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Chapter 1

Preface

These are the lecture notes for the classes MTH 818 in Fall 2012 and MTH 819 in Spring
2011. The notes are based on Hungerford’s Algebra [Hun|, but the proofs given here often
diverge from Hungerford’s.

The lecture will be updated frequently.
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Chapter 2

Group Theory

2.1 Latin Squares

Definition 2.1.1. Let G be a set and ¢ a function such that G x G is contained in the
domain of G. map.

(a) If a,b € G we write ab for ¢(a,b). ¢ is called a binary operation on G if ab € G for all
a,b € G. In this case the pair (G, ¢) is called a magma.

(b) e € G is called an identity element if ea = ae = a for all a € G.

(¢) We say that (G, @) is a Latin square if for all a,b in G there exist unique elements x,y
in G so that
axr=">b and ya =b

(d) The multiplication table of (G, ¢) is the matriz [ablaec pea-
(e) The order of (G, @) is the cardinality |G| of G.

We remark that (G, ¢) is a latin square if and only if each a € G appears exactly once
in each row and in each column of the multiplication table. If there is no confusion about
the binary operation in mind, we will just write G for (G, ¢) and call G a magma.

Definition 2.1.2. Let G and H be magmas and o : G — H a map.
(a) « is called a (magma) homomorphism if a(ab) = a(a)a(b), for all a,b € G.

(b) « is called an isomorphism if o is a homomorphism and there exists a homomorphism
B :H — G with af =idyg and Ba = idq.

(¢) « is an automorphism if G = H and « is an isomorphism.

Definition 2.1.3. Let G and H be magmas.

7
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(a) The opposite magma G°P is defined by G°P = G as a set and
g op h = hg.

(b) An magma anti homomorphisma : G — H is a magma homomorphism o : G — H°P.
So aab) = a(b)a(a).

Lemma 2.1.4. (a) Let G be a magma. Then G has at most one identity.

(b) Let a: G — H be a magma homomorphism. Then « is an isomorphism if and only if
a s a bijection.

Proof. @ Let e and e¢* be identities. Then

(]E[) Clearly any isomorphism is a bijection. Conversely, assume « is a bijection and let
B be its inverse map. We need to show that § is a homomorphism. For this let a,b € H.
Then as « is a homomorphism

a(B(a)B(b)) = a(B(a))a(B(b)) = ab= a(B(ab)).
Since « is one to one ( or by applying 3) we get
B(a)B(b) = B(ab).
So A is an homomorphism. 0

2.1.5 (Latin Squares of small order). Below we list (up to isomorphism) all Latin square
of order at most 5 which have an identity element e. It is fairly straightforward to obtain
this list, although the case |G| = 5 is rather tedious). We leave the details to the reader,
but indicate a case division which leads to the various Latin squares.

Order 1,2 and 3:

e a b
e a —_—
e ele a b

ele a
ele ala b e

ala e

blb

e a

Order 4:  Here we get two non-isomorphic Latin squares. One for the case that a? # e
for some a € G and one for the case that a® = e for all a € G.
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Order 5: This time we get lots of cases:

Case 1: There exists e # a # b with a® = e = b.

Case 2 There exists e # a with a® # e, aa® = e and (a%a)? = e.
Case 3 There exists e # a with a # e, aa® = e and (a%a)? # e
Case 4 There exists e # a with a® # e, a?a = e and (aa?)? = e.

This Latin square is anti-isomorphic but not isomorphic to the one in case 2. Anti-

isomorphic means that is there exists bijection o with a(ab) = a(b)a(a)).

Case 5 There exists e # a with a® # e, a?a = e and (aa?)? # e.

This Latin square is isomorphic and anti-isomorphic to the one in case 3.
Case 6 There exists e # a with a? # e, a’a = aa® # e

Case 7 There exists e # a with a? # e = (a?)2.

Case 8 There exists e # a with (a?)? # e and e # a’a # aa® # e.

2 2

In this case put ¢ = aa®. Then ¢ # e and either cc? = e or ¢?c = e. Moreover (c%c)? # e

respectively (cc?)? # e and the latin square is isomorphic to the one in Case 3.

e a b ¢ d e a b ¢ d e a b c d e a b c d
ele a b ¢ d ele a b ¢ d ele a b ¢ d ele a b ¢ d
ala e ¢ d b ala b e d ¢ ala b e d ¢ ala b ¢ d e
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e a b ¢ d e a b c d e a b c d e a b c d
ele a b ¢ d ele a b ¢ d ele a b ¢ d ele a b ¢ d
ala b ¢ d e ala b ¢ d e ala b ¢ d e ala b ¢ d e

(5) (6) (7) (8) {z,y} = {a,b}
blb e d a c blb ¢ d e a blb d e a c blb d a e ¢

2.2 Semigroups, monoids and groups

Definition 2.2.1. Let G be a magma.

(a) The binary operation on G is called associative if
(ab)c = a(bc)
for all a,b,c € G. If this is the case we call G a semigroup.
(b) G is a monoid if it is a semigroup and has an identity.

(c) Suppose that G is a monoid. Then a € G is called invertible if there exists a=! € G
with

1

Such an a™" is called an inverse of a.

(d) A group is a monoid in which every element is invertible.

(e) G is called abelian (or commutative) if
ab = ba
for all a,b € G.

Example 2.2.2. Let Z" denote the positive integers and N the non-negative integers.
Then (ZT,+) is a semigroup, (N, +) is a monoid and (Z, +) is a group. (Z,-) and (R, -) are
monoids. Let R* = R\ {0}. Then (R*,-) is a group. The integers modulo n under addition
is another example. We denote this group by (Z/nZ,+). All the examples so far have been
abelian.

Note that in a group a~'b is the unique solution of ax = b and ba~! is the unique
solution of ya = b. So every group is a Latin square with identity. But the converse is not
true. Indeed of the Latin squares listed in section [2.1] all the once of order less than five are
groups. But of Latin squares of order five only the one labeled (6) is a group.
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Let K be a field and V' a vector space over K. Let Endg (V') the set of all K-linear maps
from V to V. Then Endg (V) is a monoid under compositions. Let GLg (V') be the set of
K-linear bijection from V to V. Then GLk(V') is a group under composition, called the
general linear group of V. It is easy to verify that GLg(V) is not abelian unless V' has
dimension 0 or 1.

Let I be a set. Then the set Sym([) of all bijection from I to I is a group under
composition, called the symmetric group on I. If I = {1,...,n} we also write Sym(n) for
Sym(I). Sym(n) is called the symmetric group of degree n. Sym(I) is not abelian as long
as I has at least three elements.

Above we obtained various examples of groups by starting with a monoid and then
considered only the invertible elements. This works in general:

Lemma 2.2.3. Let G be a monoid.

(a) Suppose that a,b,c € G, a is a left inverse of b and c 1is right inverse of b. Then a = ¢
and a s an inverse.

(b) An element in G has an inverse if and only if it has a left inverse and a right inverse.

(¢c) Each element in G has at most one inverse.

(d) If x and y are invertible, then x~' and xy are invertible. Namely  is an inverse of x~!
and y~tx~! is an inverse of xy.

(e) Let G* be the set of invertible elements in G, then G* is a group.

Proof. (a)

a = ae = a(bc) = (ab)c=ec=c

(b) and (c) follow immediately from (a).
(d) Clearly z is an inverse of z71. Also

(y 'z H(@y) =y @ ay) =y Nz e)y) =y Hey) =y ly=e

1 1

Similarly (zy)(y~'z~!) = e and so y~'z~! is indeed an inverse for xy.
(e) By (d) we can restrict the binary operation G x G — G to get a binary operation
G* x G* — G*. Clearly this is associative. Also e € G* so G* is a monoid. By (d) 27! € G*

for all x € G* and so G* is a group. O

Corollary 2.2.4. Let G be a group. Then G is isomorphic to its opposite group G°P, in
fact the map x — =% is an anti-automorphism of G and an isomorphism G — G°P.

Proof. This follows from [2.2.3|(d). O
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2.2.5 (Products of elements). The associative law says that (ab)c = (ab)c for all a,b,c in a
semigroup. Hence also

(a(bc))d = ((ab)e)d = (ab)(cd) = a(b(cd)) = a((be)d)

for all a,b,¢,d in G. That is for building products of four elements in a given order it
does not matter how we place the parenthesis. We will show that this is true for products
of arbitrary length. The tough part is to define what we really mean with a product of

(ai,...,a,) where a; € G for some magma G. We do this by induction on n.
For n =1, a; is the only product of (a1).
For n > 2, z is a product of (ay,...,ay) if and only if z = zy, where z is a product of

(a1,...an) and y is a product of (am41 ... ay), for some 1 < m < n.

The only product of (aj,a2) is ajaz. The products of (a1,a2,as3) are (ajaz)as and
a1 (agasz). Associativity now just says that every 3-tuple has a unique product.

For later use, if G has an identity we define e to be the only product of the empty tuple.

For the proof of next theorem we also define the standard product of (ai,...a,). For
n = 1 this is a; while for n > 2 it is za, where x is the standard product of (ay,...,an_1).

Theorem 2.2.6 (General Associativity Law). Let G be a semigroup. Then any (non-empty)
tuple of elements of G has a unique product.

Proof. Let (a1,as,...,a,) be a tuple of elements of G. We will show by induction on n,
that any of its products is equal to its standard product. For n = 1 this is obvious.

So suppose n > 2 and that any product of a tuple of length less than n is equal to its
standard product. Let z be any product of (aq, ..., ay). Then by definition of ‘product’ there
exist an integer 1 < m < n, a product z of (ay,...,a;) and a product y of (am+1,-..,an)
such that z = zy.

Suppose first that m = n — 1. By induction z is the standard product of (a1,...,an—1).

Also z = zay, and so by definition z is the standard product of (a1, ..., a,).
Suppose next that m < n — 1. Again by induction y is the standard product of
(@m+1,---,an) and so y = say, where s is the standard product of (a;,41...,a,—1). Hence

z = xy = z(sa,) = (xzs)ay,
As xs is a product of (aq,...a,—1), we are done by the m =n — 1 case. ]

One of the most common ways to define a group is as the group of automorphism of
some object. For example above we used sets and vector spaces to define the symmetric
groups and the general linear group.

If the object is a magma G we get a group which we denote by Aut(G). So Aut(G)
is the set of all automorphisms of the magma G. The binary operation on Aut(G) is the
composition.

We will determine the automorphism for the Latin squares in As the identity
element is unique it is fixed by any automorphism. It follows that the Latin square of order
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1 or 2, have no non-trivial automorphism ( any structure as the trivial automorphism which
sends every element to itself).
The Latin square of order three has one non-trivial automorphism. It sends

e—e a—b b—a.

Consider the first Latin square of order 4. It has two elements with 2/= 2e, namely a and
c. So again we have a unique non- trivial automorphism:

e—e a—c b—=b c—a.

Consider the second Latin square of order 4. Here is an easy way to describe the multipli-
cation: ex = z,xzx = e and zy = z if {z,y,2} = {a,b,c}. It follows that any permutation
of {e,a,b,c} which fixes e is an automorphism. Hence the group of automorphism is iso-
morphic to Sym(3),

Consider the Latin square of order 5 labeled (1). The multiplication table was uniquely
determine by any pair = # y of non-trivial elements with 22 = y> = e. But 22 = e for all x.
So every e # x # y # e there exists a unique automorphism with

a—x b—oy

Thus the group of automorphisms has order 12. The reader might convince herself that also
the set of bijection which are automorphisms or anti-automorphisms form a group. In this
case it has order 24. That is any bijection fixing e is an automorphism or anti-automorphism.

Consider the Latins square of order five labeled (2). This multiplication table is uniquely
determine by any element with 2 # e, 222 = e and (2?z)? = e. a, b and d have this property
and we get two non-trivial automorphism:

e—>ea—>b b—>d, c—c¢c d—aande—e,a—d b—a, c—c d—b

That is any permutation fixing e and ¢ and cyclicly permuting a, b, d is an automorphism.
Consider the Latins square of order five labeled (3). This time only a itself has the defining
property. It follows that no non-trivial automorphism exists. But it has an anti-isomorphism
fixing a,b and d and interchanging a and c.

The Latin square (4) and (5) had been (anti-)-isomorphic to (2) and (3). So consider
(6). All non-trivial elements have the defining property. So there are 4 automorphisms.
They fix e and cyclicly permute (a, b, ¢, d).

Finally consider the Latin square (7). Here a, ¢, d have the defining property. So there
are 3 automorphism. They fix e and b and cyclicly permuted (a,c,d). Here all bijections
fixing a and b are automorphism or anti-automorphism.

It might be interesting to look back and consider the isomorphism types of the groups
we found as automorphism of Latin squares. Z/nZ for n = 1,2, 3,4, Sym(3) and a group
of order 12. We will later see that Sym(4) has a unique subgroup of order 12 called Alt(4).
So the group of order 12 must be isomorphic to Alt(4).
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Another class of objects one can use are graphs. We define a graph to be a tuple (T', —),
where I' is a set and ” —” is an anti-reflexive, symmetric relation on I'. The elements are
called vertices, If a and b are vertices with a — b we say that a and b are adjacent. An edge
is a pair of adjacent vertices. An automorphism of the graph I" is an bijection o € Sym(T")
such that a — b if and only if a(a) — a(b). In other words a bijection which maps edges to
edges. Aut(I") is the set of all automorphisms of I' under composition.

As an example let I'y be a square:
4 3

1 2

The square has the following automorphisms: rotations by 0,90, 180 and 270 degrees,
and reflections on each of the four dotted lines. So Aut(I'y) has order 8.

To describe Aut(I's) as a subset of Sym(4) we introduce the cycle notation for elements
of Sym(I) for a finite set I. We say that 7 € Sym(I) is a cycle of length if the exists
ai ...am € I such that

m(a1) = ag,m(a2) = asz, ..., m(am-1) = am, 7(am) = a1

and 7(j) = j for all other j € I.
Such a cycle will be denoted by

(a1a2a3 e am)

The set {ai,...an} is called the support of the cycle. Two cycles are called disjoint if their
supports are disjoint.
It is clear that every permutations can be uniquely written as a product of disjoint cycle.

7= (alay...ap, ) (afa3...a%,) ... (afdh. ..aﬁlk)
One should notice here that disjoint cycles commute and so the order of multiplication
is irrelevant. Often we will not list the cycles of length 1.
So (135)(26) is the permutation which sends 1 to 3, 3 to 5,5 to 1, 2 to 6, 6 to 2 and fixes
4 and any number larger than 6.

With this notation we can explicitly list the elements of Aut(I'4):
The four rotations: e, (1234), (13)(24), (1432)
And the four reflections: (14)(23), (13),(12)(34), (24).
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2.3 The projective plane of order 2

In this section we will look at the automorphism group of the projective plane of order two.

To define a projective plane consider a 3-tuple & = (P, L, R) where P and L are non-
empty disjoint sets and R C P x L. The elements of P are called points, the elements of
L are called lines and we say a point P and a line [ are incident if (P,l) € R. &£ is called a
projective plane if it has the following three properties

(PPO) Any point is incident with at least 3 lines and any line is incident with at least
three points.

(PP1) Any two distinct points are incident with a unique common line.
(PP2) Any two distinct lines are incident with a unique common point.

Note here that the definition of a projective plane is ’symmetric’ in points and lines. To
be more precise, define R* = {(I,P) | (P,l) € R and £* = (L, P,R*). If £ is a projective
plane, then also £* is a projective plane. The points of £* are the lines of £ and vice versa.
&* is called the dual plane of £.

We say that a projective plane has order two if every point is incident with exactly three
lines and every line is incident with exactly three points.

Let £ = (P,L,R be a projective plane of order two. Let P be any point. Then any
other point lies on exactly one of the three lines through P. Each of whose three lines has
2 points besides P and so we have 1 + 3 -2 = 7 points. Note that also £* is a projective
plane of order 2. So £* has seven points, i.e £ has seven lines.

A set of points is called collinear if the points in the set are incident with a common
line.

Now let A, B,C be any three points which are not collinear. We will show that the
whole projective plane can be uniquely described in terms of the tuple (A, B,C). Given
two distinct points P and @, let PQ be the line incident to P and Q. Also let P 4+ @ be
the unique point on PQ distinct from P and (. Since two distinct lines have exactly on
point in common, A, B,C, A+ B, A+ C, B + C are pairwise distinct. Also the two lines
A(B + C) and B(A + C) have a point D in common. It is easy to check that D is not one
of the six points we already found. Hence

D=A+(B+C)=B+(A+0C).
Similary, D is the point incident with B(A + C) and C(A + B) and so

D=B+(A+C)=C+(A+B).

We have found six pairwise distinct lines:

AB, AC,BC,A(B+C),B(A+C),C(A+ B).

Now (A + B)(A + C) must intersect BC. But B does not lie on (A + B)(A + C) since
otherwise (A + B)(A+ C) = (A+ B)B = AB. Similarly C' is not on (A+ B)(A+ C). So



16 CHAPTER 2. GROUP THEORY

B+Clieson (A+B)(A+C) and B+C = (A+ B)+ (A+C) So the seventh line is incident
with A+ B, A+ C and B + C. So we completely determined the projective plane:

C

A+C B+C

A A+ B B

An automorphism of £ is a bijection o : P U L — P U L such that

(i) If P is a point, then «(P) is point.
(ii) If  is a line, then a(l) is a line.

(iii) Let P be a point and [ a line. Then P is incident to [ if and only if a(P) is incident
toa(l).

Note that an automorphism « of £ is uniquely determined by its effect on the points.
Namely, if { = PQ is a line, then «(l) is incident with a(P) and a(Q). So a(l) = a(P)a(Q).

Let Aut(€) be the set of automorphisms of £. If o, € Aut(E), then it is easy to
see that also a o 3 and a~! are also automorphism of £. Moreover, idpy, € Aut(€) and
composition of function is associative. Hence (Aut(€),0) is a group. We now state an
important property of the projective plane of order 2:

Lemma 2.3.1. Let € be a projective plane of order two and (A, B,C) and A, B, C be triples
of non-collinear points. Then there exists a unique automorphism « of & with

a(A)= A, a(B) = B and o(C) = C

Proof. This follows fairly easily from the fact that the projective plane can be uniquely
described in terms of any triple of non-collinear points. We leave the details to the dedicated
reader. O

The preceeding lemma shows that [Aut(£)] is equal to the number of triples (A, B,C)
of non-collinear points. Now A can be any one of the seven points, B is any of the six
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points different from A and C is any of the four points not incident to AB. So there are
7-6-4 =168 triples of non-collinear points. Thus

|Aut(€)| =7-6-4=168.

We finish this section with a look at the operation + we have introduced on the points.
Let G = {e} UP. Here e is an arbitrary element not in P. Define a binary operation on G
as follows:

e+g=g—+e, P+ P = e and for distinct points P and @), P + @ is as above.

It is easy to check that G is a group. Also the points correspond to the subgroup of
order 2 in G and the lines to the subgroups of order 4. In particular there is an obvious
isomorphism between Aut(£) and Aut(G).

2.4 Subgroups, cosets and counting

Definition 2.4.1. Let (G,*) and (H,-) be groups. Then (H,-) is called a subgroup of (G, *)
provided that:

(1) HCG.
(ii) axb=a-b for alla,be H.
Lemma 2.4.2. Let (G,*) be a group and (H,-) a subgroup of (G,*). Then

(a) eg = eq where ey is the identity of H with respect to - and eq is the identity of G with
respect to *. In particular, eq € H.

(b) axbe H forall a,be H.

(¢) Let a € H. Then the inverse of a in H with respect to - is the same as the inverse of a
in G with respect to x. In particular, a™* € H.

Proof. (i)
EHkE = €ef e = € = €[ * e

Multiplying with the inverse of ex in G from the left gives that ey = eg.

Let a,b € H. Then by definition of a subgroup a *xb=a-bandsoaxb € H.

Let b be the inverse of a in H with respect to - and ¢ the inverse of a in G with
respect to . Then

axb=a-b=eg=eg=axc

Multiplying with the inverse of a in G from the left gives b = c. 0

Lemma 2.4.3. Let (G, *) be a group and H C G. Suppose that

(i) e € H.
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(i) H is closed under multiplication, that is for all a,b € H, ab € H

(iii) H is closed under inverses, that is for alla € H, a=' € H.
Define - : Hx H — H,(a,b) — axb. Then (H,-) is a subgroup of (G, *).

Proof. We will first verify that (H,-) is a group.
By , - is a well-defined binary operation.
Let a,b,c € H. Then since H C G, a, b, c are in (G. Thus since * is associative,

(a-b)-c=(axb)xc=ax(bxc)=a-(b-c)

and so - is associative.

By , ec€ H. Let he H. Thene-h=exh = h and similarly h-e = h for all h € H.
So e is an identity of H with respect to -.

Let h € H. Then by , h™' e H. Thus h-h™' = hxh™! = e and similarly h~™1-h = e.
Thus h~! is an inverse of h with respect to -.

So (H,-) is a group. By assumption H is a subset of G’ and by definition of -, a-b = ax*b
for all a,b € H. So (H,-) is a subgroup of (G, ). O

Let (G, %) be a group and (H,-) a subgroup of G. Slightly abusing notation we will
often just say that H is a subgroup of G or that (H,x) is a subgroup of (G, ). We also
write H < G if H is a subgroup of G.

Note that any subgroup of G is itself a group, where the binary operation is given by
restricting the one on G. We leave it as an exercise to the reader to verify that a subset
H of G is a subgroup if and only if H is not empty and for all a,b € H, ab~! € H. The
following lemma is of crucial importance to the theory of groups.

Lemma 2.4.4. Let H be a subgroup of G. The relation ~g on G defined by
a~pb ifand only if a b€ H
1s an equivalence relation.

Proof. Let a € G. Then a 'a =e € H. So a ~p a and ~ is reflexive.

Let a,b € G with a ~g b. Then a~'b € H and so also b~!a = (a=1b)"! € H.

Thus b ~g a. Hence ~pg is symmetric.

Suppose next that a,b, ¢ € G with a ~y b and b ~5 ¢. Then a='b € H and b~ 'c € H
and so also

ate=(a"t)(ble)e H
Thus a ~p ¢ and ~p is transitive. O

The reader might have noticed that the reflexivity corresponds to e € H, the symmetry
to the closure under inverses and the transitivity to the closure under multiplication. Indeed
~p can be defined for any subset of GG, and it is an equivalence relation if and only if the
subset is a subgroup.
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Lemma 2.4.5. Let ~ be a equivalence relation on the set I. For a € I put [i] == {j €
I|in~ j}. [i] is called the equivalence class of ~ containing i. Let I/ ~ be the set of
equivalence classes of I.

(a) Each i € I lies in a unique equivalence class of ~, namely [i].
(b) I =>cer)n ICl-

Proof. (@) Let a € I. Since ~ is reflexive, a ~ a. So a € [a] and a is contained in an
equivalence class of I. Now let C' be an equivalence class of ~ with ¢ € C. We need to
show that C' = [a]. By definition of an equivalence class, C' = [b] for some b € I. Since
a € C =[b we have b~ a

Let ¢ € [a]. Then a ~ c. Since ~ is transitive, b ~ ¢ and so ¢ € [b]. Hence [a] C [b].

We proved that if a € [b] then [a] C [b]. Since b ~ a and ~ is symmetric we have a ~ b
and b € [a]. Thus [b] C [al.

Hence [b] = [a] and (@) holds.

(]E[) follows immediately from (]ED O

Definition 2.4.6. Let H be a subgroup of the group G and g € G. Then
gH :={gh | he€ H}

gH s called the (left) coset of H in G containing g.
G/H is the set of cosets of H in G.
|G/H| is called the index of H in G.

Proposition 2.4.7. Let H be a subgroup of G and g € G.
(a) gH is the equivalence class of ~p containing g.

(b) g lies in a unique coset of H in G, namely in gH .

(c) \gH| = |H].

Proof. @ We have

1

a€gH <= a=ghforsomehe H <= g 'a=hforsomehecH

— glacH+=g~ya <+ aclg

So gH = [g].

This follows from and

Define f : H — gH,h — gh. Then by definition of gH, f is onto. If gh = gh’ for
some h, ', then h = /. Hence f is 1-1. This gives (d). O

Theorem 2.4.8 (Lagrange). Let H be a subgroup of G. Then |G| = |G/H| - |H|. In
particular if G is finite, the order of H divides the order of G.
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Proof.
2-45[) 247
GI=="" ) |C15=" Y |H|=|G/H|-|H]

CeG/H CeG/H
L]

2.4.9 (Cycle Notation). Before working out a concrete example for Lagrange’s Theorem
we introduce the cycle notation for elements of Sym([/) for a set I. The cycle notation of 7
can be computes as follows

Pick an element a in I and for i € Z put a; = 7'(a). Let I, = {a; | i € Z} and define
o € Sym(n) by ma(b) = w(a) if b € I, and 7e(b) = b if b ¢ I,. Then 7, is called a cycle of
length |1,| of .

If a; # a; for all i # j € Z, then k := |I;] = co and we call

(' -.0-3,0-2,0-1,00,01,02,03 . . )

the cycle notatation of m,. If a; = a; for some i < j € Z choose such 7, j with k:=j —i—1
minimal. Applying 7=+ to both sides of a; = a; we get apy1 = Gpyr. By minimality of
ky, ants # anty for all 1 < s <r < k. Thus I, = {ant1,...an+r} and k = |I,]. Any of the
tuples

(An+1,an+2, - - Anyk)
is called a cycle notation of 7m,. Note that if m € Z and r is the remainder of m — n then
divided by n, then

(am+1, Am+41y - - - 7am+k) — (an+1+7“a An4-24ry « + + s Antky An+1, An42, - - - 7an+7“)

So all the cycle notations of 7, can be obtained be cyclic permutation of a given one.
Let b € I,. Suppose that I, N I, # 0. Then a, = b,, for some n, m and so
b = wl_m(bm) = Wl_m(an) = Gnj—m

hence

(...a-3,a—2,a-1,a0,a1,0a2,a3...) = (...b_3,b_2,b_1,b0,b1,b2,b3...)

It follows that I, = I, and so also m, = m,. Moreover, any cycle notation of m, with
respect to a is also a cycle notation for m, = m, with respect to b. Pick a family d;,j € J of
elements of I such that for each a € I there exists a unique j € J with a € Iy;. Let ¢; be a
cycle notation of m.;. Then (c;);e is called a cycle notation for m. If I is finite, we choose
J to be {1,...,1} and call

cica...q

a cycle notation of m. Each ¢; is of the form (a;1, aso, . . . , a;,) and so complete cycle notation
of 7 is
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(an, e ,alkl)(agl, e ,a2k2) e (CL”, .. .,alkl)

Since [ is the disjoint union the I,, for each b € I there exist unique ¢, j with 1 <7 </,
1 <j <k; with b = ay4.

The cycle notation of 7 is not unique, but any two only differ by the order in which the
cycles are listed and by cyclic permutations of each of its cycles. As long as the underlying
set I is known, we will also usually do not bother to list the cycles of length 1.

For example (135)(26) is the permutation which sends 1 to 3, 3 to 5,5 to 1, 2 to 6, 6 to
2, and sends 4 to 4 and also sends any number larger than 6 to itself.

Example 2.4.10. Let G = Sym(3) and H = ((1,2)) = {(1),(1,2)}. Then
(o H =H={(1),(1,2)}
(1,2,3)0c H ={(1,2,3) 0 (1),(1,2,3) 0 (1,2)} = {(1,2,3),(1,3)}
(1,3,2) 0o H ={((1,3,2) 0 (1),(1,3,2) 0 (1,2)} = {(1,3,2),(2,3)}

Each element of Sym(3) lies in one of these three cosets, so this must be all the cosets.
Hence

|G| =6,|G/H| =3 and |H| =2
So by Lagrange’s
6=3-2

Definition 2.4.11. Let G be a group. P(G) denotes the power set of G, that is the set of
subsets. For H K C G put

HK ={hk|he H k€ K}.

If K is a subgroup then HK is a union of cosets of K, namely HK = |J,cyg hK. We
write HK /K for the set of cosets of K in HK. In general if J C G is a union of cosets of
H, J/H denotes the sets of all those cosets.

Lemma 2.4.12. Let G be a group. Then P(G) is monoid under the binary operation
(A, B) — AB. The identity elements is {e}.

Proof. We have
(AB)C ={abc|a€ A,be B,ce C} = A(BC)

So

P(G) x P(G) - P(G),(A,B) - AB

is an associative binary operation. Clearly {e} is an identity element. O
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Lemma 2.4.13. Let H and K be subgroups of G.
(a) The map o: H/HNK — HK/K,h(H N K) — hK is a well defined bijection.
() |HK| = |HEK/K]| - |K| = |H/H N K| - |K|.

() If G is finite then |HK| = 1l

Proof. () Since (HNK)K = K, hK = h((HNK)K) = (h(HNK))K and so is independent
of the choice of h € h(H N K). « is clearly onto. Finally if hK = jK for some h,j € H,
then h"1jK = K, h'j € K andso h™'j € HNK and h(HNK) = j(H N K). Thus « is
1-1. 8

() [HE| = Yoennx 101 = |HE/K| - K] & (/B K] K.

u By Lagrange’s |H| = |H/HNK|-|HNK|. So if G is finite, |[H/HN K| = |H"r{}(| and

thus follows from @ O

2.5 Normal subgroups and the isomorphism theorem

Just as we have defined (left) cosets one can define right cosets for a subgroup H of G. The
right cosets have the form Hg = {hg | h € H}. In general a left coset of H is not a right
coset as the following example shows:

Example 2.5.1. Let G = Sym(3) and H = {(1), (12)}. Then

(23) o H = {(23),(132)} and H o (23) = {(23), (123)}
So (23) o H # H o (23).

Note that gH = Hg if and only if gHg~' = H. We therefore introduce the follwing
notation:

Definition 2.5.2. Let G be a group.

For a,b € G put % = aba™! and for I C G put I = ala™ = {% | i € I}. The
map ip, : G = G,b = % is the inner automorphism of G induced by a. It is also called
conjugation by a and % is called a conjugate of a.

Lemma 2.5.3. Let N < G. Then the following statements are equivalent:
(a) 9N = N for all g € G.

(b) gN = Ng for all g € G.

(c) Every left coset is a right coset.

(d) Every left coset is contained in a right coset.

(e) IN C N forallg € G.
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(f) n € N for allge G, n € N.

Proof. Suppose @ holds. Then gNg~! = N for all ¢ € G. Multiplying with g from the
right we get gN = Ng.

Suppose (]ED holds. Then the left cosets gIV equals the right coset Ng. so holds.

Clearly implies @

Suppose that @ holds. Let g € G. Then gN C Nh for some h € G. Since g € gN we
conclude g € Nh. By (]E[), Ny is the unique right coset of N containing g and so and
Ng = Nh Thus gN C Ng. Multiplying with g~! from the right we get gNg=! C N. Thus
@ holds.

Clearly (ED implies @

Finally suppose that @ holds. Then gNg~! C N for all g € G. This statement applied
to ¢~' in place of g gives g 'Ng C N. Multiplying with ¢ from the left and ¢~! from the
right we obtain N C gNg~!. Hence N C 9N and 9N C N. So N = 9N and (EI) holds. O

Definition 2.5.4. Let G be a group and N < G. We say that N is normal in G and write
N <G if N fulfills one (and so all) of the equivalent conditions in .

Example 2.5.5. 1. From we have (2,3)Sym(2) # Sym(2)(2, 3) and so Sym(2) is not
a normal subgroup of Sym(3).

2. Let H ={(1),(123),(132)}. Then H is a subgroup of Sym(3). By Lagrange’s

Sym3)| _ 6 _,

|Sym(3)/H| = T — 3

Hence H has exactly two cosets in H. One of them is

H ={(1),(123),(132)}

Since each element of Sym(3) lies in a unique coset of H, the other coset must be

Sym(3) \ H = {(12), (13), (23)}

The same argument shows that H and Sym(3) \ H are the only right cosets of Sym(3).
Thus every coset is a right coset and so H is normal in Sym(3).

3. Let n be a positive integer, let GL,,(R) the set of invertible n x n-matrices with coefficients
in R and let SL,(R) the set of n X n-matrices with coefficients in R and determinant 1.
Note that GL,(R) is a group under matrix multiplication and SL,,(R) is a subgroup of
GL,(R). GL,(R) is called a general linear group and SL,,(R) a special linear group. Let
A € GL,(R) and B € SL,(R). Then

det(ABA™!) = det(A) det(B) det(A™1) = det(A) det(B) det(A) ' =det B=1
and so ABA™! € SL,(R). Thus SL,(R) is a normal subgroup of GL,(R).
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We will now start to establish a connection between normal subgroups and homomor-
phism.

Lemma 2.5.6. Let ¢ : G — H be a group homomorphism.

(a) ¢(ec) = en.

(b) ¢(a™") = ¢(a)™".

(¢) ¢(%) = *9p(a).

(d) If A< G then ¢(A) < H.

(e) If B< H then ¢—'(B) < G.

(f) Putker¢:={g € G|¢d(g9) =em}. Then ker ¢ is a normal subgroup of G.
(9) ¢ is 1-1 if and only if ker é = {ec).

(h) If N 4G, and ¢ is onto, p(N) < H.

(i) If M < H, p~Y(M) < G.

Proof. Except for (), () and (g this is Exercise 2 on Homework 2.

o() = 6(gag ™) = 6()8(a)o(g~") B b(g)o(@)pla) ! = “D(a).
@ This follows from ({if) applied to the normal subgroup M = {eg} of H.
Suppose first that ¢ is 1-1 and let a € ker ¢. Then

¢(a) = en = ¢(eq)

and since ¢ is 1-1, a = eg. So ker ¢ = {eq}.
Suppose next that ker ¢ = {eg} and let a,b € G with ¢(a) = ¢(b). Then

$la™'b) = ¢(a)~ o (b) = p(a) "' d(a) = en.

Hence a='b € ker ¢ = {eg}, a='b = eg and so a = b. Thus ¢ is 1-1.

For H C G define H™! = {h™1 | h € H}.

Lemma 2.5.7. Let G be a group and N <G. Let T, S € G/N and a,b € G with T = aN
and S = bN.

(a) TS € G/N, namely (aN)(bN) = (ab)N.
(b) T-1 € G/N, namely (aN)~! =a~!N.
(¢) TN =T = NT.
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(d) TT"'=N=T7'T,
(e) G/N is a group under the binary operation G/N x G/N — G/N,(T,S) - TS.
(f) The map wn : G — G/N, g — gN is an onto homomorphism with kernel N .

Proof. (&) (aN)(bN) = a(Nb)N = a(bN)N = abNN = abN.

() (aN)"' =N"la"! = Na~!' =a"'N.

We have N = eN and so by (o) TN = (aN)(eN) = (ae)N = aN = T. Similarly
NT =T.

(d) By (a) and (b) 77! = (aN)(a™')N = (aa~')N = eN = N. Similarly 777 = N.

([ By (&) the map G/N x G/N — G/N,(T,S) — TS is a well-defined binary operation
on G/N. By multiplication of subsets is associative. By N is an identity element
and by @), T~!is an inverse of T. Thus @ holds.

@ We have

mn(ab) = abN = (aN)(bN) = wny(a)mn(b)

So m is & homomorphism. Clearly mpy is onto. We have

kermy ={a € G|ny(a) =egn} ={a€G|aN=N}={acG|ae N} =N
O

Theorem 2.5.8 (The Isomorphism Theorem). Let ¢ : G — H be a homomorphism of
groups. The map

¢:G/kerg — ¢(H), gkerd — ¢(g)

is a well-defined isomorphism. Moreover, ¢ = ¢ 0 Tyer 4.

Proof. Let g,k € G. Then

¢(g) = o(k)
¢(9)'d(k) = en
¢(g~'k) = en
g 'k €ker¢
gker ¢ = kker ¢

1111

If gker ¢ = kker ¢ we get from (*) that ¢(g) = ¢(k) and so ¢ is well-defined.

If ¢(gker ¢) = ¢(kker ¢), we get ¢(g9) = ¢(k) and so by (*) gker ¢ = kker ¢. Thus ¢ is
1-1.

Clearly ¢ is onto.
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We have
P((aker ¢)(bker ¢)) = p(abker ¢) = p(ab) = ¢(a)p(b) = ¢p(aker )p(bker ¢)

and so ¢ is a homomorphism.
Also

(¢ 0 Meer¢) (@) = B(Tier (@) = P(aker §) = ¢(a)
and SO ¢ = ¢ 0 Mker O

The Isomomorphism Theorem can be summarized in the following diagram:

G
g
¢ Tker ¢
¢(9) ) gker¢
Im ¢ < Z G/ ker ¢

Example 2.5.9. Define det : GL,(R) — (R \ {0},-),A — det(A). Since det(AB) =
det(A) det(B), det is a homomorphism. It is easy to see that det is onto. Also ker det =
SL,.(R). So[2.5.6([f) gives a new proof that SL,(RR) is a normal subgroup of GL, (R). More-
over the Isomorphism Theorem implies

GLn(R)/SLn(R) = (R\ {0}, -)

2.6 Generation of subgroups and cyclic groups

Lemma 2.6.1. Let G be a group and (Gi,i € I) a family of subgroups (that is I is a set
and for each i € I, G; is a subgroup of G). Then (\;c; G; is a subgroup. If all of the G; are
normal in G, so0 is (;c; Gi.

Proof. Since e € G for all i, e € (;c; G;. Let a,b € ();c; Gi. Then ab € G; and al e G

for all i € I. Hence ab € (,c; G; and a™! € (N;c; Gi. Thus (;c; Gi is a subgroup of G.
Suppose in addition that each G is normal in G and let g € G and a € (),c; G;. Then

% € G and so Y%a € (;c; Gi. Thus (,c; G is normal in G. O
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Definition 2.6.2. Let G be a group and J C G.

(a) The subgroup (J) of G generated by J is defined by

()= () H

JCHLG
(b) The normal subgroup (CJ) of G generated by J is defined by

G- N n

JCHLAG

(c) If (Ji,i € I) is a family of subsets write (J; | i € I) for (U;crJ)-

(d) J C G is called normal if 97 = J for all g € G.

Lemma 2.6.3. Let I be a subset of G.

(a) Let a: G — H be a group homomorphism. Then o((I)) = (a(I)).

(b) Let g € G. Then 9I) = (9I).

(c) If I is normal in G, so is (I).

(d) (I) consists of all products of elements in T U I

(e) (°I) = (91 | g € G) and consists of all products of elements in Ugec I U I1).

Proof. () Let A = (I) and B = (a(I))). As a(A) is a subgroup of H and contains a(I) we
have B < a(A). Also a~!(B) is a subgroup of G' and contains I. Thus A < a~!(B) and so
a(A) < B. Hence B = a(A).

@ Apply @ to the homomorphism i, : G — G,z — 9.

(d) Follows from (D).

(d) Let H be the subset of G consists of all products of elements in 7 U I~!, that is all
elements of the form ajas...a,, with n > 0 and a; € TUI7! for all 1 < i < n. Here if
n = 0 we define a; ...a, to be e. Clearly H is contained in any subgroup of G containing
I. Thus H C (I). Now it is readily verified that H is also a subgroup containing I and so
(I) < H.

@ Note that (J I is a normal subset of G. Hence by (c) H := (/I | g € G) is normal
subgroup of G. So <GI> <H IftlICK<CG,then9 C K for all g € G. Thus also H < K
and so H < (€T ). It is also contained in every normal subgroup containing I and we get
(GI) = H. The second statement now follows from @ O

Definition 2.6.4. Let G be a group and K, H C G. Then

(a) No(H)={g9g€ G |9H = H}. Ng(H) is called the normalizer of H in G.
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(b) We say that K normalizes H provided that K C Ng(H), that is *"H = H for allk € K.
Lemma 2.6.5. Let G be a group.
(a) Let A, B be subgroups of G. Then AB is a subgroup of G if and only if AB = BA.
(b) Let HC G. Then Ng(H) is a subgroup of G.
(c) FK,H < G and K < Ng(H), then (K, H) = KH.
(d) Let K;,i € I be a family of subsets of G. If each K; normalizes H, so does (K; | i € I).
Proof. @) If AB is a subgroup of G, then

AB=(AB)'=B"'A"'=BA

Conversely suppose that AB = BA. The above equation shows that AB is closed under
inverses. Also e = ee € AB and

(AB)(AB) = A(BA)B = A(AB)B = A’B* = AB

So AB is closed under multiplication.

(b)) Readily verified.

Let ke K. Then *"H = H, kHk™' = H, kH = Hk and so HK = KH. So by @)
HK is a subgroup of G. Hence (H,K) < HK < (H, K) and (| holds.

(d) Note that K; C Ng(H) for all i € I. Since Ng(H) is subgroup of G this implies
(K; |i€I) < Ng(H) and (d) holds. O

Definition 2.6.6. Let G be a group and a,b € G and A, B C G. Then
[a,b] := aba'b!

and for A, B C G define
[A, B] = ([a,b] | a € A,b € B).

[a,b] is called the commutator of a and b and [A, B] is called the commutator group of A
and B.

Lemma 2.6.7. Let G be a group and a,b € G.

(a) la,b] = e if and only if ab = ba.

(b) [a,b] = Bb~' = a(~%) where we used the abbreviation ~%a = Ya™1) = (%a)~! = ba= 10 L.
(¢) [a,0]~" = [b,a].

(d) [A,B] = [B,A] for any A,B C G.



2.6. GENERATION OF SUBGROUPS AND CYCLIC GROUPS 29

Proof. @: [a,b] = e <= aba"'b~! = e. Multipliying with ba from the right the latter
equation is equivalent to ab = ba.

(]EI) [a,b] = (aba= b~ = Bb~! and [a,b] = a(ba"'b"!) = a(~ta).

(c) [a,b]7t = (aba= o7 1)"L = (b~ Ha )"t ta™t = bab~ta™! = [b,q].

Let a; € G for ¢ € I. Let H be a subgroup of G. Then a; € H if and only if ai_l € H.
Hence

(ai]z'ED:(ai_l]iED

and so

=2

[A,B] = ([a,b] |a € A,be B) = ([a,b] ' |ac A,be B) ([byal | a € A,be B) =B, A

O]

Lemma 2.6.8. Let G be a group.

(a) Let N < G. Then N < G if and only if [G,N] < N.

(b) Let A,B < G. Then [A,B] < AN B.

(c) Let A,B <G with AN B = {e}. Then [A, B] = {e} and ab = ba for alla € A,b € B.

Proof. @ In €N < gng €N <+ gng'n"t € N <= [g,n] € N. Thus (]EI) holds.
(o) By [A,G] =[G, A] < A and [G, B] < B. Thus

[A,B] < [A,G]N[G,B]< AN B

(<) By (b)), [A,B] < ANB = {e}. Thus for alla € A,b € B, [a, b]—eandsoby-@
we have ab = ba.

Definition 2.6.9. Let G be a group.
(a) G is called cyclic if G = (x) for some z € G.
(b) Let x € G. Then |x|:= |(z)|. |z| is called the order of x in G.

We will now determine all cyclic groups up to isomorphism and investigate their sub-
groups and homomorphisms.

Lemma 2.6.10. (a) Let H be a subgroup of (Z,+) Then H = nZ for some n € N.

(b) Let n,m € N. Then nZ < mZ if and only if m divides n.
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Proof. (d) If H = {0}, then H = 0Z. So we may assume that H # {0}. Since H is a
subgroup, m € H implies —m € H. So H contains some positive integer. Let n be the
smallest such. Let m € H and write m =rn+ s, r,s € Z with 0 < s < n. We claim that
rn € H. rn € H if and only if —rn € H. So we may assume r > 0. But then

Tm=n-+n+...+n
—_————
r—times

andasn € H,rn € H. So also s =m —rn € H. Since 0 < s < n, the minimal choice of n
implies s = 0. Thus m = rn € nZ and H = nZ.
@ nZ < mZ if and only if n € mZ. So if and only if m divides n. O

Lemma 2.6.11. Let G be a group and g € G. Then ¢ : Z — G, n — g" is the unique
homomorphism from (Z,+) to G which sends 1 to g.

Proof. More or less obvious. O

roifr<oo

Definition 2.6.12. Forr € Z* U {oo} define r* = . .
0 ifr=oc0

This definition is motivated by the following lemmas:
Lemma 2.6.13. Let n € N. Then |Z/nZ|* = n.
Proof. If n # 0, then |Z/nZ| = n and n* =n. If n =0, then |Z/0Z| = 0o and co* =0. [
Lemma 2.6.14. Let G = (x) be a cyclic group and put n = |G[*

(a) The map
Z/n7 — G, m+nZ—x"

is a well-defined isomorphism.
(b) Let H < G and put m = |G/H|*. Then m divides n, and H = (x™).

Proof. @) By [2.6.11| the map ¢ : Z — G,m — ¢ is a homomorphism. As G = (z), ¢ is
onto. By [2.6.10| ker ¢ = t7Z for some non-negative integer t. By the isomorphism theorem
the map B

¢ LIt — G,m +tZ — x™.
is a well defined isomorphism. Hence Z/tZ = G. Thus t = |Z/tZ]* = |G|* = n and (d) is
proved.

By [2.6.10| ¢~ 1 (H) = sZ for some s € N. Since ker¢ = ¢~!(e) < ¢~ 1(H) we have
nZ < sZ. Thus [2.6.10[implies that s divides n. As ¢ is onto, ¢(sZ) = H and so

H = ¢(sZ) = ¢((s)) = (¢(s)) = (=°)
It follows that
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O(sZ/nZ) = ¢({s +nZ)) = (¢(s + nZ)) = (z°) = H
and since ¢ is an isomorphism,
\G/H| = |Z/nZ/sZ/nZ| = |Z]sZ).
Thus s = m and (]E[) is proved. O

Lemma 2.6.15. Let G = (x) be a cyclic group. Let H be any group and y € H. Put
n = |G|* and m = |y|*. Then there exists a homomorphism G — H with x — y if and only
if m divides n.

Proof. Exercise. O

2.7 Normal Subgroups of Symmetric Groups

In this section we will investigate the normal subgroups of symmetric group Sym(n), n a
positive integer. We start by defining a particular normal subgroup called the alternating
group Alt(n).

2.7.1 (Alternating Groups). Put
e; = ((51']')?:1 € R".

Then (e; | 1 < i < n) is a basis of R”. So for m € Sym(n) we can define a(m) € GL,(R)
by a(m)(ei) = erq) for all 1 < i < n. Define a : Sym(n) — GL,(R),m — a(m). Let
m,p € Sym(n) and 1 <14 <n. Then

a(pom)(ei) = eun(iy) = alp)(ern)) = alp)(a(m)(e:) = (a(p) o alm))(ei).
So a(pom) = a(pn)oa(r) and « is a homomorphism. Now define sgn = det o : Sym(n) —
(R\ {0},), ™ — det(a(m)). Since both det and « are homomorphisms, sgn is a homomor-
phism. Also if x = (4,7) € Sym(n) is a 2-cycle it is easy to see that det(a(z)) = —1.
Since

(al, as, ... ak) = (al, CLQ)(CLQ, CL3) e (ak,l,ak)

and sgn is a homomorphism,

sgn((a1, az, ... a)) = sgn((a1, az))sgn((az, az)) . .. sgn((ag_1,a5)) = (=)

Using that sgn is a homomorphism one more time we get

sgn((a11, a12, . --alkl)(a21761227 e a2k2) o (arn, ag, -alkl)) =

(—Dk=t(—1)kml L (—1kt
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This implies

1 if x has an even number of even cycles
sgn(z) =4

1 if z has an odd number of even cycles

An permutation 7 with sgnm = 1 is called an even permutation and a permutation with
sgn(m) = —1 is called an odd permutation.

Define Alt(n) = kersgn. Then Alt(n) is a normal subgroup of Sym(n), Alt(n) consists
of all permutation which have an even number of even cycles and if n > 2,

Sym(n)/Alt(n) = sgn(Sym(n)) = {1, -1} = Z/2Z.
In particular,
Alt(n)| = n!

for all n > 2.
We have Alt(2) = {(1)}.

Alt(3) ={(1),(1,2,3),(1,3,2)}

and

Alt(4) = {(1),(1,2,3),(1,3,2), (1,2,4), (1,4,2), (1,3,4), (1,4,3),(2,3,4), (2.4,3)
(1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}

Before continuing to investigate the normal subgroup of Sym(n) we introduce conjugacy
classes in arbitrary groups.

Definition 2.7.2. We say that two elements x,y in G are conjugate in G if y = % = grg™!

for some g € G. It is an easy exercise to verify that this is an equivalence relation. The
equivalence classes are called the conjugacy classes of G. The conjugacy class containing x
is “x .= {29 | g € G}.

Proposition 2.7.3. A subgroup of G is normal if and only if it is the union of conjugacy
classes of G.

Proof. Let N < G. The following are clearly equivalent:

NG
9ne N forallme N,ge G
Gp C Nforallne N

N = UnEN Gn

N is a union of conjugacy classes



2.7. NORMAL SUBGROUPS OF SYMMETRIC GROUPS 33

To apply this to Sym(n) we need to determine its conjugacy classes. For this we define

Definition 2.7.4. Let 7 € Sym(n). For i € Z* let \; be the number of cycle of length i
of m. Then the cycle type of m to be sequence (X\;);2,. Alternatively we will write the cycle
type as 1722232 and often will not list terms i for which \; = 0.

For example the cycle type of
(1,7,3)(2,6)(4)(5,8, 10)(9, 13, 16)(11)(14, 15) (16, 17)
in Sym(17) is (2,3,3,0,0,...) = 122333
Proposition 2.7.5. (a) Let p,m € Sym(n) and suppose that v has cycle notation
(a11,a12, ..., 01k )(a21,a22, ..., Q2ky) - - - (@71, 012, - - . Ak,

Then the cycle notation for "u is
(m(a11), m(a12), ..., m(aig,))(m(a21), m(a), ..., m(ak,)) . .. (7(an), 7(a), . .. m(aw,))

(b) Two elements in Sym(n) are conjugate if and only if they have the same cycle type.

Proof. @ We have

() = (=Y (@) = ru(as)) = § T(@igr1))  ifj # ki
("u(m(aij)) = m(pu( 1( (aij)) = m(plaiz)) = {W(a“) it = k;

So holds.
(]E[) By @ u and " have the same cycle type. Conversely suppose that p and ¢ in
Sym(n) have the same cycle type. Then o has cycle notation

o = (bi1,b12,...b1g, ) (b21,b22, .. . bag,) ... (b1, bi2, - - - bik,)

Note that for each 1 < k < n there exist unique 4, j with £ = a; ; and unique s,t with
k = bst. So we can define m € Sym(n) by m(a;;) = b;;. Then by @ ™1 = o and so elements
of the same cycle type are conjugate. O

Example 2.7.6. 1. 135271 4,3)(2,6,7)(5,8) = (3,4,5)(7,6,2)(1,8)

2. Let p=(1,3)(2)(4,7)(5,6,8) and o = (3,5)(8)(1,7)(2,4,6)
Define 7 € Sym(8) by
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2.7.7 (Normal sugroups of Sym(3)). Lets now investigate the normal subgroups of Sym(3).
We start by listing the conjugacy classes

e 1 element
(123),(132) 2 elements
(12),(13),(23) 3 elements

Let e # N <9 Sym(3). If N contains the 2-cycles, then |N| > 4. Since |N| divides
|Sym(3)| = 6 we get |[N| =6 and N = Sym(3).

If N does not contain the 2-cycles we get N = {e, (123), (132)} = Alt(3).

So the normal subgroups of Sym(3) are

(1), Alt(3), and Sym(3)

2.7.8 (Normal subgroups of Sym(4)). The conjugacy classes of Sym(4) are:

e 1 element
(123), (132), (124), (142), (134), (143), (234), (243) 8 clements
(12)(34), (13)(24), (14)(23) 3 elements
(12),(13),(14), (23),(24), (34) 6 elements

(1234), (1243), (1324), (1342), (1423), (1432) 6 elements

Let N be a proper normal subgroup of Sym(4). Then |N| divides 24 = |Sym(4)|. Thus
IN| = 2,3,4,6,8 or 12. So N contains 1,2,3,5,7 or 11 non-trivial elements. As N \ {e}
is a union of conjugacy classes, |N| — 1 is a sum of some of the numbers 3,6,6 and 8. In
particular, [N|—1> 3 and so |[N|—1 € {3,5,7,11}. Thus |N|—1is odd. Since 3 is the only
of the possible summands which is odd, we conclude that 3 is one of the summands. So
K C N, where K = {e, (12)(34), (13)(24), (14)(23)}. Then [N\ K| € {0,3,8} and [N\ K] is
a sum of some of the numbers 6,6 and 8. It follows that [N \ K| =0 or 8. In the first case
N = K and in the second case, N consist of K and the 3-cycles and so N = Alt(4). Note
also that (12)(34) o (13)(24) = (14)(23) and so K is indeed a normal subgroup of Sym(4).

Thus the normal subgroups of Sym(4) are

{1V}, {(1),(12)(34),(13)(24),(14)(23)}, Alt(4) and Sym(4).

Let us determine the quotient group Sym(4)/K. No non-trivial element of K fixes 74”.
So Sym(3) N K = {e} and

_ [Sym@3)|[K| _6-4

K| = =
Sym@ K = 1 k] T 1

= 24 = |Sym(4)|.
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Thus Sym(3)K = Sym(4). And
Sym(4)/K = Sym(3)K/K = Sym(3)/(Sym(3) N K) = Sym(3)/{e} = Sym(3)

So the quotient of Sym(4) by K is isomorphic to Sym(3).
Counting arguments as above can in theory be used to determine the normal subgroups
in all the Sym(n)’s, but we prefer to take a different approach.

Lemma 2.7.9. (a) Alt(n) is the subgroup of Sym(n) generated by all the 3-cycles.
(b) If n > 5 then Alt(n) is the subgroup of Sym(n) generated by all the double 2-cycles.
(c) Let N be a normal subgroup of Alt(n) containing a 3-cycle. Then N = Alt(n).

(d) Let n > 5 and N a normal subgroup of Alt(n) containing a double 2-cycle. Then
N = Alt(n).

Proof. (@) By induction on n. If n < 2, then Alt(n) = {(1)} and (&) holds . So we
may assume n > 3. Let H be the subgroup of Sym(n) generated by all the 3-cycles.
Then H < Alt(n) and by induction Alt(n — 1) < H. Let g € Alt(n). If g(n) = n,
n € Alt(n — 1) < H. So suppose g(n) # n. Since n > 3, there exists 1 < a < n with
a # n and a # g(n). Let h be the 3-cycle (g(n),n,a). Then (hg)(n) = h(g(n)) = n.
Hence hg € Alt(n — 1) < H and so also g = h=!(hg) € H. We proved that g € H and so
Alt(n) < H and H = Alt(n).

() Let h = (a,b,c) be a 3-cycle in Sym(n). Since n > 5, there exist 1 < d <e <n
distinct from a,b and c¢. Note that

(a,b,c) = (a,b)(d,e) o (b,c)(d,e)

and so the subgroup generated by the double 2-cycles contains all the 3-cycles. Hence (]E[)
follows from @

Let h = (a,b,c) be a 3-cycle in N and g any 3-cycle in Sym(n). By @ it suffices to
prove that g € N. Since all 3-cycles are conjugate in Sym(n) there exists t € Sym(n) with
th=g. If t € Alt(n) we get g ='h € N, as N is normal in Alt(n).

So suppose that ¢ ¢ Alt(n). Then t(a,b) € Alt(n). Note that h~t = (c,b,a) = (b, a,c)
and so (@O)(h=1) = (@b qa, ¢) = (a,b,¢) = h. Thus

t(a,b)(h—l) _ t((a,b)(h—l)) — 1t = g

As the left hand side is in N we get g € N.

(d) This is very similar to (d) : Let & = (a,b)(c, d) be a double 2-cycle in N and let g be
any double 2-cycle in Sym(n). Then g = ‘% for some t € Sym(n). Note that also g = #@Ph
and either t € Alt(n) or t(a,b) € Alt(n). Since N < Alt(n) we conclude that g € N and so

by (b)), N = Alt(n). O
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Definition 2.7.10. Let G be a group. Then G is called simple if G # {e} and {e} and G
are the only normal subgroup of G.

Proposition 2.7.11. Let n > 5. Then Alt(n) is simple.

Proof. If n > 5 we assume by induction that Alt(n — 1) is simple. Let N be a non-trivial
normal subgroup of Alt(n).

Case 1. N contains an element g # e with g(i) =i for some 1 <i < n.

Let H = {h € Alt(n) | h(i) = i}. Then H 2 Alt(n—1), g€ HN N and so HN N is a
non-trivial normal subgroup.

We claim that H N N contains a 3-cycle or a double 2-cycle. Indeed if n = 5, then
n —1 =4 and the claim holds as every non-trivial element in Alt(4) is either a 3-cycle or a
double 2-cycle. So suppose that n > 5. Then by the induction assumption H = Alt(n — 1)
is simple. Since H N N is a non-trivial normal subgroup of H, this implies H NN = H and
again the claim holds.

By the claim N contains a 3-cyle or a double 2-cycle. So by ,@ we conclude
N = Alt(n).

Case 2. N contains an element g with a cycle of length at least 3.

Let (a,b,c,...) be a cycle of g of length at least 3. Let 1 < d < n be distinct from a,b
and ¢. Put h = (@) Then h has the cycle (d,b,a,...). Also as N is normal in Alt(n),
h € N. So also hg € N.

We compute (hg)(a) = h(b) = a and (hg)(b) = h(c) # h(d) = b. So hg # (1). Hence by
(Case 1) ( applied to hg in place of g), N = Alt(n).

Case 3. N contains an element g with at least two 2-cycles.

Such a g has the form (ab)(cd)t where ¢ is a product of cycles disjoint from {a,b, ¢, d}.
Put h = (g, Then h = (bc)(ad)t. Thus

gh™! = (ab)(cd)tt=*(be)(ad) = (ac)(bd).

As h and gh~! are in N, (Case 1)) (or |2.7.9|@) shows that N = Alt(n).

Now let e # g € N. As n > 4, g must fulfill one of the three above cases and so
N = Alt(n). O

Proposition 2.7.12. Let N < Sym(n). Then either N = {e}, Alt(n) or Sym(n), orn =4
and N = {e, (12)(34), (13)(24), (14)(23)}.

Proof. For n < 2, this is obvious. For n = 3 see and for n = 4 see So suppose
n > 5. Then NNAlt(n) is a normal subgroup of Alt(n) and so by [2.7.11) NNAlt(n) = Alt(n)
or {e}.

In the first case Alt(n) < N < Sym(n). Since |Sym(n)/Alt(n)] = 2, we conclude
N = Alt(n) or N = Sym(n).
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In the second case we get
IN| = |N/N N Alt(n)| = |[NAlt(n)/Alt(n)| < |Sym(n)Alt(n)| < 2.

Suppose that |[N| = 2 and let e # n € N. As n? = e, n has a 2-cycle (ab). Let a # c # b
with 1 < ¢ < n. The (®p has cycle (be) and so n # (@, A contradiction to N = {e,n}
and N < Sym(n). O

Lemma 2.7.13. The abelian simple groups are exactly cyclic groups of prime order.

Proof. Let A be an abelian simple group and e # a € A. Then (a) I A and so A = (a)
is cyclic. Hence A = Z/mZ for some m > 0. If m = 0, 27 is a normal subgroup. Hence
m > 0. If m is not a prime we can pick a divisor 1 < k < m. But then kZ/mZ is a proper
normal subgroup. O

2.8 Direct products and direct sums

Let G1 and G5 be groups. Then G = G X G is a group where the binary operation is
given by
(a1,a2)(b1,b2) = (a1by, azbs).

Consider the projection maps
m G = Gy, (a1,a2) > a1 and mo: G — Gy, (a1,a2) — a

Note that each g € G is uniquely determined by its images under 7, and 7. Indeed we
have g = (m1(g), m2(g)). We exploit this fact in the following abstract definition.

Definition 2.8.1. Let (G;,i € I) be a family of groups. A direct product of the (G;,i € I)
is a group G together with a family of homomorphism (m; : G — G;,1 € I) such that:

Whenever H is a group and (o : H — H;,i € I) is family of homomorphism, then there
exists a unique homomorphism « : H — G such that the diagram:

H «

N A

G;

G

commutes for all i € I ( thats is a; =m0 )

Lemma 2.8.2. Let (G;,i € I) be a family of groups then there exists direct product G, (m; :
G — Gy;i € I). Moreover the direct product is unique up to isomorphism in the follwinh
sense: If (H,(cy; : H — Gy;i € 1) is annother direct product of (Gy,i € I), then there exists
ismorphism o : H — G with a; = mjo« for all i € 1.



38 CHAPTER 2. GROUP THEORY

Proof. We will first show the existence. As a set let G = X, G, the set theoretic direct
product of the Gfs. That is G' consists of all function f : I — (J;c; Gi with f(i) € G; for
all i € I. The binary operation is defined by (fh)(i) = f(i)h(7). It is easy to check that G
is a group. Define

m: [[Gi = Gin f = £(D).

iel
Since m;(fg) = fg(i) = f(i)g(i) = mi(f)mi(g), m is a homomorphism.
Let H a group and «; : H — G; a family of homomorphism. Define a: H — G by
a(h)(i) := a;(h)for all i € I
But this is equivalent to
mi(a(h)) = ai(h)
and so to
o= .

In other words, « is the unique map which makes the above diagram commutative. It
easy to verify that « is a homomorphism and so (7;,7 € I) meets the definition of the direct
product.

To show uniqueness, let (a; : H — Gy;i € I) be annother direct product of (Gj,i € I).
Since (m; : G — Gy,i € I) is a direct product there exists a homomorphism « : H — G
with a; = m; 0« for all ¢ € I. Since (o; : H — Gy;1 € I) is a direct product there exists
B : G — H with m; = a; o 8. Consider the composition oo fa : G — G. We have

mio(aof)=(moa)of=a;0fB=m;
also
m; = m; 0 idg

and so by the uniqueness assertion in the defintion of a direct product we conclude that
a o f =idg. By symmetry also o« =idg. Thus « is an isomorphism. O

Definition 2.8.3. Let (G; | i € I) be a family of groups.

(a) Let f € X,;c;. Then we view f as the tuple (f(i))icr. Conversely every tuple (gi)icr
with g; € G we view as the function f: 1 — J;c; Gi,i — gi in X ;.

(b) Let g = (gi)ier € X,y Gi. Then
Supp(g) :=={i €| g = e}

(c) Bic;Gi := {9 € X,c;Gi | Supp(g) is finite }. @@,c; Gi is called the direct sum of
(Gl | 1€ I).
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Definition 2.8.4. Let G be a group.

(a) Let (a; | i € I) be a family of elements in G. We say that almost all of the a;’s equal e
if {i € I | a; # e} is finite.

(b) Let (a; | i € I) be a family of elements in G with almost all of the a; eqaul to one.
Suppose also that a;a; = aja; for alli,j € J. Then we define

Hai = Qi Qg - - - Agy,
i€l

where i1,z .. .1 are the pairwise distinct elemenst of I with a;; # e. Note that since
a;aj = aja;, this defintion does not dependent on the order the i1, ... are chosen.

Lemma 2.8.5. let (G; |i € I) be a family of groups. For j € I define pj : Gj — @,;c; Gi
by

(93(9)) = (hi)icr where =49 41
e ifiF]
(a) @B,c; Gi is a subgroup of X,;c; G;.
(b) For all j €I, pj is a 1-1 homomorphism.
(¢) [pi(Gi), pj(Gj)) = {e} for alli# j € 1.

(d) Let g € @,c; Gi. Then there exist uniquely determined h; € Gy,i € I, almost all equal
to e,with g = [[;c; p(hi). Namely h; = g;.

(¢) Dic; Gi = (pj(Gy) |j € J}

Proof. @ This follws since Supp(a~!) = Supp(a) and Supp(ab) C Supp(a) U Supp(b).
(]ED This is readily verified.
Letj;ékel,gjeGj and gr € Gi. Then

g; ii=j
(p(gi)p(gr))i= g ifi=Fk = (p(gx)p(95))i
e ifj#i#£k

Thus p;(g;) = pr(gr) and (c|) holds.
@ Just observe that by the definition of p;(g;)

([T p(hi)); = ny.

i€l

By (d) g = [Tic; ri(9:) € (pi(Gi) | i). Thus () holds. O
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Definition 2.8.6. Let G be a group and (G;,i € I) a family of subgroups of G.Then we
say that G is the internal direct sum of (G;,i € I) and write

int

¢=pa;

el
provided that
(i) G; <G forallieI.
(ii)) G = (G, |iel).
(iit) For each i, G;N(G; |i# jeI)={e}.
Proposition 2.8.7. Let G be a group and (G;,i € I) a family of subgroups if G;. Suppose

that G is the internal direct sum of (G;,1 € I).
Then the map

a:@PGi— G (9)icr = [
el el
1s a well-defined isomorphism.
Proof. For i € I put G* := (G | i # j € I). Let g € G. Since G; < G we have 9G; = G;
and so using [2.6.3|[b) we compute

IG'= (G |i#jel)=(G;|li#jel)=G

Thus G* < G. By , G; NG = {e} and so by [2.6.8(|c) ab = ba for all a € G;,b € G.
If j #i € I then G; < G and so g;g; = g;g; for all g; € G; and g; € G;. So (see Definition
(]E[) ), a is well defined. Moreover this implies that « is a homomorphism. Note that
a(pi(gi)) = gi- So G; < Ima. Since Im «v is a subgroup of G we conclude (G; | i € I) < Ima.

Hence [2.8.6]fi), Im o = G and so « is onto.

Suppose that
ng‘ = H a;

il il

for some (g;)er, (ai)ier € @;c;- Then

aig; ' = H aflgj

i#jel
Note that the left side is in G; and the right side in G*. Since G;NG* = {e} we conclude
that a;g;” ' — ¢ and so a; = g;. Thus « is 1-1 and the lemma is proved. O

Note that the preceeding lemma implies that if G = @int G; then G is canonically
isomorphic to €, ; G;. For this reason we will slightly abuse language and write G =
P,c; Gi, that is we drop the superscript int to denote the internal direct sum.
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Example 2.8.8. Let G = {(1),(1,2)(3,4),(1,3)(2,4),(1,4)(2,3)} < Sym(4). Let G; =
{(1),(1,2)(3,4)} and G2 = {(1),(1,3)(2,4)}. Since G is abelian, G; and G are normal
subgroup of G. Since (1,2)(3,4) o (1,3)(2,4) = (1,4)(2,3), (G1,G2) = G. Moreover,
G1NGy = {(1)} and so G is the internal direct sum of G; and Gs. Note also that G; = Z /27
and so

G=GC1eGy=7L/20L/2L.

2.9 Co-products and free groups

Having looked at the direct product and direct sum of groups we know define the coproduct
of a family of groups:

Definition 2.9.1. Let (G;,i € I) be a family of groups. Then an coproduct of (G;,i € I)
is a group G together with a family of homomorphism (p; : G; — G) with the following
property:

Whenever H is a group and (o : G; — H) a family of homomorphisms, then there
exists a unique homomorphism o : G — G; — H so that the diagram

G a H

A

G;

commutes for all i € I.

On an intuitive level this group is the largest group which contains the G;’s and is
generated by them. Notice also that the defintion of the coproduct is nearly identical to
the defintion of the direct product. The difference is that all the arrows are reversed, that
is a map fro A to B is replaced by a map from B to A. But it turns out the the coproduct
is much harder to construct

Before starting the construction we need a couple of general lemmas.

Lemma 2.9.2. Let I be a set and ~ a relation on I. Define the relation =~ of I by a =~ b if
there exits n € N and a sequence of elements (xo,x1,...xy,) in I such that xy = a, x, = b
and for each 1 < i <n either x;_1 ~ x; or x; ~ x;—1. Then

(a) = is an equivalence relation on I, called the equivalence relation generated by ~.
(b) If a,b € I with a ~b then a = b.

(¢c) Let & be an equivalence relation on I such that a ~ b implies a™b. Then also a ~ b
implies a®b.

Proof. Straightforward. O
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Lemma 2.9.3. Let (G,-) be a pregroup, ~ a relation on G and =~ the equivalence relation
on G generated by ~. Suppose that if a,b,c € G with b ~ ¢, then ab ~ ac and ba = ca.
Then

(a) The map x: G/ ~ xG/ ~— G/ =, ([a],[b]) — [ab] is a welldefined binary operation.
(b) If - is associative, then * is associative.

(c) If e is an identity in G, then [e] is an identity in G.

