S with S = EJ .
Then by 5.1.4(aa) S = R{ij | i ∈ I, J}. So also R ≤ S is finite

Proposition 7.2.7. Let R ≤ S be a ring extension and I ⊆ S such that each b ∈ I is
integral over R.
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(a) If I is finite, R ≤ R[I] is finite and integral.

(b) R ≤ R[I] is integral.

(c) The set Int(R,S) of the elements in S which are integral over R is a subring S. More-
over, R ≤ Int(R,S) is integral.

Proof. (a) By induction on |I|. If |I| = 0 there is nothing to prove. So suppose there
exists i ∈ I and let J = I \ {i}. Put E = R[J ]. By induction R ≤ E is finite. Since i
is integral over R, f is integral over E. Thus by 7.2.4(b), E ≤ E[i] is finite. Note that
E[i] = R[J ][i] = R[I] and so (a) follows from 7.2.6.

(b) By 5.1.3(a) R[I] =
⋃
{R[J ] | J ⊆ I, |J | <∞}. By (a) each of the extensions R ≤ R[J ]

are integral. So(b) holds.
(c) Follows from (b) applied to I = Int(T, S).

Definition 7.2.8. Let R ≤ S be a ring extension and let Int(R,S) the set of elements in
S which are integral over R. Then Int(R,S) is ca called to integral closure of R in S. If
R = Int(R,S), then R is called Tintegrally closed in S.

If R is an integral domain and R is integrally closed in FR (the field of fraction of R),
then R is called integrally closed.

Example 7.2.9. Let A = Int(Z,C). Then A is the set of complex numbers which are the
roots of an integral monic polynomial. So A is the set of algebraic integers ( see Homework
2#6). We now know from 7.2.7 that A is a subring of C, which generalized Homework
2#6(c). By Homework 2#6(b), A ∩ Q = Z. Thus Int(Z,Q) = Z and so Z is integrally
closed. But Z is not integrally closed in C since

√
2 ∈ A.

Lemma 7.2.10. Let R ≤ E and E ≤ S be integral ring extensions. Then R ≤ S is integral.

Proof. Let s ∈ S and let f ∈ E[x] be the monic with f(s) = 0. Let I be the set of non-zero
coefficients f . Then I is a finite subset of E and so by 7.2.7(a), R ≤ R[I] is finite. Since
f ∈ R[I][x], 7.2.4 implies that R[I] ≤ R[I][s] is finite. So by 7.2.6, R ≤ R[I][s] is finite. So
by 7.2.4, s is integral over R.

7.3 Ideals in Integral Extensions

Definition 7.3.1. Let R be ring and I an ideal in R. Then

rad I = radRI = {r ∈ R | rn ∈ I for some n ∈ Z+}.

radRI is called the radical of I in R . If I = radRI, I is called a radical ideal in R.

Lemma 7.3.2. Let R be a ring and P an ideal in R.

(a) radP is an ideal in R and P ≤ radP .

(b) radP is a radical ideal.
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(c) All primes ideals in R are radical ideals.

Proof. (a) Note that r ∈ radP if and only if r+P is nilpotent in R/P . By Homework 6#5
in MTH 818, the nilpotent elements of R/P form an ideal in R/P . So (a) holds.

(b) Homework 6#5 in MTH 818 R/radR
/

radR/P has no non-zero nilpotent elements.
(c) If P is a prime ideal, then R/P has no zero divisors and so also no non-zero nilpotent

elements.

Lemma 7.3.3. Let R ≤ S be an integral ring extension.

(a) Let P be an ideal in R and p ∈ P .

(a) Sp ∩R ⊆ radRP.

(b) If P is a prime ideal or a radical ideal in R, then Sp ∩R ⊆ P.

(b) Suppose S is an integral domain

(a) Let 0 6= b ∈ S, then Sb ∩R 6= 0.

(b) Let Q be a non-zero ideal in S, then Q ∩R 6= 0.

Proof. (a) Let s ∈ S such that r := sp ∈ R. Since R ≤ S is integral there exists
r0, r1 . . . rn−1 ∈ R with

sn = rn−1s
n−1 + . . .+ r1s+ r0

Multiplying this equation with pn we obtain:

(sp)n = (rn−1p)(sp)
n−1 + . . .+ r1p

n−1(sp) + r0p
n

Hence

rn = (rn−1p)r
n−1 + . . .+ (r1p

n−1)r + r0p
n

As P is an ideal and rir
i ∈ R we have rir

ipn−i ∈ P for all 0 ≤ i < n. So the right side
of the last equation lies in P . Thus rn ∈ P and r ∈ radP .

(a:b) In both cases 7.3.2 implies that P = radRP . So (a:b) follows from(a:a).
(b:a) Let f ∈ R[x] be a monic polynomial of minimal degree with f(b) = 0. Let

f = xg + r where r ∈ R and g ∈ R[x] is monic of degree one less than f . Then

0 = f(b) = bg(b) + r

and so r = −g(b)b
If r = 0, we get g(b)b = 0. Since b 6= 0 and S is an integral domain, g(b) = 0. But this

contradicts the minimal choice of deg f .
Hence 0 6= r = −g(b)b ∈ R ∩ Sb.
(b:b) Let 0 6= b ∈ Q. Then by (b:a) {0} 6= R ∩ Sb ⊆ R ∩Q.
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Theorem 7.3.4. Let R ≤ S be an integral extension and P a prime ideal in R. Put

M := {I | I is an ideal in R,R ∩ I ⊆ P}

Order M by inclusion. Let Q ∈M.

(a) Q is contained in a maximal member of M

(b) The following are equivalent:

(a) Q is maximal in M.

(b) Q is a prime ideal and R ∩Q = P .

Proof. Put MQ := {I ∈ M | Q ≤ I}. Then a maximal element of MQ is also a maximal
element of M.

(a) Since Q ∈ MQ, MQ 6= ∅. So by Zorn’s Lemma A.6 it remains to show that every
non-empty chain D in MQ has an upper bound in MQ. Put D =

⋃
D. By 3.3.15(a) D is

an ideal in S. Let E ∈ D. Then Q ≤ E ≤ D. Moreover,

R ∩D =
⋃
E∈D

R ∩ E ⊆ P

Thus D ∈MQ and D is an upper bound for D.
(b) For E ⊆ S put E = E +Q/Q ⊆ S/Q. Since S is integral over R, S is integral over

R. (Indeed let s ∈ S. Then s = s+Q for some s ∈ S and there exists a monic polynomial
f ∈ R[x] with f(s) = 0. The f is a monic polynomial in S[x] and f(s) = 0.

R/P = R+Q/Q
/
P +Q/Q ∼= R+Q/P +Q = R+ (P +Q)/P +Q

∼= R/R ∩ (P +Q) = R/P + (R ∩Q) = R/P

Since P is a prime ideal in R we conclude that P is a prime ideal in R. Let I be an
ideal in S with Q ≤ I. We have

R ∩ I ≤ P

⇐⇒ ((R+Q)/Q) ∩ I/Q ≤ P +Q/Q

⇐⇒ (R+Q) ∩ I ≤ P +Q

⇐⇒ Q+ (R ∩ I) ≤ P +Q

If R ∩ I ≤ P we have Q + (R ∩ I) ≤ P + Q. If Q + (R ∩ I) ≤ P + Q, then R ∩ I ≤
(P +Q) ∩R = P + (Q ∩R) ≤ P . So

R ∩ I ≤ P ⇐⇒ R ∩ I ≤ I
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Therefore {I | I ∈MQ} = {J ≤ S | J is an ideal in S,R ∩ J ⊆ P}.
If follows that (b) holds if and only if (b) holds for (S,R,P, Q in place of (S,R, P,Q).

Since Q = 0 we thus may assume that Q = 0.
(b:a) =⇒ (b:b): Suppose that Q is not a prime ideal. As Q = 0, this means S is not

an integral domain. Hence there exists b1, b2 ∈ S] with b1b2 = 0. Since Q = 0 is maximal
in M, Sbi 6∈ M and so R ∩ Sbi � P . Hence there exist si ∈ S with 0 6= ri := sibi ∈ R \ P .
But then r1r2 = (s1b1)(s2b2) = (s1s2)(b1b2) = 0 ∈ P . But this contradicts the fact that P
is a prime ideal in R.

So Q is a prime ideal. Suppose that P 6= R ∩ Q, that is P 6= 0. Let 0 6= p ∈ P . Then
by 7.3.3(a) , Sp∩R ≤ P . Hence Sp ∈M, contradiction the maximality of Q = 0. So (b:a)
implies (b:b).

(b:b) =⇒ (b:a): Suppose now that Q is a prime ideal and P = R ∩ Q. Since Q = 0
this means that S is an integral domain and P = 0. Let I be any non-zero ideal in S. Then
by 7.3.3(b:b) R∩I 6= 0 and so R∩I � P and I /∈M. ThusM = {0} and Q is maximal.

Corollary 7.3.5. Let R ≤ S be an integral extension.

(a) Let P be a prime ideal in R and Q an ideal in S with R ∩Q ≤ P . Then there exists a
prime ideal M in S with R ∩M = P and Q ≤M .

(b) Let P be a prime ideal in R. Then there exists a prime ideal M in S with R∩M = P .

(c) Let Q1 and Q2 be prime ideals in S with R∩Q1 = R∩Q2 and Q1 ≤ Q2. Then Q1 = Q2.

(d) Let Q be a maximal ideal in S. Then Q ∩R is a maximal ideal in R.

(e) Let P be a maximal ideal in S. Then there exists a maximal ideal M of S with R∩M =
P .

Proof. (a) We apply 7.3.4. Let M be defined as there. By part (a) there exists a maximal
element M of M containing Q. By part (b) M is a prime ideal and R ∩M = P .

(b) follows from (a) applied with Q = 0.
(c) By 7.3.4, applied with P = R ∩ Q1 and Q = Q1 we get that Q1 is maximal in M.

As Q2 ∈M and Q1 ≤ Q2, Q1 = Q2.
(d) Since 1 /∈ Q, R ∩Q 6= R. So by 3.2.15, Q ∩ R is contained in a maximal ideal P of

R. By (a) there exists an ideal M in S with P = R ∩M and Q ≤M . Since Q is maximal,
M = Q. Thus R ∩Q = R ∩M = P and so R ∩Q is a maximal ideal in R.

(e) By 3.2.16, P is a prime ideal in R. So by (b) there exists an ideal Q of S with
R ∩Q = P . Let M be a maximal ideal in S with Q ≤M . Then P = R ∩Q ≤ R ∩M < R
and since P is a maximal ideal in R, P = R ∩M .

7.4 Noether’s Normalization Lemma

Definition 7.4.1. Let K be a field. A K-algebra is a ring R with K as a subring. A
K-algebra R is called finitely generated if R = K[I] for some finite subset I of K
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Theorem 7.4.2. Let K be a field and R a K-algebra. Suppose that there exists a finite
subset I of R such that K[I] ≤ R is integral. Then there exists a finite subset J of R such
that J is algebraically independent over K and K[J ] ≤ R is integral.

Proof. Choose a finite subset I of R of minimal size such thatK[I] ≤ R is integral. Suppose
that u =: (i)i∈i is not algebraic independent over K and pick 0 6= f ∈ K[xi, i ∈ I] with
f(u) = 0. Put J =

⊕
j∈J N. Then f =

∑
α∈J kαx

α, where kα ∈ K, almost all 0. Put
J∗ = {α ∈ I | kα 6= 0}. Then

(1)
∑
β∈J∗

kβu
β = 0

where uβ =
∏
i∈I i

βi . Since J∗ is finite, we can pick c ∈ Z+ with αi < c for all α ∈ J∗ and
i ∈ I. Fix l ∈ I and let (ti) ∈ NI be a 1-1 function with tl = 0. Define

ρ : J∗ → Z+, α→
∑
i∈I

ctiαi

We claim that ρ is one to one. Indeed suppose that ρ(α) = ρ(β) for α 6= β ∈ J∗. Let
I∗ = {i ∈ I | αi 6= βi and k ∈ I∗ with tk is minimal.

0 = ρ(α)− ρ(β) = ctk

αk − βk +
∑

i∈I∗\{k}

cti−tk(αi − βi)


Since t is 1-1, tk < tj for all i ∈ I∗ \ {k}. So we conclude that c divides αk − βk, a

contradiction to c > αj and c > βj .
Since ρ is 1-1, we can choose α ∈ J∗ with ρ(α) < ρ(β) for all β ∈ J∗ \ {α}.
For i ∈ I define vi = i − lcti . Put S := K[vi, i ∈ I]. Note that vl = l − lctl = l − lc0 =

l − l1 = 0. So

(2) S = K[Vi,∈ I \ {l}]

We will show that l is integral over S. Let β ∈ J∗. Since i = lc
ti + vi we have

uβ =
∏
i∈I

iβi =
∏
i∈I

(lc
ti + vi)

βi .

Thus uβ = gβ(l) where gβ ∈ S[x] is a monic of degree ρ(β). Put

g :=
∑
β∈J∗

kβgβ ∈ S[x].

Then maximality of ρ(α) shows that g has degree ρ(α) and leading coefficient kα. More-
over,
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g(l) =
∑
β∈J∗

kβgβ(l) =
∑
β∈J∗

kβu
β = 0.

Thus kα−1g is a monic polynomial over S with l as a root and so l is integral over S.
Note that i = vi + lc

t
i ∈ S[l] and thus K[I] ≤ S[l] ≤ K[I]. So K[I] = S[l] and S ≤ K[l] is

integral. Since also K[I] ≤ R is integral we conclude from 7.2.10 that S ≤ R is integral.
But this contradicts (2) and the minimal choice of |J |.

Proposition 7.4.3. Let R ≤ S be an integral extension and suppose that that R and S are
integral domains. Then S is a field if and only if R is a field.

Proof. Suppose first that R is a field. Then R ≤ S is algebraic and so by 5.1.11(c) , S is a
field.

Suppose next that S is a field and let r ∈ R]. Since S is a field, 1 ∈ Sr ∩ R. Hence by
7.3.3(a:b) applied with P = Rr, 1n ∈ Rr for some n ∈ Z+. Thus 1 = tr for some t ∈ T .
Hence r is invertible in R, and R is a field.

Proposition 7.4.4. (a) Let K ≤ F be a field extensions such that F is finitely generated
over K as a ring. Then K ≤ F is finite. In particular, if K is algebraically closed then
F = K.

(b) Let K be an algebraically closed field, A a finitely generated K-algebra and M a maximal
ideal in A. Then A = K+M .

Proof. (a) By 7.4.2 there exists a finite subset J of K such that K[J ] ≤ F is integral and J
is algebraically independent over K. By 7.4.3, K[J ] is a field. Since the units in K[J ] are K
we get J = ∅. Hence K ≤ F is integral and so algebraic. Thus by 5.1.11 K ≤ F is finite.

(b) Note that A := A/M is a field. Also K = (K+M)/M is a subfield of A isomorphic
to K and A is a finitely generated K algebra. So by (a) A = K and thus A = K+M .

7.5 Affine Varieties

Hypothesis 7.5.1. Throughout this section K ≤ F is field extension with F algebraically
closed. D is a finite set, A = K[xd, d ∈ D] and B = F[xd, d ∈ D], with A viewed as a subset
of B.

Definition 7.5.2. Let S ⊆ A and U ⊆ FD.

(a) V (S)= VFD(S) = {v ∈ FD | f(v) = 0 for all f ∈ S}.
V (S) is called an affine variety in FD defined over K, or a K-variety in FD.

(b) U ⊆ FD define J(U):= JA(U) = {f ∈ A | f(u) = 0 for all u ∈ U}.

(c) U is called closed if U = V (J(U)) and S is called closed if S = J(V (S)).
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Lemma 7.5.3. Let U ⊆ Ũ ⊆ FD and S ⊆ S̃ ⊆ A.

(a) J(U) is an ideal in R.

(b) J(Ũ) ⊆ J(U).

(c) V (S̃) ⊆ V (S).

(d) U ⊆ V (J(U)).

(e) S ⊆ J(V (S)).

(f) The following are equivalent:

(a) U is K-variety in FD.

(b) U = V (S) for some S ⊆ A.

(c) U is closed.

(d) U = V (I)) for some ideal I of A.

(g) S is closed if and only if S = J(U) for some U ⊆ FD.

(h) V (S) = V (AS).

Proof. (a) Clearly 0 ∈ J(U). Let f, g ∈ J(U), h ∈ A and u ∈ U . Then (f − g)(u) =
f(g)− g(u) = 0 and (hf)(u) = h(u)f(u) = 0. So f − g ∈ J(U) and hf ∈ J(U).

(b) and and (c) are obvious.
(d) Let u ∈ U . Then for all f ∈ J(U), f(u) = 0. So (d) holds.
(e) Similar to (d).
(f) Suppose U is K-variety in FD, then by definition U = V (S) for some S ⊆ A. So (f:a)

implies (f:b)
Suppose U = V (S) for some S ⊆ A. Then by (d) S ⊆ J(U) and so by (b) V (J(U)) ⊆

J(S) = U . By (d), U ≤ (J(U)) and hence U = V (J(U)). So (f:b) implies (f:c)
Suppose U is closed. Then U = U(J(U)). By (a) J(U) is an ideal in A and so (f:c)

implies (f:d).
Clearly (f:d) implies (f:a). So (f) holds.
(g) If S is closed then S = J(U) for U = J(S). The other direction is similar to the

implication (f:b) =⇒ (f:c).
(h) Since S ⊆ AS, V(AS) ≤ V (S). By (e) S ⊆ J(V (S)) and by (a), J(V (S)) is an ideal.

Thus AS ⊆ J(V (S)) and so V (S) ⊆ V (AS).

Example 7.5.4. (1) Suppose that |D| = 1 and so A = K[x] and FD = F. Let U be a affine
K-variety in F. Then by 7.5.3(f), U = V (I) for some ideal I in K[x]. By 3.4.6, K[x] is a
PID and so there exists f ∈ K[x] with I = K[x]f . Thus by 7.5.3(h), U = V (I) = V (f).
So U is the set of roots of f in F. So either f = 0 and U = F or U is finite.