(d) Suppose G is a monoid and H is a subset of G such

(i) G is generated by H as a monoid.
(ii) For each h € H there exists h' € G with hh' = e ~ hh'.

Then G/ = is a group.

Proof. @ Let a,b,c,d € G with a =~ ¢ and b =~ d. We need to show that ab ~ cd. By
definition of & there exist n,m € N and (zo, ...z,) and (yo, . . . ym) such that o = a,z, = ¢,
Yo =0b, ym =d, for all 1 <i < n either z; 1 ~ x; or z; ~ x;_1 and for all 1 < j < m either
Yj—1~ Tj OF Yj ~ Yj1.

The proof of ab = c¢d will be by induction on n+m. If n4+m =0, then n =0 =m and
so a =c and b = d. So supppose n +m > 0.

If n = 0 then m > 0 and so by induction ab ~ cy,,—1. We have y,;,—1 ~ y;, = d or
d ~ yYm—1. In the first case by assumption cy,,—1 =~ cd and in the second cd =~ cy,,—1. Since
~ is symmetric both cases imply that cy,,—1 =~ cd. As = is tranistive and ab ~ cy,;,—1 we
get ab =~ cd.

So suppose n > 0. Then by induction ab ~ z,,_1d. As above z,,_1 ~ c¢ implies
Tm—1d ~ ¢d and so ab =~ cd.

(]E[) and are obvious.
(d) Let h € H. Then [hh/] = [e] = [h'] and so [h] is invertible in G/ ~. Put

K :={g € G| [g] is invertible in G/ ~}

Then H C K and e € K. let a,b € K. Then by [2.2.3|(d), [ab] = [ab] is invertible. Hence
ab € K and K is a submonoid of G. Thus implies K = G. Hence every [g] for g € G
is invertibel. Together wit and we conclude that G/ =~ is a group. O

Proposition 2.9.4. Let I be a set and let My be the set of all sequences (i1,i2,...,in)
where n € N and ij € I for all1 < j <n. Fori= (i1,12,...,i,) and j = (j1,...Jm) in M
define

7’.] - (ilaiQ) cee 7in7j17 .- ]m)

Then

(a) My is a monoid, called the free monoid generated by I.
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(b) The map p: 1 — M,i— (i) is 1-1 and we identify i with (7).

(¢) Let My be a monoid and f : I — M a function. Then there exists a unique homorphism
of monoids f*: M; — M with f*(i) = f(i) for alli € I.

Proof. @) The binary operation is clearly associative and () is an idenity element.

[®) Define f*((i1,...,in)) = f(i1)f(i2)... f(in)) there as usually the empty product
is defined to be ep;. This is clearly a homomorphism. Conversely if g : My — M is a
homomorphism with ¢(i) = f(i), then

9((i1, 42, - - in)) = gliriz ... in) = g(i1)g(i2) . .. g(in) = f(i1) ... f(in)
O

Theorem 2.9.5. Let (G; | i € I) be a family of groups. Then there exists a coproduct

Proof. To simplify notation we assume without loss that the GG; are pairwise disjoint. Let
X = U;c; Gi and let W be the free monoid generated by X. Note that if a,b € G; we have
to ways to multiply ¢ and b, namely once as elements of GG; and once as elements of W.
We therefore denote the binary operation on W by % and the one on G; be -. t Define the
relation ~ on W by v ~ w if of the follwing holds:

(i) There exist x,y € W, i€ I and a,b € G; withw =x*axbxyandv=x%(a-b)*y

(ii) There exists x,y € W and i € I with w =z *eg, *y and v =z * y.

Let ~ be the equivalence relation on W generated by ~. Note that the defintion of ~
implies that if u,c,w € W with v ~ w, then also uv ~ uw and vu ~ uw. Thus by
W/ & is a monoid with identity [()].

Let i € I and a,b € G;. Then by

(1) a*xb~a-bandso [a] *[b] = [a-b]
By (i)
e; ~ () and so [e;] = [()]

If follows that a* a™! ~a-a~! = eqg, ~ (). Thus by @ W/ = is a group.

Define p; : G; — W/ ~, g — [g]. Then by (1), p; is a homomorphism.

Now let H be a group and («; : G; — H) a family of homomorphism. Define g : X — H
by A(z) = a;(w) if ¢ € I with € G;. Note here that i is uniquely determined since the
G;’s are pairwise disjoint. By there exists a unique homomorphism v : W — H
with vy(z) = B(x) for all z € X and so v(a) = a;(a) for all a € G;.
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We claim that (v) = v(w) whenever v &~ w. By definition of a = it it suffices to show
this if v ~ w.

Suppose first that holds. Then w = x*xaxb*y and v = x x (a - b) * y for some
z,y € W, i€l and a,b € G; Hence

v(w) = y(2)y(a)y(b)v(y) = v(z)(ai(a)ai(b)y(y) =
y(z)ai(a - b)y(y) = v(@)y(a-b)v(y) = v(v).

Suppose next that holds. Then w = z *eg, *y and v = x * y for some z,y € W and
1 € I Hence

y(w) = y(@)y(ei)v(y) = v(@)i(ea,)V(y) = v(@)ery(y) = v(x)y(y) = (v).

By the claim we get a well defined map o : W/ ~— H,[w] — y(w). Also as v is a
homomorphism, « is, too. The uniqueness of « can be easily deduced from the uniqueness
of . O

Lemma 2.9.6. Let (p; | G; — G,i € I) be a coproduct of the family of groups (G;,i € I).
The each pj,j € J is 1-1.

Proof. Let j € J. let aj = idg, and for j # i € j define o; : G; — Gy, 9 — eg;. Then by
defintion of the coproduct there exists a homomorphism 8 : G — G; with o; = 8 o p; for
all ¢ € I. For i = j we conclude,

ide = /B (¢] pj
Note that this implies that p; is 1-1. O

2.9.7 (Reduced Words). In this subsection we have a closer look ar the coproduct of a
family of groups G;,i € I) constructed in the proof of As where we assume that the
G;’s are pairwise disjoint, put X = (J;c.; Gi, and W = Mj. Let ~ and ~ be the relations
on W define defined in [2.9.5] Our goal now is to find canonical representative for each of
the equivalence classes of =.

Let € W. Then x = z122... 2, for some uniquely determined n € N and z; € G},
for some j; € I. n is called the length of x We say that z is reduced if x; # ea;, (for all
1<k <n)and j; # jit1 for all 1 <i < n. Comapring with we definition of ~ we see that
w is not reduced if and only if there exists v € W with v ~ w. Note that the empty tuple
is reduced and any a € G; with a # eg, is reduced. We will show that every equivalence
class contains a unique reduced word.

For this we consider one further relation on W. Define v < w if

V=)~V ~YUV2...Unp—_1 ~YUp =W

for some v, € W. Again allow for n = 0 and so v < v. Also note that v < w implies v ~ w
( but not vice versa).
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1°. For each w € W there exists reduced word v € W with v < w.

If w is reduced, put v = w. If w is not reduced there exists y € W with y ~ v. The
length of y is one less than the length of y. So by induction there exists a reduced word v
with v < w. Then also v < w and is proved.

2°. For each w € W there exists a unique reduced word w, € W with w, << w. w, is
called the reduction of w.

The existence has been establised in . For the uniqueness let z; and z9 be reduced
with z; < w.

If 21 = w then w is reduced. So there does not exists y € W with y ~ w and so zo ~ w
implies zo0 = w = z1. So we may assume that z; # w # 2o.

By definition of < there exist v; € W with z; < v; ~ w.

We will show that there exists v € W with v < v; and v < vo. Suppose such an v
exists and let z be reduced with z <« v. Then for ¢ = 1,2, z < v;. Since also z; is reduced
with z; < v; and since v; has length less than w, we conclude by induction that z = z;.
Thus z; = z9 and we are done once the existence of v is established.

Suppose that for ¢« = 1 and 2, w = x;eq, y; and v; = z;y; for some k; € I, z;,y; € W.
T1 = x2 have v; = vy we can choose v = ’U1.L So may assume that x; has length less than
To. Then x9 = x1 * €Gy, * T for some x € W and we can put v = z1xys.

Suppose next that w = TG, Y1, V1 = T1Y2, W = xoabya, vo = wo(a - b)ys for some
ki,ko € I, z1,22,y1,y2 € W and a,b € G,. If 21 = 29 or 1 = x2a, then ab = a and
ab = b respectively and so v;1 = v9 and v = v; works. If 1 has length less than x5, then
Ty = T1€G, T for some x € W and we can choose v = z1z(a - b)ys. If x1 has length larger
than x9a than yo = Teq,, Y1 for some z € W and we can choose xa(a - b)zy;.

Suppose finally that for i = 1,2, w = x;a;b;y;, vi = x;(a; - b;)y; for some z;,y; € W,
a;, b; € Gy,. Let [; be the length of ;. Without loss l; <l and so either iy <ls—2, 11 =l2—1
orly =lg. If Iy <lp—2, then x9 = z1a1b12 for some x € W. Put v = x1(a; - b1)x(azb1)y2 in
this case. If I; + 1 = lg, then by = a9, k1 = he and we can put v = x1(a1b1b2)ys. If 1 = Ia,
then v; = vo and we put v = vy.

3°. let vyw e W. Then v = w if and only v, = w,.

Let v, w be words. If v, = w,, then v ~ v, = w, ~ w and so v ~ w.

Define the relation & on W by v&w if v, = w,. Clearly & is an equivalence relation.
Let v,w € W with v ~ w. Since v, < v we get v, < w. Since v, is reduced, gives
that v, = v,,. We show that v ~ w implies vA~w. Thus by says that v ~ w implies
vAw. So v &~ w implies v, = w,.

4°. Let g € W/ ~. Then there exists a unique reduced word v € W with g = [v].
Moreover, if g = [w] for some w € W, then v = w,.

Let g = [w] with w € W. Then w ~ w, and so g = [w] = [w,]. Let v € W be reduced
with g = [v]. Then v ~ w and so by [4%), v = v, = w,.
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Let W, be the set of reduced words. , the map W, — W, w — [w] is a bijection.
Unfortunately, W, is not closed under multiplication, that is the product of two reduced
words usually is not reduced. But it is not difficult to figure out what the reduction of the
product is. Indeed let * = z122... 2, and y = y1y2...yn) be reduced words. Let s be
maximal with y;l =x,_t forall 1 <t < s. Then

2y & (X122 ... Tn—sYsYs+1 - - - Ym)

If z,,_s and ys are not contained in a common G; this is the reduction of xy.
On the other hand if z,,_s and ys both are contained in G;, then

TY R XL, Tpes—1(Tn—s - Ys)Ys+1 - - - Ym,)

By maximality of s, x,—s - ys+1 # eg, and it is easu to seen that word on the roght hand
side of the last equation is reduced, and so is the reduction of x * y.

We remark that coproducts also exists for semigroups and for monoids. Indeed, every-
thing we did for groups carries over word for word, with one exception though. In case of
semigroups we do not include the empty tuple in the sets of words and omit in the
definition of v ~ w.

Example 2.9.8. Let A = B = 7Z/27. We will compute D = A]] B. To simply notation
we identify z € AU B with its image in D. In particular e := eg = e4 = eg and pa and
pp are just the inclusion map from A and B respectively to D. Let e #a € A and b # B
in B. Then every elements in D has one of the following forms:

e

(ab)(a*b)...(ab)

(ba)(ba) ... (ba)
times
b(ab)(ab) ... (ad)
—_—

n times

a (ba)(ba) ... (ba)
—_—

n times

Put z = ab. Then 27" = b~la™! = ba. So the above list now reads 2°, 2", 2=, bz" and
az~". Note that bz" = b(ab)” = a(ab)(ab)” = a(ab)"*! = az"*! and so

D ={z",2"a|n €L}

It is also easy to compute the product of two elements in D: first observe that z"a =
a(ba)"1ba = az™™ and so
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n m __ _n+m

zZOxzZz T =2z .

n. m m—n

2P 2Ma = 2""Ta, a2 a2z = aazT 2" = 2

This can be combined in one formula: Define €(0) = 1 and €(1) = —1. Then for n,m € N
and 4,7 € {0,1}:
(aizn) % (ajzm) _ aiJere(j)ner

By now we determined the complete multiplication table of D. D is called the infinite
dihedral group.
We will know constructed a second group D and show that it is isomorphic to D. Define

a: Z—7 m——m

b: Z—7 m—1—m

Then a,b € Sym(Z), a is a reflection at 0 and b is the reflection at 3 Put D = (a,b). Since
both @ and b have order two, there exist homomorphism,ays : A — Dand ag : B — D
with a4(a) = @ and ap(b) = b. Hence by the definition of the co-product, there exists a

homomorphism £ : D — B with ay = 80 ps and ap = S0 pp. Then

B(a) = B(pala)) = aala) =a

and similarly 3(b) = b.
Hence

B(D) = B({a,b)) = (B(a), B(b)) = (a,0) = D

So A is onto. Put Z = @ob. Then

Z(m) =ab(m))=a(l—m)=m—1

So % is the translation by —11. Also 2/(m) = m —n and (az’)(m) = a(m — j) = j — m.
Thus 27 is translation by —j and @3 is the reflection at %

We have B(z) = B(ab) = B(a)B(b) = ab = 7 and so also B(a’z?) = B(a)'(b)! = @57
Since the @'%7,i = 0,1, j € Z are pairwise distinct, we conclude that 3 is 1-1. Thus f is an
isomorphism and

DD

Let Z = (z). Then Z = (Z,+) and Z has index two in Gp * G2. In particular, Z < D.
Also 2* = aza = aaba = ba = z~!. Thus

(zM*=2z" and z"a=az "

In particular, if A < Z then both Z and a normalize D and A < G.
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Here is a property of D which will come in handy later on:

All elements in D \ Z are conjugate to a or b.

no— g = 22 and 2"bz " = 22"b = 22"baa = 22"tla. So 2%"a is

Int1g is conjugate to b.

Indeed z™az~
conjugate to a and z

Fix n € Z. Consider the relation 2" = e. Put N = (2"). Then N < D and so

[T Gi/taby =e) = D/N
ie{1,2}

Since Z/D = Z/nZ, D/N has order 2n. D/N is called the dihedral group of order 2n,
or the dihedral group of degree n.

Suppose now that D is any group generated by two elements of order two, @ and b.
Then there exists a homomorphism a : D — D sending a to @ and b to b. Let Z = ab and
Z = (). Since neither a nor b are in ker and all elements in D\ Z are conjugate to a
or b, kera < Z. Thus kera = (2") for some n € N and so D = D/kera = D/N. So any
group generated by two elements of order 2 is a dihedral group.

Definition 2.9.9. Let I be a set. A free group generated by I is a group Fy together with
a map p: I — Fr with the following property:

Whenever H is a group and o : I — H is a function, then there exists a unique
homomorphism B : Fr — H with a = o p.

Lemma 2.9.10. Let I be a set. Then there exists a free generated by I.

Proof. Fori € I let G; = (Z,+) and let p; : G; — Fr,i € I) be a coproduct of (G;,i € I).
Define p : I — F;, i — pi(1). Now let H be a group and « : I — H be function. Define
a; : Gi — H,m — «(i)™. Then by definition of the coproduct of (G;,i € I) there exists
a unique homomorphism g : Fr — H, with a; = o p;. Then (i) = a;(1) = B(pi(1)) =
B(p(i)) and so a = o p. Suppose alos v : F; — H fulfills, « = v o p. Then for all m € G,

ai(m) = a@)™ =v(p(0))™ = v(p:(1)™) = y(pi(m))
Hence a; = v o p; and so by the uniqueness assertion on the defintion of the coproduct,
p=n. O

Notation 2.9.11. Let I be a set. Then Fr is a group with I C Fy such that id; g, : I —
Fr,i — 1 is a free group generated by I.

2.9.12 (Reduced words in free groups). Let I be a set and G; = (i) = {i" | m € Z}, the
subgroup of F; generated by I. Then by proof of G; 2 7 and F7 is the co-product
of the (G;,i € I). So by each element in F7 can be uniquely written as gig2...gn
where n € N, g; € Gy, g; # €Gi, forall 1 < j < nandi; # i;41 forall 1 <j <n. Since
Gi; = (ij) we have g; = z;n] for some 0 # m; € Z. Thus every element w in Fy can be
uniquely written as



2.9. CO-PRODUCTS AND FREE GROUPS 49

__ sm1,m2 SMn,
W=1 19" ...%,

where n € N, i; € 1,0 # mj € Z and i; # ij41. i1 i52 ...y is called the reduced form of
g.
Let G is a group and (g;,i € I) a tuple of elements in G Define a : I — G,i — g;.

Then by definition of the free group there exists a unique homomorphism S : F;r — G with
a = foid;p. Note that a = S oid;_p, just means 3(i) = g; for all i € I. Thus

BT ig2 i) = g gy .. gnn
Definition 2.9.13. Let I be a set.
(a) A group relation over I is an expression of the form v = w, where v,w € FJ.

(b) Let G be a group and (g;,i € I) a family of elements in G. We say that (g;,i € 1) fulfills
the relation v = w provided that f(v) = B(w), where B is the unique homomorphism
from Fr to G with B(i) = g;.

If w=147"...47", then (g;,7 € I) fulfills the relation w = e if and only if g;"* ... g}"".

Definition 2.9.14. Let I be a set and R a set of group relations on I. Then a group with
generators I and relations R is a group G together with a family of elements (g;,i € I) of
elements of G such that

(a) (gi,t € I) fulfills all the relations in R.

(b) Whenever H is a group and (h;,i € I) is a family of elements of H fulfilling all the
relations in R, then there exists a unique homomorphism 6 : G — H with 6(g;) = h;
foralliel.

Example 2.9.15. Let I = {a,b}, G = Sym(3) and consider the relation aba=* = b1,
Do g, = (12) and g, = (123) fulfill the relation? In other words is

2

(12) 0 (123) 0 (12)7% = (123)71

The left hand side is (213) and the right hand side is (321), both of which are equal to
(132). So the answer is yes.
Do hg = (12) and hy, = (23) fulfill the relation?

(12) 0 (23) 0 (12)~F < (23)"
The left side is (13) the right side is (23), so this time the answer is no.

Lemma 2.9.16. Let I be a set and R a set of group relations on I. Then there exists a
group G with generators I and relations R.
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Proof. Note that the relation v = w is fulfilled if and only if the relation vw™! = e is

fulfilled. So we may assume that R = {r = e | r € R} for some subset R of F;. Put
N := (FIR) = (*r | w € Fr,7 € R), so N is the normal subgroup of F; generated by R. Put
G = F;/N and let g; = iN fori € N. 7y : F1 — G,w — wN is a homomorphism fro F; to
G with mx (i) = g; = iN and wn(r) =N = N = eg for all r € R. So (g;,¢ € I) fulfills all
the relation in R.

Now let H be a group and (h;,i € I) is a family of elements of H fulfilling all the
relations in R. Let 8 : Fr — H be the unique homomorphism with (i) = h; for all i € I.
Let r € R. Then (h;,i € I) fulfills the relation r = e and so 3(r) = ey. Hence r € ker .
Since ker 8 < Fr, “r € N for all w € W and so N < ker 8. It follows that the map

0:G — G,wN — B(w)

is a well-defined homomorphism. Also 6(g;) = 0(iN) = (i) = h;.

It remains to show that uniqueness §. So let @ : G — H be a homomorphism with
a(g;) = hi. The (ao7y)(i) = a(g;) = h; and so ao my = [ by uniqueness of 3. Hence for
all w € Fr, a(wN) = (aony)(w) = f(w) and so a = 4. O

2.9.17 (Notation in groups with generators and relation). Let I be a set and R a set of
relations on R. Then

G=(|R)

means that G together with the family of elemensts (g;);cs is is a group with generators [
and relations R. So

G=(gi|iel
and if
(%) i?l...izk:jfl...jf@l
is one of the relation in R then
(%) g?ll gjnl’c :g;'fl...g;:”.

In practical computation is is often quite cumbersome to work with elements with sup-
scripts. We therefore often just write a for the element g, in G. This should be only done
if this is clearly from the context that the conputation are done in G and that a no longer
stands for the element a in F;. Note also that this is not an identification, since the map
I - G,a — g, is (in general) not 1-1. The advantage of this convention is that, replacing
all g, by a, the equation (**) now turns into the easier

(% % %) it iy

Nk sma
St =01 g
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This seems to be the same as (*). But it is not. (*) is a group relation between elements
of Fr, not an actual equality. (***) is an actual equality of elements in G.

Example 2.9.18. 1. The group
G=(a,b|a®>=e,b*=¢)

is the infinite dihedral group. To see that let H, = (h,) and Hp = (hy) be cyclic groups
of order 2 and H = H, [[ Hp. Let G, = (g4) < G and Gy, = {gp) < G. Since g2 = g = e.
There exists homomorphism «, : H, — G, and «p : Hy — Gy with ag(hs) = ga
and ay(hp) = gp. So by defintion of the coproduct, there exists unique homomorphism
a: H — G with a(h,) = g, and a(hy) = g5. Conversely, since (gq, gp) fulfills the relation
a’? = e and b% = e, there exists a unique homomorphism 3 : GH, with 8(g,) = he and
B(gy) = hp. Tt is now easy to see that a o 8 =idg and foa =idy. So G = H.

Informally what we just proved is that the ’largest’ group generated by two elements of
order two is same as the ’largest’ groups generated by two groups of order two.
2. The group
(a,b]a® =2, =e, (ab)" =€)
is the called the dihedral group Dihs, of degree n or the dihedral group of order 2n

Let F = Fiapy and K = (f{a?,0?} and N = ("{a? V%, (ab)"}). Then by (1), F/K
is the infinite dihedral group. For x € F let T = K. Put z = ab and y = (ab)".

Then N = K({fy). By az = z 'a. If follows that & = z71, % = 3! and

@) = (%) = (') = (0 y). Hence @ and Z normalizes (). Since F = (a, %), () is normal

in F. Hence K (y) is normal in F and N = K (). Thus
F/N=F/N =F/{g) = F/Z")
By m F={a'# |i€0,1,j € Z}. Since (@'z/)z"™ = @'z! ™™™ we see that
a'2’N=a"2!N <=i=kandj=k (modn)

Thus F/N = {a’2’N |0<i<1,0<j <n} and so |F/N has order 2.

We will now construct a second group which is isomorphic to F /N. This is similar to
construction of the group D in Example The only difference is that we repalce Z
by Z/n mbZ where n is an integer with n > 2.

Define @ : Z/nZ — Z/nZ,m — —m and b : Z/nZ — Z/nZ,m — 1 —m. Put 2 = aob.
Then as in [2.9.8

Zm)=m+1, F(m), =m—j, a¥(m)=j—-m

Put G = (@,b). Since the calculation are done modulo n we conclude that
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|2l =n,D=1{a'#|0<1<i,0<j<n}, and |D| =2n

So (a, 5) fulfills the relations for G and so there exists a unique homomorhism 3 : G — G
with B(aN) = a and B(bN) = b. Then B(a’2’N) = @'t/ and so 3 is a bijection. Thus
G=G.

Here is a more geometric version of the above. Let £ = e € C and U,=1{10<i<
n}. So Uy, is the set of n-roots of unity in C and the map Z/nZ,+) — (Uy,-),i — &' is an
isomorphism. 2’ corresponds to clockwise rotation by %277 radiants and az® correponds

to the reflection at the line through 0 and & 3. Note that if J is even zi? is in U, while
. J o
if j is odd zi% is the midpoint on the unit circle between & % and £ =

. We will show that

G :={a,b,c|ab=c,ab= ba,c® = a,c® =b,c° = )
is the trivial group.

We will follow the conventions of [2.9.17] and just write a for g, b for g, and ¢ for g., that
is we treat a,b, ¢ as elements of G, rather than elements of Fy,; .. Then the relations

defining G become actual equalities and so ¢ = ab = ¢%¢3 o 2

=c¢° =e. Hencealsoa =c¢* =e¢
and b = c? = e. Thus G = {e}.

G :={(a,b|a®> =1 = (ab)? = e) = Alt(4)

To see this let z = ab. Then 22 = 1. Put K = (z,2%). Since both z and 2% have order
two (or 1), K is a dihedral group. We compute

220 = (a®(ab)a™2) alab)a L ab = a®*b(a2a®)b(a " a)b = a®b> = e.

Thus 2%z = 2=%" = 2%°. In particular, (2%2)? = e. It is easy to see that {e, z, 2%, zaQ} is
a subgroups of G and so K = {e, z, 2% 2%°}. (This also can be deduced from (2). Indeed
(2,a?) fulfills the relation for Dihs.s and by (), K = {#%(22%)7 | 0 < i,5 < 2}.) Now
(29°)* = 27° = 2¢ = z and s0 a € Ng(K). Thus (a)K is a subgroup of G. It contains
a and z = ab and so also b = a~'z. Thus G = {a)K. As K has order dividing 4 and
(a) has order dividing 3, G has order dividing 12. Thus to show that G is isomorphic to
Alt(4) it suffices to show that Alt(4) is a homomorphic image of G. I.e we need to verify

that Alt(4) fulfills the relations.

For this let a* = (123) and b* = (124). Then a*b* = (13)(24) and so (a*b*)? = e. Thus
there exists a homomorphism ¢ : G — Alt(4) with ¢(a) = a* and ¢(b) = b*. As a* and
b* generate Alt(4), ¢ is onto. As |G| < |Alt(4)| we conclude that ¢ is an isomorphism.
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2.10 Group Actions

Definition 2.10.1. An action of a group (G,-) on a set S is a function
o:GxS—= 8 (a,s) >aos
such that
(GAl) eos=s foralls € S.
(GA2) (a-b)s=ao(bos) foralla,be G, s€S.
A G-set is a set S together with an action of G on S.

We wll often just write, as for a ¢ s. So the two axioms of a group action then read
es = e and (ab)s = a(bs).

Example 2.10.2. 1. Note the similarity between the definition of a groups action and
the definition of a group. In particular, we see that the the binary operation of a group
-1 GX G — @ defines an action of G on G, called the action by left multiplication. Indeed

since e is an identity, [2.10.1{(( GA 1)) holds and since - is associative [2.10.1J|(GA2)) holds.

2. The function
G x G(a,s) > axs:=sa

is not an action ( unless G is abelian) since (ab) * s = sab = (a * s)b = (b * a)s. For this
reason we define the action of G on G by right multiplication as

+G x G, (a,s) — sa ',

Then (ab) -+ s = s(ab)~' = sb~'a™! =a - (b-; s) and -, is indeed an action.
3. Let G be a group and H a subgroup of G. Then H acts on G by left multiplication:

HxG— G,(h,g) = hg

4. Let G be a group acting on the set I and let H < G. Then H acts on [ via

HxI—1,(hyi)— hi
5. G acts on G via conjugation:

GxG—G,(a,g9)—%

Indeed ¢ = ¢ and (%)g = (Y).
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6. Let I be a set. Then Sym([) acts on I via

Sym(I) x I — I, (m, i) — (i)
Indeed, id; (i) =i for all 7 in I and «(B(3)) = (af) (i) for all a, B € Sym(I),i € I.
7. Let G be a group. Then Aut(G) acts on G via

Aut(G) x G — G, (a, g) — a(g)

Indeed by (B)), Sym(G) acts on G and so by alsp the subgroup Aut(G) of Sym(G)
acts on G.

The next lemma shows that an action of G on S can also by thought of as an homo-
morphism from G to Sym(S).

Lemma 2.10.3. Let G be a group and S a set.
(a) Let o: G x S — S an action of G on S. For g € G define
g°:S—8s—gs
Then ¢g° € Sym(S) and the map
&,G — Sym(S)

is an homomorphism.

D, is called the homomorphism corresponding to ¢,
(b) Let ® : G — Sym(S) be a homomorphism. Define

op: G xS — S (g9,5) = P(g)(s)

then ©¢ is an action of G on S.

o 15 called the action corresponding to ®
(c) Pop =P and op, = ©.

Proof. To simplify notation we just write ¢, for g°. @ (GA1) into ¢c(s) = gs = s and so
¢ = idg. By (GA2)

(¢g 0 ¢n)(s) = g(hs) = (gh)s = dgn(s)

and so

¢g O¢h = ¢gh
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Hence ® is a homomorphism. We still need to verify that ¢, € Sym(S). But this follows
from

idg = ¢ = qbgg—1 = ¢g ° O¢g—1
and so also ¢,-1 0 ¢y = ids. So ¢ -1 is an inverse for ¢, and ¢, € Sym(S).
Since @ is a homomorphism ®(e) = egym(g) = ids and so eogp s = ®(e)(s) = ids(s) =
s. So (GAL) holds. Also
(gh) o0 5 = ®(gh)(s) = (B(g) 0 ©(h))(s) = B(g)(®(h)(5)) = 7 0@ (hoa 5)
and so also (GA2) holds.

gop, s = Bo(g)(s) = gos and
Doy (9)(s) = g oo s = P(g)(s). 0

Example 2.10.4. 1. Let G be a group. For a € G, define ¢, : G — G,g9 — ag. Then by

2.10.2|(1)) and [2.10.3|fa)) the map
®: G — Sym(G),a — ¢q

is a hommorphism. If ®(a) = idg, then a = ae = ®(a)(e) = idg(e) = e and so P is 1-1.
Thus G = ®(G). In particular, G is isomorphic to a subgroup of a symmetric group.
This is known as Cayley’s Theorem.

2. Let G be group. Recall that for g € G, iy is the map

ig: G = G,a—"%
By 2.10.2 G acts G by conjugation, the corresponing homomorphism is:

G — Sym(G),g — ig4

3. The homomorphism corresponding to the action of Sym(I) on I corresponds is idgym/r)-
Indeed,

Definition 2.10.5. Let ¢ by an action of the group G on the set I, H C G,g € G, s € S
and T C S. Then

(a) Staby;(T) = {h € H | gt =t for allt € T} and Staby(s) = {h € H | hs = s}.
Stab%;(T) is called the stabilizer of T in H.

(b) Fixp(H) = {t € T | ht =t forallt € T} and Fixp(g)) = {t € T | gt = t}. The
elements of Fixp(H) are called the fized-points of H in T.

(¢c) gT ={gt |t T}, Hs={hs|he H}, HT ={ht|he Hite€T

(d) o is called a faithful action if Stabg(S) = {e}. In this case we also say that S is a
faithful G-set.
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(e) T is called H-invariant (with respect to o if KI' =T for allh € H. T is called g-invariant
if gT =T.

(f) Nu(T)={he€ H|hT =T}. Ny(T) is called the normalizer of T" in H.

(9) G°:=1Im ®,.

We will often just write Stabg (S) in place of Stab$;(S), but of course only if its clear
from the context what the underlying action ¢ is.

Lemma 2.10.6. Let ¢ be an action of the group group on the set S.
(a) Stabg(S) = ker @, < G.
(b) G/Stabg(S) = G° < Sym(S).

(c) S is a faithful G-set if and only if @, is 1-1. So if S is faithful, G is isomorphic to a
subgroups of Sym(S).

(d) Let H < G and T an H-invariant subset of S, then
olgr HxT —T,(h,t) — ht
ia an action of H on T.
(e) The map opG x P(G) — P(G),(g,T) — T is an action of G on P(G).
Proof. @ Let g € G, then

g € Stabg(S)
gs=sforall ge G
g°(s) =sforallge G
7° =idg
°(g) =idg

[

g € ker ®°

Since G° = Im ®°, this follows from @ and the First Isomorphism Theorem.
- @ are readily verified. O

Lemma 2.10.7. Let G be a group acting on the set S. Let s€ S and T C S.
(a) Stabg(T) is a subgroup of G.
(b) Stabg(s) is a subgroup of G.

(c) Na(T) is a subgroup of G.
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Proof. () et = e for all t € T and so e € Stab(T). Let g, h € Stabg(T). Then gt =t and
ht =t for all t € T'. Thus

GA2
(ghyt ‘L2 g(nt) = gt =1

and so gh € Stabg(T).

From gt = t we get g~!(gt) = g~ 't. So by (GA2), (¢~'g)t = g~'t and et = g~'t. Thus
by (GA1),t = g~'t. Hence g~! € Stabg(T). now implies that Stabg(T) is a subgroup
of G.

Note that Stabe(s) = Stabe({s}). Thus (b) follows from ().
We have
N&(T) ={g € G| gT =T} = Stab 7 (T).

(Note that on the left hand side T is treated as a subset of the G-set S, and in the right
hand side, T is treated as an element of the G-set P(S).) Thus () follows from (b). O

Example 2.10.8. 1. Let G be a group Let ¢ be the action of G on G be conjugation and
let AC G. Let g € G. Then

g € Stabg,)
goa=uaforallae A
% =a for alla € A

gag ' =aforallac A

rrua

ga=agforallae A

Define

Ca(A):={geG|ga=agforallac A

Then we proved Cg(A) = Stab®(A) and so by 2.10.7fa]), Ce:(4) < G.
Recall from the Homework that Z(G) is defined as {g € G | ga = ga for all a € A}. So

Z(G) = Ca(G) = Stabg(G)
and so by 2.10.6@, Z(G) < G, which of course we already know from the homework.

Lemma 2.10.9. Leto: G xS — S be a group action. Define a relation ~, on S by s ~ t
if and only t = as for some a € G. Then ~ is an equivalence relation on S.
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Proof. Since s = es, s ~ s and ~ is reflexive.
If t = as, then
a't=a"Yas) = (e la)s=es=s

Thus s ~ t implies t ~ s and ~ is symmetric.
Finally if s = at and ¢ = br then s = at = a(br) = (ab)r. Thus s ~ t and t ~ r implies
s ~ 1 and ~ is reflexive. O

Definition 2.10.10. Leto: G x S — S be a group action.

(a) The equivalence classes of ~ are called the orbits of G on S with respect to ¢.
(b) The set of orbits is denoted by S/°G.

(c) We say that G acts transitively on S if G has exactly one orbit on S.
Lemma 2.10.11. Let G be a group acting on the set non-empty set S.

(a) Let s € S. Then the orbit of G on S containing s is Gs = {gs | g € G}.

(b) The following are equivalent:

(a) For each s,t € S there exists g € G with t = gs.
(b) There exists s € S with S = Gs.
(¢c) G acts transitively on S.

Example 2.10.12. Let G be group and H < G.

1. The right cosets of H are the orbits for the action of H on G by left multiplication.

2. The left cosets of H are the orbits for the action of H on G by the right multiplication.
3. The conjugacy classes of G are the orbits for the action G on G by conjugation.

4. Let I be a non-empty set. Then Sym(I) acts transitively on 1.

5.0 : Gx G/H — G/H,(g9,T) — ¢gT is a well -defined transitive action. Indeed, if
T = tH, then g(tH) = (¢T) € G/H. So ¢ is well-defined. It is clearly an action and
GoH={gH |ge G} =G/H and so G acts transitively on G/H. This action is called
the action of G on G/H by left multiplication.

We will show that any transitive action of G is isomorphic to the action on the coset of
a suitable subgroup. But first we need to define isomorphism for G-sets.

Definition 2.10.13. Let G be a group, © an action of G on the set S, A an action of G
on the set T and o : S — T a function.
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(a) « is called G-equivariant if
a(gos) =gra(s)
forallge G and s € S.

(b) « is called a G-isomorphism if a is G-equivariant and an bijection.
(¢) If there exists a G-isomorphism from S to T we say that ¢ is isomorphic to A or that
S and T are isomorphic G-sets and write
o2 A, (S0)=(T,n), orS=T
Lemma 2.10.14. Let S be a G-set, s € S and put H = Stabg(s).

(a) The map
a:G/H— S, aH — as

is well defined, G-equivariant and one to one.
(b) « is an G-isomorphism if and only if G acts transitively on S
(c) Stab(as) = “H for alla € G.
(d) |Gs| = |G/Staba(s)|-
Proof. @) Let a,b € G. Then

aH =bH

albe H
a~'b € Stabg(s)

(a 'b)s =s

a=l(bs) = s

11111

bs = as

The forward direct shows that « is well-defined and the backward direction shows that
ais 1-1.
Also
a(a(bH)) = a((ab)H) = (ab)s = a(bs) = aa(bH)
So a is G-equivariant.

(]E[) By @ « is a G-isomorphism if and only if « is onto. We have

Ima ={a(gH) | g€ G} ={gs|g € G} =Gs

So « is onto if and only if S = G's and so if and only if G is transitive on S.
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(<)
g € Stabg(as) < g(as) =as <= a ‘gas=s = a'ga € H < g€ aHa ' =°H
(d) Since v is 1-1, |G/H| = |Ima| = |Gs|. O

Lemma 2.10.15. Suppose that G acts transitively on the sets S and T. Let s € S and
te€T. Then S and T are G-isomorphic if only if Stabg(s) and Stabg(t) are conjugate in
G.

Proof. Suppose first that a : S — T is a G-isomorphism. Let g € G. Since « is 1-1 and
G-equivariant:

gs = s <= a(gs) = a(s) <= ga(s) = a(s)

So Stabg(s) = Stabg(a(s)). Since G is transitive on T, there exists g € G with ga(s) =
t. Thus
Stabg(t) = Stabg(ga(s)) = Stabg(a(s)) = Stabg(s).

Conversely suppose that %Stabg(s) = Stabg(t) for some g € G. Then Stabg(gs) =
%Stabe(s) = Stabe(t) and so by [2.10.14|(b) applied to S and to T
S = G/Stabg(gs) = G/Stabg(t) = T.
O

Definition 2.10.16. Let G be a group and S a G-set. A subset R C S is called a set of
representatives for the orbits of G on S, provided that R contains exactly one element from
each G-orbit. In other words if the map R — S/G,r — Gr is a bijection.

An orbit O of G on S is called trivial if |O| = 1.

Let R be an set of representatives for the orbits of G on S and any trivail orbit {s}.
Then s must be in R. Thus Fixg(G) € R and R\ Fixg(R) is a set of representatives for
the non-trivial G-orbits.

Proposition 2.10.17 (Orbit Equation). Let G be a group, S a G-set and R C S be a set
of representatives for S/G.

5] =Y " |G/Staba(r)| = [Fixs(G)| + > |G/Stabg(r)].

reR reR\Fixg(G)

Proof. Since the orbits are the equivalemce classes of an equivalence relation S is the disjoint
union of its orbit. Thus

1S|=>_ lo|=>_|Gr]

0€eS/G reR
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By [2.10.14{, |Gr| = |G/Stabg(r)| and so
S| = |G/Stabe(r)|

reR

If r € Fixg(G), then gs = s for sll g € G and so Stabg(r) = G and |G/Stabg(r)| = 1.
So

S| = Yrerixs() |G/Staba(r)| + 32, c prixg () |G/Staba(r)|
> reFixs(G) L T 2rer\Fixg (@) |G/Staba(r)]
= [Fixg(G)| + ZreR\FixS(G) |G /Stabg(r)]-
L]

Corollary 2.10.18 (Class Equation). Let G be a group and R be a set of representatives
for the conjugacy classes of G. Then

G= |G/Ca(r)| =|Z(@G)+ > 1G/Ca(r)
reR reR\Z(G)

Proof. Let ¢ be the action of G on G be conjugation. Then

Fix(G)={9€G|"g=gforall hc G} = {g € G| hg = gh for all h € G} = Z(G)

and by [2.10.§|[1) Stab¢(a) = Cg(a). So the Class Equation follows from the orbit equation.
O

Example 2.10.19. By has three conjugacy classes corresponding to the cyles types
13, 1121 and 3. So R = {(1),(13),(123)} is a set of representatives for the conjugacy class
of Sym(3). A straight forward calculation shows that

CSym(3)((1)) = Sym(3)7 CSym(3)((13)) = {(1)7 (13)}7 CSym(3)((123)) = {(1)7 (123)7 (132)}

The orders of these centralizers are

6,2, 3.
Sym(3) has order 6 and since |G/Cq(r)| = % the class equation now says

6 6 6
6=—4-+-=1+2+3
sTotg=1+2+

These Orbit Equation become particular powerful if G is a finite p-group:
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Definition 2.10.20. Let G be finite group and p a prime. Then G is called a p-group
provided that that is |G| = p* for some k € N.

Proposition 2.10.21 (Fixed-Point Equation). Let p be a prime and P a p-group acting
on a finite set S. Then
|S| = |Fixs(P)| (mod p).

Proof. Let R be a set of representatives the orbits of P on S and r € R \ Fixg(P). Then
Stabp(r) < P. By Lagrange’s Theorem |P/Stabp(r)| divides |P|. Since |P| is a power of p
and |P/Stabp(r)| # 1 we get

|P/Stabp(r)] =0 (mod p).
So by the Orbit Equation [2.10.17]

S| = [Fixs(P)|+ > |P/Stabp(r)| = [Fixg(P) (mod p)
reR\Fixg(P)

Example 2.10.22. Let £ = (P, L, R) be a projective plane of order two
1. Let T be a 2-group and S a finite T-set with |T'| odd. By the fixed-point equation:

|S| = Fixg(T) (mod 2)
and so |Fixg(T)| is odd. In particular, |Fixg(T")| # 0 and so

Fixg(T) # 0

2. Let t € Aut(&) with |¢t| = 2. Then T = (t) has order two. Since |P| = 7 we conclude
from that

Fixg(t) = Fixg(T) # 0
So every element of order 2 in Aut(€) fixes at least point.

3. Let T'< Aut(&) with |T'| = 8. Since the number of points is odd, (1) implies that T" fixes
a point P. Also the number of lines is odd and so T also fixes a line .
Suppose that P is not incident with I. Let A, B be distinct points on [. Then (P, A, B)
is a non-collinear triple. If & € T, then a(P) = P, o(l) = [, a(A) is one of the three
points on [, and «(B) is one of the two points on [ distinct from «a(A). So there are
only six choices for the triple (a(P), a(A),«(B) and so bt implies that |T'| < 6, a
contradiction. Hence P is incident with I. By Homework 2#7 Staby4,(¢y({ P, (}) has
order eight and so

T = Stabaue)({ P 1})



2.10. GROUP ACTIONS 63

4. By definition of Aut(€), if (P,1) € R and a € Aut(£), the (a(P),a(l) € R. So Aut(€)
acts on R. Let (P,L) € R. By Homework 247 Stab ) ((P,1)) has order eight. Let O
be the orbit of Aut(£) on R containing (P,1). Then

168
O] = [Aut(€) /Stabawe) (P, 1) = == = 21.

On the otherhand, £ has seven lines and each line is incident with 3 points and so
|R| = 21. Hence O = R and Aut(€) acts tranistively on R.

Let T' < Aut(&) be 2-group. Then by (1)), 7" fixes some (P,1) € R and so

T < Stabpuee)((P,1))

Definition 2.10.23. Let H be a group and H C G. Then N;;(H) ={a € G | H C “H}.
N¢(H) is called the weak normalizer of H in G.

Lemma 2.10.24. Let G be a groups and H C G.
(a) NG(H) is a submonoid of G and if H < G, then H C N, (H).
(b) Let g € G. Then g € Ng(H) if and only if {g,g7 '} C N&(H).

(c) Suppose H < G. Let a € G and let o be the action G on G/H by left multiplication.
Then
Stabg;(aH) =“H and Fixg,,(H) = Ng(H)/H.

(d) Let O be the action og G on the subsets of G. Then Stab”(H) = Ng(H).
(e) If H is finite, then N (H) = Ng(H).

Proof. @) We have °H = H and if a,b € N*(H), then H C °H and so also “H C ®H. Since
H C “°H this implies H C “°H and ab € N (H).

If H< H then "H = H for all h € H and so H C N§(H).

(]EI)QH H ifand only if YH C H and H C 9H and ifand only if H C 9 'H and H C 9H.

) Let a,g € G. Then gH = H if and only if ¢ € H. Hence Staby(H) = H and
SO by Stabg(aH) = “Stabg(H) = °H. Note that H fixes aH if and only if
H C Stabg(aH). That is if and only if H < *H and if and only if a € N (H). Thus
holds.

@ g € Ng(H) if and only if 9H = H and if and only if g € Stabz(H).

(e) As conJugatlon is an bijection, |H| = |9H|. So for finite H, H < 9H if and only if
H=9H. O

Lemma 2.10.25. Let P be a non-trivial p-group.

(a) Z(P) is non-trivial.
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(b) If H< P then H < Np(H).
Proof. @ Consider first the action by conjugation. By [2.10.21

0=|P|=|Z(P)| (mod p).
Thus | Z(P)| # 1. (b) Consider the action of H on P/H. By [2.10.24] and [2.10.21]

0=|P/H|=|Np(H)/H)| (mod p).
So |[Np(H)/H| # 1. O
Lemma 2.10.26. Let p be a prime and P a p-group.
(a) Let H < P. Then there exists n € N and for 0 <i <n, H; < P with

H=Hy<dH <Hy<...<4H, 1 <H, =P
and |H;/H;—1| =p for all1 < i <n.
(b) Let m be a divisor of |P|. Then P has a subgroup of order m.

Proof. (a]) The proof is by induction on |P/H|. If |[P/H| = 1, then P = H and (@) holds
with n =0 and Hy = H = P. So suppose H # P. The by (]ED, H <« Np(H). Hence
there exits e # o € Np(H)/H. Let |z| = p' and put y = 2P . Then |y| = p. By the
Correspondence Theorem (Homework 4#1), there exists Hy < Ng(H) with Hy/H = (y)/
Then H < Hy and |Hi/H| = |{y)| = |y| = p. Since |P/H;| < |P/H]| (&) now follwos by
induction.

(]EI) Apply @) with H = {e}. Then |H;| = p' and @ holds. O

As a further example how actions an set can be used we give a second proof that Sym(n)
has normal subgroup of index two. For this we first establish the following lemma.

Lemma 2.10.27. [equivrep]| Let A be a finite set and ~ a non-trivial equivalence relation
on A so that each equivalence class has size at most 2. Let

Q ={R C A | R contains exactly one element from each equivalence class of ~}.

Define the relation =~ on Q by R ~ S if and only if |R\ S| is even. Then = is an equivalence
relation and has exactly two equivalence classes.

Proof. For d € A let d be the equivalence class of ~ containing d and let A be the set of
equivalence classes. Let A, B €  and define

Asp={XecA|ANX #BnNX}.
Let d € A. Then d € B if and only if ANd # BNd. So |A\ B] = |A,p| and

AzB(z)AAB is even
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In particular, = is reflexive and symmetric. Let R, S,T € Q. Let X € A. Then XN R #*
X NT exactly if either XNRAZXNS=XNTor XNR=XNS#XNT.
Thus

Arr = (Ars \ Ast) U (Ast \ Ags)

Hence . . ) ) )
(*)  |Arr| = |Agrs| + |Ast| — 2|[ARs N Agr].

If R~ S and S = T, the right side of () is an even number. So also the left side is even
and R~ T.

So & is an equivalence relation. Let R € €). As ~ is not trivial there exist r,t € A with
r ~t and r # t. Exactly one of r and ¢ is in R. Say r € R. Let T'= (RU{t}) \ {r}. Then
T e Qand |T\ R| =1. Thus R and T are not related under ~. Let S € 2. Then the left
side of (x) odd and so exactly one of |Agrg| and |Agy| is even. Hence S ~ Ror S ~ T.
Thus ~ has exactly two equivalence classes and all the parts of the lemma are proved. [

Back to Sym(n). Let A = {(i,5) | 1 < 4,57 < n,i # j}. Then Sym(n) acts on A.
Define (7,j) ~ (k,1) iff (k,1) = (i,7) or (k,l) = (j,4). Define Q as in the previous lemma.
Clearly Sym(n) acts on €2 and also on 2/~ (the set of equivalence classes of 7 ~ 7). Let
R={(i,j)1 <i<j<n}. Then R € Q. The 2-cycle (1,2) maps R to (RU{(2,1)})\{(1,2)}.
Thus R and (1, 2)R are not related under ~ and so Sym(n) acts non trivially on €2/ ~, which
is a set of size 2. The kernel of the action is a normal subgroup of index two.

The following lemma is an example how the actions on a subgroup can be used to
identify the subgroup.

Lemma 2.10.28. Let n be an integer with n > 5. Let G = Sym(n) or Alt(n) and let
H < G with |G/H|=n. Putl =|G/H and i = H € I. Let ¢ be the action of G on I be
left multiplication. Then G acts faithfully on I, |I| =n and

(a) If G = Sym(n), then G° = Sym(I), H = H® = Stabgyy (i) = Sym(n — 1).
(b) If G = Alt(n), then G° = Alt(I), H = H® = Stabpjy(p) (i) = Alt(n — 1).

Proof. We will write Xy for Stabx(Y). Let g € G;. Then gH = H and so g € H and
Gr < H. Thus |G/G(| > |G/H| =n > 2 and so Gy # Alt(n) and G; # Sym(n). By [2.7.12]
and the only normal subgroups of G are {e}, Alt(n) and Sym(n). By [2.10.6]f]),
G; 9 G and so Gy = {e}, G acts faithfully on I and G = G°. In particular, |G°| = |G|.
Since |I| = |G/H| = n we have Sym(I) = Sym(n) and so |Sym(I)/G°| < 2. Therefore
G° < G and by G° = Sym(I) in () and G® = Alt(I) in (b) Note that H® fixes an
element ¢ in I, namely ¢ = H. Thus H® < Sym(I);.
Suppose G = Sym(n). Then |Sym(]);| = |Sym(n —1)| = |H| = |H®| and so

H >~ H® =Sym(I); = Sym(n — 1)

Suppose G = Alt(n). Then [Sym(I);/H®| = 2, H® < Sym(I); = Sym(n — 1) and so by
H = H° = Alt(I); = Alt(n — 1). O
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Example 2.10.29. The goal of this example is to find a subgroup of Sym(6) whihc is
isomorphic to Sym(5) but acts tranistively on {1,...,6}. For this let J be the set of
subgroups of order five in Sym(5). Let F' € J and (1) # f € F. Then |f| divides F| =5
and so |f| = 5, F = (f) and any f is a five cycle. So f = (abede) for some pairwise
a,b,c,d, e. Since thare are 5! choices for a, b, ¢, d, e but (abcde) = (bedea) . . . (eabebde) there
are %' == 24 5-cycle in Sym(4). Each F' € J contains four 5-cycles and F}y N Fy = {(1)} for
Fy #Fy e J. Thus [J| = 2! = 6. Fori =1,2 let Let F; € J and (1) # fF. By [2.7.5({b),
f2 = 9f1 for some g € Sym( ). Thus

I =9%f1) = (°h) = f2) =

and so Sym(5) acts tranistively on J. Note that Sym(5); < Sym(5)p for any F' € J. Since
|Sym(5)/Sym(5)r = | = |J| = 6, Sym(5)r has order 24 and so [Sym(5)s| < 24. Since
Sym(5) s is normal in Sym(5) and the only normal subgroups of Sym(5) are {(1)}, Alt(5)
and Sym(5), we conclude that Sym(5); = {(1)}. So Sym(5) acts faithfully on J. Thus
Sym(J) contains a subgroup isomorphic to Sym(5) and acting transitively on .J. Since
|J| = 6 it follows that Sym(6) contains a subgroup H isomorphic to Sym(5) which acts
transitively on {1,2,...,6}.

On the other hand by [2.10.28 H fixes the point i = H in the Sym(6)-set I = Sym(6)/H.
This seems to be contradictory, but isn’t. The set I is a set with six elements on which
Sym(6) acts but it is not isomorphic to the set {1,2,3,4,5,6}. So Sym(6) has two non-
isomorphic action on sets of size six. Indeed this also follows from Homework 4#4: Let
a : Sym(6) — Sym(6) be an isomorphism which is not inner. Let ¢, be the corresponding
action of Sym(6) on {1,...,6}. It is fairly easy to see that since « is not inner, ¢, is not
isomorphic the standard action of Sym(6) on {1,...,6}. (see Homework 5#1).

2.11 Sylow p-subgroup

Hypothesis 2.11.1. Throughout this section G is a finite group and p a prime.

Definition 2.11.2. A p-subgroup of G is a subgroup P < G which is a p-group. A Sylow
p-subgroup S of G is a mazimal p-subgroup of G. That is S is a p-subgroup of G and if
S < Q for some p-subgroup @, then S = Q. Let Sylp(G) be the set of all Sylow p-subgroups
of G.

Let n € Z* and n = p*m with k € N, m € Z* and p { m, then n, = p*. n, is called the
p-part of n. Often a Sylow p-subgroup is defined to be a subgroup of order |G|,. This turns
out to be equivalent to our definition (see (]ED and ), but I prefer the above
definition for two reason: 1. It is easy to see that Sylow p-subgroups exists ( see the next
lemma). 2. The given definition also makes sense for infinite groups ( allthough infinite
groups may not have a Sylow p-subgroup).

Lemma 2.11.3. (a) Any p-subgroup of G is contained in a Sylow p-subgroup of G. In
particular, Syl,(G) is not empty.
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(b) Let S < G with |S| = |G|,. Then S is a Sylow p-subgroup of G.

Proof. @ Let P be a p-sugroups and let S be a p-subgroup of G such that |S| is maximal
with respect to P < S. We claim that S € Syl,(G). For this let Q be a p-subgroup of G
with S < @. Then also P < @ and so by maxiality of |S|, |Q| < |S|. Since S < @ this gives
S =@ and so S € Syl,(G).

In particular, {e} is contained in a Sylow p-subgroup of G' and so Syl,(G) # 0.

(]E[) Let @ be a p-subgroup of G with S < Q. By Lagrange’s, |Q| divides |G. Since |Q|
is a power of p, |Q| divides |G|, = [S|. Thuse |Q| < [S] and S = Q. So S € Syl,(G). O

Example 2.11.4. 1. Let G = Sym(5). Then |G| = 5! = 120 = 23-3-5. Thus by 2.11.3@,

((123)) € Syl3(G)
((12345)) € Syls(G)
Dihg € Sylz(G)

Here Dihg = ((14)(23), (13)) is the automorphism groups of the square 1 2

2. & be a projective plane of order two and G = Aut(€). Then |G| =168 = 23 -3 7. Let
Proposition 2.11.5 (Cauchy). If p divides |G|, then G has an element of order p

Proof. Let X = (z) be any cyclic group of order p. Then X acts on GP by
.iCk * (al, cee ,ap) = (a1+k,a2+k sy Qp, A1y .. ,ak).
Consider the subset
S={(ai,...,ap) € G | a1az...ap, = e}.

Note that we can choose the first p — 1 coordinates freely and then the last one is uniquely
determined. So |S| = |G|P~!.
We claim that S is X invariant. For this note that

-1
a; —1

(araz...ap)™ =ay (a1...ap)a; =ag...apa;.

Thus aias...a, = e if and only if as...apa; = e. So X acts on S.

From 2.10.21] we have

|S| = |Fixg(X)| (mod p)
As p divides |G/, it divides | S| and so also |Fixg(X)|. Hence there exists some (a1, as, . ..a,) €
Fixg(X) distinct from (e, e,...,e). But being in Fixg(X) just means a; = az = ...a,. Be-
ing in S implies a’f = ajas...a, = e. Therefore a; has order p. ]
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The following easy lemma is crucial for our approach to the theory of Sylow p-subgroups.

Lemma 2.11.6. Let P € Syl,(G) and o € Aut(G). Then a(P) € Syl,(G). In particular,
G acts on Syl,(G) by conjugation.

Proof. Since « is an bijection, |P| = |a(P)| and so «(P) is a p-group. Let Qbe a p-
subgroup of G with a(P) < Q. Then a~(Q) is a p-subgroup of G with P < a~(Q) and
the maximality of P implies P = a~1(Q). Thus a(P) = Q and «(P) is indeed a maximal
p-subgroup of G.

Let g € G. Then 9P =i4(P) € Syl,(G). Thus Syl,,(G) is subset of P(G) invariant under
the action by conjugation. Therefore G acts on Syl,(G) be conjugation. O

Theorem 2.11.7 (Sylow’s Theorem). Let G be a finite group, p a prime and P € Syl ,(G).
(a) All Sylow p-subgroups are conjugate in G.

(b) ISyl (G)| = |G/ Na(P)| =1 (mod p).

(¢) |P|=|Glp-

Proof. Let S = P :== {9P | g € G}. So S is the set of Sylow p-subgroups conjugate to P.
First we show

1°. P has a unique fized-point on S and on Syl,(G), namely P itself

Indeed, suppose that P fixes Q € Syl,(G). Then P < Ng(Q) and PQ is a subgroup

of G. Now |PQ| = ||§Lg‘ and so PQ is a p-group. Hence by maximality of P and Q,
P=PrPQ=qQ.

2°.  S=1 (mod p).

By Fixs(P) = 1 and by Fixed-Point Formula [2.10.21 |S| = |Fixs(G)| (mod p). So
holds.

3% Syl,(G) =S and so (@) holds

Let @ € Syl,(G). Then [Fixs(Q)| = |S| =1 (mod p). Hence @ has a fixed-point T € S.
By applied to @, this fixed-point is Q. So Q =T € S.

4°, @ holds.

By and Syl,(G)| = |S] = 1 (mod p). Note that N Ng(P) is the stabilizer of
P in G with respect to conjugation. As G is transitive on S we conclude from 2.10.14@
that |S| = |G/Ng(P)|. Thus (b) holds.

5°.  p does not divides | Ng(P)/P|.
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Suppose it does. Then by Cauchy’s theorem there exists 1 # a € N Ng(P)/P with
la| = p. Put A = (a). Then A| = p. By the Correspondence Theorem (Homework 4#1),
A = Q/P for some P < @ < Ng(P). Since |Q| = |Q/P| - |P| = |Alcdot|P| = p|P|, Q is a
p-group with P < @, a contradiction to the maximality of P.

6°. @ holds.
By (b) and (5%, p divides neither |G/ Ng(P)| nor | Ng(P)/P|. Since

|G| = |G/NNa(P)|-[Na(P)/P|-|P|

we get that p does not divide |G/P|. Hence |G|, divides |P|. By Lagrange’s | P| divides |G]|
and so also |G|,. Thus |P| = |G|,. and (] holds. O

Corollary 2.11.8. Let P € Syl,(G) and M 1 G.

(a) Let Q be a p-subgroup of G. Then Q € Syl,(G) if and only if |Q| = |G|, and if and
only if p does not divide |G/Q)|.

(b) P <G if and only if P is the unique Sylow p-subgroup of G.
(¢c) PN M € Syl,(M) and PM/M € Syl (G/M).

Proof. Since |Q| is a power of p, |Q| = |G|, if and only if p does not divide U. If
b p P yirp

|Q| = |G/, then by 2.11.3@, Q € Syl,(G) and if Q € Syl,(G) then by“. Q| = |G|p
Since all Sylow p-subgroups are conjugate, Syl,,(G ) = {gP | g € G}. Hence Syl (G) =
{P} if and only if P =9P for all g € G.
By () p does not divide |G/P|. Also

G| _ |G| [MP|

Pl = p] b = G/M/PM/MIM/POM

and so neither
|G/M /|PM/M| nor [M/P N0 M| are divisible by p. So (d) follows from (al) O

As an application of Sylow’s theorem we will investigate groups of order 12,15,30 and
120. We start with a couple of general observation.

Lemma 2.11.9. Let P € Syl,(G) and put N = Stabg(Syl,(G)).

(a) Let sp :=|Syl,(G)|. Then s, divides % ,5p =1 (mod p) and sp|Gp| divides |G]|.
(b) P < PN. In particular, P is the unique Sylow p-subgroup of PN.

(¢c) NNP <G. In particular P < N if and only if P < G and if and only if N = G.

(d) The map
Sylp(G) — Sylp(G/N) Q — QN/N

s a bijection.
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Proof. (a)) By R11.7({b), s, = |G/ Na(P)| =1 (mod p). Also

I6l 16l _ 16l INa(P) _ | INa(P)],
Gl, [P T INeP) [P (P

So s, divides %

@ Since N < Ng(P), P < PN. So by (applied to PN in place of G), PN
has exactly one Sylow p-subgroup.

Since P < PN, NN P < N. So by (]E[), N N P is the only Sylow p-subgroup of
N. Let g € G. Then by IN N P is a Sylow p-subgroup of N and so equal to N N P.
Thus NN P <d.

(d) By PN/N € Syl,(G/N).

Since every Sylow p-subgroup of G/N is of the form (PN/N)9¥ = PIN/N the map is
onto. Suppose that PN/N = QN/N. Then Q@ < PN and so by (b)) @ = P. Thus the map
is also one to one. O

Lemma 2.11.10. Let G be a finite group of order 2n with n odd. Then G index a normal
subgroup of index 2.

Proof. By Cayley’s Theorem , G is isomorphic to G', (the image of G in Sym(G)
under the homomorphism @ corresponding the action - of G and G by left multiplication.
Let t € G be an element of order 2. Since tg # g for all g € G, ¢t and so also t = ®'(¢) has
no fixed-points on G. Hence t has n-cycles of length 2 and so ¢ is an odd permutation.

Thus G* £ Alt(G) and G* N Alt(G) is normal subgroup of index 2 in G'. O

Lemma 2.11.11. (a) Let G be a group of order 12. Then either G has unique Sylow
3-subgroup or G = Alt(4).

(b) Let G be group of order 15. Then G = Z/3Z x Z/5Z.

(c) Let G be a group of order 30. Then G has a unique Sylow 3-subgroup and a unique
Sylow 5-subgroup.

Proof. @ By the number of Sylow 3 subgroups divides % is 1 (mod 3). Thus
ISyl;(G)| = 1 or 4. In the first case we are done. In the second case let N = Stabg(Syl;(G)).
By G/N still has 4 Sylow 3-subgroups. Thus |G/N| > 4-3 =12 = |G|, N = {e}
and G is isomorphic to a subgroup of order 12 in Sym(4). Such a subgroup is normal and
so G = Alt(4) by .7.12]

The numbers of Sylow 5-subgroups is 1 (mod 5) and divides 1—35 = 5. Thus G has
a unique Sylow 5-subgroup Ss. Also the number of Sylow 3 subgroups is 1 (mod 3) and
divides 2 = 5. Thus G has a unique Sylow 3-subgroup S3. Then S3 N S5 = 1, |S355| = 15

3
and so G = S355. Hence by

G = 83 x S5 2 Z/37 x Z/5Z. = 7,/151.
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where the latter isomorphism holds since we just proved that any group of order 15 is
isomorphic to Z/3Z x Z/5Z.

By any group which as order twice an odd number has a normal subgroup
of index two. Hence G has a normal subgroup of order 15. This normal subgroup contains
all the Sylow 3 and Sylow 5-subgroups of G and so follows from (]ED O

Lemma 2.11.12. Let G be a group of order 120. Then one of the following holds:
(a) G has a unique Sylow 5-subgroup.

(b) G =Sym(5).

(c) |Z(G)| =2 and G/ Z(G) = Alt(5).

Proof. Let P < Syls(G) and put I = Syl;(G).

If | 7] = 1, (a) holds.

So suppose that [I| > 1. Then by2.11.9), |[I| =1 (mod 5) and |I] divides |G/P| = 24.
The numbers which are larger than 1, are less or equal to 24 and are 1 (mod 5) are 1,6,11, 16
and 21. Of these only 6 divides 24. Thus || = 6. Let ¢ : G — Sym([) be the homomorphism
corresponding to the action of G on I. Put N = ker ¢ and H = ¢(G). Then H is subgroup
of Sym(I) & Sym(6) and H = G/N. By R.1L.9(d), G/N (and so also H) has exactly six
Sylow 5-subgroups. In particular the order of H is a multiple of 30. By , |H| # 30.

Suppose that |[H| = 120. Then N =1 and so G = H in this case. Now H < Sym([) =
Sym(6). Thus [2.10.28|(a) implies G = H = Sym(5).

Suppose next that |[H| = 60. If H ¢« Alt(I), then H N Alt(I) is a group of order 30
with six Sylow 5-subgroups, a contradiction to Thus H < Alt(I) = Alt(6). So by
2.10.28([b), H = Alt(5). Since [N| =2 and N <G, N < Z(G). Also ¢(Z(G)) is a abelian
normal subgroup of H = Alt(5) and so ¢(Z(G)) = e. Hence N = Z(G) and

G/ Z(G) = G/N = H = Alt(5).
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Chapter 3

Rings

3.1 Rings

Definition 3.1.1. A ring is a tuple (R, +,-) such that

(a) (R,+) is an abelian group.

(b) (R,-) is a semigroup.

(c) For each r € R both left and right multiplication by r are homomorphisms of (R, +)

3.1.2 (Ring Axioms). Unwinding definitions we see that a ring is a set R together with two
binary operations + : R x R — R, (a,b) > a+band -: R x R— R,(a,b) — ab such that

Rl) (a+b)+c=a+ (b+c) forall a,b,c€ R

R2) There exists Ogr € R with Og +a=a =a + Og for all a € R.

R3) For each a € R there exists —a € R with a + (—a) =0 = (—a) + a.

R5) a(bc) = (ab)c for all a,b,c € R.

(R1)
(R2)
(R3)
(R4) a+b=b+aforalabe R
(R5)
(R6) a(b+ c) = ab+ ac for all a,b,c € R.
(R7)

R7) (a+b)c=ab+ ac for all a,b,c € R.

Definition 3.1.3. Let R and S be rings. A ring homomorphism is a map ¢ : R — S such
that ¢ : (R,+) = (S,+) and ¢ : (R, ) — (S,-) are homomorphisms of semigroups. A bji-
jetcive ring homomorphism is called a ring isomorphism and R and S are called isomorphic
and we write R =2 S if there exists a ring isomorphism from R to S.

Note that ¢ : R — S is an homomorphism if and only if ¢(r + s) = ¢(r) + ¢(s) and
o(rs) = ¢(r)p(s) for all r, s € R.

73
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Definition 3.1.4. Let (R,+-) be a ring. An identity in R is an element 1r which is an
identity for -, what is 1gr = r = rlg for all r € R. If there exists an identity in R we say
that R is a ring with identity. R is called commutative if - is commutative, that is rs = sr

for allr,s € R.
In the following lemma we collect a few elementary properties of rings.

Lemma 3.1.5. Let R be a ring.

(a) 0a =a0 =0 for alla € R

(b) (—a)b=a(—b) = —(ab) for all a,b € R.

(c) (—a)(—b) =ab for all a,b € R.
(

(d) (na)b = a(nb) =n(adb) for all a,b € R,n € 7Z.
(e) (Z?:Nli)(zg 1b5) =220 12] 1 @ibj

Proof. This holds since since right and left multiplication by elements in R are homomor-
phisms of (R,+). For example any homomorphism sends 0 to 0. So (&) holds. We leave
the details to the reader. O

Example 3.1.6. 1. (Z,+,-), (C,+,-) and (Z/nZ,+,-) are rings.

2. Let A be an abelian group and End(A) the set of endomorphisms of A, (that is the
homomorphisms from A to A). Define (a+f)(a) = a(a)+B(a) and (o) (a) = a(B(a)).
Then (End(A),+,0) is a ring called the endomorphism ring of A.

3. Let V be a vector space over R. Let Endgr(V) be set of R-linear maps from V' to V.
Then (Endg(V),+,0) is a ring called the endomorphism ring of V over R.

4. Let (A,+) be any abelian group. Define - : A — A, (a,b) — Og. Then (A,+,) is a
ring, called the ring on A with zero-multiplication.

5. Up to isomorphism there is unique ring with one element:

+10 - 10
010 0|0
6. Up to isomorphism there are two rings of order two :

+10 1 10 1
0/0 1 010 O
111 0 110 n
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Here n € {0,1 for n = 0 we have a ring with zero-multiplication For n = 1 this is

7. Rings of order order 3 up to isomorphism:

+]10 1 -1 0 1 -1
0oj0 1 -1 010 O 0
1 1 -1 0 110 n —n
—-1{-1 0 1 -1/0 —n n

Indeed if we define n =1-1, then (=1)-1= —(1-1) = —n. Here n € {0,1,—1}. For
n = 0 this is a ring with zero multiplication. For n =1 this is (Z/3Z,+,-). For n = —1
we see that —1 is an identity and the ring for n = —1 is isomorphic to the ring with
n = 1 case under the bijection 0 <+ 0, 1 < —1.

At the end of this section we will generalize these argument to find all rings whose

additive group is cyclic.

8. Direct products and direct sums of rings are rings. Indeed, let (R;,i € I) be a family
of rings. For f,g € X,.;R; define f + g and fg by (f + g)(i) = f(i) + g(i) and
(fg9)(@) = f(i)g(i). With this definition both X, ; R; and €,.; R; are rings. each R;
as an idendity 1;, then (1;);cs is an indentity of X, ; R;. Note that if I is infinite

= (Li)ier
usually is not in @, ; R; and so @,; R; usually does not have an indentity.