Now let U be any finite subsets of K and put f =
∏
u∈U x− u. Then V (f) = U and so

any finite subsets of K are is an affine K-variety in F.
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If K = F we see the affine F-varieties in F are F itself and the finite subsets of F.

(2) Let K = R, F = C and D = {1, 2}. Then A = K[x1, x2]. Let f = x2
1 + x1

2 − 1. Then
V (f) = {(a, b) ∈ C2 | a2 + b2 = 1}.

(3) Let n ∈ Z+ and D = {(i, j) | 1 ≤ i, j ≤ n}. Then FD = Mn(F) is the set of n × n-
matrices with coefficients in F. Write xij for x(i,j) ∈ A and consider the matrix X :=

(xij) ∈Mn(A). Put f = det(X) ∈ A. Let u = (uij) ∈ FD = Mn(F). Then f(u) = detu.
Thus

V (f − 1) = {u ∈Mn(F) | det(u) = 1} = SLn(K)

Lemma 7.5.5. Let u ∈ FD.

(a) J(u) is the kernel of the evaluation map: Φ : A→ F, f → f(u).

(b) If K ≤ F is algebraic, J(u) is a maximal ideal in A.

Proof. (a) is obvious. (b) Note that K ≤ Φ(K) ≤ F. Therefore Φ(K) is an integral domain
which is algebraic over K. So by 5.1.11 Φ(K) is an field. By (a) and the first isomorphism
theorem for rings, A/J(u) is a field and so by 3.2.19 J(u) is a maximal ideal in A.

Lemma 7.5.6. Let M be a maximal ideal in B.

(a) There exists u = (ud)d∈D ∈ FD with M = JB(u).

(b) M is the ideal in B generated by {xd − ud | d ∈ D}.

(c) V (M) = {u}.

Proof. (a) and (b) By 7.4.4, B = F + M . Hence for each d ∈ D there exists ud ∈ F with
xd−ud ∈M . Put u = (ud)d∈D and let I be the ideal generated by {xd−ud | d ∈ D). Then
xd ∈ F + I and so F + I is a subring of B containing F and all xd. Hence B = F + I and
B/I is a field. So I is a maximal ideal. Since I ≤ M we get I = M and since I ≤ JB(u),
I = JB(u). So M = I = JB(u).

(c) Let a ∈ V (M). Since xd − ud ∈M , 0 = (xd − ud)(a) = ad − ud. Hence ad = ud and
a = d.

Proposition 7.5.7. Let I be an ideal in A with I 6= A. Then V (I) 6= ∅

Proof. By 3.2.15 I is contained in a maximal ideal P of A. Let A be the set of elements in
F algebraic over K. Then

VAD(P ) ⊆ V (P ) ⊆ V (I),

and so we may assume that F = A and I is maximal in A. Then K ≤ F is algebraic and so
each b ∈ F ⊆ B is integral over K and so also over A. Since B = A[F] we conclude from
7.2.7 that A ≤ B is integral. Hence by 7.3.5, there exists a maximal ideal M of B with
I = A ∩M . By 7.5.6, V (M) 6= ∅. Since V (M) ⊆ V (I) the proposition is proved.
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Theorem 7.5.8 (Hilberts’ Nullstellensatz). Let I be an ideal in A. Then J(V (I)) = radI.
In other words, I is closed if and only if I is a radical ideal.

Proof. Let f ∈ radI and u ∈ V (I). Then fn ∈ I for some n ∈ Z. Thus (f(u))n = fn(u) = 0
and since F is an integral domain, f(u) = 0. Thus f ∈ J(V (I)) and radI ⊆ J(V (I)).

Next let 0 6= f ∈ J(V (I)). We need to show that f ∈ radI. Put E = D ∪ {f} and put
y = xf . Then K[xe, e ∈ E] = A[y]. Let L be the ideal in A[y] generated by I and yf − 1.

Suppose for a contradiction that VFE (L) = ∅ and pick c ∈ VFE (L). Then c = (a, b)
with a ∈ FD and b ∈ F. Let g ∈ I. Then g ∈ L and 0 = g(a, b) = g(a). Thus a ∈ V (I).
Since f ∈ J(V (I)) we get f(a) = 0. Hence 0 = (yf − 1)(a, b) = bf(a) − 1 = −1 6= 0, a
contradiction.

Thus VFE (L) = ∅. 7.5.7 implies L = A[y]. So there exist gs(y) ∈ A[y], 0 ≤ s ≤ m and
fs ∈ I, 1 ≤ s ≤ m, with

(∗) 1 = g0(y)(yf − 1) +
m∑
s=1

gi(y)fi.

Let FA = K(xd, d ∈ D) be the field of fractions of A. Let φ : A[y] → FA be the unique
ring homomorphism with φ(a) = a for all a ∈ A and φ(y) = f−1. (see 5.2.29. Applying φ
to (*) we obtain:

(∗∗) 1 = g0(f−1)(f−1f − 1) +
m∑
s=1

gi(f
−1)fi =

m∑
s=1

gi(f
−1)fi.

Let k ∈ Z+ with k ≥ degy gi(y) for all 1 ≤ i ≤ m. Then gi(f
−1)fk ∈ A for all i and

thus gi(f
−1)fkfi ∈ AI = I. So multiplying equation (**) with fk we get fk ∈ I and

f ∈ radI.

Corollary 7.5.9. Then map U → J(U) is a inclusion reversing bijection with inverse
I → V (I) between the affine K-varieties in FD and the radical ideals in A.

Proof. Let U be an affine K-variety in FD. Then by definition, U = V (S) for some ideal S
if A. So by 7.5.3(f)(g), U and I := J(U) are closed. Thus V (J(U)) = U and by Hilbert’s
Nullstellensatz, I = J(V (I)) = radI. So I is a radical ideal.

Suppose next that I is a radical ideal in A. Then by definition V (I) is a affine K-variety
in FD and by Hilbert’s Nullstellensatz, I = radI = J(V (I)).

Finally by 7.5.3(b), U → J(U) is inclusion reversing.

We would like to show that every affine variety is of the form V (S) for a finite subset S
of A. For this we need a little excursion:

Definition 7.5.10. A ring R is called Noetherian if every ideal in R is finitely generated
as an ideal.
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Theorem 7.5.11 (Hilbert’s Basis Theorem). Let R be a Noetherian ring. Then also
R[xd, d ∈ D] is Noetherian.

Proof. By induction on |D| it suffices to show that R[x] is Noetherian.

Let J be an ideal in R[x]. For n ∈ N let Jn be the set of all r ∈ R such that r = 0
or r = lead(f) for some f ∈ J with deg f = n. Observe that Jn is an ideal in R. Since
lead(xf) = lead(f), Jn ⊆ Jn+1. Let 0 ≤ n ≤ t. By 3.3.17 {Jn | n ∈ N} has a maximal
element say Jt, for some t ∈ N. Then Jm = Jt for all m ≥ t. By assumption each Jn is
finitely generated and so we can choose rnj , 1 ≤ j ≤ kn with

(∗) Jn =

kn∑
j=1

Rrnj .

For 0 ≤ n ≤ t and 1 ≤ j ≤ kn pick fnj ∈ J with

(∗∗) lead(fnj) = rnj .

Let I be the ideal in R[x] generated by the fnj , 0 ≤ n ≤ t and 1 ≤ j ≤ kn. Note that
I ⊆ J . For m > t put kn := kt, rmj := rnj and fmj := xm−t. Since Jm = Jt we conclude
that (*) and (**) holds for all n ∈ N. Moreover fnj ∈ I for all n, j.

We will now show that J = I. So let f ∈ J . If f = 0, f ∈ I. So suppose f 6= 0 and let
n = deg f and s = lead(f). By (*),

s =

kn∑
j=1

sjrnj ,

for some sk ∈ R, 1 ≤ j ≤ kn. Put

g :=

kn∑
j=1

sjfnj .

Then lead(g) = s, g ∈ I and deg g = n. Thus f − g ∈ J and deg(f − g) < n. By
induction on deg f , f − g ∈ I and so f = (f − g) + g ∈ I. This shows that I = J and so J
is a finitely generated ideal in R[x].

Corollary 7.5.12. (a) A is a Noetherian ring.

(b) Let U be an affine K-variety. Then U = V (S) for some finite subset S of A.

(c) Let V be a non-empty set of K varieties in FD. Then V has a minimal element.
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Proof. (a) Clearly K is Noetherian, so (a) follows Hilbert’s Basis Theorem.

(b) By (a) J(U) is finitely generated as an ideal. So J(U) = AS for some finite subset
S of A. Thus by 7.5.3

U = V (J(U)) = V (AS) = V (S).

(c) Let I = {J(U) | U ∈ V}. Then by (a) and 3.3.17 I has a maximal element say J(U0)
for some U0 ∈ V. Let U be in V with U ⊆ U0. Then J(U0) ⊆ J(U) and by maximality of
J(U0), J(U0) = J(U). Thus

U = V (J(U)) = V (J(U0)) = U0

and so U0 is a minimal element of U .

Lemma 7.5.13. Let S and T be ideals in A. Then

V (S) ∪ V (T ) = V (S ∩ T ) == V (ST )

Proof. Clearly V (S) ∩ V (T ) ⊆ V (S ∩ T ). Since S and T are ideals, ST ⊆ Sα′T and so
V (S ∩ T ) ⊆ V (ST ). So it remains to show that V (ST ) ⊆ V (S) ∪ V (T ). Let u ∈ FD

with v /∈ V (S) ∪ V (T ). Then there exists s ∈ S and t ∈ T with s(u) 6= 0 6= t(u). Then
(st)(u) = s(u)t(u) 6= 0 and since st ∈ ST , u /∈ V (ST ). So V (ST ) ⊆ V (S) ∪ V (T ).

Definition 7.5.14. An affine K-variety U in FD is called K-irreducible provided that:

Whenever U1 and U2 are K-varieties in FD with U = U1 ∪ U2, then U = U1 or U = U2

Example 7.5.15. (1) Let F = C and U = V (x2 − 2y2). If K = R, then (x2 − 2y2) =
(x+

√
2y)(x− sqrt2y) and so by 7.5.13 U = V (x+

√
2y) ∪ V (x− sqrt2y) and so U is

not an irreducible R-variety.

But it can be shown that U is an irreducible Q-variety.

(2) Let F = C and K = Q. Let U = V (x2 + y2 − 4)((x− 1)2 + y2 − 4)):

��
��
��
��

Then U is the union of two irreducible subvarieties namely the circles V (x2 +y2−4) and
V (x−1)2 +y2−4). But U cannot be written has the disjoint union of two subvarieties.

Lemma 7.5.16. Let U be a affine K-variety in FD. Then U is K- irreducible if and only
if J(U) is a prime ideal in A.
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Proof. Suppose first that J(U) is a prime ideal in A and let U1, U2 be affine K-varieties with
U = U1∪U2. Then U = U1∪U2 ⊆ V (J(U1)J(U2)) and so J(U1)J(U2) ⊆ J(U). Since J(U) is
a prime ideal we conclude J(Ui) ⊆ J(U) for some i ∈ {1, 2}. Hence U ⊆ V (J(Ui)) = Ui ⊆ U
and so U = Ui.

Suppose next that U is irreducible and let J1 and J2 be ideal in A with J1J2 ⊆ J(U).
We need to show that Jk ⊆ J(U) for some i. Replacing Ji be Ji + J(U) we may assume
that J(U) ⊆ Ji for i = 1 and 2. Then V (Ji) ⊆ Ui. By 7.5.13

V (J1) ∪ V (J2) = V (J1 ∩ J2) = V (J1J2)

Since J1J2 ≤ J(U) ≤ J1 ∩ J2 we have

V (J1 ∩ J2) ⊆ U = J(V (U)) ⊆ V (J1J2)

Thus U = V (J1) ∪ V (J2) and since U is irreducible, V (Jk) = U for some k. Thus
Jk ≤ J(U) and J(U) is a prime ideal in A.



Chapter 8

Simple Rings and Simple Modules

8.1 Jacobson’s Density Theorem

Definition 8.1.1. let R be a ring and M an R-module. M is called a simple R-module if
RM 6= 0 and M has no proper R-submodules.

Example 8.1.2. 1. Let I is be left ideal in R, then R/I is simple if and only if I is a
maximal left ideal.

2. Let D be a division ring and V is an D-module. We will show that V is a simple
EndD(V ) module. For this we first show that for each u, v ∈ V with u 6= 0V there
exists α ∈ EndD(V ) with α(u) = v. For this let B be a basis for V with u ∈ B. Then
there exists a unique D-linear map V → W with α(w) = v for all w ∈ B. In particular,
α(u) = v.

Now let U be any non-zero EndD(V )-submodule of B. Let u ∈ U ] and v ∈ V . Then by
the above there exists α ∈ EndD(V ) with α(u) = v. Thus v ∈ U and U = V .

Lemma 8.1.3 (Schur’s Lemma). Let M,N be simple R-modules and f ∈ HomR(M,N). If
f 6= 0, then f is R-isomorphism. In particular, EndR(M) is a division ring.

Proof. Since f 6= 0, ker f 6= M . Also ker f is an R-submodule and so ker f = 0 and f is
1-1. Similarly, Im f 6= 0, Im f = N and so f is onto. So f is a bijection and has an inverse
f−1. An easy computation shows that f−1 ∈ HomR(N,M)). Choosing N = M we see that
EndR(M) is a division ring.

Definition 8.1.4. Let R be a ring and M be an R-module.

(a) Let N ⊆M . N is called R-closed in M if N = AnnM (AnnR(N).

(b) Let I ⊆ R. I is called M -closed in R if I = AnnR(AnnM (I).

Lemma 8.1.5. Let R be a ring and M an R module. Let U ⊆ Ũ ⊆M and S ⊆ S̃ ⊆ R.

(a) AnnR(Ũ) ⊆ AnnR(U).

263
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(b) AnnM (S̃) ⊆ AnnM (S).

(c) U ⊆ AnnM (AnnR(U)).

(d) S ⊆ AnnR(AnnM (S)).

(e) U is R-closed in M if and only if U = AnnM (S) for some S ⊆M .

(f) S is M -closed in R if and only if S = AnnR(U) for some U ⊆M .

Proof. Readily verified.

Lemma 8.1.6. . Let M be a simple R-module, V a R-closed subset of M and w ∈M \ V .
Put I = AnnR(A). Then M = Iw and the map β : I/AnnI(w)→ M, i+ AnnRJ(w)→ jw
is a well defined R-isomorphism.

Proof. Since V is closed, V = AnnR(V ) and so Iw 6= 0. By 4.1.11 I is a left ideal in R and
so R(Iw) = (RI) ⊆ Iw. Thus Iw is an R-submodule of M . Since M is simple, M = Iw.
Define φ : I → M, i → iw. Then φ is R-linear, onto and kerφ = AnnI(w) J/AJ(m) ∼= M .
So the second statement follows from the First Isomorphism Theorem of R-modules.

Lemma 8.1.7. Let M be simple R-module and D = EndR(M). Let V ≤W be D submodules
of M with dimD(W/V ) finite. If V is closed in M so is W . In particular, all finite
dimensional D subspaces of M are closed.

Proof. By induction on dimDW/V we may assume that dimDW/V = 1. Let w ∈ W \ V .
Then W = V +Dw. Put I = AnnR(V ) and J = AnnI(w). We will show that W = AR(J).
So let m ∈ AM (J). Then J ⊆ AI(m) and hence the map α : I/J → M, i+ J → im is well
defined and R-linear. By 8.1.6 the map β : I/J → M, i + J → iw is an R-isomorphism.
Put δ = αβ−1. Then δ : M →M is R-linear and δ(iw) = im for all i ∈ I. Hence δ ∈ D and

i(m− δ(w)) = im− iδ(w)) = im− δ(iw) = im− im = 0

for all i ∈ I. Since V is closed, V = AnnM (I) and so δ(w)−m ∈ V . Thus m ∈ δ(w)+V ≤W
and AnnM (J) ⊆W

Let j ∈ J , δ ∈ D and v ∈ V . Then i(v + δ(w) = iv + δ(iw) = 0 + δ(0) = 0 and so
W ⊆ AnnM (J). Thus W = AnnW (J) and so by 8.1.5(e), W is R-closed in M .

Since M is a simple R-module, RM 6= 0, AnnM (R) 6= M and AnnM (R) = 0. So 0 is a
R-closed in M . Hence the first statement of the lemma implies the second.

Definition 8.1.8. Let M be an R-module and D ≤ EndR(M) a division ring. Then we
say that R acts densely on M with respect to D if for each D-linearly independent tuple
(mi)

n
i=1 ∈Mn and each (wi)

n
i=1 ∈Mn, there exists r ∈ R with rmi = wi for all 1 ≤ i ≤ n.

Theorem 8.1.9 (Jacobson’s Density Theorem). Let R be a ring and M a simple R-module.
Put D := EndR(M), then R acts densely on M with respect to D.
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Proof. Let (mi)
n
i=1 ∈ Mn be D-linear independent and (wi)

n
i=1 ∈ Mn. By induction on n

we will show that there exists r ∈ R with rmi = wi for all 1 ≤ i ≤ n. For n = 0, there is
nothing to prove. By induction there exists s ∈ R with smi = wi for all 1 ≤ i < n. Let
V =

∑n−1
i=1 Dmi. Then by 8.1.7 V is closed and so by 8.1.6 there exists t ∈ AR(V ) with

tmn = wn − smn. Put r = s + t. For 1 ≤ i < n, tmi = 0 = and so rmi = smi = wi. Also
rmi = smi + tmi = smn + (wn − smn) = wn and the theorem is proved.

Corollary 8.1.10. Let M be a simple R-module, D = EndR(M) and W a finite dimensional
D-submodule of M . Put NR(W ) = {r ∈ R | rW ⊆ W}. Then NR(W ) is a subring of W ,
W is a NR(W )-submodule of M , AnnR(W ) is an ideal in NR(W ) and, if R |W denotes the
image of NR(W ) in End(W ), then

NR(W )/AnnR(W ) ∼= R |W= EndD(W ).