If each R; is commutative then both X, ; R; and EBie ; i have an identity.

Definition 3.1.7. Let R be a ring and G be semigroup. The semigroup ring R[G| of G
over R is defined as follows:

For g € G let Ry = R. As an abelian group we put R[G] = @, Ry. Define

geG

(Tg)geG : (Sg)geG = (tg>geG
where 1,

- Z{(h,Z)EGXGml:g} ThS1

Note that since the elements in ®g€G R, have finite support all these sums are actual
finite sums.

Forr e R and g € G we denote py(r) by rg, so (see

(rg)g =1 and (rg)n, = 0g for h # g

Lemma 3.1.8. Let G be a semigroup and R a ring.
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(a) (R[G],+,") is a ring.
(b) For each a € RG ther exists uniquely determined ry € R, g € G with ry = O for almost
all g € G and
a= Z g9
geG

(C) ZgEG reg + ZgEG S99 = EgEG’(Tg + 89)9'
(d) deG Teg  Doneg Shh = deG,heG(TgSh)gh-
(e) If R and G have an identities, then 1geq is an identity in R[G].
(f) If R and G are commutative, R|G] is too.
Proof. This is Homework 6#1. O

3.1.9 (Identities in Group Rings). If R|G] has an identity, then R has an identity. Indeed
r = ). rgg is an identity in R[G]. Let a = > r,. We will show that a is an identity in R.
Let s € R* and g € G. Then

sh =r(sh) = Z(rgs)gh.

Summing up the coefficients we see that s = (sumgegry)s = as. Similarly sa = s and so a
is an identity in R. If R has an identity 1, we identify g with 1g.

Here is an example of a semigroup G without an identity so that ( for any ring R with
an identity) R[G] has an identity. As a set G = {a,b,7}. Define the multiplication by

z ifx=y
TY =3 .
1 ifx#y

Then
x ife=y==z

(zy)2 = (ay)z {z otherwise
Hence the binary operation is associative and G is a semigroup. Put r = a + b —i € R[G].
We claim that r is an identity. We compute ar = ra = aa +ab—ai = a+1i —1i = a,
br=rb=ba+bb—bi=i+b—i=bandir =ri=1dia+ib—ii =i+1i—1i=1i. As R[G]|
fulfills both distributive laws this implies that r is an identity in R[G].

Suppose R[G] is commutative, then

(rs)(gh) = (rg)(sh) = (sh)(rg) = (sr)(hg) = (rs)(hg).

So if rs # 0 for some r,s € R we get gh = hg and G is commutative.
But if rs = 0 for all r, s € R then also xzy = 0 for all z, y € R[G]. So R[G] is commutative,
regardless whether G is or not.
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Example 3.1.10. let R be a ring and G a semigroup.
1. If G = {e¢} the R[G] = R.

2. View N has a monoid under addition. Then R|N] is called the the polynomial ring over
R in one variable. To avoid confusion between the addition in N and R we will adopt the
following conventions: We write x for the element 1 € N and use multiplicative notation
for N. Then 2" = n, 2"2™ =n+m = 2" and

RIN] = {}",cnrii | ri € R,almost all r; =0g} =Y.' ra’ |m € N,r; € R}
(i riat) + (g sia) = 3o (ri + 50)'
(i riat) - (2 s5a7) = 30, 2 risga™ = 30, (Sp_o rhSnk) 2

We will denote this ring by R[z].
Definition 3.1.11. Let R be a ring and a € R.
(a) R*\ {0}.

(b) a is left ( resp. right) zero divisor if a # Or and there there exists b € R* with ab =0
(resp. ba =0). a is a zero divisor if a is a left or a right zero divisor.

Suppose now that R has an identity.

(c) a is called (left,right) invertible if it is (left,right) invertible in (R,-). An invertible
element is also called a unit.

(d) R* is the set of units in R.
(e) R is called an integral domain if R is commutative, 1 # Or and R no zero-divisors.

(f) R is called a division ring if 1z # Or and all it non-zero elements are invertible. A field
is a commutative division ring.

Note that a ring with identity is a zero ring ( that is R = {Og} if and only if and only
iflg=0—R. Soin @ and @) the condition 1 # Or can be replaced to R # {Og}.

Lemma 3.1.12. Let R be a ring. Then the following statements are equivalent:
(a) R has no right zero-divisors.

(b) If a,b € R with ab= 0g, then a =0 or b= 0pg.

(¢) R has no left zero-divsors.

(d) The Right Cancellation Law holds, that is
Whenever a,b,c € R with ¢ # Or and ac = bc, a = b.
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(e) The left Left Cancellation Law holds, that is
Whenever a,b,c € R with ¢ # 0g and ca = ¢cb, a = b.

Clearly @ and (]ED are equivalent and similarly (]ED and are equivalent.
Suppose that R has no left zero-divisors and a,b,c € R with ¢ # Or and ab = ac. Then

Or =ac—bc= (a—"Db)c

Since R has no left zero-divisors this implies a — b = O and so a = b. Thus the Right
Cancellation Law holds.

Suppose the Right Cancellation Law holds and let a,b € R with b # 0 and ab = Og.
Then ab = 0g = Or - b and so by the Right Cancellation Law, a = 0g. So R has no left
zero-divisors. Thus and @ are equivalent. Similarly @ and @ are equivalent.

Example 3.1.13. 1. R is a field, Q and C are fields. Z is an integral domain.

2. For which n € Z* is Z,, an integral domain? If n = 1, then Z; is a zero ring and so not
an integral domains. So suppose n > 2. Then 1 # 0 in Z, and thuas Z, is an integral
domain if and only,

n|kl=mn|korn|l

and so if and only if n is a prime. The following lemma implies that Z/pZ is a field for
all primes p.

Lemma 3.1.14. All finite integral domains are fields

Proof. Let R be a finite integral domain and a € R#. As R is an integral domain, multi-
plication by a is a one to one map from R#¥ — R#. As R is finite, this map is onto. Thus
ab = 1 for some b € R. Since R is commutative ba = 1 — R and so all non-zero elements
are invertible. O

For a ring R we define the opposite ring R°? by (R°P?,4+°P) = (R,+), and a P b =b- a.
If R and S are rings then a map ¢ : R — S is called an anti-homomorphism if ¢ : R — S°P
is ring homomorphism. So ¢(a + b) = ¢(a) + ¢(b) and ¢(ab) = ¢(b)p(a).

Let End(R) be the set of ring homomorphism. Then End(R) is monoid under compo-
sition. But as the sum of two ring homomorphisms usually is not a ring homomorphism,
End(R) has no natural structure as a ring.

The map Z — Z/nZ m — m + nZ is a ring homomorphism.

Forr€e Rlet R, : R > R,s = sr and L, : R — R,s — rs. By definition of a ring
R and L, are homomorphisms of (R, +). But left and right multiplication usually is not
a ring homomorphism. The map £ : R — End((R,+)),r — L, is a homomorphism but
the map R : R — End((R,+)),” — R, is an anti-homomorphism. Note that if R has an
identity, then both R and L are one to one.
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Definition 3.1.15. (a) Let G be a group We say that G has finite exponent of there exists
n € Z* with ¢" = e for n for all g € G. If G has finite exponent then exponent
exp(G) of G is the smallest positive integer m with g™ = e for all g € G, otherwise
exp(G) = oo.

(b) Let (R,+,-) be a ring. If (R,+) is finite then the characteristic char R of R is the
exponent of (R,+). If (R,+) has infinite exponent then char G = 0.

Lemma 3.1.16. Let R be a ring with identity.
(a) Let n € Z then nlg = O if and only if nr = Og for all r € R.
(b) Suppose 1r # Or and that R has no zero-divisors. Then char R is 0 or a prime.

Proof. @ If nr = O then clearly nlrp = Or. So suppose nlg = Og. Then for all r € R
nr =n(lgr) = (nlg)r = 0gr =0g

(]E[) Suppose n := charR # 0. If n = 1, then O = 1- 1z = 1R, contrary to the
assumptions. So n > 1. Let n = st with s,t € Z*. Then

Or =nlg = (st)lg = stlglr = (slg)(tlR)

Since R has no zero divisors we conclude that slg = Og or t1g = Og. The minimality
n implies s = n or t = n. Hence n is a prime. O

Let » € R. If R has an identity we define 7 = 1. If R does not have an identity we will
use the convention rs = s for all s € R.

Lemma 3.1.17 (Binomial Theorem). Let R be ring, ai,as...,a, € R and m € Z*.

(a)

n n

(Zaz)m: Z Z Z A Qjy - - - Qg

=1 i1=1142=1 im=1

(b) If ajaj = aja; for all 1 <1i,j <n, then

n
m
D a)™ = > aMal?
mi,ma,...,Mn

i=1 {(m;)eN? |3 m=m}

Proof. (ial) Follows form [3.1.5f and induction on m.
For (b) notice that a;, ...a;, = ai"ay?...a)", where my, = [{j | i; = k}|. So
follows from (]ED and a simple counting argument. O

Lemma 3.1.18. Let n,m,k € Z*.
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(a) If ged(m, k) = 1 or ged(n,m) = 1, then ged(f, k) = 1 for some f € Z with f = n
(mod m).

(b) There exists f € Z so that ged(f, k) =1 and fn = ged(n,m) (mod m)

Proof. @ Suppose first that ged(m, k) = 1. Then 1 — n = Im + sk for some integers [, s.
Thus 1 = (n+ Im) + sk. Put f =n + Im, then ged(n + Im, k) = 1.

Suppose next that ged(n, m) = 1. Write k = kiko where ged(ki, m) = 1 and all primes
dividing ko also divide m. By the first part there exists [ € Z with ged(n + Im, k) = 1.
Now any prime dividing k1, divides m and (as ged(n, m) = 1), does not divide m. Hence it
also does not divide m + Im. Thus ged(n + Im, k) = ged(n + Im, k1) = 1.

@ Let d = ged(n, m). Replacing n be & and m by % we may assume that d = 1. Then
n*n =1 (mod m) for some n* € Z. Since ged(n*,m) = 1 we can apply (a) to n*,m and k.
So there exists f with ged(f, k) =1 and f =n* (mod m). Then also fn =1 (mod m). O

Lemma 3.1.19. Let R be a ring with (R,+) cyclic. Then R is isomorphic to exactly one
of the following rings:

1. Z with reqular addition but zero-multiplication.
2. (nZ/nmZ,+,-), where m € Nyn € Z* and n divides m.

Proof. Let m € N so that (R,+) = (Z/mZ,+) and let a be generator for (R,+). So
a-a = na for some n € Z. Then for all k,l € Z, (ka) - (la) = klna and so the multiplication
is uniquely determine by n. Note that (—a)(—a) = na = (—n)(—a). So replacing a be —a
we may assume that n € N. Also if m > 0 we may choose 0 < n < m.

Suppose first that n = 0. Then by our choice m = 0 as well. So (R,+) = (Z,+) and
rs =0 for all r;s € R.

Suppose next that n > 0. Then the map

nZ/nmZ — R, nk+nmZ — ka

is an isomorphism. If m = 0, these rings are non-isomorphic for different n. Indeed R?> = nR
and so |R/R?| = n. Therefore n is determined by the isomorphism type R.

For m > 0, various choices of n can lead to isomorphic rings. Namely the isomorphism
type only depends on d = ged(n,m). To see this we apply to obtain f € Z with
ged(f,m) =1 and fn=d (mod m). Then 1 = ef + sm for some e,s € Z and so f + mZ
is invertible. Hence also fa is a generator for (R, +) and

(fa) - (fa) = f*na = (fn)(fa) = d(fa).

Also R? = dR and |R/R?| = ™. So d is determined by the isomorphism type of R. O
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3.2 Ideals and homomorphisms

Definition 3.2.1. Let (R,+,-) be a be a ring.
(a) A subring of R is a ring (S, s ,0) such that S is a subset of R and
sat=s+t and sUr=s-t
for all s,t € R.

(b) An left (right) ideal in R is a subring I of R so that rI C I Ir C I for allr € R.
(c) An ideal in R is a left ideal which is also a right ideal.
Lemma 3.2.2. Let R be a ring and S C R such that

(i) Or € S.

(ii)) a+beS foralla,be S.

(iii) —a € S for alla € S.

(iv) ab € S for all a,b € S.

Define +g : S x S — S,(a,b) > a+band -5 :S xS,(a,b) = a-b. Then (S,+g,-5) is a
subring of S.

If S fulfills (1), @), and
(/) rb€ S forallr € R,b € R,
then S is a left ideal.
If S fulfills (1), @), and
(i) ar € S for allT € R,a € R,
then S is a right ideal in G
If S fulfills, @),, , and then S is an ideal.
Proof. Straightforward and we leave the few details to the reader. O
Example 3.2.3. 1. Let n € Z. Then nZ is an ideal in Z.

2. Let V be a vector space over R. Let W be any subset Define
Ann(W) = {a € Endr(V) | a(w) = Oy for all w € W}.

Ann(W) is called the annihilator of W in End(W). We will show that Ann(W) is left
ideal in Endg (V).
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Let o, 8 € Ann(W), v € Endg(V) and w € W, then

OEndz(v) (W) = Ow
(a+ B)(w) = a(w) + B(w) = Oy + 0y = Oy
(yoa)(w) = y(a(w) =~(0v) = Oy
and so by Ann(W) is an ideal.
Lemma 3.2.4. Let ¢ : R — S be a ring homomorphism.
(a) If T is a subring of R, ¢(T) is a subring of S.
(b) If T is a subring of S then ¢~(T) is a subring of R.
(c) ker ¢ an ideal in R.
(d) If I is an (left,right) ideal in R and ¢ is onto, ¢(I) is a (left,right) ideal in S.
(e) If J is a (left,right) ideal in S, then ¢~1(J) is an (left,right) ideal on R.
Proof. Straight forward. O

Theorem 3.2.5. Let R and S be rings. Suppose that one of the following holds.
(i) a: R — S is a ring homomorphism and  : G — (S,-) a semigroup homomorphism
such that
a(r)B(g) = Blg)ar) for allr € R,g € G
(ii) S = R*|G*] for some ring S* and semigroup G*, o : R — R* is a ring homomorphism,
and 8 : G — G* is semigroup homomorphism.

Then
ViR[G =S > rgg > alrg)Bly)

geG

s a Ting homomorphism.

Proof.

geG geG

v (Z reg + Sgg) = (Z(Tg + Sg)g) = alrg+s.)B(9) =
=) (a(ry) + alsg))Blg) = > _alrg)Blg) + > alsy)Blg) =

geG geG geG

() (e
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and

v (Z E Z shh) =7 (Z ( Z rgrh> k) = Za ( Z rgrh) B(k)
geG heG keG \ (g9,h)E€C,gh=Fk keG  \(g,h)EG,gh=k
= Z ( Z oz(rgrh)> B(k) = Z ( Z a(rgrh),é’(gh))
(9:h) (

keG €G,gh=k keG \(g,h)€G,gh=Fk
=3 alrgse)Blgk) = > Y alrg)alsk)B(g)B(k) =
geqG keG g€G ke@

(Z a(rg)ﬁ(g)) : <Z a(Sk)ﬁ(k)> =7 (Z ng) y (Z skk>
9eG ke 9eG keG

Example 3.2.6. 1. Let S be a commutaive ring, R a subring of S and s € S. Define
a:R— S, r—randB:(N,+) = (5,i),n — s'. Then a is a ring homomorphism and
B a semigroup homomorphism. Then by

O]

vs : Rlz] = S, Zriwi — 78t
i=0
is a ring homomorphism. For f € R[z] we denote v4(f) by f(s). Then
For all f,g € R[z] and s € S:

(f+9)(s) =7s(f +9) =7s(f) +7s(9) = f(5) + g(s)
(f-9)(s) =s(f - 9) = vs(F)s(g) = f(s) - fg)

2. Let a: R — S be a ring homomorphism and § : G — H a semigroup homomorphism.
Then by
v:R[G] = S[H] > rgg— > alrg)Blg)

geG

is a ring homomorphism. What is the image and the kernel of 4? Clearly v(R[G]) =
a(R)[B(G)]. Let I = kera. To compute kery note that

’Y(ngg): ZO‘( Z rg)h
ged heH — gep=1(h)

and so

ngg € kery < Z re € I for all h € B(G).
geqG tep—1(h)
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If 8 is a group homomorphism we can describe ker~ just in terms of I = ker«a and

N := ker 8. Indeed the 371(h)’s (h € B(G)) are just the cosets of N and so

ngg € ker g <— Zrt €l foralTeG/N.
geqG teT

Let as consider the special case where R = S, o = idg and H = {e}. Identify R[e] with

R via re <» r. Then ~ is the map

R[G] — R,ngg — ng.

The kernel of « is the ideal

R°[G] = {ngg | ng = 0}
R°[G] is called the augmentation ideal of R[G].
Definition 3.2.7. Let R be a ring and A, B C R. Then
(a) A+ B:={a+b|ac Abec B}.
(b) (A) is subgroup of (R,+) generated by A.
(¢) For 1 <i<nlet A; C R. Then

A1As .. Ay = {a1az...ap | a; € A1 <0 <n)
(d) (A)=(WI|1 is an ideal in R, A C I}. (A) is called the ideal in R generated by A.
Lemma 3.2.8. Let R be a ring and A, B C R.
(a) If If A is a left ideal, then AB is a left ideal.
(b) If B is a right ideal, then AB is a right ideal.
(c) If A is a left ideal in R and B is right ideal, then AB is a ideal in R.
(d) If A and B are (right,left) ideals then A+ B is a (left,right) ideal.
(e) Let (As,i € 1) be a family if (left,right) ideals of R the (\;c; Ai is a (left,right) ideal.
(f) (A) is an ideal.

(9) RA+ (A = ({I| ACI,1I is aleft idealinR}. If R has an identity then RA 4+ (A) =
RA.

(h) AR+ (A) =({I| ACI,I is a right ideal in R}. If R has an identity then AR+ (A) =
AR.
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(i) If (A) = RA+ AR+ RAR+ (A). If R has an identity, then (A) = RAR.

Proof. Let r € Rja € Aand b € B.
(a) Since A is a left ideal, ra € A and so r(ab) = (ra)b € AB. Since left multiplication
by r is a homomorphism, we conclude from [2.6.3(c)) that

rAB =r(ab|ac A,beb) = (rab|ac A,be B) < AB

So AB is left ideal in R. (]ED Similar to @

Follows from @ and (]ED

(d) Suppose A and B are left ideals. Then r(a+b) =ra+rb€ A+ B and so A+ B is
a left ideal. The remaining statements are proved similarly.

@ Suppose each A; is an left ideal. By (Nicr Ai is subgroup of (R,+). Let
a € (ier Ai- The a € A; and so ra; € A; for all i € I. Thus ra; € (\;c; A; and so (;c; A
is a left ideal. The remaining statements are proved similarly.

@ (A) is the intersection of the ideals containing A and so by @, is an ideal.

Clearly RA + (A) is contained in every left ideal containing A, and so also in the
intersection of this ideals. So it suffices to show that RA + (A) is a left ideal. We have
r{A) = (rA) < RA and by (@) also rRA < RA. Hence r(RA+ (A) < RA < RA+ (A) and
RA + (A) is a left ideal.

If R has an identity, the (A) = 1A < RA.

Similar to (lg)).

As in for the first statement it suffices to show that RAR + RA+ AR + (A) is
an ideal. By RA + (A) is a left ideal. Also AR = (AR) and so by RAR+ AR =
R(AR) + (AR) is a left ideal. Hence by (d), RAR+ RA+ AR+ (A) is a left ideal. Similary
it is a right ideal and so an ideal.

If R has an identity, then RA = RAlr, AR = 1grRA and (A) = 1rAlg all all are
contained in RAR. Thus (A) = RAR. O

Lemma 3.2.9. Let I be an ideal in the ring R.
(a) The binary operations
+.rir ¢ R/IXR/I— R/I, (a+I,b+1) — (a+b)+1 and
‘rir 2 R/IXR/I— R/I, (a+I,b+1) — ab+1
are well-defined.
(b) (R/I,+Rrsr> ry/1) is a ring.

(¢) The map
T:R—R/I, r—r+1

is a ring homomorphism with kernel I.
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Proof. @ That +pg/; is well-defined follows from i,j € I. Then (a+1i)(b+j) =
ab+ib+aj+ij. As I is an ideal, ib+aj+ij € I and so (a+1i)(b+j)+ I =ab+ I. Thus
also -p/n is well-defined.
(]E[) By (R/1,4+) is a group. The remaining axiom of a ring are readily verified.
By is a well-defined homomorphism of abelian groups with ker 7 = I. Since

p(ab) =ab+ 1= (a+1) g1 (b+1)=m(a) gr/n 7(b)

and so m is ring homomorphism. O

A little warning: Let a,b € R/I. Then a ‘g1 b is usually not equal to a - b. (Note that
a,b are subsets of R and so a-b= (zy | z € a,y € b).) For example consider R = Z and
a=0b=1=27. Then

27 - 27 = 47 and 2Z - 7)95 27 = (0 + 2Z) -z/97, (0 + 2Z) = 0 + 27,

Nevertheless we still usually just write ab for a -g/n b if its clear from the context that
are viewing a,b as elements of R/I and not as subsets of R.

Theorem 3.2.10 (The Isomomorphism Theorem for Rings). Let ¢ : R — S be a ring
homomorphism. Then the map

¢: R/ker¢p — ¢(R), r+kerp— o(r)
is a well-defined isomorphism of rings.

Proof. By the Isomorphism Theorem for groups this is a well-defined isomorphism
for the additive groups. We have

3((a + ker ) (b + ker 6)) = B(ab + ker ¢) = d(ab) = ¢(a)p(b) = d(a + ker $)B(b + ker ¢)
and ¢ is a ring isomorphism. O

We will see below that any ring R can be embedded into a ring S with an identity.
This embedding is somewhat unique. Namely suppose that R < .S and S has an identity.
Then for n,m € Z and r,s € R we have (nl + r)+)(ml+s) = (n+m)l + (r + s) and
(nl47)(ml+s) = (nm)l+ (mr+ns+rs). So already Z1+ R is a ring with 1, contains R
and the addition and multiplication on Z1 + R is uniquely determined. But there is some
degree of freedom. Namely Z1 + R does not have to be a direct sum.

Let R =7 x R as abelian groups. We make R into a ring by defining

(n,r)-(m,s) = (nm,ns +mr+rs).

Then (1,0) is an identity in R. The map ¢ : R — S, (n,7) — nl+7 is a homomorphism with
image Z1 + R. Let us investigate ker ¢. (n,r) € ker ¢ iff r = —nl. Let kZ be the inverse
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image of Z1 N R in Z. Also put t = k1 and Dy, = {(lk,—It) |l € Z}. Then ker ¢ = Dy ;.
Hence R/Dm =71+ R.

Now which choices of £ € Z and t € R can really occur? Note that as t = —nl,
tr = kr = rt. This necessary condition on k and ¢ turns out to be sufficient:

Let Kk € Z. t € R is called a k-element if tr = rt = kr for all » € R. Note that a
l-element is an identity, while a 0-element is an element with tR = Rt = 0. Also if a and
b are k-elements, then a — b is a O-element. So if a k-elements exists it unique modulo the
zero elements.

Suppose now that ¢ is a k-element in R. Define D, has above. We claim that Dy ; =
Z(k,—t) is an ideal in R. For this we compute( using rt = kr)

(n,r) - (k,—t) = (nk,kr — nt — rt) = (nk, kr — nt — kr) = (nk, —nt) = n(k, —t).

So Dy is a left ideal. Similarly, Dy is a right ideal. Put Rj; = R/Dkﬂg. Then Ry ;
is a ring with identity, contains R ( via the embedding r — (0,7) + Dj;) and fulfills
Z1N R = kZ1 =Zt.

Note that if ¢ is an k-element and s an [-element, then —¢ is an —k element and t + s
is an (k + [)-element. Therefore the sets of k € Z for which there exists a k-element is a
subgroup of Z and so of the form ¢Z for some i € N. Let u be a i-element. R;, is in some
sense the smallest ring with a identity which contains R. Also if R has no 0-elements, u
and so R;, is uniquely determined.

For example if R = nZ, then ¢ = n = v and R;, = Z. Indeed R=7x nt, Dypy =
{(jn, —jn) | j € Z}, R = Z(1,0)oplusD,, ,, and the map Ry, — Z, (j,7) + Dypn — j+ 7 is
an isomorphism between R, , and Z.

Next we will show that R can be embedded into a ring with identity which has same
characteristic as R. Put n = char R, then 0 is an n-element. Also D, o = nZ x {0} and
R,o = Z/nZ x R as abelian groups. So R, has characteristic n. On the other hand

R = Ry always has characteristic 0.
Definition 3.2.11. Let I be an ideal in the ring R with I # R.
(a) I is prime ideal if for all ideals A, B in R

AB<I <+—= A<IorB<I

(b) I is a maximal ideal if for each ideal A of R.

I<ACR<—=A=1orA=R.

Example 3.2.12. Let I be an ideal in Z with I # Z. Then [ is a subgroup of Z and so
I = nZ for some n € N with n # 1. Let A = aZ and B = bZ with a,b € N. Then AB = abZ
and so AB < [ if and only if n | ab. Also nZ < aZ if and only if n | a and so [ is a prime
ideal if and only if
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<nlab<=mnlaorn|a

This is this is case if and only if n = 0 or n is a prime. So the prime ideals in Z are {0}
and pZ, p a prime.

I is a maximal ideal if and only if nZ < aZ implies nA = aZ or aZ = 7. So if and only
if a | n implies n = a or n = 1. This is the case if and only if n is a prime. So the maximal
ideals in Z are pZ, p a prime.

Lemma 3.2.13. Let P be an ideal in the ring R with P # R.

(a) If for all a,b € R,
abe P<—=a€cPorbeP

then P is a prime ideal
(b) If R is commutative, the converse of (a) holds.
(¢) If R is commutative, then P is a prime ideal if and only R/P has no zero divisors.

Proof. @ Let A and B are ideals in R with AB < P. We need to show that A < P or
B < P. So suppose A £ P and pick a € A\ P. Since ab € P for all b € B we conclude
be Pand B<P.

Suppose that P is prime ideal and a,b € R with ab € P. Note that (a) = (a) + Ra =
{na+ra|n€a,r e R} Let n,mZ and r,s € R. Then

(na + ra)(mb+ sa) = (nm)ab + (ns +mr +rs)ab

and so (a)(b) C (ab) C P. As P is prime ideal , (a) C P or (b) C P. Hencea € Por b € P.
Just note that the condition in @ is equivalent to saying that R/P has no zero
divisors. O

Lemma 3.2.14. Let R be a non-zero commutative ring with identity and P an ideal in R.
Then P is prime ideal if and only if R/ P is an integral domain.

Proof. If P is a prime ideal or if R/P is an integral domain we have that R # P. So the
lemma follows from B.2.13k. O

Theorem 3.2.15. Let R be a ring with identity and I # R be an ideal. Then I is contained
i a maximal ideal. In particular every non-zero ring with identity has a maximal ideal.

Proof. The second statement follows from the first applied to the zero ideal. To prove the
first we apply Zorn’s lemma[A.6] For this let M be the set of ideals J of R with I C J C R.
Order M by inclusion and let C be a nonempty chain in M. Let M = UC. By [A.7| M is an
ideal. Clearly I C M. Also 1p is not contained in any member of C and so 1z ¢ M. Hence
M # R and M € M. Thus every chain has an upper bound and so by Zorn’s Lemma M
has a maximal element M. If M C A for some ideal A # R, then I C A, A € M and so by
maximality of M in M, A= M. Thus M is a maximal ideal. O
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Theorem 3.2.16. Let M be a mazximal ideal in the ring R. Then M is a prime ideal if
and only R2 C M. In particular if R is a ring with R2 = R or a ring with identity then
every mazximal ideal is a prime ideal.

Proof. We will show that R? C M if and only if M is not a prime ideal.

Suppose R2 = RR C M. Since R is an ideal in R and R ¢ M, we conclude that M is
not a prime ideal.

Suppose that M is not a prime ideal. Then AB C M for some ideals A and B with
A< M and B <« M. By @, A+ M and B + M are ideals in R. So he maximality of
M implies R=A+ M = B+ M. Thus R> = (A+ M)(B+ M) C AB+ M C M.

If R has an identity, then R? = R and if R? = R, then R? £ M. So the second statement
follows from the first. O

Definition 3.2.17. Let R be a ring.
(a) A subring of S of R is called proper, if S # {Ogr} and S # R.
(b) R is called simple if R* # {Ogr} and R has no proper ideals.

Lemma 3.2.18. (a) Let R be a division ring. Then R has non proper left or right ideals.
In particular, R is simple.

(b) Let R be commutative ring with identity. The R is simple if and only if R is a field.

Proof. @ Let I be an non-zero left ideal in R and pick Og # i € I. Then 1 =i~ 'i € RI C
R and so R = Rlg C I. Similarly R has no -proper right ideals. Since 0, # 1 = 1% € R?,
R? # {0g} and so R is simple.

@ Let R be simple commutative ring with identity. Ogr # a € R. Since R has an
identity, Ra is non-zero ideal. As R is simple Ra = R. Thus ra = 1g for some r. As R is
commutative, ar = 1p and so r has an inverse. Since R is simple, R ## {0r} and so also
1r # Ogr. Hence R is a field.

If R is a field, then by @, R is simple. ]

Lemma 3.2.19. Let R be a ring and M an ideal in R. Then R/M s simple if and only if
M is a mazimal ideal with R* £ M.

Proof. In both cases M # R and so we may assume R # M. (R/M)? # Og/nm if and only
if R? £ M. R/M has no proper ideals if and only if there does not exists an ideal J with
I < J £ R and so if and only if M is a maximal ideal. O

If I is an ideal we will sometimes write a = b (mod I) ifa+I =b+1, thatisifa—b € I.
If R=7 and I = nZ then a = b (mod nZ) is the same as a = b (mod n).

Theorem 3.2.20 (Chinese Remainder Theorem). Let (A;,i € I) be a family of ideals in
the ring R.
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(a) The map 6 :
R/( 4~ ] R/A

el 1€EA;
r (A = (r+ Adier
i€l

is a well defined monomorphism.
(b) Suppose that I is finite, R = R*+ A; and R = A; + A;j for alli# j € I. Then

(b) 0 is an isomorphism.

(¢) Fori € I let b; € R be given. Then there exists b € R with
b=0b; (mod A;) foralliecl

Moreover, b is unique (mod (), A;).

Proof. @ The map r — (r + A;)ier is clearly a ring homomorphism with kernel (), A;.
So @ holds.

(b:al) For 0 # J C I put Ay =(;c; Aj. We will show by induction on |J| that
R=A;+A,

forall ) # J C I'\{i}. Indeed if |J| = 1 this is part of the assumptions. So suppose |J| > 1,
pick j € J and put K = J \ {j}. Then by induction R = A; + Ax and R = A; + A;. Note
that as A; and Ag are ideals, A;Ax C A; N Ag = Ay Thus

R? = (Ai—i-Aj)(Ai-i-AK) - Ai—i-AjAK CA+ Ay

Hence R=A; + R2=A; + A;.

(b:b) By (&) we just need to show that 6 is onto. For |I| = 1, this is obvious. So suppose
I| > 2. Let

T = (Ii)ie[ S H R/Ai.

i€A;
We need to show that = 0(b) for some b € R. Let x; = b; + A; for some b; € R. By (ba),
we may choose b; € (;¢; 2y Aj. So b; € A; for all j # i. Thus

z; ifj=i
0(b:); = e,
0 ifj#i4
Put b, ;b;. Then 0(b); = z; and so 0(b) = .
(b:c) This is clearly equivalent to (jb:b) O
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The special case R = Z is an elementary result from number theory which was know
to Chinese mathematicians in the first century A.D. To state this result we first need to
observe a couple of facts about ideals in Z.

Let m,m be positive integers. gcd(n,m) denotes the greatest common divisor and
lem(n, m) the least common multiple of n and m. Then

nZ NmZ = lem(n,m)Z

and
nZ + mZ = ged(n, m)Z

In particular n and m are relatively prime if and only if nZ + mZ = Z. So part (b:c]) of the
Chinese Remainder Theorem translates into:

Corollary 3.2.21. Let my,...m, be positive integers which are pairwise relatively prime.
Let by, ..., b, be integers. Then there exists an integer b with

b=b;, (modmy) foralll<i<n

Moreover, b is unique (mod mims ... my)

3.3 Factorizations in commutative rings

Definition 3.3.1. Let R be a commutative ring and a,b € R.

(a) We say that a divides b and write a | b, if (b) C (a).

(b) We say that a and b are associate and write a ~ b, if (a) = (b)

(c) We say that a is proper if {0} # (a) # R.

Lemma 3.3.2. Let R be a commutative ring and a,b € R.

(a) a~b<=al|bandb|a.

(b) The relation | on R is reflexive and transitive.

(¢) The relation ~ on R is an equivalence relation.

(d) If R has an identity, then a | b if and only if b = ra for some r € R.

Proof. Obvious. O

Lemma 3.3.3. Let R be a commutative ring with identity and w € R. The following are
equivalent

(a) u is a unit.

(b) u|lg
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(¢c) u|r forallr € R

(d) r ~ur for allrT € R.

(e) u~1g

(f) (u) =R

(9) u is not contained in any maximal ideals of R.

Proof. @) = (]ED: If u is a unit, then ru = 1 for some r € R and so u | 1g.

@) = (J: Since 1g |7, u|1x implies u | r.

— @: We have u | 1g. Hence 1 = su for some s € R. Thus r = 1gr = (su)r =
s(ur) and so ur|r. Clearly r|ur and so u ~ ur.

@ == @: Choosing r = 1g in @ we see that 1, =~ ulrp = u.

() = (@: Suppose u ~ 1g, then (u) = (1g) = R.

() = (g): Suppose R = (u) and let M be a maximal ideal of R. If u € M, then also
R = (u) C M, a contradiction. Hence u ¢ M.

== @): Suppose u is not a unit. The 1z Ru = (u) and so by [3.2.15| there exists
a maximal ideal M of R with (u) C M. A contradiction. O

Lemma 3.3.4. Let R be an integral domain. Let a,b,u € R#* with b= ua. Then b ~ a if
and only if u is a unit.

Proof. The ”if” part follows from @ So suppose that b ~ a. Then a = vb for some
v € R. Thus 1gb = b = ua = u(vb) = (uv)b. Since the cancellations law hold in integral
domains we conclude that uv = 1. So u is a unit. ]

3.3.5 (R*). Note that by[2.2.3((¢), (R*,-) is a group. Also R* acts on R by left multiplication.
The previous lemma now says that in an integral domain the orbits of R* on R are exactly
the equivalence classes of ~.

Definition 3.3.6. Let R be a ring.

(a) An ideal I is called a principal ideal if its generated by one element, that is I = (r) for
some r € R.

(b) R is called a principal ideal ring if every ideal is a principal ideal.
(c) R is principal ideal domain (PID), if R is an integral domain and a principal ideal ring.
Definition 3.3.7. Let R be a commutative ring with identity and c a proper element.

(a) c is called irreducible if for all a,b € R

c=ab=—a orb is a unit
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(b) c is called a prime if for all a,b € R

p|ab=pla orp]|b.

Lemma 3.3.8. Let p be nonzero element in the integral domain R. Then following are
equivalent:

(a) p is a prime
(b) (p) is a prime ideal
(c) R/(p) is an integral domain

Proof. Note that in each case p is not a unit, that is R # (p). So we may assume that p is
not a unit.

Observe that for d € R, p | d if and only if d € (p). Let a,b € R. Then p | ab implies
plaorp|bifand only if ab € (p) implies a € (p) or b € (p). Using[3.2.13 we conclude that
p is a prime if and only if (p) is a prime ideal. By (p) is a prime ideal if and only if
R/(p) is an integral domain. O

Lemma 3.3.9. Let ¢ be a proper element in the integral domain R. Then the following are
equivalent

(a) c is irreducible.

(b) For alla € R,
alc=an~coraisaunit

(c) (c) is mazimal in the set of proper principal ideals.

Proof. () = (b): Let a € R with a | ¢. Then ¢ = ab for some b € R. Since c is
irreducible, a is a unit or b is a unit. If b is a unit then by [3.3:3]ab ~ a and so a ~ ¢. Hence
() holds

[®) = (d):  Since c is proper, (¢) # R. Suppose (¢) C (a) for some a € R with
(@) # R. Then ¢ | a. Thus by (b), a ~ c or a is a unit. if a is a unit (a) = R, a
contradiction. Hence a ~ ¢ and so (a) = (¢) and () holds.

—> (@): Let a,b € R with and ¢ = ab. Then (c¢) C (a) and so by (d), (a) = (c) or
(a) = R. In the first case a ~ ¢ and so by b is a unit. In the second case a is a unit.
Hence c is irreducible. O

Lemma 3.3.10. Let R be an integral domain.
(a) Every prime element in R is irreducible.

(b) Every associate of a prime is a prime and every associate of an irreducible element is
irreducible.
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Proof. @ Let p be a prime and suppose p = ab for some a,b € R. Since p | p, p | ab. Since
p is a prime, p | a or p | b. Without loss p | a. Since also a | p we get p ~ a. Thus
implies that b is unit. Hence p is irreducible.

(]E[) By definition of proper, the property ’a is proper” only dependents on the ideal
generated by a. By and also the properties "prime” and ”irreducible” also only
depends on the ideal generated by a. This gives (]ED O

Lemma 3.3.11. Let R is principal ideal domain. Then the following are equivalent
(a) p is a prime
(b) p is irreducible.

(c) (p) is a mazimal ideal.
(d) R/(p) is a field.

Proof. @ = @: This is

@ = : By s (p) is a maximal proper principal ideal. Since every ideal in a
PID is a principal ideal, (p) is a maximal ideal. So holds. holds.

= (d):  This follows from 3.

(d) = (a): . By (p) is a prime ideal. So by [3.3.8|p is a prime. O

Lemma 3.3.12. Let R be an integral domain and a € R. Suppose that a = p1 - ... p, with
each p; a prime in R.

(a) If ¢ € R is a prime with q | a, then q ~ p; for some 1 <i < n.

(b) If a = q1 ... qm with each q; a prime. Then n = m and there exists m € Sym(n) with
qi ~ Pr(i)-

Proof. @ Suppose first that n = 1. Then ¢ | p1. Since p; is a prime, p; is irreducible and
so by , q is a unit or ¢ ~ p1. ¢ is a prime and so not a unit. hence g ~ p; and @ holds
forn=1.

Suppose n > 1 and put b = py...p,. Then a = p1b and so ¢ | p1b. Since ¢ is a prime,
q|piorqlb If q|p1, the n =1 case gives ¢ ~ p1. If ¢ | b, then induction on n implies
q ~ p; for some j <2 < n.

@ We may assume that n < m. Suppose first that m = 1. Then also n = 1 and
pP1=q1.

Suppose now that m > 1. Since g, | a we conclude from that ¢, ~ p; for some
1 < i < n. Without loss, i = n. Then p, ~ ¢, and so up,, = ¢, for some unit v € R.
hence ¢m—1¢m = ¢m-1upn = (U@m—1pn and ¢, by p, and g1 by ugn-1 we may assume
that p, = ¢, Thus

(P11 Pn—1)Pn=0a=(q1-..Gm—-1)Pn
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Suppose that n = 1, then by (q1---Gm—1) is a unit. It follows that ¢1q2 ... gm-—1u =
1g for some u € R. But then ¢; is a unit, a contradiction to the definition of a prime. Thus
n > 1.

Since R is an integral domain, R has no non-zero zero-divisors and so the Cancellation
Law [3.1.12 implies

P1---Pn—141---9m—1

So by induction on n —1 = m —1 and there exists pu € Sym(n — 1) with ¢; ~ p, ;) for all
1 <i<n—1. Thus the lemma holds if we define 7 € Sym(n) by m(n) = n and 7 (i) = (i)
forl1 <i<n-—1. O

Definition 3.3.13. A unique factorization domain (UFD) is an integral domain in which
every proper element is a product of primes.

Lemma 3.3.14. Let R be a UFD and r € R. Then r is a prime if and only if r is
1rreducible.

Proof. By[3.3.10|each prime in R is irreducible. Now let r be irreducible. Then by definition
of a UFD, r = py...p, where each p; is a prime. Then p; | r. Since r is irreducible we
conclude from that p; is a unit or p; ~ r. p; is not a unit and so p; ~ r. Since

associates of primes are primes 3.3.10@) r is a prime. 0

Our next goals is to show that every PID is a UFD. For this we need a couple of
preparatory lemmas.

Lemma 3.3.15. Let Z be chain of ideals in the ring R. If |JZ is finitely generated as an
ideal, then |JZ € T.

Proof. Suppose that | JZ = (F) for some finite F' C |JZ. For each f € F there exists Iy € T
with f € I;. Since T is totally ordered, the finite set {I; | f € F'} has a maximal element
ITthen I €Z, F C I and so

Uz=wcrclyz
Thus I =JZ. O

Lemma 3.3.16. Let R be an integral domain and I a non-empty set of principal ideals.
Then one of the following holds:

1. NZ = {0R}.
2. T has a minimal element.

3. There exists an infinite strictly ascending series of principal ideals.
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Proof. Assume that does not hold. We claim that there exists an infinite descending
series
Ray 2 Rag 2 ...Ra, 2 Rap+1 2 ...

with Ra; € 7 for all ¢. Indeed since Z is not empty there exists Iy € Z. Since I; is principal,
I; = Ray for some a;. Suppose that we already found Ra; € Z, 1 < ¢ < n with Ra; 2 Ra;y;
for all 1 <+ < n. By assumption Ra, is not a minimal element of Z and so Ra,, 2 Rant1
for some Ran4+1 € Z. So our claim holds by induction.

If N2, Ra; = {Ogr}, then also (Z = {Og} and holds. Hence we may assume that
there exists Og # a with a € Ra,, for all n € Z*. Then a = r,a, for some 7, € R. Since
an+1 € Rayn, any1 = say, for some s € R. Thus

Tnlp = 4 = T'ny1An41 = T'p4150n

As R is an integral domain, r, = 7,415 and so Rr, C Rryyi. If Rrpy1 = Rry,, then
Rrpi1 = Rsrpy1. So i1 ~ srpaq and by s is a unit. As ani1 = sa, we conclude
that Ra, = Ran41, a contradiction. Thus

Rri CRroC...Rry, C Rrpi1 €.
is an infinite strictly ascending series of ideal and holds. O

Lemma 3.3.17. Let R be a ring in which every ideal is finitely generated.
(a) Any nonempty set of ideals in R has a mazimal member.

(b) Suppose in addition that R is an integral domain. Then every non empty set of principal
tdeals with nonzero intersection has a minimal member.

Proof. @ By [3.3.15, R has no strictly ascending series of ideals. Thus @) holds.
(]E[) follows from @ and (3.3.16 O

Lemma 3.3.18. Every principal ideal domain is a unique factorization domain.

Proof. Let S be the set of proper elements in R which can be written as a product of primes.
Let a be proper in R. We will first show

1°. a is divisible by a prime.

Indeed, by |3.2.15| there exists be a maximal ideal I with with (a) C I. Since R is a PID,
I = (s) for some s € R. Then by s is irreducible and so by [3.3.11] s is a prime. Since
(a) € (s), s | aand holds.

2°. PutS={(s)|seS,s|a}. ThenS #9.
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By there exists a prime s with s | a. Then s € S and so holds.

By and [3.3.17p, S has a minimal member, say (b) with b € S. Since b | a, a = ub
for some u € R. Suppose that u is not a unit. Then by applied to u, there exists a
prime p dividing a. Then pb divides a and pb € S. Thus (pb) € S and (pb) C (b). The
minimality of (b) gives (b) = (pb). Hence pb | b and so pb | b. But then by p is a unit,
a contradiction.

Thus u is a unit. Since b is a product of primes and any associate of a prime is a prime,
we conclude that a is a product of primes. ]

3.4 Euclidean Rings

Definition 3.4.1. Let R be a commutative ring.

(a) A pre-Euclidean function on R is a function d : R — A, where A is a well-ordered set,
such that for all a,b € R with b # 0

(1) d(Og) < d(b) and
(i1) if d(b) < d(a), then there exists t € R with d(a —tb) < d(a)

(b) R is called an Euclidean domain if R is an integral domain and there exists an pre-
Euclidean function on R.

Example 3.4.2. 1. Let d : Z — Z,m — |m| be the absolute value function. Let a,b € Z
and 0 < [b] < |a|. If @ and b are both positive or both negative, then |a — b < |a|. If
one of a,b is positive and the other negative, then |a + b| > |a|. So d is a pre-Euclidean
function. Thus Z is an Euclidean domain.

2. Let F be any field, A = {—oo} UN. Let Or # f, g € F[z] of degree n and m respectively.
Suppose that n < m. Let a and b be the leading coefficients of f and g, respectively.
ba—'z™ " f is a polynomial of degree m and leading coefficient b. Thus g — ba~tz™ " f
has degree less than ¢ and so d is a pre-Euclidean function.

Note also that fg is a polynomial of degree 2™ with leading coefficient ab. Thus

fg # Ok and so F[z] is an integral domain. Hence F[z] is a Euclidean domain.

Lemma 3.4.3. Let d be a pre-Fuclidean function on a ring R. Let a,b € R with b # Og.
Then there exist q,r € R with

a=qb+r and d(r) < d(b).
Proof. Since the co-domain of d is well ordered we can choose ¢ € R with
(%) d(a — gb) = min{d(a — sb) | s € R}

Put = a — ¢b and suppose that d(r) > d(b). Then r # Or and by the definition
of a pre-Euclidean function there exists t € R such that d(r — tb) < d(r). But r — tb =
a—gb—th=a— (q+t)b and we obtain a contradiction (*). Hence d(r) < d(b) and the
lemma is proved. O
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Definition 3.4.4. Let R be an ring, A a well-ordered set and d : R — A a function such
that for all a,b € R with b # Op:

(1) d(0g) < d(b).
(ii) If ab € R*, then d(b) < d(ab).
(i1i) There exists q,r in R with

a=sb+r and d(r) < d(b).

Then d is called a Euclidean function

Lemma 3.4.5. Let R be a ring with identity and d a pre-Fuclidean function on R. Let
a € R. If a =0g define d*(a) = d(a), otherwise put
d*(a) = min{d(b) | Or # b € Ra}.

Then d* is a Euclidean function.
Proof. Since R has an identity, a = 1ga € Ra and d*(a) < d(a). We need to verify the
conditions in the definition of an Euclidean function. For x # Or in R we choose
Z* € Rx with d # Og and d*(z) = d(z*).

(if): By definition of a pre-Euclidean function d(0r) < d(a*) and so d*(0gr) < d*(a).

(i): Suppose ab # 0r. We have (ab)* € Rab C Rb and so by definition of d*(b),
d*(b) < d((ab)*) = d*)ab).

({ii): By there exists ¢ and 7 with

a = gb" +r* and d(7) < d(b").
Since b* € Rb, b* = tb for some t € R. Put s = ¢t and r = ¢. Then

a=5b"+r=qta+7=qb+r
and
d*(r) <d(r) < d(b*) = d*(b).

So d* is indeed an Euclidean function. O

Theorem 3.4.6. Let d be a pre-FEuclidean function on the ring R and I a non-zero left
ideal in R. Let Or # a € I with d(a) minimal, then I = Ra. In particular every Fuclidean
domain is a PID.

Proof. So suppose that I # {Or}. Let Or # b € I with d(b) minimal. Let a € I. By
there exist ¢, € R such that a = ¢b + r with

d(r) < d(b)

Since 7 = a — ¢gb and both a,b are in I we get r € I. So the minimal choice of d(b) implies
r =0g. Thus a = ¢b and so a € Rb. Thus I = Rb. O
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Next we introduce greatest common divisor in arbitrary commutative rings. But the
reader should be aware that often no greatest common divisor exist.

Definition 3.4.7. Let X be a subset of the commutative ring R and d € R

(a) We say d is a common divisor of X and write d | X if X C (d), that is if d |  for all
de X.

(b) We say that d is greatest common divisor of X and write d ~ ged(X) if d|X and e|d
for all e € R with e|X.

(c¢) We say that X is relatively prime if all commons divisors of X are units.

Note that if a greatest common divisor exists it is unique up to associates. A common
divisor exists if and only if (X)) is contained in a principal ideal. A greatest common divisor
exists if and only if the intersection of all principal ideals containing X is a principal ideal.
(Here we define the intersection of the empty set of ideals to be the ring itself). The easiest
case is then (X)) itself is a principal ideal. Then the greatest common divisors are just the
generators of (X). An element in (X) generates (X) if and only if it’s a common divisor.
So if the ring has an identity, (X) is a principal ideal if and only if X has a common divisor
of the form ) .y 7,2, where as usually all but finitely many 7,’s are supposed to be 0.

Note that from the above we have the following statement:

Every subset of R has a greatest common divisor if and only if any intersection of
principal ideals is a principal ideal. That is if and only if the set of principal ideals in R is
closed under intersections.

In particular, greatest common divisors exists in PID’s and can be expressed as a linear
combination of the X.

Greatest common divisors still exists in UF D’s, but are no longer necessarily a linear
combination of X. Indeed let P be a set of representatives for the associate classes of

primes. For each 0 # 1 € R,
xr = u’r H me(T)

peEP

for some my(r) € N and a unit u,. Let

myp = min my(x).

Since my, < mp(z) only finitely many of the m, are nonzero. So we can define
d= H pr.
peEP

A moments thought reveals that d is a greatest common divisor.

Here are a couple of concrete examples which might help to understand some of the
concepts we developed above.
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First let R = ZJi], the subring of C generated by i. R is called the ring of Gauian

integers.

Note that R = Z + Zi. We will first show that R is an Euclidean ring. Indeed, put
d(ay + azi) = a? + a3. Then ¢(zy) = ¢(x)d(y) and ¢(z) € ZT. So (ER1) holds. Let
r,y € R with 2 #0. Put z = £ € C. Then y = zx. Also there exists d = dy + dai € C
with ¢ := 2z —d € R and |d;| < % In particular, ¢(d) < %2 + %2 = % Put r = y — gz then
r=zz—qz=(z—q)z=dz. So¢(r)=¢(d)¢(z) < ié(z). Hence also (ER2) holds.

Let a be a prime in R and put P = (a). Since ¢(a) = aa € P, PNZ # 0. Also 1 ¢ P and
so PN Z is a proper ideal in Z. Since R/P has no zero divisors, Z+ P/P = 7Z/PNZ has no
zero divisors. Thus P NZ = pZ for some prime integer p. Let Q = pR. Then Q < P < R.
We will determine the zero divisors in R/Q. Indeed suppose that ab € @ but neither a
nor b are in . Then p? divides ¢(ab). So we may assume that p divides ¢(a). Hence

a3 = —a3 (mod p). If p divides a; it also divides ag, a contradiction to a ¢ Q. Therefore we
can divide by as (mod p) and conclude that the equation 22 = —1 has a solution in Z/pZ.
Conversely, if n2 = —1 (mod p) for some integers n we see that (up to associates) n -+i+ Q
and n — ¢ + @ are the only zero divisors.

Suppose that no integer n with n?> = —1 (mod p) exists. Then R/Q is an integral
domain and so a field. Hence () = P and a ~ p in this case.

Suppose that n is an integer with n? = —1 (mod p). As P is a prime ideal and (n +

i)(n—1i) € Q@ < P, one of n+iis in P. We conclude that a ~ n % i.

Next let R = Z[+/10]. We will show that R has some irreducible elements which are not
primes. In particular, R is neither UFD, PID or Euclidean. Note that R = Z + Z+/10. For
r € Rdefine ry, 79 € Z by r = 71 +72v/10. Define # = 1 —13y/10 and N(r) = ri = 72 —10r3.
N(r) is called the norm of r. We claim that r — 7 is a ring automorphism of R. Clearly it
is an automorphism of (R, +). Let r,s € R. Then

rs = (r1 +revV'10)(s1 + s2V'10) = (r151 + 10r2s2) + (1152 + r2s2) V10
It follows that rs = 3. In particular,
N(rs) =rsrs =rsi§ =rrs§ = N(r)N(s)

and N : R — 7Z is a multiplicative homomorphism. Let r be a unit in R. Since N(1) =1,
we conclude that N(r) is unit in Z and so N(r) = +1. Conversely, if N(r) = &1, then

1l = ﬁ = N(r)7 € R and r is a unit. For example 3++/10 is unit with inverse —3++/10.

As /10 is not rational, N(r) # 0 for r € R¥.

We claim that all of 2,3, f := 4 4+ /10 and f are irreducible. Indeed suppose that ab
is one of those numbers and neither a nor b are units. Then N(a)N(b) € {4,9,6} and so
N(a) € {£2,£3} and

N(a) =2,3 (mod 5)

But for any x € R we have
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So indeed 2,3, f and f are primes. Note that 2-3 = 6 = —ff. Hence 2 divides ff but
(as f and f are irreducible) 2 divides neither f nor f. So 2 is not a prime. With the same
argument none of 3, f and f are not primes.

We claim that every proper element in R is a product of irreducible. Indeed let a be
proper in R and suppose that a is not irreducible. Then a = bc with neither b nor ¢ units.
Then as N(a) = N(b)N(c) both b and ¢ have smaller norm as a. So by induction on the
norm, both b and ¢ can be factorized into irreducible.

Since R has irreducibles which are not primes, we know that R can not be a PID. But
let us verify directly that I = (2, f) = 2R + fR is not a principal ideal. First note that
ff = —6 € 2R. Since also 2f € 2R we If € 2R. Since 4 does not divide N(f), f & 2R
and so I does not contain a unit. Suppose now that h is a generator for I. Then h is not
a unit and divides f. So as f is irreducible, h ~ f and I = (f). But every element in (f)
has norm divisible by N(f) = 6, a contradiction to 2 € I and N(2) = 4.

3.5 Localization

Let R be a commutative ring and () # S C R.In this section we will answer the following
question:

Does there exists a commutative ring with identity R’ so that R is a subring of R’ and
all elements in S are invertible in R 7

Clearly this is not possible if 0 € S or S contains zero divisors. It turns out that
this condition is also sufficient. Note that if all elements in S are invertible in R’, also
all elements in the subsemigroup of (R, ) generated by S are invertible in R’. So we may
assume that S is closed under multiplication:

Definition 3.5.1. A multiplicative subset of the ring R is a nonempty subset S with st € S
for all s,t € S.

Lemma 3.5.2. Let S be a multiplicative subset of the commutative ring R. Define the
relation ~ of R x S by

(r1,81) ~ (ro,s2) if t(rise —ras1) =0 for somet € S.
Then ~ s an equivalence relation.

Proof. ~ is clearly reflexive and symmetric. Suppose now that (r1,s1) ~ (rg,s2) and
(ro,s2) = (rs, s3). Pick t; and ty in S with

tl (7“182 — 7“251) =0 and tz(?“283 — 7'382) =0.

Multiply the first equation with t9s3 and the second one with ¢;s;. Then both equation
contain the term titoro5153 but with opposite sign. So adding the two resulting equations
we see:

0= t283t1’l“185 — t1$1t27‘382 = t1t282(7‘183 — ’1"351)

Thus (r1,s1) ~ (rs, s3). O
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Let S,R and ~ as in the previous lemma. Then S™!'R denotes the set of equivalence

classes of ~. % stands for the equivalence class containing (r,s). Note that if 0 € S, ~ has

exactly one equivalence class. If R has no zero divisors and 0 ¢ S then 2 = 22 if and only
1 52

if 189 = T981.

Proposition 3.5.3. Let S be a multiplicative subset of the commutative ring R and s € S

(a) The binary operations

on STIR are well-defined.
(b) (STR,+,-) is an ring.
(c) % is an identity.

(d) The map
¢s:R— SR, 1o

is a Ting homomorphism and independent from the choice of s.
(e) ¢s(s) is invertible.

Proof. (a) By symmetry it suffices to check that the definition of + and - does not depend
on the choice of (r,s) in §. Let L = £ so t(rsy —r1s) = 0 for some ¢ € S.
Then
t{(rs’ +1's)s18" — (118" +1's1)ss'] = t(rsy —r15)s’s’ =0

and so + is well defined. Also
t(rr'sys’ —rir'ss’) = t(rsy —ris)r's' =0

and so - is well defined.
(b) It is a routine exercise to check the various rules for a ring. Maybe the least obvious
one is the associativity of the addition:

T T9, T3 182 + 1281 T3 18283 + 795153 + 135152 T1 7283 + 1r3Ss e T2
—t )=t = = —F = —F(—+
S1  S2 S3 5152 S3 §182S83 S1 $283 S1 S9

(

We leave it to the reader to check the remaining rules.
2
(c) and (d) are obvious. For (e) note that ¢g(s) = °- has 3 as its inverse. O

The ring S™'R is called the ring if fraction of R by S. It has the following universal
property:
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Proposition 3.5.4. Let R be a commutative ring, Sy a non-empty subset and S the mul-
tiplicative subset of R generated by S. Suppose that R’ is a commutative ring with identity
and o(R) — R’ is a ring isomorphism so that a(sg) is a unit for all sy € Sy. Then there
exists a unique homomorphism

o : STIR — R with ¢5(r) — a(r).

Moreover,

is well defined, the remaining assertion are readily verified.
So suppose that % = Z—; Then

t(?“lsg — T281) =0
for some t € S. Applying a we conclude
a(t)(a(ry)a(se) — a(ra)a(sy)) = 0.

As a(t), a(s1) and a(s2) are units, we get

a(r)a(s) ™" = a(ra)a(sy) ™!

Hence o* is indeed well-defined. O

When is ¢ = 07 The zero element in STIR is % Hence © = 0 if and only if there exists
t € S with 0 = t(rs — 0s) = trs for some t € S. This is true if and only if ¢tr = 0 for some
teS. Put
Rs ={r € R|tr =0 for some t € S}.

So £ =0 if and only r € Rg.

What is the kernel of ¢ = ¢5? ¢(r) = 2. Hence r € ker ¢ if and only if rs € Rg and so
if and only if r € Rg. Thus ker ¢ = Rg. So ¢ is one to one if and only if Rg = 0. This in
turn just means that S contains no zero divisors. In this is the case we will identify R with
it image in S7!'R

Let R be the set of all non-zero, non zero divisors. and assume R # (). We claim that
R is a multiplicative set. Indeed let s,t € R. Suppose that rst = 0 for some r € R. Then
ast€ R,rs=0and as s € R, 7 =050 st € R. The R™'R is called the complete ring of
fraction of R.

If R has no zero divisors, then R = R# and the complete ring of fraction is a field. This
field is called the field of fraction of R and denoted by Fg.
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The standard example is R = Z. Then Fz = Q.

If K is a field then Fgf,) = K(z), the field of rational functions over K. Slightly more
general if R has no-zero divisors then Fr(,) = Fg(x), the field of rational function over the
field of fractions of R.

We will now spend a little but of time to investigate the situation where S does contain
some zero divisors.

Define

‘g1 = r_, o)
@ :ST'R— ¢(S) ¢(R), S—>¢(S)

We claim that ¢* is a well defined isomorphism. For this we prove the following lemma.

Lemma 3.5.5. Let o : R — R’ be a homomorphism of commutative rings and S and S’
multiplicative subsets of R and R’ respectively. Suppose that a(S) C S’

(a) a(S) is a multiplicative subset of R'.

(b)
o :ST'R - SR, — o

is a well defined homomorphism.

(¢) Suppose that S" = «a(S). Then

ker o = {g |7 € R,s€S,SrNkera # 0} and o*(ST'R) = a(S) 'a(R)

Proof. (a) Just note that a(s)a(t) = a(st) for all s,t € S.
(b) Note that ¢g/(a(s)) is invertible. Hence o is nothing else as the homomorphism
given by applied to the homomorphism:

bgoa:R— SR

(c) Let £ € kera*. As seen above this means t'a(r) = 0 for some ¢’ € S’. By assumption
t' = a(t) for some t € T. Thus £ = 0 if and only if ¢tr € ker a for some ¢ € S.
That a*(S™'R) = a(S)"ta(R) is obvious. O

Back to the map ¢*. By the previous lemma ¢* is a well defined homomorphism and
onto. Let £ € ker ¢*. Then tr € ker ¢ for some and t € S. As ker ¢ = Rg, ttr = 0 for some
t € S. Hence r € Rg and ; = 0. Therefore ¢* is one to one and so an isomorphism.

Note also that ¢(R) = R/Rg. Let R = R/Rg and S = S + Rg/Rs. As ¢* is an
isomorphism we get

ST'R~S 'R

We have Rg = 0. So in some sense we can always reduce to the case where S has no zero
divisors.
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In the next lemma we study the ideals in S~'R. For A C R and T C S put
T*1A:{%|aeA,teT}

Proposition 3.5.6. Let S be a multiplicative subset of the commutative ring R.
(a) If I is an ideal in R then S~'I is an ideal in ST'R
(b) If J is an ideal in R then I = qﬁgl(J) is an ideal in R with J = S~'I.

(c) The map I — S~'I is a surjection from the set of ideals in I to the set of ideals to
S~IR.

Proof. Put ¢ = ¢g.

(a) is readily verified.

(b) Inverse images of ideals are always ideals. To establish the second statement in (b)
let j =% €J. As J is an ideal

Thus ¢(r) € Jandr €. Soj="1¢e S'I.
Conversely, if r € I and s € S then since ¢(r) € J an dJ is an ideal:

2

roors srs s s
T F ws mneglcd
So (b) holds.
(c) follows from (a) and (b). O

If R has an identity the previous proposition can be improved:

Proposition 3.5.7. Let R be a commutative ring with identity and S a multiplicative subset
R.

(a) Suppose R has an identity. Let I be an ideal in R. Then

¢5 (ST ={re R|SrnI+#0}.

(b) Define an ideal I in R to be S~'-closed if r € I for all v € R with rS NI # (). Then
.l — S

is a bijection between the S™'-closed ideals and the ideals in S'R. The inverse map is
given by
T T = g5t

(c) INS =0 for all S™1 closed ideals with I # R.
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(d) A prime ideal P in R is S~ closed if an only if PN S = ().

(e) T induces a bijection between the S~ closed prime ideals in R and the prime ideals in
SR,

Proof. (a
o(r) €
o(r) =

%*’ forsomezEI ses

t(rs —i) =0 for some i € I,s,t € S

tsr = ti for some i € I,5,t € S

sr € I for some s € S

Srn I #0.

So (a) holds.

We write ¢ for ¢g and say ”closed” for S~ closed.

(b) follows from (a) and [3.5.6p,c.

(c) Suppose I is closed and s € SN I. Then S~!'I contains the unit ¢(s) and so
S~ =S8R Thus I = ¢'(S~'R and I = R.

(d) Let P be a prime ideal in R. Suppose that SN P = () and let »r € R and s € S with
rs € P. Then by [32.13p, r € P or s € P. By assumption s ¢ P and so r € P. Thus P is
closed. Conversely, if P is closed, (¢) implies PN S = 0.

(e) Let P be a closed prime ideal. We claim the S™!'R is a prime ideal in R. First since
7 is an bijection, S~'P # R. Suppose that gg—: € S~'P. Then also ¢(rr') € S~1P. As P is
closed, 7’ € P. As P is prime we may assume 7 € P. But then £ € S~1P and so S7'P is
a prime.

Suppose next that I is closed and S™'I is a prime. If 7/ € I, then ¢(r)o(r') € S7'I.
As S71T is prime we may assume that ¢(r) € S~'I. As I is closed this implies r € I and
so I is a prime ideal. O

) Let r € R then the following are equivalent:

ZforsomezGISES

Let R be a commutative ring with identity. By [3.2.13| an ideal P in R is a prime ideal
if and only if R\ P is a multiplicative subset of R. Let P be the prime ideal. The ring

Rp = (R\p)™!
is called the localization of R at the prime P. For A C R write Ap for (R\ p)~'4
Theorem 3.5.8. Let P be a prime ideal in the commutative ring with identity R.

(a) The map Q@ — Qp is a bijection between the prime ideals of R contained in P and the
prime ideals in Rp.

(b) Pp is the unique maximal ideal in Rp. v € R is a unit if and only if r ¢ Pp.
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Proof. (a) Put S = R\ P and let Q a prime ideal in R. Then Q NS = § if and only if
@ C P. Thus (a) follows from [3.5.7

(b) Let I be a maximal ideal in Rp. Then by I is prime ideal. Thus by (a)
I =Qp for some Q C P. Thus I C Pp and I = Pp. The statement about the units now
follows from [3.3.3

Actually we could also have argued as follows: all elements in Rp \ Pp are of the form
% and so invertible. Hence by Pp is the unique maximal ideal in R. O

Definition 3.5.9. A local ring is a commutative ring with identity which as a unique
mazximal ideal.

Using we see

Lemma 3.5.10. Let R be a commutative ring with identity. The the following are equiva-
lent:

(a) R is a local ring.
(b) All the non-units are contained in an ideal M < R.
(c) All the non-units form an ideal. ]

We finish this section with some examples.

Let p be an prime integer. Then Z¢,) = {;- € Q | ptm}. Since 0 and (p) are the only
prime ideals of Z contained in (p), O and = € Q| p{m,p | n} are the only prime ideal in
Z(yy. What are the ideals? Every non zero ideal of Z is of the form (t) for some ¢ € Z7.
Write t = ap® with p { a. Suppose (t) is closed. As a € S = Z\ (p) and ap® € (t) we
conclude that p* € (t). Thus a = 1 and ¢ = p¥. It is easy to see that (p¥) is indeed closed.

So we conclude that the ideals in Z,) are

n
Ly = {E €Q|ptm,p*|n}

In particular Z, is a PID.
We reader might have notice that in the above discussion Z can be replaced by any PID
R, p by any prime in R and Q by Fg.

3.6 Polynomials rings, power series and free rings

Let R be a ring and (A, +) a semigroup written additively. Since (A, +) is a subgroup of
the multiplicative group of R it is convenient to the following exponential notation’. Denote
a € A be 2% and define 2%2® = %, The the elements in R[A] can be uniquely written as
[ =2 aca fax® where f, € R, almost all f, = 0. Also

F9=23"=fafsx® =D (Y faf)at

a€EAbeA cEA a+b=c
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Let R be a ring and I a set. Put I = @,,; N, the free abelian monoid on I. The
semigroup ring

RIL.

is called the polynomial ring over R in the variables I and is denoted by R[I]
We will use the above exponential notation. Let ¢ € I. Recall that ¢;(1) € I is defined

1 ifi=j
(1)); = .
(pi( ))j {0 i+ j
We write 2; for 27¢(1). Let o € I, then « is a tuple (a)ier, o € N, where almost all «; are

zero. So
% = H z)"
el

as

. Every element f € R[I| now can be uniquely written as

[ = Zfaxa

a€l

where f, € R and almost all f, are zero. The element of R[I] are called polynomials.
Polynomials of the form rz®, with r # 0, are called monomials. As almost all a; are zero
«a Gy Qip Qi

rT :T.’L'Zl ia IEzn

for some i, € I.

The f,z® with f, # 0 are called the monomials of f. So every polynomial is the sum
of its monomials.

Note that the map r — 72" is monomorphism. So we can and do identify r with rzV.

IfI ={1,2,...m} we also write R[z1, ..., zy] for R[I]. Then every element in R[x, ..., Zp]
can be uniquely written as

oo o0 o)
ni ,.n2 n
g E ce E Tni,eimT] Lo~ oo Ty

n1=0mn2=0 Ny =0

0

If I has a unique element i we write x for x; and R[z| for R[I]. Then each f € R[z] has
the form f = ro + riz + rox® + ... 4+ rpa™, where n is maximal with repect to ry, #£0. ry is
called the leading coeficient of f and n the degree of f,

Note that if I happens to have the structure of a semigroup, the symbol R[I] has a
double meaning, the polynomial ring or the semigroup ring. But this should not lead to
any confusions.

If y = (y;,i € I) is a family of pairwise commuting elements is some semigroup, and

o € T we define
y* =] u"

il
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Note that as almost all «; are zero and the y; pairwise commute, this is well-defined. Also
if we view the symbol z as the family (z;,7 € I), this is consistent with the ® notation.
The polynomial ring has the following universal property:

Proposition 3.6.1. Let ® : R — S be a ring homomorphism and y = (y;)icr a family of
elements in S such that

(a) For allT € R and alli € I
D(r)y; = y;2(r)

(b) foralli,jel
YiYi = YjYi
Then there exists a unique homomorphism
o, R[I| = S; with rx; = ®(r)y; for allr € Ryi€ 1.

Moreover,

®, : Zfa:co‘ — Z@(fa)ya.

a€l a€l

Proof. As T is the free abelian monoid on I, (b) implies that there exists a unique homo-
morphism 5 : T — (S,:) with a(z;) = y;. The existence of ®, now follows from The

uniqueness is obvious. ]

The reader should notice that the assumption in the previous proposition are automat-
ically fulfilled if S is commutative. So each f € R[I] gives rise to a function f®: ST — §

with f®(y) = ®,(f).
Example: Suppose I = {1,2,...m}, R =S is commutative and « = id = idg and
f — Zrnl’.“’nmx?l N .TZ{”

Then .
U, tn) =D T W0y

The reader should be careful not to confuse the polynomial f with the function fi4. Indeed
the following example shows that fi9 can be the zero function without f being zero.
Let R =7/pZ, I =1, p a prime integer,and
f=al@—@—1)...(c— (p-1))
Then f is a polynomial of degree p in (Z/pZ)[z]. But f'4(y) = 0 for all y € Z/pZ.

Lemma 3.6.2. Let R be a ring and I andJ disjoint sets. Then there exists a unique
isomorphism
R[I[J] = R[I U J] with rx; = rx; and rxj — ra;

forallr e Ryiel, jeJ.
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Proof. Use to show the existence of such a homomorphism and its inverse. We leave
the details to the reader. ]

Let R be a ring and G a semigroup. In the definition of the semigroup ring R[G] we
had to use the direct sum rather than the direct product since otherwise the definition of
the products of two elements would involve infinite sums. But suppose G has the following
property

(FP) |{(a,b) € G x G |ab= g} is finite for all g € G.

Then we can define the power semigroup ring of G over R, R[[G]]by

(RIG),+) = (]] B.+)

geG

and

(rg)gec - (5g)gec = ( Z ThSk)geG
(h,k)EGxG|hk=g

If G is a group then it fulfills (F'P) if and only if G is finite. So we do not get anything
new. But there are lots of infinite semigroups with (F'P). For example G = N. RJ[[N]] is
isomorphic to R[[z]] the ring of formal power series. Other semigroups with (F'P) are the
free (abelian) monoids (or semigroups) over a set

Let I be a set. Then the power semigroup ring
RPN
el

is called the ring of formal power series over R in the variables I and is denoted by R][I]].
The elements of R][[]] are called formal power series. We use the same exponential notation
as for the ring of polynomials. Every formal power series can be uniquely written as a formal

sum
f = Z fozxa

acl

Here f, € R. But in contrast to the polynomials we do not require that almost all f, are
Z€ro.
If I = {1} the formal power series have the form:

f:an$n:f0+f1$+f2x2...fnxn...
n=0

with f, € R. Note that there does not exist an analog for for formal power series,
since the definition of ®,(f) involves an infinite sum.

Lemma 3.6.3. Let R be ring with identity and f € R[[z]].

(a) f is a unit if and only if fy is.
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(b) If R is commutative and fy is irreducible, then f is irreducible.

Proof. @ Note that (fg)o = fogo and 19 = 1 so if f is a unit so is fy. Suppose now that
fo is a unit. We define g € R][[z]] by defining its coeflicients inductively as follows go = f; !
and for n > 0,

9n = _f(;l ZZ = On_lfnfigi

. Note that this just says > . fn—igi = 0 for all n > 0. Hence fg = 1. Similarly f has a
left inverse h b g = h is a left inverses.

Suppose that f = gh. Then fy = gohg. So as fy is irreducible, one of gy, fy is a unit.
Hence by @ g or h is a unit. O

As an example we see that 1 — z is a unit in R][z]]. Indeed
l-—z)t=14+z+2®+23+. ...
Lemma 3.6.4. Let D be a division ring.
(a) (x) ={f € D[] | fo =0}
(b) The elements of (z) are exactly the non-units of D[[x]].
(c) Let I be a left ideal in D[[z]]. Then I = x*D[[z]] = (2*) for some k € N.
(d) Every left ideal in D[[z]] is a right ideal and D[[z]] is a principal ideal ring.
(e) () is the unique mazimal ideal in D[[x]].
(f) If D is a field, D[[x]] is a PID and a local ring.

Proof. (a) is obvious and (b) follows from

(c) Let k € N be minimal with 2¥ € I. Let f € I and let n be minimal with f,, # 0.
Then f = 2"g for some g € D|[[z]] with go # 0. Hence g is unit and 2™ = g~'f € I. So
k<nand f = (2" Fg)a* € D[[z]]z* = (2*). Thus I = (2¥).

(d),(e) and (f) follow immediately form (c). O
3.7 Factorizations in polynomial rings
Definition 3.7.1. Let R be a ring and I a set and f € R[I]. We define the degree function

deg: R[I] - NU{—o0}

as follows :

(a) if f is a monomial rz®, then deg f =), oy,
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(b) if f #0 then deg f is the mazximum of the degrees of its monomials.
(c) if f =0 then deg f = —o0

Sometimes it will be convenient to talk about the degree deg; f with respect to subset
of J of I. This is defined as above, only that

deg;(raz®) = Z o
jeJ

Alternatively, deg; f is the degree of f as a polynomial in R'[.J], where R’ = R[I \ J].
A polynomial is called homogeneous if all its monomials have the same degree. Let
f € R[X] then f can be uniquely written as

F=>_ h(f:i)
i=0
where h(f,i) is zero or a homogenous polynomial of degree i. Note here that almost all
h(f,i) are zero. Let h(f) = h(f,deg f).
Lemma 3.7.2. Let R be a ring, I a set and f,g € R[I].
(a) deg(f + g) < max(deg f,degg) with equality unless h(g) = —h(f).

(b) If f and g are homogeneous, then fg is homogeneous. Also either deg(fg) = deg(f) +
deg(g) or fg =0.

(¢) h(fg) = h(f)h(g) uniess h(f)h(g) =O.

(d) R[I] has no zero divisors if and only if R has no zero divisors.
(e) deg fg < deg f + deg g with equality if R has no zero divisors.

Proof. (a),(b) and (c) are readily verified.

(d) If R has zero divisors, then as R is embedded in R[I], R[I] has zero divisors.

Suppose next that R has no zero divisors. Let f,g € R[I ]# We need to show that
fg # 0. By (c¢) we may assume that f and g are homogeneous.

Consider first the case that |[I| = 1. Then f = ax™, g = ba™ and fg = (ab)x™ ™. Here
a,b € R? and so ab # 0. Thus also fg # 0. If I is finite, R[I] = R[I \ {i}][i] and so by
induction R[] has no zero divisors.

For the general case just observe that f,g € R[J] for some finite subset J of I.

(e) If R has no zero divisors, (d) implies h(f)h(g) # 0. Thus by (b) and (c),

deg f = degh(fg) = degh(f)h(g) = degh(f) + degh(g) = deg f + degg.

Lemma 3.7.3. Let R be a ring, P an ideal in R and I a set.
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(a) Let P[I| ={f € R[I]| fa € P for all & € I}. Then P[I] is an ideal in R[I] and

RIJ/P[I] = (R/P)[]

(b) If R has an identity, P[I| = P - R[I] is the ideal in R[I] generated by P.

Proof. (a) Define ¢ : R[I] — (R/P)[1],> c1 fax® = > pc1(fa + Pz, By ¢ is a ring
homomorphism. Clearly ¢ is onto and ker ¢ = P[I] so (a) holds.

(b) Let p € P then px® € P - R[I]. Thus P[I] < P - R[I]. The other inclusion is
obvious. O

Corollary 3.7.4. Let R be a commutative ring with identity, I a set and p € R. Then p is
a prime in R if and only if p is a prime in R[I].

Proof. R is a prime if and only if R/pR is an integral domain. So by [3.7.2d if and only if
(R/pR)[I] is an integral domain. So by if and only if R[I]/pR[I] is a prime ideal and
so if and only if p is a prime in R[I]. O

Theorem 3.7.5 (Long Divison). Let R be a ring and f,g € R[x]. Suppose that the leading
coefficient of g is a unit in R. Then there exist uniquely determined q,r € R with

f=qg+r and degr < degyg

Proof. Let h(f) = az™ and h(g) = bz™. If n < m, we conclude that ¢ = 0 and r = f is the
unique solution.

So suppose that m < n. Then any solution necessarily has h(f) = h(g)h(g) and so
s(q) = ab™'z"~™. Now f = qg — r if and only if

f—ablz" Mg = (q—ab tz"™)g +r
So uniqueness and existence follows by induction on deg f. O

Let R be a ring and f € R[z]. Define the function

ffT:R— R c— Zfaca

aeN

The function f" is called the right evaluation of f. Note here that as R is not necessarily
commutative , f,c® might differ from c®f®. If R is commutative f" = fid.

The map f — f" is an additive homomorphism but not necessarily a multiplicative
homomorphism. That is we might have (fg)"(c) # f"(c)g"(c). Indeed let f = rz and
g =sx. Then fg = (rs)z?, (fg)"(c) = rsc® and f"(c)g"(c) = resc.

Lemma 3.7.6. Let R be a ring, f,g € R[z] and c € R. If g"(c)c = cg"(c) then

(f9)"(¢) = f"(e)g"(¢).
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Proof. As f — f" is a additive homomorphism we may assume that f = rz™ for some
r € R, m € N. Thus

fg=") rgaa™*™

aeN

and so

(f9)"(e) = D rgac™™™ =

aeN

=7(Y_ gac™)e" =g ()" = rc"g () = f"(c)g"(c)
aeN

Corollary 3.7.7. Let R be a ring with identity, c € R and f € R[z].

(a) Then there exists a unique q € R[z] with
f=aq(@—c)+ [ (o).

(b) fr(c) =0 if and only if f = q(x — c) for some q € R[z].

Proof. () By3.7.5| f = ¢+ (z — ¢) + r with degr < deg(z — ¢) = 1. Thus r € R. By [3.7.6]
frle)=q"(c)c—c)+r=r

Hence r = f"(¢). The uniqueness follows from m

@ follows from (]E[) O

Corollary 3.7.8. Let R be an commutative ring with identity and c € R.

(a) Rlz]/(z —c) = R.

(b) x —c is a prime if and only R is an integral domain.

Proof. Proof. Consider the ring homomorphism id. : R[x] — R, f — f(c) (see m Clearly
id. is onto. By [3.7.7b kerid. = (z — ¢) so (b) follows from the Isomorphism Theorem for
rings.

(b) Note that  — ¢ is a prime if and only if R[z]/(z — ¢) has non-zero divisors. Thus
(&) follows from ([b)). ]

Corollary 3.7.9. Let F be a field. Then F[x] is an Fuclidean domain. In particular, F[z]
is a PID and a UFD. The units in Flx] are precisely the nonzero elements in F.

Proof. Just note that by K[z] is a Euclidean domain. O
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Let R be a subring of the commutative ring S. Write R — S for the inclusion map from
Rto S. Let I be aset, f € R[I] and c € ST. We say that c is a root of f if

fR—)S ( C) = 0.
Let R be any ring, f € R[z] and ¢ € R. We say that ¢ is a root of f if f"(¢) = 0. Note
that for R commutative this agrees with previous definition of a root for f in R.

Theorem 3.7.10. Let D be an integral domain contained in the integral domain E. Let
0# f € D[z]|. Let m € N be mazimal so that there exists c1,...cp € E with

m
Ha;—ci | f
i=1

in E[z]. Let ¢ be any root of f in E. Then c = ¢; for some i. In particular, f has at most
deg f distinct roots in E.

Proof. Let f = g[[", x — ¢; with g € E[z]. By maximality of m, z —c{ g. By T —c

is a prime in E[z| and so
m
x—c] Haz — ¢
1=1

By [3.3.12] x — ¢ ~ x — ¢; for some i. Thus x —c =2 — ¢; and ¢ = ¢;. ]

We remark that the previus theorem can be false for non-commuative divison rings. For
example the polynomial 2 + 1 = 0 has at infinitely many roots in the division ring H of
quaternions, namely any ai + bj + ck with a® +b% 4+ ¢? = 1.

Let R be a ring, f € R[x] and ¢ b a root of f in D. Then by We can write f
has f = g(z — ¢)™ with m € Z", g € R[x] and so that ¢ is not a root of g. m is called the
multiplicity of the root g. If m > 2 we say that c is a multiple root

As a tool to detect multiple roots we introduce the formal derivative f' of a polynomial

f € R[z].
fl — Z nfawoz—l

acZt
Put £l = f and inductively, f*+1 = (fIFY for all k € N.
Lemma 3.7.11. Let R be a ring, f,g € R[z] and ¢ € R. Then
(a) (cf) =cf’
(b) (f+9)=f+4g"
(c) (fg)'=Ffg+fg.
(@) If ff =ff, (f*) =nf'f.
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Proof. (a) and (b) are obvious.
(¢) By (b) we may assume that f = rz™ and g = sz™ are monomials. We compute

(fg)/ = (Tsa:"*m)’ = (n + m)rsxn+mfl

1 m+n—1

flg+ fg =mra™ tsz™ + ra™nsz™ 1t = (n + m)rsz

Thus (c) holds.
(d) follows from (c) and induction on n. O

Lemma 3.7.12. Let R be a ring with identity, f € R[z] and ¢ € R a root of f.

(a) Suppose that f = g(x — )™ for some n € N and g € R[x]. Then
" (e) = nlg(e).

(b) c is a multiple root of [ if and only if f'(c) =0

(c) Suppose that (deg f)! is neither zero nor a zero divisor in R. Then the multiplicity of
the root ¢ is smallest number m € N with fI™l(c) # 0.

Proof. (a) We will show that for all 0 < i < n, there exists h; € R[x] with

. | . .
f[l] — (n’ri Z’)|g($ _ C)n—z + hl(l’ _ C)n—z-{—l

For ¢ = 0 this is true with hg = 0. So suppose its true for . Then using

PR = (1) = (g (a0 gni) =0 =) i D

This is of the form #’_1),9(1‘ —¢)" =1 plus a left multiple of (z—c)"~*. So the statements
holds for 7 + 1.

For i = n we conclude fI" = nlg + h, (¢ — a) Thus (a) holds.

(b) Since ¢ is a root, f = g(z — a) for some g € R[z]. So by (a) applied to n = 1,
f'(¢) = g(c). Thus (b) holds.

(c) Let m the multiplicity of ¢ has a root of f. So f = g(x —¢)™ for some g € R[z] with
g(c) #0. Let n < m. Then f = (g(x —¢)™ ™)(x — ¢)" and (a) implies f"/(c) = 0. Suppose
that f™(¢) = 0. Then by (a), m!g(c) = 0. As m < deg f we get (deg f)! g(c) = 0. Thus by
assumption g(c) = 0, a contradiction. This fI™(c) # 0 and (c) holds. O

Consider the polynomial 2? in Z/pZ[x]. Then (2P)" = paP~! = 0. This shows that the
condition on (deg f)! in part (c) of the previous theorem is necessary.

Let D be an UFD, I a set and f € D[I]. We say that f is primitive if 1 is a greatest
common divisor of the coefficents of f.
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Lemma 3.7.13. Let D be a UFD, F its field of fractions and I a set. Let f € F[I|. Then
there exists ay,by € D and f* € D[I] so that

(a) f* is primitive in DI[I].

(b) ay and by are relatively prime.

(c) f= s

Moreover ay, by and f* are unique up to associates in D.

Proof. We will first show the existence. Let f = ) . faz® with fo, € F. Then f, = ;—Z
with 74,54 € D. Here we choose s, = 1if fo = 0. Let s = [[ 1 5a- Then sf € D[I]. Let
r = gedyer Sfa and f* =r~'sf. Then f* € D[I], f* is primitive and f = Zf*. Let e the a
greates common divisor of 7 and s and put ay = £ and by = £. Then (a),(b) and (c) hold.

To show uniqueness suppose that f = f with a,b € D relative prime and f € DII]
primitive. Then

ba} = braf

Taking the greatest common divisor of the coefficents on each side of this equation we see
that bay and bya are associate in D. In particular, a divides bay and as b is realtively prime
to a, a divides ay. By symmetry a; divides a and so a = uay for some unit v in D. Similarly
b = vby for some unit v € D. Thus vbrasf* = ubfaff. As D is an integral domain we
conclude f = u=tvf*. O

Let f be as in the previuos theorem. The fraction ¢y = ZT{ is called the content of f.
Note that ¢y € F and f = cpf*.

Lemma 3.7.14. Let D be a UFD, T its field of fraction, I a set and f,g € F[I]*.
(a) cpqg = ucgcy for some unit v € D.

(b) (fg9)* =u'f*g"

(¢) The product of primitive polynomials is primitive.

(d) If f | g in F[I], then f* | g* in DI[I].

(e) Suppose f is primitive. Then f is irreducible in D[I] if and only if its irreducible in
F[1]

(f) Suppose f is primitive. Then f is a prime in D[I] if and only if it is a prime in F[I].

Proof. Note that fg = cyeqf*g*. So (a), (b) and (c) will follow once the show that the
product of two primitive polynomials is primitive. Suppose not. Then there exist primitive
fyg € D[I] and a prime p in D dividing all the coefficients of fg. But then p | fg in D[I].
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By p is prime in D[I] and so p divides f or g in D[I]. A contradiction as f and g are
primitive.

(d) Suppose that f | g. Then g = fh for some h € F[I]. By (b) ¢* = f*h* and so (d)
holds.

(e) Suppose that f is irreducible in F[I] and f = gh with g, h € D[x] Then by (a) both g
and h are primitive. On the other hand since f is irreducible in F[I], one of g or h is a unit
in F[I] and so in F. It follows that one of g and h is a unit in D. So f is also irreducible
in DI[I].

Suppose that f is irreducible in D[I] and f = gh for some g, h € F[z]. Then f = f* ~
g*h* and as f is irreducible in D[I], one of ¢g*, h* is a unit in D. But then one of g and h
is in F and so a unit in F[]].

(f) Suppose that f is prime in D[I] and that f | gh in F[I]. By (d) f = f* | ¢*h* and
as f is a prime in D[I] we may assume f | g*. As g* divides g in F[I] f does too. So f is a
prime in F'[].

Suppose that f is a prime in F[I] and f | gh in D[I] for some g,h € D[I]. Then as f
is a prime in F[I] we may assume that f | g in F[I]. But (d) f = f* | ¢* in D[I]. As g*
divides g in D[I], f does too . So f is a prime in D[I]. O

Theorem 3.7.15. Let D be a UFD and I a set, then D[I] is a UFD.

Proof. Let f be in D[I]. We need to show that f is the product of primes. Now f € D[J]
for some finite f and by a prime factorization in D[J] is a prime factorization in D[I].
So we may assume that J is finite and then by induction that |I| = 1.

Note that f = c;f* with f* € Dlz] primitive and ¢y € D. As D is a UFD, ¢y is a
product of primes in D and b also a prodcut of primes in D[z]. So we may assume
that f is primitive. Suppose that f = gh with g, h € D[z]| with neither g nor h a unit. As
f is primitive, g and h both have positive degree smaller than f. So by induction on deg f
both g and h are a product of primes. So we may assume that f is irreducible. Let F = Fp.
By [3.7.13] f is irreducible in F[z]. As F[z] is Euclidean, f is a prime in Fz]. Hence by [3.7.13]
f is a prime in D[z]. O



Chapter 4

Modules

4.1 Modules and Homomorphism

In this section we introduce modules over a ring. It corresponds to the concept of group
action in the theory of groups.

Definition 4.1.1. Let (R,+,") be a ring and (M,+) an abelian group. A ring action of R
on M is function
o:RxM— M, (r,m)—rm

such that for allr,s € R and a,b € M:
(a) 7o (a+b) =ra+rb.
(b) o(r + s)a =ra+ sa.
(c) ro(soa)=(r-s)a.
In this case (M, 4+, ) is called an R-module.

Abusing notation we will call M an R-module and write ra for r ¢ a.

Lemma 4.1.2. Let R be a ring and M an abelian group

(a) Let o: R x M — M an ring action of R on M. Forr € R define
r®: M — M,m —r°
Then r° € End(M) and the map
®°G — End(S)

s ring homomorphism.

®° is called the ring homomorphism associated to o,

119
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(b) Let ® : R — Endgr(M) be a homomorphism. Define
0P Rx M — M, (r,m) — ®(R)(m)
then ©g is an ring action of R on M.
oPhi is called the action associated to ®
(c) " =& and 0¥ =o.
Proof. This is very similar to and we leave the details to the reader. O
Example 4.1.3. Let R be a ring and A an abelian group.
1. Ais a Z-module via noa = na for all n € Z and a € A.
2. Ais an End(A)-module via ¢m = ¢(m) for all ¢ € &, m € M.
3. Ais an R-module via, ra = 0g for all r € R, a € A.
4. R is an R-module via left multiplication.

5. Let (M;,i € I) a family of R-modules. Then X, ; M; and @;c;M; are R-modules via

T o (mi)ier = (rma)ier

6. Let R be ring, M an R-module, G a group and Q an G-set. Let M* = XpecaM =
{f:Q — R}. Then G acts an M® via (gf)(w) = f(¢g~'w) and M is an R-module via
(rf)(w) = rf(w). Finally M is a R[G]-module via

O reg)f =D roaf
geG geqG

Definition 4.1.4. Let V and W be R-modules and f :V — W be a function. Then f is
called R-linear or an R-homomorphism if

fla+c) = f(a) + f(c) and f(ra) =rf(a)
for alla,c € R,r € R.
Definition 4.1.5. Let R be a ring with identity and M an R-modules.

(a) M is a unitary R-module provide that
lpm=m
for allm e M.

(b) If R is a division ring and M is unitary then M is called a vector space over R.
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We often will say that f : V — W is R-linear instead of f : V — W is a R-modules
homomorphism. Terms like R-module monomorphism, R-module isomorphism, ker f and
so on are defined in the usual way. If V and W are R-modules, Homp(V, W) denotes the set
of R-linear maps from V' to W. Since sums of R-linear maps are R-linear, Hompg(V, W) is an
abelian group. Endg (V') denotes set of R-linear endomorphsims of V. Since compositions
of R-linear maps are R-linear, Endg(V') is a ring. Note that V' is also a module for Endg (V)

via v = ¢(v).

Definition 4.1.6. Let R be a ring and (V,+¢) an R-module. An R-submodule of R is a
R-module (W, a, O) such that

(i) WCV.
(i) anb=a+b for all a,b € W.
(i5i) rOa=roa forallr € R, a € W.
Lemma 4.1.7. Let R be a ring, V an R-module and W an R-submodule of W. Then

oyyw : RXV/W = V/W,(r,v+ W) = rv+ W
is a well-defined ring action of R on (V/W, +v/w). Moreover the map

V>V Wo—ov+W

1s an onto R-homomorphism with kerm = W.

Proof. Let v,v' € V with v+ W = v + W. Then v/ = v + w for some w € W. Let r € R.
Since W is an R-submodule, rw € W thus ro+ W =rv+rw+ W =r(v+w) + W and so
oy w is well-defined. Straight forward calculations show that oy/yy is a ring action.

By @), 7 is a well-defined onto homomorphism of abelian groups with kerm = W.
We have

m(rv) =rv+W =r(v+ W) =rn(v)
and so 7 is R-linear. O
Theorem 4.1.8 (Isomorphism Theorem for Modules). Let R be a ring and f : V. — W an
R-linear map. Thenf(V') is an R-submodule of W and
f:V/+kerf — f(W),v+ker f— f(v)
18 a well-defined R-linear isomorphism.
Proof. By the isomorphism theorem for groups this is a well defined isomorphism of

abelian groups. We just need to check that it is R-linear. So let  and v € V. Then

flr(v+ker f)) = fro+ W) = f(rv) = rf(v) = rf(v+ker f).
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Definition 4.1.9. Let R be a ring, M an R-module, S C R and X C M.
(a) (X) is the subgroup of (M,+) generated X .
(b) SX =(sx|seS zeX)

(¢) Anng(X) = {s € S| sx =0p for allz € X}. Anng(X) is called the annihilator of X
in S

(d) Annx(S) = {x € X | sx = 0pr for alls € S}. Annx(S) is called the annihilator of X
in S.

(e) (X)r :={W | W is an R submodule of M, X C M}. (X)r is called R-submodule of
M generated by X.

(f) M is called finitely generated if M = (I)r for some finite subset I of R.

Lemma 4.1.10. Let R be a ring, M an R-module, S, T C R and X C M.
(a) SX = (S)(X).

(b) S(TX)=(ST)X.

(c) If S is left ideal in R, then SX is an R-submodule of M.

(4) (X) + RX = (X)p.

(e) If M is unitary, then RX = (X)r

(f) If S is a subgroup of (R,+) and (z;,i1 € I) is a family of elements with X = (x; | i € I)
then then SX = {3 ,c;sixi | i € S,8; = Or for almost all i}

Proof. (fa) Clearly SX C (S)(X). Since ST is a subgroup of (M, +) it is easy to verify that
U={reR|rX C SX} is a subgroup of (R,+). Since S C U, we get (S) C U and so
(S)X € SX. Similarly V. = {m € M | (S)m C ST} is a subgroup of M, (X) C V and
(S)(X) C ST.
M) S(TX) = (s(tz) | se S, teT,x € X)={(st)z|s€ S,teT,xz e X)=(ST)X.
Since S is a left ideal, RS C S. Thus using (D)

R(SX) = (RS)X C SX

By definition SX is a subgroup of (M, +) and so SX is an R-submodule of M.

(d) By (a), R(X) = RX and by () R(RX) C RX. Then R((X)+ RX) C RX and
(X)+ RX is an R-submodule of M containing, X. Thus (X)r C (X) + RX .

Clearly (X) + RX C W for each R-submodule of W of M with X C W and so (X) +
RX C (X)g.

If M is unitary, then X C 13X € RX and so (X) + RX = RX. So (i€} follows from
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@ Put Y = {> ,c;sizi | 55 € 5,8, = O for almost all i}.
It is easy to verify that Y is a subgroup of (M,+) and so Y = S{z; | ¢ € I}. Thus by
(@), v =5X. O

Lemma 4.1.11. Let R be ring, M a R-module, S C R and X C M. Then
(a) Anng(X) is a left ideal in R.

(b) If X is a R-submodule of M, then Anng(X) is an ideal in R

(¢) Let I be a right ideal in R. Then Annp;(I) is R-submodule in M.

(d) S C Anng(X) if and only if X C Annys(X).

(e) Suppose that one of the following holds:

1. R is commutative.
2. All left ideals in R are also right ideals.
3. Anng(X) is a right ideal.

Then Anng(X) = Anng((X)R).
(f) Let m € M. Then the map
R/Anng(m) — Rm,r + Anng(m) — rm

is a well defined R-isomorphism. (Note here that by (d), Anng(z) is an R-submodule.
So R/Anng(m) is an R-module. Also by[{.1.10(d), Rm is an R-module.)

Proof. (b)) and () Let r,s € Anng(X), t € R and = € X. Then

Opx =0pg
(r+s)x=rx+sx =0y +0y =0p
(—r)z = —(rz) = =0
(tr)x = t(rax) =t0p = Opr

Hence 0y, 7+ s, —r and ¢r all are in Anng(X). Thus by Annp(X) is a left ideal in R.
If X is an R-submodule of M, then tx € X and so (rt)z = r(tx) = rOp = 0ps. Thus
rt € Anng(X) and and Anng(X) is an ideal.
Let z,y € Annp(I), r € R and ¢ € I. Since I is a right ideal, ir € 1.

10pr = O
z(x +y)=tix+iy=0p+0y = OMi(—:C> = —(za:) = —0p =0pr
i(rax) = (ir)z =0y
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Hence 0p7, z + y, —z and rx all are contained in Annps(7). Thus Anny,(7) is an
R-submodule of M.
@ Both statements are equivalent to t sz = 0y for all s € S,z € X.

@ Note that (e:1]) implies (e:2]) and by @, (e:2) implies (f:3]) So in any case Anng(X)
is a right ideal in R. Hence by

W := Annps(Anng (X))

is an R-submodule. By (d), X C W and so since W is an R-submodule, (X)z < W. Thus
by (d), So Anng(X) < Anng((X)g..
Since X C (X)p, Anng((X)r) € Anng(X). Thus (¢) holds.
@ Consider the map
f:R—=>M, r—rm.

Let r,s € R. Then f(r+s) = (r+s)m =rm+sm = f(r) + f(s). Also for r,s € R
f(rs) = (rs)m =r(sm) =rf(s)

So f is R-linear. Since Anng(m) = ker f, (]ﬂ) follows from the Isomorphism Theorem

113 O

Example 4.1.12. Let K be a field. Let R = M,,(K) be the ring of n x n matrices
with coefficients in K. Then K" is a module for R via (mi;)i;(k;); = (3_5_; mijk;)i. Let
e = ((512)1 € K", where 61;, = lgifi=1and Og if i £ 1. If A € Mnn(K), then Aeq is the
first columns of A. Hence Anng(e;) consists of all matrices whose first column is zero and
(e1) = Re; = K™. Thus Anng((e1)) =0 and Anng(eq) # Anng((e1)). So the conclusion of

4.1.11@ does not hold in general.
Moreover, by 4. 1.11|[), K" =~ R/Anng(e1) as an R-module.

4.2 Free modules and torsion modules

In this section R is a ring with identity and all modules are assumed to be unitary. d;; = 1g

Definition 4.2.1. Let V' be an R-module and (v;,i € I) family if elements in V

(a) V is called free with respect to (vi,1 € I) if for all unitray R-modules W and all family
of elements (w;,i € I) there exists a unique R-linear map f :V — W with f(v;) = w;
foralliel.

(b) (vi,i € 1) is called R-linearly independent, if for all r; € R;, almost all zero, we have
eri =0y <=1, =0p
el

(c) (vi,i € I) is called a R-spanning set of V.= (v; | i € I)g.
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(d) (vi,i € I) is called a R-basis if is a R-linearly independent R-spanning set.

(e) Let ¢ be a cardinality. The we say that V is free of rank ¢ if V' is free with respect to
some (wj,j € J) with |J| = c.

Lemma 4.2.2. Let V' be an R-module and (vi,i € I) a family of elements in V. Then the
following statements are equivalent.

(a) (vi,i € I) is a basis for V.
(b) The map f: @P,c; R, (ri)icr — D_;cr Tivi 15 an R-isomorphism.

(¢) For each v € V there exists uniquely determined r; € R,i € I almost zero with v =
Dier TivVi-

(d) V is free with respect to (v;)ier.

Proof. (@) = (b): . Since (v;,i € I is a linearly independent, ker f = {(0g);} and so f is
1-1. So (v;,4 € I) is a spanning set,

V ={) rivi|r €R, almost all 0} =Im f =
el
and so f is onto. It is easy to check that f is R-linear and so holds.

(]E[) - : is true since f is a bijection.
e @: Let W be a unitary R-module and (w;);cr a family of R. If f: V — W
is R linear with f(v;) = w;, then

(*) FO rivi = rw;

iel el

By (*) uniquely defines a defines a function from V' to W. It is easy to check that
it’s R-linear. Since V and W are unitary, f(v;) = f(1gv;) = lgw; = w;. and so (d)) holds.

@) - @: Let 7; € R, i € I, almost all zero, with }, ; rjv; = Oy. Fix j € I. Since
V is free with respect to (v;,7 € I) there exist an R-linear map V' — R with f(v;) = §;;.
Then

Or = f(Ov) = FO _rivi) =Y _rif(vi) =Y ridiy =r;
i€l iel iel

So (vg,4 € I) is linearly independent. Let W = (v; | i € I)g. Consider R-linear maps

7 V=V/Wov—sv+W (4.1)
a:V = V/Wu— 0yw (4.2)
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Then 7(v;) = v;W = W = Oy = a(v;) for all i € I. The uniqueness assertion in
the definition of a free module shows that 7 = a. Since Ima = {0y} and Im7 = V/W
we conclude V/W = {0y and so V.= W. Hence V/W = {Oy/W} and V = W. Thus
(vi,i € I) is a spanning set. O

We will now investigate when all submodules of free R-modules are free. First an
example.

Example 4.2.3. Let R = Z, with n € Z', n not a prime. Let V = R, viewed as an
Zy-module by left multiplication. Let m is a proper divisor of m. Then W = mZ/nZ is an
submodule of R. W which is not free. A obvious necessary condition for all submodules of
all free modules for a ring R to be free is that all submodules of R itself are free. The next
theorem shows that this condition is also sufficient.

Theorem 4.2.4. (a) Suppose that all left ideals in the ring R are free as R-modules. Then
every submodule of a free module is free.

(b) Suppose R is a PID and V is a free R-module of rank r. Then every R-submodule of
V' is free of rank less or equal to 7.

Proof. @ Let M be a free module with basis B and A a R-submodule in M. According to
the well ordering principal ({A.10) we can choose a well ordering < on B. For b € B define

My = Z Re and M, = Z Re
e€B,e<b ecBle<b

Note that M, = B} ® Rb. Put A, = M, N A and Ay = My N A. Then

Ap/Af = Ap/Ay N My 2= Ay + My /M7 < My/My = Rb= R

By assumption every submodule of R is free and so A,/Aj is free. Let E, C Ay such
that (e + Aj,e € Eyp) is a basis for Ay/A;. Let E = (Jycp £ We claim that E is a basis
for A.

Let m € M. Then m = ), ., rpb with r, =€ R and almost all m; = 0. So we can
choose by, € B maximal with respect r,  # 0. Clearly for e € Ej, b = b. In general, by, is
minimal in B with m € M, .

Now suppose that ) ree = 0 so that almost all, but not all 7. = 0. Let b be maximal
with b = b, and r. # 0 for some e € E. The e € Ej, for all e with b = ¢ and e € A} for all
e with r. # 0 and b, # b. Thus

OZZree—i—AZ: Zree—i—AZ

eckE ecky

But this contradicts the linear independence of the (e + A;, e € Ey).
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Hence F is linear independent. Suppose that A £ RE and pick a € A\ RE with b= b,
miniaml. Then a € A;. Hence

a+ A = Z ree + A
ecky

Put d = ZeeEb ree. Then d € RE < A, a —d € Aj. By minimality of b, « —d € RE and
soa €d+ RE =RE.

So A< RE, A= RFE and F is a basis for A.

(]E[) Let I be a left ideal in R. Then I = Ri for some i € R. Since R is an integral
domain, Anng(i) = {Og} and so by {.1.11|[f), R = R/Anng(i) = Ri. Then I is free of rank
at most 1. Hence |Ep| < 1 for all b € B so (b)) holds. O
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Among commutative rings R ( with identity) only PID’s have the property that every
left ideal in R is free. Indeed if a,b € R#, then ba — ab = 0 and so a and b are linear
dependent. Hence every ideal is cyclic as a module and so a principal ideal. Suppose that
ab = 0 for some non-zero a,b € R. Then bRa = 0 and so Ra is not free, a contradiction.
Thus R is also an integral domain and so a PID.

Corollary 4.2.5. Let R be a PID and M an R-module and W an R-submodule of M. If
M = RI for some I C M, then W = RJ for some J C W with |J| < |I|. In particular, if
M is finitely generated as an R-module, so is M.

Proof. Let V be a free R-module with basis (v;);er and let ¢ : V' — M be R-linear with
¢(v;) =i for all i € I. Then

(V) = ((v; | i € 1)) = (®(v;) | i € g = (i | i € I)g = RI = M.

Let A =& 1(W). By A has a basis (ag)kerx with |K| < |I|. Put J = ®(K). Since ¢
is onto, ®(A) = M. Thus

M =®(A) =d({ag, k € K)r) = (P(ag),k € K) = R®(K) = RJ
and |J| < |K| < |I|. O
Definition 4.2.6. Let M be a unitary R-module and m € M.
(a) m is called a torsion element if rm = 0y for some r € R,
(b) M is called a torsion module if all elements are torsion elements.
(¢) M is called torsion free if Ops is the only torsion element.
(d) M is a bounded R-module if there exists r € R* with rm = 0y for all m € M.

Note that m is not a torsion element if and only if (m) is linearly independent.

Example 4.2.7. Let R = Z. For n € Z let Z,, = Z/nZ.

Consider M = Zg @ Z3. Since 2(1,0) = (2,0) = (0,0), (1,0) is a torsion element. Also
3(0,1) = (0,3) = (0,0) and so (0,1) is a torsion element. In fact 6(a,b) = (2(3a),3(2b)) =
(0,0) for all (a,b) € M and so M is bounded.

Consider M = Z & Z. If r € Z* and (a,b) € M with r(a,b) = (0,0), then ra = 7b = 0
and so a = b = 0. Thus M is torsion free.

Consider M = @, 7+ Z;. Let m = (m;);cz+ € M. By definition of the direct sum there
exists k € ZT with m; = 0 for all i > k. We claim that k!m = 0j7. Indeed of i < k, then
i| k! and so k!m; = 0 in Z;. And if ¢ > k, then m; = 0 and again k!m; = 0. Thus M is a
torsion module. But M is not bounded, indeed suppose that r € Z™ with rm = 0y, for all
m € M. Let i € Z* and pick m € M with m; = 1. From rm =0 we get 0 =rm; =7l =71
in Z; and so i | r. Hence |r| > i for all i € Z", a contradiction.

Lemma 4.2.8. Let M be a module for the integral domain R.



4.2. FREE MODULES AND TORSION MODULES 129

(a) Let I be a finite set of torsion elements in M. Then RI is a bounded R-submodule of
M.

(b) Let T(M) be the set of torsion elements in M. Then T(M) is R-submodule of M.
(¢) M/T(M) is torsion free.

Proof. @ For i € I pick r;, € R# with rji = Op. Put r = Hiel r;. Since R is com-
mutative, r is well defined and since R has no zero-divisors, r # Ogr. Let j € I, then
rj = (Iljzerri)rjs = Om. Since Annp(r) is an R-submodule of M we conclude that
RI < Annjy(r) and so RI is bounded.

(]E[) Since 1z0n; = 07, 0y is a torsion element. If x,y € T(M) and r € R, then by @,
r+yeT(M),—x €T (M) and re € T(M). Thus T(M).

Let © € M/T(M) be a torsion element. Pick m € M with z = m 4+ T(M) and
r € R with ro = Onr/r(ar)- Then rm € T(M) and so s(rm) = Oy for some s € R®. Hence
(sr)m = 0ps and as R is an integral domain, sr # Ogr. Som € T(M), v = m+ T(M) =
Orr/r(ary and M/T(M) is torsion free. O

Theorem 4.2.9. Let M be an R-module.
(a) Any linearly independent subset of M lies in a mazximal linear independent subset.

(b) Let L be a mazximal linear independent subset of M. Then RL is a free R-module with
basis L and M/RL is a torsion module.

Proof. Here a subset E of M is called linearly independent if (€).cp is linearly independent.

@ Let E be a linearly independent subset of M. Let £ be the set of linearly independent
subsets of M containing E. Since £ € L, L # (). Order £ by inclusion. Let C be a non-
empty chain in £ and put D = |JC. We will show that D is linearly independent. For this
let rg € R,d € D, almost all zero with ), r4d = Oy. Since almost all r4’s are zero we can
choose pairwise distinct d;, 1 <i < n € D such that ry = Op for all d € D\ {dy,da,...d,}.
Since d; € D = |JC, there exists C; € C with d; € C;. Since C is a chain we may assume that
Ci1CCyC...Cpandsod; € Cp forall 1 <i<n. Notethat ), rq,d; = ;cprad = Oy.
Since C,, is linearly independent we conclude that rg, = Og for all 1 <7 < n and so also
rq =)gr for all d € D. Thus D is linearly independent, D € £ and D is an upper bound for
C.

Thus the assumptions of Zorn’s Lemma[A.6] are fulfilled and we conclude that £ contains
a maximal element L. Then L is a maximal linearly independent subset of M containing
E.

@ Let v € V. We will show that v+ RL is a torsion element in V/RL. If v € RL, then
v+ RL = Oy/gr, and so v+ T'L is torsion element. So suppose v ¢ RL. Then v £ and by
maximality of £, {v} U L is linearly dependent. Hence there exist » € R and r; € R,l € L
almost all but not all equal zero to O such that

Tv+Zrll = Oy

leL
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If r = Og, then since L is linearly independent, r; = Op for all [ € L, a contradiction.
Thus r € R* and rv = — Y., il € RL. Hence r(v+ RL) = Oy/py, and V/RL is a torsion
module. O

We remark that if L is a maximal linear independent subset of M, then RL does not
have to be a maximal free submodule. Indeed the following example shows that M does not
even have to have a maximal free submodule. (Zorn’s lemma does not apply as the union
of a chain of free submodules might not be free)

Example 4.2.10. Let R = Z and M = Q with Z acting on Q by left multiplication. As
@ has no zero divisors, Q is torsion free. In particular, every non-zero element a is linearly
independent. We claim {a} is a maximal linearly independent subset. Indeed, let a,b € Q.
Then a = > and b = 1 with n,p € Z and m,q € Z!. Then

n
(mp)a + (—nq)b = mp— — nq% =pn—np=0

and {a, b} is linearly dependent.

We conclude that every non-zero free submodule of Q is of the form Za,a € QF. Since
Za < 75 we see that Q has no maximal free Z-submodule. In particular, Q is not free
Z-module.

Q as a Z module has another interesting property: every finitely generated submodules
is cyclic (that is generated by one element). Indeed, if A is generated by %, 1< <k, put
m = lemj<;<pm; and Then mA = A and mA <7Z. So mA and A are cyclic.

Corollary 4.2.11. Let D be a division ring and V o D-module.

(a) V' is torsion free.

(b) Any torsion D-module is a zero module.

(c) Every linear independent subset of V' is contained in a basis of V.
(d) V has a basis and so is a free D-module.

Proof. @ Let d € D¥ and v € V with dv = Oy. Since D is a division ring ed = 1p for some
e€ D. Thus v = 1pv = edv = e0y = Oy and so V is torsion free.

(]E[) This follows from @

Let £ be linearly dependent subset of V. By L is contained in a maximal
linearly dependent subset B. Also by V/RB is a torsion module. By (]E[) applied to
V/RB we conclude that V/RB is a zero-module and so V' = RB. Hence B is a basis.

@ By applied to £ = ), V has a basis and so by V is free. O

Lemma 4.2.12. Let R be a ring V' an R-module and W be an R-submodule of V. If V/W
is a free R-module, then there exists a free R-submodule F' of V with V =F @ W.
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Proof. Let (v;)icr be a tuple of elements in V' such that (v; + W);er is a basis for V/W.
Put F = (v;,i € I)g. Let v € V. Since (v; + W);cs spans V/W:

v+ W= Zn(vi—i-W)
i€R

for some r; € R almost all zero. Hence v € (Zie] nvi) +WCF+WandsoV=F+W.
Now let w e FNW. Then w = ZieR r;v; for some r; € R almost all zero. Then

Zri(vi—l—W) =w+W=W =0yy.
icl

Since (v; + W);er is linearly independent in V/W we conclude r; = O for all i € I.
Thus w =0y and FNW = {0y} andso V=F g W.
Since V/W = (F+W)/W 2 F/FNW 2 F, F is a free R-module. O

Lemma 4.2.13. Let M be a torsion free R-module for the integral domain R. Suppose that
one of the following holds:

1. M is finitely generated.
2. If N is a submodule of M such that M/N is a torsion module, then M /N is bounded.

Then there exists a free R-submodule W such that M is isomorphic to a submodule W'.

Proof. Note that by condition implies condition . So we may assume that ([2))
holds. By there exists a free submodule W of V' such that M /W is torsion. By ({2)
there exists r € R* with rz = Opr/w- Hence rM < W.
Consider the map
a: M —Wm—rm.

Since R is commutative, « is a R-linear. As M is torsion free, a is 1-1. Thus M = a(M) =
rM < W. U

Lemma 4.2.14. Let D be a division ring, V a D-module and W a D-submodule. Then
there exists a D-submodule K of V- with V = K @ W.

Proof. By 4.2.11@, V/W is a free D-module and so the lemma follows from [4.2.12 O

Lemma 4.2.15. Let f : A — B be group homomorphism and C C A with f(C) = B. Then
A=kerf-C.

Proof. Let a € A. Then f(a) = f(c) for some ¢ € C and so f(ac™!) = ep. Thus ac™! € ker f
and a = (acH)c € ker f - C. O
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4.3 Modules over PIDs

We continue to assume that R is a ring with identity. Moreover, with module we always
mean unitary module.

Definition 4.3.1. Let M be an R-module. Then M is called cyclic if M = (m)g for some
meM.

Lemma 4.3.2. Let R be a PID, M an R-module, m € M and p a prime in R. Suppose that
pFm = 0y for some k € N and let | € N be minimal with p'm = 0p;. Then Anng(m) = p'R
and Rm = R/p*R as an R-module.

Proof. Put S = Anng(m). Then S is an ideal in R and since R is a PID, S = Rs for
some s € R. Since p'm = 0, p' € S and s | p¥. Thus s ~ p? for some t € N with ¢ < I.
Then S = Rpt and p'm = 0j;. By minimality of [, [ = ¢t. Thus S = Rp' and by @,
Rm = R/Rp'. O

Theorem 4.3.3. Let R be a PID and p € R a prime. Suppose that M is an R-module
with p* M = {0y} for some k € N. Then M is a direct sum of non-zero cyclic submodules
of M.

Proof. The proof is by induction on k. If k = 0, then, since M is unitary, M = {05/} and
the theorem holds.

So suppose k > 0. Since p*~1(pM) = p* M = {057} we conclude by induction on & that
there exist non-zero cyclic submodules A;,i € I of pM with M = @,.; A;. Since A; is
cyclic A; = {(a;)p = Ra; for some a; € A;. Thus
1°. pM =@, Rai

Since A; is non-zero, a; 7% Op. Since a; € pM there exists b; € B with a; = pb;. Put
B = (bj,i € I)r = > ;c; Rb;. We claim that
2°, B =@, Rb;

For this let r; € R, € I, almost all zero with

(*) Zribi :OM.

i€l
We need to show that r;b; = 0y for all ¢ € I. From (*) we have
Z’m‘ai = Zﬁ'pbz‘ = pz?"z‘bi = p0ps = Opy.
il il icl

Thus implies that r;a; = 0 for all ¢ € I. Let S; = Anng(a;). By S; = Rpli
for some I; € N. Since a; # Oy, I; # Op. Since r; € S; we get p | 7. Thus p | r; and
r; = t;p for some t; € R. Then r;b; = t;pb; = t;a;. Thus
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(%) ribi = tia;.

Substitution into (*) gives:
Z tiai == OM
el
Thus by , tia; = 0pr and by (**) r;b; = 0p7. Thus holds.
3°. M = Anny(p) + B.

We have pB = p)_ ,c; Rb; = Y ;c; Rpb; = Y ,c; Ra; = pM. Define o : M — pM, m —
pm. Then o is R-linear and a(B) = pM. Thus by 4.2.15| M = ker o + B = Anny(p) + B.

4°, R/Rp is a field and Annys(p) is module for R/ Rp.

Since p is a prime, R/Rp is a field by Since Rp < Anng(Annys(p)), Annys(p) is
an R/Rp module via (r + Rp)m = rm.

5°. There exists an R-submodule D of Annp(p) with Annp(p) = D @ Anng(p) and
M =D& B.

Since R/Rp is a field we conclude from that Anny/(p) = D @ Annpg(p) for some
R/Rp submodule D of Annps(p). Then D is also an R-submodule of Annys(p). We have
M = Anny(p) + B =D+ Anng(p) + B =D+ B and DNB = DN Anmny(p) N B =
DN Anng(p) ={0r}. So M =D @ M.

We now can complete the proof of the theorem. By , the R/Rp-module D has
a basis (dj)jes. Then D = P, R/pR-bj = P, ; Rd;. Together with and (5°%) we
get

M =D& B=Rd; & P Rbi
jeJ iel

O

Theorem 4.3.4. Let M be a finitely generated module for the PID R. Then there exists a
free submodule F < M with M = F & T(M).

Proof. By M/T (M) is torsion free, so by 4.2.13| M /T(M) is isomorphic to a submod-
ule of a free module. Hence by M/T(M) is free. Thus by 4.2.12/ M = F @ T(M) for
a free R-submodule F' of M. O

Definition 4.3.5. Let R be a commutative ring, r € R and A C R.

(a) We say that r is a common divisor of A and write v | A if r | a for all a € A.
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(b) We say that r is a greatest common divisor and write r ~ ged A if r is common divisor
of A and s | r for all common divisor s of A.

We remark that in a general commutative ring a given set of elements might not have
a greatest common divisor.

Lemma 4.3.6. Let R be a commutative ring, r € R and A C R.

(a) r | A if and only if (A) C (7).

(b) Suppose s € R is a gcd of A, then r is a ged of A if and only if r ~ s.
(¢) The following two statement are equivalent:

(a) T is a ged of A.
(b) For alls€ R : s|A<=s|r.

Proof. (a)) By definition of dividing, r | a if and only if (a) C (r). Since (r) is an ideal,
(a) C (r) for all a € A if and only if (4) C (r). Thus (b)) holds.

() If s ~ r, then (s) = (r). Since the definition of a ged only depends (s) and not on
s, we conclude that r is a ged of A.

Suppose 7 is a ged of A. Then since s is a common divisor of A, s | r. By symmetry
r|sand sor~s.

Suppose 7 is a ged. If s | A, then s | r by definition of a ged. If s | r, then since r | A
also s | A.

Suppose for all s € R we have s | A <= s | r. Since r | r we get r | A. Also s | r for all
s with s | A and so r is a ged of A. O

Definition 4.3.7. Let R be commutative ring, b € R, a € R A C R. Define
ap :=sup{n € N|b" |a} and Ay:=sup{n e N|b"|A}

Note here that if b" | a for all n € N, then a; = co. For example if a = O then a, = co
for all b € R.

Lemma 4.3.8. Let R be a UFD and P a set of representatives for the primes in R, that
is P is a set of primes and each prime in R is associate to exactly one element in P.

(a) Let p be a prime and a € R. If a = Og, then a, = co. If a is a unit then a, = 0. If a
is proper and a = p1p2 . ..py with each p; a prime in R, then

ap={i|1<i<n,p;~p}.

(b) Let a € R:. Then a ~ [Lepp®.

(¢) Let a,b € R and p a prime. Then (ab), = ap + by.
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(d) Let a,b € R. Then a | b if and only if ap < by for all p € P.
(e) Leta € R and B C R. Then a | B if and only if a, < B, for allp € P.

f) Let AC R. If A C {Ogr}, then Ogr is a ged of A. If A Or}, then pAP s a gcd
peEP
of A.

Proof. Let a,b € R with a | b, let p be a prime in R and let k£ € N.

Suppose a is proper and let a = p;...p, there each p; is a prime. For each p € P, let
ay = |{i | pi ~ p}|. Then it is easy to see that a ~ Hpepp“;. So p% | a and ay < ap. Since
a | b, b= ac for some ¢ € R. Thus

Hpb;‘, ~ b= ac ~ Hpa;‘, 1_‘[])0;‘7 _ Hpa;+c*
peEP peP peEP peEP

So by the uniqueness of prime factorizations (]H) we get by = a, +cj,. Thus a;, < by.
Since p® | a, we conclude that a, < a, and so a, = a,. Hence @, @, and the forward
direction of are proved.

Suppose a, < b, for all p € P. Put ¢ = HpE'P pb»~% . Then by (]E[), ac ~ b and so a | b.
Thus @ holds.

If follows immediately from the definition of B, that B, = min{b, | b € B}. So we have

a|B<=a|bVoeB<+=a,<b,,VoeBpeP < a,<B,\YpecP

So (i¢) holds.
Put r =[[,cp p'* and let s € R. Then by @) rp = Ap. Hence

s|lr<= s, <rp<=sp, <A, <= s|A

Hence by [4.3.6([c)), r is a ged of A. O

Lemma 4.3.9. Let R be a commutative ring, A C R and r € R. Suppose that A is a
principal ideal in R. Then r is a gcd for A if and only of (A) = (r).

Proof. By assumption there exists t € R with (A) = (¢). Let s € R. Then

s | ABZIE 4y (g) = (1) C () = 5| 1.

So by [£.3.6](d), ¢ is a ged of A. Hence by [£.3.6|(0)), r is a ged of A if and only if (r) = (¢)
and so if and only if (r) = (A). O

Theorem 4.3.10. Let R be a PID and M a torsion module for R. Let P a set of repre-
sentatives for the primes in R. For p € P put My = Uzt Anny(p*). Then

M =P M,.

peEP
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Proof. Let m € M. Since M is a torsion modules there exists r € R# with rm = 0j;. By
3.3.18| PIDs are UFDs and so by [4.3.8|(b) there exist pairwise distinct p; € P and k; € Z7,
1<k <n, with r ~ p’fl ...p". So we may assume that

k kn
r=py...p"

Put a; =[] ot p?j . Then r = pfiai. Since p; t a; we conclude that ged ; a; ~ 1 and
so by 1gr = > sia; for some s; € R. Put m; = s;a;m. Then

n n n
m=1grm = (Z&'%’) m = Zsiaim = ZmZ
i=1 i=1 i=1
and

pflmz = pfisiaim = Sl(pflaz)m =5 (Tm) = OM

Thus m; € AnnM(pf") <My, andm=>3 " m; €. pM, Therefore

peEP
M=>" M,
peEP
Let p € P. Put
My = Y M,
p#qEP

In remains to show that M, N M, = {0y }. For this let k € Z* and 0p; # m € M,y. Then
there exist primes p1,p2,...pn, and m; € M), such that p # p; and m = > " ; m;. Then
pilmZ = 0p for some [; € N. Put a =[], pi’ Then am = 0p; and p { a. Hence by
1r = ra + sp® for some r,s € R and m = ram + sp*m = sp*m. Thus p¥m # 0 and so
m ¢ My, O

Lemma 4.3.11. Let R be a ring, and (M;);cr a family of non-zero R-modules. If @, ; M;
1s finitely generated, then I is finite.

Proof. Let A be a finite subset of M := @, ; M; with M = (A)r. By definition of “direct
sum” each m is a tuple (m;);c; with almost all m; zero. So for a € A we can choose a
finite subset J, of I with ay =0 for all k € I'\ Jo. Put J = {J,c 4 Ja- Then J is finite. We
will show that J = I. For this let i € I and put W = {m € M | m; = 0}. Then W is a
R-submodule of M and since M; # 0, W # M. Since M = (A)p we get A € W and so
a; # 0 for some a € A. Thusi € J, C J, I = J and [ is finite. ]

Theorem 4.3.12. Let M be a finitely generated module for the PID R. Then M is direct
sum of finitely many cyclic R-modules. Moreover, each of the summand can be chosen be
isomorphic to R or R/p*R for some prime ideal p € R and some k € Z+. In other words,

M~R®R®..®ROR/P"R® R/pF’R & ... ® R/pI"R

k-times




4.4. EXACT SEQUENCES 137

for some k,n €N, ky,ko..., ky € ZT and primes p1,p2,...,pn € R.

Proof. By M = F & T(M), where F is a free R-module. So F' is a direct sum of
copies of R. Also by T(M) = @ ep Mp, where P is set of representatives for the
associate classes of primes in R. Let p € P. Since M is finitely generated and Mp is a
homomorphic image of M, M), is finite generated. Thus M, = (I) g for some finite subset I
of Mp. For i € I pick [; € N with plii = {0y} and put | = max;esl;. Then p'M, = {0}
Thus by [£.3.3] M,, is the direct sum of non-zero cyclic submodules. By [.3.2] each of these
cyclic submodules is isomorphic to R/p*R for some k € Z+.

It follows that M is a direct sum modules of the form R or R/p*R, p € P, k € Z™.
Since M is finitely generated, this direct sum is a finite direct sum. O

Corollary 4.3.13. (a) Let A be a finitely generated abelian group. Then A is the direct
sum of cyclic groups.

(b) Let A be an elementary abelian p-group for some prime p. (That is A is abelian and
pA =0). Then A is the direct sum of copies of Z/pZ.

Proof. Note that an abelian group is nothing else as a module over Z. So @ follows from

and (]ED follows from and

(]E[) can also by proved by observing that A is also a module over the field Z/pZ and so
has a basis. O

4.4 Exact Sequences

Definition 4.4.1. A (finite or infinite) sequence of R-linear maps

L= P O P LN P = O A o= T

is called exact if for all suitable j € Z

Im fj = ker fj—i—l

We denote the zero R-module with 0. Then for all R-modules M there exists unique
R-linear maps, 0 - M and M — 0.
The sequence

054-LB

is and only if f is one to one.
A-LB o0

is exact if and only if f is onto.
041 B0

is exact if and only if f is an isomorphism.
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A sequence of the form
04582500

is called a short sequence. If it is exact we have that f is one to one, kerg = Im f and g¢
is onto. Since f is one to one we have Im f =2 A and so kerg = A. Since g is onto the
isomorphisms theorem says B/ker g = C. So the short exact sequence tells us that B has
a submodule which isomorphic to A and whose quotient is isomorphic to C'.

Given two exact sequences

A:fi—71>

A oA 5 ana B2 B, % B, 9

A homomorphism of exact sequences ¢ : A — B is a tuple of R-linear maps (h; : A; — B;)
so that the diagram

Ai g fi A fir1 | Aoy fito

lhi,1 lhl lhzﬁrl

gi—1 gi fit1 git2
B4 B; Biy1 ——

commutes. idgq : A — A is defined as (ida,). ¢ is called as isomorphism if there exists
¥ : B — A with Yp = id, and ¢ = idg. It is an easy exercise to show that ¢ is an
isomorphism and if and only if each h; is.

Theorem 4.4.2 (Short Five Lemma). Given a homomorphism of short exact sequences:

0 I . B9, 0
|
0 AN : VN e 0

Then

(a) If a and ~v are one to one, so is (3.
(b) If a and ~y are onto, so is 3.

(¢) If a and ~y are isomorphisms, so is (3.

Proof. (a) Let b € B with 8(b) = 0. Then also ¢'(3(b)) = 0 and as the diagram commutes
v(g(b)) = 0. As v is one to one g(b) = 0. As kerg =Im f, b = f(a) for some a € A. Thus
B(f(a)) =0 and so f'(a(a)) = 0. As f’ is one to one, a(a) = 0. As « is one to one, a = 0.
So b= f(a) =0 and S is one to one.

(b) Let b’ € B'. As~ and g are onto, so is yog. So there exists b € B with ¢'(V') = v(g(b)).
As the diagram commutes v(g(b)) = ¢’(8(b)). Thus d := V' —3(b) € ker¢’. As ker g’ = Im f’
and « is onto, kerg’ = Im(f’ o ). So d = f’(a(a)) for some a € A. As the diagram
commutes, d = $(f(a)). So
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Hence v/ = (b + f(a)) and 3 is onto.
(c) follows directly from (a) and (b). O

Theorem 4.4.3. Given a short exact sequence 0 — A i) B %5 C — 0. Then the
following three statements are equivalent:

(a) There exists a R-linear map v : C — B with g oy = id¢.
(b) There exists a R-linear map n: B — A with no f =id4.

(c) There exists T: B — A® C so that

0 At B I, C 0
| I |
0 A5 ApCc =5 C 0

is an tsomorphism of short exact sequences.

Proof. (a)= (c) Consider

0 AL Apec = 0
| ICEI
0 A1 B I, C . 0

Here (f,v): A® C — B, (a,c) — f(a) +v(c). It is readily verified that this is a homomor-
phism. The Short Five Lemma [4.4.2] implies that is an isomorphism.
(b)= (c) This time consider

0 A B I, 0
| ICER
0 AL Apc 2 C 0

(c)= (a)& (b) Define n = my o7 and v = 7~ 'ps. Then

nof=mo(rof)=mop =ida

and
goy=(gor ')opy=m opy=idc
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An exact sequence which fulfills the three equivalent conditions in the previous theorem
is called split.

To make the last two theorems a little more transparent we will restate them in an
alternative way. First note that any short exact sequence can be viewed as pair of R
modules D < M. Indeed, given D < M we obtain a short exact sequence

0 D M M/D —— 0

Here D — M is the inclusion map and M — M/D is the canonical epimorphism. Con-
versely, every short exact sequence is isomorphic to one of this kind:

0 —— A l . p ¢ c —0
E i
0 —— Imf B B/Imf —— 0

Secondly define a homomorphism ® : (A < B) — (A’ < B’) to be a homomorphism
®: B — B with ®(A) < A’
Such a @ corresponds to the following homomorphism of short exact sequences:

0 A > B B/A —— 0
l‘bA lcb lq)B/A
0 Al B’ B'/JAN —— 0

Here ®4 : A — A" : a — ®(a) and ®g/y : B/A — B'/JA' : b+ A — &) + A'. Since
®(A) < A’ both of these maps are well defined.
Lets translate the Five Lemma into this language:

Lemma 4.4.4. Let & : (A < B) — (A’ < B’) be a homomorphism.
(a) If @4 and ®p,4 are one to one, so is P.

(b) If @4 and @4 are onto so is P.

(¢c) If ®4 and ®p,4 are isomorphism, so is ®.

Proof. This follows from the five lemma, but we provide a second proof.
(a) As ker®p 4 =0, ker® < A. So ker ® = ker 4 = 0.
(b) As ®p/4 is onto, B’ = ®(B) + A’. As ®(A) = A’ we conclude B’ = ®(B).
(c) Follows from (a) and (b). O

The three conditions on split exact sequences translate into:

Lemma 4.4.5. Given a pair of R-modules A < B. The following three conditions are
equivalent.
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(a) There exists a homomorphism vy : B/A — B with b= ~(b) + A for all b € B.
(b) There ezists a homomorphism n: B — A with n(a) = a for all a € A.
(c) There exists a R-submodule K of B with B= A K.

Proof. Again this follows from but we give a second proof:

(a)= (c): Put K = v(B/A). Then clearly K + A = B. Also if v(b+ A) € A we get
b+A=A=0g/4 Thusy(b+ A)=0and KNA=0.

(b)= (c¢) Put K = kern. The clearly K N A = 0. Also if b € B. Then n(b) € A and
n(b—n(b)) = n(b) —n(b) = 0. Thus b = n(b) + (b —n(b)) € A+ B. Thus B=A+ K.
(c) = (a): Define v(k+ A) =k for all k € K.

(c) = (b): Define n(a+k) =aforallaec A ke K O

Finally if A is a R-submodule of B we say that B splits over A if the equivalent conditions
in the previous lemma hold.

4.5 Projective and injective modules

In this section all rings are assumed to have an identity and all R-modules are assumed to
by unitary.
We write p: A » Bif ¢ : A — B is onto. And ¢ : A — B if ¢ is one to one.

Definition 4.5.1. Let P be a module over the ring R. We say that P is projective provided
that

where both diagrams are commutative.

Lemma 4.5.2. Any free module is projective.

Proof. Given a : A — B and 8 : Fr(I) — B. Let i € I. Since « is onto, 8(i) = a(a;) for
some a; € A. By the definition of a free module there exists v : Fr(I) — A with (i) = a;.
Then

a(y(i) = a(a;) = B(i).

So by the uniqueness assertion in the definition of a free module oy = . 0

Let A and B be R-modules. We say that A is a direct summand of B if A < B and
B =A®C for some C < B.

Note that if A is a direct summand of B and B is direct summand of C' then A is a direct
summand of C. Also if A; is a direct summand of B;, then &, ; A; is a direct summand of

eaiel B;.
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Lemma 4.5.3. Any direct summand of a projective module is projective.

Let P be projective and P = P; @ P, for some sub-

modules P; of P. We need to show that P, is projec- P
tive. Given : A - B and 8 : P — B. Since P is - 5
projective there exists 7 : P — A with ! P1

Proof. Py ~ A

aoqy=LfFom
Put v =4p;. Then N /

. B
aoy=aoop =pfomop =p

O
Theorem 4.5.4. Let P be a module over the ring R. Then the following are equivalent:
(a) P is projective.
(b) Every shot exact sequence 0 — A TP o splits.

(¢) P is (isomorphic to) a direct summand of a free module.

Proof. (a)=- (b): Since P is projective we have

P

v B
%/

P

So the exact sequence is split by [.4.3h.
(b) = (c): Note that P is the quotient of some free module F. But then by (b) and
[4:43, P is isomorphic to a direct summand of F.

(c)= (a): Follows from and O

Corollary 4.5.5. Direct sums of projective modules are projective.
Proof. Follows from [£.5.4. O

Next we will dualize the concept of projective modules.

Definition 4.5.6. A module J for the ring R is called injective if

J A J il A
N/ — N/
B B

where both diagrams are commutative.
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Above we showed that free modules are projective and so every module is the quotient
of a projective module. To dualize this our first goal is to find a class of injective R-modules
so that every R-modules is embedded into a member of the class. We do this into step
steps: First we find injective modules for R = Z. Then we use those to define injective
modules for an arbitrary ring (with identity).

To get started we prove the following lemma, which makes it easier to verify that a given
module is injective.

Lemma 4.5.7. Let J be a module over the ring R. Then J is injective if and only if for

all left ideals I in R:
J«——71 R

LN N

where both diagrams are commutative.

Proof. Given oo : B»— A and : B — J, we need to find v : B — J with § = vya. Without
loss, B < A and « is the inclusion map. 8 = ya now just means v |p= .

That is we are trying to extend S to A. We will use Zorn’s lemma find a maximal
extension of 5. Indeed let

M={6:D—J|B<D<ASG|p=p}

Order M by 61 < § if
D1 C Dy and 69 ’Dlz 01

We claim that every chain {¢; : D; — J | i € I'} in M has an upper bound. Let D = J;c; D;
and defone 0 : D — J by §(d) = 6;(d) if d € D; for some i € I. It is easy to verify that J is
well defined, 6 € M and ¢ is an upper bound for delta; : D; — J | i € I.

Hence by Zorn’s lemma, M has a maximal element § : D — J.

The reader might have noticed that we did not use our assumptions on J yet. Maximal
extensions always exists.

Suppose that D # B and pick b € B\ D.

Consider the R-linear map:

pu:D&R— A, (dyr)—d+rd

Let I be the projection of ker v onto D. Then as ker p is a submodule of D & R, I is a
submodule of R, that is a left ideal. Moreover, ker u = {(—ib,) | i € I and I consists of
all » € R with rb € D. Consider the map § : I — J,i — §(ib)). By assumption £ can be
extended to a map

€: R — J with £(7) = 6(ib).

Define Z: D& R — J,(d,r) — 0(d) + £(r). Then = is R-linear. Also Z(—ib,i) = —0(ib) +
€(i) = —4(ib) + 6(ib) = 0. Hence ker u < ker = and we obtain a R-linear map

E:(DEPR)/ kerp— J.
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So by the Isomorphism Theorem we conclude that
D+Rb— J, d+rb—o(d)+E(r)

is a well defined R-linear map. Clearly its contained in M, a contradiction to the maximal
choice of 4.
Thus D = B and J is injective. The other direction of the lemma is obvious. O

Lemma 4.5.8. Let R be a ring and M an R-module. Then
A : Homp(R, M) — M, ¢ — ¢(1)
is a Z-isomorphism.

Proof. Clearly A is Z-linear. To show that A is an bijective we will find an inverse. Let
m € M. Define
I'(m): R— M, r—rm

. The claim that T'(m) is R-linear. Indeed its Z-linear and
I'(m)(sr) = (sr)m = s(rm)
for all s,t € R. So ['(m) € Hompg(R, M). Also
A(L(m)) =T(m)(1) = 1m =m
and for ¢ € Homp(R, M),
(C(A(@)(r) = rA(¢) = (1) = ¢(rl) = ¢(r)

So I'(A(¢)) = ¢ and T is the inverse of A. O
Let R be an integral domain. We say that the R-module M is divisible if rM = M for
all r € R#. Note that every quotient of a divisible module is divisible. Also direct sums
and direct summand of divisible modules are divisible
If R is divisible as an R-modules if and only if R is a field. The field of fraction, Fp is
divisible as an R-module.

Lemma 4.5.9. Let R be an integral domain and M an R-module.
(a) If M is injective, then M is divisible.

(b) If R is a PID, M is injective if and only of M is divisible.
Proof. (a) Let 0 # ¢t € R and m € M Consider the map

Rt — M,rt — rm
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As I is an integral domain this is well defined and R-linear. As M is injective this homomor-
phism can be extended to a homomorphism « : R — M. Then ty(1) = ~(t1) = v(t) = m.
Thus m € tR and R =tR so M is divisible.
(b) Suppose that M is divisible. Let I be a ideal in R and 3 : I — M a R-linear map.
As R is a PID, I = Rr for some t € R. As M is divisible, 3(t) = tm for some m € M.
Define
y:R—=M,r—=rm

Then v is R-linear and y(rt) = rtm = [(rt). We showed that the condition of are
fulfilled. So M is injective. O

Proposition 4.5.10. Let R be a integral domain.
(a) Every R module can be embedded into an divisible R-module.
(b) If R is a PID, then every R-module can be embedded into a injective module.