Proof. Let r, s ∈ NR(W ) and w ∈ W . Then (r + s)w = rw + sw ∈ W and (rs)w =
r(sw) ∈ W . Thus NR(W ) is a subring of R. Note that W is an NR(W )-module and
AnnR(W ) = AnnNR(W )W ). So by 4.1.11(b) AnnR(W ) is an ideal in NR(W ). Clearly R |W
is contained in EndD(W ). Let φ ∈ EndD(W ) and choose a basis (vi, 1 ≤ i ≤ n) for W over
D. By 8.1.9 there exists r ∈ R with rvi = φvi for all 1 ≤ i ≤ n. Then rW ≤ W and so
r ∈ NR(W ). The image of r in End(W ) is φ. Thus φ ∈ R |W and so R |W= EndD(W ).

8.2 Semisimple Modules

Definition 8.2.1. Let R be a ring and M an R-module. M is a semisimple if M is the
direct sum of simple R-submodules.

Lemma 8.2.2. Let G be a group and (Gi, i ∈ I) a family of G. Let (Ij)j∈J be a partition
of I and put Hj = 〈i ∈ Ij〉. Then

G =
⊕
i∈I

Gi

if and only if

G =
⊕
j∈J

Hj and for all j ∈ J,Hj =
⊕
i∈Ij

Gi.

Proof. Note first that 〈Gi | i ∈ I〉 = 〈〈Gi, i ∈ Ij〉 | j ∈ I〉 = 〈Hj , h ∈ J〉. So in both cases
G = 〈Gi, i ∈ I〉 = 〈Hj , j ∈ J〉.

Suppose first that G =
⊕

i∈I Gi. Then Gi EG for all i ∈ i and so Hj EG and Gi EHj

for all j ∈ I, i ∈ Ij .

Gi ∩ 〈Gt | i 6= t ∈ Ij〉 ≤ Gi ∩ 〈Gt | i 6= t ∈ I〉 = {e}
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and so Hj =
⊕

i∈Ij Gi. Let h ∈ Hj ∩ 〈Hk | j 6= k ∈ J〉. Since h ∈ Hj and Hj =
⊕

i∈Ij Gi
there exists hi ∈ G)i for i ∈ Ij with h =

∏
i∈Ij hi. Since h ∈ 〈Hk | j 6= k ∈ J〉 ≤ 〈Gk | i 6=

k ∈ I〉 we conclude

Then

hi = h
∏

i 6=k∈Ij

h−1
k ∈ Gi ∩ 〈Gk | i 6= k ∈ I〉 = {e}

Thus hi = e for all i ∈ Hi and so h = e and G =
⊕

j∈I Hj .

Suppose next that G =
⊕

j∈J Hj and for all j ∈ J,Hj =
⊕

i∈Ij Gi. Then Gi E Hj

for all j ∈ I, i ∈ Ij . Since [Hj , Hk] = 1 for j 6= k ∈ I and G = 〈Hk | k ∈ J〉 we
conclude that Gi E G. Let g ∈ Gi ∩ 〈Gk | i 6= k ∈ I〉. Put X = 〈Hk | j 6= k ∈ J and
Y := 〈Gk | i 6= k ∈ Ij〉. Then Y ≤ Hi and so [X,Y ] = 1 and 〈Gk | i 6= k ∈ I〉 = XY . Note
that g ∈ Hj ∩XY = X(Hj ∩ Y ) = X and so g ∈ Gi ∩X = {e}. Thus G =

⊕
i∈I Gi.

Lemma 8.2.3. Let S a set of simple R-submodules of the R-module M . Also let N be a
R-submodule of M and suppose that M =

∑
S.

(a) There exists a subset M of S with M = N ⊕
⊕
M.

(b) M =
⊕
T for some T ⊆ S.

(c) M/N ∼=
⊕
T for some subset T of S.

(d) M/N is semisimple.

(e) N ∼=
⊕
T for some subset T of S.

(f) N is semisimple.

(g) If N is a simple submodule of M , then N ∼= S for some S ∈ S.

(h) Suppose N is a maximal N -submodule of M , then then M/X ∼= S for some S ∈ S.

Proof. (a) LetM consists of all subsets T of S with N ∩
∑
T = 0 and

∑
T =

⊕
T . Since

∅ ∈ M, M 6= ∅. Order M by inclusion and let C be a chain in M. Let D =
⋃
C. Let

m ∈ M ∩
∑
D. Then there exists Di ∈ D, 1 ≤ i ≤ n and di ∈ Di with m =

∑n
i=1 di.

For each Di there exists Ci ∈ C with Di ∈ Ci. As C is a chain we may assume that
C1 ⊆ C2 ⊆ . . . Cn. Then Di ∈ Cn for all 1 ≤ i ≤ n and so m ∈ N ∩

∑
Cn = 0. A similar

argument shows that
∑
D =

⊕
D.

Therefore N ∩
∑
D = 0 and D ∈ M. So we can apply Zorn’s lemma to obtain a

maximal element T in M. Put W =
∑
T . Suppose that M 6= N + W . Then there exists

S ∈ S with S � N + W . Since S is simple, (N + W ) ∩ S = 0. So (N + W ) ∩ (S + W ) =
W + ((N + W ) ∩ S) = W and so N ∩ (S + W ) ≤ N ∩W = 0. Also W ∩ S = 0 implies
that

∑
S ∪ {M} = W ⊕ S =

⊕
M∪ {S}. Thus T ∪ {S} is linearly independent and so

T ∪ {S} ∈ M, a contradiction to the maximality of M.
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Thus M = N ⊕W . So (a) holds.

(b) follows from (a) applied with N = 0. (c) follows from (a).

(d) follows from (c).

Note that N ∼= M/W . So (e) follows from (c) applied to W in place of N .

(f) follows from (e).

(e) Suppose N is simple. Then the set T from (e) only contains one element, say S. So
N ∼= S and (g) is proved.

Suppose that N is a maximal R-submodule of M . Then the set T from (b) only contains
one elements, sat S. Thus M/N ∼= S.

Corollary 8.2.4. Let R be a ring, M a semisimple R-module and A and B R-submodules
of M with A ≤ B. Then A/B is semisimple.

Proof. 8.2.3(f) implies that B is semisimple. Then 8.2.3(d) applied to (A,B) in place of
(N,M) shows that B/A is semisimple.

Lemma 8.2.5. Let M a semisimple R-module and N an R-submodule of M with N 6= M .
Let M be the set of maximal R-submodules of M containing N . Then

⋂
M = N .

Proof. By 8.2.4 M/N is a semisimple R-module. Thus replacing M by M/N we may assyme
that N = 0. Let S be a set of simple R-submodules of M with M =

⊕
S. For S ∈ S,

put S∗ =
∑

S 6=T∈S T . Then M/S∗ ∼= S and so S∗ is a maximal R-submodule of S. Then
0 ≤

⋂
M⊆

⋂
S∈S S

∗ = 0 and so
⋂
M = 0 = N .

8.3 Simple Rings

Proposition 8.3.1. Let R be a simple ring with identity. Then there exists a simple R-
module M . Moreover, if M is a simple R-module and D = EndR(M), then R is isomorphic
to a dense subring of EndD(M).

Proof. let C be non-empty chain of proper left ideal in R. Then 1R /∈
⋃
C and so C is a

proper left ideal in R. Hence by By Zorn’s Lemma, R has a maximal left ideal I. We
claim that M := R/I is a simple R-module. Indeed since I is maximal, M has no proper
R-submodules and since R is simple, R2 6= 0, R2 = R and RM = M 6= {0}.

Now let M be any simple R-module. Since RM 6= 0, AnnR(M) 6= R. Since M is simple
and AnnR(M) is an ideal in M , AnnR(M) = 0. Thus R ∼= R |M and by 8.1.9, R and so also
R |M is dense on M .

Proposition 8.3.2. Let M be faithful, simple R-module and put D = EndR(M). Suppose
that n := dimDM is finite.

(a) R ∼= R |M= EndD(M).

(b) R ∼= Mn as a left R-module.
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(c) Let I be a maximal left ideal in R. Then I = AnnR(m) for some m ∈M ] and R/I ∼= M

(d) Each left ideal in R is closed in R with respect to M .

(e) The map I → AnnR(I) is a bijection between the left ideals in R and the D-subspaces
in M . Its inverse is M → AnnM (I).

(f) Each simple R-module is isomorphic to M .

(g) R is a simple ring.

Proof. (a) Note that NR(M) = R and so (a) follows from 8.1.10.

(b) Let B be a basis for M over D. Define

γ : R→MB, r → (rb)b∈B

Then γ is R-linear and by the density theorem γ is onto. Let r ∈ kerφ. Then rb = 0
for all b ∈ B. Thus AnnM (r) is a D-submodule containing B and so AnnM (r) = M . Since
M is a faithful R-module, r = 0 and so γ is 1-1. Thus γ is an R-isomorphism.

(c) By (b) 8.2.3(h), R/I ∼= M . Note that by (a), R has an identity. Let φ : R/I → M
be an R-isomorphism and put m = φ(1R + I). Then

AnnR(m) = AnnR(1R + I/I) = {r ∈ R | r(1R + I) = 0R/I} = {r ∈ R | rI = I} = I.

(d) Let I be an left ideal in R andM the set of maximal ideals in R containing I. Since
R is a semisimple R-module 8.2.5 implies that

⋂
M = I. By (c), for each J ∈ M there

exists mJ ∈M with J = AnnR(mJ). Put N = {mJ | J ∈M}. Then

AnnR(N) =
⋂
J∈M

AnnR(mJ) =
⋂
J∈M

J = I.