Proof. (a) Let M a R module. Then
M= A/B

where A = @,; Rfor some set I and B is a submodule of A. Let D = @,.; Fr. Then
D is divisible and B < A < D. Also D/B is divisible and A/B is a submodule of D/B
isomorphic to M.

(b) follows from (a) and O

An abelian group A is called divisible if it is divisible as Z-module.
Let R be a ring and A, B and T be R-modules. Let ¢ : A — B be R-linear. Then the
maps
¢* : Homp(B,T) — Homg(A,T), f = fo¢

and
¢ : Homp(A,T) — Hompg(B,T), f — ¢o f

are Z linear. Suppose that ¢ : B — C'is R-linear. Then
(o) =godand (poy)* =" o™

Lemma 4.5.11. Let R be a ring, M a R-module, D a right R-module and A an abelian
group.

(a) Homyz(D, A) is an R-module via r¢(d) = ¢(dr).
(b) The map
E=E(M,A): Homg(M,Homgz(R, A)) — Homz(M, A), ZE(P)(m)= ®(m)(1)

1s an Z-isomorphism.
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(c) E(M,A) depends naturally on M and A. That is
(a) Let §: A — B be Z-linear. Then the following diagram is commutative:

Homp(M,Homz(R, A)) E0rA), Homy (M, A)

E E
E(M,B)
Homp(M,Homz(R, B)) ——— Homgz(M, B)
That is Z2(f o ®) = B0 Z(®) for all ® € Homp(M,Homz(R, A)).
(b) Let n: M — N be R-linear. Then the following diagram is commutative:

Homp(M,Homz(R, A)) E0rA), Homgyz (M, A)

Tn* T’r]*
=(N,A)
Hompg(N,Homz(R, A)) ——= Homgz(N, A)

That is (V) on = ZE(P on) for all ¥ € Homp(N,Homy(R, A)).

(d) If A is divisible, Homz (R, A) is an injective R-module.
Proof. (a) Let r,s € R, ¢,1 € Homgz(D, A) and d, e € D.
(rg)(d+e) = o((d+e)r) = ¢(dr + er) = ¢(dr) + d(er) = (ré)(d) + (r¢)(e)
Thus r¢ € Homy(D, A).
(r(¢+1))(d) = (¢ + ¥)(dr) = ¢(dr) + P(dr) = (r¢ + r)(d)
((r+5)¢)(d) = ¢(d(r + 5)) = ¢(dr) + ¢(ds) = (r¢ + 5¢)(d)

((rs)@)(d) = ¢(d(rs)) = ¢((dr)s) = (s¢)(dr) = (r(s$))(d)

So Homgz(D, A) is indeed a R-module.
(b) Clearly = is Z-linear. Suppose that =Z(®) = 0. Then ®(m)(1) = 0 for all m € M.
Let r € R. Then

0=&(rm)(1) = (r&(m))(1) = (®(m))(1r)) = &(m)(r)

Thus ®(m)(r) =0 for all r. So ®(m) = 0 for all m and so ® = 0. So = is on to one.
To show that E is onto, let &« € Homy (M, A).
Define ® € Hompg(M, Homyz(R, A)) by
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Clearly ®(m) is indeed in Homgz(R, A). We need to verify that ® is R-linear. Let s € R.
Then (Phi(sm))(r) = a(rsm) and (s®(m))(r) = ®(m)(rs) = a(rsm). So ®(sm) = s®(m)
and ® is R-linear.

Also

(E(@)(m) = (®(m))(1) = a(lm) = a(m)

and so Z(®) = a and E is onto.

(ca)

(1]

(B0 E)(@)(m) = B(E(®)(m)) = B(2(m)(1))

and
(Z0 B)(@)(m) = 5(®))(m)(1) = (B(®(m))(1) = B((m)(1)).
(cb) Let ¥ € Hompg(N, Homyz(R, A)). Then

("0 E)(¥)(m) = n*(E(¥))(m) = E(¥)(n(m) = ¥(n(m))(1)
and
(Eon)(¥)(m) =E(n"(¥))(m) = (n*(¥(m))(1) = ¥(n(m))(1).

(d) Let I be a left ideal in R and /5 : I — Homg(R, A). By we need to show that
B extends to v : R — Homgz(R, A). Let = = =(I, A) be given by (b). Put 8 = Z(5). Then

B:1— A

is Z-linear. Since A is divisible, it is injective as an Z-module. So 8 extends a Z-linear map
¥ :.R— A. That is f =4 o p, where p: [ — M is the inclusion map.. By (b) there exists
an R-linear v : M — Homg(R, A) with Z(y) = 4. By (cb)

E(yop)=E(y)op=Fop=p5=E(B)

As = is one to one, we conclude 3 = o p and so v is the wanted extension of 3. 0

Theorem 4.5.12. Let R be a ring. FEvery R-module can be embedded into an injective
R-module.

Proof. Let M be a R-module. By [£.5.10] M is a subgroup of some divisible abelian group A.
Let p: M — A be the inclusion map. Then p : Homg(R, M) — Homy(R, A), ¢ — po¢is a
R-momomorphism. By M = Hompg(R, M) and so M is isomorphic to an R-submodule
of Homz(R, A). By Homy (R, A) is injective. O

Lemma 4.5.13. (a) Direct summands of injective modules are injective.

(b) Direct products of injective modules are injective.
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Proof. (a) Let J = J; @& Jo with J injective. Given o : B — A and 8 : B — J;. As J is
injective there exists ¥ : A — J with

Yoa =pjof.

Put v = m; o4 Then
Yo =T O0YOoQ =T 0pPLOQ=q.

(b) Suppose that J;,i € I is a family of injective modules. Given o : B — A and
B: B = [lier Ji- Since J; is injective there exists v; : A — J; with

Yioa=m;0p

Put v = (vi)ier-
Then
WiOVOa:'YiOa:ﬂ'ioﬁ

and so y o a = 3. Hence [[;; J; is injective. O
Theorem 4.5.14. Let M be an R-module. Then the following are equivalent:

(a) M is injective.

(b) If A is a R-module with M < A, then A splits over M.

Proof. (a)= (b) Since M is injective we obtain

M 1 A
ids ﬁM%A
M

Hence by A splits over M.
(b)= (a) By [4.5.12) M is a submodule of an injective module. So by assumption, M is
a direct summand of this injective module. Thus by [4.5.13| M is injective. O

4.6 The Functor Hom

If A< B, id4_.p denotes the inclusion map A — B,a — a.

Lemma 4.6.1. Let R be a ring. Given a sequence A RNy N C of R-modules. Then the
following two statements are equivalent:

(a)
Al B 9% ¢

is exact and A splits over ker f.
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(b) For all R-modules D,

Homp(D, A) —/5 Homp (D, B) -4 Homp(D, C)
18 exact.

Proof. We first compute ker g and Im f. Let 8 =€ Hompg(D, B). Then go # = 0 if and
only if Im 8 < ker g. Thus

ker § = Homp(D, ker g).
Also
Im f = f o Homg(D, A) := {f oa | a € Hompg(D, A)} < Homp(D,Im f).

Suppose first that (a) holds. Then ker g = Im f and A = ker f@ K for some R-submodule
K of A. Tt follows that f |x: K — Im f is an isomorphisms. Let ¢ € Homp(D,Im f). Let

o =idicsao (f K)o
Then o € Homp(D, A) and foa = ¢. So
Imf = Hompg(D,Im f) = Hompg(D, ker g) = ker g.
Suppose next that (b) holds. Let D = ker g. Then
idier g8 € ker g = Im g < Hompg(D,Im f)
thus ker ¢ < Im f. Next choose D = A. Then
f = foidy € ker g = Homp(D, ker g)

Hence Im f < kerg and so 0 - A - B — C — 0 is exact.
Finally choose D = Im f. Then idpy, g € ker g and so

idm fsp = fory
for some v € Hom(Im f, A). So by A splits over A. O
Here is the dual version of the previous lemma:

Lemma 4.6.2. Let R be a ring. Given a sequence A i) B-% ¢ equivalent.

(a)

is exact and C splits over Im g.
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(b) For all R-modules D,

Homp(A, D) < Hompg(B, D) <~ Hompz(C, D)
18 exact.
Proof. Dual to the proof of4.6.1l We leave the details to the reader. ]

The following three theorem are immediate consequences of the previous two:

Theorem 4.6.3. Let R be ring. Then the following are equivalent

(a)

041 2%
18 exact.

(b) For every R module D,

0 — Hom(D, A) -1 Hom(D, B) -4 Hom(D, C)
1S exact.
Proof. O

Theorem 4.6.4. Let R be ring. Then the following are equivalent
(a)
AL B% 050
s exact.

(b) For every R module D,

Homp(A, D) < Homp(B, A) <~ Homp(C, A) < 0
18 exact.

Proof. O

Theorem 4.6.5. Let R be a ring. Given a sequence of R-modules 0 — A i> B-%C -
. Then the following three statements are equivalent:

(a)
0-—sA-SB %o

1s split exact.
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(b) For all R-modules D,

0 — Homp(D, A) L Homg(D, B) —% Hompg(D,C) — o

18 exact.

(c) For all R-modules D,

0 «— Homp(A, D) ¢ Homp(B, D) < Hompg(C,D) +— 0

15 exact.
Proof.
Theorem 4.6.6. Let A and B;,i € I be R-modules. Then
(a) Homp(@;c; Bi, A) = [I;¢; Homg(Bi, A)
(b) Homp(A,[];c; Bi) = [I;c; Homg(A, By)
(c) Homp(A,@;c; Bi) = D, Homrg(A, B;)

Proof. Pretty obvious, the details are left to the reader.
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Let R and S be rings. An (R, S)-bimodule is abelian group M so that M is a left

R-module, a right S module such that
(rm)s = r(ms)

forallr e R, s€ S and m € M.

For example R is a (R, R) modules if we view R as a left R- and right R-module by

multiplication from the left and right, respectively.

Lemma 4.6.7. Let R and S be rings. Let ¢ : A — A’ be R-linear and let B a (R, S)-

bimodule. Then

(a) Hompg(A, B) is a right S-module by
(fs)(a) = f(a)s.

(b)
¢* : Homg(A', B) — Homg(A,B), f — fo¢

is S-linear.

(¢) Hompg(B, A) is a left S-module with action of S given by

(s£)(b) = f(bs)
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(d) ]
¢ : Homg(B, A) — Hompg(B,A"), f — ¢ f

s S linear.
Proof. Straightforward. O
Let R be a ring and M a R-module. The dual of M is the module
M* := Hompg (M, R)

As R is an (R, R)-bimodule, M* is a right R-module. The elements of M* are called linear
functionals on M.
From [4.6.6] we have

(@) =] »;

iel el
By R* == R, (but the reader should be aware that here R is a right R-module
that is the action is given by right multiplication.)

We conclude
F(I)*=R!

and so if I is finite then F'(I)* is isomorphism to the free right-module on 1.
An R-module M is called cyclic of M = Rm for some m € M.

Lemma 4.6.8. Let R be a ring and M = Rm a cyclic R modules. Let I = Anng(m) and
J={reR|Ir=0}.

(a) J is an right ideal in R.

(b)
T:M*—=J,  f— f(m)

is an isomorphism of right R-modules.

Proof. (a) Let j € J, r € Rand i € I. Then i(jr) = (ij)r = Or = 0 and so jr € J. Thus
(a) holds.

(b) Let @ € Anng(m). Then af(m) = f(am) = f(0) =0 and so f(m) € J. So 7 is well
defined. It is clearly Z-linear and

(fr)(m) = f(m)r

So 7(fr) = 7(f)r and 7 is right R-linear.
Let j € J. Then Ij = 0 and so the map

£(): M = R,rm —rj

is well defined and R-linear.
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and
ET(N)rm) =r7(f) =rf(m) = f(rm)
and so £(7(f)) = f and 7 is a bijection. O

If R is commutative, left and right modules are the same. So we might have that
M = M* as R-modules. In this case M is called self-dual. For example free modules of
finite rang over a commutative ring are self-dual. Let R be a ring, the double dual of a

module M is M** := (M*)*. Define

9 M — M** 9(m)(f) = f(m).

It is readily verified that ¢ is R-linear. If M = Fg([I) is free of finite rang we see that o
is an isomorphism. If M = Fg(I) is free of infinite rang, then ¥ is a monomorphism but
usually not an isomorphism.

In general ¥ does not need to be one to one. For example if R = Z, n € ZT and
M = X/nZ, then it is easy to see that M* = 0. Indeed let ¢ € M* and m € M. Then
nm = 0 and so ng(m) = ¢(nm) = 0. Thus ¢(m) = 0 Since M* = 0, also M** = 0.

Let us investigate ker ¥ in general. Let m € M then J(m) = 0 if and only if ¢(m) =0
for all ¢ € M*.

4.7 Tensor products

Let R be a commutative ring and A, B,C R-modules. A function f: A x B — C is called
R-bilinear if for each a in A and b in B the maps

fla,%): B— C,y — f(a,y) and f(x,b) : A — C,x — f(x,b)

are R-linear.

For example the ring multiplication is R-linear. Also if M is any R-module. Then
M*x M — R,(f,m) — f(m)

Let R be any ring, A a right and B a left R-module. Let C' be any abelian group. A
map f: Ax B — C is called R-balanced, if is Z bilinear and

f(ar, b) = f((l,?"b)
foralla € Ajbe B,r € R. M* x M — R,(f,m) — f(m) is an example of a R-balanced
map.

Definition 4.7.1. Let A be a right and B a left module for the ring R. A tensor product
for (A, B) is an R-balanced map:

®:(AxB) = A®Rg B,(a,b) >a®b
such that for all R-balanced maps f: A x B — C there exists a unique Z-linear

f:A® B — C with f(a,b) = f(a®b).
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Theorem 4.7.2. Let R be a ring, A be a right and B a left R-module. Then there exits a
tensor product for (A, B).

Proof. Let A ®p B the abelian group with generators {z(a,b) | a € A,b € B and relations
z(a,b) + z(a',b) = z(a+ d’,b),a,a’ € A;b € B,
z(a,b) + z(a,t') = z(a, b+ b'),a € A,b,b/ € B
and
xz(ar,b) = z(a,rb),a € A,be B,r€ R
Write a ® b for z(a,b) and define

®RAXx B— A® B, (a,b) >a®b
. We leave it as any easy exercise to verify that this is indeed an tensor product. O

Let R be a ring. Then ® : R xg R — R, (r,s) — rs is a tensor product. Indeed given
any R-balanced map, f: R x R — C. Define

f:R:R— C,r— f(r1)
As f is Z-bilinear, f is Z-linear. Also
fres)=f(rs) = f(rs,1) = f(r,s)

So indeed ® is a tensor product. With the same argument we have:

Lemma 4.7.3. Let R be a ring, A a right and B a left R-module. Then
ARrR=A and R®®rB=B
Proof. O

With a little bit more work we will prove

Lemma 4.7.4. Let R be a ring, J a right ideal in R and I a left ideal in R . Then
®@:R/IxgR/I -R/J+I1,(r+J,s+1)— (rs+ I+ J)
is a tensor product for (R/J,R/I).

Proof. Note here that I + J is neither a left nor a right ideal in R. It is just an additive
subgroup, R/I 4+ J is an abelian group but in general not a ring. First we need to check
that ® is well defined:

r+i)s+i)+T+J)=rs+ (s+ri+ji)+T+J)=rs+ I+ J)

Note here that as J is a right ideal js + ji € J and as [ is a left ideal ri € I.
Clearly ® is R-balanced. Suppose now that f: R/J x R/I — C'is R-balanced.
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Define -
JR/I+J)=Cr+I+J)—= fir+J,1+1)
Again we first need to verify that this is well-defined.
for+i+j+J1+D)=f((r+ )+ @+ J),1+)=fr+L,1+1)+ f(1+J)i,1+1) =

=fr+L1+D)+f1+J,i(1+1)=fr+L1+1)+ f(L+1,05/)=f(r+J,1+1)
So f is well defined and clearly Z linear.

for+J @s+1)=f(rs+I1+J)=f(rs+J,1+1)=f((r+J)s,1+1)=f(r+j,s+1)
and ® is indeed a tensor product. O
If R is PID we conclude
R/Rm ®gr R/Rn = R/ ged(n,m)R

In particular, if n and m are relative prime R/Rm ® R/Rn =0
Let M be a finite dimensional vector space over the division ring . Let x € M, ¢ € M*,
R = Endp(M),I = Anng(z) and J = Anng(y). Then M = R/I and M* = R/J. Thus
M*®@rM = R/(I+J). We leave it as an exercise to verify that R/I+.J = D. We conclude
that
M*x M — D.(f,m) — f(m)

is a tensor product of (M*, M).
Lemma 4.7.5. Let R, S,T be rings, « : A — A’ (R, S)- linear and 8 : B — B’ (S,T)-linear.
(a) A®g B is an (R,T) bimodule in such a way that
r(a®)b = (ra ® bt)

forallr € R,a€e A)be B,s€ S.

(b) There ezists a unique Z-linear map
a®f:A®s —- B — A @ B witha® b — ala) @ B(b)

for alla € A,b € B. Moreover, a ® [ is (R, T)-linear.

Proof. (a) Let r € R, and t € Y. We claim that
¢(r,t) : Ax B — A®g B, (a,b) > ra®bt

is S-balanced. Indeed its clearly Z-bilinear and

r(as) @ bt = (ra)s ® bt =ra ® s(bt) = ra ® (sb)t
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So its S-balanced. Hence we obtain a map a Z-linear
P(r,t) : A®s B— A®g B, witha®b— ra® bs.
Let r,r7 € Rand t € T. It is easy to verify that
O(r+1rt)(a®b) = (P(r,t) + (', t)(a @)
and
O(rr’,1)(a®@b) = (P(r,1) o p(r',1))(a @ b)
Thus by the uniqueness assertion in the definition of the tensor product,

B(r+1,t) = B(r,t) + B(r', 1) and B(rr’, 1) = (r, 1) 0 B(, 1).

Thus A ® B is a left R-module by rv = ®(r,1)(v). SimilarlyA ® B is a right T-module by
vt = ®(1,t)v. Also r((a®@b)t =ra®bs = (r(a®b))t So (rv)t =r(vt) for all € R, t € T,v €
A®p B. Thus (a) holds.
(b) The map
Ax B— A ®s B, (a,b) = a(a) @ B(b)

is S-balanced. So a ® § exists. That its (R, T)-linear is easily verified using arguments as
in (a). O

Proposition 4.7.6. Let D be a right R-module and
f g
A—B—C—=0

an ezxact sequence of R. Then

DorA Y DorB Y Do -0

is exact sequence of Z-modules.
Proof. As D x C' is generated by the d ® ¢ and ¢ is onto, id)D ® g is onto. Also
((idp @ g) o (idp ® f)(d @ a) = d @ (g(f(a)) =0
So
Im(idp ® f) < kerg(idp ® g)
Let F=1Im f and
H=Imidp ®idgp=(d®e,de D,ec E) < D®rB

Note that H = Im(idp ® f). We will show that H = F := ker(idp ® g). Without loss
C = B/H and g is the canonical epimorphism. We claim that the map

DxB/E— (D®B)/H,(d,b+E) > d®b+ H
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is well defined and R-balanced.

Indeed d® (b+e)+ H = (d®b)+ (d®e)+ H =d®b+ H So it well defined. Its clearly
R-balanced.

Hence we obtain an onto Z-linear map:

D®rB/E — (D®B)/H, withd® (b+ F) — (d®0b) + H.
idp ® g induces an isomorphism
(D® B)/F — D ®p B/E, with (d®b)+F —-d® (b+ E)
The composition of these two maps give on onto map

7:(D®B)/F - (D® B)/H with (d®b) + F — (d®b) + E.

As D ® B is generated by the d ® b we get 7(v + F) = v+ FE for all v € D ® B. Since
7(0) = 0 we conclude that f € E for all f € F. Thus F < F and E = F. O

Lemma 4.7.7. (a) Let (A;,i € I) be a family of right R modules and (Bj,j € J) a family
of left R-modules. Then

Picler@Pici=d > A4 B,

iel jeJ
(b) Let R be a ring and I,J sets. Then
F(I)@ F(J)2 F(I xJ)
as a Z-modules.

(¢) Let R and S be rings with R < S. Let I be a set and view S as an (S, R)-bimodule.
Then
S ®p FR(I) = Fs(I)

as S-module.

Proof. (a) is readily verified using the universal properties of direct sums and tensor prod-

ucts.
(b) Since R ®r R = R, (b) follows from (a).
(c) As S®r R= S, (c) follows from (a). O

Lemma 4.7.8. Let A be a right R module, B a (R, S)-bimodule and C a left S-module.
Then there exists Z-linear isomorphism

(A®r B)® SC — A®p (B® SC) with (a®b) @ ¢ — a® (b c)

forallae A;be B,ce C.
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Proof. Straightforward form the universal properties of tensor products. O

In future we will just write A ®r B ®g C for any of the two isomorphic tensor products
in the previous lemma. A similar lemma holds for more than three factors. A ®r B ®g C
can also be characterized through (R, S)-balanced maps from A x B x C' — T, where T is
an abelian group. We leave the details to the interested reader.

Proposition 4.7.9. Let A be a right R module, B a (R,S)-bimodule and C a right S-
module. Then the map:

E:Homg(A®p B,C) —-— Hompg (A, Homg(B,C),Z(f)(a)(b) = f(a® )
is a Z-isomorphism.

Proof. Note that Z(f)(a) : B — C,b — f(a,b) is indeed S-linear. Also Z(f) : A —
Homg(B, C) is R-linear and E is Z-linear. It remains to show that = is a bijection. We do
this by defining an inverse. Let o : A — Homg(B, C') be R-linear. We claim that the map

Ax B — C;(a,b) — ala)(b)
is R balanced. Indeed it is Z-bilinear and
a(ar)(b) = (a(a)r)(b) = a(a)(rd).

So there exist
O(a): A® B — C with O(«a)(a x b) = a(a)(b)

for all a € A, b € B. It is readily verified that ©(«) is S-linear. So
© : Homp(A, Homg(B,C) — Homgs(A ®r B, C)

We claim that © and = are inverses:

So Z(O(«

~—
~—

o O(E(f))(a®b) =E(f)(a)(b) = fla®b)
and so ©(Z(f)) = f. O

Here is a special case of the previous proposition. Suppose R is a commutative ring and
A and B, R-modules. Applying with C' = R. We get that

(A® B)* 2 Homp(A, BY)

Suppose that R is commutative and A, B are R-modules we obtain a Z-linear map:

0:A*® B* - (A® B)* with y(a ® 8))(a ® b) = a(a)B(b).
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Indeed this follows from a ® 8: A B—~ R® R= R.

If A and B are free of finite rang it is easy to see that this is an isomorphism. If A
and B are free, o is still one to one, but not necessarily onto. Suppose that A, = R/I},
k € {1,2}, is a cyclic R-module. Put J;, = Anng(I;). Then by A7 = J,. Also
Al ® Ay = R/(Il + .[2). Now AHHR(Il + _[2) = AnnR(Il) N AHDR(IQ) = Ji N Jy. Thus
(A1 ®p A2)* =2 Jy N Jy. o from above ( with A = Ay, B = Aj) now reads:

o:Ji®rJo— J1NJy (j1,42) = Jije

We will know give an example where ¢ = 0 but J; ® Jo # 0. Let S be a ring and M an
(S, S)-bimodule. Define M x S to be the ring with additive group M @ S and multiplication

(m1,s1) - (ma, s2) = (M1s2 + s1ma, $152)

It is easy to verify that M x S is a ring. As an example we verify that the multiplication
is associative

((ml, 81)'(m2,82))'(m3,53) = (m182+81m2, 5152)-(m3, 83) = (m1s283+s1M2s3+S252ma, 818283)

A similar calculation shows that the right side is also equal to (m, s1) - ((ma, s2) - (ms, s3)).
Identify (m,0) with m and (0, s) with s. Then

MxS=M-+S5,s1-59=s189,s - m=sm,m-s=ms and my-mg =0

for all s, 1,82 € S and m, mj, ma € m. Also M is an ideal in M x S and (M x S)/M = S.
Indeed the map M x S — S, (m,s) — s is an onto ring homomorphism with kernel M.

Suppose now that S is commutative and M a faithful S module. Put R = M % .S. Then
R is commutative. As M? = 0 and Anng(M) = 0, Anng(M) = M. Also MNM = M =
M + M. We conclude (R/M)* = M, R/M @ R/M = R/M, (R/M ® R/M)* = M and

o:M®rM— M,(my,mg) = mimg =0

Suppose that M = Fg(I) is a free S-module. Then as an R-module,
M= R/M
el
Thus

MeorM=@EPR/M

il jeI

and so M @r M # 0 (unless I # ().
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4.8 Composition series

Definition 4.8.1. Let R be a ring, M an R-module and C a set of R-submodules in R. We
say that C is a R-series on M provided that

(a) C is a chain, that is for any A,B € C, A< B or B < A.
(b) 0€C and M €C.

(c) C is closed under unions and intersections, that is if D C C, then

UUpecad (Dec
For example any finite chain
O=My< M i< My<Ms<...<Mp_1<M,=M

of R-submodules of M is an R-series.
If R=M =7 and p is a prime then

0<..<ptZ<pfz<p'Z<. . <pz<Z

is a Z-series. More generally, if ni,ns, ns, ... is any sequence of integers larger than 1, then

O<ni..ng1Z <ny.. < ...<nneZ <z <Z
is a Z series on Z.

Definition 4.8.2. Let R be a ring, M an R-module and C an R-series on M.
(a) A jump in C is a pair (A, B) with A,B € C, A < B and so so that
D<AorB<D forallDeC.
Jump(C) is the set of all jumps of C.
(b) If (A, B) is a jump of C then B/A is called a factor of C.
(c) C is a R-composition series on M provided that all the factors of C are simple R-modules.
Let C be R-series on M. For B € C define
B~ =|J{dec|A< B}

Note that B~ € C and B~ < B.

Suppose that B~ # B. Let D € C. Then B < D or D < B. In the latter case, D < B~
and so (B~, B) is a jump of C.

Conversely, if (A, B) is a jump it is easy to see that A = B~. Thus
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Jump(C) ={(B~,B) | Be(C,B~ # B}.

Consider the series
0<ny...ngp1Z <ny...npZ < ...<ninoZ < mz < Z.

Asny...ngp1)Z/ny .. .npZ = Z/niZ as R-modules, this series is a composition series if
and only if each ny is a prime. If we chose n; = p for a fixed prime p we get a composition
series all of whose factors are isomorphic. On the other hand we could choose the n; to
be pairwise distinct primes and obtain a composition series so that now two factors are
isomorphic.

Proposition 4.8.3. Let R be a ring and M a R-module. Let M be the set of chains of
R-submodules in M. Order M by inclusion and let C € M. Then C is a composition series
if and only if C is a maximal element in M.

Proof. = Suppose that C is a composition series but is not maximal in M. Then C C D
for some D € M. Hence there exists D € D\ C. We will show that there exists a jump of
C so that the corresponding factor is not simple, contradicting the assumption that C is a
composition series. Define

Dt=({EeC|D<E}and D" =| J{E€C|E<D}.

As C is closed under unions and intersections both Dt and D~ are members of C. In
particular, D~ # D # D™T. From the definition of D%, D < DT, also D~ < D and so

D~ <D< D",

Thus D/D% is a proper R-submodule of D*/D~ and it remains to verify that (D, DT)
is a jump. For this let £ € C. As D is totally ordered, ¥ < D or D < E. In the first case
E < D~ and in the second DT < E.

<— Let C be a maximal element of M. We will first show that

(*) Let E be an R-submodule of G such that for all C € C, E < C or C < E. Then
EecC.

Indeed, under these assumptions, { E}UC is a chain of submodules and so the maximality
of C implies E € C.

From (*) we conclude 0 € C and M € C. Let D C C and put E = [JD. We claim
that F fulfills the assumptions of (*). For this let C € C. If C' < D for some D € D then
C < D < E. So suppose that C £ D for each D € D. As C is totally ordered, D < C for
each D € D. Thus E < D. So we can apply (*) and E € C. Thus C is closed under unions.

Similarly, C is closed under intersections. Thus C is a series and it remains to show
that all its factors are simple. So suppose that (A, B) is a jump of C so that B/A is not
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simple. Then there exists a proper R-submodule E of B/A. Note that E = E/A for some
R-submodule E of M with
A< E<B.

As (A,B)isajump, E ¢ C. Let C € C. Then C < Aor B<C. SoC< FEor E<C.
Thus by (*), E € C, a contradiction O

Corollary 4.8.4. Every R-modules has a composition series.

Proof. Let M be as in We leave it as an routine application of Zorn’s Lemma to
show that M has a maximal element. By any such maximal element is a composition
series. 0

In the next lemma we will find series for direct sums and direct products of modules.
For this we first need to introduce the concept of cuts for a totally ordered set (I, <).

We say that J C I'isa cutof I if for all j € Jand all ¢ € I with ¢ < j we have i € J. Let
Cut(I) be the set of all cuts of I. Note that () € Cut(l) and I € Cut(I). Order Cut(I) by
inclusion. We claim that Cut(7) is totally ordered. Indeed, let J, K € Cut([) with K ¢ J.
Then there exists k € K\ J. Let j € J. Since k ¢ J and J is a cut, k € j. Since I is totally
ordered, j < k and since K is a cut, j € K. So J C K and Cut([) is totally ordered.

Leti e I and putit ={j € I|j <i}. Note that i" is a cut of I. The map I — Cut(I),
i — T is an embedding of totally ordered sets. Put i~ = {j € I | j < i}. Then also i~ is a
cut.

We leave it as an exercise to verify that unions and intersection of arbitrary sets of cuts
are cuts.

As an example consider the case I = QQ ordered in the usual way. Let » € R and define
r~={q€ Q] q<r} Clearly r~ is a cut. We claim that every cut of Q is exactly one of
the following cuts:

0, Q ¢t (qgeQ); r (reR)

Indeed, let be J be a non-empty cut of Q. If J has no upper bound in Q, then J = Q.
So suppose that J has an upper bound. By a property of the real numbers, every bounded
non-empty subset of R has a least upper bound. Hence J has a least upper bound a. Then
J Crt.

IfreJ,thenrcQandr™CJCrT. SoJ =1rT.

If r ¢ J we have J C r—. We claim that equality holds. Indeed let ¢ € r~. Asris a
least upper bound for J, ¢ is not an upper bound for J and so ¢ < j for some j € J. Thus
g€ Jand J=r".

Lemma 4.8.5. Let (I,<) be a totally ordered set and R a ring. Fori € I let M; be a non
zero R-module. Let M € {@i € IM;,[[,c; M;. For J a cut of I define

Mf={meM|m;=0viel\J}
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and if J # 0,
M; ={meM|3jeJ withm;=0Vi>j}.

Put M@_ =0.

(a) For allk € I, M,, = M," and M, /M, = M.
(b) Let M = @,c; M;. Then

(a) C:={M} |JeJeCut(I)} is an R-series on M.
() Jump(C) = (M5, M%) |k € T,

(c) C an R-composition series if and only if each My, k € I is a simple R-module.

(¢) Let M =[],.; M; Then

i€l
(a) C:={M},M; |JeJe Cut(I)} is an R-series on M.
(b) Jump(C) := {(M;,M}) |0 # J € Cut(I)}.

(c) C is an R-composition series if and only if each non-empty subset ofl has a mazximal
element and each My, k € I is a simple R-module.

Proof. (a) The first statement follows directly from the definitions. For the second note
that the map M+ — My, m — my is onto with kernel M, -.

(b) & (c) Note that M, < M7 .

Let Cut*(I) be the set of cuts without a maximal element. So

Cut(l) = {k* | k € K} U Cut*().

Let J € Cut*(I). We claim that M; = M if M = @,.; M; and M; # M7} if M =
Hiel M;.

So suppose first that M = @,.; M; and let 0 # m € Mj and pick £ € J maximal with
my # 0 ( this is possible as only finitely many m;’s are not 0). Since J has no maximal
element there exists j € J with & < j. Then m; =0 for all 7 > 5 and so m € M .

Suppose next that M = [[,.; M;. For j € J pick 0 # mj € M;. Fori € I\ J let m; = 0.
Then (m;) € M} but (m;) & M; .

From the claim we conclude that in both cases

C:={M},M; |JeCut(l)}

We will show now that C is a chain. For this let J and K be distinct cuts. Since Cut([)
is totally ordered we may assume J C K. Then

M; < M} < M < M.

and so C is totally ordered.
Also 0 = My and M = M.
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Let D be a subset of C. We need to show that both (D and |JD are in D. Let D € D.
Then D = M3> for some Jp € Cut(I) and ep € {£}.

Put J = (\pep Jp. Suppose first that M € D.

Then M; C D for all D € D and

(D =M.

So suppose that M; ¢ D. Then Mj < D for all D € D and so Mj C ND. We claim
that

(D =M.

Indeed, let m € (YD and i € I\ J. Then i € Jp for some D € D. As

meD=MP <M}
D D

we get m; = 0. Thus m € Mj, proving the claim.
So C is closed under arbitrary unions.
Let K =J{Jp | D € D}.
Suppose that M € D. Then M C M; for all D € D and

Up =M.
So suppose that M;g ¢ D. Then |JD C M. We claim that
D =M.

If K =0 each Jp is the empty set. So we may assume K # (). Let m € M, .. Then by
definition there exists k € K with m; = 0 for all ¢ > k. Pick D € D with ¢ € Jp. Then

meM; <MP=D<|]D.

So the claim is true and C is closed under unions.

Hence C is an R-series on M.

Next we investigate the jumps of C. As seen above every cut is of the form (B~, B) for
some B = M§ € C with B # B~.

Suppose first that J = kT for k € I. As M, = M]j_ we may and do assume € = +.
Thus M, = M;‘, = (Mlj;)’ and M,;,M,:;) is a jump with factor isomorphic to M.

Suppose next that J € Cut*(f). Then M; = J;c; M;+ < (M ). We conclude that
(M})™ = (M;)=Mj. If M = @,;.; M; then as seen above M; = M. So we only get a
jump if e = + and M = M = [[,.; M;.

The factor M} /M7 can be describes as follows. Identify M} with [l;c; M;. Define
T,y € HjeJ M; to be equivalent if and only if there exists j € J with x; = y; for all ¢ € J
with j < 4. It is easy to check that this is an equivalence relation, indeed x and y are
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equivalent if and only if y — 2 € M. In particular, Mj /M7 is the set of equivalence
classes. We claim that Mj“ /MJ_ is never a simple module. For this let J = J; U Jo with
J1 N Jy = 0 so that for each j; € Jy there exists jo € Jy with j; < jo, and vice versa. (
We leave the existence of J; and Jy as an exercise). Then Mj /MJ_ is the direct sum of the
images of [[;.; M; in M} /M.

Finally we claim that every non-empty subset of I has a maximal element if and only if
every non-empty cut of I has a maximal element. One direction is obvious. For the other
let J be a non-empty subset of I and define J* = {i € I | i < j for some j € J}. Clearly
J* is a cut and J C J*. Suppose J* has a maximal element k. Then k < j for some j € J.
As j € J* we conclude j < k and so j = k and k is the maximal element of J.

It is now easy to see that (bc) and(cc) hold and all parts of the lemma are proved. [

Corollary 4.8.6. Let R be a ring and I a set. Let M be one of Fr(I) and R'. Then there
exists an R-series C of on M so that all factors of C are isomorphic to R and |Jump(C)| =
|I|. Moreover, if R is a division ring C is a composition series.

Proof. By the well-ordering principalA.1(] there exists a well ordering <* be a well ordering
on I. Define a partial order < on I by ¢ < j if and only if j <* . Then every non-empty
subset of I has a maximal element and all non empty cuts of I are of the form kT, k € K.
The result now follows from 4.8.5] O

As an example let R = Q. If I = Q we see that the countable vector space Fp(Q) as
an uncountable composition series. But note that the number of jumps is countable. If
I = 7~ we conclude that uncountable vector space Q% as a countable composition series.
So the number of jumps in a composition series can be smaller than the dimensions of the
vector space. But the next proposition shows that the number of jumps never exceeds the
dimension.

Proposition 4.8.7. Let D be a division ring and V a vector space over D. Let C be a D
series on 'V, and B a D-basis for V.. Then

|[JumpC| < B.

In particular, any two basis for V' have the same cardinality.

Proof. Choose some well ordering on B. Let 0 # v € V. Then v = } ;g dy(v)b with
dy(v) € D, where almost all dy(v), b € B are zero. So we can choose h(v) € B maximal with
respect to dj(,)(v) # 0.
Define a map
¢ : Jump(C) — B

(A, B) - min{h(v) | v € A\ B}

We claim that ¢ is one to one. Indeed suppose that (A, B) and (F, F) are distinct jumps
with b = ¢((A, B)) = ¢((E, F)). As C is totally ordered and (A, B) and (E, F') are jumps
we may assume A < B < E < F. Let v € B\ A with h(v) =band dy(v) =1. Let w € F\ E
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with A(w) = b and dp(w) = 1. Sinceve A€ E,w—v € F\E. Alsody(w—v)=1-1=0
and so h(w — v) < b a contradiction to b = ¢(E, F).

So ¢ is one to one and |Jump(C)| < |B].

The second statement follows from the first and [£.8.6] O

Lemma 4.8.8. Let C be a series for R on M.
(a) Let 0 # m € M. Then there exists a unique jump (A, B) of C with m € B and m ¢ A.

(b) Let D,E € C with D < E. Then there exists a jump (A, B) in C with

D<A<B<E

Proof. (a) Let B={CeC|meC}and A=J{CeC|m¢gC}.
(b) Let m € E'\ D and let (A, B) be as in (a). O

The following lemma shows how a series can be reconstructed from its jumps.

Lemma 4.8.9. Let R be a ring, M an R-module and C an R-series on M. Let C = {C e
C|C # C~. Then the map

a: Cut(C) = C, K — UK
s a bijection.
Proof. Note first that as C is closed under unions a(K) is indeed in C. We will show that
the inverse of « is
B:C—Cut(C),D—{AecC| A<D}

It is easy to verify that S(D) is a cut.

Clearly, K C B(a(K)). Let E € C with E ¢ K. Then as K is a cut, A < E for all
A€ K. But then A < E~ and so a(K) < E- < E. Thus E £ a(K) and F ¢ B(a(K)).
Hence f(a(K)) = K.

Clearly a(8(D) < D. Suppose that a(8(D)) < D. Then by there exists a jump
(A, B) of C with a(8(D)) < A < B < D. But then B € (D) and so B < «(8(D)), a

contradiction. O
Lemma 4.8.10. Let C be a series for R on M and W an R-submodule in M. Then

(a)
CNW:={DNW|Dec}

1s an R-series on M.
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(b) Let
Jump" (€) = {(A, B) € Jump(C) | ANW # BNW}.

Then the map
Jump" (C) = Jump(C) "W, (A, B) = (ANW,BNW)
s a bijection. Moreover,

BNW/ANW = (BNW)+A/A< B/A

(c) If C is a R-composition series on M then CNW is a R-composition series on W. More-
over, there exists an embedding ¢ : Jump(C NW) — Jump(C), so that so corresponding
factors are R-isomorphic. The image of ¢ consists of all the jumps (A, B) of C with
B=A+(BnW).

Proof. (a) Clearly C N W is a chain of R-submodules in W. Also 0 = 0NW € CNW,
W=MNW € CNW and its is easy to verify that M N W is closed under unions and
intersections.

(b) Let (A, B) € Jump™ (C). We will first verify that (AN, BAW) is a jump of CNWV.
Let D e CNW. Then D = ENW for some E € C. As (A,B) isajump, E< Aor B<E.
Thus D=ENW <ANW or BNW < ENW = D. To show that the map is bijective we
will construct its inverse. For D € C N W define

D™= J{cec|CnW <D}and D' =([{CeC|D<CNW}

Then it easy to verify that DT NW = D = D~ NW. Let (D, E) be a jump in CNW.
Let C € C. Since (D, E)isajumpinCNW,CNW < D or E<CNW. In the first case
C < D7 and in the second E~ < C. So (D*,E™) is a jump of C. It is readily verified that
maps (D, E) — (D, E™) is inverse to the map (A, B) = (ANW,BNW).

The last statement in (b) follows from

BNW/ANW =(BNnW)/(BNW)NAX(BNW)+A)/A.

(c) Note that ANW # BNW if and only if (BNW)+A/A # 0. Since C is a composition
series, B/A is simple. Thus (BN W)+A/A # 0 if and only if B = (BN W)+ A. Thus by
(b) all factors of C N W are simple and C N W is a R-composition series on W. O

Theorem 4.8.11 (Jordan-Hoélder). Let R be a ring and M a module. Suppose R has a
finite composition series C on M and that D is any composition series for R on M. Then
D is finite and there exists a bijection between the set of factors of C and the set of factors
of D sending a factor of C to an R-isomorphic factor of D.

Proof. Let W be the maximal element of D — M. Then D — M and ( by 4.8.10,C N W are
composition series for W. By induction on |D|, DN W is finite and has the same factors as
D - M.
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For E € CNW define E* and E~ as in[4.8.10} Let calE = {E*,E~ | E€ DNW.
Then & is a finite series on M. Since Wt = M £ W we can choose L € £ minimal
with respect to L £ W. Then L = E€ for some F € CNW and € € {+}. Suppose first
that L = E7. Since 07 = 0 < W, E # 0 and so there exists FF € C N W such that
(F,E) is a jump in CN'W. But then (FT,E~) € Jump"(C), F* < W and by [4.8.10f,
E~ = F*+(E-NW) < W a contradiction. So Bt = L # E~. By[£8.8b there exists a jump
(A,B)of Cwith E- <A< B<FE". Then E=E" NW <ANW < BNW < EtTNW =F
and so F = ANW = BN W. So by definition (see ), (A, B) ¢ Jump" (C). Also
B £ W and so as M/W is simple, M = B+ W. If A £ W, then also M = A+ W and
B=BNM=Bn(A+W)=A+(BNW) < A a contradiction. Hence A < W and
A= BnNW. Thus

B/A=B/BAW =B+ W/W = M/W

We claim that Jump(C) = Jump" (C) U {(A4, B)}. So let (X,Y) be a jump of C not
contained in Jump" (C). By , Y £ X+ (Y NW)and soalso Y £ X + W. Thus
YLWand X <W. AsA<W, Y LA As(A,B)isajump B<Y. AsBLW, B£LX
and so X < A. Thus X <A< B <Y and as (X,Y) is a jump, (4, B) = (X,Y).

By , the factors of Jump"" (C) are isomorphic to the factors of CNW and so with
the factors of D — M. As B/A = M/W it only remains to show that D is finite. But thus
follows from O

4.9 Matrices
Let R be a ring and I, J sets. Define
Mg, J) = {(mij)ierjes | mij € R}

M = (mjj)ier jey is called an I x J-matrix over R. For j € J, put MI = (mij)iers Mi e R!
is called the j’th column of M. For i € I put M; = (myj;)jes, M; is called the i'th row of
M. Note that as abelian groups, Mp(I,.J) = R/, Define

MG(I,J) = {M € Mg(I,J) |Vj € J, {i € I,my; # 0} is finite}

Let M € Mg(I,J). Then M € M%(I,J) if and only if each column of M lies in & ; R.
If I, J, K are sets we define a multiplication

ME(I,J) x ME(J,K) — M(I,K)

by
(aij)(bje) = OO aijbjr)iervex
JjeJ
Fix k € K. Then there exists only finitely j € J with bj; # 0, so the above sum is
well defined. Also for each of these j’s there are only finitely many ¢ € I for which a;;
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is not 0. Hence there exists only finitely many ¢’s for which ZjeJ a;jbji is not 0. So
(aij)(bj) € ME(I, K).
Put Mg(I) = Mg(I,I) and MG(I) = MG, 1)

Lemma 4.9.1. Let R be a ring and V,W, Z free R-modules with bases I,J and K, respec-
tively.

(a) Define ma(j,i) € R by A(i) = >_;c;ma(i,j)j and put Ma(J.I) = (ma(j,i)). Then
the map
M(J, I) HOmR(V W) — MRop( )

A — My(J, 1)
s an isomorphism of abelian groups.

(b) Let A € Homp(V,W) and B € Homg(W, Z). Then

Mp (K, J)MA(J,I) = Mpa(K, I).

(¢) Let M(I) := M(I,I). Then M(I) : Endp(V) = MG%ep(I) is ring isomorphism.

Proof. (a) Note first that as J is a basis of W, the ma(j,7)’s are well defined. To show
that M4(J,I) is a bijection we determine it inverse. Let M = (mj;) € Mpop(J,I) . Define
Ay € Hompg(V, W) by

A (Y i) =Y (O rimya)i
iel jeJ el

It is easy to check that Ay is R-linear and that the map M — Ay is inverse to M4 (J, I).

(b)

(BA)(i) = B> ma(j,i)j) =Y _ ma(j,i)B(j) =
jeJ jeJ
jed keK keK jeJ

Thus

mpal(k,i) ZmA Jyi)ymp(k,7) ZmB (k,7) P ma(j,19)

JjeJ jeJ
So (b) holds.

(c) Follows from (b) and (c). O

Definition 4.9.2. Let R be a ring, V and W R-modules, A € Endr(V') and B € Endg(W).
We say that A and B are similar over R if there exists a R-linear isomorphism ® : V. — W
with o A= Bo®.
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We leave it as an exercise to show that "similar” is an equivalence relation. Also the
condition ® o A = B o ® is equivalent to B = ®o Ao &1
Let I and J be sets and ¢ : I — J a function. If M = (m:

5;) is a J x J matrix, let M?
be the I x I matrix (m ;) s.;))-

Lemma 4.9.3. Let R be a ring, V and W R-modules, A € Endr(V') and B € Endg (V).
Suppose that V' is free with basis I. Then A and B are similar if and only if there exists a
basis J for W and a bijection ¢ : I — J with

My(I) = ME(J)

Proof. Suppose first that A and B are similar. Then there exists an R-linear isomorphism
®:V - W with oA = Bo®. Let J = ®(I). As I is a basis for V and & is an
isomorphism, J is a basis for W. Let ¢ = ® |;. We compute

B(g(i)) = B(A(i)) = (D> Ma(i,i)i) = Y Ma(i,i)¢(i)

Hence Mp(¢(i), ¢(i)) = Ma(i,i) and Ma(I) = M5(J).

Suppose conversely that there exist a basis J for W and a bijection ¢ : I — J with
Ma(I) = M5(J). Then ma(i,i) = mp(p(i), ¢(i)).

Let ® : V' — W be the unique R-linear map from V to W with ®(i) = ¢(i) for all i € I.
As I and J are bases, ® is an isomorphism. Moreover,

B(A(D) = (Y ma(i,i)i) = ) mali,))o(i) =

i€l iel
= ma(@(0),6(0)é(i) = Y _mp (). ¢(0))j = B(#(0))
i€l JjedJ
Hence ® 0 A and B o ® agree on I and so o A= Bo ®. O

Let R be a ring and V' a module over R. Let A € Endg(V). Define o : R — Endgz(V)
by a(r)v = rv, we will usually right ridy for «(r). Note that A commutes with each ridy
and so bythere exists a ring homomorphism a4 : R[z] — Endz(V) with » — ridy and
z— A Let f="riz" € Rlz]. We will write f(A) for aa(f). Then f(A) = > I A"
It follows that V is a R[z]-module with

fo=f(A)(w) = riA(v)
1=0

To indicate the dependence on A we will sometimes write V4 for the R[x] module V
obtain in this way.
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Lemma 4.9.4. Let R be a ring and V and W R-modules. Let A € Endgr(V). and B €
Endgr (V). Then the R[z]-modules V4 and Wg are isomorphic if and only if A and B are
similar over R.

Proof. Suppose first that V4 and Vp are isomorphic. Then there exists an R[x]-linear
isomorphism ® : V' — W. In particular ® is R-linear and ®(zv) = x®(v) for all v € V. By
definition of V4 and Wp thus means ®(A(v)) = B(®(v) and so A and B and are similar.
Conversely, if A and B are similar there exists an R-linear isomorphism & : V. — W
with ® 0 A = B o ®. Hence ®(rv) = r®(v) and ®(axv) = x®(v) for all r € R and v € V.
Since ® is Z-linear this implies ®(fv) = f®(v) for all f € R[z]. Hence ® is an R[z|-linear
isomorphism. O

Lemma 4.9.5. Let R be a ring and f =Y ", a;x" a monic polynomial of degree n > 0.
Let I = Rz|f be the left ideal in R[x] generated by f.

(a) {z'|i € N} is a basis for R[x] as a left R-module.

(b) For 0 <i < n let h; be a monic polynomial of degree i. Then {h; +1 |0 < i < n} is
basis for R[x]/I.

(c) Let A € Endgr(R[x]/I) be defined by A(h+ 1) =hx+ 1.
(a) The matriz of A with respect the basis
1+Lz+1,...2" +1

18

000 00 —a
100 00 -—a
010 00 —a
M(f):==] 0 0 1 00 -—ag
000 ... 10 —ans
000 ... 01 —an

(b) Suppose that f = g™ for some monic polynomial g of degree s and some m € Z™.
Let E'* be the matriz k x k with e;; = 0 if (i,5) # (1,s) and e;s = 1. Then the
matriz of A with respect to the basis

1+, a+1,. .. 2% g+, 2g+1,... x5 g+1,..., g™ "+, xg™ 1,2 Ly 141,
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has the form

M(g) 0 0 0 0 0
Els M(g) 0 0 0 0
0 EY M) 0 0 0
M(g,m) =
0 0 0 M(g) 0 0
0 0 0 E's M(g) 0
0 0 0 0 E's  M(qg)

Proof. (a) is obvious as any polynomial can be uniquely written as R-linear combination of
the z°.

(b) We will first show by induction on degh that every h + I,h € R[x| is a R linear
combination of the h;,0 < i < n. By h = qf 4+ r for some ¢,r € R[x] with degr <
deg f = n. Since h + I = r + I we may assume that h = r and so ¢ := degh < n. Let a
be the leading coefficient of h. Then degh — ah; < degh and so by induction is a linear
combination of the h;’s.

Suppose now that » ;- 01 Xi(h; + 1) = 0+ I for some \; € K, not all 0. Then h :
Yo ' \;hi € 1. Let J be maximal with A; # 0. Then clearly j = degh and the leadlng
coefﬁment of h is Aj. In particular h # 0.

Note that all non-zero polynomials in I have degree larger or equal to n. But this
contradicts 0 # h € I and degh = j < n. Thus (b) holds.

(ca) is the special case g = f and m = 1 of (cb). So it remains to prove (cb). Note that
degx'g? =i+ js. Hence by (b) {z'¢g? + 1|0 <i < s,0 < j < m} is a basis for R[z]/I.

Let y; j := '’ + I. Then

Alyij) = gd + 1.
Thus
A(yij) =yip1 forall 0 <i<s—1,0<j <m.
Let g =37 4 b;z'. As g is monic by = 1 and so z° = g — Zf;(% byt
Hence

s—1

Alys—1j) =2°¢ + I = (¢ — Zbl‘g Y+ I = (¢ +1)— szyw
1=0

Ifj<m-—1,¢*t +1= Yo,j+1 and so

s—1

A(Ys—1) = Yoj41— Y bibi
i=0
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If j =m —1then ¢t! = g™ = f € I and so

s—1
AWs—1m-1) = = Y _bilJe-1m1
i=0

Thus (cb) holds. O

Theorem 4.9.6 (Jordan Canonical Form). Let K be a field, V' a non-zero finite dimensional
vector space over K and A € Endg (V). Then there exist irreducible monic polynomials
fiy--o, fr € K[x] , positive integers my,...my and a basis

of V' so that the matriz of A with respect to this basis has the form

M(f1,m1) 0 0 0
0 M(fa,m2) . 0 0
M(fr,ma | ... | fe,me) =
0 0 T M(fie1,men) 0
0 0 0 M(fs, my)

Proof. View V as a K[z]-module by fv = f(A)(v) for all f € K[z] and v € V ( see before
[4.9.4). Since K[z] is a PID (3.4.6) we can use Theorem [4.3.12] Thus Vj is the direct sum
of modules Vi, 1 < k < t with V; = K[z]/(f"), where f; € K[z] is either 0 or prime,
and my € ZT. By (a) K[x] is infinite dimensional over K. As V is finite dimensional,
fr # 0. So we may choose fi to be irreducible and monic. By (Cb), Vi has a basis
Yijk, 0 < i < deg f,0 < j < my, so that the matrix of A |y, with respect to this basis is
M (fr, my). Combining the basis for Vj, 1 < k <, to a basis for V' we see that the theorem
is true. O

The matrix M (fi1,m1 | fa,ma2 | ... | ft,m¢) from the previous theorem is called the
Jordan canonical form of A. We should remark that our notion of the Jordan canonical
form differs slightly from the notion found in most linear algebra books. It differs as we do
not assume that all the roots of the minimal polynomial ( see below) of A are in K. Note
that if K contains all the roots then fy = z — Ay and M (fx) is the 1 x 1 matrix (A\x) and
E'% is the 1 x 1 identity matrix. So the obtain the usual Jordan canonical form.

We remark that the pairs (fx, my), 1 < k <t are unique up to ordering. Indeed let f be
an irreducible monic polynomial of degree s and m a positive integer. Then the number of
k’s with (fx,mg) = (f,m) is % where d is the dimension of the K-space

ker f™(A)/ker f(A) NIm f(A)

We leave the details of this computation to the dedicated reader.
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The following two polynomials are useful to compute the Jordan canonical form of A.
The minimal polynomial m 4 and the characteristic polynomial x 4.

my is defined has the monic polynomial of minimal degree with m4(A) = 0. i.e my
is monic and (my4) is the kernel of the homomorphism a4 : K[z] — Endg (V). my4 can be
computed from the Jordan canonical form. For each monic irreducible polynomial let e be
maximal so that (f,ef) is one of the (fy,my) ( with ey = 0 if f is not one of the fi. )Then

ma =] r

The characteristic polynomial is defined as

xa= (D"

where n is the dimension of V. The importance of the characteristic polynomials comes
from the fact that x4 can be computed without knowledge of fi’s. Indeed

x4 = det(A — zidy ).

To see this we use the Jordan canonical form of f. Note that

t
det(A — zidy) = H det(M(fr,mg) — xI)
k=1

and
det(M(f,m) —al) = (det(M(f) — xI))™.

Finally its is easy to verify that

det(M(f) — aI) = (~1)%5/ .



Chapter 5

Fields

5.1 Extensions

Definition 5.1.1. Let F' be an integral domain, K a subfield of F' and a € F.
(a) F is called an extension of K. We will also say that K < F is an extension.
(b) If F is a field, F is called field extension of K

(c) A vector space over K is a unitary K-module. A wvector space over K is also called a
K-space.

(d) If V is a K-space, then dimgV is the cardinality of a K basis for V. (Note here
that 4.2.11(@), V' has a basis and by Homework 1#3, any two basis have the same
cardinality.)

(e) The extension K < T is called a finite if dimg F' finite, where F is viewed as a K space
by left multiplication.

(f) If S is a ring, R a subring if S and I C R, then
R[] := ﬂ{T | T is a subring of S with RUI C S}
RI[I] is called the subring of S generated by R and I.

(9) If F is a field and I C F, then
K(I):= (T | T is a field of F with KUI C F}
K(I) is called the subfield of F generated by K and I.
(h) A polynomial f € Kz] is called monic if its leading coefficient is 1k.

175
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(i) ®, = ®X denotes the unique ring homomorphism
O, : Klz] — Kla], with ®,(z) = a and ®4(k) for all k € K.

(See Example[3.2.6(1]).)

() The unique zero or monic polynomial m, = m¥(a) € K[z] with ker ®, = K[z]m, is
called the minimal polynomial of a over K.

(k) a is called algebraic over K if mg # Op.
(1) The extension K C F is called algebraic if all b € F are algebraic over K.
(m) a is called transcendental over K if m, = Op.

Note that we used the symbol K[I] also to denoted the polynomial ring in the variables
I. To avoid confusion we will from now denote polynomials ring by K[z;,7 € I]. The field
of fraction of K|x;,i € I] is denoted by K(z;,i € I).

Lemma 5.1.2. Let K < F be an extension and a € F. Then one of the following holds

1. ®, is not 1-1, dimg Kla] = degmy, is finite, m, is monic and irreducible, K[a] = K(a)
is a field, a is algebraic over K, and (a',0 < i < degmy,) is a basis for Kla).

2. ®, is an isomorphism, dimg K[a] = oo, m, = Ok, a is not invertible in Kla], a is
transcendental over K, (a',0 <1i < 00) is a basis for Klal.

Proof. Since F is an integral domain, K[a] is an integral domain. Clearly ®, is onto and so
K[z]/K[x]m, = K]z]/ ker ®, = K[a]. Thus by K[z]m, is a prime ideal.

Suppose first that m, # 0. Then a is algebraic over Kla] and ®, is not 1-1. Note
that by mg is a prime. By Example 3.4.2)2), K[z] is am Euclidean domain and so
also a PID. So we conclude from that m, is irreducible and Kla] = K[z]/K[z|m,
is a field. Let f € K[z]. As K[z] is a Euclidean domain, f = g (mod m,) for a unique
polynomial g € K[z] with degg < degm,. Also g is a unique K-linear combination of
(2%,0 < i < degm, and so (z° + K[x]mg,0 < i < degmy,) is a basis for K[x]/K[z]m,. Hence
(a’,0 < i < degm,) is basis for K[a]. Thus (1)) holds.

Suppose next that m, = Og. Then a is transcendental. Moreover, ®, is 1-1 and so an
isomorphism. Since x is not invertible in K[z] and (2%,i € N) is a basis for K we conclude
that a is not invertible in K[a] and (a%,i € N) is a basis for K[a]. So holds in this
case. O

In this case mff is the monic, irreducible polynomial of minimal degree with respect to

K

mg (a) = 0. So any algebraic extension is a field extension. Also by the previous theorem

any finite extension is algebraic and so a field extension. Note that every finite integral
domain is a finite extension of some Z/pZ. So we obtain a second proof that every finite

integral domain is a field (cf. [3.1.14)).
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Lemma 5.1.3. (a) Let S be a ring, R a subring of S and I C S. Then

R[I) = JR[J] | J C1,J is finite}.

(b) Let K < T be a field extension and I CTF. Then
K(I) = | J{K(J) | J C I, ] is finite}.

Proof. () Let T'= U{R[J] | J C I, J is finite}. Clearly RUI C T C K[I] and we just need
to verify that T is a subring of F'. For this let a,b € T. Then a € R[J,] and b € R[J})

for some finite subset J, and J, of I. Then Og, a + b, —a, and ab all are contained in
K[Jo U Jp] CT. So T is indeed a subring and T' = RJ[I].

@ Similar to @ O

Lemma 5.1.4. (a) Let R be a ring with identity, M a unitary R-module and S a subring
of R. Let v = (13)icr be a tuple of elements in R and m = (m;);e; tuple of elements in
M. Puttm = (Timj)(i’j)gx].

(a) If R = (t)s and M = (m)g, then M = (tm)g

(b) If v is linearly independent over S and m is linearly independent over R, then tm
is linearly independent over S.

(c) If ¢ is an S-basis for R and m is an R-basis for M, then tm is an S-basis for M.

(b) Let K <E be a field extension and V' a vector space over E. Then

dimg V = dimg E - dimg V.

(c) Let K < E be a field extension and E < F' an extension. Then

dimg F' = dimg E - dimg F.

In particular, if K <E and E < F are finite, also K < F' is finite.

Proof. Let m € M. Since (m)p = M, m = ZjeJ k;m; for some, almost all 0,
ki€ R,jeJ. jeJ. Since (t)s = R, kj = Y ;c; sij7i for some, almost all zero, s;; € S,
where we choose s;; = 0 if k; = 0. Then

m = ijmj = Z (Z Sz‘jTi> mj = Z SigTiln;
(

jeJ jeJ \iel i,j)€lx]

Thus holds.
Suppose that Z(i,j)e[x] sijrym; = 0, for some almost all zero s;; € S. Then
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> (Z s,jri> m; =0

jeJ \iel
Since m is linearly independent over R, we conclude »,;;sij7; = 0 for all j in J. Ast
is linearly independent over S we get s;; = 0 for all (4,5) € I x J. Thus holds.

follows from and . (]ED follows from and follow from . O

Lemma 5.1.5. Let K < F be an extension, let a € F' be algebraic over K and let f € K[z].

(a) f(a) =0 if and only if mq | f in Kz].

(b) If f is irreducible then f(a) = 0 if and only if f ~ mq in K[z]. That is if and only if
f = kmyg for some k € K.

(c) myg is the unique monic irreducible polynomial in K[x] with a as a root.

Proof. (i) Since f(a) = ®4(f), f(a) = 0 if and only if a € ker ®,. Since ker &, = K[z|m,,
this holds if and only if m, | f.

(]E[) Let f be irreducible with f(a) = 0, then m, | f. Since f is irreducible we get
mg ~ f. By this means f = km, for some unit &k in K[z]. It is easy to see that the
units in K[z] are exactly the non-zero constant polynomials. So k € K*

If in addition f is monic, then since also m, is monic we conclude ¥ = 1 and

f:ma‘ D

Lemma 5.1.6. Let K < E be a field extension, E < F an extension and b € F. If b is
algebraic over K, then b is algebraic over E and m%E divides mg{ in Elz].

Proof. Note that mX(b) = 0 and m< € E[z]. So by mZ divides m¥ in E[z]. Since b is
algebraic over K, m]}f # 0 and so also m]E # 0. Hence b is algebraic over E. O

Definition 5.1.7. Let K be a field and f € K[x]. We say that f splits over K if
f = k‘o(.?U — ]ﬁ)(.%' — kQ) PN (iL‘ — kn)

for somen € N and k; e K,0 <17 < n..
Lemma 5.1.8. Let K be a field and f € K[x]*.
(a) If K <E is a field extension, f € K[z] is irreducible and E = K[a] for some root a of f

in E, then the map

K[z]/ fK[z] = E,h + fK[z] — h(a)
s ring isomorphism.

(b) If f is not constant, then there exists a finite field extension K < E such that f has a
root in E and dimg E < deg f.
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(¢) There exists a finite field extension K < F such that f splits over and dimg F < (deg f)!.

Proof. (&) By p.1.5|[b), f ~ mq. Thus ker ®, = moK[z]. Also h(a) = ®4(h) and (a]) follows
from Isomorphism Theorem of Rings.

() Let g be an irreducible divisor of f in K[z]. Put E = K[z]|/gK[z]. Then E is a field
For h € K[z]. Let h = h + gK[z] € E. Note that the map h — h is a ring homomorphism.
Put a = . We identify k € K with & € E. Then K is a subfield of E, a’,0 < i < degg is a

K basis for E and so dimg E = degg < deg f. Let f =7, ki’ with k; € g. Then

fla) = Z kiad = kT = kixt = f.
i=0

=0 =0

Since g | f, f € gK[x] and so f = Og. Thus f(a) = Og and a is a root of f in E.

Let E be as in (b)) and e a root of f in E. Then f = (z —e)g for some g € E[z] with
deg g = deg f — 1. By induction on deg f there exists a field extension E < F such that ¢
splits over F and dimg F < (deg g)! = (deg f — 1)!. Then f splits over F and

dimg F = dimg E - dimg F < (deg f — 1)!deg f = deg f!.
[

Example 5.1.9. Let f = 22+1 € R[z]. Then f has no root in R and so is irreducible over R.
Thus E = R[z]/(2? + 1)R[z] is a field. For h € R[z] let h = h + fR[x] € E. We also identify
r € R with 7 in E. Put 4 = Z. Then i is a root of f in E and so i2 4+ 1 = 0 and i*> = —1.
Moreover 1,7 is an R basis for F. Let a,b,c,d € R. Then (a+bi)+ (c+di) = (a+b)+ (c+d)i
and

(a +bi)(c + di) = ac + bdi® + (ad + be)i = (ac — bd) + (ad + be)i

Hence E is isomorphic the field C of complex numbers.

Lemma 5.1.10. (a) Any finite extension is algebraic.

(b) If K < E is a finite field extension and E < F is a finite extension, then K < F is a
finite extension.

Proof. (i) Let K < F a finite extension and a € F. Then by dimg Kla] < dimg F' < oo.
Thus by a is albegraic over K.

follows from |5.1.4 OJ
()

¢

Lemma 5.1.11. Let K < F' be an extension and A C F be a set of elements in F' algebraic
over K.

(a) If A is finite, K < K[A] is a finite extension
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(b) K <K[A] is an algebraic extension.
(c) The set of elements in F' algebraic over K form a subfield of F.

Proof. (g By induction on |A|. If |[A| = 0, K[4] = K. So suppose A # () and let a € A. Put
B=A\ {a} By induction K < K[B ] is ﬁnite As a is algebraic over K a is algebraic over
K[B] (see[5.1.6) Thus by [5.1.2] K[B] Bl[a] is finite. Hence by [5.1.10|(b]) also K < K[B][a]
is finite. Smce K[B][a] = K[A] we Conclude that () holds.

[) Let b € K[A]. By p.L3|f), b € K[B] for some finite B C A. By () K < K[B] is
finite and so also algebraic @) So b is algebraic over K.

(c) Follows from rf b applied to A being the set of all algebraic elements in L. O

Proposition 5.1.12. Let K < E and E < F be algebraic field extensions. Then K < F is
algebraic.

Proof. Let b € F and m = m¥. Let m = Y. ez’ and A = {eg,e2...,e,}. Then A is a
finite subset of E.

Since K < E is algebraic, implies that K < K[A] is finite. Also m € K[A][x] and
so b is algebraic over K[A]. Hence (by [5.1.2) K[A] < K[A][] is finite. By[5.1.4k, K < K[A][b]
is finite and so by also algebraic. Thus b is algebraic over K. O

Proposition 5.1.13. Let K be a field and P a set of non constant polynomials over K.
Then there exists an algebraic extension K < F such that each f € P has a root in F.

Proof. Suppose first that P is finite. Put f =[] gep Y- , there exists a finite extension
E of K such that f splits over [E. Then each g € P has a root in [E.

In the general case let R = K[z, f € P] be the polynomial ring of P over K. Let I be
the ideal in R generated by f(zy), f € P. We claim that I # R. So suppose that I = R,
then 1 € I andso 1 =3, pryf(zy) for some ry € R, almost all 0. Note that each 75 only
involves finitely many z,,g9 € P. Hence there exists a finite subset J of I such that r; =0
for f ¢ J. Thus 7y € Klzg,g € J for all f € J. Therefore

(%) 1= refxy).

fedJ

On the other hand by the finite case there exists a field extension K < E such that each
f € J has aroot ey € E. Let
¢ :Klzg,ge J] = E

be the unique ring homomorphism with ®(z;) = ey for all f € J and ®(k) = kforall k € K.
Since f(zy) =1, k‘ll'} for some k; € K we have ®(f(zs)) = > 1" kie} = f(ef) =0. So
applying ® to (*) we get

= ®(rs)flas) =0

feJ
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a contradiction.

Hence I # R and by I is contained in a maximal ideal M of R. Put F = R/M.
Then by F is a field. Since M # R, M contains no units. Thus KN M = 0. Thus
the map K — F, kK — k + M is a 1-1 ring homomorphism. So we may view K as a subfield
of F by identifying k with £ + M. Put ay = x5 + M. Then f(ay) = f(xy) + M. But
flzy) € I C M and so f(ay) = M = Op. O

Lemma 5.1.14. Let K be a field. Then the following statements are equivalent.
(a) Every polynomial over K splits over K.
(b) Every non-constant polynomial over K has a root in K.

(¢) K has no proper algebraic extension (that is if K < F is an algebraic extension, then
K=F.)

(d) K has no proper finite extension (that is if K < F is a finite extension, then K = F.)

Proof. @ == (]ED: Obvious.

(b) = (c): Let K <E be algebraic and e € E. Then by , mX has a root k € K.
Since mX is irreducible we get mX = 2 — a. Since e is a root of mX, e = k € K. Thus
K=E.

(d) = @: Just observe that by @, every finite extension is algebraic.

@ = @: Let f € K. By f has a root a in some finite extension E of K. By
assumption E = K. So a € K and @ holds. O

Definition 5.1.15. Let K be a field.