So I is closed in R with respect to M .

(e) Let I be a left ideal in R. Then AnnM (R) is a D-submodule of M and by (d),
I = AnnR(AnnM (I)).

Let N be a D-submodule of M . Then AnnR(N) is a left ideal in R. Since M and so N
is finite dimensional over D we conclude from 8.1.7 that N is closed in M with respect to
R and so AnnM (AnnR(N)) = N .

(f) Let W be a simple R-module and w ∈ W ]. Then R/AnnR(w) ∼= Rw = W . Hence
AnnR(w) is maximal left ideal in R and so and (c) W ∼= R/AnnR(w) ∼= M .

(g) Let I be an ideal in R. Then AnnM (I) is an R-submodule of M . Since M is simple,
AnnM (I) = 0 or AnnM (I) = M . By (e), I = AnnR(AnnM (I) and so I = AnnR(0) = R or
I = AnnR(M) = 0. Since R has an identity, R2 6= 0 and so R is simple.
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Definition 8.3.3. A ring R is called Artinian for every descending chain

I1 ≥ I2 ≥ I3 ≥ . . . Ik ≥ Ik+1 ≥ . . .

there exists n ∈ Z+ with Ik = In for all k ≤ n.
In other words, R does not have an infinite strictly descending chain of left ideals.

Lemma 8.3.4. Let R be an Artinian ring and M a simple R-module. Then M is finite
dimensional over D = EndR(M).

Proof. Suppose that dimDM =∞. Then there exists an infinite strictly ascending series

M1 < M2 < M3 < . . .

of finite dimensional D-subspaces. By 8.1.7 each Mi is closed. Thus

AnnR(M1) > AnnR(M2) > AnnR(M3) > . . .

is a strictly descending chain of left ideals in R, contradicting the definition of an Artinian
ring.

Theorem 8.3.5. Let R be a simple Artinian ring with identity. Then there exists a simple
R-module M , M is unqiue up to isomorphism and if D := EndR(M), then dimDM is finite
dimensional and R ∼= EndD(M).

Proof. By 8.3.1 R has a simple module M . By 8.3.4 dimD(M) is finite. Thus by 8.3.2(g),
M is unique up to isomorphism and by 8.3.2(a), R ∼= EndD(M).
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Appendix A

Zorn’s Lemma

This chapter is devoted to prove Zorn’s lemma: Let M be a nonempty partially ordered set
in which every chain has an upper bound. Then M has a maximal element.

To be able to do this we assume throughout this lecture notes that the axiom of choice
holds. The axiom of choice states that if (Ai, i ∈ I) is a nonempty family of nonempty
sets then also

∏
i∈I Ai is not empty. That is there exists a function f : I →

⋃
i∈I Ai with

f(i) ∈ Ai. Naively this just means that we can pick an element from each of the sets Ai.

Definition A.1. A partially ordered set is a set M together with a reflexive, anti-symmetric
and transitive relation ” ≤ ”. That is for all a, b, c ∈M

(a) a ≤ a (reflexive)

(b) a ≤ b and b ≤ a =⇒ a = a (anti-symmetric)

(c) a ≤ b and b ≤ c =⇒ a ≤ c (transitive)

Definition A.2. Let (M,≤) be a partially ordered set, a, b ∈M and C ⊆M .

(a) a are called comparable if a ≤ b or b ≤ a.

(b) (M,≤) is called linearly ordered if any two elements are comparable.

(c) C is called a chain if any two elements in C are comparable.

(d) An upper bound m for C is an element m in M so that c ≤ m for all c ∈ C.

(e) An least upper bound for C is an upper bound m so that m ≤ d for all upper bounds d
of C.

(f) An element m ∈ C is called a maximal element of C if c = m for all c ∈ C with m ≤ c.

(g) An element m ∈ C is called a minimal element of C if c = m for all c ∈ C with c ≤ m.

(h) A function f : M →M is called increasing if a ≤ f(a) for all a ∈M .
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As the main steps toward our proof of Zorn’s lemma we show:

Lemma A.3. Let M be a non-empty partially ordered set in which every non-empty chain
has a least upper bound. Let f : M →M be an increasing function. Then f(m0) = m0 for
some m0 ∈M .

Proof. To use that M is not empty pick a ∈M . Let B := {m ∈M | a ≤ m}. If b ∈ B, then
a ≤ b ≤ f(b) and so f(B) ∈ B. Note also that the least upper bound of any non-empty
chain in B is contained in B. So replacing M by B we may assume that

1◦. a ≤ m for all m ∈M .

We aim is to find a subset of M which is a chain and whose upper bound necessarily
a fixed-point for f . We will not be able to reach both these properties in one shot and we
first focus on the second part. For this we define a subset A of M to be closed if:

(Cl i) a ∈ A

(Cl ii) f(b) ∈ A for all b ∈ A.

(Cl iii) If C is a non-empty chain in A then its least upper bound is in A.

Since M is closed, there exists at least one closed subset of M .

2◦. Let D be closed chain and d its upper bound in M . Then f(d) = d.

By (i), D is not empty and so has a least upper bound d. By (iii), d ∈ D and by (ii),
f(d) ∈ D. Since d is a upper bound for D, f(d) ≤ d and since f is increasing, d ≤ f(d).
Since ≤ is antisymmetric f(d) = d.

In view of(2◦) we just have to find a closed chain in M . There is an obvious candidate: It
is immediate from the three conditions of closed that intersections of closed sets are closed.
So we define A be the intersection of all the closed sets.

Call e ∈ A to extreme if

(Ex) f(b) ≤ e for all b ∈ A with b < e

Note that a is extreme, so the set E of extreme elements in A is not empty.

Here comes the main point of the proof:

3◦. Let e be extreme and b ∈ A. Then b ≤ e or f(e) ≤ b. In particular, e and b are
comparable.

To prove (3◦) put

Ae = {b ∈ A | b ≤ e or f(e) ≤ b}

We need to show that Ae = A. Since A is the unique minimal closed set this amounts to
proving that Ae is closed.



273

Clearly a ∈ Ae. Let b ∈ Ae. If b < e, then as e is extreme, f(b) ≤ e and so f(b) ∈ Ae. If
b = e, then f(e) = f(b) ≤ f(b) and again f(b) ∈ Ae. If f(e) ≤ b, then f(e) ≤ b ≤ f(b) and
f(e) ≤ f(b) by transitivity. So in all cases f(b) ∈ Ae.

let D be a non-empty chain in Ae and m its least upper bound. If d ≤ e for all d in D,
then e is an upper bound for D and so m ≤ e and m ∈ Ae. So suppose that d � e for some
d ∈ D. As d ∈ Ae, f(e) ≤ d ≤ m and again m ∈ Ae.

We proved that Ae is closed. Thus Ae = A and (3◦) holds.

4◦. E is closed

Indeed, a ∈ E. Let e ∈ E. To show that f(e) is extreme let b ∈ A with b < f(e). By
(3◦) b ≤ e or f(e) ≤ b. The latter case is impossible by anti-symmetry. If b < e, then since
e is extreme, f(b) ≤ e ≤ f(e). If e = b, then f(b) = f(e) ≤ f(e). So f(e) is extreme.

Let D be a non-empty chain in E and m its least upper bound. We need to show that
m is extreme. Let b ∈ A with b < m. As m is a least upper bound of D, b is not an upper
bound and there exists e ∈ D with e � b. By (3◦), e and b are comparable and so b < e.
As e is extreme, f(b) ≤ e ≤ m and so m is extreme. Thus E is closed.

As E is closed and E ⊆ A, A = E. Hence by (4◦) , any two elements in A are comparable.
So A is a closed chain and by (2◦), the lemma holds.

As an immediate consequence we get:

Corollary A.4. Let M be a non-empty partially ordered set in which every non-empty
chain has a least upper bound. Then M has a maximal element.

Proof. Suppose not. Then for each m ∈M there exists f(m) with m < f(m).( The axiom
of choice is used here). But then f is a strictly increasing function, a contradiction to
A.3.

Lemma A.5. Let M be any partial ordered set. Order the set of chains in M by inclusion.
Then M has a maximal chain.

Proof. Let M be the set of chains in M . The union of a chain in M is clearly a chain in
M and is an least upper bound for the chain. Thus A.4 applied to M yields a maximal
member of M. That is a maximal chain in M .

Theorem A.6 (Zorn’s Lemma). Let M be a nonempty partially ordered set in which every
chain has an upper bound. Then M has a maximal element.

Proof. By A.5 there exists a maximal chain C in M . By assumption C has an upper bound
m. Let l ∈ M with t m ≤ l. Then C ∪ {m, l} is a chain in M and the maximality of C
implies l ∈ C. Thus l ≤ m, m = l and m is maximal element.
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Definition A.7 (Structures). Let S be a set. A structure G on S consists of sets I and J ,
a family of sets (Xj , j ∈ J), a subset K of J with Xk = S for all k ∈ K and for each i ∈ I
a subset Ji of J and a function

fi :×
j∈Ji

Xj → S.

A subset T of S is called G invariant if

fi((xj)j∈Ji) ∈ T

for all i ∈ I and all (xj)j∈Ij ∈×j∈Ji Xj with xk ∈ T for all k ∈ Ij ∩K.

Here are a few examples: Let G be a group. Let G be the structure consisting of
I = {1, 2, 3}, J = {0, 1, 2}, X0 = {eG}, X1 = X2 = G, K = {1, 2}

for i = 1, J1 = {1, 2} and

f1 : G×G→ G, (a, b)→ ab

for i = 2, J2 = {1} and

f2 : G→ G, a→ a−1

For i = 3 J3 = {0} and

f3 : {eG} → G, eG → eG

Then H ⊆ G is G-invariant if and only if

ab = f1(a, b) ∈ T for all a, b ∈ H

a−1 = f2(a) ∈ T for all a ∈ H

eG = f3(eG) ∈ T

So a G invariant subset of G is just a subgroup of G.

As a second example consider a group G acting on a set S. Let G be the structure on S
given by I = {1}, K = {2}, X1 = G,X2 = S and f1 : G× S → S, (g, s) → gs. Let T ⊆ S.
Then T is G-invariant if and only if

gt = f1(g, t) ∈ T for all g ∈ G, t ∈ T

So T is G-invariant if and only if T is G-invariant.

As last example consider a ring R. Let G be the structure on R given by
I = {1, 2, 3, 4}, J = {0, 1, 2, 3}, K = {2, 3}, X0 = {0R}, X1 = X2 = X3 = R,
for i = 1, J1 = {2, 3} and

f1 : R×R→ R, (a, b)→ a+ b
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for i = 2, J2 = {2} and

f2 : G→ G, a→ −a

For i = 3 J3 = {0} and

f3 : {0R} → R, 0R → 0R

For i = 4, J4 = {1, 2} and

f4 : R×R→ R, (a, b)→ ab

Let I ⊆ R. Then I is G-invariant if and only if

a+ b = f1(a, b) ∈ I for all a, b ∈ I

−a = f2(a) ∈ I for all a ∈ I

eG = f3(eG) ∈ I

ri = f4(r, i) ∈ I for all r ∈ T, i ∈ I

So the G-invariant subsets of R are just the left ideals in R.

We will now prove:

1◦. Let G be a structure on the set S and (Tq, q ∈ Q) a non-empty family of G-invariant
subsets of S. Then

⋂
q∈Q Tq is G-invariant.

Put T =
⋂
q∈Q Tq. Let i ∈ I and (xj)j∈Ji ∈×j∈Ji Xj with xk ∈ T for all k ∈ Ji ∩K.

Note that xk ∈ Tq for all q ∈ Q and k ∈ Ji∩K. Since Tq is G-invariant we get f((xj)j∈Ji) ∈
Tq for all q ∈ Q and so also f((xj)j∈Ji) ∈ T . Thus T is G-invariant.

2◦. Let G be a structure on the set S and (Tq, q ∈ Q) a non-empty family of G-invariant
subsets of S. Suppose that {Tq, g ∈ Q} is linearly order by inclusion and that Ji∩K is finite
for all i ∈ I. Then

⋃
q∈Q Tq is G-invariant.

Put T =
⋂
q∈Q Tq. Fix i ∈ I and (xj)j∈Ji ∈×j∈Ji Xj with xk ∈ T for all k ∈ Ji ∩K.

Let k ∈ Ji ∩K. Then xk ∈ nT and so xk ∈ Tqk for some qk ∈ Q. Since {Tqk | k ∈ Ji ∩K}
is finite and linearly ordered and since Q is non-empty there exists q ∈ Q with Tqk ⊆ Tq
for all k ∈ Ij ∩ K. Since xk ∈ Tqk this implies xk ∈ Tq. Since Tq is G invariant, we get
f((xj)j∈Ji) ∈ Tq and so also f((xj)j∈Ji) ∈ T . Thus T is G-invariant.

As an immediate consequence of (2◦) and the above example we have

3◦. Let G be a group and (Gq, q ∈ Q) a non-empty chain of subgroups of G. Then⋃
q∈QGq is a subgroup of G.

4◦. Let R be a ring and (Iq, q ∈ Q a non-empty chain of ideals in R. Then
⋃
q∈Q Iq is

an ideal in R.
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As an application of Zorn’s lemma we prove the Well-Ordering Principal.

Definition A.8. (a) A linearly ordered set M is called well-ordered if every non-empty
subset of M has a minimal element.

(b) We say that a set T can be well-ordered if there exists a relation ” ≤ ” on T such that
(T, ” ≤ ”) is well ordered set.

Example A.9. Let J be a non-empty well-ordered set with minimal element m and let
(Ij)j∈J a family of non-empty well -ordered sets. Let mj be the minimal element of Ij .
Define

K = {a ∈×
j∈J

Ij | aj = m for almost all j ∈ J}.

Order K as follows a < b if a 6= b and aj < bj where j = j(a, b) ∈ J is maximal with
aj 6= bj ( Note here that there are only finitely many j ∈ J with aj 6= bj , so there does
exists a maximal such j.) We claim that this is a well ordering:

Suppose a < b and b < c and let j = j(a, b) and k = j(b, c). If j ≤ k, then al = bl = cl
for all l > k and ak ≤ bk < ck so a < c. And if j > k, then al = bl = cl for all l > j and
aj < bj = cj and again a < c. So K is linearly ordered. Let S be a non-empty subset of K.
For j ∈ J define

S(j) = {t ∈ S | tk ≤ sk for all k ∈ J with j ≤ k}

Define U = US = {u ∈ J | su = tu for all s, t ∈ S}. Suppose U 6= J ( that is |S| > 1).
We will show there exists j ∈ J \ U with S(j) 6= ∅. Suppose first that J \ U has maximal
element j. Choose s ∈ S with sj-minimal. Then s ∈ S(j). Suppose next that J \ U has
no maximal element. Let s ∈ S. Since {k ∈ J \ U | sk 6= mk} is finite and J \ U has no
maximal element there exists j ∈ J \ U with sk = mk for all k ∈ J \ U with k ≥ j. Then
s ∈ S(j).

If |S| = 1 define jS = m and if |S| 6= 1, pick jS ∈ J \ U minimal with S∗ := S(jS) 6= ∅.
Put j = jS . Let s ∈ S∗ and t 6∈ S \ S∗. Then sk ≤ tk for all k ≥ j. If sk = tk for all k ≥ j,
then t ∈ S∗. Hence there exists k ≥ j with sk < tk and so s < t.

Let k ∈ J with k ≥ j. Then sk ≤ tk for all s, t ∈ S∗ and so k ∈ US∗ . If |S∗| 6= 1, then
js∗ /∈ US∗ and so jS∗ < j = jS . If |S∗| = 1, then jS∗ = m ≤ jS . Put S0 = S, Si+1 = S∗i
and ji = jSi . Then j0 ≥ j1 ≥ j2 ≥ . . . and since H is well ordered there exists k ∈ N
with jk = jk+1. Then Sk+1 = S∗k contains a unique element say r. Also for all u ≤ k and
s ∈ Su \ Su+1 we have r ∈ Su+1 and r ≤ s. So r is the minimal element of S. Thus K is
well-ordered.

Theorem A.10 (Well-ordering principal). Every set M can be well ordered.

Proof. W be the set of well orderings α = (Mα,≤α) with Mα ⊆ M . As the empty set can
be well ordered, W is not empty. For α, β ∈W define α ≤ β if

< 1 Mα ⊆Mβ
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< 2 ≤β|Mα=≤α.

< 3 a ≤β b for all a ∈Mα, b ∈Mβ \Mα

It is easy to see that ≤ is a partial ordering on W . We would like to apply Zorn’s lemma
to obtain a member in W . For this let A be a chain in W . Put M∗ =

⋃
α∈AMα and for

a, b ∈ M∗ define a ≤∗ b if there exits α ∈ A with a, b ∈ Mα and a ≤α b. Again it is readily
verified that ≤∗ is a well define partial ordering on M∗. Is it well ordered? Let I be any
non-empty subset of M∗ and pick α ∈ A so that I ∩Mα 6= ∅. Let m be the least element
of I ∩Mα with respect to ≤α. We claim that m is also the least element of I with respect
to ≤∗. Indeed let i ∈ I. If i ∈Mα, then m ≤α i by choice of m. So also m ≤∗ i. If i 6∈Mα,
pick β ∈ A with i ∈ Mβ. As A is a chain, α and β are comparable. As i ∈ Mβ \Mα we
get α < β and (< 3) implies m ≤β i. Again m ≤∗ i and we conclude that (M∗,≤∗) is well
ordered. Clearly it is also an upper bound for A.

So by Zorn’s lemma there exists a maximal element α ∈ W . Suppose that Mα 6= M
and pick m ∈ M \Mα. Define the partially ordered set (M∗,≤∗) by M∗ = Mα ∪ {m},
≤∗|Mα×Mα=≤α and i <∗ m for all i ∈Mα. Then clearly (M∗,≤∗) is a well-ordered set and
α < (M∗,≤∗), a contradiction to the maximality of α.

Thus Mα = M and ≤α is a well ordering on M .

Remark A.11 (Induction). The well ordering principal allows to prove statement about
the elements in an arbitrary set by induction.