(a) K is algebraically closed if K fulfills one ( and so all) of four equivalent statement in

[5.1.74

(b) An algebraic closure of K is a algebraically closed, algebraic extension of K.

Lemma 5.1.16. Let K < E be an algebraic field extension. Then the following two state-
ments are equivalent.

(a) E is an algebraic closure of K.
(b) Every polynomials over K splits in E.

Proof. If E is algebraic closed, every polynomial over £ and so also every polynomial over
K splits over E. Thus @ implies (]ED

So suppose @ holds. Let IF be an algebraic extension of E. Let a € F. Since K < E and
E < K are algebraic we conclude from that K < IF is algebraic. Thus mX is not zero
and has a as a root. By assumption, m]clf splits over E and so @ € E. Thus E = F. Hence

by [5.1.14] E is algebraically closed. O

Theorem 5.1.17. Every field has an algebraic closure.
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Proof. Let Kg be a field. By [5.1.13| applied to the set of non-constant polynomials there
exists an algebraic field extension K; of Ky such that every non-zero polynomial over Kq
has a root in K;. By induction there exist fields

Ko <K <Ky <K3< ..

such that that every non zero polynomial in K; has a root in K;1;. Let E = J;2,K;. By
[ATE is a field. By [p.1.12] each K; is algebraic over Ky. So also Ky < E is algebraic. Let
f € E[z]. Then f € K;[z] for some i. Hence f has a root in K;;; and so in E. Thus by

E is algebraically closed. O

Definition 5.1.18. Let K be a field and P a set of polynomials over K. A splitting field
for P over K is an extension E of K such that

(a) Each f € P splits over E.
(b) E =K[A], where A:={a € E| f(a) =0 for some 0 # f € P}.

Corollary 5.1.19. Let K be a field and P a set of polynomials over K. Then there exists
a splitting field for P over K.

Proof. Let K be a algebraic closure for K, B := {a € K | f(a) = 0 for some f € P} and put
E = K[B]. Then E is a splitting field for P over K. O

5.2 Splitting fields, Normal Extensions and Separable Ex-
tensions

Lemma 5.2.1. Let ¢ : Ky — Kq be a 1-1 homomorphism of fields. Then

(a) There exists a unique homomorphism ¢ : Ky [x] — Ka[z] with (k) = ¢(k) and ¢(z) = .
(b) & (CZ ') = X2 olai)a’ for all ¥ig iz’ € Kala]

(c) qg is 1-1 and if ¢ is an isomorphism, qg is an isomorphism.

We will usually just write qg for @.

Proof. (g and (D)) follow from is readily verified. O

Lemma 5.2.2. Let ¢ : Ky — Ky be an isomorphism of fields and fori =1 and 2 let K; < E;
be a field extension. Let f1 € Kq[x] be irreducible and put fo = ¢(f1). Suppose e; is a root
of fi in K;. Then there exists a unique isomorphism v : Ki[e1] — Kalea] with ¢ |x,= ¢ and

P(er) = ea.
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Proof. Using [5.1.8|[a]) we have the following three isomorphism:

Kilea] = Kifz]/fiKilz] = Kofz]/foKolz] = Kofeg
gler) — g+ hAKifz] = ¢(9) + 2Kelz] —  ¢(g)(e2)

Let 1 be the composition of these three isomorphism. Then

Viep = x4+ 1K [z] = x + foKolz] — e

and for k € Kq,
Yk —k+ fik[z] = o(k) + foKa[z] — ¢(k)

Thus shows the existence of ¢. If 1 is any such ring homomorphism then

deg f—1 > deg f—1

o3 e
and so 1 is unique. O

Definition 5.2.3. Let K be a field and F and E extensions of K.

(a) A K-homomorphism from F to E is a K-linear ring homomorphism from F to E.
K-homomorphism. K-isomorphism and K-automorphism are defined similarly.

(b) Aut(K) is the set of automorphism of K and Autk (F') is the set of K-automorphism of
F.

(¢c) E is an intermediate field of the extension K < F if K is a subfield of E and E is a
subfield of F.

Lemma 5.2.4. Let ¢ : F — K a non-zero homomorphisms of fields. Then ¢ is 1-1 and
o(1p) = 1g.

Proof. Since ¢ is non-zero, ker ¢ # 0. Since ker ¢ is an ideal and F has no proper ideals,
ker p = 0 and so ¢ is 1-1.
We have

¢(1r)o(1r) = ¢(1r 1r) = ¢(1r) = 1o (1F).

Since ¢ is 1-1, ¢(1p) # Og and so the Cancellation Law implies ¢(1p) = 1g O

Lemma 5.2.5. Let K < F and K < E be field extensions and ¢ : F — K a non-zero ring
homomorphism. Then ¢ is K-linear if and only if ¢(k) =k for all k € K.
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Proof. Let k € K and a € F. If ¢ is K-linear

o(k) = ¢(klp) = k¢(lp) = klp =k
and if ¢(k) = k then

¢(ka) = d(k)¢(a) = kg(a).
O

Lemma 5.2.6. Let K <F be a field extension. Then Aut(F) is a subgroup of Sym(F) and
Autg (F) is a subgroup of Aut(F).

Proof. Readily verified. O

Lemma 5.2.7. Let F be a field and f € Flz] a non-zero polynomial.
Then there an integer m with 0 < m < deg f, a1,...am € F and q € F[z] such that

(a) f=q (x—a1) (z—az) (z—am)
(b) q has no roots in F.
(c) {a1,az2,...an} is the set of roots of f.

In particular, the number of roots of f is at most deg f.

Proof. Suppose that f has no roots. Then the theorem holds with ¢ = f and m = 0.

The proof is by induction on deg f. Since polynomials of degree 0 have no roots, the
theorem holds if deg f = 0.

Suppose now that theorem holds for polynomials of degree k and let f be a polynomial
of degree k + 1. If f has no root we are done by the above. So suppose f has a root a. By
[3.4.3] there exists g,r € Flz] with f = g+ (z —a) +¢ and degr < deg(z —a) = 1. Thusr € F
and 0 = f(a) = g(a) - (a —a) +r. Thus r =0 and

(*) f=g-(x—a)

Then deg g = k and so by the induction assumption there exists an integer n with 0 < n <
degg, a1,...a, € F and ¢ € F[z] such that

() g=q-(z—a1) (x—a) (v —an)
(ii) ¢ has no roots in F.

(iii) {a1,aq,...a,} is the set of roots of g.
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Put m=n+1and a,,, = a. From f =g - (z —a) = g+ (v — a,) and (i) we conclude
that @ holds. By , (]ED holds.

Let b € F. Then b is a root if and only if f(b) = Or and so by (*) if and only
g(b)(b — a) = Op. Since F is an integral domain this holds if and only if g(b) = 0 or
b—a=0p. From a = a,, and we conclude that the roots of f are {a1,a2...,a,}. So
also holds. O

Lemma 5.2.8. Let K be a field field and P a set of polynomials. Let &1 and Eqo be splitting
fields for P over K

(a) For i = 1,2 let L; be an intermediate field of K < E; and let § : L1 — Lo be a
K-isomorphism. Then there exists a K-isomorphism 1 : Ey — Eo with ¢ |1,= 0.

(b) E1 and Ey are K-isomorphic.

(c) Let f € K[x] be irreducible and suppose that, for i =1 and 2, e; is a root of f in E;.
Then there exists a K-isomorphism 1 : E; — Eq with ¥(e1) = ¥ (e2).

(d) Let f € K[z]| be irreducible and let e and d be roots of f in Ei. Then there exists
P € Autg(Eq) with ¢(e) = d.

(e) Any two algebraic closures of K are K-isomorphic.

Proof. Let M be the set of all K-linear isomorphism ¢ : F; — Fy where, for ¢ = 1 and 2,
IF; is an intermediate field of K < E;. Order M by ¢ < v if ¢ is the restriction of ¥ to a
subfield. Let M* = {¢ € M | § < ¢}. Since § € M*, M* is not empty.

It is easy to verify that < is a partial ordering. Let C = {¢5 : Fgy — Fgo | s € S}
be a chain in M*. Define F; = (J,cgFsi and ¢ : F1 — Fa,a — ¢4(a), whenever a € Fy.
It is straightforward to check that F; is a field, ¢ is well-defined and ¢ is a isomorphism.
Moreover ¢ < ¢ for all s € S and so ¢ is an upper bound for C.

Thus by Zorn’s Lemma/\/l* has a maximal element ¢ : F; — Fo. It remains to show
that F; = E;. For this put

A; ={e; € E; | f(e;) = 0 for some 0 #€ P}

By definition of a splitting field, E; = K[A;]. Since K < F; < E; we just need to show
that Az g ]Fl

Solet e; € Ay and 0 # f € P with f(e1) = 0. Let f; € Fi[z] be an irreducible divisor
of f with fi(e1) = 0. Put fo = ¢(f1). Since f; divides f in Fy[z], fo divides ¢(f) in Fa[z].
Since f € K[z] and ¢ is a K-homomorphism, ¢(f) = f. Thus f2 divides f. Since f splits
over o, also fo splits over s and so fo has a root es € Eo. By there exists a field
isomorphism v : Fi[e1] — Faea] with ¢ |p,= ¢. Hence by maximality of ¢, F; = Fileq].
Thus e; € F1. So A1 C F; and F; = Eq. Hence F; is a splitting field for P over K. Since
¢ is a K-isomorphism we conclude that Fo is a splitting field for P = ¢(P) over K. Since
Fy C Eo this implies Ay C Fy and Fy = Eo.
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Apply (]ED to & = idg.

By there exists a K-linear isomorphisms ¢ : K[e;] — K[ez] with d(e;) = ea. By
@ 0 can be extended to an isomorphism ¥ : E; — Es. So @ holds.

@ Follows from with Eg = [E;.

Follows from (@ with P the set of all polynomials. O

Definition 5.2.9. Let E < F and H < Aut(F).

(a) E is called H-stable if h(e) € E for all h € H,e € E.
(b) ‘stable’ means G-stable.

(c) If E is H-stable, then H® := {h|g| h € H}.

(d) E <TF is called normal if it is algebraic and each irreducible f € E[x], which has a root
in F, splits over F.

Lemma 5.2.10. (a) Let K <E < T be field extensions and suppose that E is the splitting
field for some set P of polynomials over K. Then E is Autg(FF) stable.

(b) K < E is normal if and only if E is a splitting field of some set of polynomials over K.

Proof. (&) Let A ={e € E | f(e) = 0 for some 0 # f € P}. Let f € P, e a root of f in
E and ¢ € Autg(F). Then ¢(e) is a root of ¢(f) = f and as f splits over E, ¢(e) € E.
Thus ®(A) C E. By definition of a splitting field, E = K[A] and so ¢(E) = ¢(K)[¢(A)] =
K[p(A)] < E. So E is Autg(FF)-stable.

(]E[) If K < E is normal, £ is the splitting field of the set of polynomial over K with roots
in E.

So suppose that E is the splitting field for some set P of polynomials over K. Let e € E
and f = mK. Let F be a splitting field for f over E and let d be a root of f in F. Note
that I is splitting field for P U {f} over K and so by [5.2.§|(d) there exists ¢ € Autg(F)
with ¢(e) = d. By () d = ¢(e) < E and so d € E. Hence f splits over E and K < E is
normal. O

Lemma 5.2.11. Let K < L be an algebraic field extension and & and F intermediate fields.
Suppose that K < E is normal, then mg = mng for allb e E.

Proof. Let g = mg and f = m]}f. As K < E is normal and b is a root of f in E, f splits over
E. Since f is monic we conclude

f=(@—e)(zr—e2)...(x—epn)

with ¢; € E. By5.1.6] g divides f in L[z] and so g = (z — ¢;,)(x — €5,) . .. (x — ¢;,,) for some
1 <y < ...4 < n. This implies g € E[z] and so g € (ENF)[z]. Since g is irreducible in
F[z] it is also irreducible in (E NTF)[z]. Since g is monic and has b as a root we conclude
that g = mj ™.

O
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Definition 5.2.12. Let K be a field and f € K[x].

(a) Let E a splitting field of f over K and e a root of f in E. Let m € N be maximal such
that (x — e)™ divides f Elx|. Then m is called the multiplicity of e as a root of f. If
m > 1, then e is called a multiple root of f.

(b) If f =31 o kixt, then f' =" ikix*™t. f' is called the derivative of f.

(¢c) Forn €N define f" inductively by f = f and fIt1) = (f0) . f" is called the n-th
derivative of f.

Lemma 5.2.13. Let K be a field and f,g € K|z]

(a) The deriative function K[z] — K[z|, f — [ is K-linear.

(b) (f9)' = fg+fd.

(c) For alln € Z+, (f*) =nfr1f.

Proof. @ is obvious. By @ we may assume that f = 2™ and g = ="
(Fg) = @) = (n + m)a" !

f/g + fgl — ml_mflxn + xmnsajnfl _ (n 4 m)mernfl

Thus @
Follows from (@ and induction on n. O

Lemma 5.2.14. Let K be a field, f € K[z] and ¢ a root of f.
(a) Suppose that f =g - (z — )" for somen € N and g € K[z]. Then f"l(c) = nlg(c).
(b) ¢ is a multiple root of [ if and only if f'(c) = 0.

(c) Suppose that charK = 0 or deg f < charK. Then the multiplicity of ¢ as a root of f is
smallest m € N with f™(c) # 0.

Proof. (8] We will show that for all 0 < < n, there exists h; € K[z] with

n!
(n—1i)!

For 4 = 0 this is true with hg = 0. So suppose its true for ¢. Then using[3.7.11

(+) = g (@ =) i (-0

Fli — (flily —
G (g @ =" g (n =) (@ = P R (@ = P R (=i 1) (@ - o)
= g = (g ) (= ) (=i 1) D) (- o)
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Thus (*) also hold for ¢ + 1 and so for all 7 € N.

For i = n we conclude fI") =nlg+ h, - (x — a). Thus @) holds.

(]E[) Since ¢ is a root, f = g- (z — a) for some g € K[z]. Then c is a multiple root of f if
and only if g(c) = 0. By (a) applied with n =1, f’(c) = g(c). Thus (b) holds.

Let m the multiplicity of ¢ as a root of f. So f = g-(x —¢)™ for some g € K[z]| with
g(c) #0. Let n <m. From f=g-(x—¢)" " (x —¢)" and (]é} we get f"l(c) = 0. As
m < deg f we have char K = 0 or m < char K. Since g(c) # 0 we get m!g(c) # 0. Hence by
@) fmM(e) = mlg(c) # 0 and (d) holds. O

Example 5.2.15. Consider the polynomial f = 2P in Z,[z]. Then 0 is a root of multiplicity
p of f. But then f’ = paP~! = 0. This shows that the condition on (deg f)! in part |c the
previous theorem is necessary.

Definition 5.2.16. Let K < F be a field extension.

(a) An irreducible polynomial f € F[x] is called separable over E if f has no multiple roots.
An arbitrary polynomial in F(x] is called separable over F if all its irreducible factors
are separable over IF.

(b) b € F is called separable over K, if b is algebraic over K and m]}f is separable over K.
K <F is called separable if each b € F is separable over K.

Lemma 5.2.17. Let K be a field, K an algebraic closure of K and suppose that charK = p
with p # 0.

(a) For each n € Z", the map Frobyn : K — K, k — k" is a 1-1 ring homomorphism.

(b) For each b € K and n € Z* there exists a unique d € K with d”" = b. We will write
" ford.

(c¢) If K is algebraically closed then each Froby, n € Z is an automorphism.
(d) For each n € Z, the map Frobyn : K — K, k — kP" is a 1-1 ring homomorphism.
(e) If f € K[z] and n € N, then fP" = Froby. (f)(z"").

Proof. @ Clearly (ab)? = aPb?. Note that p divides (¥) for all 1 < i < p. So by the
Binomial Theorem (a+b)P = aP + bP. So Frob,, is a field homomorphism. If a € K
with a? = 0, then a = 0. So ker Frob, = 0 and Frob,, is 1-1. Since Frob,n = Froby, @
holds.

(@ Let d be a root of 27" —b = 0. Then d?" = b. The uniqueness follows from @)

For all n € Z, Frob,,—» is the inverse of Frob,n. So Frob,» is a bijective. For m € N,
Frob,m is a ring homomorphism and all Frob(p") are automorphism.

(d) Follows from ().

(e) Let f =3 a;x’. Then Froby(f) =3 afnzri and so

Froby (f)(2#") =Y " al" 2" = (Z aixi)f’” _
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Example 5.2.18. Let K = Z,(z), the field of fractions of the polynomial ring Z,[x]. If
a € Zy, then o = a. (Indeed since (Zzﬁ,, -) is a group of order p — 1, a?~! =1 for all a € Zlﬁ,.
Thus a” = a). It follows that fP = f(aP) for all f € Zy[z]. Hence

f(P)
g(a)

So Zy,(«P) is a proper subfield of Z,(x) isomorphic to Zy(z).

Let K be an algebraic closure of K. Consider the polynomial ring K[t] over K in the
indeterminate ¢ and f = t* — z € K[t]. We claim that f is irreducible. Note that 27 is
a root of f in K and f = (¢t — x%)p. Let g be a non-constant monic polynomial in K[z]
dividing f. Then g = (¢t — x%)k for some 1 < k < p. Then zb = +¢(0) € K and so k = p.

1
Thus f is irreducible. Since z? is a root of multiplicity p of f, f is not separable.

Frob, (K) = {

fag € ZP[:ULQ 7& 0} = Zp(xp)

Lemma 5.2.19. Let K < F be a field extension such that p := charK # 0 and b € F.
Suppose that b*" € K for some n € N. Then

(a) b is the only root of mi{ (in any algebraic closure of K.)
(b) If b is separable over K, b € K.
(c) d”" € K for all d € K[b].

Proof. Put ¢ = p".
@ Note that b is a root of 9 — b7, so by m]}f divides z¢ — b? = (z — b)?. Thus @
holds.
If mlf{ is separable, we conclude from @) that m]}f =z —b. Thus b € K.
Let ¢ = Frob,. Then {d? |,d € K[b]} = ¢([K[b]) = ¢(K)[4(b)] < K[b7] < K. O

Lemma 5.2.20. Let K < E < F be field extensions and b € F. If b € F is separable over
K, then b is separable over E

Proof. By mg divides mf. As b is separable over K, m]}f has no multiple roots. So
also mlg has no multiple roots and b is separable over E. O

Lemma 5.2.21. Let K be a field and let f € Klx] be monic and irreducible.
(a) f is separable if and only if f' # 0.
(b) If char K = 0, all polynomials over K are separable.

Proof. @ By b is a multiple root of f if and only if f/(b) = 0. Since f is irreducible,
f=m{. So bis aroot of f if and only if f divides f’. As deg f’ < deg f, this the case if
and only if f' = 0.

@ follows from @ O
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Lemma 5.2.22. Let K be a field and f € Klx| monic and irreducible. Suppose p :=
char K # 0 and let by, by, ... by be the distinct roots of f in an algebraic closure K of K. Let
b be any root of f. Then there exist an irreducible separable polynomial g € Kz], n € N
and a polynomial h € Frob, - (K)[x] such that

(a) f=g(a") =n""

(b) g = Frobyn(h).

(¢) g=(x =t )w—t8"). .. (x—bh).

(d) h=(x—by)(x—by)...(x—bg)€Kbr,...,bgx].
() f=(z—b1)" (@b ... (x = ba)?".

(f) f is separable over K if and only if n = 0.

(9) dimgpen K[b] = p".

(h) b is separable over K if and only if K[b] = K[bP].
(i) b"" is separable over K.

Proof. We will first show that f = g(zP") for some separable g € K[z] and n € N. If f is
separable, this is true with ¢ = f and n = 0. So suppose f is not separable. By @
f'=0. Let f =Y a;xz". Then 0 = f' =Y ia;z""! and so ia; = 0 for all . Thus p divides i
for all ¢ with a; # 0. Put f = > apizt. Then f(xp) =Y apzP* = f. By induction on deg f,
f= g(zP™) for some irreducible and separable g € K[z]. Let n = m + 1, then f = g(z*").

Since f is irreducible, g is irreducible.

Let h = Frob,-«(g) € K[z]. Then g = Frob,»(h). Thus by , hP" = g(aP") = f.
Let b € K. Then b is a root of f if and only if b*" is a root of g. So {b’fn, ce bzn} is the set
of roots of g. As Frob,» is one to one, the b!" are pairwise distinct. Since g is separable,
g=1[I{z —e| e aroot of g} and so (&) holds.

(d) now follows from h = Frob,-n(g).

(d) By (&) f=r" and so (d) implies (¢).

(f) follows from (@

@i Note that g is the minimal polynomial of bf " over K, f is the minimal polynomial
of b; over K and deg f = p" degg. Thus

~ dimg K[p]  degf
~ dimg K[pP"]  degg

Suppose b is not separable. Then n > 0 and so bP is a root of g(mpn
dimg K[bP] < p"~! and K[b] # K[b"].

Suppose that b is separable over. Then by b is separable over K[bP]. So by
b € K[bP]. Thus K[b] = K[b"].

H follows since b " is a root of the separable g. O

—1

). So
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Definition 5.2.23. Let K < F be a field extension Let b € F. Then b is purely inseparable
over K if b is algebraic over K and b is the only root of mIbK. K < F s called purely
inseparable if all elements in F are purely inseparable over K.

Lemma 5.2.24. Let K < F be an algebraic field extension with char K = p # 0.
(a) Let b € K then b is purely inseparable if and only if " € K for some n € N

(b) Put'S := {b € F | b is separable over K}. K < F is purely inseparable if and only if
K=S.

(c) Let P := {b € F | b*" € K for somen € N}.. Then P is the of elements in F purely
inseparable over K and P is a subfield of F.

(d) If K <TF is normal, then P < F is separable.

(e) If b € F is separable over K, then mIg = mﬂlf.

(f) P < FixpAutg(F) with equality if K < F is normal.

Proof. Let b € F. Let f := m¥. Then by [5.2.22] f = g(2*") with g € K[z] separable.
Moreover, if by, bs, ..., by are the distinct roots of f in an algebraic closure F of F,, then

g=(z— bq)(:c —b)...(x —b}), where ¢ = p".

@) If " € K for some m € K, then by m@) b is the only root of f and so b is
purely inseparable over K. If

Suppose b is the only root of f. Then k =1 and g = x — b?. Since g € K]z], b? € K So
@ holds.

@ Suppose first that K = S. Since b7 is a root of the separable, g, b9 € S = K. Thus
by @) , b is purely inseparable over K

Suppose next that K < F is purely inseparable. Then as seen above b? € K. If b is
separable over K then by m@ n=0and b="5b? € K. Thus S =K.

. Let ¢,d € P with d # 0. Then there exists 7, s € N with ¢ € K and d”° € K. Put
t = max(r, s). Then

(ctd)? = +d” €K and (cd™)? = & (") e K

In follows that ¢ + d and cd*! € P and so | is a subfield of F.

@ Since b is a root of f € F and K < F is normal, f splits over F. So the distinct
roots by,...b; of f all are contained in F. Put h = Frob%(g). By (d) h? = f and
h = (z—"b1)(x—b2)...(x —bx). Thus h splits over F and h € Flz]. Since h? = f € K|z]
we see that d? € K for each coefficient d of f. Hence d € P and h € P[z]. Since h has no
multiple roots and h(b) = 0 we conclude that h is separable over P.

(EI) t=mj. As t € P[z], t7 € K[z] for some power q of p. Since t4[b] = 0 we conclude f
divides t?. As f is separable, f divides ¢t and so f =t.

() Let b € P and ¢ € AutgF. The b € K and so ¢(b)? = ¢(b?) = b?. Thus b = ¢(b) and
P S FiXF(AutKF).
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Next let b ¢ P and suppose that K < F is normal. Then f splits over F and by @ there

exists a root d # b of f in F. By m@ F is a splitting field over K. So [5.2.8} “@ implies
that there exists ¢ € AutgF with ¢(b) = d. Hence b ¢ Fixp(Autx F). O

Lemma 5.2.25. (a) Let K < E < F be field extensions. Then K < F is separable if and
only K <E and E <TF are separable.

(b) K < F is separable if and only if F = K[S] for some S C F such that each b € S is
separable over K.

Proof. Put p := charK. If p = 0 then by 5.2.21@11 algebraic extensions are separable. So
[5.1.11] and [5.1.12) show that (a]) and (&) holds a.
So suppose p > 0. Before proving @ and (]ED we prove

(*) Let K <L be a field extension, I C L and b € L. If all elements in I are separable
over K and b is separable over K[ |, then b is separable over K.

Let s = mp ). By- K = U{K(J) | J C I, J finite}. Hence there exists a finite
subset J of I w1th s € K[J] So b is separable over K[.J]. We know proceed by induction
on |[J|. If J =0,bis separable over K and (*) holds. So suppose J # () and let a € J.
Then b is separable over K[a][J — a] and so by induction b is separable over K|[a]. Hence
by p.2.22|[h), Kla,b] = K[a,b"]. Let E = K[p?]. Then b € K[a,b] = Kla,b’] = E[a]. By
a is separable over E. Since b? € E, E < E[b] is purely inseparable. So by |5.2.24f
mE = mel . Thus dimg E[a] = dimg,) E. Hence E = E[b]. So K[b] = K[b?] and by
b is separable over K.

@ Suppose that K < E and E < F. are separable. Let b € F and let I = [E. Then by
(*), b is separable over K. So K < F is separable.

Conversely suppose K < F is separable. Then clearly K < E is separable. By [5.2.20] also
E < F is separable.

() If K < F is separable, then F = K[S] with S = F. So suppose F = K[S] with all
elements in S separable over K. Let b € F = K]S]. Then b is separable over K[S] and so by
(*), b is separable over K. Thus K < F is separable. O

Lemma 5.2.26. Let K < F be an all algebraic field extension and E and L intermediate
field. Then EL is a subfield of F.

Proof. Since F is commutative, EL = LE and so EL is a subring of F. Let 0 # a € EL.
Since K < F is algebraic and K < EL, a~! € K[a] < EL for all 0 # a € EL. Thus EL is a
subfield of F. O

Definition 5.2.27. Let K < F be a field extension. Then S(K,F) consist of the elements in
F, which are separable over K and P(K,F) of the elements in F which are purely inseparable
over K.

Lemma 5.2.28. Let K < F be an algebraic field extension with char K = p # 0. Put
P=P(K,F) and S = S(K, F).
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(a) S is a subfield of F.
(b) S <TF is purely inseparable.
(c) If K <TF is normal, then F = SP.

Proof. @ Follows from 5.2.25@.
(]EI) Let b € F. By [5.2.22(i),b”" is separable over K for some n € N. Thus ”" € S and so

by 5.2.24@m b is purely inseparable over S.
By 5.2.26|SP is a subfield of F. By (]ED, SPP < F is purely inseparable and since K < F
is normal, SP < F is separable 5.2.24@ Thus F = SP. O

5.2.29 (Polynomial Rings). Let R be a ring and I a set. Define

J =N = {(ni)ies | ni € N, almost all 0}
i€l
Note that J is a monoid under the addition (n;) + (m;) = (n; + m;). Let S be the semi
group ring of J over R. Since we use addition notation for N but multiplicative notation in
R its is convenient to introduce the following notation: we write ™ for n € J and define
"™ = "™, Then every elements in S can be unique written as

Z rpx”

where 1, € R for n € J , almost all 0.

We denote S be R[z;,i € I].

Suppose that R has an identity 1. Let n(i) = (6;;), where §;; = 1 if i = j and 0
otherwise. Define z; := (@) (Note that x; also depends on I and so on rare occasion we
will write z;; for ;.). Then for n = (n;)ics € J, 2™ = [[;c; 27" Since r — ra®’ is a 1-1
ring homomorphism, we can and do identify r with rz%7.

Suppose now that ¢ : R — T is a ring homomorphism, that T is commutative ring
with identity and ¢t = (¢;);e; is a family of elements in T. For n = (n;);e; € J define
t" =Il;crti. Then the maps

J—=(T,),n—>t"

is a homomorphism of semigroups and so by [3.2.5] the map

v: Rz, i€ Il - T, Zrnm” Z @(rp)t"
neJ neJ

is a ring homomorphism.

If R has an identity, then v(r) = B(r) and v(z;) = t; for all i« € I. Moreover 7 is the
unique homomorphism with this property. In the case that R is a subring of T ¢(r) = r, ~y
is called the evaluation homomorphism and we denote v(f) by f(t). Soif f =3 _;rpz"
then
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f)=> rpt"
neJ
Suppose now that I = I; Ul with I; NIy = 0.Put J;, := @ielk N. Give a = (aj)ier, € 1
and b = (b;);er, we can define ¢ = (¢;)ier by ¢; = a; if i € J; and ¢; = b; if i € Jo. We
denote ¢ by (a,b). Let 0y = (0)ies, = 0y,. Then the maps J; — J,a — (a,02) and
Jo — J;b — (01,b) are 1-1 homomorphism of semigroups. Using we obtain ring
homomorphism

a: R[z;,i € 1] = Rlz;,i € 1), Z Foz® — Z 1o (302)
a€Jy a€Jy

Note that 2(2:02)2(01:0) = 2(ab)  Hence using one more time a ring homomorphism.

B : Rlzi,i € I][x;,i € Is] — Rlz;,1 € 1], Z Z Ta,pT" b — Z Ta,bfzr(a’b)
beJz \a€J1 (a,b)eJ1x J2

0 is clearly 1-1 and onto and so an isomorphism.

(We remark that isomorphism is special case of R[G1][G2] = R[G1 x G2], whenever,
G1,Gy are semigroups) Thanks to this canonical isomorphism we will usually identify
R[z;,i € L][z;,i € I3] with R[x;,i € I] and view R[z;,i € I1] as a subring of R[x;,i € I].
In particular we identify = with 2(@92) and xir, with ;7. (So writing z; for x; 7, creates
no harm).

Suppose now that R = K is a field. The it is easy to see that K[z;,i € I] is an
integral domain. (For |I| = 1 see Example the same argument works in general,
alternatively reduced to the case I| finite and proceed by by induction) We denote the field
of fraction of K[z;,7 € I] by K(z;,7 € I). Consider the case |I2| = {k}. From Homework
3#1 we obtain canonical isomorphism between the field of fractions of K[x;, i € I][xg] and
K(x;,i € I)(x). The former is canonical isomorphic to the field of fraction of K[z;,i € I],
that is to K(x;,4 € I). A similar argument gives a canonical isomorphism

K(zi,i € 1) (0 € Io) = K(xi,i € I)

Example 5.2.30. 1. Let K be a field with char K = p # 0, I aset and F = K(z;,7 € I), the
field of fractions of the polynomial ring R = K]z;, € I] in the indeterminates (z;,7 € I).
Put E = K(a?,i € I). The each z; is purely inseparable over E. Note that the elements
in F with a? € E form a subfield of F. This contains K and all «; and so is equal to F.
Thus fPinE for all f € F and E < F is purely inseparable. We will show that dimg F = oo
if |I] is infinite. Put

J = {(ns)ier | n; € N, almost all 0} and J, = {(ri)icr | 7 < p}
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For n = (n;) € I define 2" := [[ ;2" € R. Then (2")ncs is K-basis for R. We will
show that (2"),cs, is a E basis for F.

For this let n = (n;) € J. For | € N define In = (In;)ier € J. Pick ¢;,r; € I with
n; = pg; + r; with ¢;,r; € Z,0 <r; <p. Put ¢ = (¢;), r = (r5). Thenr € J,, n=pg+r
and

" = Ply"

Since zP? € E, we conclude that z" is in the E-span of (2"),c,. Hence also R is in the
E-span of (z"),e,. Let f € F. Then f = { with f,g € R, g # 0. Since (i)p € E and

i - (1)pfgp—l
g 9

we conclude that (z").cj, spans F over E.

Suppose now that e, € E for r € J, almost all 0 and
Z e, =0
reJp

We need to show that e, = 0 for all » € J,. Multiplying with an appropriate element of
Ry, :=K[z¥,i € I] we may assume that e, € Ry, for all r € R. Thus e, = Y kqra??
for some k,, € K, q € J almost all 0. Thus

Syt = 0

reJp q€J

qeJ

Each element in n € J can by uniquely written as pg + r with ¢ € J and r € J,. Thus
the linear independence of the (z"),c s shows that

kgr =0

)

for all ¢ and r. Hence also e, = 0 for all r € J,. Thus (2"),¢, is linearly independent.

2. Next we give an example of a field extension K < F such that P(K,F) < F is not separable

and P(K,F)S(K,F) # F. So[5.2.24([) and [5.2.28|(d) may be false if K < F is not normal.

Let F4 be a splitting field for 22 + z + 1 over Zy and a a root of 2> + z + 1 in F4. Then
a # 0,1 and so Fy # Zs. Let y and z be indeterminates over Fy. Put E = Fy(y, z),
K = Zo(y?, 2%), S = F4(y?,2%) and P = Fa(y, 2). Since (22 +z+1) =1#0, 22+ +1
is separable. Thus a is separable over K and so K < S is separable. Since d? € K for
alld € Pand d? € S for all K < P and S < E are purely inseparable. If d is separable
over K, then K(d) = K(d?) C S. So S consist of all the elements in E, separable over K.
Since S # K, K < E is not purely inseparable. Thus the field consisting of the purely
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inseparable elements in E over K is not equal to K. It contains P and since dimp K = 2,
it is equal to K. Let b = y + az. Then b? = y? +a?22 = (y? + 22) + az. Thus K(b?) =S,
22 4+ (y? + 2% + az) is the minimal polynomial of b over S and so (1,b) is an s-basis for
F :=S[b. Thus F = {s+tb | s,t € S} = {s+ty +taz | s,t € S}. So (1,y,2,yz) is
a K-basis for P and an S basis for E. Let d € FNP. Then there exists s,t € S and
ki, ko, ks.ky € K with

s+ty+taz=d =k + koy + ksz + kayz

Since {1,y, z,yz} is linearly independent over S we conclude that s = ki,t = ko and
az = k3. So s,t and at are in K. If ¢t # 0 we get a = att~! € K, a contradiction. Thus
t=0and f =s € K. Thus FNP =K. Hence

PK,F)=FNP=K and S(K,F) =FNS=S#F

It follows that P(K,F) < F is not separable and P(K,F)S(K,F) =KS =S # F.

5.3 Galois Theory

Hypothesis 5.3.1. Throughout this section F is a field and G < Aut(F).
Definition 5.3.2. Let H < G and E a subfield of F.

(a) FH := Fixp(H).

(b) GE :== G N Autg(F).

(¢) We say that H is (G,F)-closed or that H is closed in G if H = GFH.
(d) E is (G,F)-closed if E = FGE.

(e) 7closed” means (G,TF)-closed.

Lemma 5.3.3. Let T < H <G and L <E<F. Then

(a) FH is a subfield of F containing FG

(b) GE is a subgroup of G

(c) FH < FT.

(d) GE < GL.

(e) H<GFH

(f) E < FGE.
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(9) FH is closed.
(h) GE is closed.

Proof. (a]) and (b)) are readily verified. Let t € T and a € FH. Since t € H, t(a) = a
and so FH C FT.

@ Similar to .

@ Note that h(a) =a for alla € GH, h € H. So H < GFH.

@ Similar to @

By () H < GFH and so by (J) FGFH < FH, On the other hand, by (f) applied
toE=FH, FH < FGFH. So holds.

Similar to ((hl) O

Proposition 5.3.4. F induces an inclusion reversing bijection between the closed subgroups
of G and the closed subfields of F. The inverse is induced by G.

Proof. By[5.3.3|[g), F sends a closed subgroup to a closed subfields and by , G sends
a closed subfields to a closed subgroup. By definition of closed, F and G are inverse to each

other, then restricted to closed objects. Finally by and @, F and G are inclusion

reversing. [
Lemma 5.3.5. Let H <T < G with T/H finite. Then dimrr FH < |T/H]|.

Proof. Let k € FH and W =tH € T/H. Define W (k) := t(k). Since (th)(k) = t(h(k)) =
t(k) for all h € H, this is well defined. Define

®: FH —FH k- (W(k)wer/n

Let L C FH be a basis for FH over FT. We claim that (®(1));cy, is linear independent
over F. Otherwise choose I C L minimal such that (®(7));es is linear dependent over F.
Note that |I| is finite. Then there exists 0 # k; € F, with

(%) > ki®(i) =0.

1€l

Fix b € I. Dividing by k; we may assume that k, = 1.
Note that (*) means

(s5) > kW(i)=0, forall WeT/H.
i€l
Suppose that k; € FT for all i. Note that H(i) = idp(i) = i for all i € I So using
W = H in (**) we get > ;. kit = 0, a contradiction to the linear independence of I over

FT. So there exists d € I and p € T with u(kg) # kq. Note that p(t(k)) = (ut)(k) and so
w(W(k)) = (uW)(k). Thus applying u to (xx) we obtain.
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> (ki) (uW)(i) =0, for all W € T/H.
el

As every W € T/H is of the form uW' for some W’ € T/H, (namely W' = u='W) we
get

(ex) Y p(k)W(i) =0, forall WeT/H.
i€l

Subtracting (**) form (***) we conclude:
> (ulki) = k)W (i) =0, for all W € T/H.

and so

i€l
The coefficient of ®(b) in this equation is u(1) — 1 = 0. The coefficient of ®(d) is

p(ka) —kq # 0. We conclude that (Phi(j);cp\ (s} is linear dependent over F, a contradiction
the minimal choice of |I].

This contradiction proves that (®(1));cr is linear independent over F.
Thus
dimyyp FH = |L| < dimp FT/# = |T/H|

So the theorem is proved. O

We remark that the last equality in the last equation is the only place where we used
that |T/H| is finite.

Lemma 5.3.6. Letbe F and H < (.
(a) b is algebraic over FH if and only if Hb := {p(b) | ¢ € H} is finite.

(b) Suppose that b is algebraic over FH and let my be the minimal polynomial of b over
FH. Then

(a) mp = Tlecmp — e

(b) my is separable and b is separable over FH.
(c) my splits over TF.

(d) Put Hy,:={¢ € H | ¢(b) =b}. Then

|H/Hb‘ = degma = |Hb| = dim}-H fH[b]
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Proof. Suppose b is algebraic over FH and let m, be the minimal polynomial of b over FH.
Let ¢ € H. Then ¢(b) is a root of ¢(mg) = mg. Since m, has only finitely many roots, Hb
is finite.

Suppose next Hy, holds. Let f:= ][] cpy,« —e. Since the map Hb — Hb,e — ¢(e) is a
bijection with inverse e — ¢~ 1(e),

o(f)=[[z—o)= [] z—ef
ecHb ecHb

Hence all coefficient of f are fixed by ¢ and so f € FH|[x]. Clearly b is a root of f and
so b is algebraic over FH. Thus @ holds.

Moreover my, divides f. Let e € Hb. Then e = ¢(b) for some ¢ € H. Then ¢(my) = my
and as b is a root of m, ¢(b) is a root of m;. Hence f divides my and f = my. Thus
hold. Since f is separable and splits over F also and holds.

By [2.10.14] |H/H,| = |Hb|, By dimry FH[b] = degm = deg f = |Hb| and so
also holds. O

Lemma 5.3.7. Let L < E <F with L <E finite. Then
|GL/GE| < dim, E

Proof. If E = L, this is obvious. So we may assume E # L. Pick e € E\ L. Then e is

algebraic over L and since L. < FGL, e is also algebraic over FGL. Moreover, g = m? 9"

divides f = mY. Put H = GL. By |H/H.| = deg g. Note that H. = G(L[e]) and so
[GL/G(Lle])| = [H/He| = deg g < deg f = dimy, L[e].

By induction on dimp, E,

G(L[))/GE| < dimy, E.
Multiplying the two inequalities we obtain the result. O

Theorem 5.3.8. (a) Let H <T < G with H closed and T/H finite. Then T is closed and

dimpr FH = |T/H|.

(b) Let L <E < F with L closed and L <E finite. Then E is closed and

IGL/GE| = dimy E.

Proof. (i) Using [5.3.35.3.5 5.3.7 and H = GFH we compute

|T/H| > dimrr FH > |GFT/GFH| = |GFT/H| > |T/H|.
So all the inequalities are equalities. Thus T'= GFT and
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dimzr FH = |T/H|.
This time we have
dimp E > |GL/GE| > dimzgr, FGE = dim, FGE > dimy, E
So all the inequalities are equalities. Thus E = FGE and
dimy, E = |GL/GE|
O
Proposition 5.3.9. (a) Let H < G with H finite. Then H is closed and dimry F = |H]|.

(b) Put K = FG and let K < E < F with K < E finite. Then E is closed and dimg E =
|G /GE]|.

Proof. (a]) Note that F{idr} = F and so GF{idr} = {idp}. Hence trivial group is closed
and has finite index in H. So @ follows from [5.3.8a

() Byp.3.3|(g), K = FG is closed. Moreover, GK = GNAutk (F) = G. Thus by 5.3.8|(b),
applied with . = K, E is closed and

dimg E = |GK/GE| = |G/|GE|

Definition 5.3.10. A field extension L < E is called Galois if L = Fixg(Auty(E)).

Lemma 5.3.11. Put K = FG. Then K < F is a Galois Extension. Moreover, if K < F is
finite, then G = Autg(F).

Proof. Since G < Autg(F) we have

K< FiX]F(Aut]F(K)) < FIX[F(G) =K

Thus equality holds everywhere and K = Fixp(Autg (F) and K < F is Galois.
Moreover, if K < F, then by applied to G and to Autg(F) in place of H.

|Autg (F)| = dimg F = |G|
Since G < Autp(K), this implies G = Auty(K). O

Theorem 5.3.12 (Fundamental Theorem Of Galois Theory). Let K < be a finite Galois
extension and put G = Autg(F). Then

(a) F isinclusion reversing bijection from the set of subgroups of G to the set of intermediate

field of K < F.
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(b) Let H< G and E=FH. Then dimgF = |H| and H = Autg(F).

Proof. (i) Since K < F is Galois, G = Fixp(Autk(F)) = K. Since K < F is finite, [5.3.9|(b)
implies that G is finite and so by all intermediate field of K < IF and all subgroups of
G are closed. So by F induces a inclusion reversing bijection between the subgroups
of G and intermediate fields of K < F.

() By [.3.9(e) dimgF = |H|. By [5.3.11] applied to H in place of G, H = Autp(K). O
Lemma 5.3.13. Put K = Fixp(G) and let K < E <TF with E stable.
(a) Fixg(G*) = K and K < E is Galois.
(b) If K <E is finite, then G* = Autk (E).

Proof. (d) Fixg(G®) = FixpgGNE=KNE =K
(]EI) Follows from [5.3.12| applied to K < E in place of K < F and H = GF. O

Lemma 5.3.14. (a) Let E <F and g € G. Then 9GE) = G(g(E)).

(b) Let H< G and g € G. Then F(9H) = g(FH).

(c¢) Let HG. Then FH is stable.

(d) Let E <TF and suppose E is stable. Then GE <G and G* = G/GE.
(e) Let H < G be closed. Then H <G if and only if FH is stable.

(f) Let E be a closed subfield of F. Then E is stable if and only if GE is normal in G.

Proof. Let g € G and b€ F. By 2.10.14

(%) Stabg (g(b)) = Stabe (b)

(o) Intersecting (*) over all b € E gives (d)).

() By (*) H < Stabg(b) if and only if 9H < Stabg(g(b)). Thus b € FH if and only if
g(b) € F(“H). This gives (D).

If H <G then by (b), FH = g(FH).

@ Suppose [E is stable. Note the GE is exactly the kernel of the restriction map,
¢ — ¢|g. Hence GE 4 G and @ follows from the First Isomorphism Theorem

The forward direction follows from . By @, if FH is stable , then GFH JG. If
H is closed, then GFH = H and so the backward direction holds.

@ Follows from @ applied to H = GE. O

Lemma 5.3.15. Put K = Fixp(G) and let L <K <E < F. Suppose that L < E algebraic,
and L < K is purely inseparable. Then E is stable if and only if L < E is normal.
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Proof. Suppose first that E is stable. Let e € E and f = mX.By f splits over F and
Ge is the set of roots of f. As E is stable, Ge < E and so f splits over E. Since K/L is pure
inseparable, f¢ € L[z] for some q¢ € N. So ml divides f¢. We conclude that mY splits over
E and so . < EE is normal.

If L <E is normal, then by [5.2.10| E is Auty, (F)-stable. Since G < Auty(K) < Auty, (F),
E is stable. o

Lemma 5.3.16. Put K= FG and let K < E < F with K < E algebraic. Then
(a) K <E is separable.
(b) If E is closed, then the following are equivalent:

(o) GE LQG.
(b) E is stable
(¢) K <E is normal.

Proof. (i) follows from (applied to H = G and so FH = K). (b) By [5.3.14(f)
and are equivalent. By [5.3.15 and (jb:c) are equivalent. O

Theorem 5.3.17. Let K < F be an algebraic field extension. Then the following are
equivalent:

(a) K <F is Galois
(b) K <TF is separable and normal.
(c) F is the spitting field of a set over separable polynomials over K.

Proof. @ — (]ED: Suppose first that K < F is Galois and put G = Autg(F). Then
K = G. So by @ K < F is separable. Since F is closed and GF = {idp} < G,
@@ gives that K < F is normal.

@ = @: Suppose next that K < IF is normal and separable. Since K < [F is normal
[5.2.24|[f), shows that Fixp(Autg(F)) = P(K,F). Since K < F is separable, P(K,F) = K and
so Fixp(Autg (F)) = K and K < F is Galois.

(]EI) = : Let P = {m{ | b € F}. Since K < F is normal, each mi< splits over K.
Since K < F is separable, each m]}f is separable. Hence F is a splitting field for P over K
and holds.

@ = : Suppose F is the the splitting field of a set P of separable polynomials
over K. Then by K < F is normal. Let A consists of all a € F such that a is a root
of some non-zero p € P. By definition of a splitting field, F = K[A]. Since each p € P is
separable, each a € A is separable over F. Thus by (]E[), K < TF is separable. ]

Proposition 5.3.18. Suppose that K < F is algebraic and Galois, and suppose G =
Autp(K). Let K< E <F.
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(a) GE = Autp(E), K < E is Galois and E is closed .
(b) K <E is Galois if and only of GE is normal in G.
(c) Ng(GE)/GE = Ng(GE)® = Autk(E)

Proof. () GE = G N Autg(F) = Autg(F). By [5.3.17|[),(b) K < F is normal and separable.
Hence also E < FF is normal and separable. So by [5.3.17, E < F is Galois. This implies that

E = Fixs(Auts(F)) = FGE

and so E is closed.

(]E[) As K < F is separable, K < [ is separable. Hence by K < E is Galois if and
only if K < E is normal. Since E is closed, (]ED now follows from (]ED

As FGE = E we conclude from[5.3.14|(b)) that E is N¢(GE)-stable. So N¢(GE)/GE =

Na(GE)E by the Clearly No(GE)E < Autg(K). Let h € Autg(K). By h=gle
for some g € Autg(F). Then g € Ng(GE) and (c) holds. O

Definition 5.3.19. Let K < E be an algebraic field extension. A normal closure of K < E
1s an extension L. of E such that K < L is normal and no proper proper subfield of L
containing E is normal over K.

Lemma 5.3.20. Let K < E be an algebraic field extension.

(a) Suppose E = K(I) for some I CE and let E <L be a field extension. Then the following
are equivalent:

(a) L is a normal closure of K < E .
(b) L is a splitting field for {m;* | b € I} over K.
(¢) L is a splitting field for {mi | b € I'} over E.

(b) There exists a normal closure L of K <E and L is unique up to E-isomorphism.
(¢) Let L be a normal closure of K < E. Then

(a) K <L is finite if and only if K < E is finite.

(b) K < L is Galois if and only if K < L is separable and if and only if K < E is
separable.

(d) Let E be an algebraic closure of E. Then

(a) E is an algebraic closure of K.

(b) E contains a unique normal closure . of K < E. L is called the normal closure of
K <E in E.
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Proof. (p) Put P = {m{ |be I}, A={beL|f(b) =0k for some b € L} and D = K(A).
Note that b € A for all b € I and so

(%) E=K()<D

Next we show:
(**)  Let K <F <L such that K <F is normal. Then D C F and K < D is normal.

Note that each m]}f, b € I has a root in IL, namely b. Since K < F is normal each m]}f
splits over L. So A C F, D = K[A] < F and D is a splitting field for P over K. Thus by
, K < DD is normal.

(a:a) = (a:b):  Suppose first that L is a normal closure of K < E. Then K < L is
normal and so by (**) K < D is normal. By (*) E < D and so the definition of a normal
closure implies . = D.

(a:b) = (a:c):  Suppose next L is a splitting field of P over K. Then L = K[A] = E[A]
and L is also a splitting field for P over E.

(a:c) = (a:a):  Suppose next that L is a splitting field of P over E. Then L = E[A]
and D is a splitting field for P over E. Hence by rflnormalstable] b, K < D is normal. By
(Y)E<DandsoL=E[A] <D <L. ThusL=D and K <L is normal. If K <F <L and
K < F is normal, then by (**) D <F. Since D =L and F <L we get F =L and so L is a
normal closure of K < E.

(]E[) By @ applied with I = E a normal closure of K < [ is the same as splitting field
of {m{ | b € E}. Thus by K < E has a normal closure and by @, the normal
closure is unique up to K-isomorphism.

If K < E is finite, then E = K(I) for some finite subset I of E. Note the splitting
field of a finite set of polynomials over K is a finite extension of K So K < L is finite by @

Suppose that if K < LL is Galois. Then by K < L is separable. If K < L
is separable, then also K < E is separable. So suppose K < E is separable, then by (a), L.
is the splitting field of the set of separable polynomials {{my | b € E} and so by
K < L is Galois.

Since K < E and E < E are algebraic, K < E is algebraic 1 Also E is
algebraicly closed and thus holds.

Let E< L < E. Then by @) L is a normal closure of K < E if and only if L is
generated by K and all the roots of the m]}f, beE. So 1@} holds. O

Lemma 5.3.21. Let K < E be a normal field extension. Put P =P(K,E) and S = S(K,E).
Then P = Fixg(Autg(E)), K < P is purely inseparable, P < E is Galois, K <'S is Galois
and the map

7 Autg (E) — Autg(S), ¢ — o

is an isomorphism of groups.
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Proof. By definition K < IP is purely inseparable. By |5.2.24, [5.2.24|f, P = Fixg(Autg(E))
and so by (applied with F = E and G = Autg(E)) P < E is Galois.

Let ¢ € Autg(E) and s € S. Then ¢(s) is a root of mX. Since s is separable over K
, we conclude that ¢(s) is separable over K. So ¢(s) € K. Thus S is Autg(E) stable and
so by K < S is normal. K < S is separable and thus by K < S is Galois.
Let ¢ € Autg(E) with ¢ |s= ids. Then S C Fixp(¢). By definition of P, P < Fixp(¢). By
[(.2.28[(c]), E = SP. Hence E < Fixg(¢) and ¢ = idg. Thus 7 is 1-1. Let ¢ € Autg(S). Since
K < E is normal is normal, we conclude from @ that ¢ = ¢|s for some ¢ € Autg(E).
So 7 is onto. O

5.4 The Fundamental Theorem of Algebra

In this section we show that the field C of complex numbers is algebraically closed. Our
proof is based on the following well known facts from analysis which we will not prove:

Every polynomial f € R[z] of odd degree has a root in R.
Every polynomials of degree 2 over C is reducible.
dimR C =2

Some remarks on this assumptions. The first follows from the intermediate value the-
orem and the fact that any odd polynomial has positive and negative values. The second
follows from the quadratic formula and the fact that every complex number has a complex

square root (Vre? = \/Fe%i). The last property follows from C = R + Ri.
Definition 5.4.1. Let s be a prime, K < F a finite field extension and f € K|x].

(a) f is a s'-polynomial if s does not divide deg f

(b) K<E is a s-extension s does not divide dimg F.

Lemma 5.4.2. Let K be a field and s a prime. Then the following are equivalent.
(a) Every irreducible s'-polynomial over K has degree 1.

(b) Every s'-polynomial over K has a root in K

(¢) If K<Eisas extension then K =E.

Proof. (@) = (b): Let f € K[z] with s { deg f. Let f = fi...fr with f; irreducible.
Then deg f = )7 ; deg f; and so s 1 f; for some 1 <1i < k. By , fi has degree 1. Hence
fi and so also f has a root in K.

= : Let K < E be an s’-extension and b € E. Then degmj = dimg K[b]
divides dimg E. Hence m]}f is an irreducible s’ polynomial and so by @ has a root d in K.
As f is irreducible we get b = d € K and E = K.

= (a):  Let f be irreducible s’-polynomial. Then K[z]/fK][z] is an extension of
degree deg f. So its is an s’-extension of K and by , deg f = 1. O



206 CHAPTER 5. FIELDS

Lemma 5.4.3. Let K < F be a finite purely inseparable extension. Put p = charK. If
p=0, then K=T and if p # 0, then dimg F = p™ for some m € N.

Proof. 1f p =0, then K < F is separable and so K = F. So suppose p # 0. We proceed by
induction on dimg F. If dimg F = 1, then K = F. So suppose dimg F > 1 and let b € F\ K.
By there exists n € N such that b”" is separable over K and dimp ) K[b] = p™. Since
" € F and K < F is purely inseparable, b”" € K and so dimg K[b] = p". By Homework
3#6 K[b] < F is purely inseparable and so by induction dimgp E = p! for some [ € N. Thus

by the dimension formula , dimg E = p"pt = pFti. ]
Proposition 5.4.4. Let K < F be an algebraic extension and s a prime. Suppose that

(i) Every s'-polynomial over K has a root in K.

(ii) All polynomials of degree s over F are reducible.
Then I is algebraically closed.

Proof. Let F be an algebraic closure of F and b € F. We need to show that b € F. For this
let E a normal closure of K < K[b] in F. By [5.3.20||c:al), K < E is finite.

Put P = P(K,E). By5.3.21] K < PP is purely inseparable and P < E is Galois. We will
show that

(%) P<F

If charp = 0, then P = K. So suppose char K = p, p a prime. Assume first that p # s,
then by K < P is an s’-extension and so by P = K. Assume next that p = s and
suppose first exits b € P\ F. By @),bpn € K for some n € N. Hence we can choose
n € Z* minimal with *" € F. Put a = b?*~!. Then a € P\ F and a” € F. implies
degm = p = s, a contradiction to . Thus (*) holds.

Put S = S(K,E). Then by K < S is Galois. Put G = Autk(S). Since K < E is
finite, G is finite.

By there exists a Sylow s-subgroup S of G. Put L = Fixg(S). Then by the

FTGT, [5.3.12|dimg, S = |S| and so
dimKS o |G‘

dimg IL = -
KT Qimg L[S

Since S is a Sylow s-subgroup we conclude that K < LL is a s’ extension. Thus by
L =K and so G = S. Thus G is a s-group. Since K < SNF < §, implies
SNF = Fixg(H) for some H < G.

Suppose for a contradiction that H # {ids}. Then by [2.10.26|(a), there exists T < H
with |H/T| = s. Put D = Fixg(T"). Then dimgnpD = |[H/T| =p. Let d € D\ (SNF). Then
degmSF = 5. By m5F = mY and so degm} = s a contradiction to ().
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Thus H = {ids} and so SNF = Fixs(ids) = S. Thus S <F. Together with (*) we get
SP < F. Byp.2.2§(), E = PS and so E < F. Since b € E we have b€ F. Asbec Fw
arbitrary this means, F = F and so F is algebraically closed. D

Theorem 5.4.5. The field of complex numbers is algebraically closed.

Proof. By the three properties of R < C listed above we can apply with s = 2. Hence
C is algebraically closed. O

Lemma 5.4.6. Let K < E be algebraic and Kﬁn algebraic closure of K. Then E is K-
isomorphic to some intermediate field E of K < K.

Proof. Let E be an algebraic closure of E. Then by [5.3.20) m E is an algebraic closure of
K. By [5.2.8(l¢) there exists an K-isomorphism ¢ : E — K. Put E = o(E). O

Lemma 5.4.7. Up to R-isomorphisms, C is the only proper algebraic extension of R

Proof. Note that C is an algebraic closure of R. So by any algebraic extension of R
is R-isomorphic to an intermediate field E of R < C. As dimgC = 2, we get E = R or
E=C. O

5.5 Finite Fields

In this section we study the Galois theory of finite fields.

Lemma 5.5.1. Let F be a finite field and Fq the subring generated by 1. Then Fo = Z,, for
some prime p. In particular, F is isomorphic to a subfield of the algebraic closure of Z,.

Proof. Let p = charF. Then pZ is the kernel of the homomorphism Z — F, n — nlp. Also
[Fy is its image and so Fo = Z,,. O

Theorem 5.5.2. Let p be a prime, Fy a field of order p, F an algebraic closure of Fy and
G := {Frobgn |neZ}

(a) G is subgroup of Aut(TF).

(b) Fy = Fixp(G) = Fixp(Frob,).

(c) A proper subfield of F is G-closed if and only if its finite.
(d) All subgroups of G are closed.

(e) G is a inclusion reversing bijection between the finite subfields of F and the non-trivial
subgroups of G.

(f) Let q € Z,q > 1. Then F has a subfield of order q if and only if q is a power of p. If q
is a power of p then F' has a unique subfield of order q, F
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(9) Let n € Z" and ¢ = p™. Then

F, = Fixp(Frob,) = {a € F | a? = a}

So F, consists exactly of the roots of ¢ — x.
(h) Fpm < TFpn if and only if m divides n.
(i) Let n € Zt,m € N and g = p". Then Fy < Fym is a Galois extension and
Autg, (Fgm) = {Frob, | 0 <i < m.}
In particular, Autg Fym is cyclic of order m.

Proof. Note first that G = (Frob,,) is a cyclic subgroup of Aut(F). Let H be a non-trivial
subgroup of G. Then H = (Frob,) where ¢ = p" for some n € Z*. Put F, = FH =
Fix(Frob,. Let b € F. Then b € I, if and only if b¢ = b. F, consist exactly of the roots of
29 — x. Note that (29 — x)" = g% ! — 1 = —1 has no roots and so by 29 — x has no
multiple roots. Hence |F,| = ¢. In particular Fy = IF,, and holds. Also Fy is closed and
every proper closed subfield of F is finite.

Since Fy, = FH, Fy is closed by [5.3.3¢. So FGF, = F,. Since H is the only subgroup of
G with fixed field F,, GF, = H = (Frob,). Thus H is closed.

By [5.3.9b, every finite extension of Fy in F is closed. So every finite subfield of F is
closed. Thus to are proved.

]Fpm S Fpn e ngn S ngm < <FI'Obpn> S <FI'Obpm>.

By this is the case if and only if m divides n.

Since H is abelian, all subgroups of H are normal. Hence by (applied to
(F,Fy, H) in place of (F,K,G)) Fgm is H-stable. Thus by [5.3.13| ( again applied with H in
place of G) Fy < Fym is Galois and Autyp, Fym = HFam . By ,

HY" = H/FFm = (Frob,)/(Frobym) = Z/mZ.

Thus holds. O

5.6 Transcendence Basis

Definition 5.6.1. Let K < T be a field extension and s = (s;)ic; a family of elements in
F. We say that (s;,i € I) is K-algebraically independent if the evaluation homomorphism:

Klzi,i € I] = K[s;,1 € I], f — f(s)

is 1-1.
A subset S of F is called algebraically independent over K, if (s)ses is linearly indepen-
dent.
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Recall here that if f =) _; foz", then f(s) = >, c; fus". Here J = @,/ N, 2" =
[Lier =" 8" = ILier si-

Note that s is algebraically dependent if and only if there exists 0 # f € K[z;,i € I]
with f(s) = 0. In particular, if |I| = 1, s is algebraically dependent over K if and only if s is
algebraic over K. Also since each f € K[z;,i € I] only involves finitely many variables, s is
algebraically independent if and only if every finite subfamily is algebraically independent.

If s; = s; for some i # j then s is a root of z; — x; and so s is algebraically dependent.
On the other hand, if the s;,7 € I are pairwise distinct, s is linear independent if and only
if the underlying set S = {s; | i € I} is algebraically independent over K.

Lemma 5.6.2. Let K <F be a field extension and s = (8i)icr be algebraically independent
over K. Then there exists a unique K-isomorphism ®s : K(z;,i € I) — K(s;,i € I) with
afx;) = s; for alli € I. Moreover, ¢S(£) = f(s)g(s)7! for all f,g € K[z;,i € 1], g # 0.

Proof. By definition of algebraic independent, the map ®g : K[z;,i € I| — K][s;,i € I] 1-1.
It is easy to see that &, it is onto and then that

B, K(xg,i € I) = K(si,i € I), g — f(s)g(s)”"

is well-defined isomorphism. Clearly is(xz) = s; and i)s(k) = k. So ®, exists. The
uniqueness is readily verified. O

Lemma 5.6.3. Let K <F be a field extension.

(a) Let S and T disjoint subsets of F. Then S UT is algebraically independent over K if

and only if S is algebraically independent over K and T is algebraically independent
over K(S).

(b) Let S C T be algebraically independent over K and let b € F\ S. Then S U {b} is
algebraically independent over K if and only if b is transcendental over K.

Proof. (]E[) By S U T is algebraically independent if and only if the there exists an
K-isomorphism K(z,,7r € SUT) - K(SUT) with z, — r,¥Vr € SUT. S is algebraically
independent over K and 7" algebraically independent over K(.S) is equivalent to the existence
of a K-isomorphism K(zs, s € S)(z¢,t € T') — K(S)(T) with x5 — s,Vs € Sand x; — t,Vt €
T. Since K(SUT) = K(S)(T") we conclude from that the two property are equivalent.

() Follows from () applied to T = {b}. O

Definition 5.6.4. Let K < F be a field extension. A transcendence basis for K < F is a
algebraically independent subset S of K < F such that F is algebraic over K(S).

Lemma 5.6.5. Let K < F be field extension ,S C F and suppose that S algebraically

independent over K.

(a) S is a transcendence basis if and only if S is a maximal K-algebraically independent
subset of IF.
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(b) S is contained in a transcendence basis for K < F.
(¢) K <TF has a transcendence basis.

Proof. @ S is a maximal algebraically independent set if and only if SU{b} is algebraically
dependent for all b € F\ S. By , this is the case if and only if each b € F is algebraic
over K(S).

Let M be the set of K-algebraically independent subsets of F containing S. Since
S € M, M is not empty. Order M by inclusion. Then M is a partially ordered set. We
would like to apply Zorn’s lemma. So we need to show that every chain D of M has an
upper bound. Note that the elements of D are subsets on F. So we can build the union
D := JD. Then E C D for all E € D. Thus D is an upper bound for D once we
establish that D € M. That is we need to show that D is algebraically independent over
K. As observed before we just this amounts to showing that each finite subset J C D is
algebraically independent. Now each j € J lies in some E; € D. Since D is totally ordered,
the finite subset {E, | j € J} of D has a maximal element E. Then j € E; C E for all
j€J. SoJ CFE and as F is algebraically independent, J is as well.

Hence every chain in M has an upper bound. By Zorn’s Lemma M has a maximal
element 7. By (a) T is a transcendence basis and by definition of M, S C T.

follows from (D] applied to S = 0. O

Proposition 5.6.6. Let K < F be a field extension and S and T transcendence basis for
K <TF. Then |S| =|T|. |S| is called the transcendence degree of F < K and is denoted by
tr — degg IF.

Proof. Well order S and T. For s € S defines™ :={be S|b<s}tandsT :={be S|b<s}.
Similarly define t* for t € T. Let s € S. As K(I) < F is algebraic there exists a finite
subset J C T such that s is algebraic over K(J) and so also algebraic over K(s—, J). Let j
be the maximal element of J. Then J C j* and so s is algebraic over K(s™, ") . Hence
we can define a function ¢ : S — T, where ¢(s) € T is minimal with respect to s being
algebraic over K(s™, ¢(s)™). Similarly define ¢ : T — S.

We will show that ¢ and ¢ are inverse to each other. Let s € S and put t = ¢(s).
Put L := K(s™,¢7) We claim that s is transcendental over L. If not, we can choose J as
above with J C ¢t~. But then s is algebraic over K(s~,j%1). Since j < t this contradicts the
minimal choice of ¢.

Thus s is transcendental over L. Note that s is algebraic over K(s™,¢") = L(t), So if
t would be algebraic over L it also would be algebraic over L, a contradiction. Hence t is
transcendental over L = K(¢~, s7). Since ¢ is algebraic over K(t~, ¢ (t)") we get ¢(t)" € s~
and so Y(t) £ s.

Since s is algebraic over L(t), (]ED implies that ¢, s are algebraic dependent over L.
Since s is transcendental over IL another application of (]E[) shows that ¢ is algebraic
over L(s) = K(s™,¢7). Thus by definition of 1, ¥(t) < s. Together with () £ s this gives,
¥(t) = s. Therefore 1) o ¢ = idg. By symmetry ¢ o) = idp and so ¢ is a bijection. O
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Example 5.6.7. Let K be a field and let s be transcendental over K. Let [F be an algebraic
closure of K(s). Put sy = s and inductively let s;11 be a root of 22 —s;inF. Then s; = s?_H
and so K(s;) < K(sj41). Note that s;4; is transcendental over K and so K(s;) = K(s?,,) #
K(s;). Put E = J;2,K(s;). Then K(s;) < E is algebraic. Thus each {s;} is a transcendence
basis for K < E. We claim that that K(b) # E for all b € E. Indeed, b € K(s;) for some ¢
and so K(b) < K(s;) C E.

5.7 Algebraically Closed Fields

In this section we study the Galois theory of algebraically closed field.

Lemma 5.7.1. Let ¢ : Ky — Ky be a field isomorphism and F; an algebraically close field
with K; < ;. Suppose that trdegk, F1 = trdegg, Fa. Let S; be a transcendence basis for IF;
over K; and X : S1 — So a bijection. Then there exists an isomorphism ¢ : F1 — Fo with

Yk, = ¢ and g, = A.

Proof. Let S; be a transcendence basis for [F; : K;. By assumption there exists a bijection
A:S1 — Ss. By there exists a unique isomorphism

d: Kl(Sl) — KQ(SQ)

with (k) = ¢(k),Vk € K7 and 6(s) = ¢(s),Vs € Sq. Since IF; : K;(S;) is algebraically closed,
F; is an algebraically closure of K;(S;). Hence by [5.2.8|fa), ¢ extends to an isomorphism
1/1 : Fl — 5. O

Lemma 5.7.2. Let K < F be a field extension and suppose that F is algebraically closed.
Then Autk (FF) acts transitively on the set of elements in F transcendental over K.

Proof. Let s; € F, i=1,2, be transcendental over K. By [5.6.5p there exists a transcendence
basis S; for K < F with s; € S;. Let A : S; — S2 be a bijection with A(s1) = so. By [5.7.]] -
there exists ¢ € AutgF with ¥ (s) = A(s) for all s € S1. Thus ¥(s1) = sa.

Example 5.7.3. By results from analysis, both 7 and e are transcendental over Q. Since C
is algebraically closed we conclude from that there exists o € Autg(C) with a(7) =e.

Definition 5.7.4. Let K be the field and Kq the intersection of all the subfield. Then Kg
1s called the base field of K. of K.

Lemma 5.7.5. Let K be the field and Kq the base field of K. Put p = char K. If charp =0
then Ko = Q and if p is a prime then Ko = Z/pZ

Proof. Let Z = {nlp | n € Z}. The Z is a subring and Ky is the field of fraction of Z. If
p =0, then Z = 7Z and so Ko = Q and if p > 0, then Z = Z,, and Ky = Z. O

Corollary 5.7.6. (a) Let K be a field. Then for each cardinality c there exists a unique (up
to K-isomorphism) algebraically closed F with K < F and trdegF : K = ¢. Moreover,
F is isomorphic to the algebraic closure of K(x;,i € I), where I is a set with |I| = c.
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(b) Letp =0 or a prime and c a cardinality. Then there exists a unique (up to isomorphism)
algebraically closed field F with characteristic p and transcendence degree ¢ over its base
field. Moreover, the algebraic closure of Fp(x;,i € I), where I is a set with cardinality
I and F), is Q respectively Zy, is such a field.

Proof. Follows immediately from O
Lemma 5.7.7. Let K be a field. Then the following are equivalent.

(a) K has no proper purely inseparable field extension.

(b) Let K be an algebraic closure of K. Then K <K is Galois.

(¢) All polynomials over K are separable.

(d) charK =0 or charK = p # 0 and for each b € K there exists d € K with dP = b.

(e) char K =0 or char K = p # 0 and Frob,, is an automorphism.

Proof. @ — (]EI): Since K is the algebraic closure of K, K < K is algebraic and normal.
Put P := P(K, K). Since K < K is normal, @ implies that P < K is separable. Since
K < P is purely inseparable @) gives K = P. Hence by K < K is normal and separable and
thus by K < K is Galois.

— (c): Since K < K is Galois, implies that K < K is separable. Let
f € K[z] be irreducible. Then f has root in K. This root is separable over K and so f is
separable.

= @: Let b € K and f an irreducible monic factor of P — b. Then f has a
unique root in K and is separable. Thus f = x — d for some d € K with d? = b.

== : By Frob,, is a monomorphism. By @ Frob, is onto.

() = (a): Let K <F be purely inseparable. Let b € F. Then d := t*" € K for some
n € N. Thus b = Frob,"(d) € K and F = K. O

Definition 5.7.8. A field K which fulfills one and so all of the equivalent conditions in
is called perfect.

Lemma 5.7.9. Finite fields and algebraically closed fields are perfect.

Proof. Let K be a field. If K is finite, then as Frob, is one to one, its onto. If K is
algebraically closed, Frob,, is an automorphism by [5.2.17d. O

Proposition 5.7.10. Let K < F field extension with F algebraically closed. Put G :=
Autg (F), P := P(K,F) and let A be the set elements in F which are algebraic over K. Let
K<E<F withE#F

(a) A is an algebraic closure of K and K < A is normal.

(b) IfE is G-stable then E¢ = Autg(E).
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(c) E is G-stable if and only K < E is normal.
(d) Fixp(G) =P.
(e) E is G-closed if and only if E <F is Galois and if only if E is perfect.

(f) Suppose A # F. Then AutaF is the unique minimal non-trivially closed normal subgroup
of G.

Proof. @ Note that K < A is algebraic. Let f € K[z] be a non-constant polynomial. Since
F is algebraically closed, f has a root b € F. Then b is algebraic over K and so b € A. Thus
f has a root in A and so by definition (see , A is an algebraic closure of K. If g is
a polynomial with a root on A, then g splits over A, since A is algebraically closed. Thus
K < A is normal.

(]E[) By every ¢ € AutgE can be extended to some ¢ € AutgF. So (]E[) holds.

Suppose K < FE' is normal, then by [5.2.10h, E is G-stable.

Suppose that K < [E is G-stable. We will first show that E < A. Suppose not and pick
e € [E such that e is transcendental over K. By Ge consists of all the transcendental
elements in F. As E is G-stable, Ge C F. So E contains all the transcendental elements.

Let b € ANE. Suppose for a contradiction that b+ e is algebraic over K. Then K < K(b)
and K(b) < K(b,b + e) are algebraic.Thus by also K < K(b,b + e) is algebraic and
so e = (e + b) — b is algebraic over K, a contradiction. Hence b + e is transcendental over
K. Thus b+e € E and b € K(b+ e,e) < E. It follows that F = E, a contradiction to the
assumptions.

Hence E < A. . So by (]ED

(%) G* = Autg(A).
Hence E is Autg(A)-stable and so by K < E is normal.
(d) Let b € F\ A. Then also b+ 1 € F\ A and by there exists 0 € G with
o(b) =b+1#b. Thus b ¢ Fixp(G) and so Fixp(G) < A. Thus
() Fixe(G) = Fixa(G) 2 Fixa (Autg(A)) P
E is G-closed if and only if
(1) FiXF(AUtE(F)) =K
and so if and only if E < I is Galois. Since (1) does not dependent on K we may replace

K by E. Then G = Autg(F) and (1) becomes

2) Fixp(G) = K
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By (**) Fixp(G) = Fixy (Autg(A)) and so (2) is equivalent to

(3) Fixa (Auty (A)) = K

By definition of a Galois extension (3) holds if and only if K < A is Galois. Since A
is an algebraic closure of K, implies that K < A is Galois if and only if K is perfect.
Since E = K, @ is proved.

({f) Let H be a closed normal subgroup of G with H # {idg}. Then Fixp(H) is[5.3.14(¢),
Fixp(H) is G-stable. Since H # G, Fixp(H) # F. So by (d), K < Fixg(H) is normal
and so algebraic. Hence Fixp(H) < A and Auty(F) < Aut(Fixp(H)). Since H is closed,
Aut(Fixp(H)) = H and so Auty(F) < H.

By [5.3.3|[h), Auta(K) is closed in G. By (&) K < A is normal and so by
Auty (F) is a normal subgroup of G. By A is perfect and so by @, A < T is Galois.
Thus Fixy (Autg(F)) = A # F and so Autg(F) # {idp}. Thus Autg(F) is a non-trivial,
closed subgroup of G. O



Chapter 6

Multilinear Algebra

Throughout this chapter ring means commutative ring with identity 1 # 0. All modules
are assumed to be unitary. We will write (non)-commutative ring for a ring which might
not be commutative.

6.1 Multilinear functions and Tensor products

Let (M;,i € I) be a family of sets. For J C I put M; = HjeJ M; and for m = (my;)ier € M7
put my = (m;)jesMy. If I = JUK with LN K = (), the map M; — My x Mg,m —
(my,mg) is a bijection. We use this canonical bijection to identify M with M; x M.

Let W be a set and f: My — W a function. Let b € Mg. Then we obtain a function a
function f, : My — W,a — f(a,b).

Definition 6.1.1. Let R a ring, M;,i € I a family of R-modules and W an R-module. Let
f My — W be a function. f is R-multilinear if for alli € I and allb € My_; the function

fo: M; — W,a — f(a,b)

is R-linear.

Note here that f; R-linear just means f(ra,b) = rf(a,b) and f(a+a,b) = f(a,b)+ f(a,b)
forallr € R,a € M;,be Mj_; and i € I.

The function f : R* — R, (a1,a2,...,a,) — ajaz...a, is multilinear. But the
function g : R — R, (a1,...,a,) — a1 is not R-linear.

Lemma 6.1.2. Let M;,i € I be a family of R-modules, f : My — W an R-multilinear
map, I = JWK and b€ Mg. Then f,: My — W is R-multilinear.

Proof. Let j € J and a € My_;. Then (a,b) € M;_j and (fy)a = f(ap) is R-linear. So fj is
R-multilinear. O

215
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Lemma 6.1.3. Let R a ring, M;,i € I a finite family of R-modules, W an R-module and
f: My — W be a function. Then f is multilinear if and only if

f((z TijMij)ier) = Z (H Tia(i)) f ((MiaGs) )ier)
jed; acd; el

whenever (J;,1 € I) is a family of sets, m;; € M; and r;; € R for alli € I and j € J;.

Proof. Suppose first that f is multilinear. If [I| = 1 we need to show that (3, rjm;) =
> jes7if(m;) But this follows easily from the fact that f is linear and induction on J. So
suppose that |I| > 2, let s € I, K = I — s. Then by induction

definition of f;
(O rigmij) = S g (O (rigmig)icx

Jjedi Jjed;i
- Z (H Tia(i)ijer rajma; (Mia() JieK
aceJg €K
= (I riae FO_ reimsjs (Miag)iex
acJig €K J€Js
> 1T i f(miag)
aeJy i€l
The other direction is obvious. O
Example: Suppose f: My x My x M3 — W is multilinear.

Then
f(mi1 + 2ma2, 4may, 3msg1 + msa =
= 12f(m11, ma1, m31) + 4f(mi1, mar, maz) + 24 f(mi2, mar, ms1) + 8f(mi2, mar, ma2)

Definition 6.1.4. Let R be a ring and M;,i € I a family of R-modules. A tensor product
for (M;,i € I) over R is a R-multilinear map f : M; — W so that for each multilinear map
g : M; — W there exists a unique R-linear g: W — W with g = go f.

Lemma 6.1.5. Let R be a ring and (M;,i € I) a family of R-modules. Then (M;,i € I) has
a tensor product over R. Moreover, it is unique up to isomorphism, that is if f; : My — W;,
1=1,2, are tensor products, than there exists a R-linear isomorphism g : W1 — Wy with

fa=gof1.

Proof. Let F' = Fr(M), the free module on the set M;. So F' has a basis z(m), m € M.

Let D be the R-submodule if F' generated by the all the elements in F' of the form
z(ra,b) —rz(a,b)

and
z(a,b) + z(a,b) — z(a + a,b)

where r € R, a € M;, b€ Mj_; and i € I.
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Let W = F/D and define f : M; — W, m — z(m) + D.
To check that f is multilinear we compute

f(ra,b) —rf(a,b) = (2(ra,b) + D) — r(z(a,b) + D) = (2(ra,b) — rz(a,b)) + D = D = Oy
and
fla+a,b)—f(a,b)—f(a,b) = (z(a+a,b)+D)—(z(a,b)+D)—z(a,b)+D) = (z(a+a, b)—z(a,b)—z(a,b))+D = D =

So f is R-.multilinear.
To verify that f is a tensor product let f : M; — W by R-multilinear. Since F is
a free with basis z(m),m € M. There exists a unique R-linear map g : F' — W with

g(z(m)) = f(m) for all m € M;. We claim that D < ker §. Indeed

g(z(ra” b) - 7’2(&, b)) = g(z(rav b) - rg(z(a, b) = fN(ra’ﬂ b) - Tf(av b),

Here the first equality holds since g is R-linear and the second since f is multilinear.

Similarly g(z(a + @) — 2(a,b) — 2(a,b)) = g(z(a + a)) — g(z(a, b)) — g(z(a, b)) = fla+
a) — f(a,b) — f(a,b) = 0.

Hence ker g contains all the generators of D and since ker § is an R-submodule of F',
D < kertildeg. Thus the map g : W — W, e+ D — g(e) is well defined and R-linear. Note
that g(f(m)) = g(f(m)) = §(z(m)) = f(m) and so f = g o f. To show the uniqueness of g
suppose that h : W — W is R-linear with f = ho f. Define h : F — W by iz(e) = h(e+ D).
Then h is R linear and h(z(m)) = h(z(m) + D) = h(f(m)) = f(m) = §(z(m)). Since z(m)
is a basis for F' this implies A = §. Thus g(e + D) = §(e) = h(e) = h(e + D) and g = h, as
required.

So f is indeed a tensor product.

Now suppose that f; : M; — W;,i=1,2 are tensor products for (M;,i € I over R. Let
{1,2} = {¢,j}. Since f; is a tensor product and f; is multilinear, there exists g; : W; — W;
with f; = gifi. Then (g;9:)fi = 9;(9ifi) = 9;f; = fi- Note that also idw, f; = f; and so the
uniqueness assertion in the definition of the tensor product implies g;g; = idw,. Hence g;
and go are inverse to each other and g; is a R-linear isomorphism. O

Let (M;,i € I) be a family of R-modules and f : M; — W a tensor product. We denote
W by ®i§l M; f((m;)icr by ®ierm;. Also if there is no doubt about the the ring R and
the set I in question, we just use the notations Q) M;, ®m,; and (m;)

If I =={1,2...,n} we also write M1 @ My®...® M, for @ M; and m; @ma®...Q@m,
for @m,;.

With this notation we see from the proof of Q) M; is as an R-module generated
by the elements of the form ®m; But these elements are not linear independent. Indeed we
have the following linear dependence relations:

(ra)@b=r(a®b) and (a+a)®b=a®b+a®b.

Here r € R,a € M;, b = ®;c;b; with b; € M; and i € I.
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Lemma 6.1.6. Let I be finite. Then ®1R = R. More precisely, f : R — R, (r;) —
[Lic; 7 is a tensor product of (R,i € I).

Proof. We need to verify that f meets the definition of the tensor product. Let f : Rl — W

be R-multilinear. Define g : R — tildeW,r — rf((1))), where (1) denotes the element
r € R! with r; = 1 for all i € I. Then clearly g is R-linear. Moreover,

F((ro) = F((riD) = ([ ] r) F(0) = g [ i) = 9(£((rs)

el el
Thus f: gf.
Next let § : R — W be linear with f = gf. Then §(r) = §(r1) = r§(1) = rg([Lics 1) =
rg(f((1)) = rf((1)) = g(r) and so g is unique. O

Lemma 6.1.7. Let (M;,i € I) be a family of R-modules. Suppose that I is the disjoint
union of subsets I;,j € J. For j € J let f; + My, — W; be R-multilinear. Also let
g: Wj; — W be R-multilinear. Then

go (f): My — W,m — g((f;(m;))

18 R-multilinear.

Proof. Let f = go (f;). Let m € My and put w; = fj(my). Let w = (w;) € W;. Then
F(m) = g(uw).

Let ¢ € I and pick j € J with i € I;. Put b = (my)ger—i and v = (wg)ges. Then
w = (wj,v), m = (m,b) and fy(m;) = f(m) = g(w;,v) = go(w;). Let d = (my)rer;—i)-
Then my, = (m;,d). Thus wj = f;j(my;) = f;j(ms,d) = (f;)a(mi).

Hence fy(m;) = gv(w;) = gu((fj)a(mi)). So fo = gy o (fj)q. Since g is multilinear, g,
is R linear. Since f; is a multilinear product, (f;)q is R-linear. Since the composition of
R-linear maps are R-linear, f; is R-linear. So f is R-multilinear. 0

Lemma 6.1.8. Let M;,© € I be a family of R-modules, f : My — W an R-multilinear
map, I = JW K and b € Mkg.

(a) There exists a unique R-linear map fy : @ — W with fb(®‘]mj) = fp((m;)).
(b) The function fx : Mg — Homp(Q” M;, W), b — fy, is R-multilinear.

(¢) There exists a unique R-linear map fr : @™ Mj, — Homp (R’ M;, W) with fK(®Kmk)(®ij) =
f((mi)).

(d) There exists a unique R-bilinear map, frc.; : @ Myx @’ M; — W with fi (@5 my,, @' m;) =
f((mi))
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Proof. (a) Follows from and the definition of a tensor product.
(b) Let k € K, a,a € Mg, r € R, b € Mg_, and d € My. The (a,b) € Mg and
(a,b,d) € My. We compute

(Tf(a,b))((g)de) = Tf(a7 b, d) = f(TCL, b, d) = f(ra,b)(®de)'

By the uniqueness assertion in (b), 7f(44) = frap)- Thus fr(ra,b) = rfk(a,b)
Similarly

(Flap) + fap)(@7dj) = fla,b,d) + f(a,b,d) = f(a+a,b,d) = farap)(®'d;)

and f(a,b) + f(?z,b) = f(a—i—(z,b)' Hence fx(aa,b) = fx(a+ a,b) and fx is R-multilinear.

(c Follows from (b) and the definition of a tensor product.

(d) Define fx s(a,b) = fx(a)(b). Since fx and fx(a) are R-linear and [x,7 is bilinear.
Thus (d) follows from (c). O

Lemma 6.1.9. Let R be a ring and A, B and C R-modules. Then there exists an R-
isomorphism

AB®C - A® (Ba(C)
which sends a @b®c—a® (b®c) foralla € A;be B,ce C.

Proof. Define f : Ax BxC — A®(B®C), (a,b,c) = a®(b®c). By[6.1.7, f is multilinear.
So there exists an R-linear map f: A BRC — A®(B®C) with g(a®b®¢) = a® (b@c).
By there exists an R-linear map g = ®y1} (23): A® (B®C) - A® B® C with
gla® (b®c) =a®ec.
Note that (¢f)(a®@b®c) =gla® (b®¢)) =a®b®c. Since A® B® C is generated by
the a ® b ® ¢, we get g f = id. Similarly f g = id and so f is an R-isomorphism. ]

Lemma 6.1.10. Let I be a finite set and fori € I let (M;;,5 € J;) be a family of R-modules.
Then there exists an R-isomorphism,

QD M) = D (R Mia)-

iel jel; acld; i€l
with

®ier (Mij)jet; — (Riel Mia,; )ac;
Proof. Let M; = @jeJi M;; and let m;; : M; — M;; the projection map of M; onto M;;.
Note here if m; € M;, then m; = (mij)jeJi with mi; € Mij and Wij(ml') = mMyj. Let
a € Jr = [l;er Ji- Define

Jo: My — ®Mia(i)7 (i) = ®ier Miq, -
il
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Since ® is multilinear and m;; is linear, implies that f, is multilinear. Hence there
exists a unique R-linear map

foz : ®Mz — ®Mza(z)

icl el

with fa(@)mi) = ®@Mjq,. We claim that for a given m = (m;) there exists only finitely many
a € I; with fo(m) # 0. Indeed there exists a finite subset K; C J; with m;; = 0 for all
j € Ji\ K;. Thus a(m) = 0 for all @« € J;\ K;. Since I and K; are finite, K7 is finite. Thus

f: (fCX)OéeJI : ®(@Mw) - @(@ Miai)'

el jEIj acJ; i€l

is R-linear with

v

(%) f(®ier (mij)jer ) = (Qier Mia;)ac;

To show that f is an isomorphism, we define its inverse. For j € J; let p;; : M;; — M;
be the canonical embedding. So for a € M;j, pij(a) = (ax)ker;, where a = 0 of k # j and
a; = a. Let o € J; and define

Pa - HMiai — ®Mza (miai) — il Picy; (miai)-
el iel

Then p, is R-multilinear and we obtain an R linear map
pa+ Q) Mia; = Q M,
iel iel
with
Pa(®icl Mia;) = Qicl Pia; (Mia,)-

p: @ (® Mia,) — ®Miu (da) — Z Pa(da)-

acJ; i€l iel a€l;

Define

Then p is R linear. We claim that g o f = id and fo p=id.
Let m = (m;) = ((mi;)) € M;. Then m; =}, ;. pij(mij) and by multilinearity of ®.

Riermi = Z ®ierl Pia; (Mia,;)

aedr

By (*) and the definition of p.

pf(@icrmi)) = Y po(@icrmia,) = Y Rier pio, (Miaipha,) = Rier mi.
a€cly a€ly

Hence ﬁf =id.
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Let d = (da) € Doecs, (Qicr Mia;). To show that (fp)(d) = d we may assume that
do = 0 for all o # B and that dg = ®;crmig, with m;g, € M;g,. Put m;; = 0 for all j # ;.
Then m; := (myj) = pigi(mig,

Then

pd) =Y palda) = pp(®icrmip,) = Dicr pig,(Mip,) = Ricr mi
aeJr

Let a € Jr with a # 0. Then «; # 3; for some ¢ € I and so mj,; = 0. Hence

fa(p(d)) =0 =dq if a # B and fo(5(d) = @icrmip, = dg if B = a.

Thus f(3(d)) = (fa(p(d)) = (do) = d. Hence f = id and f is an isomorphism with
inverse p. O

Corollary 6.1.11. Let (M;,i € I) be a finite family of R-modules. Suppose that M; is a
free R-module with basis A;,i € I. Then Q;c; M; is a free R-module with basis

(®ierai | a € Ar}

Proof. For j € A; let M;; = R;. Then M; = @jeA,- M;j. For a € A;, put Ty = Q,c1 Mia,-
Since each M;; = R, implies T, & R. More precisely, ®;cra; is a basis for T,. By
6.1.10| Q) M; = @aeAI T,. Hence (®;cra; | a € Ar} is indeed a basis for Q),.; M;. O

We will denote the basis from the previous theorem by &),.; A;. If I = {1,...,n} and
Ai = {a;1, 042, ..., 0im, } is finite we see that §),.; M; has the basis

ayj, @ agj, @...Qanz,, 1<j1<my,...,1 <5, <my.

Lemma 6.1.12. (a) Let (o; : A; — Bi,i € I) a family of R-linear maps. Then there ezists

a unique R-linear map.
Ry : ®Az — ® Bz‘

with
(®a;)(®a;) = @a;(as)

(b) Let (o; : Ay — By,i € I) and (B; : B; — Cy,i € I) families of R-linear maps. Then
R(Bioa;) = (®B;) o ®(ay).

Proof. (a) Define f : Ay - @ B;, (a;) — ®a;(a;). By f is R-multilinear. So (b)
follows from the definition of the tensor product.
(b) Both these maps send ®a; to ®@(5;(a;(a;)). O
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6.2 Symmetric and Exterior Powers

Let I be a finite set, R a ring and M an R-module. Let M; = M for all i € M. Then
My = M'. Let m € Sym(I) and m = (m;) € M'. Define mm € M by (mm); = my;. ( So
if we view m as a function from I — M, mpi = m o ) For example if 7 = (1,2, 3), then
(mq,ma, mg)m = (mg, m3,my). Note that for m, u € Sym(I), m(mwu) = (mm)pu.

Definition 6.2.1. Let I be a finite set, R a ring and M an R-modules. Let f : MT — W
be R-multilinear.

(a) f is symmetric if f(mm) = f(m) for allm € M,7m € Sym(I).

(b) fis skew symmetric if f(mm) = (sgnm)f(m) for all m € M, 7 € Sym(I).

(¢) f is alternating if f(m) =0 for all m € M with m; = m; for some i # j € I.
Lemma 6.2.2. (a) Let f: M! — W be alternating. Then f is skew symmetric.

(b) Suppose that f : M! — W is skew symmetric and that w # —w for all 0 # w € W.
Then f is alternating.

(c) Let f: M™ — W be multilinear with f(m) = 0 for all m € M™ with m; = m;y1 for
some 1 < i <n. Then f is alternating.

Proof. (a) Let w € Sym(I) and m € M we need to show that f(7wm) = sgnf(wm). Since 7
is the product of two cycles we may assume that 7 itself is a 2-cycle. So m = (4, j) for some
i#jel. Leta=m;b=mj d=mpy; and g = fg. Then m = (a,b,d), f(m) = g(a,b)
and (7f)(m) = f(b,a,d) = g(b,a).

Since f and so also g is alternating we compute

0=g(a+b,a+b)=g(a,a)+ g(a,b) + g(b,a)+ g(b,b) = g(a,b) + g(b,a)

Thus f(mm) = g(b,a) = —g(a,b) = (sgnm)f(m)

(b) Suppose that m; = m; for some ¢ # j and let 7 = (4,5). Then m = mm and so
f(m) = f(mm) = (sgnm)f(m) = —f(m) Thus by assumption on W, f(m) = 0 and f is
alternating.

(c) By induction on n. Let m € M with m; = m; for some 1 <i < j <n. Let m = (a,b)
with a € M™ !, b€ M. Let g = fp, that is g(d) = f(d,b) for d € M™~. By induction g
is alternating. So if j # n, f(m) = g(a) = 0. So suppose j = n. Let 7 = (i,n — 1). By
induction and (b), f(mn) = g(ar) = —g(a) = —f(m). But (mn)p—1 = m; = m; = my, =
(mm),, and so by assumption f(mm) = 0. Hence also f(m) = 0. O

Definition 6.2.3. Let R be a ring, M an R-module, I a finite set and f : M1 — W an
R-multilinear function.

(a) f is called an Ith symmetric power of M over R provided that f is symmetric and for
every symmetric function g : M' — W, there exists a unique R-linear map §: W — W
with g =go f.
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(b) f is called an Ith exterior power of M over R provided that f is alternating and for
every alternating function g - M1 — W, there exists a unique R-linear map §: W — W
with g =go f.

Lemma 6.2.4. Let R be a ring, M an R-module and I a finite set. Then an I-th sym-
metric and an I-th exterior power of M over R exist. Moreover they are unique up to
R-isomorphism.

Proof. Let A be the R-submodule of ®I M generated by the elements ®@m — @mm, m €
My, 7w € Sym(I). Let W = (®' M)/A and define f : M; — W by f(m) = @m + A.
We claim that f is an I-th symmetric power for M over R. So let ¢ : M; — W be
symmetric. Then ¢ is multilinear and so by the definition of a tensor product there exists
a unique R-linear map § : @' M — W with §(®m) = g(m). Since g(m) = g(mm) for
all m € M,m € Sym(I) we have g(®m) = g(®mm). Thus @®m — @mmn € kerg. Hence
also A < kerg. So there exists a uniquely determined and well defined R-linear map
G:W > W.,d+A— y(d) for all d+ A € W. So f is an I-symmetric power of M over R.

Next let B be the R-submodule of ®I M generated by the elements ®m where m € M
with m; = m; for some ¢ # j € I. Let W = @, M/B and define f : M; — W by
f(m) = ®m + B. As above it is now a routine exercise to verify that f is an R-exterior
power of M over R.

Finally the uniqueness of the symmetric and alternating powers are verified in the usual
way. ]

We will denote the I-th symmetric power of M over R by M! — STM, (m;) — [T;c; mi.
The exterior power is denoted by M’ — /\I M, (m;) = Niermy.

Lemma 6.2.5. (a) S"R= R for alln >1
(b)) N'R= R and N" R =0 for all n > 2.

Proof. (a) By R™ — R, (ri) — [[r: is the n-th tensor power of R. Since the map is
symmetric and is also the n-th symmetric power.

(b) An alternating map in one variable is just a linear map. So /\R = R. Now suppose
n>2ab€R ce R 2and f: R" — W is alternating. Then f(a,b,c) = abf(1,1,¢) = 0.
Hence A"R = 0. O

Lemma 6.2.6. Let (M;,i € I) be an R modules, I a finite set and suppose that I is the
disjoint unions of the subsets I, € K and My, is an R-module with M; = My, for all i € I},.
Let g : Mj — W be multilinear. Then

(a) Suppose that for all k € K and b € I\ I, gp : M,g’“ — W is alternating. Then there
exists a unique R-linear map

Iy,
7: QN M) - W

keK
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with
9(®jes(Nier,mi) = g((mi))
for all (m;) € M'.

(b) Suppose that for allk € K and b e I\ Iy, gy : Mé’“ — W is symmetric Then there exists
a unique R-linear map

§:QQS™M) —» W
keK
with
9(®jes(Nier,mi) = g((m;))
for all (m;) € M'.

Proof. This is easily proved using the methods in and ]

Lemma 6.2.7. Let R be a ring, I a finite set and (Mj,j € J) a family of R-modules. Let
A={deN| >jesdi = |I|}. Forj € J let {IJ | 7 € J} be a partition of I with ]I]| = d;
forallj € J. Forde A put A(d) ={a € J" | la=1(j )| =d;}. For a € A(d) and j € J put
IL=a"t(j)={iel|o; =j}. Letmy € Sym(I) with mo(I}) = I}. Then

(a) The function

f+ @M - PR s iM

JjeJ deA jeJ

((mij)jer)ier) Z ® Hmﬂa (i)j) )dea

acA(d) jeJ 1613

is an I-th symmetric power of @..; M; over R.

jeJ

(b) The function

I
(@M - PN M)

JjeJ deA jeJ

((mij)jer)ier) Z sgnwa ® /\ Mg (i)j) )dea

acA(d J€J erd

is an I-th exterior power of @..; M; over R.

jedJ

Proof. (b) View each a@ = («;)ier € J" as the function I — J,i — «;. Since {Ié ljed
of I is a partition of I, each I g is a subset of I and each ¢ € I is contained I g for a unique
j € J. Define ag € J! by (ag); = j where i € Ij

Let a € JI. Note that {IJ | j € J} is a partition of I. Define d = do € A by (d a)j = |12
So d is unique in A with o € A(d). Note that I, = I}. We will now verify that there exists
a o € Sym(I) with ﬂa(I]) = IJ. Since |I}] = \I]] there exists a bijection 77, : I] — I
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Define 7, € Sym(I) by ma(i) = 7h(i), where i € Ig. Since (i) € L, a(mh(i) = j.
But j = a4(i) and so a o, = ay. ' '

Conversely if 7 € Sym(I) with a0 7 = ag then 7/ : I} — I}, i — m(i) is a well defined
bijection.

Define

dj
J .o n . P
fi M —>/\Mj, 771—)/\1,6[6]!77%J

and

dj
fa: M" = Q) M), m— ®jcsfi(m))
JjeJ
We will now show sgnmq fq o melpha does not depend on the particular choice of 4.
For this let 7 € Sym(n) with ag = aom. Put 0 = 7—1m, and 0/ = (7/)—1mh. So Then
o/ € Sym(I7}) and and

e

(f 0 malm) = fi(mTa) = Aicpy (MTa)is = Ny (Mo ;=
= Nie i (03(0)5 = (58007 ) (N i 95) = (s8007) (f 0 m)(m)

Thus fé o Ty = (sgno’) fg o 7 Taking the tensor product over all j € J and using
sgno = HjeJ sgno’! we get fgom, = sgno fgom. But sgnm = sgnmysgnsigma and so

sgn, fqomasgnmfgom
So we can define f, = sgn_fqom, where 7 € Sym(n) with ag = a.
Let p € Sym(n) and j € J. Then (au)(i) = j if and only if a(u(i)) = j. Thus
w(I%y,) = IZ. Hence doy = do = d. Put p = w4, Then

ag = (ap)op=ao(uop
So by definition of f,

fa(m) = (sgn(p o p))(fao (1o p) = (sgnu)(sgnp)(fa o p)(mu) = sgnpfau(mp). So we
proved:

(**) Sau(mp) = (sgnpu) fo(m)

For d € A define f3 =" a€A(d) fo We will show that fy is alternating. By filpha
is multilinear. Hence also f; is multilinear.

Now suppose that my = m; for some k # 1 € I. Put p = (k,1) € Sym([).

Let o € A(d). Suppose that a = ap, that is ap = oy. Let j = a(i). Then k,l € ) .
Since m; = my, my; = m;; Thus Nieri™mij =0, f2(m) =0 and so also f,(m) = 0.
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Suppose next that « # au. Since mg = my, m = mpu. So by (*¥)

fay(m> = fcm(mﬂ) = sgnpfa(m) = —fo(m)

Hence fa,(m) + fo(m) = 0. It follows that fz(m) = > aca(d) fa(m) =0 and fq is alternat-
ing.
Now define

d;
f=a): M= P AM), m— (fa(m))aea.

deA jeJ

To complete the proof of (b) it remains to verify that f is an I-th exterior power of M.
Since each f; is alternating, f is alternating. Let g : M™ — W be alternating.
By there exists a unique R-linear map

I
§d2®(/\Mj) - W

jeJ
with

ga(®@j e J /\ielfi' m; = g(m)

where m € M! with m; € M; for all i € I),.
Define

dj
7 PD@QAM) =W, (ua)aea = Y Galua)

deA jeJ deA
Let m € M!. Since g is multilinear,

g(m) = Z Woy

acJ!

where wa = g(Miq(i))-
Let m = m,. Since g is alternating and ag = am,

Wao = Sgnﬂg(mﬂi,ad(i))
Note that ®j € J A, Mi A, s Maiay) = fa(mm)) and so by definition of gy and the
d d

previous equation

wq = sgungq(fa(mm)) = ga(fa(m))
Thus
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gm) = > wa) =Y > Galfalm)) ==

acJ! deA ac A(d)

= da( Y fa(m) =" Gafa(m)) = §((fa(m)aca) = §(f(m))
dEA  acA(d) deA
Thus g = go f. So f is indeed an exterior power and (b) is proved.
(a) To prove (a) we change the proof for (b) as follows: Replace A by S. Replace A by
-. Replace every sgnlambda by 1. Finally the following argument needs to be added:
Let p € Sym(I). Then using (**) and A(d) = {ap | a € A(d) we get

= Z fa(m) Z fau mi) Z fa(mp) (m,u)

ac€Ay acA d) a€Ay

Thus f; is symmetric. O

A remark on the preceding theorem. The proof contains an explicit isomorphism. But
this isomorphism depends on on the choice of the partitions I 5 . And the computation of
the isomorphism depends on the choice of the 7m,. Here is a systematic way to make these
choices. Assume I = {1,...,n} and choose some total ordering on J. Let d € A and let
Jo ={j € J| dj # 0. Note that |Jg| < |I| and so J; is finite. Hence Jg = {j1,...Ju
with j1 < ja < ... < jy. To simplify notation we write k for ji. Choose I; ={1,2,...,dy,
I2 = {d1+1,d1+2,...,d1+ds2} and so on. Now let o € A(d). So Ig ={s+1,5+2,...5+d;,
where s = >, diDefine 7, as follows. Send 1 to the smallest ¢ with a(:) = 1, 2 to the
second smallest element with «(i) = 1, d; to the largest element with a(i) = 2, d; + 1 to
the smallest element with a(i) = 2 and so on.

Finally we identify /\ a M with /\ 7 Mj by identifying Ajer ;vi € /\ a M with /\t 1Us+t €
A% M;, where s =3 . di.

Let m = (m;) € M! such that for all i € I there exists a unique j € J with mg; 7 0. So
m; = m;j for a unique j € J. Denote this j by a(i). Then « € JL. Note that fa(m) =0
for all d # d,. So suppose that o € A(d). Let I, = {il, 4}, . ..zdj} with i <) < ... <ig,.
Then since A is skew symmetric there exists e € {1, —1} with

A =My o(1) N M2a@2) N N My a(n) =

= em;1 g /\mii’l/\.../\midpl /\mi§72.../\m%’g/\.../\mizf,u/\.../\misu,u

Then € = sgnm, and fy(m) is

6(m2}71 A mi%J VANAN mile) ® (ml%’Q AN mid2,2) ® e ® (mzat’u VANPAN ngu’u)

For example suppose that |I| = 3 and |J| = 2. We want to compute f(m11+mi2, mo1 +

mag, M31 + m32). Since f is multilinear we need to compute f(1m1q(1), Maa(2); M3a(3) Where
a(i) e J ={1,2}.
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If «=(1,1,1) then d, = (3,0) and

f(g,o) (m11,ma1,m31) = m11 Amar Amsi

If «=(1,1,2) then d, = (2,1) and

f(2,1)(m11, ma1,M32) = (m11 A ma1) ® m3a

If « =(1,2,1) then d, = (2,1) and

fi2,0(mi1, mag, m31) = —(mi1 A mar) ® ma

If @ =(1,2,2) then d, = (1,2) and

f(l,z) (m11,maz, m32) = m11 ® (M2 A msz)

If « =(2,1,1) then d, = (2,1) and

f(2,1)(m117 mar, m3z) = (Mar A mz1) ® mia

If « =(2,1,2) then dy = (1,2) and

f1,2)(maz, ma1, m32) = —ma1 A (m12 @ maz)

If @« =1(2,2,1) then d, = (1,2) and

f,2)(mi2,maa, ma1) = ma1 ® (maa Amag)

If « =(2,2,2) then d, = (0,3) and

fT(O,S) (m12,ma2,M32) = M1z A maz A m3a.

Thus the four coordinates of f(m) are:

d=(3,0):
mi1 A ma1 A msy
d=(2,1):
(m11 Amar) ® maa — (m11 Amsi) @ mag + (ma1 Amay) @ mig
d=(1,2):
mi1 @ (maa A mgz) — mai A (M2 ® maz) + ms1 ® (mi2 A maa)
d=1(0,3):

mi2 A Moz A m32

Lemma 6.2.8. Let R be a ring, n a positive integer and M a free R-modules with basis B.
Let” <7 be a total ordering on B.
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(a) (biba...by | b1 < by <...b, € B) is a basis for S"M.
(b) (by ANbaA...ANby | by <bg <...b, € B) is a basis for S"M).

Proof. For b € B put M = Rb. Then M, = R and M = @,z M;,. We will apply
with I = {1,...,n} and J = B. Let A be as in the statement of that theorem. Let d € A.

(a) By S'M, = R with basis b'. By
Q(s* M) = R

beB

and has ®pcpb® has a basis. (a) now follows from [6.2.7|(a)
(b) By [6.2.5| A" My, = 0 for all t > 2. So

dyp
QA M) =R =0

beB
if dp > 2 for some b € B and

dp
RN\ M) =R

beB

if dp, < 1 for all b € B. Moreover, it has basis ®pep,q,=10. (b) now follows from ). O
Example: Suppose M has basis {a,b,c,d}. Then S?>M has basis

d3,cd?, d, 2, bd?, bed, be?, b2d, b2e, b2, ad?, acd, ac?, abd, abe, ab?, a*d, a*c, a®b, a®

and A\® M has basis
bAecANd,aNeNd,aANbANd,aANDAC

Corollary 6.2.9. Let R be a ring and n, m positive integer. Then

n+m+1)

(a) SR = R(""
(b) A" R" =~ R(n).
Proof. This follows from O

Lemma 6.2.10. Let R be a ring and M an free R-module with finite basis A and B. Then
|Al = |B|.

Proof. Let n = |A|. Then M = R™. So by [6.2.9(b), n is the smallest non-negative integer
with A"** M = 0. So n is uniquely determined by M and n = |B|. O

Definition 6.2.11. Let R be a ring and M and free R-module with a finite basis B|. Then
|B| is called the rank of M.
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6.3 Determinants and the Cayley-Hamilton Theorem
Lemma 6.3.1. Let I be finite set and R a ring.

(a) Let a: A — B be R-linear. Then there exists a unique R-linear map

I I
ANMa: /\A — /\B
with
NMa(nay) = Aa(ay).

(b) Let a: A — B and 8 : B — C be R-linear. Then

A (Boa)=ABona.

Proof. (a) Define g : Al — A'B,(a;) — Aafa;). If a; = a; for some ¢ # j then also
a(a;) = a(b;) and so g(a) = 0. Thus g is alternating and (a) follows from the definition of
an exterior power.

(b) Both these maps send Aa; to AB(a(a;)). O

Theorem 6.3.2. Let R be a ring and n a positive integer.

(a) Let R be a ring, 0 # M a free R-module of finite rank n, and o € Endg(V'). Then there
exists a unique r € R with A" = ridpn py. We denote this r by det a.

(b)
det : Endg(V) —» R,a — det «

18 a multiplicative homomorphism.

(c) There exists a unique function det : Mpg(n) — R ( called determinant) with the follow-
ing two properties:

(a) When viewed as a function in the n columns, det is alternating.

(b) Let I, be the n x n idendity matriz. Then det I, = 1.

(d) Let A = (aij) € Mpg(n). Then

det A = Z sgn ﬁ Qimi
i=1

mESym(n)

(e) Let A = (ai;) € Mpr(n) and aj = (a;;) the j-th column of A. Then Na; = det A A e;,
where ej = (0;;) € R".
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(f) Let R be a ring, 0 # M a free R-module of finite rank n, o € Endgr(V'). and B a basis
for M. Let A= MB(a) be the matriz for o with respect to B. Then

deta =det A

(9) Let A€ Mg(n). Then
det A = det AT

T — .
where a;; = aj;.

Proof. (a) By [6.2.9) A’ M = R. Thus by [1.5.8, Endg(A’ M) = Ria. So (a) holds.

(b) follows from [6.3.1]

(c) Let e; = (0;;) € R™. Then by e := A je; is a basis for A" R". Define
7: N"R" = R,re — r. Let A € Mpg(n) a view A as (a;)1<i<n With a; € R". Define
det A = 7(Njera;. Since I, = (e;), detl, = 1. So det fulfills (Det Alt) and Det I.
Suppose now f : (R™)™ — R is alternating with f((e;)) = 1. Then by definition of an
I-th exterior power there exists an R-linear map f : AN"R" — R with f = f o A. Then
f(e) = é(ne;) = f((e;) =1 and so f = 7 and f = det . Thus (c) holds.

(d) We will applywith I'=J={1,...,n} and M; = Re;. So @,c; = R". Let

d e A. If dj > 2 for some j € Jthen/\ltjiMj =0. Ifd; < 1forall j, then } . ;d;j =n=|[I|
forces dj =1 for all j € J. Let d € A with d; =1 for all j € J. Also Re; — R,re; — R is
an 1-st exterior power. Let a € J!. Then a € A(d) if and only if |a~1(5)| = 1 for all j € J.
This is the case if and only of o € Sym(n). Also 7, = a. Hence implies that

a€Sym(n) =1
is an n-th exterior power of R™. Note that f((e;)) = 1. So this this choice of A" R"™ we
have e = 1, 7 = idg and det = f. so (d) holds.

(e) was proved in (c).

(f) For A € Mp(R) let o = ay be the corresponding elements of Endg(M). So a(b) =
> dep @apd. Let ay = (agp, the b-th column of A. Suppose that a, = a. with b # c¢. Then
a(b) = a(c) and so (Aa)(Ab) = Aa(b) = 0. Hence det « = 0. Also det I;, = detid = 1 and
so A — det(ay) fulfilled (Det Alt) and (Det I). Thus the uniqueness of det A implies
det A = det a.

(g) Using (d) we compute

det AT = Z sgnm H az;r(i) = Z sgnm H Ar(i)i =

m€Sym(n) el mESym(n) iel
= Z sgn H Air=1(3) = Z sgnw H Qir(iy = det A
mESym(n) iel m€Sym(n) el
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Definition 6.3.3. Let R be a ring and s : A — B — C' R-bilinear.

(a) An s-basis for is a triple ((aq | d € D), (bg | d € D), c) such that D is a set, (aq | d € D)
is a basis for A, (bg,d € D) is a basis for B and {c} is a basis for C with s(aq,be) = gecC
foralld,e € D.

(b) We say that is s is a pairing if there exists an s-basis. s is a finite pairing if s is pairing
and rankA = rankB is finite.

Note that if s : A — B — (' is a pairing, then A, B and C are free R-modules and
C = R as an R-module. Also s is non-degenerate, that is s(a,b) = 0 for all b € B implies
a =0, and s(a,b) =0 for all @ € A implies b = 0.

The converse is only true in some special circumstances. For example if R is a field,
s: A— B — (C is bilinear, dimg C' = 1 and dimpg A is finite, then it is not to difficult to
see that s is a pairing.

But if dimpg A is not finite this is no longer true in general. For example let B = A* =
Homp(A4, R) and s(a,b) = b(a). Then dimp B > dimp A and so s is not a pairing.

For another example define s : Z — Z — Z(a,b) — Z,(a,b) — 2ab. The s is not a
pairing. Indeed suppose ({a},{b},c) is an s basis. Then ¢ = s(a,b) = 2ab, a contradiction
to Z = Zec.

Lemma 6.3.4. Let R be a ring, I,J, K finite sets with K =16 J andlet s: Ax B— R
be R-bilinear. Let A = {E C K | |E| = |J|} and for E € A choose g € Sym(K) with
mp(J)=FE.

(a) There exists a unique R-bilinear map
K J 1
S /\ A % /\ B — /\A

/\ak,/\b Zdet Orp ]), ]J reJ /\CL,TE
EcA i€l

with

(b) 3{( is independent form the choice of the mg.

(c) Let « € Endg(A) and f € Endg(B with s(a(a),b) = s(a, (b)) for alla € A,b € B.
Then

(Na) (sic(u, (AB)(v)) = sic (A a)(u), v)
for allu e N* A andv € \” B.

(d) Suppose there exists a basis € = (eq,d € D) for A and a basis F = (fq,d € D) for B
such that s(eq, fo) = 6aqr. Let a« € DX and B € D’ be one to one. Then

+ Akerra-1(8(s)) €aky ¥ B(J) € a(K)
ak)s I\ f . :
ké{e ® ]/E\J o) { if B(J) € a(K)
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Proof. (a) and (b) We first show that

fE(a,b) == sgnmp det(s(ar, ), bj)jirer /\%E(z’)
i€l
is independent from the choice of mg. Indeed let 7 € Sym(K) with n(J) = E. Let
o =r'ng. Let 0; € Sym(J) be defined by o;(j) = o(j). Similarly define o;. Then

det(s(ary(j), b)) = det(s(a(ro,(j), bjr) = sgnoy det(s(ax, bjr)

and

/\ Arp(i) = /\ Aror(i) = sgnoy /\ Qr(4)-

i€l il i€l
Using that sgnm = sgnosgnmg = sgnoysgnoj;sgnme and multiplying the last two equa-

tions together we obtain the claimed independence from the choice of 7.
Define

J
f: A xB? 5 NA, (a,b) = > fela,b)
EeA
In view of it remains to show that f; and f, are alternating for all a € AX and b € B”.
That f, is alternating is obvious. So suppose b € B and a € AKX with a;, = a; for distinct
k,l € K. Let E € A and put 7 = wg. If k and [ are both in 7(J) then det(s(arj,b;)) = 0.
If k,1 are both in I then \;c;ar; = 0. So in both these cases fr(a,b) = 0. Suppose now
that k € m(I) and [ € w(J). Let 0 = (k,l) € Sym(K) and E' = 0(F) # E. We may choose
T = om. ax = a; now implies fgr(a,b) = sgno fg(a,b) and so fg/(a,b) + fp(a,b) = 0. If
follows that fy(a) = f(a,b) =0 and f} is alternating.
(c) Let a € AK, bSB7. Note that Bob= (8(b;)). Let E € A. Then

I

T
(\a)(fe(a.Bob) = (/\ a)(sgnmp det(s(an, ) B5;0)) N trpiiy) =

i€l

— s det(5(0 (a5 by) [\ @ang))) = fir(ero a,)
i€l

Thus (c) holds.

(d) Suppose E € A and fg(a,b) # 0 where a = (eqx)) and b = (fg(;)). Let A =
s(ea(mE(4)), fa(y)- Then det A # 0. Let t € E. Then t = 7mg(j) for some € J and so
(s(ea(t),t, afg(jr)jres is a row of A. This row cannot be zero and s(ea(t),t, afg) # 0 for
some t' € J. But then a(t) = B(¢'). It follows that 3(J) C a(I) and E = o~ 3(I). Also
det A = £1 and so (ca) holds. O

Proposition 6.3.5. Let R be a ring and M an R-module.
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(a) Let I,J and K finite sets with K = I'W J Then there exists a unique bilinear map

I J K
AN \NMx NM = \M,(a,b) > anb

with
(Nierms) N (Njegmyj) = Ager mi

for all (m;) € M*+,

(b) Define

Adr= A
and

k
A /\M X /\M — /\M, (ai)iZo N (b5)720 = (Zai/\bk—i)?:O'
=0

Then (\ M, +,A) is a (non)-commutative ring with R = \° M < Z(\ M).

Proof. (a) Define f : M1 x M7 — NX M, ((a;), (aj)) = Akerak. Clearly fiq,) and f,,) is
alternating and so (a) follows from

(b) First of all (A\ M,+) is an abelian group. By (a) A is bilinear. So the distributive
laws hold. Let I, m,n be non-negative integers and my € M for 1 < k <!+ m +n. Then

l l+m l+m+n l+m+m l l+m l+m+n
Amen Amon A mi= A= AmnCA mon A mo
i=1 i=l+1 i=l+m-+1 i=1 i=1 i=l+1 i=l+m-+1

and so A is associative.
So (A M, +,A) is indeed a (non)-commutative ring. That R < Z(/A M) follows from the
fact that A is R-linear. O

Lemma 6.3.6. Let R be a ring and s: A x B — C a finite pairing.

(a) The functions
sa:A— Homp(B,C),a — s,

and
sp: B — Hompg(A,C),b— s

are R-linear isomorphism.

(b) Let f € Endgr(B). Then there exists a unique f° € Endr(A) with s(f*(a),b) =
s(a, f(b)) for alla e A, be B.
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(c) Suppose (aq,d € D), (bg,d € D) and (c) are s-basis for (A,B,C). Let Mp(f®) =
Mp(f)"

Proof. Let ((aq |,d € D),(bg | d € D),c) be an s basis. (a) For e € D define ¢, €
Hompg(B,C) by ¢e(_,,, = Tec. Then (¢aq,d € D) is a basis for Homp(B,C). Since
S(ae,bg) = deqc. sa(e) = ¢e. Hence (a) holds.

(b) Define f € Endr(Homg(B,C) by f(¢) = ¢o f. Let g € Endgr(A),a € A and b € B.
Then

s(a, (b)) = sa(a)(f(b)) = ((f)(54))(a)(D)
and
s(g(a),b) = sa(g(a))(b)
Hence s(a, f(b) = s(g(a),b) for all a € A, b e Bif and only if fosy = s40g. By (a), sa

has an inverse so f* = 321 fsa is the unique element fulfilling (c).
(c) Let g € Endg(B). Put U = My(D) and V = My(D). So g(aq) = > pcp Vhaan and
f(bd) = ZhGD uhdbh. Thus

s(ac, f(ba)) = > unas(ae, bn) = Ueac

heD

and
s(g(ae),bq) = sumpepvhes(an, by) = vgec

Hence s(a, f(b)) = s(g(a), f) for all a € A, b € B if and only if vge = uq for all d,e € D.
So (c) holds ( and we have a second proof for (b)). O

Recall that for an R-module M, M* denote the dual module, so M* = Hompg(M, R).

Lemma 6.3.7. Let R be a ring, M a free module of finite rank over R and I a finite set

(a) There exists a unique R-bilinear function s’ : N' M*x N' M — R with s'(\ ¢i, A\ mi) =
det(di(m;))ijer-

(b) sy is a finite pairing.
(¢c) N'M* = (A" M)* as R-modules.

Proof. Define s : M* x M — R,(¢,m) — ¢(m). (a) follows from [6.3.4(a) applied with
A=M*B=MK=1,J=1and”I =(". And (b) follows from part (d) of the same
lemma. Finally (c) is a consequence of (b) and a). O

Proposition 6.3.8. Let R be a ring and M a R-module of finite rank. Let f € Endg(M).
Then there exists 4 € Endg(M) with fo f2 = fad o f = det fidy,.
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Proof. Consider ¢t : M x A M"™ ' — AM", (m,b) — m Ab. We claim that ¢ is a finite
pairing. For this let (a;,1 < i < n) be a basis for M. Put b; = a1 A ag A ai—1 A aiy1 A ay,.
Let c = a1 A ...ap. By (bi,1 < i < n)is a basis for A" ' M and {c} is a basis for
A" M. Also a; Abj =0 for i # j and a; Ab; = (—1)"c. ((a;), ((—=1)""18;),¢) is a t basis. Let
fed = (bigwedge™ ! f) be given by (b) So f2d ¢ Endg(M) is uniquely determined by

n—1

fdm) nb=mA( [\ £)b)

forallme M,be \" "' M.
In particular,

n—1 n
(£ (m) Ab) = F(m) A\ £)B) = (/\ F)(mAb) = (det f)(m Ab) = m A (det f)b
Note that also (det f)m A b=m A (det f)b and so by [6.3.6]
4o f = ((det flidpn-s )" = (det fiday

To show that also fo f2d = idy; we use the dual M* of M. Recall that f* € Endg(M*)
is define by f*(¢) = ¢ o f. It might be interesting to note that f* = f° where s is the
pairing s : M* — M, (¢, m) — ¢(m).

Applying the above results to f in place of f* we have

Jo f* = (det f)ida-
By [6.3.2(g) we have det fx = det f. So dualizing the previous statement we get

fo (frd* = det fidy,

So the proposition will be proved once we show that f*ad* = fad op fad — rad®

To do this we will compute that matrix of f2¢ with respect to the basis (a;). Let D be
the matrix of f with respect to (a;) and E the matrix of A"~! f with respect to ((—1)i1b;).
We compute

n—1 n
(/\ F)(bi) = Anzif(an) = Ah;ﬁi(Z dpkay
k=1

Let D;; be the matrix (dg;)g-i1;. Then the coefficient of bj in Ap4; (D )_, drray is readily
seen to be det D;;.
It follows that

Eij = (—1)"'=17" det D;j = (—1)"" det D;;

Let (¢;) be the basis of M* dual to (a;). So ¢i(a;) = 6;;. Then the matrix for f* with
respect to (¢;) is DT. Note that (DT);; = (Dj;)T and so the (i, j) coefficient of the matrix
of f*ad is
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(—1)i+j det(DT)ij = (—1)i+j det(Djl-)T = (—1)i+j det Djz'
Thus f*® has the matrix E7 with respect to (¢;). So does (f2%*. Hence f**d = fad* and
the proposition is proved. O

Lemma 6.3.9. Let R and S be rings with R < S. Let M be an R module. Then there
exists bilinear function

:SXxSrM — S® M, (s,m) = sm

with
s(t@m=st@m

for all s,t € S and m € M. Moreover, (S ®@r M,c-0 is an S-module.

Proof. Let s € S. By|6.1.12| there exists a unique sidg ® idy; € Endgr(S ®r M) which sends
t®m to st ® m. We will write s ® 1 for sidg ® idps. It is readily verified that s - s® 1 is
a ring homomorphism. So the lemma is proved. O

Lemma 6.3.10. Let R and S be rings with R < S.Let M be a free R-module with basis B.
(a) S ®r M is a free S-module with basis 1 @ A:={1®0b|bec B.

(b) Let o € Endr(M), A the matriz of o with respect to B and s € S. Then sA is the
matriz of s ® a with respect to 1 ® B.

Proof. (a) Note that M = @,z Rb and Rb = R. By [6.1.10|.S ®g M = @55 @r Rb.

Also by [6.1.6]| S®r b= S.
(b) Let d € B Then

(s@a)(l@d=s@a(d)=s® () beac) =Y (shea(1®e)

eeB eeB
So (b) holds. O
Definition 6.3.11. Let R be a ring, M a free R-module of finite rank and oo € Endg(M).

(a) Let S be a ring with R as a subring. Let s € S. Then s ® o denotes the unique
R-endomorphism of S ®r M with

(s@1)(t®@m) = (st ® a(m)
forallt € SSme M.
(b) Consider z ®1—1® a € Endgj,)(R[z] ®r M). Then
Xoa =det(z®1—-1® a) € R[z]

is called the characteristic polynomial of a.
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(c) Let n be positive integer and A € Mg(n). Consider the matriz xI,, — A € Mgy (n).
Then x a = det(xzI,, — A) is called the characteristic polynomial of A.

Lemma 6.3.12. Let R be a ring, M an R-module with finite basis I, n = |I|, o € Endg(M)
and A the matrixz of o with respect to A.
(@) Xa = XA-
(b) For J C I let Ay = (ai;)i,j € J. The coefficient of ™ in x4 is
(D™ > det Ay

JCI,|J|=n—m

(¢) Xa is monic of degree n.

Proof. (a) By [6.3.10)(b) the matrix for  ® 1 — 1 ® a with respect to zl, — A. Thus (a)
follows from [6.3.2[(f)

(b) Let D = xI,, — A. Let a; be the i column of A;. Let e; = (0;5). The D = (ze; — a;).
For J C I let A% be the matrix with whose k-column is ay, if k € J and ey if k € J. Then
since det is multilinear

det D =Y " all=MI(—1)M/I det A*J
JCI

Let T'(J) be the matrix with
Qij ifi,jedJ
t(J)ij =<1 ifi=j¢J
0 otherwise

Then it is easy to see that det A*(J) = det T'(J) = det A(J) and (b) follows.
(c) Follows from (b) O

Theorem 6.3.13. Let R be a ring, M be a free R-module of finite rank. Let o € Endg(M).
Then
Xal(a) = 0.

Proof. Define
¢:Rlx] x M — M, (f,m)— f(a)(m).

Since ¢ is bilinear there exists a unique R-linear map

¢ : R[x] @ M — M with ®(f @ m) = f(a)(m).

Let B=2®1—-1®a € Endg(R[r] @ M).
Let f € R[x] and m € M. Then
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B(fem)=zf@m—fRa(m)=fream— f®a(m)

and so
(B(f ®@m)) = (f(@)a)(m) = (f(a)(a(m)) =0
Hence &5 = 0.
By there exists 32! € End gy, (R[2] ©r M) with 8o 824 = det S ® 1.
It follows that
0=(PoB)ofd=¢go(Bop)=do(detf®1)

So

= ¢((det 8 ® 1))(1 @ m) = ¢(det f @ m) = (det B)(a)(m)
By definition x, = det 8 and so the Cayley Hamilton Theorem is proved. 0

Theorem 6.3.14. Let M be a finitely generated R-module and o € Endg(M). Then there
exists a monic polynomial f € R[x] with f(A) =

Proof. Let I be a finite subset of M with M = RI. Let F' = Fr(I) be the free R-module
on I. So F has a basis (a;,7 € I). Let m be the unique R-linear map from F' to M with
a; — i for all i € I. Since M = RI, M = n(F). By there exists § € Endg(F') with

Tof=aom
We claim that (*) 7o f(8) = f(a) on for all f € R[z]
For this let S = {f € R[z] | mo f(B8) = f(a)o7}. Let f,g € S. Then
mo (fg)(a) =mo (f(aog(a)) = (ro fla)ogla) = (fla)om)ogla) =
= fl@) o (rog(a)) = f(a)o(g(a) om) = (f(a)og(a)) om) = (fg)(a) o

Since 7 is Z-linear, also f — g € S. Thus S is a subring of R[z]|. Since R and z are in
S, S = R[z] and (*) is proved. Let f = xg. The f is monic and bymf = 0. By (*)

fl@)om =m0 f(8)=0

Since 7 is onto this implies f(a) = 0. O
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Chapter 7

Hilbert’s Nullstellensatz

Throughout this chapter ring means commutative ring with identity and R is a ring. All
R-modules are assumed to be unitary.

7.1 Multilinear Maps

Definition 7.1.1. Let (V;,i € I) a family of R-modules, an R module and f: X, ; M; —
M a function. Let I = JU K with JNK =0,

(a) VJ = XjGJVj'

(b) If v = (uj)jesVy and v = (vi)rex € Vi, then we identify (u,v) € Vj x Vi with the
tuple w = (w;)ier where w; = u; if i € J and w; = v; if i € K. We also write f(u,v)

for f((u,v).

(c) Foru € Vy define f, : Vic — W,v — f(u,v). Sometimes we will write f for f,.
(d) f is called R-multilinear if for all i € I and all u € Vp\;,, fu: Vi = W is R-linear.
(e) An R-multilinear map is called bilinear of |I| = 2 and trilinear if |I| = 3.

(1) W= X o W,

Example 7.1.2. (a) If |[/| =1 a R-multilinear map is R-linear map.

(b) R" x R" — R, ((ri)iy, (si)i-q) — Y., 748; is R-bilinear.

(c) Let V be an R-module. Note that Endg(V') is an R module via (r¢)(v) = r¢(m). Then
Endg(V) xV = V,(¢,v) — ¢(v) is R-bilinear.

Definition 7.1.3. Let V and W be R-modules and I a set. Put V; =V for alli € I and
so Vy =V forall J C I. An R-multilinear function f : VI — V is called

(a) symmetric if fu(v,w) = fu(v,v),

241
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(b) skew-symmetric if fy,(v,w) = —f,(w,v);
(c) alternating if f,(v,v) = 0.

foralli#jel, ue VMUY gnd v, we V.

Lemma 7.1.4. (a) Every alternating map is skew-symmetric.
(b) If f: MT — N is skew symmetric and 2n # Oy for all n € N¥, then f is alternating.

Proof. Leti# je I, ue MM} v we M and put g = f,.

(@) 0=g(v+w,v+w)=gv,v)+ g(v,w) + g(w,v) + g(w,w) = g(v,w) + g(w,v).

(o) From g(v,w) = —g(w, v) applied with v = w we get g(v,v) = —g(v,v). So 2g(u,u) =
0 and g(u,u) =0 O

Lemma 7.1.5. Let I be a set, (I);jcs a partition of I, (Vi)icr and (Wj,j € J) families of
R-modules and Z an R-module. Let f : Wy — Z be R-multilinear and for each j € J let
g5 : Vi; = Wj be R-multilinear. Then

Vi — Z,(vi)ier — f((%((whaﬂ)jg)
is R-multilinear.
Proof. Readily verified. O

Lemma 7.1.6. Let I be finite set, (V;,1 € I) be family of R-modules and W an R-module.
Suppose that for eachi € I, V; is a free R-module with basis B; C V;. Put B; = X ;. B; C Vi
and let g : B — W be a function. Then there exists a unique R-multilinear map f: Vi = W
with f|p,=g.

Proof. Suppose first that f: V; — W is R-multilinear with f|g,= ¢. Let v = (v;)ier € V7.
Then since B; is a basis for V; there exists uniquely determined ry;, € R,b; € B; with

vi= Y Tipbi

biEBi

Since f is R-multilinear we conclude that

flv) = f ( (Xh.en, Tibibi)z'ef>
(%) = D (b)ici€Bi (ILier ) £((bi)ier)
- E(bi)iEIEBi (Hie[ rib’i) g( (bi)iel)

So f is uniquely determined. Conversely it is readily verified that (*) defines an R-
multilinear map. If v € By, then ry, = 6y, and so [[,c; i, = [ Lics Ovib;» Which is 0 unless
v; = b; for all 7 € I, in which case it is 1. So f(v) = g(v) for v € By. O
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Proposition 7.1.7. Let n € Z*, M,,(R) the ring of n x n-matrices with coefficients in R
and A € M, (R). We define the determinant det(A) of A inductively on as follows: If n =1
and A = (a), define det(A) = a. Suppose next n > 1 and that det(B) has been defined for
all (n —1) x (n —1)-matrices. For 1 <1i,j <n let A;; be the n x n matriz defined obtained
from A by deleting row i and column j. Define

n

d;at(A) = (1) ay; det(Ay

i=1
Then det;(A) = det;(A) for all 1 < j,1 < n and we define det(A) = det;(A). View det
function in the n-columns :
det : (R™")™ = R, ((aij)i=1)j=1 — det ((ai;))

Then det is alternating and R-linear. Also det(I,) =1,

Proof. We will first show that det;(A) = det;(A). Without loss j < k. We have

det;j(4) = Z?ﬂ(_l)iﬂaij det(A;;)
= 2t Dpmr (D) (1) @i an det((Aij)x)

where (A;;)) is the matrix obtained by deleting row ¢ and k and columns j and [ from A
and € is as follows:

Observe that column [ of A is column [ — 1 of A;;. If k < 4, then row k of A is row k of
A;;. If k>4, then row k of A is row k& — 1 of A;;. Hence

k+1-1 ifk<q
€ =
k+1-2 itk>1

Similarly

det;(A) = Spo (1) ay, det(Aw)
= Y ror ik (—DFTH (1) agai; det (A)if)

where (Ag;)q) is the matrix obtained by deleting row & and ¢ and columns [ and j from A
and 7 is as follows:

Observe that column j of A is column j of Ag;. If k < ¢, then row i of A is row 7 — 1 of
Ay If k£ > i, then row 7 of A is row i of Ay;. Hence

i1 itk <
i+ if k> i

If i < k& we conclude
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Vit qyEHe — (_qyititkH=1 _ _\EH_qyn
(1) (=1) (1) (=1)""(-1)
and if k > ¢ then
(_1)i+j(_1)k+l+e _ (_1)i+j+k+l—2 _ (_1)i+j+k+l _ (_1)k‘+l(_1)77

Thus show that det;(A) = det;(A) and so we can define det(A) = det;(A) for any
1 < j < n. Clearly det; is R-linear as a function in column j of A ( with the remaining
columns fixed). Since det = det; we conclude that det is R-multilinear as a functions of its
columns.

To show that det is alternating suppose that column r and column s of A are equal
for some 1 < r < s of A. Suppose n > 3. Then we may choose j # r and j # s. Then
for each i, A;; has two equal columns. Thus by induction det(A;;) = Og for all ¢ and so
det(A) = det;(A) = Og.

a a
So suppose n = 2. Then A = and so det A = ab — ba = 0. Thus det is

b b
alternating.
Suppose A = I,,. Then for i # j, A;; has a zero column and so det(A;; = Ogr. For i = j,
A;; = I, 1 and so by induction det A; = 1g. So det [, = 1g. ]

Lemma 7.1.8. Let n € N and A = (a;;) € M,,(R). Define the A*! = (b;;) € M, (R) by
bij = (—1)ij det(AjZ-). Then
AMA = det(A)I,

A2 s called the adjoint of A.

Proof. Fix 1 <14,j <n and let D = (d,s) be n x n obtained from A by replacing column 4
of A by column j if A. So

{am if s #14
drs = . .
ar; ifs=1

Note that Ay; = Dy;. The (i, j)-coefficient of A*dA is

Skt bikar; = Yop_y ar(—1)F det(Ag;)
= Y poq dri(—1)* det(Dyy)

The definition of det = det; shows that this is equal to det D. If i = j, then D = A and
so det D = det A. If i # j, then the ¢ and j columns of D are equal and so det A = Op.
Thus A*dA = det(A)I,. O
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Proposition 7.1.9. Let V and W be R-modules and I a finite set. Suppose V 1is free of
finite rank and B is a finite R-basis for V. Choose a total order on I and a total order on
B. Let

BL = {(bi)ier | bi < bj foralli < j eI}

Let g : Bi — W be any function. Then there exists unique alternating R-multilinear
function with f: VI — W with f ]82: g.

Proof. Let f: V! — I be a alternating R-multilinear function with f | BL= - To show that

f is unique it suffices to show that f(b) is uniquely determined for all b = (b;);e; € B, (see
7.1.6). If b; = b; for some ¢ # j € I, then since f is alternating f(b) = Or. So suppose
that b; # b; € i. Then there exists a unique 7 € Sym([) such that bom € BL (note here
that bom = (br(;))ier). Observe that there exist 2-cycles m; = (a;,b;) € Sym(I),1 <j <k
such that 7 = myme ... 7. By @), flcou) = —f(c) for all ¢ € V! and any two cycle
p € Sym(I). f(b) = (=1)kf(bom) = (=1)*g(bo ) and so also f(b) is uniquely determined.

To show the existence of f we assume without loss that I = {1,2,...,n} with the usual
ordering. Let v = (v;);er € V!. Then v; = > e @ipb for some unique ay, € R,i € I,b € B.
Let A = (ap) € Mryx5(R). For b= (b;)ics € BL let A, be the n x n submatrix (aib;)1<ij<n
of A. Define

F) =Y det(Ay)g(b)

beBL

Since det is an alternating it is easy to see that f is alternating and R-multilinear.
Suppose v € Bi and b € Bi. Then rj, = 64,6, Thus Ay has a zero column unless each b; is
equal to some d;. Since both b and d are increasing, this shows that det(A4p) = Op for all
b# v. For b=wv, A, = I, and so det(A4,) = 1. So f(v) = g(v) and f|82: g. O

Lemma 7.1.10. Let V and W be R-modules and I a set.

(a) Let Ly(V,W) is the set of R-multilinear map from VI — W. Then L;(V,W) is an

R-module via:

(f +9)(w) = f(v) + g(v) and (rf)(v) =rf(v)
forall f,g € Ly(V,W), r€ R andv € V.

() VI is an R and an Endgr(V)-module via u + v = (u; + vi)ier, ™0 = (ru;)ic; and
sv = (s(vi))ier for all u = (u;)rer,v = (vi)icr € VL, 7 € R and s € Endg(V).

(¢) The monoid ( Endgr(V),0) is acting on Li(V, W) on the right via

(fs)(v) = f(sv)
for all f € Ly(V,W), s € Endg(V) and v € VI.
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(d) Ly(V,W) is a Endr(W)-module via

(tf)(v) =t(f(v))
for all f € Ly(V,W), t € Endg(W) and v € VI.

(e) Let \;(V,W) be the the set of alternating R-multilinear map from VI — W. Then
N (V. W) is an Endg(V)-invariant R-submodule of Ly(V, W).

Proof. Readily verified. O

Corollary 7.1.11. Let V and W be free R-modules with basis B and D and I a set. Suppose
I and B are finite and choose a total orderings on I and a total ordering on B. For b € Bi
and d € D let f*4: VI — W be the unique alternating R-multilinear map with

wo o [d ifb=c
f (C)_{ow i+ ¢

Then \;(V,W) is a free R-module with basis (fbd)(b,d)engD-

Proof. Let f € \;(V,W) and let apq € R for b € BL and d € D, almost all 0. Then

o= Z(b,d)e@f< «p @b f*
—= f(e) = Z(b,d)eBixD apafP(c) for all c € BL
= f(c) = > dep Aedd for all ¢ € BL

Since D is a R-basis for B we see that there exists uniquely determined a4 fulfilling the last
of these equations. ]

Definition 7.1.12. Let V and W be R-modules, n € N and I a set. Then \;(V) =

Lemma 7.1.13. Let V be a free R-module of finite rank n. Let o € Endg(V).

(a) There exists a unique 1o € R with
fa=rf forall f €\, (V)

(b) The map det : Endgr(V) — R,a — 74 is a multiplicative homomorphism, that is
det(apf) = det(a) det(B) for all o, B € Endg(V).