This works as follows. Suppose we like to show that a statement P (m) is true for all
elements m in a set M . Endow M with a well ordering ≤ and suppose that we can show

P (a) is true for all a < m⇐⇒ P (m)

then the statement is to true for all m ∈M .
Indeed suppose not and put I = {i ∈M | P (i) is false }. Then I has a least element m.

Put then P (a) is true for all a < i and so P (i) is true by the induction conclusion.
The well-ordering principal can also be used to define objects by induction:

Lemma A.12. Let I a well ordered set and S any set. For a ∈ I let Ia = {i ∈ I | i ≤ a
and Ia = {i ∈ I | i < a}. Suppose that for each a ∈ I, Fa is a set of functions from Ia → S.

Also suppose that if f : Ia → S is a function with f |Ib∈ Fb for all b ∈ Ia, then there
exists f̃ ∈ Fa with f̃ |Ia= f .

Then there exists f : I → S with f |Ia∈ Fa for all a ∈ A.

Proof. Let I be the set of all subsets J of I so a ≤ b ∈ J implies a ∈ J . Note that either
J = R or J = Ia where a is the least element of R \ I. Put

W = {f : Jf → S | Jf ∈ I, f |Ia∈ Fa, ∀a ∈ J}

Order W by f ≤ g if Jf ⊂ Jg and g |Jf . Let C be a chain in W . Put J =
⋃
f∈C Jf . Clearly

J ∈ I. Define f : J → S by f(j) = g(j) where g ∈ C with j ∈ Jg. Then also f |Ij= g |Ij
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and so f ∈ W . Thus f is an upper bound for W . By Zorn’s lemma, M has a maximal
member f . If Jf = R we are done. So suppose Jf 6= R. Then Jf = Ia for some a ∈ I. Buy
assumptions there exists f̃ ∈ Fa with f̃ |Ia= f . But then F̃ ∈W and f < f̃ , a contradiction
to the maximal choice of f .



Appendix B

Categories

In this chapter we give a brief introduction to categories.

Definition B.1. A category is a class of objects C together with

• for each pair A and B of objects a set

Hom(A,B),

an element f of Hom(A,B) is called a morphism from A to B and denoted by f :
A→ B;

• for each triple A,B,C of objects a function

Hom(B,C)×Hom(A,B)→ Hom(A,C),

for f : A → B and g : B → C we denote the image of (g, f) under this function by
g ◦ f , g ◦ f : A→ C is called the composite of f and g;

such that the following rules hold:

• [Associative] If f : A→ B, g : B → C and h : C → D are morphisms then

h ◦ (g ◦ f) = (h ◦ g) ◦ f

• [Identity] For each object A there exists a morphism idA : A → A such that for all
f : A→ B and g : B → A

f ◦ idA = f and idA ◦ g = g

A morphism f : A→ B in the category C is called an equivalence if there exists g : B → A
with

f ◦ g = idB and g ◦ f = idA

279
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Two objects A and B are called equivalent if there exists an equivalence f : A → B. Note
that associativity implies that the composite of two equivalences is again an equivalence.

Examples

Let S be the class of all sets. For A,B ∈ S, let Hom(A,B) be the set of all functions
from A → B. Also let the composites be defined as usual. Note that a morphism is an
equivalence if an only if it is a bijection.

The class of all groups with morphisms the group homomorphisms forms category G.

Let C be a category with a single object A. Let G = Hom(A,A). The the composite

G×G→ G

is a binary operation on G. (I) and (II) now just mean that G is a monoid. Conversely
every monoid gives rise to a category with one object which we will denoted by CG. An
object in CG is equivalent to eG = idA if and only if it has an has inverse.

Let G be a monoid. For a, b ∈ G define Hom(a, b) = {x | xa = b}. If x : a → b and
y : b → c. Then (yx)a = y(xa) = yb = c so yx : a → c. So composition can be defined as
multiplication. The resulting category is denoted by C(G).

The class of all partially ordered sets with morphisms the increasing functions is a
category.

Let I be a partially ordered set. Let a, b ∈ I. If a ≤ b define Hom(a, b) = ∅. If a ≤ b
then Hom(a, b) has a single element, which we denote by ”a→ b”. Define the composite by

(b→ c) ◦ (a→ b) = (a→ c)

this is well defined as partial orders are transitive. Associativity is obvious and a→ a is an
identity for A. We denote this category by CI

Let C be any category. Let D be the class of all morphisms in C. Given morphisms
f : A → B and g : C → D in C define Hom(f, g) to be the sets of all pairs (α, β) with
α : A→ C and β : B → D so that g ◦ α = β ◦ f , that is the diagram:

A
f−−−−→ B

α

y yβ
C

g−−−−→ D

commutes.

Let C be a category. The opposite category Cop is defined as follows:
The objects of Cop are the objects of C.
Homop(A,B) = Hom(B,A) for all objects A,B. f ∈ Homop(A,B) will be denoted by

f : A
op→ B or f : A← B
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f
op
◦ g = g ◦ f

The opposite category is often also called the dual or arrow reversing category. Note
that two objects are equivalent in C if and only if they are equivalent in Cop.

Definition B.2. (a) An object I in a category is called universal ( or initial) if for each
object C of C there exists a unique morphism I → C.

(b) An object I in a category is called couniversal ( or terminal) if for each object C of C
there exists a unique morphism C → I.

Note that I is initial in C if and only if its terminal in Cop.

The initial and the terminal objects in the category of groups are the trivial groups.
Let I be a partially ordered set. A object in CI is initial if an only if its a least element.

Its terminal if and only if its a greatest element.
Let G be a monoid and consider the category C(G). Since g : e → g is the unique

morphism form e to G, e is a initial object. e is a terminal object if and only if G is a
group.

Theorem B.3. [uniuni] Any two initial (resp. terminal) objects in a category I are equiv-
alent.

Proof. Let A and B be initial objects. In particular, there exists f : A→ B and g : B → A.
Then idA and g◦f both are morphisms A→ A. So by the uniqueness claim in the definition
of an initial object, idA = g ◦ f , by symmetry idB = f ◦ g.

Let A and B be terminal objects. Then A and B are initial objects in Cop and so
equivalent in Cop. Hence also in C.

Definition B.4. Let C be a category and (Ai, i ∈ I) a family of objects in C. A product
for (Ai, i ∈ I) is an object P in C together with a family of morphisms πi : P → Ai such
that any object B and family of homomorphisms (φi : B → Ai, i ∈ I) there exists a unique
morphism φ : B → P so that πi ◦ φ = φi for all i ∈ I. That is the diagram commutes:

P -φ
B

Ai

@
@
@@R

�
�

��	
πi φi

commutes for all i ∈ I.

Any two products of (Gi, i ∈ I) are equivalent in C. Indeed they are the terminal object
in the following category E

The objects in E are pairs (B, (φi, i ∈ I)) there B is an object and (φi : B → Ai, i ∈ I)
is a family of morphism. A morphism in E from (B, (φi, i ∈ I)) to (D, (ψi, i ∈ I) is a
morphism φ : B → D with φi = ψi ◦ φ for all i ∈ I.

A coproduct of a family of objects (Gi, i ∈ I) in a category C is its product in Cop. So it
is an initial object in the category E . This spells out to:
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Definition B.5. Let C be a category and (Ai, i ∈ I) a family of objects in C. A coproduct
for (Ai, i ∈ I) is an object P in C together with a family of morphisms πi : Ai → B such
that for any object B and family of homomorphisms (φi : Ai → B, i ∈ I) there exists a
unique morphism φ : P → B so that φ ◦ πi = φi for all i ∈ I.
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opposite, 8, 280
opposite ring, 78
orbits, 58
order, 7, 29

pairing, 232
partially ordered set, 271
perfect, 212
PID, 92
polynomial ring, 108
polynomials, 108
power semigroup ring, 110
power set, 21
pre-Euclidean, 97
prime, 93
prime ideal, 87

primitive, 116
principal ideal, 92
principal ideal domain, 92
principal ideal ring, 92
product, 281
purely inseparable, 191

radical, 251
reduced, 44
reduced form, 49
reflexive, 271
relatively prime, 99
representatives, 60
Right Cancellation Law, 77
right evaluation , 113
right multiplication, 53
ring, 73

simple, 89
ring action, 119
ring extension, 249
ring homomorphism, 73, 119
ring isomorphism, 73
root, 115

s, 274
self-dual, 153
semigroup, 10
semigroup ring, 75
semisimple, 265
separable, 188
sequence, 137
series, 160
similar, 169
simple, 36, 89, 263
skew-symmetric, 242
space, 175
special linear group, 23
split, 140
splits, 178
splitting field, 182
stabilizer, 55
stable , 186
subgroup, 17
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subring, 81
Sylow p-subgroup, 66
symmetric, 222, 241
symmetric power, 222

tensor product, 216
terminal, 281
torsion element, 128
torsion free, 128
torsion module, 128
transcendence basis, 209
transcendence degree, 210
transcendental, 176
transitive, 58, 271
trivial, 60

UFD, 95
unique factorization domain, 95
unitary, 120
universal, 281
upper bound, 271

vector space, 175

well-ordered, 276

zero divisor, 77
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