(c) If A is the matriz of o with respect to some R-basis of V', then det(a)) = det(A).
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Proof. @) Let B = {by,bo,...b,} be basis for V. Order B by by < by...b, and put
b= (b1,b,...b,). Put I = {1,2,3...,n} order in the usual way. Then clearly BL = {b}
and 1 is an R-basis for R. Thus by [7.1.11| f* is an R-basis for A, (V). Hence

bl bl
[Ta=rof

for a unique 7, € R. Also each f € A\, (V) is of the form f = rf*! for some r € R. Since o
acts R-linearly on A, (V) we conclude that (a]) holds.
() Let o, 8 € Endg(V) and f € A, (V). Then

flaB) = (fa)B = (raf)B = rveta(raf) = (rgra)f = (rars) f

Hence 7,3 = rorg and (]ED holds.
We will compute det(«). We have

det(a) = ra = ralr =1af" (0) = (raf") () = (fa)(b) = " (a(b)) = f* ((a(b))jer)
Let A = (a;;) be the matrix for o with respect to B. Then a(b;) = >, aijbi. So

det(ar) = f*! (( > az‘j@)jg)

el
Since fY is alternating we see the function 7 : M;(R) — R, A — det(a) is alternating
and R-multilinear in the columns of A. Also if A = id,, then a = idy, det(idy) = 1gr
and so 7(I,) = 1g. shows that 7 is uniquely determined and so 7 = det, that is
det(a) = det(A). O

Lemma 7.1.14. Let V be an R-module and I a finite set. Then V! is an Mj(R)-module
via
Av = (D aijvy) e
il
for all A = (aij) i jyerxr € Mi(R) and v = (vj)jer € Vi
Proof. Let A = (ai;), B = (bji) and C := AB. Then C = (¢;,) with ¢;, = ZjE] a;jbjk. Let
v = (Uk)ke[ € VI. Then
A(B’U) = A(Eke] bjkvk)je]
( Yjer @i ( Xer bjkvk)>
(Cker (Zjeraibin)oe)

= (Zkel Cik”k)iel
= Cv=(AB)v

1€

1€
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Definition 7.1.15. Let n € N and A € M,(R). Note that xI, — A € M,,(R[x]) and R[x] is
a commutative ring. So we can define

x4 :=det(zl, — A) € R[z]
xA 1s called the characteristic polynomial of A.

Theorem 7.1.16 (Cayley Hamilton). Let n € N and A € M, (R). Then xa(A) = O,,
where Oy, = On,(r) @5 the n X n-zero matriz over R.

Proof. By the maps R[z] — M,(R), f — f(A) is a ring homomorphism. Note that
(for example by [7.1.14) R" is an M,,(R) module via Bv = (37_; bijv;)iLy for all B = (b;;) €
M, (R) and all v = (v;)7_; € R". Thus V := R" is also an R[z] module via fv = f(A)v for
all f € R[z] and v € V. Note that zv = Av for all v € R™. Since V is an R[x]-module we
conclude from that V" is a My ([R[z])-module. Put ey = (0x;)j_; € V. Then

n

n n
e, = Aep, = Zaijékj = (aik)ig = Zaikei
j=1 i1 i=1
Let D = 21, — AT € M,(R[z]) and e = (ej)j—1 € V™. Then D = (d;;) with dij = 0;;x — aji.
Hence

n n n

De = Z dijej = Z((wa — aji)ej
j=1 J=1

Hence also D*d(De) = Oy« and so (D*!D)e = Oyn. By [7.1.8 D*D = det(D)I,, we have
(D*D)e = (det(D)e;))™,. Hence det(D)e; = Oy for all 1 < i < n. By Homework 6410,
det(D) = det(D™) = x4 and so xae; = 0 for all v € V. But yae; = xa(A)e; and so the
i-column of x 4(A) is zero. Thus x4(A) = 0. O

n
n
= | ze; — E aj;ej = (zej—ze;)i—y = Oyn
j=1

i=1 =1 =1

Lemma 7.1.17. Let V and W be R[z]-modules and m : W — W a function. Then m is
Rlx]-linear if and only if m is R-linear and 7(zv) = zmw(v) for allv e V.

Proof. The forward direction is obvious. So suppose 7 is R-linear and 7(zv) = zm(v) for
allv e V. Let S = {f € R[z] | m(fv) = fr(v) for all v € V'}. We will show that S is a
subring of R[z|. Indeed let f,g € S and v € V. Then

T((f + g)v(= n(fv + gv) = 7(fv) + 7(gv) = fr(v) = gn(v) = (f + g)7(v)
and
T((fg)(v) = n(f(gv)) = fr(gv)f(gn(v)) = (fg)m(v))

So f+g,fg € V. Similarly Og and —f € S. So S is a subring of R[z]. Since 7 is
R-linear, R C S and by assumption z € S. Thus S = R[z] and 7 is R[z]-linear. O
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Theorem 7.1.18. Let M be a finitely generated R-module and o € Endg(M). Then there
exists a monic polynomial f € Rlx] with f(a) = Ogna,ar)-

Proof. Let I be a finite subset of M with M = (I)r = RI. Then for each j € I there
exist a;; € R, i € I with a(j) = > ,c;aii. (Note here that the a;; are not necessarily
unique.) View R! as an R[z]-module via fv = f(A)v and view M as an R[z] module via
fm = f(a)(m). Define m : RT — M, (r;)ic; = > ;c; rii. Then 7 is onto and R-linear. Let
e; = (0ij)jer- By definition of m and A

zm(ej) = xj = oy E a;ji

and

(1,'6]) - 7-‘-(146]) - 7T CLU ZEI Zaw

i€l
Thus z7(e;) = m(ze;).. Since z acts R-linearly on R! and M this implies z7(v) = pi(zv)
for all v € R". Thus by [7.1.17, 7 is R[z] linear. Put f = x4. Then f is monic, f € R[z],
f(A) =0 and so for all v € R",
fla)(m(v)) = fr(v) = 7(f(v)) = 7(f(A)v) = 7(0v) = 7 (0) = 0.

Since 7 is onto we conclude that f(a) = 0. O

7.2 Ring Extensions

Definition 7.2.1. Let R and S be rings with R < S and 1g = 1g. Then S is called a ring
extension of R. Such a ring extension is denoted by R < S.

Definition 7.2.2. Let R < S be a ring extension.

(a) Let s € S. s is called integral over R if f(s) =0 for some monic polynomial f € R[z].
(b) R < S is called integral if all s € S are integral over R.

(¢) R < S is called finite if S is finitely generated as an R-module ( by left multiplication)

Example 7.2.3. (1) Suppose R < S is a ring extension with R a field and S an integral
domain. Let s € S. Then s is integral over R if and only if s is algebraic over R. R < S
is integral if and only if its algebraic. Note that then by Sis afield. R<Sisa
finite ring extension if and only if its a finite field extension.

(2) Let R =Z and S = C. Then /2 is integral over Z. } is not integral over Z. Indeed
suppose that % is integral over Z. Then there exists ag, a1, ...,a,—1 € Z with
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a a a e Qp—
0 12 2] n 12 on

Multiplication with 2™ shows that

1= —(ao2" + 12" ' + .. 4 an_12)
since the left hand side of this equation is even, we derived a contradiction.

Theorem 7.2.4. Let R < S be a ring extension and s € S. Then the following statements
are equivalent:

(a) s is integral over R.

(b) R < R]s| is finite.

(c) There exists a subring T of S containing R[s] such that R <T is finite.

(d) There exists a faithful R[s|- module M, which is finitely generated as an R-module.

Proof. (&) = (b):  Suppose f(s) = 0 for amonic f € R[z]. Let J = {g € R[z] | g(s) = 0}.
Then R[s] = R[z|/J and R[z]f < J.

We claim that R[z]/R[x]f is finitely generated as an R-module. Indeed let g € R[x].
Since f is monic we can apply the division algorithm and so g = qf + r, where ¢q,r € R[]
with degq < degf. Let n = degf. We conclude that g + R[z] is in the R span of
(af + Rlal 1)1

This proves the claim. Since R[x|/J is isomorphic to a quotient of R[x]|/R[z]f, also
R[X]/J and R]s] are finitely generated as an R-module.

@) = (d):  Just choose T' = R[s].

() = (d): Put B=T. Sincel € T, aT # 0 for all 0 # a € R[s]. Thus T is a
faithful R[s] module.

(M = (@): By there exists a monic f € R[z] with f(s)M = 0. Since M is
faithful for R][s], f(s) = 0. O

Corollary 7.2.5. Let R < S be a finite ring extension. Then R < S is integral.
Proof. This follows immediately from applied with T'= S. O

Lemma 7.2.6. Let R < FE and E < S be finite ring extensions. Then R < S is a finite
Ting ertension.

Proof. Let I be a finite subset of F with RI = F and J a finite subset of S with S = EJ.
Then by [5.1.4(aa) S = R{ij | i € I,J}. So also R < S is finite O

Proposition 7.2.7. Let R < S be a ring extension and I C S such that each b € I is
integral over R.
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(a) If I is finite, R < R[I] is finite and integral.
(b) R < R[I] is integral.

(c) The set Int(R,S) of the elements in S which are integral over R is a subring S. More-
over, R < Int(R,S) is integral.

Proof. (@) By induction on |I|. If |[I| = 0 there is nothing to prove. So suppose there
exists ¢ € I and let J = I\ {i}. Put E = R[J]. By induction R < E is finite. Since i
is integral over R, f is integral over E. Thus by [7.2.4|[b), E < E[i] is finite. Note that
Eli] = R[J][i] = R[] and so (@) follows from [7.2.6]

[®) Byp-L.3@) R[I] = U{R[J] | J C I,|J| < o<}. By (id) each of the extensions R < R[J]
are integral. So@ holds.

Follows from (b)) applied to I = Int(T, S). O

Definition 7.2.8. Let R < S be a ring extension and let Int(R,S) the set of elements in
S which are integral over R. Then Int(R,S) is ca called to integral closure of R in S. If
R =1Int(R,S), then R is called Tintegrally closed in S.

If R is an integral domain and R is integrally closed in Fg (the field of fraction of R),
then R is called integrally closed.

Example 7.2.9. Let A = Int(Z,C). Then A is the set of complex numbers which are the
roots of an integral monic polynomial. So A is the set of algebraic integers ( see Homework
2#6). We now know from that A is a subring of C, which generalized Homework
2#6(c). By Homework 2#6(b), AN Q = Z. Thus Int(Z,Q) = Z and so Z is integrally
closed. But Z is not integrally closed in C since v/2 € A.

Lemma 7.2.10. Let R < E and E < S be integral ring extensions. Then R < S is integral.

Proof. Let s € S and let f € E[x] be the monic with f(s) = 0. Let I be the set of non-zero
coefficients f. Then I is a finite subset of E and so by [7.2.7(a), R < R[I] is finite. Since
f € R[I][x],[7.2.4 implies that R[I] < R[I][s] is finite. So by R < R[I][s] is finite. So
by s is integral over R. O

7.3 Ideals in Integral Extensions
Definition 7.3.1. Let R be ring and I an ideal in R. Then
rad I =radrl = {r € R|r" €I for somen € Z*}.

radrl is called the radical of I in R . If [ =radgrl, I is called a radical ideal in R.
Lemma 7.3.2. Let R be a ring and P an ideal in R.

(a) radP is an ideal in R and P <radP.

(b) radP is a radical ideal.
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(c) All primes ideals in R are radical ideals.

Proof. @ Note that r € rad P if and only if r + P is nilpotent in R/P. By Homework 645
in MTH 818, the nilpotent elements of R/P form an ideal in R/P. So @ holds.
@) Homework 645 in MTH 818 R/rad R / rad R/P has no non-zero nilpotent elements.
() If P is a prime ideal, then R/P has no zero divisors and so also no non-zero nilpotent
elements. O

Lemma 7.3.3. Let R < S be an integral ring extension.
(a) Let P be an ideal in R and p € P.

(a) SpN R C radgP.
(b) If P is a prime ideal or a radical ideal in R, then SpN R C P.

(b) Suppose S is an integral domain

(a) Let 0 #be S, then SN R # 0.
(b) Let Q be a non-zero ideal in S, then Q@ N R # 0.

Proof. () Let s € S such that 7 := sp € R. Since R < S is integral there exists
To,7T1...Tn—1 S R Wlth

S =115 s 4o

Multiplying this equation with p™ we obtain:

(5p)" = (ra-1p)(sp)" " + ... + 119" (sp) + rop”

Hence

= (ra1p)r™ 4 (™) rep”

As P is an ideal and r;7* € R we have r;r'p"~* € P for all 0 < i < n. So the right side
of the last equation lies in P. Thus " € P and r € radP.

In both cases implies that P = radrP. So follows from (fa:a)).

Let f € R[z] be a monic polynomial of minimal degree with f(b) = 0. Let
f =zg+r where r € R and g € R[x] is monic of degree one less than f. Then

and so r = —g(b)b

If r =0, we get g(b)b = 0. Since b # 0 and S is an integral domain, g(b) = 0. But this
contradicts the minimal choice of deg f.

Hence 0 # r = —g(b)b € RN Sb.

(b:D) Let 0 # b € Q. Then by (b:a) {0} # RNSbC RNQ. O
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Theorem 7.3.4. Let R < S be an integral extension and P a prime ideal in R. Put
M :={I|1 is an ideal in R,RNI C P}

Order M by inclusion. Let Q@ € M.

(a) Q is contained in a mazximal member of M

(b) The following are equivalent:

(a) Q is mazimal in M.
(b) Q is a prime ideal and RN Q = P.

Proof. Put Mg :={I € M | Q < I}. Then a maximal element of Mg is also a maximal
element of M.

@ Since @ € Mg, Mg # 0. So by Zorn’s Lemma it remains to show that every
non-empty chain D in Mg has an upper bound in Mg. Put D = JD. By |3.3.15(a) D is
an ideal in S. Let £ € D. Then Q < E < D. Moreover,

RnD=|JRNECP
EeD
Thus D € Mg and D is an upper bound for D.
(]EI) For EC Sput E=FE+Q/Q C S/Q. Since S is integral over R, S is integral over
R. (Indeed let 5 € S. Then 5 = s+ Q for some s € S and there exists a monic polynomial
f € R[z] with f(s) = 0. The f is a monic polynomial in S[x] and f(3) =

I

R+Q/P+Q R+(P+Q)/P+Q
R/P+(RNQ) = R/P

R/P = R+Q/Q/P+Q/Q
= R/RN(P+Q)

Since P is a prime ideal in R we conclude that P is a prime ideal in R. Let I be an
ideal in S with Q < I. We have
RNI<P
(R+Q)/Q)NI/Q<P+Q/Q
(R+Q)NI<P+Q
Q+((RNI)<P+Q

If RNI < P we have Q —}—(ROI) <P+Q IfQ+(RNI)<P+Q,then RNI <
(P+Q)NR=P+(QNR)<P

110

RNI<P<= RNI<I
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Therefore {I | I € Mg} ={J < S| Jisanidealin S,RNJ C P}.

If follows that (]EI) holds if and only if (]Eb holds for (S, R,P,Q in place of (S, R, P, Q).
Since @ = 0 we thus may assume that Q = 0.

= : Suppose that @ is not a prime ideal. As ) = 0, this means S is not
an integral domain. Hence there exists by, by € St with b1by = 0. Since @ = 0 is maximal
in M, Sb; ¢ M and so RN Sb; jé P. Hence there exist s; € S with 0 # r; :== s;b; € R\ P.
But then rirg = (s1b1)(s2b2) = (s152)(b1b2) = 0 € P. But this contradicts the fact that P
is a prime ideal in R.

So @ is a prime ideal. Suppose that P # RN Q, that is P # 0. Let 0 #% p € P. Then
by , SpN R < P. Hence Sp € M, contradiction the maximality of @ = 0. So (b:a))
implies .

(b:b) = (b:al):  Suppose now that @ is a prime ideal and P = RN Q. Since @ =0
this means that S is an integral domain and P = 0. Let I be any non-zero ideal in S. Then

by RNI #0andso RNI % P and I ¢ M. Thus M = {0} and @ is maximal. [J

Corollary 7.3.5. Let R < .S be an integral extension.

(a) Let P be a prime ideal in R and @ an ideal in S with RN Q < P. Then there exists a
prime ideal M in S with RNM = P and Q < M.

(b) Let P be a prime ideal in R. Then there exists a prime ideal M in S with RNM = P.
(¢) Let Q1 and Q2 be prime ideals in S with RNQ1 = RNQ2 and Q1 < Q2. Then Q1 = Q2.
(d) Let Q be a mazximal ideal in S. Then Q N R is a mazximal ideal in R.

(e) Let P be a maximal ideal in S. Then there exists a mazimal ideal M of S with RNM =
P.

Proof. @) We apply Let M be defined as there. By part @ there exists a maximal
element M of M containing ). By part (]ED M is a prime ideal and RN M = P.

(]E[) follows from @ applied with @ = 0.

By applied with P = RN Q1 and Q = @1 we get that ()1 is maximal in M.
As Q2 € M and Q1 < @2, Q1 = Q2.

@ Since 1 ¢ Q, RNQ # R. So by @ N R is contained in a maximal ideal P of
R. By @ there exists an ideal M in S with P= RN M and Q < M. Since @ is maximal,
M=Q. Thus RN@Q =RNM = P and so RN (Q is a maximal ideal in R.

@ By P is a prime ideal in R. So by (b) there exists an ideal @ of S with
RNQ@ = P. Let M be a maximal ideal in S with Q < M. Then P=RNQ < RNM < R
and since P is a maximal ideal in R, P = RN M. ]

7.4 Noether’s Normalization Lemma

Definition 7.4.1. Let K be a field. A K-algebra is a ring R with K as a subring. A
K-algebra R is called finitely generated if R = K[I| for some finite subset I of K
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Theorem 7.4.2. Let K be a field and R a K-algebra. Suppose that there exists a finite
subset I of R such that K[I] < R is integral. Then there exists a finite subset J of R such
that J is algebraically independent over K and K[J] < R is integral.

Proof. Choose a finite subset I of R of minimal size such thatK[I] < R is integral. Suppose
that u =: (i);e; is not algebraic independent over K and pick 0 # f € K|z;,i € I] with
f(u) = 0. Put J = P;;N. Then f = > ;kox®, where k, € K, almost all 0. Put
J* ={a €l| kq #0}. Then

(1) > kguf =

geJ*

where u? = [Licr i%i. Since J* is finite, we can pick ¢ € Zt with a; < ¢ for all & € J* and
i€l. Fix 1€ I and let (t;) € N/ be a 1-1 function with #; = 0. Define

p: =7 a— th"ai
i€l

We claim that p is one to one. Indeed suppose that p(a) = p(5) for o # g € J*. Let
I"={iel|a; #p;and k € I* with t;, is minimal.

0=pla)—pB)=c* [ ax— B+ Y " (o—B)

ieI*\{k}

Since ¢t is 1-1, ¢, < t; for all i € I* \ {k}. So we conclude that ¢ divides oy — B, a
contradiction to ¢ > «a; and ¢ > f3;.

Since p is 1-1, we can choose a € J* with p(a) < p(B) for all 8 € J*\ {a}.

For i € I define v; = i — €. Put S := K[uv;,i € I]. Note that v; = — [ =1 —1¢" =
[-1'=0. So

(2) S =K[V;, € I\ {l}]
We will show that [ is integral over S. Let 8 € J*. Since i = 1€ 4 v; we have
uf =TT =] + v
iel iel

Thus u” = gg(1) where gg € S[z] is a monic of degree p(3). Put

g:i= Z kggs € S[z].
BeJ*

Then maximality of p(«) shows that g has degree p(«) and leading coefficient k. More-
over,
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g(l) = kags(l) = Y kgu” =0,

peJ* peJ*

Thus k,—1g is a monic polynomial over S with [ as a root and so [ is integral over S.
Note that i = v; + 1% € S[I] and thus K[I] < S[I] < K[I]. So K[I] = S[I] and S < K[I] is
integral. Since also K[/] < R is integral we conclude from that S < R is integral.
But this contradicts (2) and the minimal choice of |J|. O

Proposition 7.4.3. Let R < S be an integral extension and suppose that that R and S are
integral domains. Then S is a field if and only if R is a field.

Proof. Suppose first that R is a field. Then R < S is algebraic and so by 5.1.11 , Sis a
field.

Suppose next that S is a field and let » € RY. Since S is a field, 1 € SrN R. Hence by
applied with P = Rr, 1™ € Rr for some n € Z*. Thus 1 = tr for some t € T.
Hence r is invertible in R, and R is a field. ]

Proposition 7.4.4. (a) Let K < F be a field extensions such that F is finitely generated

over K as a ring. Then K <F is finite. In particular, if K is algebraically closed then
F =K.

(b) Let K be an algebraically closed field, A a finitely generated K-algebra and M a mazimal
ideal in A. Then A=K+ M.

Proof. @ By there exists a finite subset J of K such that K[J] < F is integral and J
is algebraically independent over K. By K[J] is a field. Since the units in K[J] are K
we get J = (). Hence K < F is integral and so algebraic. Thus by K < F is finite.
(]EI) Note that A:= A/M is a field. Also K = (K+ M)/M is a subfield of A isomorphic
to K and A is a finitely generated K algebra. So by @ A=Kandthus A=K+ M. O

7.5 Affine Varieties

Hypothesis 7.5.1. Throughout this section K < T is field extension with F algebraically
closed. D is a finite set, A = K[zq,d € D] and B = Flz4,d € D], with A viewed as a subset
of B.

Definition 7.5.2. Let S C A and U C FP.

(a) V(S)=Vep(S) = {v € FP | f(v) =0 for all f € S}.

V(S) is called an affine variety in FP defined over K, or a K-variety in FP.
(b) U CFP define J(U):= Ja(U) ={f € A| f(u) =0 for all u € U}.
(c) U is called closed if U = V(J(U)) and S is called closed if S = J(V(5)).
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Lemma 7.5.3. Let U CU CFP and S C S C A.
(a) J(U) is an ideal in R.

(b) J(U) C J(U).

(c) V(S) CV(S).

(d) UCV(J(U)).

(e) S CJ(V(9)).

(f) The following are equivalent:

(a) U is K-variety in FP.

(b) U=V(S) for some S C A.

(c) U is closed.

(d) U =V(I)) for some ideal I of A.

(g9) S is closed if and only if S = J(U) for some U C FP.
(h) V(S)=V(AS).

Proof. (g Clearly 0 € J(U). Let f,g € J(U), h € A and u € U. Then (f — g)(u) =
f(g) —g(u) =0 and (hf)(u) = h(u)f(u) =0. So f —g € J(U) and hf € J(U).

(]E[) and and are obvious.

(d) Let w € U. Then for all f € J(U), f(u) =0. So (d)) holds.

(€) Similar to (d).

Suppose U is K-variety in F”, then by definition U = V(S) for some S C A. So
implies

Suppose U = V/(S) for some S C A. Then by (d) S C J(U) and so by () V(J(U)) C
J(S)=U. By (d), U < (J(U)) and hence U = V(J(U)). So implies

Suppose U is closed. Then U = U(J(U)). By (&) J(U) is an ideal in A and so (fd)
implies .

Clearly implies . So (]ﬂ) holds.

If S is closed then S = J(U) for U = J(S). The other direction is similar to the
implication = (f:d).

Since S C AS, V(AS) < V(S). By (¢) S € J(V(S)) and by (&), J(V(S5)) is an ideal.
Thus AS C J(V(S)) and so V(S) C V(AS). O

Example 7.5.4. (1) Suppose that |D| =1 and so A = K[z] and FP = F. Let U be a affine
K-variety in IF. Then by (]ﬂ), U = V(I) for some ideal I in K[z]. By K[z] is a
PID and so there exists f € K[z] with I = K[z]f. Thus by [7.5.3[), U = V(I) = V(f).
So U is the set of roots of f in F. So either f =0 and U =F or U is finite.

Now let U be any finite subsets of K and put f =[],z —«. Then V(f) = U and so
any finite subsets of K are is an affine K-variety in F.
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If K = [F we see the affine F-varieties in F are F itself and the finite subsets of F.

(2) Let K=R, F=C and D = {1,2}. Then A = K[z1,72]. Let f = 22 + 2} — 1. Then
V(f)={(a,b) € C*| a® +1* =1}.

(3) Let n € Z* and D = {(3,7) | 1 < 4,5 < n}. Then FP = M, (F) is the set of n x n-
matrices with coefficients in F. Write z;; for z(; ;) € A and consider the matrix X :=
(zi5) € Mp(A). Put f = det(X) € A. Let u = (u;;) € FP = M,,(F). Then f(u) = detu.
Thus

V(f—1)={ue My(F) | det(u) = 1} = SL,(K)
Lemma 7.5.5. Let u € FP.
(a) J(u) is the kernel of the evaluation map: ® : A - F, f — f(u).
(b) If K <F is algebraic, J(u) is a mazimal ideal in A.

Proof. () is obvious. (b)) Note that K < ®(K) < F. Therefore ®(K) is an integral domain
which is algebraic over K. So by [5.1.11] ®(K) is an field. By @ and the first isomorphism
theorem for rings, A/J(u) is a field and so by [3.2.19| J(u) is a maximal ideal in A. O

Lemma 7.5.6. Let M be a maximal ideal in B.
(a) There exists u = (ug)aep € FP with M = Jp(u).

(b) M is the ideal in B generated by {xq — uq | d € D}.

(¢) V(M) = {u}.

Proof. @ and (]ED By B =TF + M. Hence for each d € D there exists ug € F with
xqg—ug € M. Put u = (ug)gep and let I be the ideal generated by {x4y—uy4 | d € D). Then
zqg € F+ I and so F + I is a subring of B containing F and all 4. Hence B = F + I and
B/I is a field. So I is a maximal ideal. Since I < M we get I = M and since I < Jg(u),
I=Jp(u). So M =1=Jg(u).

Let a € V(M). Since 4 —ug € M, 0 = (xg — ug)(a) = ag — uq. Hence ag = uq and
a=d. O

Proposition 7.5.7. Let I be an ideal in A with I # A. Then V(I) # ()

Proof. By |3.2.15| I is contained in a maximal ideal P of A. Let A be the set of elements in
[ algebraic over K. Then
Vap(P) S V(P) CV(I),

and so we may assume that F = A and [ is maximal in A. Then K < F is algebraic and so
each b € F C B is integral over K and so also over A. Since B = A[F] we conclude from
that A < B is integral. Hence by there exists a maximal ideal M of B with
I=ANM. By[1.5.6, V(M) # 0. Since V(M) C V(I) the proposition is proved. O
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Theorem 7.5.8 (Hilberts’ Nullstellensatz). Let I be an ideal in A. Then J(V(I)) = radl.
In other words, I is closed if and only if I is a radical ideal.

Proof. Let f € radl and u € V(I). Then f™ € I for some n € Z. Thus (f(u))" = f™(u) =0
and since F is an integral domain, f(u) = 0. Thus f € J(V(I)) and radl C J(V (I)).

Next let 0 # f € J(V(I)). We need to show that f € radl. Put E = DU {f} and put
y = xy. Then K[z.,e € E] = A[y]. Let L be the ideal in A[y] generated by I and yf — 1.

Suppose for a contradiction that Vpe(L) = 0 and pick ¢ € Vge(L). Then ¢ = (a,b)
with a € FP and b € F. Let g € I. Then g € L and 0 = g(a,b) = g(a). Thus a € V(I).
Since f € J(V(I)) we get f(a) = 0. Hence 0 = (yf — 1)(a,b) = bf(a) —1 =—-1#0, a
contradiction.

Thus Ve (L) = 0. implies L = Afy]. So there exist gs(y) € Afy],0 < s < m and
fs€l,1<s<m,with

m

(+) L=go)(wf = 1)+ > gv)fi-
s=1
Let F4 = K(z4,d € D) be the field of fractions of A. Let ¢ : Aly] — F4 be the unique

ring homomorphism with ¢(a) = a for all a € A and ¢(y) = f~!. (see[5.2.29l Applying ¢
to (*) we obtain:

m

(%) L=go(f N =D+ 0= alf i
s=1

s=1

Let k € Z% with k > deg, gi(y) for all 1 < i < m. Then gi(f~Hf*¥ € A for all i and
thus g;(f~')f*f; € AI = I. So multiplying equation (**) with f* we get f¥ € I and
f eradl. O

Corollary 7.5.9. Then map U — J(U) is a inclusion reversing bijection with inverse
I — V(I) between the affine K-varieties in FP and the radical ideals in A.

Proof. Let U be an affine K-variety in FP. Then by definition, U = V/(S) for some ideal S
if A. So by [7.5.3[@)(g), U and I := J(U) are closed. Thus V(J(U)) = U and by Hilbert’s
Nullstellensatz, I = J(V(I)) =radl. So I is a radical ideal.

Suppose next that I is a radical ideal in A. Then by definition V' (I) is a affine K-variety
in FP and by Hilbert’s Nullstellensatz, I = radl = J(V(I)).

Finally by [7.5.3|(b), U — J(U) is inclusion reversing. O

We would like to show that every affine variety is of the form V(S) for a finite subset S
of A. For this we need a little excursion:

Definition 7.5.10. A ring R is called Noetherian if every ideal in R is finitely generated
as an ideal.
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Theorem 7.5.11 (Hilbert’s Basis Theorem). Let R be a Noetherian ring. Then also
R[z4,d € D] is Noetherian.

Proof. By induction on |D| it suffices to show that R[z| is Noetherian.

Let J be an ideal in R[z]. For n € N let J,, be the set of all » € R such that » = 0
or r = lead(f) for some f € J with deg f = n. Observe that J, is an ideal in R. Since
lead(zf) = lead(f), Jn € Jp+1. Let 0 < n < ¢. By {Jn | n € N} has a maximal
element say J;, for some ¢t € N. Then J,, = J; for all m > t. By assumption each J, is
finitely generated and so we can choose 7,;,1 < j < k,, with

kn
(%) Jn =Y Rry;.
j=1

For 0 <n <tand 1< j <k, pick f,; € J with

() lead(fn;) = rn;-

Let I be the ideal in R[z]| generated by the f;,0 <n <t and 1 < j < k,. Note that
I C J. For m >t put k, := k¢, 7y = 1y and fp,j 1= 2™t Since J,, = J; we conclude
that (*) and (**) holds for all n € N. Moreover f,; € I for all n, j.

We will now show that J =1. Solet f € J. If f =0, f € I. So suppose f # 0 and let
n = deg f and s = lead(f). By (%),

En
s = E SiTnj,
J=1

for some s, € R,1 < j <k,. Put

kn
g = Z sjfnj-
7=1

Then lead(g) = s, g € I and degg = n. Thus f — g € J and deg(f — g) < n. By
induction on deg f, f —g € I and so f = (f — g) + g € I. This shows that I = J and so J
is a finitely generated ideal in R[x]. O

Corollary 7.5.12. (a) A is a Noetherian ring.
(b) Let U be an affine K-variety. Then U = V(S) for some finite subset S of A.

(c) LetV be a non-empty set of K varieties in FP. Then V has a minimal element.
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Proof. @ Clearly K is Noetherian, so @ follows Hilbert’s Basis Theorem.
[®) By (a) J(U) is finitely generated as an ideal. So J(U) = AS for some finite subset
S of A. Thus by [7.5.3]
U=V(JU))=V(AS) =V(S).

Let Z = {J(U) | U € V}. Then by () and[3.3.17]Z has a maximal element say J(Up)
for some Uy € V. Let U be in V with U C Uy. Then J(Up) C J(U) and by maximality of
J(Uy), J(Uy) = J(U). Thus

U=V({J(U)) = V(I () = Uo

and so Uy is a minimal element of I/. ]
Lemma 7.5.13. Let S and T be ideals in A. Then
VS YuVv(T)=V(SNT)==V(ST)

Proof. Clearly V(S)NV(T) C V(SNT). Since S and T are ideals, ST C So/T and so
V(SNT) C V(ST). So it remains to show that V(ST) C V(S) U V(T). Let u € FP
with v ¢ V(S) U V(T). Then there exists s € S and ¢t € T with s(u) # 0 # t(u). Then
(st)(u) = s(u)t(u) # 0 and since st € ST, u ¢ V(ST). So V(ST) CV(S)uV(T). O

Definition 7.5.14. An affine K-variety U in FP is called K-irreducible provided that:
Whenever Uy and Us are K-varieties in FP with U = Uy U Us, then U =Uy or U = U,

Example 7.5.15. (1) Let F = C and U = V(22 — 2y?). If K = R, then (22 — 2y?) =
(z +V2y)(x — sqrt2y) and so by [7.5.13 U = V (x + /2y) UV (x — sqrt2y) and so U is
not an irreducible R-variety.

But it can be shown that U is an irreducible Q-variety.

(2) Let F=Cand K=Q. Let U = V(22 +y? — 4)((x — 1)2 + ¢y — 4)):

D

Then U is the union of two irreducible subvarieties namely the circles V(2% +y% —4) and
V(z—1)2+4y?—4). But U cannot be written has the disjoint union of two subvarieties.

Lemma 7.5.16. Let U be a affine K-variety in FP. Then U is K- irreducible if and only
if J(U) is a prime ideal in A.
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Proof. Suppose first that J(U) is a prime ideal in A and let Uy, Us be affine K-varieties with
U =U,UU;. Then U = U;UU; C V(J(Uy)J(Us)) and so J(Uy)J(Uz) C J(U). Since J(U) is
a prime ideal we conclude J(U;) C J(U) for some i € {1,2}. Hence U C V(J(U;)) =U; CU
and so U = U;.

Suppose next that U is irreducible and let J; and Jo be ideal in A with J1Jo C J(U).
We need to show that Ji C J(U) for some i. Replacing J; be J; + J(U) we may assume
that J(U) C J; for i = 1 and 2. Then V(J;) C U;. By [7.5.13]

V(1) UV (Je) =V(JiNdJg) =V (J1J2)
Since J1Jo < J(U) < J; N Jo we have

V(Jl N JQ) cU = J(V(U)) - V(JlJz)

Thus U = V(J1) U V(J2) and since U is irreducible, V(J;) = U for some k. Thus
Jip < J(U) and J(U) is a prime ideal in A. O



Chapter 8

Simple Rings and Simple Modules

8.1 Jacobson’s Density Theorem

Definition 8.1.1. let R be a ring and M an R-module. M is called a simple R-module if
RM # 0 and M has no proper R-submodules.

Example 8.1.2. 1. Let I is be left ideal in R, then R/I is simple if and only if I is a

maximal left ideal.

2. Let D be a division ring and V is an D-module. We will show that V' is a simple
Endp(V) module. For this we first show that for each u,v € V with u # Oy there
exists a € Endp (V') with a(u) = v. For this let B be a basis for V' with u € B. Then
there exists a unique D-linear map V' — W with a(w) = v for all w € B. In particular,
a(u) =v.

Now let U be any non-zero Endp(V)-submodule of B. Let u € Uf and v € V. Then by
the above there exists & € Endp (V) with a(u) =v. Thusv e U and U = V.

Lemma 8.1.3 (Schur’s Lemma). Let M, N be simple R-modules and f € Homg(M, N). If
f#0, then f is R-isomorphism. In particular, Endg(M) is a division ring.

Proof. Since f # 0, ker f £ M. Also ker f is an R-submodule and so ker f = 0 and f is
1-1. Similarly, Im f # 0, Im f = N and so f is onto. So f is a bijection and has an inverse
f~1. An easy computation shows that f~! € Homg(N, M)). Choosing N = M we see that
Endgr(M) is a division ring. O

Definition 8.1.4. Let R be a ring and M be an R-module.

(a) Let N C M. N is called R-closed in M if N = Annp/(Anng(N).

(b) Let I C R. I is called M-closed in R if I = Anng(Anny, (7).

Lemma 8.1.5. Let R be a ring and M an R module. Let U C U CMandS C S C R.
(a) Anng(U) C Anng(U).

263
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(b) Annps(S) € Anny(5).

(¢) U C Annpr(Anng(U)).

(d) S C Anngr(Anny(S5)).

(e) U is R-closed in M if and only if U = Annp(S) for some S C M.

(f) S is M-closed in R if and only if S = Anng(U) for some U C M.

Proof. Readily verified. O

Lemma 8.1.6. . Let M be a simple R-module, V' a R-closed subset of M and w € M \'V.
Put I = Anng(A). Then M = Iw and the map 5 : I/Anny(w) — M,i+ AnnRj(w) — jw
is a well defined R-isomorphism.

Proof. Since V is closed, V = Anng(V') and so Tw # 0. By I is a left ideal in R and
so R(Iw) = (RI) C Iw. Thus Iw is an R-submodule of M. Since M is simple, M = Jw.
Define ¢ : I — M,i — iw. Then ¢ is R-linear, onto and ker ¢ = Anny(w) J/ As(m) = M.
So the second statement follows from the First Isomorphism Theorem of R-modules. O

Lemma 8.1.7. Let M be simple R-module and D = Endr(M). Let V < W be D submodules
of M with dimp(W/V') finite. If V is closed in M so is W. In particular, all finite

dimensional D subspaces of M are closed.

Proof. By induction on dimp W/V we may assume that dimDW/V = 1. Let w € W\ V.
Then W =V +Dw. Put I = Anng(V) and J = Ann;(w). We will show that W = Ag(J).
So let m € Aps(J). Then J C Aj(m) and hence the map o : I/J — M,i+ J — im is well
defined and R-linear. By the map 8 : I/J — M,i+ J — iw is an R-isomorphism.
Put § = a8~ L. Then § : M — M is R-linear and §(iw) = im for all i € I. Hence § € D and

i(m—d§(w)) =im —id(w)) =im — §(iw) =im —im =0

foralli € I. Since V is closed, V' = Anny, (/) and so 6(w)—m € V. Thusm € §(w)+V < W
and Anny/(J) C W

Let j € J,0 € D and v € V. Then i(v+ 6(w) = iv + §(iw) = 0+ 5(0) = 0 and so
W C Anny(J). Thus W = Annyy (J) and so by B.L.5(e), W is R-closed in M.

Since M is a simple R-module, RM # 0, Annp/(R) # M and Annp/(R) =0. So 0 is a
R-closed in M. Hence the first statement of the lemma implies the second. O

Definition 8.1.8. Let M be an R-module and D < Endg(M) a division ring. Then we
say that R acts densely on M with respect to D if for each D-linearly independent tuple
(my)y € M™ and each (w;)?_y € M™, there ezists r € R with rm; = w; for all 1 <i <n.

Theorem 8.1.9 (Jacobson’s Density Theorem). Let R be a ring and M a simple R-module.
Put D := Endg(M), then R acts densely on M with respect to D.
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Proof. Let (m;)]~, € M™ be D-linear independent and (w;)?_ ; € M"™. By induction on n
we will show that there exists r € R with rm; = w; for all 1 < i < n. For n = 0, there is
nothing to prove. By induction there exists s € R with sm; = w; for all 1 <4 < n. Let
V= 2?2_11 Dm;. Then by V is closed and so by @ there exists t € Agr(V) with
tmy, = wy, — smy,. Put r =s+t. For 1 <i<mn,tm; =0 = and so rm; = sm; = w;. Also
rm; = sm; + tm; = smy, + (W, — smy) = w, and the theorem is proved. O

Corollary 8.1.10. Let M be a simple R-module, D = Endgr (M) and W a finite dimensional
D-submodule of M. Put Np(W) = {r € R|rW C W}. Then Nr(W) is a subring of W,
W is a Ngr(W)-submodule of M, Anng(W) is an ideal in Ngr(W) and, if R|w denotes the
image of Np(W) in End(W), then

NR(W)/AHHR(W) = R‘W: EndD(W).

Proof. Let r,s € Nr(W) and w € W. Then (r + s)w = rw + sw € W and (rs)w =
r(sw) € W. Thus Nr(W) is a subring of R. Note that W is an Nr(W)-module and
Anng(W) = Anny, w)W). So by @ Anng(W) is an ideal in Ng(W). Clearly R|w
is contained in Endp(W). Let ¢ € Endp(W) and choose a basis (v;, 1 < i < n) for W over
D. By there exists r € R with rv; = ¢v; for all 1 < 4 < n. Then W < W and so
r € Nr(W). The image of 7 in End(W) is ¢. Thus ¢ € R|w and so R|w= Endp(W). O

8.2 Semisimple Modules

Definition 8.2.1. Let R be a ring and M an R-module. M is a semisimple if M is the
direct sum of simple R-submodules.

Lemma 8.2.2. Let G be a group and (G;,i € I) a family of G. Let (I;);es be a partition
of I and put H; = (i € I;). Then

G=a;

el

if and only if

G =P H; and for all j € J,H; = (P G..

jeJ i€l

Proof. Note first that (G; | i € I) = ((Gi,i € I;) | j € I) = (Hj,h € J). So in both cases
G=(G,iel)= <Hj,j e J).

Suppose first that G = @,.; G;. Then G; <G for all i € i and so H; I G and G; < H;
forall jeI,1¢€ ;.

GiN (G i#Ate ) <Gin (G |iAtel) ={e}
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and so H; = ®ielj Gi. Let he HijN(Hy | j # k € J). Since h € Hj and H; = Gaz‘elj G;
there exists h; € G)i for i € I; with h = Hz‘elj hi. Since h € (Hy | j # k€ J) < (Gy | i #
k € I) we conclude

Then

hi=h [ h'€Gin(Geli#kel)={e}
i#kel;

Thus h; = e for all ¢ € H; and soh:eandG:@jejHj.

Suppose next that G = ®j€J Hj; and for all j € J H; = @z‘elj G;. Then G; < H;
for all j € I, i € I;. Since [Hj,Hy] = 1for j # k € [ and G = (Hy, | k € J) we
conclude that G; I G. Let g € GiN (G | i # ke I). Put X = (Hy | j # k € J and
Y:=(Gpli#kel;). ThenY < H;yandso [X,Y]=1and (G, |i# k € I) = XY. Note
that g€ H; N XY = X(H;NY) =X and so g € G; N X = {e}. Thus G = P,; G;. O]

Lemma 8.2.3. Let S a set of simple R-submodules of the R-module M. Also let N be a
R-submodule of M and suppose that M = > S.

(a) There exists a subset M of S with M = N & M.

(b) M =@T for someT CS.

(c) M/N =T for some subset T of S.

(d) M/N is semisimple.

(e) N=EQT for some subset T of S.

(f) N is semisimple.

(9) If N is a simple submodule of M, then N = S for some S € S.

(h) Suppose N is a mazimal N-submodule of M, then then M/X = S for some S € S.

Proof. () Let M consists of all subsets 7 of S with NNY. T =0and >, 7 =@ T. Since
0 e M, M # . Order M by inclusion and let C be a chain in M. Let D = [JC. Let
m € M N> D. Then there exists D; € D, 1 < i < n and d; € D; with m = > | d;.
For each D; there exists C; € C with D; € C;. As C is a chain we may assume that
Ci, CCyC...Cp. Then D; € Cp foralll <i<nandsome& NN C, =0. A similar
argument shows that > D = @ D.

Therefore NN Y D = 0 and D € M. So we can apply Zorn’s lemma to obtain a
maximal element 7 in M. Put W = > T. Suppose that M # N + W. Then there exists
S €S with S £ N+ W. Since S is simple, (N+W)NS=0. So(N+W)N(S+W) =
W4+ (N+W)NnS)=Wandso NN(S+W) < NNW =0. Also WnNS = 0 implies
that ). SU{M} =W &S =P MU{S}. Thus T U{S} is linearly independent and so
T U{S} € M, a contradiction to the maximality of M.



8.3. SIMPLE RINGS 267

Thus M = N @ W. So @ holds.

(]E[) follows from @ applied with N = 0. follows from @

@ follows from .

Note that N = M/W. So @ follows from applied to W in place of N.
@ follows from @

(E[) Suppose N is simple. Then the set T from @ only contains one element, say S. So
N =S and is proved.

Suppose that N is a maximal R-submodule of M. Then the set 7 from only contains
one elements, sat S. Thus M/N = S. O

Corollary 8.2.4. Let R be a ring, M a semisimple R-module and A and B R-submodules
of M with A < B. Then A/B is semisimple.

Proof. [8.2.3|[f) implies that B is semisimple. Then [8.2.3|(d) applied to (A, B) in place of
(N, M) shows that B/A is semisimple. O

Lemma 8.2.5. Let M a semisimple R-module and N an R-submodule of M with N # M.
Let M be the set of maximal R-submodules of M containing N. Then (\M = N.

Proof. ByM /N is a semisimple R-module. Thus replacing M by M /N we may assyme
that N = 0. Let S be a set of simple R-submodules of M with M = @S. For S € S,
put 5* = > s resT. Then M/S* = S and so S* is a maximal R-submodule of S. Then
0<MMC(NgesS*=0andso (M =0=N. O

8.3 Simple Rings

Proposition 8.3.1. Let R be a simple ring with identity. Then there exists a simple R-
module M. Moreover, if M is a simple R-module and D = Endgr(M), then R is isomorphic
to a dense subring of Endp(M).

Proof. let C be non-empty chain of proper left ideal in R. Then 1r ¢ |JC and so C is a
proper left ideal in R. Hence by By Zorn’s Lemma, R has a maximal left ideal I. We
claim that M := R/I is a simple R-module. Indeed since I is maximal, M has no proper
R-submodules and since R is simple, R? # 0, R?> = R and RM = M # {0}.

Now let M be any simple R-module. Since RM # 0, Anng(M) # R. Since M is simple
and Anng(M) is an ideal in M, Anng(M) = 0. Thus R = Ry and by [8.1.9] R and so also
R|ps is dense on M. O

Proposition 8.3.2. Let M be faithful, simple R-module and put D = Endg(M). Suppose
that n := dimp M 1is finite.

(a) R= R‘M: EndD(M).
(b) R= M" as a left R-module.
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(c) Let I be a mazimal left ideal in R. Then I = Anng(m) for some m € M* and R/I = M
(d) Each left ideal in R is closed in R with respect to M.

(e) The map I — Anngr(I) is a bijection between the left ideals in R and the D-subspaces
in M. Its inverse is M — Annps(I).

(f) Each simple R-module is isomorphic to M.

(9) R is a simple ring.

Proof. (ja)) Note that Ng(M) = R and so (&) follows from [8.1.10)
(o) Let B be a basis for M over D. Define

’y:R—>MB,T—> (rb)ven

Then v is R-linear and by the density theorem ~ is onto. Let r € ker ¢. Then rb = 0
for all b € B. Thus Anny(r) is a D-submodule containing B and so Anny,(r) = M. Since
M is a faithful R-module, » = 0 and so y is 1-1. Thus + is an R-isomorphism.

By (b) B2.3|[h), R/I = M. Note that by (b)), R has an identity. Let ¢ : R/I — M
be an R-isomorphism and put m = ¢(1g + I). Then

Anng(m) = Anng(lg +I/I)={r € R|r(lg+1) =0g/r} ={reR|r =1} =1.

@ Let I be an left ideal in R and M the set of maximal ideals in R containing I. Since
R is a semisimple R-module implies that (YM = I. By (d), for each J € M there
exists my € M with J = Anng(my). Put N = {m; | J € M}. Then

Anng(N) = m Anng(my) = ﬂ J =1
JeM JeM

So I is closed in R with respect to M.

() Let I be a left ideal in R. Then Annp(R) is a D-submodule of M and by (d)),
I = Anng(Anny(1)).

Let N be a D-submodule of M. Then Anng(N) is a left ideal in R. Since M and so N
is finite dimensional over ID we conclude from that N is closed in M with respect to
R and so Anny/(Anng(N)) = N.

@) Let W be a simple R-module and w € W*. Then R/Anng(w) = Rw = W. Hence
Anng(w) is maximal left ideal in R and so and () W = R/Anng(w) = M.

Let I be an ideal in R. Then Annj;(I) is an R-submodule of M. Since M is simple,
Anny(I) = 0 or Anny(I) = M. By (g), I = Anng(Anny (1) and so I = Anng(0) = R or
I = Anng(M) = 0. Since R has an identity, R # 0 and so R is simple. O
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Definition 8.3.3. A ring R is called Artinian for every descending chain

Lhz>zL>I3>... Iy 2 Ik 2> ...

there exists n € Z+ with I, = I, for all k < n.
In other words, R does not have an infinite strictly descending chain of left ideals.

Lemma 8.3.4. Let R be an Artinian ring and M a simple R-module. Then M is finite
dimensional over D = Endgr(M).

Proof. Suppose that dimp M = oco. Then there exists an infinite strictly ascending series

M1<M2<M3<...
of finite dimensional D-subspaces. By [8.1.7] each M, is closed. Thus

AHDR(Ml) > ADHR(MQ) > ADHR(M;;) > ...

is a strictly descending chain of left ideals in R, contradicting the definition of an Artinian
ring. O

Theorem 8.3.5. Let R be a simple Artinian ring with identity. Then there exists a simple
R-module M, M is unqiue up to isomorphism and if D := Endg(M), then dimp M is finite
dimensional and R = Endp(M).

Proof. By R has a simple module M. By dimp (M) is finite. Thus by [8.3.2)(g)),
M is unique up to isomorphism and by @, R = Endp(M). O
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Appendix A

Zorn’s Lemma

This chapter is devoted to prove Zorn’s lemma: Let M be a nonempty partially ordered set
in which every chain has an upper bound. Then M has a maximal element.

To be able to do this we assume throughout this lecture notes that the axiom of choice
holds. The axiom of choice states that if (A;,7 € I) is a nonempty family of nonempty
sets then also [[;.; A; is not empty. That is there exists a function f : I — J;c; A; with
f(i) € A;. Naively this just means that we can pick an element from each of the sets A;.

Definition A.1. A partially ordered set is a set M together with a reflexive, anti-symmetric
and transitive relation” < 7. That is for all a,b,c € M

(a) a <a (reflexive)
(b) a<bandb<a=a=a (anti-symmetric)
(c)a<bandb<c=a<c (transitive )

Definition A.2. Let (M, <) be a partially ordered set, a,b € M and C C M.
(a) a are called comparable if a < b or b < a.

(b) (M, <) is called linearly ordered if any two elements are comparable.

(¢) C is called a chain if any two elements in C' are comparable.

(d) An upper bound m for C is an element m in M so that ¢ < m for all c € C.

(e) An least upper bound for C is an upper bound m so that m < d for all upper bounds d
of C.

(f) An element m € C' is called a maximal element of C' if ¢ = m for all c € C with m < c.
(9) An element m € C' is called a minimal element of C' if ¢ =m for all ¢ € C with ¢ < m.

(h) A function f: M — M is called increasing if a < f(a) for all a € M.

271
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As the main steps toward our proof of Zorn’s lemma we show:

Lemma A.3. Let M be a non-empty partially ordered set in which every non-empty chain
has a least upper bound. Let f: M — M be an increasing function. Then f(mg) = mq for
some mg € M.

Proof. To use that M is not empty pick a € M. Let B:={m € M | a < m}. If b € B, then
a <b< f(b) and so f(B) € B. Note also that the least upper bound of any non-empty
chain in B is contained in B. So replacing M by B we may assume that

1°. a <m forallme M.

We aim is to find a subset of M which is a chain and whose upper bound necessarily
a fixed-point for f. We will not be able to reach both these properties in one shot and we
first focus on the second part. For this we define a subset A of M to be closed if:

(Cli) a€ A
(Clii) f(b) € A for all b € A.

(Cliii) If C is a non-empty chain in A then its least upper bound is in A.

Since M is closed, there exists at least one closed subset of M.
2°, Let D be closed chain and d its upper bound in M. Then f(d) = d.

By , D is not empty and so has a least upper bound d. By , d € D and by ,
f(d) € D. Since d is a upper bound for D, f(d) < d and since f is increasing, d < f(d).
Since < is antisymmetric f(d) = d.

In view of we just have to find a closed chain in M. There is an obvious candidate: It
is immediate from the three conditions of closed that intersections of closed sets are closed.
So we define A be the intersection of all the closed sets.

Call e € A to extreme if

(Ex) fb)<eforallbe Awithb<e

Note that a is extreme, so the set E of extreme elements in A is not empty.
Here comes the main point of the proof:

3°. Let e be extreme and b € A. Then b < e or f(e) < b. In particular, e and b are
comparable.

Toproveput
Ac={be A|b<eor f(e) <b}

We need to show that A, = A. Since A is the unique minimal closed set this amounts to
proving that A, is closed.
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Clearly a € A.. Let b € A.. If b < e, then as e is extreme, f(b) < e and so f(b) € A.. If
b=e, then f(e) = f(b) < f(b) and again f(b) € A.. If f(e) < b, then f(e) <b < f(b) and
f(e) < f(b) by transitivity. So in all cases f(b) € A..

let D be a non-empty chain in A, and m its least upper bound. If d < e for all d in D,
then e is an upper bound for D and so m < e and m € A.. So suppose that d £ e for some
de D. Asd e A, f(e) <d<m and again m € A,.

We proved that A, is closed. Thus A, = A and holds.

4°, FE is closed

Indeed, a € E. Let e € E. To show that f(e) is extreme let b € A with b < f(e). By
b<eor f(e) <b. The latter case is impossible by anti-symmetry. If b < e, then since
e is extreme, f(b) <e < f(e). If e = b, then f(b) = f(e) < f(e). So f(e) is extreme.

Let D be a non-empty chain in F and m its least upper bound. We need to show that
m is extreme. Let b € A with b < m. As m is a least upper bound of D, b is not an upper
bound and there exists e € D with e £ b. By , e and b are comparable and so b < e.
As e is extreme, f(b) < e < m and so m is extreme. Thus E is closed.

As Fisclosedand E C A, A = E. Hence by , any two elements in A are comparable.
So A is a closed chain and by , the lemma holds. O

As an immediate consequence we get:

Corollary A.4. Let M be a non-empty partially ordered set in which every non-empty
chain has a least upper bound. Then M has a maximal element.

Proof. Suppose not. Then for each m € M there exists f(m) with m < f(m).( The axiom

of choice is used here). But then f is a strictly increasing function, a contradiction to
[A.3 O

Lemma A.5. Let M be any partial ordered set. Order the set of chains in M by inclusion.
Then M has a mazimal chain.

Proof. Let M be the set of chains in M. The union of a chain in M is clearly a chain in
M and is an least upper bound for the chain. Thus [A.4] applied to M yields a maximal
member of M. That is a maximal chain in M. O

Theorem A.6 (Zorn’s Lemma). Let M be a nonempty partially ordered set in which every
chain has an upper bound. Then M has a mazimal element.

Proof. By[A.5|there exists a maximal chain C in M. By assumption C has an upper bound
m. Let [ € M with t m < [. Then C' U {m,[} is a chain in M and the maximality of C
implies [ € C. Thus [ < m, m =1 and m is maximal element. ]
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Definition A.7 (Structures). Let S be a set. A structure G on S consists of sets I and J,
a family of sets (X;,j € J), a subset K of J with X3, = S for all k € K and for each i € I
a subset J; of J and a function

fi: X X; = 8.
JEJ;
A subset T of S is called G invariant if

fil(zj)jes) €T
foralli € I and all (zj)jer; € X cj, Xj with xg € T for allk € I; N K.
Here are a few examples: Let G be a group. Let G be the structure consisting of
I = {152)3}a J = {051)2}a Xo = {eG}a X1=Xo=G, K= {172}
fori=1, J; = {1,2} and
fi:GxG— G,(a,b) — ab

for i =2, Jy = {1} and

fo:G—Ga—at

For i =3 J3 = {0} and

f3 : {eg} — G,eG — eq

Then H C G is G-invariant if and only if

ab= fi(a,b) €T forall a,be H
al=fola)eT forallac H
e = fs(eq) €T

So a G invariant subset of G is just a subgroup of G.

As a second example consider a group G acting on a set S. Let G be the structure on S
given by I = {1}, K ={2}, Xy =G, Xo=Sand fi : Gx S = S,(g,8) = gs. Let T C S.
Then T is G-invariant if and only if

gt = fi(g,t) €T forallge G,t €T
So T is G-invariant if and only if T" is G-invariant.

As last example consider a ring R. Let G be the structure on R given by
I= {1a2a3a4}7 J = {Oa 15233}7 K = {273}a Xo = {OR}a X1=Xo= X3 = R7
fori=1, J; ={2,3} and

AitRxR— R, (a,b) = a+b
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for i =2, Jy = {2} and

fo:G—>G,a— —a

For i =3 J3 = {0} and

fg : {OR} — R,OR — OR
For i =4, Jy = {1,2} and

fa:RxR— R,(a,b) — ab
Let I C R. Then [ is G-invariant if and only if

a+b= fi(a,b) el foralla,bel
—a = fala) €I foralla € I
eq = f3leg) €1
ri = fa(r,i) € 1 forallreT,iel
So the G-invariant subsets of R are just the left ideals in R.
We will now prove:

1°. Let G be a structure on the set S and (Ty,q € Q) a non-empty family of G-invariant
subsets of S. Then ﬂqu Ty is G-invariant.

Put T = (N,eqTq- Let i € I and (z;)jes, € X , Xj with zp € T for all k € J; N K.
Note that x, € T, for all ¢ € Q and k € J;N K. Since Ty is G-invariant we get f((z;)jes,) €
T, for all ¢ € Q and so also f((x;)jes,) € T. Thus T is G-invariant.

2°, Let G be a structure on the set S and (Ty,q € Q) a non-empty family of G-invariant
subsets of S. Suppose that {T,, g € Q} is linearly order by inclusion and that J;NK is finite
for alli e I. Then quQ Ty is G-invariant.

Put T = ﬂquTq. Fix ¢ € I and (.%'j)jeji € XjEJi X with z, € T forall k € J;N K.
Let k € JiN K. Then z}, € nT and so zy, € T, for some g, € Q. Since {Tj, | k€ ;N K}
is finite and linearly ordered and since () is non-empty there exists ¢ € @ with T, C T,
for all k € I; N K. Since x, € T, this implies 3 € T,. Since Tj is G invariant, we get
f((xj)jes;) € Ty and so also f((x})jes,) € T. Thus T is G-invariant.

As an immediate consequence of (2°)) and the above example we have

3°. Let G be a group and (Gq,q € Q) a non-empty chain of subgroups of G. Then
quQ Gq is a subgroup of G.

4°. Let R be a ring and (Iy,q € Q a non-empty chain of ideals in R. Then quQ I, is
an ideal in R.
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As an application of Zorn’s lemma we prove the Well-Ordering Principal.

Definition A.8. (a) A linearly ordered set M is called well-ordered if every non-empty
subset of M has a minimal element.

(b) We say that a set T' can be well-ordered if there exists a relation” <7 on T such that
(T,” <7) is well ordered set.

Example A.9. Let J be a non-empty well-ordered set with minimal element m and let
(Ij)jes a family of non-empty well -ordered sets. Let m; be the minimal element of I;.
Define
K ={ae X Ij|aj =m for almost all j € J}.
JjeJ

Order K as follows a < b if a # b and a; < b; where j = j(a,b) € J is maximal with
a; # b; ( Note here that there are only finitely many j € J with a; # bj, so there does
exists a maximal such j.) We claim that this is a well ordering:

Suppose a < b and b < ¢ and let j = j(a,b) and k = j(b,c). If j <k, then a; = b, = ¢
forall [ > k and ap < b < ¢ so a < c. And if j > k, then a; = by = ¢; for all [ > j and
a; < bj = ¢; and again a < c. So K is linearly ordered. Let S be a non-empty subset of K.
For j € J define

S(j)={te S|ty <siforall ke Jwith j <k}

Define U = Ug ={u € J | sy, =t, for all s,t € S}. Suppose U # J ( that is |S| > 1).
We will show there exists j € J\ U with S(j) # 0. Suppose first that J \ U has maximal
element j. Choose s € S with s;-minimal. Then s € S(j). Suppose next that J \ U has
no maximal element. Let s € S. Since {k € J\ U | sx # my} is finite and J \ U has no
maximal element there exists j € J \ U with sy = my, for all k € J\ U with k > j. Then
s e S(j).

If |S| = 1 define js = m and if |S| # 1, pick js € J \ U minimal with S* := S(jg) # 0.
Put j = js. Let s € S* and t ¢ S\ S*. Then s;, <t for all k > j. If s, = ¢, for all k > j,
then t € S§*. Hence there exists k > j with s < t; and so s < t.

Let k € J with k > j. Then s <t for all s,t € S* and so k € Ug+. If |S*| # 1, then
Js+ ¢ Ug+ and so jg- < j = jg. If |[S*| = 1, then js« = m < jg. Put Sp = 5, Sip1 = S
and j; = js;- Then jo > j1 > j2 > ... and since H is well ordered there exists k € N
with ji = ji+1. Then Sy = S} contains a unique element say r. Also for all v < k and
s € Sy \ Sut1 we have r € Sy 41 and r < s. So r is the minimal element of S. Thus K is
well-ordered.

Theorem A.10 (Well-ordering principal). Every set M can be well ordered.

Proof. W be the set of well orderings a = (M, <,) with M, C M. As the empty set can
be well ordered, W is not empty. For a, 3 € W define a < § if

<1MagMg
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<2 <glm.=<a-

<3 a<gbforallaec My,be Mg\ M,

It is easy to see that < is a partial ordering on W. We would like to apply Zorn’s lemma
to obtain a member in W. For this let A be a chain in W. Put M, = UaeA M, and for
a,b € M, define a <, b if there exits a € A with a,b € M, and a <, b. Again it is readily
verified that <, is a well define partial ordering on M,. Is it well ordered? Let I be any
non-empty subset of M* and pick o € A so that I N M, # (). Let m be the least element
of I N M, with respect to <,. We claim that m is also the least element of I with respect
to <,. Indeed let ¢ € I. If i € M, then m <, i by choice of m. So also m <, . If i & M,,
pick 8 € A with i € Mg. As A is a chain, o and § are comparable. As i € Mg\ M, we
get o < B and (< 3) implies m <g i. Again m <, i and we conclude that (M., <,) is well
ordered. Clearly it is also an upper bound for A.

So by Zorn’s lemma there exists a maximal element o € W. Suppose that M, # M
and pick m € M \ M,. Define the partially ordered set (M,,<.) by M, = M, U {m},
sl xm,=<q and i <, m for all i € M,. Then clearly (M,, <,) is a well-ordered set and
a < (M., <), a contradiction to the maximality of a.

Thus M, = M and <, is a well ordering on M. O

Remark A.11 (Induction). The well ordering principal allows to prove statement about
the elements in an arbitrary set by induction.

This works as follows. Suppose we like to show that a statement P(m) is true for all
elements m in a set M. Endow M with a well ordering < and suppose that we can show

P(a) is true for all a < m <= P(m)

then the statement is to true for all m € M.

Indeed suppose not and put I = {i € M | P(i) is false }. Then I has a least element m.
Put then P(a) is true for all a < i and so P(7) is true by the induction conclusion.

The well-ordering principal can also be used to define objects by induction:

Lemma A.12. Let I a well ordered set and S any set. Fora e I letI*={iel|i<a
and I, = {i € I | i < a}. Suppose that for each a € I, F, is a set of functions from I* — S.
Also suppose that if f : I, — S is a function with f |pp€ Fp for all b € I, then there
exists f € Fy with f lr,=f.
Then there exists f : I — S with f |1,€ Fq for all a € A.

Proof. Let Z be the set of all subsets J of I so a < b € J implies a € J. Note that either
J =R or J =1, where a is the least element of R\ I. Put

W=A{f:Jp—=8|Jfel f|e€ Fo,Vae J}

Order W by f < gif Jy C J; and g |,. Let C be a chain in W. Put J = Ufec Jy¢. Clearly
J € Z. Define f:J — S by f(j) = g(j) where g € C with j € J,. Then also f |i=g |
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and so f € W. Thus f is an upper bound for W. By Zorn’s lemma, M has a maximal
member f. If Jy = R we are done. So suppose Jy # R. Then Jy = I, for some a € I. Buy
assumptions there exists f € F, with f |;,= f. But then F € W and f < f, a contradiction
to the maximal choice of f. O



Appendix B

Categories

In this chapter we give a brief introduction to categories.

Definition B.1. A category is a class of objects C together with
e for each pair A and B of objects a set
Hom(A, B),

an element f of Hom(A, B) is called a morphism from A to B and denoted by f :
A — B;

e for each triple A, B, C of objects a function
Hom(B,C) x Hom(A, B) — Hom(A4, C),

for f: A — B and g: B — C we denote the image of (g, f) under this function by
gof,gof:A— C is called the composite of f and g;

such that the following rules hold:

e [Associative] If f: A— B, g: B— C and h: C — D are morphisms then
ho(gof)=(hog)of

o [Identity] For each object A there exists a morphism ida : A — A such that for all
fiA—>Bandg:B— A

foida=fandidaog=g
A morphism f : A — B in the category C is called an equivalence if there exists g : B — A
with
fog=idpand go f =idy

279
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Two objects A and B are called equivalent if there exists an equivalence f : A — B. Note
that associativity implies that the composite of two equivalences is again an equivalence.

Examples

Let S be the class of all sets. For A, B € S, let Hom(A, B) be the set of all functions
from A — B. Also let the composites be defined as usual. Note that a morphism is an
equivalence if an only if it is a bijection.

The class of all groups with morphisms the group homomorphisms forms category G.

Let C be a category with a single object A. Let G = Hom(A, A). The the composite

GxG—G

is a binary operation on G. (I) and (/) now just mean that G is a monoid. Conversely
every monoid gives rise to a category with one object which we will denoted by Cg. An
object in Cq is equivalent to eq = id4 if and only if it has an has inverse.

Let G be a monoid. For a,b € G define Hom(a,b) = {z | za = b}. If z : a — b and
y :b — c. Then (yz)a = y(xa) = yb = ¢ so yx : a — ¢. So composition can be defined as
multiplication. The resulting category is denoted by C(G).

The class of all partially ordered sets with morphisms the increasing functions is a
category.

Let I be a partially ordered set. Let a,b € I. If a < b define Hom(a,b) = 0. If a < b
then Hom(a, b) has a single element, which we denote by "a — b”. Define the composite by
(b—c)o(a—b)=(a—c)
this is well defined as partial orders are transitive. Associativity is obvious and ¢ — a is an

identity for A. We denote this category by C;

Let C be any category. Let D be the class of all morphisms in C. Given morphisms
f:A— Bandg:C — D in C define Hom(f,g) to be the sets of all pairs («a, ) with
a:A—Cand f: B — D sothat goa = fo f, that is the diagram:

A%B

o e
c -2+ D
commutes.

Let C be a category. The opposite category C°P is defined as follows:
The objects of C°P are the objects of C.
HomP(A, B) = Hom(B, A) for all objects A, B. f € Hom°P(A, B) will be denoted by

f:AZBB o f:A«B
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op
fog=gof
The opposite category is often also called the dual or arrow reversing category. Note
that two objects are equivalent in C if and only if they are equivalent in C°P.

Definition B.2. (a) An object I in a category is called universal ( or initial) if for each
object C' of C there exists a unique morphism I — C.

(b) An object I in a category is called couniversal ( or terminal) if for each object C' of C
there exists a unique morphism C — I.

Note that [ is initial in C if and only if its terminal in C°P.

The initial and the terminal objects in the category of groups are the trivial groups.

Let I be a partially ordered set. A object in Cy is initial if an only if its a least element.
Its terminal if and only if its a greatest element.

Let G be a monoid and consider the category C(G). Since g : e — ¢ is the unique
morphism form e to G, e is a initial object. e is a terminal object if and only if G is a
group.

Theorem B.3. [uniuni] Any two initial (resp. terminal) objects in a category I are equiv-
alent.

Proof. Let A and B be initial objects. In particular, there exists f : A - B and g : B — A.
Then id4 and go f both are morphisms A — A. So by the uniqueness claim in the definition
of an initial object, id4 = g o f, by symmetry idg = f o g.

Let A and B be terminal objects. Then A and B are initial objects in C°P and so
equivalent in C°P. Hence also in C. 0

Definition B.4. Let C be a category and (A;,i € I) a family of objects in C. A product
for (A;,i € I) is an object P in C together with a family of morphisms m; : P — A; such
that any object B and family of homomorphisms (¢; : B — A;,i € I) there exists a unique
morphism ¢ : B — P so that m; 0 ¢ = ¢; for all i € I. That is the diagram commutes:

P 9 B
A;

commutes for all i € I.

Any two products of (G;,i € I) are equivalent in C. Indeed they are the terminal object
in the following category £

The objects in & are pairs (B, (¢;,t € I)) there B is an object and (¢; : B — A;,i € I)
is a family of morphism. A morphism in £ from (B, (¢;,i € I)) to (D, (¢,i € I) is a
morphism ¢ : B — D with ¢; = ¢; 0o ¢ for all ¢ € I.

A coproduct of a family of objects (G;,7 € I) in a category C is its product in C°P. So it
is an initial object in the category £. This spells out to:
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Definition B.5. Let C be a category and (A;,i € I) a family of objects in C. A coproduct
for (Ai,i € I) is an object P in C together with a family of morphisms m; : A; — B such
that for any object B and family of homomorphisms (¢; : A; — B,i € I) there ezists a
unique morphism ¢ : P — B so that ¢ om; = ¢; for alli € I.
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